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C H A P T E R I 

Introduction and Tenninology 

The fundamental ideas of analytic geometry are usually attributed 

to the French mathematician and philosopher Descartes (1596-1650) . The 

key to the expression of geometric facts in algebraic form lies in the 

representation of a point in the plane by means of a pair of real numbers 

called the coordinates of the point. This paper is devoted to some de

tailed proofs of fundamental theorems in High School Geometry based on 

an alternative approach . 

The analytic geometry approach seems to be a more powerful attack 

upon many of the problems of High School Geometry than the methods which 

we have thus far employed. Analytic geometry not only simplifies the 

proofs of many of the propositions with which we are familiar, but en

ables us to attack successfully problems which we could handle in ele

mentary geometry only with great difficulty, or not at all. With the 

tools already developed- the formulas for distance, point of division 

(midpoint), and slope- will aid in solving many problems of High School 

Geometry. 

In analytic geometry the methods of algebra are combined with those 

of Euclidean geometry in the solution of geometry problems. The pro

perties of a geometric figure depend upon the relations of the parts and 

not upon the particular position which the figure is drawn. Therefore, 

the properties of any geometric figure are independent of the way in 
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which the axes are chosen. In the pr~of of geometric properties of 

figures it will, in general, be possible to choose the axes in more 

than one wayo The axes will be chosen in the way which gives the 

simplest algebra. 

The writer would like to point out that analytic geometry is not 

a different geometry but is a different approach to geometry. This 

approcah was used to prove theorems previously developed by the syn

thetic approach. In all such cases the analytic proof is not the only 

proof, but in many cases it is a far simpler proof . 
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The statement, symbol or notation on the left has meaning on the right . 

(1) Angle of inclination 

(2) Bisector of an angle 

(3) Equilateral triangle 

(4) Isosceles triangle 

(5) Midpoint 

(6) Parallelogram 

(7) Perpendicular lines 

(8) Rectangle 

(9) Reflexive Property of 
Equality 

(10) Rhombus 

(11) Right angle 

(12) Slope of a line 

(1) The statement that e is the 
angle of inclination means 
that e is the angle between 
the line tand the x- axis on 
the positive side. 

(2) The ray which divides the angle 
into two equal angles . 

(3) A triangle having all 
congruent sides. 

(4) A triangle with at least two 
congruent sideso 

(5) The point which divides the 
line segment into equal line 
segments. 

(6) A quadrilateral in which both 
pairs of opposite sides are 
parallel. 

(7) Two lines that meet to form 
congruent adjacent angles. 

(8) A parallelogram with four 
right angles . 

(9) Any quantity is equal to it
self . 

(10) A parallelogram with a pair 
of adjacent sides equal. 

(11) An angle of measure 90°. 

(12) The statement that mis the 
slope of the line .L means 
that there exists two points 
P1 (x1 , y ) and P (x2 , y ) such1 2 2 

Y2-Y1 
that m = -- , x2 > ~ • 

X2- Xl 
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(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

Transitive Property of 
Equality 

Trapezoid 

Trigonometric Cofunctions 

Trigonometric identities 

= 

:> 

L 

'---4 

.,,.,.,, 

II 
v 
if 

0 

m 

tan 9 

(13) T~o numbers equal to the 
same or equal number are 
equal to each other. 

(14) A quadrilateral ~ith exactly 
two sides parallel. 

(15) The s t atement that two func
tions are trigonometric co
functions means their argu
ments are complementary. 

(16) If f and g are trigonometric 
functions then the equation 
f = g is said to be an iden
tity iff f(x) = g(x) V x 
domain of f n g. 

(17) Is equal to 

(18) Is not equal to 

(19) Is greater than 

(20) Angle 

(21) Triangle 

(22) Line 

(23) Line segment P1P2 

(24) Is perpendicular to 

(25) Is congruent to 

(26) Is parallel to 

(27) The square root of 

(28) Is not parallel to 

(29) Parallelogram 

(30) Slope 

(31) Tangent of angle e 
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..(32) .. (32) Therefore 

(33) CA. (33) Alpha 

p(34) (34) Beta 

(35) cf (35) Delta 

(36) B (36) Theta 

(37) S. A. S. (37) If two sides of one triangle 
are equal to two sides of a 
second triangle and the angles 
included by these sides are 
equal, then the triangles are 
congruent. 

(38) A.S. A. (38) If two angles of one triangle 
are equal to two angles of a 
second triangle and the side 
included by these angles are 
equal, then the triangles are 
congruent. 

(39) s. s. s. (39) If the three sides of one 
triangle are equal, respec-
tively, to the three sides 
of a second triangle, then 
the triangles are congruent. 

(40) H. L (40) If the hypotenuse and a leg of 
one triangle are congruent to 
the hypotenuse and a leg of a-
nether right triangle, the tri-
angles are congruent. 

(41) L. L . (41) If the legs of one right tri-
angle are congruent to the 
legs of another right triangle, 
the triangles are congruent. 

(42) C.P.C.T. (42) Corresponding parts of con-
gruent triangles are equal. 



CH APTER II 

Theorems 

In this chapter is a list of all basic theorems and their proofs 

to be used in proving High School Geometry from an analytic approach. 
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Theorem: 1. 1 

The Distance between Two Points 

The distance between two points is given by the formula 

d = U(x2-x1)2 + (y2-Y1)2 

Civen: Points P1 and P with the coordinates2 

respectively P1P2 = d. 

Prove: d = Jcx2-Xi) 2 + (y2-y;}2 

Pi(~ J f,) 
------t-----,~ 

Proofs 

Statements Reasons 

1. Draw P1B II to the x-axis and 1. Through a given point, a line can 
P2B II "Eo the y-axis • be constructed parallel to a gi

ven line. 

2. L P2BP1 is a right angle • 2. Definition of perpendicular lines. 

3. BP1 = ½-x1 and P2B = y
2

- y1 . 3. The distance between two points 
having the same coordinates is the 
difference of their abscissas and 
the distance between two points 
having the same abscissas is the 
difference of their ordinates. 

= BP 2 + ~ 
1 2 4. Pythagorean theorem • 

5. Substitution • 

6. Taking the square root of both 
sides of the equation. 
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Theorem 1. 2 

The Midpoint of a Line Segment 

The coordinates of the midpoint of line segment are one- half the 

sums of the coordinate of the end points or 

Xi+½ Y1 + Y2 
X = and y = 2 2 

'I 
Given: P the midpoint of line segment P1P2• 

Prove: X = and y 
2 

Proof : 

Statements Reasons 

1. Through a given point , a line 
can be constructed perpendi
cular to a given line. 

2. Two or more lines which are 
perpendicular to the same line 

are parallel. 

3. Definition of midpoint • 

4. Substitution • 

5o Addition property • 

6. •• X = 6. Division property • 

Similarly , a lin through P1 , P , and P2 perpendicular to the y- axis ~e 

can prove that 

y • 



f..~ 
I t,r,_,~a) 
l-"""'"--+---------t'f 
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Theorem l . J 

Two non-vertical lines are parallel if and only if they have the 

same slope. 

Part I: Two non-vertical lines have the same slope , then they are parallel. 

If 11 l 
l{ 

Proof: 

Statements Reasons 

l o L1 and J.2 inter sect at some 1. It was given that 1
1 

}f £ • 
2 

common point (~ ,yl) . 
2. There exist point (x2 ,y ) and 2. Construction. 

(x2 ,y3) on f.. 1 and ! 2 , 2 

respectively, y2 1 y .
3 

Y2- Y1 Y3- Y1 
3. ml = and m

2 
= • 3. Definition of slope • 

x2 - xl x2 - x 
1 

4. From step 3 • 

Part II: If two non-vertical lines are parallel , then they have the 

same slope. 

Given: ~2 I/ Ql' 1 
and ~2 are non-vertical ; 

Slope of ~l =m ; Slope of l =m
1 2 2 

Prove : = m .~ 2 



Proof: 

Statements Reasons 

1. Since ~ 1 and f are non-vertical, they will intersect the y-axis at 
2 

point (o,y ) and (O,y ) respectively. Assume y 1 O. (If y = O,1 2 1 1 

interchange the role of y in y in the rest of the proof.)1 2 
2. Suppose that m m •1 f 

2 

.3. There exist some point having 3. There exist a one-to-one 
the coordinates (x3,m1x3+y2), correspondence between points 
(x

3 
1 0). in a plane and ordered pairs 

of real numbers. 

4- There exist a line f containing 4. Given any two points , there 
the point (O,y ) and 3(x3,m1x +y ). exists exactly on line con2 3 2 taining them. 

5. 1 has a slope of ~ pnd is 5. Definition of slope (Theorem 
thefefore parallel to .t, 1 . 1. 3, part I). 

6. But L and { pass through 6. Construction .3 2 

(O,y2 ) and are parallel to ~ 1 1, 

7. :. { 3 = Q2 and it follows 7. Through a given point not on 
a line, there exists exactly

that m = m • one line parallel to the gi1 2 
ven line. 



Lemma 1 

Two non-vertical perpendicular lines f and f having slopes
1 2 

m and m then , one slope is positive and the other slope is negative .
1 2 

Given: Two non-vertical J lines 1 and l 21 

having slopes m1 and m respectively.
2 

Prove : One slope is positive and one slope('/:,
',6 

is negative . 

Proof : l, 

Statements Reasons 

.5 

43-'f, I 
I 
' 

1. 

2. 

Let (~ ,y ) be the point of
1

intersection of lines Q1 and 

.;l l ~2 

t .
2 

1. 

2. 

Assumption 

Given . 

. 

3. Choose (x2 ,y ) on2 ~ 
(x ,y ) on .

3 3 ~2 

1 and 3. Assume . 

4. m1 
Y1-Y2 

= 
-x ~ 2 

, m2 = 
yJ-yl 

:x:2-~ 
• 4. Definition of slope • 

5. ml = 
Y1- Y2 

xl -x2 
> 0 . 5o Ratio of two positive numbers 

is a positive number. 



Statements Reasons 

6. Y - Y > 0 and x - x < O 6. Ratio of a positive and 
3 1 3 1 negative number is negative. 

< 0 

m < 0 
2 

7. :. one slope is positive and 7. From step 5 and step 6. 
one slope is negative . 



Theorem 1.4 

If lines /1 and g having slopes ~ and m2 are perpendicular
2 

then = -1.mlm2 

Part I. ~ )J
Given: Lines ~1 and Q ~ith m1 and m 

2 2 

~1 l ~2 . 

lf 

Reasons 

Proof: 

Statements 

1. Let [ and 2 intersect
1 

2. -P1P is parallel to the x- axis.3 

3. ~ "> 0 and m < 0 •
2 

P is 1 unit to the right of P •
3 1 

5. -P3P2 = a unit; vertical thr9ugh 
to meet t- at P and f..._P3 1 2 2 

at P
4. Pl4 = b uriits. 

6. ~ = a and m = -b •
2 

7. -P1P3 is the altitude on the 

hypotenuse -P P of the right b.2 4plp2p3 • 

8. P1P3 is the~ prop~onal 
between P3P and P4P

3 
•2 

9. ° = P1P/ •P3P2 P4P3 

10. a• b = 1 • 

11. a. b = -(m1 • m2) 

12. ~¾ = -1 

1. Assumption . 
2. Construct ion 

3. Lemma 1 . 
4. Construction . 
5. Construction . 

6. Lemma 1 . 

8. Definition of mean pro
portional • 

9. Srune as step 8 • 

10. Substitution • 

11. From step 7 • 

12. Substitution • 



Part II . 

Given: Lines £ and / with
1 2 

m and m2 ; m
1

m = -1 •
1 2 

Prove: 

Proof: 

Statements Reasons 

1. 

3. 

Let { with slope m1 and Q .
1 2 

with slope n be given.
2 

-1m = 2.1 

m1 and m2 are opposite each other. 

1 . 

2. 

3. 

Given 

Given 

Lemma 1 • 

1 
a 

Definition of slope • 

5. ml = tan ex = 
Y1-Y2 

X1-Xz 
= a 5. Definition of trigono

metric identity • 

6. 

7. 

Y3-Y2 
m = tan I = = - 1

2 x3-x a2 

tan cA = - cot y8 . 
cot/; = tan( J + 90°) . 

. 

6. 

7. 

Substitut ion • 

Definition of cofunction 

8. 

9. .. . 

~ = 

fl l 

o< + 90° 

.~2 

. 8. 

9. 

Since tangent and cotangent 
are cofunctions • 

From step 7 and step 8 • 



Theorem 1. 5 

Let J and 9 be lines v1ith slope 1\ and ~ respectively, and 
1 2 

let 8 be the angle from j 
1 

to ~ 
2

• If m1m2 = -1, 8 = 90°. Other

wise, 8 is the angle such that 

tan e = 

be the slope be the slope ofof J and let m
1 2Proof, Let m 

1 

Then 1\ = tan 0\ 1 , ~ = tan °' 2 • 

8 is the angle between f 2 and f 1 • 

tan 8 = tan ( d--.2 - ~ 1) 

tan cA, 2 - tan cJ.-.. 1 (from trigonometry)= 
1 + tano( tanq

2 1 

m2 - 1\ 
= 

1 + m211\ 

Hence 

m2 - ml 
tan 9 = • 

1 + m n,_2 



Theorem 1. 6 

The equation of the line passing through the point (x1 ,y ) and
1 

having slope mis y - y = m(x - x
1 1 

Given: Points P and P with the
7coordinates (x;y) and 

(x1 ,y1 ) respectively. 

Prove: y - y = m (:x. - Y1.) •
1 

) . 

0 

Proof : Let P be the point (x,y) and P be the point (x1 ,y ) . 
1 1 

- y-y1
The slope (m) of PP1 is expressed by x- xl • 

~ 
Since the slope of PP1 must be m, Y - Yl = m 

X - Xl 

Hence y - y = m(x - --<i) •1 

Theorem 1. 7 

The circle with center (a ,b) and radius r has the equation 



CH APTER III 

Triangles 

In this chapter, the two methods will be applied to several 

theorems related to triangles. First , the synthetic method will 

be applied to prove a theorem, then the analytic method will be 

used to prove the same theorem in sequence. Theorems proved by 

the synthetic method will be denoted by unprime numbers while the 

same theorems being proved by the analytic method will be denoted 

by prime numbers. Example, Theorem 1 and Theorem l'. 

- 17 -
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Theorem 1 

If two sides of a triangle are equal, the angles opposite these 

sides are equal. 

Given: D.ABC with AC= BC. 

Prove: m L. A = m L B • 

Proof: Construct CD, the bisector of LC 

Statements Reasons -1. AC = BC . 1. Given . 
2. J..x = t-y . 2. Definition of bisector 

of an angle . 
3. nc = DC 3. Reflexive Property • ,._, 
4. MDC = lillDC . 4. S.A.S. 

5. .. mLA=m L B 5. C.P. C. T • 

Figure 1 
8 



Theorem l' 

Figure 1 1 

Prove: m L e = m L # 

Proof: Let P1? 2 lie on the x- axis and the altitJ,ide from P lie on the 
3 

y-axis. Let the coordinates of P P2 and P be as shown. By1 3 
the slope formula: 

~ - b - 0 _b1. slope of P P ,
1 3 0 - a a 

b - O = b 
m - slope of p2p3 , - -2 0 - a a 

m - slope of plp2 , 
0 - 0 = 0

3 a - - a 

b
ml - m3 - - 0 

a b2. tan e = = = .1 + m -m b3 1 1 + 0 - a 
a 

- -b 
0 - a = b3. tan f = -----= -----:--
1 + 0 _b a 

a 

4. tan e = tan .,g • 

5. Hence e = ! since 9 and/ 



Theorem 2 

If a point is on the perpendicular bisector of a line segment , 

it is equally distant from the ends of the segmento 

Given: Line segment AB and perpendicular bisector L 
and point P on line I.. • 

- ~-Prove AP = BP 

A 

Proof : 

Statements Reasons 

/ 
/ 

/ 
/ 

p 

1 . AM = Bi . 1. Definition of bisector • 

2. L X = Ly 2. Definition of perpen
dicular lines • 

3. PM = Pl4 • 3. Reflexive Property• 

5. 

t:.AMP ~ lillMP . 
. ,-.,
. • AP = BP • 

4. 

5. 

S. A. S 

C. P. C. To 



/ 
/ ' a.~~ L ' 

/ ' ' p(.-a..,o) o,o ~(a.,o) 
I 

Figure 2' 

Given : Line segment P1P2 and perpendicular bisector j_ and point 

P on line~ • 
3 

Prove : '\ = d •
2 

Proof: Let P1P2 lie on the x-axis with line i on the y-axiso Let 

the coordinates of P1 , P2 , and P3 be as shown in the figure . 

= P1P3 and d2 = P2P30 By the distance formula:d1 

1. dl = vc- a - 0) 2 + (0 - b) 2 = \J a2 + b2 . 

2. d2 = (<a - 0) 2+ (0 - b) 2 = \J a2 + b2 

3. Hence d = d 
1 2 • 
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Theorem 3 

If two parallel lines are crossed by a transversal, the alternate 

interior angles are equal. 
~ 4--4 

Given: Line XY II line ZW. Both lines are cut by 

transversal TR at points A and B. 

Prove: Lx = Ly • 

Figure 3 

Proof: Construct a perpendicular to line ZW at DM, the midpoint of BA. 

Statements Reasons 

1. -CD l -XY . 1. If one of two parallel 
lines is l to a third 
line, the other isl to it. 

2. OODM and 6.ACM 
triangles . 

are right 2. Definition of right 
triangles . 

3. BM = AM . 3. Definition of a midpoint. 

4. 

5o 

Lz 

6.BDM 

= Lw 

- MCM= . 
4-

5. 

Vertical angles are equal. 

Congruent hypotenuse and 
acute angle . 

6. Lx = Ly . 6. C.P. C.To 



Theorem 3' 
'I 

Figure 3' 

Given: Line £ /I line j_ • Both lines are cut by transversal /_ •1 2 3 
Prove: Ld= L~ 

Proof: Let f_, 2 lie on the x-axis and l 1 II l 2. Let P intersect
3 

a2 at the origin and £ J at some point. By the slope formula: 

1. m1 - slope of f 2 

m - slope of 12 1 

- slope of ( 3 •m3 

m3 - ml m 03 -2. tan ~ = = = 
1 + m3m1 1 + m3(o) 

:m.3 

m3 - m2 m - 0tan/ 3 
= = = m3 

1 + mjD-1 1 + m3(o) 

3. So tan cA = tan / if °" and yf < 180° 
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Theorem 4 

The line that joins the midpoints of tvJo sides of a triangle 

is parallel to the third sides. 

Given : Line MN joining the midpoints of AB and AC of b..ABC. CD is 

dra.Jn parall e l t o -AB , meeting MN extended at D. - A 
Prove: MN II BC • 

Figure 4
Proof : 

Statements Reasons 

1. 1. Vertical angles ar equal. 

2. AN= CN 2. Definition of midpoint •• 

3. L x = L y • 3. Alternate interior angles 
are equal • 

4. ~CND ";; M1N 4. A. S.A. 

5. CD = AM 

6. BM =.AM • 6. Definition of midpoint. 

7. CD =HM • 7. Transitive Property. 

8. BMDC is a Cl . 8. A pair of opposite sides 
of a quadrilateral are 
both equal and parallel. 

9. MN II BC 9. Definition of a parallelo
gram • 



Theorem 4' 
vlLi~,!.) 

Figure 4' -Given: 

Prove: P P II P1P2 •
5 4 

Proof : Let P1P2 lie on th x-axis with P1 at the origin and coordinates 

of P2 and P3 be as shown. By the midpoint formula P is the
5 

point (c,d) and P is the point (a+c,d).
4-1. m1 - slope of P5P

4 

-m2 - slope of P P
1 2 . 

2. m1 = d - d 
a+b-0 = 0 

m2 = 0 
a 

- 0 
- 0 

=o 

3. Hence m
1 

= m
2 

4. ... P5P4 II P l p 2 



I 

Theorem 5 

The line segment that joins the midpoint of two sides of a 

triangle is equal to one hal f of the third side . 

Given : ti.ABC and line segment MN joining the midpoints of AB and AC. 

Prove : i4N = 1/2coc ) . A 

_o 
I 

Figure 5 

Proof: Draw CD II AB meeting MN extended to D. Find E, the midpoint. 

Statements Reasons 

1. MN fl BC • 1. The line that joins the 
midpoints of two sides of 
a triangle is parallel to 
the third side. 

2. BCDM is a D • 2. Definition of parallelogram. • 

3. ii II iB . 3. Same as step 1 • 

4. BENM is a D. 4. Definition of parallelogram. -5. MN = BE . 5. Opposite sides of a parallelo
gram are equal. 

6. -BE = 1/2( BC ) . 6. Definition of a midpoint • 

7. MN = 1/2( BC) . 7. Transitive Property • 



Theorem 5' 

Figure 5' 

Proof: Let the line containing P1P2 be the x- axis and let the 

coordinates of P1 , P2 and P b as shown. By the mid3 
point for:.:iula : 

( 0; 2b , 0 ~ 2c ) = (b , c)1 . p5 = 

( 2a + 2b O + 2c )= 2 ( a + b , c) = ( + b )2. p 6 = 2 ' 2 2 a ,c • 

V(a + b - b) 2 + (c - c) 2 = ,r-;_;- = a 

3. pp = 
1 2 

= 2a 



Theorem 6 

In an isosceles tr i angle, two medians are congruent. 

-Given: Isosceles MBC ; AD = BE ; L BAC = L ABC 

Prove: AE= BD 

r, 

Proof : 

Statements Reasons 

A 
Figure 6 

-1. AD - = BE ; L BAC = L ABC • 1. Given. 

2o AB= AB • 2. Reflexive Property. 

3. 

4. 

,,,.._,, 
MBD = MEE 

AE = -BD • 

• 3. 

4. 

S. A. So 

C. P. C. T. 
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Theorem 6'•p~(f),'/-j) 

p6 

Figure 6' 

-Given: Isosceles & 1P2P3 with P P = P P
1 4 2 5 

Prove: P P = P P •
1 5 2 4 

Proof: Let P1P2 lie on the x-axis and the altitude from P lie on3 
the y- axis . Let the coordinates of Pi and P be as shown

2 3 
in the figure . By the midpoint formula: 

::: ( 0 + - 2h 2g + 0 ) = (-h , g ) 
2 ' 2 

( 0 + 2h , 2g + 0 ) = (h,g)= 2 2 

-2. p2p4 = V(2h - -h) 2+ (0- g) 2 = V(3h)2+g2 = '1 9h2+g2 

pp = ~ (-2h- h) 2+(g-0) 2 = V(-3h)-z+g2 = V9h2+g2 

1 5 

3. Hence -plp5 = -p2p4 



- 30 -

Theorem 7 

In an equilateral triangle, the three medians are congruento 

1- -Given: ~quilateral b.ABC with midpoints E, F, and G of AB, BC and AC 

respectively. 

Prove: AF = BG = CE 

Proof: 

1. 

Statements 

-AC = BC • 1. 

Reasons 

Definition of equilateral 
triangle . 

2. AG = BF 2. Halves of equals are equal 

3. 

4. 

5. 

6. 

L. GAE = L FBE 

-AB = AB . 
6.ABG - MFB . 
-AF = BG 

. 3. 

4o 

5. 

6. 

Angles of equilateral tri-
angles are equal. 

Reflexive Property 

S. AoS• 

CoP.C.To 

7. 

80 

CB 

-EB 

= 

= 

AB 

AG 

7. 

8. 

Same 

Same 

as 

as 

1 

2 

9. 

lOo 

4B 

6CBE 

= LA . 
-= b.BAG . 

9o 

lOo 

Same as 

SoAoSo 

3 

11. CE = BG llo CoPoCoT. 

12. AF = BG = CE 12. Transitive Property 



- -

Theorem 7' 

~ 'l,O.~) 

\.t)' 

Given: Equilateral & P P with midpoints P , P5 , and P of P1P2 ,
1 2 3 4 6 

P2P and P P respectively.3 1 3 
Prove: 

Proof : Let P1P lie on the x-axis with P at the origino Let P1 be
2 4 

point (-2a,0) and P2 be point (2a,0). Let P be point (O,y).
3 

Since -plp2 = -P2P3, V4a2 + y2 = 4af 4a2 + y2 = l6a2; 

2 y = 12a2
; y = 2a60 P

3 
is point (0,2a VJ ). By the mid

point formula: 

t -2a + 0 0 + 2a '3\
lo p6 = 2 , 2 = (-a, a F) 

t 2a + 0 0 + 2aV3) _ 
= , (a, aVJ)2. p5 2 2 -

-
~ 

3. p2p6 = ~ (- a- 2a) 2 +(a 3-0) 2 =°V9a2 +3a2 =V12a; = 2a VJ 

4. P1P5 = V(a--2a) 2+(a 3-0) 2 =V9a2 +3a;r= fi.2a2 = 2a ~ . -5. p3p4 = V(o - 0) 2 + <2a 3 - 0) 2 = 2al/"3 . 
. -6. .. plp5 = p2p6 = P,:/4 . 



Theorem 8 

The union of the three segments joining , in pairs , the midpoints 

of the sides of an isos celes triangle is an isosceles triangle . 

Given : Isosceles b.ABC with AC= BC and midpoints D, F and E of 

AB , BC and AC respectively. 

Prove: b.DEF is isoscel es . 

A 
Figure 8 

Proof: 

Statements Reasons 

8 

1. 1k F an<1_E are midpoints of AB , 
BC and AC respectively 

2. AC = -BC 

3. AD = BC 

4. L FAD = L EBC 

-5. .AF = BE • 

6. MFD ~ ~ED. 

7. FD = ED . 

8. :. DFE is isosceles • 

L Given 

2. Given • 

3. Definition of midpoint • 

4o If two sides of an isosceles 
triangle are equal , the an
gles opposite the two sides 
are equal. 

5. Halves of equals are equal. 

60 S. A. S. 

7. C. P. C. To 

8. Definition of isosceles 
triangle • 



-- -
Prove: 

Figure 8' 

Given : Isosceles & 1P P with P-P = -P P and midpoints P , P2 3 1 3 2 3 4 5 
and P of P1P2 , P2P3 and P P respectively.

6 1 3 

Proof : Let P1P2 be on the x-axis with P on the origin and P and P 
4 1 2 

having coordinates (-2a,O) and (2a,O) respectively . Let P be 
3 

the point (0,2b). By the midpoint formula: 

_ ( 2a + 0 0 + 2b ) _ ( b)
1. P5 - 2 , 2 - a , 

( -2a + 0 0 + 2b ) = 2. P (- a ,b) •6 = 2 ' 2 

3. By the distance formula: 

pp = V<-a-0) 2 + (b- 0):a = t[az + b2 
4 6 

pp- = V(a-o )2 + (b-0) 2 = ,fa.2 + b2 
4 5 

4o :. P4P6 = P P5 and P Pl 6 is isosceles.4 4 



Theorem 9 

The line segments joining the midpoints of the side of an 

equilateral triangle form another equilateral triangle. 

Given: -The equilateral 6.ABC with EF, FG and GE joining the midpoints 
~ 

of the sides AB, BC and CA. 

Prove: li}EF is equilateral. 

Proof: 

Statements Reasons 

8 

1 . !J.. F ans!...,9 are midpoints of AB, 1. Given 
BC and AC respectively. 

2. AB = BC = CA '• 2. Given • 

3. AE = EB, BF = FC and CG = GA • 3. Definition of bisector . 

4. 2A6 = 2BF = 2GC A quantity may be substi
tuted for its equal. 

5. Ae = BF = CG 5. If equals are divided by 
equals, the quotients are 
equal.-6. AG = BE = CF . 6. From steps 4 and 5 

7. L.A = L B =LC . 7. An equilateral triangle 
is equiangular • 

_.,._,
""8. b.AEG 6BFE ~CGF . 8. S.A.S• 

9. GE = EF = FG • 

10. :. tiGEF is equilateral • 10. Definition of equilateral 
triangle • 



- - --

Theorem 9 1 

Given: 

Proof: Let P P2 lie on the x- axis with P at the origin and P
1

, the1 4 

point (-2a ,O) , P the point (2a ,O) and P the point (0,2aL'3) .
2 3 

By the midpoint formula: 

lo p4 = ( 2a2+ 0 , 0 +22aV3) = (a,a VJ) • 

-2a + 0 0 + 2a~)(2o P = = (-a,aV3) .2 ' 25 

3. p 4P5 = V(a-or~ + (a'13 )2 = '/a2 + 3a2 = w = 2a 

4o P5P6 = \f (-a-a) 2 + (a'f'3- aV3 )2 = {4a2 + O = 2a 

5 pp = 
• 6 4 

6° -'· PJ!5 = P P6 = P6P and tiP6P P is equilateralo5 4 4 5 



Theorem 10 

The altitudes of a triangle are concurrent. 

Given: D.ABC -with the altitudes AD, BE and CF e,' ..:._ 
Prove: AD, BE and CF are concurrent • \ 

\ 

Figure- 10 
Proof : 

Statements Reasons 

1. Dra-w B'A' th~ugh C II AB; C'A' 
thro~h B II AC J C'B' through 
A II BC • 

2. ABCB' and ABA'C are @. 

3. :. B'C = AB and CA' = AB 

4. :. B I c = CA 1 • 

5. CF l AB • 

6. CF l B'A' 

7. :. CF is the l bisector of B' A1 • 

8. In like manner, BE and AD are 
the perpendicular bisectors of 
C'A' and B'C' respectively • 

9. :. AD, BE and CF are concurrent • 

1. Through a given point only 
one line can be constructed 
parallel to a given line. 

2. Opposite sides are parallel . 
3o Opposite sides of a parallelo-

gram are equal 

4. Quantities equal to the same 
quantity are equal to each other. 

5. Given CF altitude of AB • 

6. If a line isl to one of t-wo 
parallel lines, it isl to the 
other also . 

7. CF bisects B'A' and isl to B'A '. 

8. Same as 8. 

9. The perpendicular bisectors 
of the sides of a triangle 
are concurrent in a point 
equidistant from the vertices. 



Theorem 10' 

f??\Q,e\ 

Figure 10' 

Given: Any 6ABC with P4, P5 and P the points where the altitudes
6 

~ ~ ~-,
intersect P1P2 , P2P3, and P P respectively .

1 3 
Prove : P1P5 , P2P6 and P P intersect at a common point.

3 4 
Proof : Let P1P2 lie on the x- axis, with the altitude P P lying on the 

3 4 
y- axis. Let the coordinates of P

1
, P and P be as shown in the

2 3 
figure . By the slope formula: 

c- 0 _ C b1. ~ - slope of P
2
P

3 = 0- b - -b ' slope of P1P
5 = -

C 
. 

o.:.o2. m2 - slope of P = =o1P2 b-a 

c- 0 C a3. m3 - slope of P1P = - - = - ' slope of pp = -3 0- a -a 2 6 C 

4. Equations of the line containing altitudes 

p = y - 0 = m(x - a)1p
5 

b y = c<x - a) • 

P P = y - 0 = m(x - b)
2 6 

y = ~(x - b) 



5. p2p6 and plp5 intersect at the point where 

b(x - a) ~(x - b)= C C 

bx - ab ax - ab= 
C C 

bx - ab = ax - ab 

bx - ax = -ab+ ab 

x(b - a) = 0 

X = 0 

-ab 
y = C 

6. :. P P
5

, P P and P P intersect at a comm.on point1 2 6 3 4 



Theorem 11 

The midpoint of the hypotenuse of a right triangle is equally 

distant from all three vertices. 

Given: Right triangle ABC, Mis the midpoint of BC. 

~ -Prove: CH =BM=AM. 

A Figure 11 

Proof: Draw CD II AB and BD II AC • 

Statements Reasons 

1. -CM=BM. 1. Definition of a midpoint . 

2. ABDC is a parallelogram • 2. Definition of 
gram • 

a parallelo

3. ABDC is a rectangle. 

-
3. A parallelogram 'with a 

angle is a rectangle. 
right 

4. Mbisects AD 4. Diagonals of a parallelo
gram bisect each other. 

5. AM = 1/2 ( AD ) 5. Definition of a midpoint • 

6. AD = BC 6. The diagonals of 
are equal • 

a rectangle 

7. AM = 1/2( BC) . 7. Substitution Property. 

8. 

9. 

BM = 

:. AM = 

1/2 ( BC ) 
-BM = CM 

8. 

9. 

Definition of a midpoint 

Transitive Property 



--
- -

Theorem 11' 

Figure 11 1 

Given: 

Prove: 

Proof: Let P;1 lie on the x- axis and P P lie on the y-axis. Let
3 1 3 

the coordinates of P and P be as shown in the figure . By
1 2 

the midpoint formula, P is the point (g,h).
4 

1. plp4 = V(g - 0)2 + (h - 2h)2 = yg2 + h.2 

2. pp = V(g - 2g)2 + (h - 0)2 = 'fg2 + h2 
2 4 

pp = 0) 2 0) 2 r g2 + h23. --- V<g- + (h - = 
3 4 

4. plp4 = p2p4 = p3p4 

5. :. P is equidistant from the three vertices .4 



CHAPTER IV 

Quadrilaterals 

In this chapter, the two methods will be applied to several 

theorems relat'-'1 to quadrilaterals. First, the synthetic method 

will be applied to prove a theorem, then the analytic method will 

be used to prove the same theorem in sequence. Theorems proved by 

the synthetic method will be denoted by unprime numbers while the 

same theorems being proved by the analytic method will be denoted 

by prime numbers . Example, Theorem 12 and Theorem 12' . 

- 41 -



Theorem 12 

In a parallelogram, the opposite sides are congruent . 

Given : 0 ABCD , diagonal AC • 

-Prove : AB = DC ; AD = BC . 

[) ~ 

,/ 

/" 

A Figure 12 

Proof : 

Statements Reasons 

~1. L BAG = L DCA 1. If two parallel lines are 
intersected by a transversal, 
then the pairs of alternate 
interior angles are equal . 

2. L BCA ~ = L DAC. 2. Same as 1 • 

3. AC ;;-- Ac" 3. Reflexive Property . 

4. MBC ~ MDC. 4. A. So A. -5. :. AB = DC ; AD = BC • 5. C. P. C. T. 



Theorem 12' 

l(t+b, e.) 
----------:J 

Figure 12 1 

Prove: 

Proof: Let P P lie on the x-axis ~it h P at the origin and
1 2 1 

coordinates of P and P as shown in the figure. Then
2 4 

P is point (a+b,c). By the distance formula:
3 

., 
1. plp2 = V(a - 0) 2 + (0 - 0) 2 

.. = Va
2 = a 

2o P/3 = V<a + b - b) 2 + (c - c) 2 = ff = a 

3. plp4 = V<c - 0) 2 + (b - 0) 2 = '{' b2 + c2 

4. p2p3 = Vee - 0) 2 +(a+ b - a)2 = ( b2 + c2 

- -5. :. plp2 = P4P3 J P1P4 = p2p3 



Theorem 13 

If the diagonals of a quadrilateral bisect each other , the 

quadrilateral is a parallelogram. 

Given : L:7 ABCD with diagonals AC and BD - intersecting at O, so that -AO= OC and BO= OD. 

Prove : ABCD is a L:7 . J) 

Figure 13 

Proof : 

Statements Reasons 

-1. AO = oc 1. Given 

2o BO = OD 2. Given 

3. L1 = L 2 . 3o Vertical angles. 

4. MOB ~ 6COD 4. S. A. S. 

5. L3 = L 4 5. C. P. C. T. 

6. AB II CD . 6. If two lines form equal 
alternate interior angles 
with a transversal, the 
lines are parallel.-7. AB = CD 7. C. P. C. To 

8. :. ABCD is a CJ . 8. If one side of a quadri
lateral is equal and par
allel to the opposite side, 
then the figure is a par
allelogram. 



Theorem 13 1 

Figure 13' 
c,o) 

Given: 

Prove: 

Pr oof: Let P1P2 lie on the x-axis with P at origin; P t he point
1 2 

(c,O) and (a ,b) the point of intersection of P P and P P • 
1 3 2 4 

By the midpoint formula , P is point (2a,2b). Let P be
3 4 

poin. t (x,y.) Then x+c -- a; x + c -- 2a ; x -- 2a - CJ 2 
~ -- b ;2 

y = 2b. Hence P is the point (2a - c, 2b) o 

4 
2b - 0 2b

1. The slope of PP = = 2a- c-O 2a - C1 4 
0 - 0

2. The slope of -plp2 = = 0 
C - 0 

2b - 0 2b =3. The slope of p2p3 = .2a - C 2a - C 

2b - 2b
The slope of -p3p4 = =o4. 2a - 2a - c 

5. Since the slopes are equal , P / II P P3 and P P4 II p2P2 4 1 3 

6. Hence P1P2Pl 4 is a c::::J 



Theorem 14 

If two sides of a quadrilateral are congruent and parallel, 

the quadrilateral is a parallelogram. 

Given: Quadrilateral ABCD with AB equal and parallel to CD. 

Prove: ABCD is a D 

A 6
Figure 14 

Proof: Draw diagonal AC 

Statements Reasons 

1. AC = AC 1. Reflexive Property 

2. L l = L 2 2. Alternate interior angles 
of parallel lines AB and CD • 

3. AB = CD 3. Given •• 

4. MBC ~ b.CDA 4. S.A. S. 

5o L 3 = L 4 5o C.P. C. T. 

6. A'n II Bc" . 6. If two lines form equal 
alternate int9rior angles 
with a transversal, the 
lines are parallel . 

7. :. ABCD is a C7 7. Opposite sides are parallel. 



Theorem 14' 

~ 

Figure 141 

Prove: P P P P 
1 2 3 4 

is a LJ 

Proof: Let P P lie on the x- axis ~ith P1 at the origin and P
1 2 2 

point (a,O). 

1. -The slope of P P is O.
1 2 

the 

2o Since P P
4 3 

II P P
2 

,
1

the slope of P P = 0
4 3 • 

3. Let the coordinates of P be 
4 

of P , (c,d) •
3

(b,d) and the coordinates 

5o The coordinates of P
3 

are (a+ b, d) • 

6. The slope of P1P4 = d 
b 

- 0 
- O 

= d 
b . 

The slope of p2p3 = 
d - 0 

a+ b- a 
= d 

b 



--- t, 

Theorem 15 

In a paral lelogr am, opposite angles are equal. 

Given : Parallelogram ABCD, AB II CD , AC II BD • C, 1 
I 

lb 
Prove : L A = L D , L B =L C • 

/ Figure 15 

Proof : ," 
Statement s Reasons 

1. La = L A . 1. Alternate interior angles 
are equal • 

2. L a = L b. 2. Vertical angles are equal • 

3. L A = L b . 3. Transitive Property 

4. L b = L D . 4. Alternate interior angles 
are equal • 

5. ... L A = L D • 5. Transitive Property . 
6. La = J. C 6. Alternate interior angl'es 

are equal • 

7. L d = L C 7. Vertical angles are equal 

80 Le = L C . 8. Transitive Property 

9. J. d =L B . 9. Alternate interior angles 
are equal. 

10. :. I.. B = L c . 10. Tr ansitive Property . 



Theorem 15' 

F----1._,,__________o<..:..,...___➔ l 

Figure 15 1 p~ 

Given: CJ P P2P P , II P P ; P P II P P31 3 4 
P1P2 3 4 1 4 2 

Prove: 

Proof: Let P P2 lie on the x-axis with P at the originJ P is the
1 1 1 

angle 8 , P is the angle o( , P is the angle /3 and P is
2 3 4 

the angl d . By the slope formula: 

1 . ~ - slope of P P and P P1 4 2 3 
m - slope of P P and P P2 1 2 4 3 
m = 0 .

2 

- 0~ - m2 m1 
2. tan 9 = = = 

1 + m1-m 1 + m • 0 ~ 2 1 
m1-o ~ - m2 

tan /3 = = = m 
1 + m1. m2 l+m • 0 1 

1 

3. Hence tan 9 = tan /J . 
4. Hence e = ~ since e and._.; < 180° . 

O - mm2 - ~ 1 
=5. tan ~ = = -~ 

1 + m2•~ 1 + o.~ 

O - mm2 - ml 1 
= = = -mtan (j 11 + Q. m1 + ¾ . m1 1 

6. Hence tan ct = tan d ' if and J < 180° .°' 
7. :. Lo.. =LJ.. 



- -
- -

Theorem 16 

In any parallelogram the diagonals bisect each other . 

Given : c::J ABCD , diagonals AC and BD. -Prove : Eis the midpoint of AC and BD 

Proof: 

Statements Ra cos 
,.J 

1. fill.BC =b.AJJC 1. In ~ parallelogram a 
dia5onal forms two con-
gruent triangles . 

2. /. z = L. y • 2. C. P. C. T. 

3. L a = L b . 3o Vertical angles are equal 
,.,.,4. 6.ABC = LillDC . 4. Same as 1 

5. Lw = L x 5. C. P. C. T. 

=6. AB DC 6. Opposite sides of a parallelo-
gram are equal • 

7. LW3E ';;{ LillCE 7. A. S. A. 

8. DE = BE 80 C. PoC. T. 

AE = CE . 
9. E is the midpoint of 9o Definition of midpoint. -AC and BD • 



Theorem 16' 

Figure 16 1 

Prove : - bisect 

Proof: Let P P lie on the x-axis with P at the origin and
1 2 1 

coordinates of P and P as shown in the figure . Then2 4 
P.3 is point (a+ b, c). By the midpoint formula: 

1. plp3 = (O+ a+b 
2 

, 0 + 
2 

C ) = ( a+b 
2 

, ~ ) 

2. p2p4 = (a~b , 0 + 
2 

C ) = ( a+ b 
2 

, ~ } 
3. :. The midpoints of the two segments 

the diagonals bisect each other. 

are the same point, 



Theorem 17 

In a parallelogram , a diagonal forms two congruent triangleso 

Given : D ABCD with diagonal BD • 
,,..,

Prove : t.ABD = tJ3DC • 

Figure 17 

Proof : 

Statements Reasons 

1. AB = DC 1. Opposite sides of a 
parallelogram are equal . 

2. AD = BC 2. Same as 1 

3. BD = BD . 3. Reflexive Proper ty 
,,.._,,. 

4. t.ABD = tJ3DC • 4. s.s.s. 



Theorem 17 1 

P4-( p,6) f.(6..+"', t.) 
~-------~b 

(tt, O)
Figure 17 1 

Given: CJ P P2P:l with diagonal P P • 

~ 
~ 

1 4 2 4 

Prove: 

Proof: Let P1P2 lie on the x-axis with P at the origin and coordinates
1 

of P and P as shown in the figure. Then P is point (a+ b, c).
2 4 3 

By the distance formula: 

1. pp = 
1 2 ~ (a-0) 2 + (0 - 0 ) 2 = \/7 = a. 

2. p4p3 = \/ (a + b - b) 2 + (c - c)2 = '17 = a • 

3o plp4 = 'y(c- 0) 2 + (b - 0) 2 = Vc2+ b2. 

4o -p2p3 = V(c - 0) 2 + (a+ b - a)2 
I I, 

= vc2 + b2 

5o P2P4 = V(c - 0) 2 + (b - a) 2 
= yc2 + (b - a) 2 

=6. I p2p4 p2p4 . 

7. :. & p2p ,::,' & p p .1 4 - 2 4 3 



Theorem 18 

The diagonals of a rectangle are equal. 

Given: Rectangle ABCD , di agonals AC and BD • 

-Prove: AC = BD 

Figure 18 

Proof: 

Statements Reasons 

1. L DAB and L ADC are right b . lo Definition of rectangle • 

2. 

3. 

MAB and .6.ADC are 
triangles . 
AB = nc, Air = 

right 

-BC . 

2o 

3. 

Definition of right tri
angle • 

Opposite side of a parallelo
gram are equal • 

4. 

5. 

MAB 

-AC = 

;;' .6.ADC 

-BD • 

4o 

5o 

LL • 

C. P. C. T. 



- -

Theorem 18 ' 

l'-,#--f---~-----------~~~~\ J 
' f,(o1b) f,__(~,br 

,v Figure 18 ' 

Given : and 

-
Prove : pp 

2 4 

Proof : Let P P2 lie on the x- axis and -P P lie on the y- axis with1 1 4 

coordinates of P
1

, P2, P and P as shown in the figure .
3 4 

1 . pp = U(a - 0) 2 + (b - 0) 2 

1 3 

pp =2. I/ (0 - a) 2 + (b - 0 )2 = 
2 4 

- -PP , henoe the diagonals are equal.
2 4 



Theorem 19 

The diagonals of a rhombus are perpendicular. 

Given: Rhombus RSTQ • 

Prove: RT l SQ. 

Proof: 

Statements 

1. -RX = TX . 

2. QX = QX 

3. -RQ = TQ . 
4. MXQ /V= t:.TXQ 

5. ll = L2 

6. RT l SQ 

Figure 19 

Reasons 

1. The diagonals of a parallelo-
gram bisect each other • 

2. Reflexive Property 

3. Definition of a rhombus • 

4. s.s.s. 

5. C.P.C.T. 

6. Two lines that meet to form 
con~ruent adjacent angles 
are perpendicular . 



Theorem 19 1 

Given : 

Prove : 

Proof: Let P P2 lie on the x-axis ~ith P at the origin and coordinates
1 1 

2of P (b,c) . Since P P = Vb2 + c = P P P has coordinates
4 1 4 1 2

o 

2 

2 
o P has coordinates (b + \/ b2 + c , c) • 

3 
1. slope of plp3~ 

m2 slope of p4P2 

C - 0 C2. = =ml 
b + Vb2+c2- 0 b + J b2 + c2 

C - 0 C 
m = = .

2 2 2 2b - Vb2 + c b - Vb + 

- - C C c2 
3. (P P ) (P P ) = ----- = -----

1 2 4 2 0 + 'f b2 + 0 2 b - v b2+c2 b2 - (b2+c2) = -1 • 



Theorem 20 

If the diagonals of a parallelogram are perpendicular, the 

parallelogram is a rhombus . 

Given : D ABCD ; AC l BC 

Prove: ABCD is a rhombus 

ft Figure 20 

Proof: 

Statements Reasons 

1. DE = BE 1. The diagonals of a 
parallelogram bisect each 
other. 

2. CE = CE . 2. Reflexive Property 

3. L. CED and L CEB are 3. Perpendicular meet to form 
right angles . right angles . 

4. l:i.CED ~ l:i.CEB 4. S.A. So -5. DC = BC . 5. C.P.C. T. 

6. :. ABCD is a rhombus 6. A parallelogram with t~o 
consecutive sides congruent 
is a rhombus • 



Theorem 20 1 

p~~,b) 
Figure 20' 

Given: LJ P P P P .iithP P JP P •1 2 3 4 1 3 2 4 

Prove: P P P P is a rhombus
1 2 3 4 

Proof: Let P be point (O , O) with P P lying on the x-axis and 
1 1 2 

P2, P P
4 

as sho.in in the figure .3 

1 . m - slope of PP
1 1 3 

m2 - slope of p2p4 

C - 0 C2. = =ml a + b - 0 a+b 

C - 0 C 
m2 = = b - a b - a 

C a - b 2 b 2Jo Since plp3 l p2P4 , = J c = ai ..,.a+ b C . 

5. 

6. Hence P
1
P2P

3
P

4 
is a rhombus • 



Theorem 21 

The segments joining the midpoints of the opposite sides of a 

quadrilateral bisect each other . 

Given: Quadrilateral ABCD with midpoints Q, R, S, and T of AB , BC, 

CD , AD respectively. 

Prove: TR and QS bisect ea~h other. 

Proof: 

Statements Reasons 

Figure 21 

1. RS II BD and RS = l/2(BD} • 1. The line segment joining the 
midpoints of two sides of a 
6 is parallel to the third 
and equal to one half of it . 

2. TQ II BD and TQ = 1/2 (BD) • 2. Same as 1. 

3. TQ = RS • 3. Transitive Property 

4o TQ II T{S . 4. If two lines are parallel to 
a third line, they are parallel 
to each other • 

5. QRST is a parallelogram • 5. If a pair of opposite sides 
of a quadrilateral are both 
parallel and equal, the quad
rilateral is a parallelogram. 

6. :. TR and QS bisect each 
other • 

6. The diagonals of a parallelo
gram bisect each other. 
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IA 

Prove: and PP bisect each other .
5 7 

Proof: Let coordinate axes and coordinates of P , P
2

, P and P be as
1 3 4 

shown in the figure . J the midpoint forruula: 

( 0 + 2a C + 0 )1. p5 = 2 2 = (a ,O)' 
(2a; 2b 0 + 2c )2. p6 = = (a+ b , c)2' 
(2b; 2b 2c + 2e ) = 3. p7 = t 2 (b + d, C + e) 

0 + 2e )4. p8 = ( 0 + 2d = (d,e)2' 
d C; e) 

•5. The midpoint of p8p6 = l a+~+ 
' 

6. The midpoint of P7P = l a+~+ d C; e)
5 ' 

7. The midpoints lie on the same point. Hence P P6 and P P 
8 5 7 

bisect each other . 



- - -

- -

- -

Theorem 22 

The median of a trapezoid is parallel to the bases. 

Given: Trapezoid ABCD, Mis the midpoint of AD. 

N is the midpoint of BC. 

Prove: MN 11 AB and MN II DC • 

Proof: Dravl FE II AD through • • AFED is a Cl • 

Statements Reasons 

:Pr----~ 

Pi 

1 . CN = BN • 1. Definition of a midpoint • 

2. L CNE = L FNB 2. Vertical angles are equal• 

3. L NCE = L NBF 3. Alternate interior angles 
are equal • 

,...,.,
.6.FNB = 6CNE • 4. A. S. A. 

5. FN = EN 5. C. PoC. T. 

6. AD = FE 6. Opposite sides of a parallelo
gram are equal. 

7. DM = l /2(AD) 7. Definition of midpoint.-8. -DM = EN . 8. Halves of equals are equal. 

9. DMNE is a c::J . 9. A quadrilateral with one pair 
of sides both equal and parallel 
is a parallelogram. 

10. MW II fie . lOo Opposite sides of a parallelo-
gram are parallel • 

11. AM = l/2(AD) 11. Definition of midpoint 

12. AM = FN 12. Halves of equals are equal • 

13. AMNF i s a CJ . 13. A quadrilateral with one pair 
of sides both parallel and 

equal is a parallelogram • 

14. MN II AF 14. Definition of a parallelogram • 



Theorem 22 1 

Figure 22' 

Proof: Let the axes and coordinates be as shown in the figure . By 

the midpoint formula P is the point (b,c) and P is the 
5 6 

point (a+ d, c). 

1. m - slope of P P2 and P P
1 1 3 4 

m - slope of P P
2 5 6 

0 - 0 2c - 2c2. = = 0 , =o~ 2a - 0 2d - 2d 

C - C 
m = -----= 0

2 a+ d - b 

3. Hence 

4. Since the three slopes are equal, P P II P P and Pl6 II PP •
5 6 1 2 3 4 
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Theorem 23 

The median of a trapezoid is parallel to the bases and equal 

to half their sums. 

Given: Trapezoid ABCD with the median EF. 

Prove: EF II AB and DC and EF = 1/2 (AB + DC) • 

Proof: 

Statements Reasons 

e..,, 
......... 

Figure 23 

1. Draw DF • 

2o Extend DF t o meet AB 
produced at G. 

3o llli'CD ~ &BG 

4. DF = FG and DC = BG • 

5. EF II AG • 

6. EF II DC • 

7 . EF = l/2(AG) or l/2(AB + BG) 

8. :. EF = l/2(AB + DC) • 

1. Through two points, one and 
only one straight line can 
be dra'Wil. 

2. A straight line may be ex-
tended to any required length. 

J. A. S. A. 

4. C. P. C. T. 

5. The line segment joining the 
midpoints of two sides of a 
triangle is parallel to the 
third side and equal to one 
half of it. 

6. Two lines parallel to a third 
line are parallel to each other. 

'lo Same as 5 • 

8. Substitution • 



Theorem 23' 

Figure 23' -
Prove: P P65

= 1/2 (P/ 2 + P P,} • 
4 

Proof: Let the axes and coordinates be as shown in the figure. By 

the midpoint formula, P is point (b,c)
5 

(a+ d,c). By the distance formula: 

and P
6 

is point 

1. P P34

2. P P21 

3. p5P6 

= V(2d - 2b) 2 + (2c - 2c) 2 = V(2d-2b) 2+o = 2d - 2b. 

0) 2= d (2a - 0) 2 +(0 - =V<2~+ 0 = V(2cl2 = 2a •V 

= V(a + d - b) 2 +(c-c) 2 = Vca+d-b) 2 +o = a + d - b 

4. P P
1 2 

-+ P P3 = 
4

2a + 2d - 2b = 2(a + d - b) 

5. Hence P P
5 6 

= l/2(P P
1 2 

+ P P )
4 3



Theorem 24 

Base angles of an isosceles trapezoid are congruent. 

Given : Trapezoid ABCD with DC II AB and AD = BC 

Prove: ~ i----"' 

y 
Figure 24 

Proof: 

Statements Reasons 

1. Draw DX l AB and CY l AB • 

2. DX II CY. 

3. DC II AB 

4. XYCD is a L:::J 

-5. DX = CY 

6. AD = BC 

7. l:::,AXD -;?" .6J3YC 

8. LA = LB 

1. Through a point not on a 
line exactly one line can 
be drawn l to the given line. 

2. In a plane, lines l to the 
same line are parallel. 

3. Given • 

4. Definition of a / ( 

5. Opposite sides of a 
are equal • 

6. Given 

7o HL • 

8. C.P.C.T. 



Theorem 24 1 

0 
------.:fz'\0:'9,l 

Given: Isosceles trapezoid P P P P with P P /I P P and P P = P P •
1 2 4 4 3 1 2 1 4 23 3 

Prove: Le="--,6 

Proof : Let P P be on the x-axis with P at the origin and coordinates1 2 1 
of P and P as shown in the figure. Then P is the point (a-b,c).2 4 3 

1. ni. - slope of P P2 and P P , 0 - 0 = o, C - C =o1 4 3 a - 0 a - b-b 

C - 0 C m - slope of P P
4

, = 2 1 b - O b 

C - 0 C m - slope of P2P3 , =-b3 a - b - a 

C - Qm2 - I\ 0 C
2. tan 9 = = = 

1 + 1½. ~ 1 + o. 0 
C b 

m3 C 
tan .,8 = = = •

1 + m m 1 +o (- ~ ) b 

~ - o -Ci) 
1 3 

3. tan e = tan/. 

4. Hence e =I since e and/ < 180° 



Theorem 25 

The diagonals of an isosceles trapezoid are equal. 

Given: Isosceles trapezoid ABCD, AD = BC. 

Prove: AC = BD • 

Figure 25 

Proof: 

Statements Reasons 

1. AD = BC 1. Given. 

2. AB = AB 2. Reflexive Property 

:::,3. LA LB 3. Base angles of an isosceles 
trapezoid are equal. 

4. t:i.ABC 'Y t:i.ABD . 4. S. A. S • -5. :. AC = BD 5. C.P.C.T. 



Theorem 25 1 

Given: 

Prove : 

Figure 

Proof: Let the coordinate axes and coordinates be as shown in the 

figure . Let P1P4 and P2P3 be congruent legs in trapezoid 

P1P2P3P4. By the distance formula: 

1 . P1P = 1/(d - 0) 2 + (b - O) z = 4 

2o P;l3 = \/(a - c) 2 + (0 - b) 2 = -3. Since P P = P P3,1 4 2

d2 + b" c) 2= (a -

d2 = c) 2(a -

2Ud
+ b" 

+ b2 = ~ (a - c)2 + b2 

d = a - C 

4. 

Hence the coordinates of P4 are 

- 0) 2 0) 2plp3 = Vee + (b - = 

(a - c,b) 

fc2+ b2 

. 

p p =5. \["(a - c - a)i+ (b - 0 )2 = 'V c2 + b22 4 

6. .. p l p3 = p2p4 . 



Theorem 26 

If the diagonals of a trapezoid are congruent, the trapezoid 

is isosceles. 

Given : Trapezoid ABCD; AC= BD 

Prove: AD = BC 

Proof: 

Statements Reasons 

B 

1. Dra"1 DX l AB and CY l AB 1. Through a point not on a gi
ven line exactly one l can be 
drawn to the line. 

2. DX II CY • 2. In a plane, t\o/o lines l to the 
same line are parallel . 

3. DC II AB 3. Definition of a trapezoid • 

4. XYCD is a 0 4o Definition of a parallelogram. 

5. DX = CY 5. Opposite sides of a parallelo
gram are congruent • 

6. AC = BD 6. Given 

7 o MCY ~ l:illDX 7. HL 

8. L CAB = L DBA • 

9. AB = AB • 9. Reflexive Property 

10. t.CAB ~ 6.DBA 10. S.A.S. 

11. AD = BC 



Theorem 26 1 

Figure 26• 

Given: 

Prove: 

Proof: 

Trapezoid P1P2P3P41 with P P /I P/ and P P = P P •
1 2 3 1 3 2 4 

plp4 = p2p3 

Let the axes and coordinates be as shown in the figure. By 

the distance formula: 

1. plp3 = \J (d - 0)2 + (c - 0)2 = Vd2 + c2 

2o P2P4= V (a - b) 2 + (0 - c) 2 = V (a - b) 2 +c2 

3 
o 

S . p p - p2p4, d2 + c2 = V(a - b) 2 + c2ince 1 3 - - V 
2(a - b) 2 + c 

(a - b) 2 

d = (a - b) 

Hence the coordinates of P are (a - b,c).
3 

4. plp4 = v(b - 0)2 + (c - 0)2 = '{b2 + c2 

5. -P2P3 = V(a - b - a) 2 + (c - 0) 2 

6. =plp4 P~3 

7o Hence the trapezoid is iso"sceles 



Theorem 27 

The quadrilateral formed by joining, in order, the midpoints of 

the sides of an isosceles trapezoid is a rhombus. 

Given: Trapezoid ABCD ; AD= BC ; E, F , G and Hare midpoints of AB, 

BC, CD and AD. 

Prove: EFGH is a rhombus • 

Proof: 

Statements 

Figure 27 

Reasons 

1. EFGH is a CJ • 

2. AH = l/2(AD), BF = 

3. AH = BF . 
4. LA = '- B . 

5. AE = BE • 

6. LW:H 
,-J 

= .6J3EF 

7. HE = FE 

8. EFGH is a rhombus • 

l/2(BC) 

1. The figure formed by ·oining, 
in order, the midpoints of the 
sides of a quadrilateral is 
a D 

2o Definition of midpoint . 
3. Transitive Property 

4o Base angles of an isosceles 
trapezoid are equal. 

5. Jefinition of a midpoint 

6. S. A. So 

7. C. P. C. T. 

8. A Cl with two consecutive 
sides equal is a rhombus 

• 



- - - -

Figure 27' 

Given: Isosceles trapezoid ~1P2P P ~ith midpoints P , P , P and P
3 4 5 6 7 8 

of plp2 ' P;!3, p3p4 and PlP4. 

Prove: P is a rhombus •
5
P6P78 

Proof: Let the axes and coordinates be as sho~n in the figureo By the 

midpoint formula , P is point (a , O) , P is point (2a - b , c) , P
5 6 7 

is point (a , 2c ) and P is point (b , c) .
8 

1. ~ - slope of P P6 , P,?5 8 
m - slope of P P8 , P P

2 5 6 7 

C - 0 C 2c - C C
2. ----- = = 2a- b - a a - b ' a - b a - b 

0 - C -c C - 2c -c=----- =---a - b a - b ' 2a - b - a a - b 

3. Since their slopes are equal, P P6 II P,/8 and Pl II P P •
5 7 8 5 

Hence the figure is a W 
0 - V(a - b)2 + c2 

5. P P = P P , hence the O is a rhombus5 6 6 7 
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Theorem 28 

If a line parallel to the bases of a trapezoid bisects one leg, 

it bisects the other leg also . 

Given: Trapezoid ABCD with PQ 11 AB and P the midpoint of AfJ 

Prove: Q bisects BC • 
~ ,-----

r----~-~(Q - -, F 

6I .,.____E.,,...____ 

A Figure 28 

Proof: Draw CE II AD and BF 11 AD. _ Extend PQ to F. 

Statements Reasons 

1. CE II BF • 1. Two lines parallel to the 
same line are parallel . 

2. LCGQ = L BFQ 2. Alternate interior angles 

3. L GQC = L BQF . Jo Vertical angles . 
4. L GCQ = L FBQ 4o Two angles of a triangle are 

equal, so third is equal . 
5. PA = BF and -PD= GC 5. Opposite sides of a parallelo-

gram are equal . 
6. PA = PD 60 Definition of midpoint . 
7. BF = GC 7. Transitive Property 

8. LJGQC ~MQF . 8. A. S. A • -9. BQ = QC . 9. C.P. C. T • 

10. :. Q bisects BC 10. Definition of bisector •• 



Theorem 28' 

7..,~~,o 
Figure 28 1 

Given: Trapezoid P P P P with P P6 /I P1P2 and P t~ midpoi nt of P P •
1 2 3 4 5 5 1 4 

Proof: Let coordinate axes and coordinates be as shown in t he figure. 

By the midpoint formula P is point (b,c).
5 

1. Slop·e of Pl2 is O; since P
5
P6 II P

1
P2 , P

5
P

6 
slope is O. 

~ 
2o The equation of P P is y - c = m(x - b) ID= 0

5 6 

y - C = 0 

y = C • 

2c - 0 2c 2(c) = C = 2d - 2a = 2d-2a 2(d-a) d - a 

The equation of ~ P is y = c (x - 2a)
2 3 d - a 1 

C 
5. Intersection of P5P6 " P}:

3
; C = ---(x - 2a)

d - a 

d-a = x - 2a 

x = d + a 

y = C • 

6. :. P6 coordihates are ta + d,c) . 

. ~d+2a ) _7. By the midpoint formula the midpoint of P2P3 is ,c : ~+a,c2 
6• 



CHAPTER V 

Circles 

In this chapter , the two methods will be applied to several 

theorems related to circles. First, the synthetic method will be 

applied to prove a theorem, then the analytic method will be used 

to prove the same theorem in sequence. Theorems proved by the 

synthetic method will be denoted by unprim.e numbers while the same 

theorems being proved by the analytic method will be denoted by 

prime numbers . Example , Theorem 29 and Theorem 29 1 • 
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Theorem 29 

A line through the center of a circle perpendicular to a chord 

bisects the chord. 

Given: Circle O with AB through center Ol to chord CD at E. 

- - A
Prove: CE = ED 

0 
/ 

Figure 29 

Proof: 

Statements Reasons 

1. Draw radii oc and OD 1. Construction. 
2. oc = OD . 2. Radii of the same circle 

are equal • 

3. -OE = OE 3. Reflexive Property . 
4o OE l CD . 4. Given 

5. Right OOEC .-v Right OOED . 5. HL . 
6. :. CE = ED . 6. C. P. C. T • 



Figure 29' 

Given: 

Prove: pp 
5 4 

Proof: Let the origin be at the center of the circle. Let P and P
1 2 

intersect the y- axis. Let the coordinates be as shown in the 

figure . By the distance formula: 

1. P/5 = f co + a? + (- b + b) 2 = \'8.2 = a. 

2. pp = \j(a - 0) 2 + (- b + b) 2 = = a~ .5 4 

3o :. -pp = pp
3 5 5 4 



Theorem .30 

If a line is tangent to a circle, it is perpendicular to the 

radius drawn to the point of contact. 

Given: AB tangent to circle Oat C and OC a radius. 

Prove: AB l QC • 

0 

Figure 30 

Proof: 

Statements Reasons 

1. From D, any po int on 
except C, draw DO. 

AB Construction. 

2. Dis outside the circle O • Definition of a tangent. 

3. :. OD ~ OC, or OC is the 
shortest line segment from 
0 to 

3. Any point outside a circle 
is more that a radius dis
tance from the ~enter • 

4. :. OC l AB or -AB l OC 4. The shortest distance from 
a given exterior point to 
a line is the l distance 
from the point to the line. 



~ 
~ Theorem JO' 

Figure JO' 

Given: P1P2 tangent to circle Q at P and -P P a radius. 
3 4 3 

Proof : Let the origin be at the center of the circle. Let P and P 
1 2 

intersect the x and y axes equal distance from P (the center).
4 

Let the coordinates of P, P and P be as shown in the figure . 
1 2 4 

By the midpoint formula, P is (a,-a). By the slope formula: 
3 

1. The slope of plp2 =m = 0 + 2a 2a= = 11 2a - 0 2a 

O + a2. The slope of -p4p3 =m = a- - - = -12 0 - a a 

3o m •~ = -1 .
1 

-4. :. plp2 l p4p3 . 



Theorem 31 

In a circle or in equal circles, chords equidistant from the 

center 

Given: 

are equal. 

Circle O and chords AB and CD with OE l AB and OF l CDJ 

distance OE= distance OF. 

Prove: AB = CD • 

Figure 31 

Proof: 

Statements Reasons 

1 . Draw radii OB and OD • 

2. OB = OD 

3. OE = OF 

4. OE l AB and OFJ CD 

5. Right OOEB -;-' Right .6.0FD • 

6. :. EB = FD . 
7o EB= 1/2(1\B) and FD= 1/2(CD) .• 

8. :. AB = -CD 

1. Construction 

2. Radii of same circle are equal • 

3. Given 

4. Given • 

5. HL • 

6. 

7. A line through the center of 
a circle l to a chord bisects 
the chord • 

8. Doubles of equals are equal• 



Figure 31 1 

Given: Circle 0 and chords P P and P P with P P l P P and
1 2 3 4 5 7 1 2-

Prove: pp = pp 
1 2 3 4 

Proof: Let the origin be at the center of the circle 0. Let P and
1 

P intersect the x- axis and P and P intersect the y-axiso
3 2 4 

Let P1 , P2 , P and P coordinates be as shown in the figureo
3 4 

By the distance formula: 

pp1. - = v(o + a)2 + (a - O)~ = '{a. 2. + a2 = ~ =a'/2 .1 2 

2. pp = '{(a - 0) 2 + (0 + a) 2 = va2 + a2 = '{2a2 = aV2 .3 4 

-p p 
3 4 

3. 



Theorem 32 

Tangents t o a ci rcle from an outside point are equal. 

Given: Circle O ~ith PA and PB tangent at A and B respectively1 

OP dra\oln. 

Prove : PA = PB. 

::p 

Proof: 

Statements 

Figure 32 

Reasons 

1 . Draw OA and OB • 1. Construction. 

2. OA = OB • 2. Radii of the same circle 
are equal. 

3. L A and L B are right angles • 3o A tangent isl to the radius 
drawn to the point of con
tact 

4. OP = OP 4. Reflexive Property. 

5. Right OOAP ';;' Right OOBP • 5. HL 

6. :. PA = PB 6. C. P. C. T. 



Theorem .32' 

Figure .32' 

Given: Circle O with P P
5 4 

P P.3 drawn.
4

and P P
5 2 

tangent at P
1 

and P 
2 

respectively; 

Prove: P P 
.31 

= P P 
.32 

Proof: Let the origin be at the center of the circle O. Let the co-

ordinates of P1 , P2 , P.3 and P be as shown in the figure. 
4 

the point P.3 lie on the x-axis. By the distance formula: 

1. -p p = V(a - 2a) 2 0) 2+ (b - = v a2 + b23 1 

-2o a) 2P,:l2 = v<2a + (0 + b) 2 = '(a2 + b2 

Let 

.3. :. p .3p 1 = pp 
.3 2 

. 



SUMMARY 

The emphasis throughout this paper was to give an understanding 

of the basic principles of approaching High School Geometry from an 

analytic geometry approach. Considerable care was taken with the proofs 

of the main theorems , so that we may develop an appreciation of the 

logical structure of a mathematical proof . 

There are few subjects that afford a richer or more varied supply 

of interesting and thought- provoking problems than does analytic geo

metryo Yet many of us fail to reach a point where we can solve these 

problemso A major part of the difficulty arise from the fact the new 

subject matter and method is so abundant in the analytic geometry that 

there is that little time left to devote to problem solving. 

An alternative view is that the most important outcomes from such 

an approach are (1) understanding of the essentials of developments (2) 

complete understanding of the results (3) ability to use the results in 

any problem situations. The teacher adopting such a view would make the 

first proofs completely in class and then do progressively less proving 

as the class advances. 

The values to be derived from this approach may be divided into two 

groups , (1) intrinsic values and (2) preparation. Intrinsic values are 

the qualities of the subject that make its study result in increased 

problem- solving ability , increased appreciation of geometry as a useful 

and rigorous science and increased understanding of the relations among 

things mathematical. Analytic geometry as preparation for further mathe

matics and science. 
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