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CHAPTEBR I

Introduction and Terminology

The fundamental ideas of analytic geometry are usually attributed
to the French mathematician and philosopher Descartes (1596-1650). The
key to the expression of geometric facts in algebraic form lies in the
representation of a point in the plane by means of a pair of real numbers
called the coordinates of the point. This paper is devoted to some de-
tailed proofs of fundamental theorems in High School Geometry based on
an alternative approach.

The analytic geometry approach seems to be a more powerful attack
upon many of the problems of High School Geometry than the methods which
we have thus far employed. Analytic geometry not only simplifies the
proofs of many of the propositions with which we are familiar, but en-
ables us to attack successfully problems which we could handle in ele-
mentary geometry only with great difficulty, or not at all, With the
tools already developed-the formulas for distance, point of division
(midpoint), and slope- will aid in solving many problems of High School
Geometry.

In analytic geometry the methods of algebra are combined with those
of Euclidean geometry in the solution of geometry problems., The pro-
perties of a geometric figure depend upon the relations of the parts and
not upon the particular position which the figure is drawn. Therefore,

the properties of any geometric figure are independent of the way in



which the axes are chosen, In the proof of geometric properties of
figures it will, in general, be possible to choose the axes in more
than one way. The axes will be chosen in the way which gives the
simplest algebra.

The writer would like to point out that analytiec geometry is not
a different geometry but is a different approach to geometry. This
approcah was used to prove theorems previously developed by the syn-
thetic approach, In all such cases the analytic proof is not the only

proof, but in many cases it is a far simpler proof.



The statement, symbol or notation on the left has meaning on the right.

(1)

(2)

(3)

(5)

(6)

(8)
(9)
(10)

(11)
(12)

Angle of inclination

Bisector of an angle

Equilateral triangle

Isosceles triangle

Midpoint

Parallelogram

Perpendicular lines
Rectangle

Reflexive Property of
Equality

Rhombus

Right angle

Slope of a line

1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)

(11)
(12)

The statement that © is the
angle of inclination means
that © is the angle between
the line L and the x-axis on
the positive side.

The ray which divides the angle
into two equal angles.

A triangle having all
congruent sides.

A triangle with at least two
congruent sides,

The point which divides the
line segment into equal line
segments,

A quadrilateral in whieh both
pairs of opposite sides are
parallel,

Two lines that meet to form
congruent adjacent angles.,

A parallelogram with four
right angles.

Any quantity is equal to it~
self,

A parallelogram with a pair
of adjacent sides equal,

An angle of measure 90°.
The statement that m is the
slope of the line £ means

that there exists two goints
Pl(xl,yl) and Pz(ngy2 such

Y1

o

that m =

’12>X1.



(13)

(14)

(15)

(16)

(7)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)
(31)

Transitive Property of
Equality

Trapezoid

Trigonometric Cofunctions

Trigonometric identities

v‘ ]: - S o SRR SRR S

)
g

()
o]

N

SR e g = Sl o

(13)

(14)

(15)

(16)

(7)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)
(31)

Two numbers equal to
same or equal number
equal to each other.

A quadrilateral with
two sides parallel.

the
are

exactly

The statement that two fune-
tions are trigonometric co=
functions means their argu-
ments are complementary,

If £ and g are trigonometric
functions then the equation
f =g is saild to be an iden-

tity iff f(x) = g(x)
domain of £ N g.

Is equal to
Is not equal to

Is greater than

Angle

Triangle

Line

Line segment F;;é

Is perpendicular to
Is congruent to

Is parallel to

The square root of
Is not parallel to
Parallelogram
Slope

Tangent of angle ©

¥ x



(32)
(33)
(34)
(35)
(36)
(37)

(38)

(39)

(40)

(41)

(42)

© & »g .

S. A. S.

A. S. A.

S.S.S.

H.L

L.L.

C.P.C.T.

(32)
(33)
(34)
(35)
(36)
(37)

(38)

(39)

(40)

(41)

(42)

Therefore
Alpha
Beta
Delta
Theta

If two sides of one triangle
are equal to two sides of a
second triangle and the angles
included by these sides are
equal, then the triangles are
congruent,

If two angles of one triangle
are equal to two angles of a
second triangle and the side
included by these angles are
equal, then the triangles are
congruent,

If the three sides of one
triangle are equal, respec-
tively, to the three sides
of a second triangle, then
the triangles are congruent.

If the hypotenuse and a leg of
one triangle are congruent to
the hypotenuse and a leg of a-
nother right triangle, the tri-
angles are congruent.

If the legs of one right tri-
angle are congruent to the
legs of another right triangle,
the triangles are congruent.

Corresponding parts of con-
gruent triangles are equal.,



CH A 20 BRI

Theorems

In this chapter is a list of all basic theorems and their proofs

to be used in preving High School Geometry from an analytic approach.



Theorem:

The Distance between Two Points

The distance between two points is given by the formula

d =l, (xz’xl)z ] (Yz"yl)z .
Points P, and P, with the coordinates (xl,yl) and (x2,y2)

Given:

respectively P1P2 = .d.

ACAARIK

g i " g T
Prove: d (12 x’l) + (Yz yl) . |
| \
é_. o, s ] 204 ﬁ('l,l"o)
- R
Proof's
Statements Reasons
1. Draw P.B || to the x-axis and 1. Through a given point, a line can
P,B l %o the y-axis be constructed parallel to a gi-
ven line.
208 P,BPy is a right angle, 2. Definition of perpendicular lines.
3. BP1 = X,-x; and P,B = Y7V . 3. The distance between two points
having the same coordinates is the
difference of their abscissas and
the distance between two points
having the same abscissas is the
difference of their ordinates.
he PaBytl =, BR.N 4 Py A 4. Pythagorean theorem .
25008 oY (08 33
5. d (=%, )% + (y2 yl) 4 5. Substitution |,
6. " Nidm \f?iz-xi)z + (yz-yl)2 p 6. Taking the square root of both

sides of the equation.



Theorem 1,2

The Midpoint of a Line Segment

The coordinates of the midpoint of line segment are one-half the

sums of the coordinate of the end points or

Lt
2

and

V1 ¥,

Given: P the midpoint of line segment PP,

Loy _ "'y,
Prove: X = —~—— and y = —
2

2 .

(4
Proof':
Statements Reasons
1. Draw PlA, PB,y and P5C l_the x-axis, 1, Through a given point, a line
can be constructed perpendi-
cular to a given line.
2. P.A || PB || P5C . 2. Two or more lines which are

3. PP w PR -

5. 2X°'x2+xl .
x5

RPN S 2" 7 .
2

Similarly, a line through Pl’P’ and P2 perpendicular to the y-axis we

can prove that

JaEste

Ao

56

6.

179,

perpendicular to the same line

are parallel.

Definition of midpoint .

Substitution .

Addition property

Division property



Theorem 1,3

Two non-vertical lines are parallel if and only if they have the

same slope.

Part I:

Given:

Lon i, -

Two non-vertical lines have the same slope, then they are parallel.

Ie fl}f ﬂz then m, # m, .

~

(%'t b [

oL
2
(41.") /l(a |q3)
|

Prove: m 7‘ < T
.
2 ¥
Proof':
Statements Reasons
1, Ll and 12 intersect at some 1. It was given that [1 bi| L2 .
common point (xl’yl) .
2. There exist point (x ,y2) and 2, Construction .
(inYB) on K, and 9522,
respectively, y, # Vg o
o=y i wd
3. my = Ha and m,. = 21 3 Definition of slope.
-X 2 g ex
2 3 P
Ky o, « From step 3 .
m Fm, 4 P
Part II: If two non-vertical lines are parallel, then they have the

same slope.

Given: ﬁz Il Ql' Ql and Q.Z are non-verticalj;

Slope of Ql =m1 3 Slope of 0\2 = m‘2 .

Prove: ml ’-‘m2 i



Proof':

Statements

Reasons

3.

b

5.

Since Ql and 12 are non-vertical, they will intersect the y-axis at

point (O,yl) and (O,yz) respectively. Assume ¥, #0. (Iif ¥y = 0,

interchange the role of Yy in y2 in the rest of the proof.)

Suppose that my # m,.

There exist some point having
the coordinates (xa,mlx3+y2),
(13 #0).

There exist a line [ containing
the point (O,yz) and (x3,m1x3+y2).

l has a slope of m d is
thegefore parallel ‘c,olfxll

But LB and ﬂz pass through

(O,yz) and are parallel to le

23 r QZ and it follows

that ml = m2.

3.

4.

5e

There exist a one-to-one
correspondence between points
in a plane and ordered pairs
of real numbers.

Given any two points, there
exists exactly one line con-
taining them.

Definition of slope (Theorem
1.3, part I).

Construction.

Through a given point not on
a line, there exists exactly
one line parallel to the gi-
ven line,



Lemma 1

Two non-vertical perpendicular lines Ql and !ZZ having slopes

m, and my then, one slope is positive and the other slope is negative.

Given: Two non-vertical | lines ll and lz
having slopes m; and m, respectively.
_ Y
Prove:t One slope is positive and one slope (:6,")|
is negative. Y4 |
|
'-—-
Proof': L.
Statements Reasons
1,

3.

b

5.

Let (xlyyl) be the point of

intersection of lines Ql and QZ.

Qlle'

Choose (x2,y2) on Ql and

Y177, oS!

1. Assumption .

2, Given .

3. Assume .

4., Definition of slope .

5. Ratio of two positive numbers
is a positive number ,



Statements Reasons

6. Yy = v > 0 and s B} <0 6. Ratio of a positive and
negative number is negative.

7. .. one slope is positive and 7. From step 5 and step 6.
one slope is negative.



Theorem 1,4

If lines ﬂl and 02 having slopes my and m, are perpendicular

then m m, = =1,

12
Part. 1.

Given: Lines 01 and

Y 1Y

~

Prove: m.lm2 *Ejellivii o

Proof':

Statements

Reasgons

1. Ieb Q]_and QZ intersect

2. PlP3 is parallel to the x-axis,

3. g > 0 and m2 0

Lo 3 is 1 unit to the right of Pl'
v

5. P3 = a unitg vertical thrgugh
P3 to meet 1 at P2 and 2
at

PA' P3P4 = b units.
6. m = oa and m, = b ,
w———
it P1P3 is the altitude on the

hypotenuse PP, of the right A

PP2P3 : 4

8. PlP is: the mean proportional
between P3P and PA?

3-
% P3P2 ° P - P1P3 .
100 a’b=1 .
11. aob==(m « my) |,

12, BBy Meed o L

%
10.
i1,

12,

Assumption .
Construction .,
Lemma 1 .
Construction ,

Construction .

Lemma 1 ,

Uy 1l

Definition of mean pro-
portional .,

Same as step 8 ,
Substitution ,
From step 7 .

Substitution .,



Part II.

my and My} mlm2 =] .

Prove: Ql 1 QZ v

o

g
-~

lz /
4 L
Given: Lines ll and ﬁ 2 with slopes \

~

Proof:
Statements okl Reasons
1., et Q with slope m; and Q . l., Given .
1 i B 2
with slope m, be given .
- = -1 ns
2. my * 1y -1 =y m, = e 2, Given .
3. m, and m, are opposite each other. 3. Lemma 1 -«
Y12 ¥a=v
be m1 = = asmy = —-—3——2- = - 4o Definition of slope -
o M g 5,
yl-yz
S my = tan X = ot 5. Definition of trigono-
X1-%Xp metric identity .
b
m = ta_n 75 = 3 2 - 1
2 ¥ .
372 "
6. tan A = - cot)g . 6. Substitution .
7. = cot 75 = tan(fe + 90°) . 7. Definition of cofunction .
8. 75 = A +90° . 8. Since tangent and cotangent
are cofunctions .,
Po o ﬁl £ QZ 1 9. TFrom step 7 and step 8 .



Theorem 1.5

Let ﬂl and 92 be lines with slope m, and L, respectively, and

let © be the angle from Bl to ﬂz. If m,my = .], 6 =90° Other-

wise, © is the angle such that

m-
tanez_g__il_,00$g<1so°,
? l-i-mzml

Proof:s Let m be the slope of ll and let m, be the slope of [2.
Thenm1=ta.nC>§1, m, = tancA, .
€ is the angle between ﬂ 2 and ﬁl .
ban B¢ =" § -
an (d\z °(l)

tan oA 5 - tan I 4

(from trigonometry)
1+ tanX 2 tan o 1

D 8
l-i—mZm:L

Hence
m, = m
tan 8 = 2 1

1+m2nLl



Theorem 1.6

The equation of the line passing through the point (xl,yl) and

having slope m is y - y; = m(x - X, Js M 11““\
s C
Given: Points P and P, with the ﬂ
coordinates (x;y) and
(leyl) respectively. c#ﬁ*\

Prove: y -%y

Ml ped L R

Proof: Let P be the point (x,y) and P1 be the point (xl,yl)

b b i
The slope (m) of PPl is expressed by xx
€ > 4
Since the slope of PP, must be m, = m ,
1 e

Hence y - ¥y = m(x - ﬁ)o

Theorem 1,7

The cirele with center (a,b) and radius r has the equation

(x - a)® + (y = b)? =12,



CHAPTER 2K

Triangles

In this chapter, the two methods will be applied to several
theorems related to triangles. First, the synthetic method will
be applied to prove a theorem, then the analytic method will be
used to prove the same theorem in sequence. Theorems proved by
the synthetic method will be denoted by unprime numbers while the
same theorems being proved by the analytic method will be denoted

by prime numbers, Example, Theorem 1 and Theorem 1'.

ST
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Theorem 1

If two sides of a triangle are equal, the angles opposite these

sides are equal.

Given: AABC with AC = BC. $|l1
Provets m£A = m £B , l

Figure 1
Proof: Construct ‘C-D, the bisector of £C L
Statements Reasons
1. AC = BC ., 1. Given .
2, kg i 2, Definition of bisector
of an angle .
3, /06 = 10 . 3. Reflexive Property .
~
4L, AADC = ABDC , ey S A3

E X mLk=a e . 5. C.P.C.T.



Theorem 1'

'
A~‘3LF%6\
© y X
Fi ¢4,0) Figur: Pa(o" ©)

Given: APlPZP3 with P1P3 e P2P3 L

Prove: m £ = p L‘ﬂ

Proof: ' let Ple lie on the x-axis and the altitude from P3 lie on the

y-axis. Let the coordinates of PlP2 and P3 be as shown, By
the slope formula:

! I ml-slopeofi;l?’a, '8‘*_:_'-%;=§
— B b
m2-slopeofP23s R .
N 0 -0 =0
m3 - slope of P1P2 ’ gy g
b
m1~m3 ;— 0 Lo i
2R 8 = 7 T
an T+ m,m 1+0% a
b
i B U Ky - ib
3. tanf = . £
1+m2°m3 1+0_'a-.'
4e tan ® = tan ¥ .

5. Hence © = ¥ since 6 and 73 < 180°



Theorem 2

If a point is on the perpendicular bisector of a line segment,

it is equally distant from the ends of the segment.

Given: Line segment AB and perpendicular bisector L
and point P on line £ .

NS m—
=

Prove : AP

B ’ P
P i M
7N
/ \\
/ £y
§ 2 'I \
A D
Figure 2
Proof:
Statements Reasons
1, M = B = 1. Definition of bisector .
2. Lx = ly . 2., Definition of perpen-
dicular lines -«
3. M, = PR . 3. Reflexive Property -
L. DAMP = ABMP | L. S.A.S
5u of) APk BB 5. C.P.0.%%



Prove:

Proof':

Thgorem 2')
S
0b
3( )

Py o
L ™

i L Q

< PI("";") €0,0) g(a,'o)
L4

Figure 2!
Line segment ﬁzfé and perpendicular bisector /Z and point
P3 on line ﬁ . i

g T35 1
Let PlP2 lie on the x-axis with line ‘f on the y-axis. ILet

the coordinates of Pl’ PZ’ and P3 be as shown in the figure,

d1 = P1P3 and dy = P,P3. By the distance formula:

\Ia"+b2 F
V a® + b? .

. 4 = V(-a-0)2+ (0 = b)?

]

g
(=¥
¥
]
e
m‘
i

0)%*+ (0 - b)?



Theorem 3

If two parallel lines are crossed by a transversal, the alternate

interior angles are equal.

. e
Given: Line XY || line ZW. Both lines are cut by T
transversal TR at points A and B.
e /A
Prove: dx = Ly , X T y
! \
V4 B W

R

Figure 3
Proof: Construct a perpendicular to line ZW at DM, the midpoint of BA.

Statements Reasons

1. ©D o |13 1, If one of two parallel
lines is | to a third
line, the other is | to it.

2, [OBDM and AACM are right 2. Definition of right
triangles ., triangles ,

3, BM = MM . 3. Definition of a midpoint.

Lo AN A 4. Vertical angles are equal.

5, OABDM = DACM . 5. Congruent hypotenuse and

acute angle

.

G L= Ly ., 6. G.P.O.2,



Theorem 3!
did Y

E
Q'p

Lo oo

o

Figure 3!
Given:

Lickw &P

Prove:

Proof:

Line ll || 1ine 12. Both lines are cut by transversal KB »

Let ﬂ 2 lie on the x-axis and ll Il LZ' Let QB intersect

02 at the origin and ﬁ 3 at some point, By the slope formula:

1, m, - slope of 42
m, - slope of ll

m3 = slope of Q .

3
m, - m ms = 0O
L P il |
1+m3m1 1 + m5(0)
m =i m, - 0
ta.n)l = 3 2 = 3
1+m3ml 1+m3(0)

and\;g

3. So tan <A =tanf if

Be Sl =L”/

s

< 180°



Theorem 4

The line that joins the midpoints of two sides of a triangle
is parallel to the third sides,
Given: Line MN joining the midpoints of AB and AC of AABC. CD is
drawn parallel to E, meeting.M.ﬁ- extended at D,

Prove: MN || BC .

Proof':
Statements Reasons
PRI % V5T A A 1. Vertical angles are equal ,
e s
2s ANTSVERY 2, Definition of midpoint .
Lo x= el 3. Alternate interior angles
are equal ,
4. OCND T AMMN be A.S.A,
5. ICD = M 5. C.P.C.T,
6, BM =AM . 6. Definition of midpoint.
7. CD=BM . 7. Transitive Property .
8 BMDC is a [T . 8. A pair of opposite sides

of a quadrilateral are
both equal and parallel.
9% S MN || BC , 9. Definition of a parallelo-
gram ,



4 Theorem 4'

#A Pakzé ) L\

Ps P il

AN\

) Pal250)

Figure 4!

e
Givens AP1P2P3 with P5 and P4 joining midpoints of P1P3 and P2P3 .

Prove: P5P4 Il P1P2 )

Proof: Let Ple lie on the x-axis with Pl at the origin and coordinates

of P2 and P3 be as shown., By the midpoint formula P5 is the

point (c,d) and P4 is the point (atec,d).

i, m, - slope of P5P4

m, - slope of 1P2 >
= d -4 =
S LT e Y
= 0.~ =
g a=-0 i i

3. Hence m =m §

FARE



Theorem 5

The line segment that joins the midpoint of two sides of a
triangle is equal to one helf of the third side.
Given: AABC and line segment MN joining the midpoints of AB and AC.
Proves MN = 1/2( B—C-) p

.

N

L

(o) E <
Figure 5

Proof: Draw CD || AB meeting MN extended to D. Find E, the midpoint.

Statements Reasons

1, MN || BC . 1. The line that joins the
midpoints of two sides of
a triangle is parallel to
the third side.

2, BCDM is a L7 2. Definition of parallelogram,

3. NE | BB . 3. Same as step 1 .,

L. BENM is a £7 . 4. Definition of parallelogram .

5, W = BE . 5. Opposite sides of a parallelo-
gram are equal ,

6. BE = 1/2( BC ). 6. Definition of a midpoint .

7. W = 1/2( BC ) . 7. Transitive Property .



Given:

Prove:

Proof's

Theorem 5!

P, (2b,2¢)

L
"

o

o

il < '
,P,(5,0) P,(20,0)

)

AN

Figure 5'

AP1P2P3 5 P5 is the midpoint of P1P3 and P6 is the midpoint

of P2P3 3

PPy = 1/2( PP, ) .

Let the line containing PlP2 be the x~axis and let the

coordinates of Pl’ P2 and P3 be as shown. By the mid-

point formula:

1. P (0+20 0+ 2¢)

5 = p) ’ ) - (b’C) .
2 P6 o) (2a ; 2b g 0 ; 2¢). 2(a +2bl>c) = ila HH8)
3 P-?z= \[(2&-0)2+(o-o-)-2 = V2 =20 .

| ~

: &
g

5P6 = v[z;7+ b=-b)2+ (¢-2¢)® = V &y

Sz

5. & PGP, = 1/2( Ple) X



Theorem 6
In an isosceles triangle, two medians are congruent.

Given: Isosceles AABC; D = EE?; ZBAC = LABC

Prove: AE= BD . é

D £

A b

Figure 6

Proofs:
Statements Reasons

1, AD = BE; /BAC = L ABC . 1, Given .
2. AB=1AB . 2. Reflexive Property.
3. OAABD = AMBE . 3, S.A.S.

4. 4% = BB, 4o GC.P.C.T.



Theorem 6!

4 Pg

L 5 ¥
AT 7Y B MY 7Y
Figure 6!

Given: Isosceles AP P2P3 with P1 4 = 2P5
Prove: =

15 2 4

.

Proofs:s Let Ple lie on the x-axis and the altitude from P3 lie on

the y-axis. Let the coordinates of Psz and P3 be as shown

in the figure. By the midpoint formula:

. p, = (8573 O} o
P5 = (0;211’ %82+0) = (h,g)

3. ;’-2;4 o V(Zh - "h)%+(0-g)? = U (3h)2+g?

77, = (Canite0r = VComee®
15

v 9h?+g?
v9h2+g2 2

1

3. Hence P1P5 = P2P4 .



- 30 =

Theorem 7

In an equilateral triangle, the three medians are congruent.

Given: s Equilateral AABC with midpoints E, F, and G of AB, BC and AC

respectively.
Prove: -.-A—F- = 1;6: = EE- b
& ¥
A Figure 7E e
Proof':
Statements Reasons
1. 'AC. = Bg. 1. Definition of equilateral
triangle .
L Za = EF' . 2. Halves of equals are equal -
3., 4 GAE = L FBE . 3. Angles of equilateral tri-
angles are equal .
he AB = AB . Lo Reflexive Property
5. OABG ¥ AAFB S0 Sik.S,
6. &F = BG . 65 C.P.0.T,
o408 L 7. Same as 1 .
8. BB = AG . 8. Same as 2 ,
9. 4B =L\ , 9. Same as 3
10. ACBE = ABAG . 10, 8,3,
11, G& = BG . 11, C.P,C.T.
12, F = BG = C-I-:‘.- : 12, Transitive Property .



Theorem 7!

Cee———

Given: Equilateral AP of P1P2,

er——

1P2P3 with midpoints PL’ PS’ and P6
P i .
2P3 and P1P3 respectively
: = = '_p
Prove P1P5 P2P6 3Plo

e

Proof: ILet P1P2 lie on the x-axis with P4 at the origin, Let Pl be

point (-2a,0) and P, be point (2a,0). Let P3 be point (O,y).
- F3 2 2 i 2

Since P1P2 P2P3, vvl.,a +y Lbay La® + ¥ 16a“;

y? = 12a%; y = 2a¥ 3 . P, is point (o,za\[3 ). By the mid-

point formula:

3 X
14 P ( 232+0 , 0+22a 2\ - (=a, al}—3—)

(2az+ 0 ¢

3. PP = Vica-22)%+(a 3-0)2 =\I3§£§F=Vlza=

QL%L[;\: (a,aﬁ')

I
]

2av3— .

b FPg = Wla-20)%(a 3-0)2 =\9a™+2* =122 = 22\3 .
5. '}4= Vo - 00"+ (2a 3 40)* = zlNy .

R = = P
of i S kT P



Theorem 8

The union of the three segments joining, in pairs, the midpoints

of the sides of an isosceles triangle is an isosceles triangle.

Given: Isosceles AABC with AC = BC and midpoints D, F and E of

Prove: ADEF is isosceles.

AB , BC and AC respectively.

(&

8

Figure 8
Proof':
Statements Reasons
l. Dy F and E are midpoints of Kﬁ, do1  Given
BC and AC respectively
2 AC = -55 : 2s Giwven .,
3., AD = BC . 3. Definition of midpoint .
Le LFAD = LEBC . L, If two sides of an isosceles
triangle are equal, the an-
gles opposite the two sides
are equal.
s LI ST 5. Halves of equals are equal,
6. OAFD < ABED , Gy B.d.Be
7' FD = E-ﬁ- . 7- C.P.CoTo
8. .. DFE is isosceles . 8. Definition of isosceles

triangle .



Given:

Prove:

Proof':

Theorem 8!

fy

b=\ :

‘ R ey f‘_ 1%) ’2(2.7” %1

Figure 8!
Isosceles AP\P,P. with PP, = P-ZP3 and midpoints P, Py
and P6 of Ple, P2P3 and P1P3 respectively.

AP P is i .
4 5P6 is isosceles

1

having eoordinates (-2a,0) and (2a,0) respectively. Let P3 be

Let P1P2 be on the x-axis with P4 on the origin and P, and P

the point (0,2b). By the midpoint formula:

1 P5 =(Za2+ o 9 ; 2bY _ (a,b)
2 7, - ( -2a2+ 0 o; 2b) _ (adb) -
3. By the distance formula:
':6 = V(:a-o)2 + (b=0)? = m
'1?4?5 = \[(:1-0)2 + (0-0)2 = |fa? + b2 A
b TR = P—AI—’; and P PP, is isosceles.



Theorem 9
The line segments joining the midpoints of the side of an
equilateral triangle form another equilateral triangle,
Given: The equilateral AABC with —Ei‘-, F-‘Eand (.}E- joining t.}/)(e: midpoints
of the sides A—é-: .I;C'and EK.

Prove: AGEF is equilateral. G (=

AFig e 9 6

Proof':

Statements Reasons
1, E, F and G are midpoints of AB, 1., Given ;

BC and AC respectively.
2. B = 3C = Gk, : 2, Given ,
3, 2E =EB, BF = .FTE and CG = GA - R 3. Definition of bisector .,
Ly 20B = 2BF = 3GC . 4Le A quantity may be substi-

tuted for its equal ,

5,88 = WP = @6 . 5. If equals are divided by

equals, the quotients are

equal.

6. %G = BE = CF . 6., From steps 4 and 5 .,

Toi A 2R = LB, 7. An equilateral triangle
is equiangular

8., OAAEG = ABFE = ACGF . 8s S.h.8,

9. GE = ¥ = ¥ ., 9. C4PiG.T.

10. .. AGEF is equilateral . 10. Definition of equilateral

triangle .,



Theorem 9'

s}ﬁstp'2£ﬁéb

¢ ¢ 2
P (26,0) ¢ g_(h,b\
| Figure 9!
Given: AP1P2P3 is equilateral with P4 5 6P4 and P5P6 joining the
midpoint of PlP ’ P2 3 an 3

Prove: P6P4P5 is equilateral

1 il
point (-2a,0), P

Proof: Let P P lie on the x-axis with P4 at the origin and Pl, the

the point (22,0) and P, the point (0,2aV3).

2 3
By the midpoint formula:
W) B REA o+22a\f—3) a eaNSS
L
42 V2
S ( ~§+O’ O+22a 2) - (-a,a¥ 3 )
3. P4P5 - Wa-O)z - 5 (a\f?)z = Vaz + 3&2 = "4&2 = 2
g .P;;é it W’a'a)z + (@WF-aV3) =Via2+0 = 2

I

)
d
]

Bati P4?5 = P5P6 6P4 and AP6P4 5 is equilateral.




Theorem 10
The altitudes of a triangle are concurrent.
Given: AABC with the altitudes AD, BE and CF B’ : C. A

—

Prove: KE} gﬁ and CF are concurrent .

7
Figure 10 \ﬁl
Proof':
Statements Reasons
1. Draw B'A' through C || AB; C'A! 1, Through a given point only
through B || AC; C'B' through one line can be constructed °
A |l BC . parallel to a given line.
2, ABCB' and ABA'C are &7 3 2. Opposite sides are parallel .
3. & B'C =4AB and CA' = AB 3e Opposite sides of a parallelo-
gram are equal ,
e 5 BYC = GAY . 4e Quantities equal to the same
quantity are equal to each other.
5. CF | AB . 5. Given CF altitude of AB .
6 R BYRY: . 6. If a line is | to one of two
parallel lines, it is | to the
other also .
7. . CF is the | bisector of B'A', 7. CF bisects B'A' and is | to B'A".
8. In like manner, BE and AD are 8, Same as 8 .

the perpendicular bisectors of
C'A' and B'C' respectively .

9. .. AD, BE and CF are concurrent , 9. The perpendicular bisectors
of the sides of a triangle
are concurrent in a point
equidistant from the vertices.



Given:

Prove:

Proof':

Theorem 10!

05

N

AT on’
0
P‘L‘l.) N7 4 Y Pﬂ_( ¢ %,
Figure 10!
Any AABC with P497P and P6 the points where the altitudes
—~> D — L
intersect P1P2, P2P3, and P1P3 respectively.
P1P5’ P2P6 and P3P4 intersect at a common point,
Let PlP2 lie on the x-axis, with the altitude P.P lying on the

34
y-axis. Let the coordinates of Pl’ P2 and P3 be as shown in the

figure. By the slope formula:

- 20 .0 |
1. m1 - slope of P2P3 = D0-b -p » slope of P1P5 = T -

- o,
2. m, - slope of PlP2 o Gl 0 .

- 0.2 - &
2s m3 - slope of PlP3 SR -l 1 slope of P2P6 =

4. Equations of the line containing altitudes

PlP5 =y =-0=mn(x - a)

a) .

b
¥y =iz

PP, =y-0= m(x - b)

y =3(x - b)



5.

6.

P_P, and P P_ intersect at the point where

26 :
b = -
S(x-2a) = =x-b)
bx -ab _ ax-ab
c c
bx - ab = ax = ab
bx=ax = -ab 4 ab
x(b-a) = 0
- S TN ¢
L =g
BTR i
P1P5, P2P6 and P3P 4 intersect at a common point



Theorem 11
The midpoint of the hypotenuse of a right triangle is equally
distant from all three vertices.
Given: Right triangle ABC, M is the midpoint of BC.

Prove:EITI=§;4-=KM‘. C —._.__._;“D

|
A Figure 11 B
Proof: Draw CD i AB and BD Il AC .

Statements Reasons

1. M = BM . 1, Definition of a midpoint

2, ABDC is a parallelogram . 2. Definition of a parallelo-
gran ,

3. ABDC is a rectangle . 3. A parallelogram with a right
angle is a rectangle .

4e M bisects AD . L. Diagonals of a parallelo-
gram bisect each other .,

5, AM = 1/2( AD ) . 5, Definition of a midpoint ,

6, AD = BC . 6. The diagonals of a rectangle
are equal

7. MM = 1/2(BC ). 7. Substitution Property .

8. BM = 1/2(BC) . 8, Definition of a midpoint ,

9%. L AM=BM=(CM , 9. Transitive Property



y Theorem 11'

,T}i(peih

ér ?‘PJ) F Q25\s5~j% x
9 a
v
Figure 11!
Given: Right APleP3 with 1"1+ the midpoint of PIPZ .
Prove: PP, = PP, = PP .
it gl i S 24 34

Proof: Let P2P3 lie on the x-axis and P.P_ lie on the y-axis. Let

13
the coordinates of Pl and P2 be as shown in the figure. By

the midpoint formula, PL is the point (g,h).
'/gz + 1
"gz + b2

e

: P P1P4 = \f(g «0)2 4+ (b =« )

il
0. -

¥ V(& - 207 + (n - 0)?

1

—
3.PP=|’(g-O)z+(h-0)2 = ¥ g% +1n?
34 3
AR 8 ™ PP, =P P
# 14 24 Bk
5. <. P 1is equidistant from the three vertices

4



CHAPTER IV

Quadrilaterals

In this chapter, the two methods will be applied to several
theorems related to quadrilaterals. First, the synthetic method
will be applied to prove a theorem, then the analytic method will
be used to prove the same theorem in sequence., Theorems proved by
the synthetic method will be denoted by unprime numbers while the
same theorems being proved by the analytic method will be denoted

by prime numbers. Example, Theorem 12 and Theorem 12',



Theorem 12

In a parallelogram, the opposite sides are congruent.

Given: [:7ABCD, diagonal AC .

Prove: Kg_ = 4 DO $ L AD = BC
D o
-~
-
Figure 12 E5
Proof':
Statements Reasons

1. Ll BAGHE o & 1, If two parallel lines are

intersected by a transversal,
then the pairs of alternate
interior angles are equal.

2, 4L BCA T 4pAC. 2, Same as 1.,
3, AD = A 3. Reflexive Property.
L. OAABC =~ AADC , LX 5B, A

———tm | ee——

B, XKD = D0 3 AN Ly B0, 5, C.P.C.T.



Theorem 12'

?

f(b.) §(&+b ¢)

‘(0,0) 6(&,3 g

Figure 12
Given: £7 P1P2P3PL .

r.P

P . = 3 —
Prove: P.P P4P3 ’PIPL of3 .

12

i )
coordinates of P, and P, as shown in the figure. Then

2 A
P_ is point (atb,c). By the distance formula:

3
0)2+ (0-0)2 = V—;T_= a

2. -PZEB = {(ai-b-b)2+(c-c)z = Vaz L

Proof: ILet P.P_ lie on the x-axis with Pl at the origin and

1. -P;l_l';_ V(a

3 PP, W W-o)2+(b-o)’- = V2 ¢ e
14
L ;Z_P-B = V(c—0)2+(a+b-a)2 = Vbz+cz 5

5. “PPy = PPyy PP, = PP,



Theorem 13
If the diagonals of a quadrilateral bisect each other, the
quadrilateral is a parallelogram.
Given: L7 pBCD with diagonals KE-and EB.intersecting at 0, so that
&5 = 65 and 56-= 65:

Prove: ABCD is a 7 .

c

Proof's
Statements Reasons

1. A0 = 0OC . 1, Given -

2. BO = 0D 2. Given -

N 8 L S o A 3, Vertical angles .

4. OLAOB = ACOD . b 3.3,

5. .18 0 ity 54 { G.P.C.T,

6. AB ||CD , 6. If two lines form equal
alternate interior angles
with a transversal, the
lines are parallel.

7. 4B = CD, Te' CRIBINE

8. ' NICD 13 & LT . 8. If one side of a quadri-

lateral is equal and par-
allel to the opposite side,
then the figure is a par-
allelogram.



Given:

Prove:

Proof':

Y Theorem 13"

> Z

¢,0
) Figure 13! &( /©)

Quadrilateral P1P2P3P4 in which PlP3 bisect P2P4 .

PiP,PoP, is a P

Let P1P2 lie on the x-axis with P1 at origing P2 the point

(¢,0) and (a,b) the point of intersection of P.P. and P P

13 24

By the midpoint formula, P, is point (2a,2b). Let P, be
point (x,y). Then §%£-= a; x+ ¢ = 2a; x = 2a - ¢3 9%2.: b;
y = 2b., Hence P4 is the point (2a - ¢, 2b).

b 2b -0 o 2
1. The slope of P1P4 = 2a-c=0 [ g i

sl | 8 0=-0 /0 X
2. The slope of P1 2 e = 0
3. The slope of P2P3 i 2a - ¢ 22 = ¢ .
Lo The slope of P3P4 LA S - & .

5. Since the slopes are equal, P.P, | P4?3 and P1P4 I P2P3

6. Hence P1P2P3P4 is a L7



the quadrilateral is a parallelogram,

Theorem 14

If two sides of a quadrilateral are congruent and parallel,

Given: Quadrilateral ABCD with AB equal and parallel to CD.
Prove: ABCD is a £7 .
y L
—~ %
-
o
8 &
H Figure 14

Proof: Draw diagonal AC ,

Statements Reasons

1. AC = sC 5 1. Reflexive Property

24 AL Feeg 2, Alternate interior angles
of parallel lines AB and CD .

3. AB = CD . 3, Given ,

L. OABC € ACDA 4e SoA.S.

5, st EN 5% C. PO,

6. AD || BC 6, If two lines form equal
alternate interior angles
with a transversal, the
lines are parallel ,

7. < ABCD is a D é 7. Opposite sides are parallel .



Theorem 14!

by fs

——?b

N

i z
(50) Figure 14' P,_("l-dy

Given: Quadrilateral Pl 2 3 4 with P1P2 P3P1.. and P P

I25P,

Prove: P P,P.P isa .

¥R 1
point (a,0).

Proof: Let P.P, lie on the x-axis with P. at the origin and P2 the

1. The slope of P1P2 is 0.

- —

] P.P. PZ’ the slope of P =0

2, Since P P iF3

53
3. Let the coordinates of P4 be (byd) and the coordinates

of P3s (cyd) .

Le Since 1P2=P =a,\/(c.:--b)2 sy c=b=ay @=a+bh

EA

5. The coordinates of P_ are (a + b, d)

3
= d -0 = i
6. The slope of P1P4 gdbha oy b -
TR _._____d .0 = 9;
The slope of P2P3 L Gt ey D s

Ta PP i d P PP P
I,HP an 23L13aD_



Theorem 15

In a parallelogram, opposite angles are equal.

/
Given: Parallelogram ABCD, AB || CD, AC || BD . el
ORI S
Prove: /A =4D, &£B =LC. e
—— — —— L §
Figure 15 3 2
Proof': /
Statements Reasons.
1, Gals L 1. Alternate interior angles
are equal .
2o, bl g 2. Vertical angles are equal .
3 e i B 3. Transitive Property .
PR | S b Y 4e Alternate interior angles
are equal .
5, & LA =L D . 5. Transitive Property .
6, £ = L@ . 6. Alternate interior angles
are equal .
Vo W, = &gl 7. Vertical angles are equal
8, e WL e 8. Transitive Property .
Qe 8 ®EIB 4 9. Alternate interior angles
are equal ,
10, ~¢B =Lg 10. Transitive Property .



Theorem 15"

e

- 9 X /.
: R(0,6)

Figure 15' Pﬁa

Given: [ PiPPoP s PrPy || BpP, 5 Py (| PPy

Provet & & sLyP ,ld:éé’ :
Proof: Let Ple lie on the x-axis with P_ at the originj P_ is the

angle B, P2 is the angle A , P3 is the angle )g and PL is
the a.ngleé‘. By the slope formulas

s m1-310peofPP and P_P

14 23
m, = slope of PlP2 and P4P3
m =0
2
ml-m2 ml-O
2e tan8=l+m.m = 1+m°0—m1
i g
ml-mz ml-O
ta.nSg': — =ml L
1+mlom2 l+ml-0

3. Hence tan 8 = tan Yg
L. Hence 6 = }5 since 8 and“ﬂ < 180°

m2-m1=0-m1 I ml

gLl bamieN ™

v é o7 mz-ml = O-ml = -m
g 1+ m, em 1+o.m1 ‘b g

6. Hemos tancA= tan § , if oA and & <180° ,

e o LA = L(Su




Theorem 16

In any parallelogram the diagonals bisect each other,

Given: £_7 ABCD, diagonals AC and ﬁ)-_

Prove: E is the midpoint of AC and BD

Proof:

Statements

N

P l
T

1, AABC = AADG |

2‘ Az: Lyc
3 S w it
4. OABC = ABDC

8. DE = BE
& = CE,

9. E is the midpoint of

AC and Eﬁ;,

Yo

In a parallelogram a
diagonal forms two con-
gruent triangles

C:P:C, T,
Vertical angles are equal
Seme as 1 ,

C.P. C.T.

Opposite sides of a parallelo-
gram are equal ,

A.S. A,

C.P. C.T'

Definition of midpoint .,



Theorem 16!

F*(b, o) f.’g(”b' )

N

Given: D P1P2P3P4 s diagonals 1P2 and P

—

Proves P.P bisesct PP .
13 2 4

Proof: Let P1P2 lie on the x-axis with Pl at the origin and

coordinates of P‘2 and P, as shown in the figure., Then

4
P3 is point (a + b, ¢). By the midpoint formula:

e O+a+b O0+c _(a+b c

1. P1P3 =( 2 ’ 2 )- _2—- "2") .
TR & at+hb 0 +.c =(a-i—b _g}

2. PR, —(. kTS ) I ’

3. .. The midpoints of the two segments are the same point,

the diagonals bisect each other.



Theorem 17

In a parallelogram, a diagonal forms two congruent triangles.

Given: 4= ABCD with diagonal BD .

Prove: AABD ) ABDC .

D c
o

W

A Figure 17 ﬁ

Proof':
Statements Reasons
1. 4B = DC ., 1. Opposite sides of a
parallelogram are equal
2.AD=§E. 2. Same as 1
3. BD.= BB . 3. Reflexive Property
7~

4. AABD - ABDC . z&o S.S'Sl



Y Theorem 17!

P"_( blc’\ @(&‘f o, C’)

AN

y %
Aen) A0

Figure 17!
Given: &7 P,P,P,P, with diagonal PP

. /J
Proves [P PP 2/ AP, P,

Proof: Let I—"]_P2 lie on the x-axis with Pl at the origin and coordinates

of P2 and P4 as shown in the figure. Then P_ is point (a + b, c).

3
By the distance formula:

1. PRy = \IE-O)2+(0-0)2 =\}a2 = a,
2..1;21-‘—3= Wa+b-b)2+(c-c)2 =V:3.5 A

5 Fl—li= f('c-o)2+(b-o)Z = Vc2+b2
be P2P3= V(c-0)2+(a+b—a)2 =vc‘°‘+b2

5.,?2?4= Wc-o)2+(b-a)2 =V?+(b-a)Z .




Theorem 18
The diagonals of a rectangle are equal.

Given: Rectangle ABCD, diagonals AC and BD |

——

Prove: XE = BD

D 7,

Figure 18
Proof':
Statements Reasons
1. Z DAB and Z ADC are right L3 d 1. Definition of rectangle .,
2. ADAB and AADC are right 2, Definition of right tri-
triangles , angle ,
3, B = DC, AD = BC , 3. Opposite side of a parallelo-
gram are equal ,
4. LDAB =7 AADC bo 1L .

5, AC = BD . 5. BP.CLT.



Theorem 18!

Y
ik )
b
V+L°'\a e
P2 » Z
? P‘ (0‘ 0 ) Pa(ﬂl b )
4 Figure 18"
Given: Rectangle P1P2P3P4, diagonals PIPB and P2P4 K
Proves P1P3 = 1;‘2_4 p

S ——

Proof: Let P1P2 lie on the x-axis and PlPA lie on the y-axis with

coordinates of Pl’ Pz, P3 and P4 as‘shown in the figure,

1 P1P3= ]}(a-o)z-k(b-o)z = a2 4 p2

2. PP = l/(o-a)2+(b-o)z = Va? 4+ p?

wrids of S
13 2 4: enge the diagonals are equal.



Theorem 19

The diagonals of a rhombus are perpendicular.

Given: Rhombus RSTQ

Prove: 1-?.'—1‘—_]_ 5Q ¢

Proof's

Statements

Reasons

o T TR
1, BRE =''dgis

!
The diagonals of a parallelo=-
gram bisect each other ,

Reflexive Property
Definition of a rhombus .
S.S5.8S.

C.P.C.T.

Two lines that meet to form

congruent adjacent angles
are perpendiculsr



Given:

Prove:

Proof':

ﬂ\ Theorem 19'

‘) *Lb 'C) {)5

< ) Po '

Figure 19!

Rhombus P1P2P3P4 i

PPy 1 PP,

Let Ple lie on the x-axis with Pl at the origin and coordinates

of PL (bsc). Since PIPA = Vbz +e* = 1?2. P2 has coordinates

( v b? + cz, 0) ° P3 has coordinates (b + v b2 + ¢? g BY »

1. s | slope of P P3

3
m, slope of PAPZ y
2 L c =0 ik c
L b+Vb2+c2-o b+ab2+c2
t ¢c -0 c
o T

c2

= = =_l.
12742 b+ b2+ o b-Vb"’+c2 b2 - (b*+e?)




Theorem 20

If the diagonals of a parallelogram are perpendicular, the

parallelogram is a rhombus.

Given: 4~/ ABCD; AC | BC

Prove: ABCD is a rhombus () o
" Figure 20 t5
Proof':
Statements Reasons
15 EET = gﬁ- < 1. The diagonals of a
parallelogram bisect each
other ,
2, CE = CB . 2. Reflexive Property
3. 4 CED and 4 CEB are 3. Perpendicular meet to form
right angles |, right angles ,
4L. OCED = ACEB , B "BuliB.
5, B0 =g 5. C.P.C.T,

6. .. ABCD is a rhombus . 6.

A parallelogram with two
consecutive sides congruent
is a rhombus ,



Theorem 20!

fylod fylesoe)

TR

Figure 20!

Given: £:7 P.PRP

1FoF5F, with PP, _[_PZP4 .

Prove: P1P2P3P4 is a rhombus

Proof: Let Pl be point (0,0) with P_P_ lying on the x-axis and

P

1,

3o

e

5.

1 2

2? P3P4 as shown in the figure.

m. - slo 5 O 4
1 ~ slope o 1¥a
m, - slope of P2P4
Al ¢c -0 o c
B T aEb -0 a+b
e c -0 4 c
s ik o b~-a b-a §
. — s c . a-=-b>t i 2 2
Since P1P3 J-P2P4 ’ R e . 3 C a“ %+ b

By the distance formula, P4?1 = ljbz+c2 = !.}bz-&az-b2 =fa? = a

Since P1P2=a. ’P1P2=P41 %

Hence P_P.P_.P, is a rhombus

1234



Theorem 21
The segments joining the midpoints of the opposite sides of a
quadrilateral bisect each other.
Given: Quadrilateral ABCD with midpoints Q4 Ry, Sy, and T of XE: EE]
Eﬁ, Kﬁ.respectively.

Prove: TR and aS- bisect each other. D \S

T R

\ B
A Figure 21

Proof:

Statements Reasons

1. RS || BD and RS = 1/2(BD) ’ 1. The line segment joining the
midpoints of two sides of a
A is parallel to the third
and equal to one half of it.

2. TQ || BD and TQ = 1/2(8D). 2. Same as 1.

- 0 T_Q' = RS . 3. Transitive Property .

Lo TQ || RS . 4o If two lines are parallel to
a third line, they are parallel
to each other .

5« QRST is a parallelogram , 5. If a pair of opposite sides
of a quadrilateral are both
parallel and equal, the quad-
rilateral is a parallelogram,

6. .. TR and QS bisect each 6. The diagonals of a parallelo-

other ., gram bisect each other.
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Theorem 21!

~
7
f
=
,:
-4

k."e\ Pq

Pu

N
% AT

Given: Quadrilateral PlPZPBPA with midpoints P

P PP,DPrP,, PP
1 23 Py BiFy,
Prove: P8P6 and 5 7 bisect each other,

Proof: Let coordinate axes and coordinates of P_, PZ’ P_ and P, be as

1 3 4
shown in the figure, By the midpoint formula:

Figure 2

» P6’ P,7 and P, of

5 8

respectively.

L o a0

2 P6 A, (Za ; 2b : 0 ; 2c ) L A s

3, P7=(2b-2+2b’2c£23)=(b+d’c+e) '

e At (0+2d, °;2°) (o)

5. The midpoint of PgP, = (“2” °Z°) i
6. Themidpointof-l';;P; = (a2tprd, °;°) A

7. The midpoints lie on the same point. Hence P3P6 and P5P7

bisect each other.



Theorem 22

The median of a trapezoid is parallel to the bases.
Given: Trapezoid ABCD, M is the midpoint of AD.

N is the midpoint of BC. :D

Prove: EI»I- Il Kgandﬁ”-ic— . M

Proof: Draw FE || AD through N, AFED is a £ . A pigure 22 b
Statements Reasons

1, C8 =/ /BN, 1. Definition of a midpoint .

2. LCONE = LFNB. 2. Vertical angles are equal *

3. ANGE = L NBF ., 3. Alternate interior angles
are equal ,

L. OFNB = ACNE . b AsSoli

5, ¥N = EN . 5. C.P,C.T.

6. B = FE . 6. Opposite sides of a parallelo-
gram are equal ,

7. M = 1/2(AD) , 7. Definition of midpoint .,

8. ™M = EN . 8. Halves of equals are equal,

9. DMME is a &J . 9. A quadrilateral with one pair
of sides both equal and parallel
is a parallelogram ,

10, WN || DC . 10, Opposite sides of a parallelo-
gram are parallel ,

11, B = 1/2(AD) 11, Definition of midpoint .

12, AM = FN g 12, Halves of equals are equal .

13, AMNF is a L7 . \ 13, A quadrilateral with one pair
of sides both parallel and
equal is a parallelogram .

1l4. MN || AF . 14. Definition of a parallelogram ,



'} Theorem 22!

—_—
7

D -y 29)
Q*Xgh?ﬁ) Qgs;bd

i \ﬂ

< G A
\ 0,0) 0)
il Figure 22 ACD

Given: Trapezoid P1P2P3P4 with median P5P6'

Proves PP, | P

56

1%2 and P5P6 i P3P4

Proof: Let the axes and coordinates be as shown in the figure. By
the midpoint formula P5 is the point (bsc) and P6 is the
point (a + d, e).

1. ml - slope of P.P, and PP

12 34
m, = slope of P5P6 .
i g ok 202" o
2, m e ve sk SOICTEE - g > R
c = c i
m, = s ea=m 9

3. Hence m, = ™ e

L. Since the three slopes are equal, P P6 | P

] \Fp and PP || PBP4



Theorem 23
The median of a trapezoid is parallel to the bases and equal
to half their sums.
Given: Trapezoid ABCD with the median‘igz
Proves | EF I B and DC and EF = 1/2(1-}5 +D6) .

P (>

’ b b S Y
£ =

F
\6_ }iut s

p  Figure 23

Proof':
Statements Reasons

l., Draw 3? . 1. Through two points, one and
only one straight line can
be drawn. '

2, Extend DF to meet AB 2., A straight line may be ex~

produced at G , tended to any required length

3. AFCD = AFBG 3. Al

4. OF = FG and DC =BG . b  CR.GT.

5. EF I G . 5. The line segment joining the

midpoints of two sides of a
triangle is parallel to the
third side and equal to one

half of it.
6. EF || DC . 6. Two lines parallel to a third
line are parallel to each other .
7. EF =1/2(AC) or 1/2(AB + BG) _ 7. Same as 5 .

8, ~EF = 1/2(55 + DC) g 8., Substitution .



y Theorem 23'

1 )
2P oM
(’.{,K P
0, P
¢,\%0) P(2e,b) y
Figure 23! 2

Given: Trapezoid P1P2P3P4 with median P5P6'

P . = D P )
Prove: P5P6 1/2(1>11>2 - PAPB) g
Proof: Let the axes and coordinates be as shown in the figure. By

the midpoint formula, P5 is point (b,c) and P6 is point

(a + dyec). By the distance formula:

1. £3 = Vﬁd = 20)2 (2 « 26)* = V(zd-zb)2+o = 24 - 2b.
V(22 - 0)2+(0 - 0)* =Ve¥+0 = Yo¥ = 2a .

. P5P6 = \JE + d - b)?+(c-c)® = V(a+d-b)2+0 =a +,d -b

ke PlP2 + P4P3

lav)
d
|

B (POP

=22+ 2d - 2b=2(a+d - D)



Theorem 24

Base angles of an isosceles trapezoid are congruent.

Given: Trapezoid ABCD with DC || AB and AD = BC .
Prove: ZA =43B (_D L
I I
I W
i y B
Figure 24
Proof':
Statements Reasons

1. Draw DX 1 AB and CY 1488 . 1. Through a point not on a

line exactly one line can

be drawn | to the given line.
2. 0 Jl6x', 2. In a plane, lines | to the

same line are parallel ,
3. 1C || BB 3. Given .
4e | FYUD 29 IR 4. Definition of a £¥
5. 9% = .0n ', 5. Opposite sides of a

are equal ,
6. ‘2D = BC 6. Given .
7. DAXD 2° ABYC , Yo't HL: .
8. LA =LB 8. \C.PJC.T.



"
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Th 24!
eorem 24 t)

?\\&p‘h ?3\6: '
\

& L \ X
&
€ %,(a,c ’
P&b'b) Figure 24! R )
Given: Isosceles trapezoid P1P2P3P4 with P4P3 Il P1P2 and PlPA = P‘2 3%

Prove: Lo = ‘73.

Proof: Let P1P2 be on the x-axis with P1 at the origin and coordinates

of P_ and P4 as shown in the figure. Then P3 is the point (a-b,c).

2
0 -0 _ B, AR
1, m, - slope of 1"1P2 and 1’,}’3 ’ 20 a - b-b 0
G,.= O o LS
m, - slope of P1P4 el T
8 =iQWr. . g
m3-slope of P2P3) sl Th
" S . c
e B c
2. “tan-@ = i c gl
1+m1m2 1+O‘E b
i
i I o | 0’(b c
tan)ﬂ= e c g ‘
l4+m m 1+o(‘g) B

L3

3. tan 8 = tanﬂ_

L. Hence 8 = 73 since © and‘/? < 180°



Theorem 25

The diagonals of an isosceles trapezoid are equal,

w—

Given: Isosceles trapezoid ABCD, AD = BC.

Prove: A_C = EB "

”
\ ¥
W
/ i
/ v
7 %
Figure 25
Proof':
Statements Reasons
ds D = BC . 1, Given .
2. AB = AB . 2. Reflexive Property .
Boi Al ML 3. DBase angles of an isosceles
trapezoid are equal .
4Le DABC T AABD . 4y '8.ALS,
5. % R0 WD) 5. C.P.C.T.



Theorem 25!

Y
4\
p\}kl‘\h P%\C',Q
Y X
?b,b\ Po.(a,0) 4
| Figure 25'
Given: TIsosceles trapezoid PIPZPBPA‘ PlPL = 1’_2-3 .
Prove: PlPB =P2P4 .

Proof: Let the coordinate axes and coordinates be as shown in the
figure, Let P1P4 and P2P3 be congruent legs in trapezoid

P1P2P3PI,' By the distance formula:

L PP, = V@-02+@®-02 = Vasv? |,

2. PP, = V(a - ¢)* + (0 - b)? Via-c)?+1?

3. Since PiP, = P,P,, Va2 + v V(a-c)?+p2
a? + b® = (a - ¢)? + b2

(a = ¢)?

42
dl'® '8 »ig
Hence the coordinates of P4 are (a = cy4b) 4
b PPr= Wc-02+(b-02 = YF+? .
B P2P4=Wa-c-a)z+ (b - 0)2 =VC2+BZ 1

6o = 73
FiPs g




Theorem 26

If the diagonals of a trapezoid are congruent, the trapezoid

is isosceles,

Given: Trapezoid ABCD; AC = B

Prove: AD =B &

Proof':

Statements

i, v

i b
P‘ XFigure 26y 2

Reasons

1. Draw ﬁi(_]_ﬁandC_YlA—ﬁ {

2. DX || CT .

3. DC|| B .

4. XYCD is a &F

5, DX = OY

6. AC = BD

7. DACY Z° ABDX

8 LCAB = LDBA .

3.

56

Through a point not on a gi-
ven line exactly one | can be
drawn to the line,

In a plane, two lines | to the
same line are parallel

Definition of a trapezoid ,
Definition of a parallelogram .

Opposite sides of a parallelo-
gram are congruent

Given

HL |

C.P.C.T,

Reflexive Property
S.A. S,

C.P. C.T.



Theorem 26!

1\
N\b‘b\ )

> £
y Figure 26
Given: Trapezoid PiPoPP s with P.P, || P ,F3 and PPy = }:z .

Prove: PP =P P

8 2P 4

Proof: Let the axes and coordinates be as shown in the figure, By

the distance formula:

1. PP= Y@-0%+ (c-02 = Vais o
hrié -b)2+e* .

2, E= Via=1)2+ (0-ec)?

D T D P 2 R e 2 2
= = - +
3. Since PP, =FF , Va? + c V@-1p)?+ec
ai® + e = (a = b)? + ¢?
a* = (a-01)?

a = (a = b)

Hence the coordinates of P3 are (a = byc).

b PiPp= Yo -024(c-0?2 = (Fre .
% PP, = f(a-b—a)2+(c-o)2 = Vb2+c2

6. P1P4 2. P2P3

7. Hence the trapezoid is isosceles .



Theorem 27
The quadrilateral formed by joining, in order, the midpoints of
the sides of an isosceles trapezoid is a rhombus.
Given: Trapezoid ABCD; AD = BC; E, F, G and H are midpoints of AB,
BC, CD and ID. | <I> G C

Prove: EFGH is a rhombus .

H F

A

Proof': Figure 27
Statements Reasons
1, EFGH is a &J7 . 1. The figure formed by joining,

in order, the midpoints of the
sides of a quadrilateral is

a
2. BH = 1/2(AD), BF = 1/2(BEC) . 2. Definition of midpoint .
3. M = BF » 3, Transitive Property .

be LA = &£B , L, Base angles of an isosceles

trapezoid are equal

—

5. AE = BE 5. Definition of a midpoint ,
6. OAAEH = ABEF | By 115,45,
7. HE = FB 4 7950, PJ0. 7.

8. EFGH is a rhombus , 8 A &7 with two consecutive

sides equal is a rhombus



Theorem 27"
L]

o)
2b*
1 Y&\Q\"ﬂ A :

¢ (5,0) Ps F,(20,6)

Figure 27'
Given: Isosceles trapezoid P P2P3P4 with midpoints P5, P6, P7 and P8
of P Pz, P2P3, P3P4 and PlPA

Prove: P5P6P7P8 is a rhombus .,

Proof: Let the axes and coordinates be as shown in the figure. By the
midpoint formula, P5 is point (a,0), Pé is point (2a - bye), P7

is point (a,2¢) and P, is point (b,c).

8
j L m1 - slope of P5P6’ P7P8
m2 - slope of P5P8’ P6P7
2 e § 0. c 20 -0 _ c
£ e s awDd Y gemb a-b
b O~-¢c ___ =6 c=2 __=¢
= Rl a-b a-b ?2a-b-a a=-b .

3, Since their slopes are equal, P5P6 I P7P8 and P P7 | P8 5
Hence the figure is a £/
B _n)2 2 = b 4 of

he PP, = f(a-0)? 40 and PP, Ve -b)2+c

5. P.P

P5P6

= P6P7 s hence the L] is a rhombus #
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Theorem 28

If a line parallel to the bases of a trapezoid bisects one leg,

it bisects the other leg also,

Given: Trapezoid ABCD with PQ || AB and P the midpoint of AD

Prove: Q bisects E i

C

h Figure 28

Proof: Draw CB I AD and BF f AD,. Exténd PQ to F.

Statements Reasons

1. CE | BF . 1. Two lines parallel to the
same line are parallel

2., Z06Q = £BFQ . 2. Alternate interior angles .

3. Liggo = ZBge . 3. Vertical angles .

be | ZGEQ ' L¥BQ .. Lo Two angles of a triangle are
equal, so third is equal .

5, PA = BF and PD = _E . 5. Opposite sides of a parallelo-
gram are equal

6. PA = PD . | 6. Definition of midpoint |,

7. BF [='ag | | 7. Transitive Property .

8. AGQC 2 ABQF 8. A.S.A.

9% Ba = @ . 9. C.P.C.T.

10. .. Q bisects BGC 10, Definition of bisector,



y Theorem 28'

I e {aiﬂ*'aa

VAR

< Y z
" (ACH) P2, 0)
Figure 28'
Given: Trapezoid P1P2?3P4 with P5P6 Il P,P, and P5 the midpoint of PlPA'
bisects P2P3 J

Prove: P6

Proof: Let coordinate axes and ‘coordinates be as shown in the figure.

By the midpoint formula P

1.

2o

3.

5.

7.
8.

is point (byc).

5
Slope of PiP, is O3 since P5P6 Il P1P2, P5P6 slope is 0.
—
The equation of P5P6 is y=c¢ =m(x - b) m=0
y-6=0
y=c.
&~ a0 N Qe (el B
The slope of PoP3 = ™33 " 24 2322 2(d-a) d-a -
. o i c
The equation of P2P3 is y = A (x = 2a) !
Intersection of I!;I"éhgf’ss b (x = 2a)
d-a = x - 2a
X =d+a
po= e

<. Pg coordihates are fa + d,c).

By the midpoint formula the midpoint of P2P3 is 2d;2a,c) d+a,c
—— P .
Hence P6 bisects P2P3 . 6



CHAPTER V

Circles

In this chapter, the two methods will be applied to several
theorems related to circles, First, the synthetic method will be
applied to prove a theorem, then the analytic method will be used
to prove the same theorem in sequence, Theorems proved by the
synthetic method will be denoted by unprime numbers while the same
theorems being proved by the analytic method will be denoted by

prime numbers, Example, Theorem 29 and Theorem 29'.

- .76 -~



Theorem 29

A line through the center of a circle perpendicular to a chord

bisects the chord.

Given: Cirecle O with Kﬁ-through center O J_to chord CD at E,

A

Prove: ’CE- = ED
Figure 29
Proof's
Statements Reasons

1. Draw radii OC and OD ,

2, 0C = 0D .

3. OE = OE

4, OB | ©D ,
5. Right AOEC = Right AOED

— r———

6. LGB = WD

3.
b
5e

Construction ,

Radii of the same circle
are equal ,

Reflexive Property .
Given
HL

C.P.C.T.



Theqrem 29'
xp‘ (o &)

Z i L (0.9 \
N / —
; -b
Poca;® f /ﬁlt )
J,Pa("f
Figure 29"
Gi : .
iven: Circle O with PlP2 through center P6 | to chord P3P4 at P5
E : =
Tove P3P5 P5P4 .
Proof: Let the origin be at the center of the circle, ILet P, and P

- 8 2
interseet the y-axis. Let the coordinates be as shown in the

figure, By the distance formula:

Uaz ol
Qa" e a

1. 13;1'75= Wo+a)2+(-b+b)2

2, PP4= v(Ta--o)z-r(--b+b)2

& ¢
35 54 i



radius drawn to the point of contact.

Given:

Theorem 30

If a line is tangent to a circle, it is perpendicular to the

Prove: AB | 00 %

A—l;tangent to circle O at C and OC a radius.

N )
Figure 30
Proof:
Statements Reasons
1. From D, any point on AB 1. Construction .,
except C, draw DO,
2. D is outside the cirecle O , 2, Definition of a tangent,
3. .. 0D > 0C, or OC is the 3. Any point outside a circle
shortest line segment from is more that a radius dis-
0 to I8 . tance from the center ,
be <+ 0C | AB or AB oe 4. The shortest distance from

a given exterior point to
a line is the | distance
from the point to the line.



N Theorem 30!

L
A
A}
b o Figure 30'
Given: PlP2 tangent to circle Q at P3 and PLPB a radius,
Prove: P1P2 g P4P3 3
Proof's

Let the origin be at the center of the circle. Let P1 and P2
intersect the x and y axes equal distance from PA(the center),
Let the coordinates of Pl, P2 and P4 be as shown in the figure,

By the midpoint formula, P3 is (a,-a). By the slope formula:

0 + 2a 2a

1. The slope of PlP2 = m1 = T A ),
S = AT SRR
2. The slope of P4P3 =m, R = -1 p

3. ml. m2 o -1 .

b Ry ] OE



Theorem 31

In a circle or in equal circles, chords equidistant from the

center are equal,
Given: Circle O and chords AB and CD with OE | AB and OF | CDj

distance OE = distance OF.

Prove: AB = CD ,
Figure 31
Proof':
Statements Reasons

1. Draw radii OB and 0D . 1, Construction ,

2, OB =g, 2. Radii of same circle are equal.

3, OE = OF . 3. Given .,

4 OE | AB and OF | CD | e Given,

5. Right AOEB = Right AOFD |, o HL. .

6. ~EB = ¥D . 6. G.B,C,T,

7. EB=1/2(AB) and FD = 1/2(CD) .. 7. A line through the center of
a circle | to a chord bisects
the chord .

8. AR ggley, 8. Doubles of equals are equal -



N

Given:

Prove:

Proof':

Figure 31!
Ei:cle 0 and chords P1P2 and P3P4 with P5P7 i_Ple and
P5P6 J-PBPL’ distance 5P7 = distance P5P6'
PP = PP 2
182 . Y

Let the origin be at the center of the circle 0., Let P1 and

P, intersect the x-axis and P2 and P4 intersect the y-axis.

3

Let Pl' P2, P3 and P4 coordinates be as shown in the figure,

By the distance formula:

13 5155 2= VYO + a)2 + (a - 052 = Ya® + a® = [22* = avZ ¢

2, (PP = VZZ--0)2+(o+a)2 2a

]
o
n
b
o
v
I
]




Theorem 32
Tangents to a circle from an outside point are equal,

Given: Circle O with PA and Eg‘tangent at A and B respectively;

OP drawn. B

Prove: 151 = PB.

Figure 32
Proof:
Statements Reasons
1., Draw OA and OB . 1., Construction .
2. 0OA '=-08B ', 2. Radii of the same circle
are equal ,
3. 4 A and LB are right angles , 3. A tangent is | to the radius
drawn to the point of con-
tact 3
e AP SOR & 4. Reflexive Property ,
5. Right AOAP = Right AOBP . 5. B

6. PR =PRI 6. C.P.B.T.



Theorem 32

1 g

AN\

P" (0— o‘bv\

£
<

Figure 32!

Given: Circle O with?’;i4 and P5P2 tangent at P1 and P2 respectively;

e

P4P3 drawn,

= e

P oo
rove 31 R

Proof: Let the origin be at the center of the circle O. Let the co-

- ordinates of P.y P., P_ and P be as shown in the figure, Let

L ol B L
the point P3 lie on the x-axis. By the distance formula:
1. PP = = 2a)? -0)? = Ya? 412
3%, = V(a-22)%+ (-0 a + b ,
22 PPy = Y2a-a)?+ (0+0)? = a2 ar
8. akp P P

1 32 *



SUMMARY

The emphasis throughout this paper was to give an understanding
of the basic principles of approaching High School Geometry from an
analytic geometry approach. Considerable care was taken with the proofs
of the main theorems, so that we may develop an appreciation of the
logical structure of a mathematical proof.

There are few subjects that afford a richer or more varied supply
of interesting ;nd thought-provoking problems than does analytic geo-
metry. Yet many of us fail to reach a point where we can solve these
problems, A major part of the difficulty arise from the fact the new
subject matter and method is so abundant in the analytic geometry that
there is that little time left to devote to problem solving,

An alternative view is that the most important outcomes from such
an approach are (1) understanding of the essentials of developments (2)
complete understanding of the results (3) ability to use the results in
any problem situations. The teacher adopting such a view would make the
first proofs completely in class and then do progressively less proving
as the class advances.

The values to be.derived from this approach may be divided into two
groups, (1) intrinsie values and (2) preparation. Intrinsic values are
the qualities of the subject that make its study result in increased
problem-solving ability, increased appreciation of geometry as a useful
and rigorous science and increased understanding of the relations among

things mathematical. Analytic geometry as preparation for further mathe-

matics and science.

- 85 -
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