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CHAPTER I

IBNTRODUCTION ARD FEOTATIONS

From time immemorial, mankind hes gased out into the universe
vondering about many things, cne of them being vhether a day might
come vhen men could travel from earth to one or all of the distant
plenets. Witk the sdvent of modern technology this dream is not en-
tirely out of reach, particularly because of the invention of rockets.

However, it is not the purpose of this psper to discuss vhether
man will reach emother planet, though it does seem very likely he will,
dut to discuss the relation between two bodies separated by o distance
.

According to Newton's famous universal lav of gravitation, eny
two bodies separsted by o distance r and having masses N, and W,

respectively, are attracted tovard esch other with a force having mag-
nitude given by F = GMi/r , vhere r > 0 , based on the assumption
that » is taken to be the distence between their centers and where
0 is & wmiversal constant having the same number for esech pairs of
partieles.

Given any two bodies A and B in space many possibilities
exist, some of which will be stated here.



1. Body A end Body B may be fixed, which would imply
r is constant.

2. Body A may be fixed and Body B allowed to move in a

cireular path around body A, which would imply r 1is constant.

3. Both body A and body B may be in motion in such a way ris
not constant.

k., Body A may be fixed and body B allowed to move in an
elliptical path around body A, vhich would imply r is
not constant.

The four possibilities stated above are not to be considered the
only ones, but to make the reader aware of the fact the possibilities
exist with respect to the distance r. It is because of these pos-
sibilities that the writer of this peper has selected a pair of bodies
to write about, namely the sun and earth, instead of writing ebout any
two bodies. According to astronomers observations the motion of these
tvo bodies is deserided by possibility (b).

It will be assumed that any conclusions drawn with respeet to the
two selected bodies will holé for any two bodies described under si-

milay conditions.



Notatiocns

1.

6.

7.

r(t)
{ 5.,2,5,0,8 }

{ x(),xt8) 0(t) ,x(s) }

1.

&,

6.

9.

10.

11.

Pifferentistion with respect
te ¢ .

Mpss of earth times
accelerstion in x and y
divections, respectively.

Mase of sun

Mess of earth

« Universal gravitation constamt

Ux2te) « 52ce)

Punctions of %
~P(t) cos eft)
~F{t) sin olt)

r2(¢)



CHAPTER 1x

STATENENT or PROBLEM

It iz clear bdoth from cbservations made over a long period of
tm.mnwumwucmm_nommmm
off in motion from the sun in & straight line, but moves arownd the
sun in such & way thet the distance between them 1s net fized., This
is further substantiated by the fact that we have four general sea-
sons of the year, summer, fall, winter, end spring. B5till more, each
of these can be sub~divided. In faet, this could be thought of as a
continuous progess.

Ve shall in this chapter set wp & system of differentiel equations
wvhich will completely deseride the motion of the earth arcund the sum.



Theorem I

E: Plx)= Gmemg

i r2(t)
°

B 0 = o(t) < 360

a is a constant
(t) T a > 0
7 a system of differential equations
..:" Wia n.tx(t)
(2 (t)4y2(2)3/2
m Ky(t)
“Y"(t) ® - . »
(2(4)ay2(2)3/2

which precisely deseribe the motion of the system.



Proof:

1.

-.z"(t)'- ~F cos ©(t)

l‘y"(t) = -F sin 0(t)

g R hoe DO 70
#2(¢)
h'-.
ny''(t) = & ——— ¢
7 (¢) cyial o
Since sin 08(t) = -ﬂ-}g— e o085 0(t)
(2) vecomes
x''(e) = - —3‘:5%—'

’0 0(‘) = & .._m&l._
r3(t)

l!tl
rit)



vhere K-ﬁ.

'OC(‘) ™

" Ex(¢)
(Rternstin)) V2

y'(e)=s

(e)ey®(e)

As initial conditions we sssume et t = 0, the earth is
located on the x exis, o dietance a from the sun, and
is procoeding in the postitive ¥ direction with veloeity

". Thus
x(¢) = o
y(0) = o
t = 9
x'(0) = o
y'(0) = Y

If ve can solve simultenscously equatioms (&) subjeet to
eonditions (5), ve shall have the solution te our prodlem.



C:

A 1ittle experimenting with equaticms (A) shows that

it is @ifficult 1if not impossidle to eliminate x(t)

or y(t). Upon notieing the combination x2(t)ey(t),

& change to polar coordinstes seems advisedle. This

is further evidenced by the fect thet the position of

the earth relative to the sun is perhaps better des-
eribed by coordinates [r(t), o(t)] them by [x(t),r(t)).
We therefore transform equations (i) to poler coordinates.

x(t) A y(t) are continuous functions
x(t) = »r(t) cos o(s)

y(t) = =2{t) sin 0(t)

x(t) A y(t) have ©

The system of differential equations in theorem I can be
transform into sn equivalent system of differential egqustione



#e) - r(s) 8% = . K £(0)

r2(¢) e
e(o) = o
2!-""(“)3 Pt o) = o
° 'o
e(0) 9 e
in polar form.
Proof:
a. x(t) = »(t) cos o(t)
b. #(t) = (-r(t) sin0(t)) & + cos o(t)(r)
& 2(t) = ($-rd®) coso(t) - (200 - r8) sino(t)
and
d. y(t) = r(t) sine(s)
é. g (£) = »(t) cos 0(t)8 + sine(t)r

e, vire) = (¢ - r(t)bz)omo(t) + (2r + r(t)) cos@(t)
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Thus

x1(8) = (¥ - 2(6)6%)c0s0(t)-(2504x(t)0(t)) sine(t)

6,
v''(s) = (¥ - r(t)'ez)sine(t)O(zi'éOr(t)a Yeose(t)
Eouations (6) become upon making use of equations (k)
1. (5 ~ #(8)5" Joosole)-(230 + (t)o)sinls) = - i%;_:.:l)ﬂ_
8. (3 - »(£)6%)s1n0(t) + (200 + »(£)8)ecoso(t)s . —8in0(E)
72 (t)
Multipling equation (7) by cos@(t), equation (8) vy
sin(t) and ada,
: 2
(-r(t)6%) (cos~6(t ) #5400t )u- -;-‘5(-;) (cos20(t)+sin 0(t)
9 F -r(8)e®) = - B

¥ (%)



9 = a.@advht...-ﬂui (»

0 = (3)0,500(8(3)3 ¢ 852) ~ (e MN(O(I* ¢ 82)- (?

0L (%) - (q) =

(M) :
3)6 die(3)e 509 3 = = (3)8,509(8(3)3 + 852) + (%) eo3(3)e We( o(3p - &)  (Q
(34
3 3 g ° " (38FIR(a(3)< « 852) - (3)0 w3(3)o W(H(3)a - 2) (v
(92

Tewea-  ° (3)0 502 (8(3)s « 8 X2) + (%) W|e( P () -~ 3) (3)o o

(%) =
lﬂﬂlwlu..l S = (3ouEe (8 (3 + 822) ~ (30 W (0 (- 3) {(3)o s

Supouayqns pue  (3)o 900 Mg (g) wopjeabe pue (3)0 ups My (L) woyjends Supiydiyrem osty



10, 26 + »(8)8 = 0

n. ? - et e . Ko
s ()

210 ¢+ r(t)e = 0



CHAPTER III

THE t-80LUTION

Theorem III

H: r(t) T & > 0

1

.. '2 x
nex r - r(t)e .
r2(t)

H,: 0 = . '0

3 e

Bks r(t) hes 02

C: J & t-number associated with the differential

oqut!.oninna such that for eny number r , ¢

will give the time the earth has been in motion in
its orbital path around the sun:



1k

P

u...Au.%.X = ,u»v >
-

52 +{3)s A...u.m.. - w»pu . e%u-Az.-!&:«.-A

N’

N2

- ()2 + (34 Aluml ¥

3> =



1.

L

5.

7.

15

: v
= & K
v ---;5-— o
Let r e »
p'(t) = p'(r)er'(t) = pop'(r) = ."g i K
"(‘, r’(')
ppiir) = o V:
R A +,
B ® 2 44 dr
f’v(r)ﬁ‘ . ':j-:,ﬁ-)— lj";r'— s{'n
2
il . B B ) > o
e t i s -
2r?(s) .
Prom (€) since po r =0 where rea



12,

13.

1k,

16

o v 4

2 @
.L.(!L ..;%T "0 % K .¥(t) >0
2ri(e) L

v - \/(': L ::('j

' (s) #’-—\/ ' - r'h)‘!xr(t)-o"’ o ) =4

we)r's) - \/(v: - ) P ety - ¥

Lot ¥ s ¥ - BE | 4o o -ua--a"v’
(4] i 0

elt) »'(t) = VIt’(ﬂ e ¥e(t) o B

1 - ‘Fz-‘w—‘—(n-————'
urP(e) o Mrlt) o B
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16, s . e 2(t) 7' t)ae . e
Vu‘m o ¥r(t) o B
1T, . 2{t) 2'(s)at
. - + c
fv_n‘m i) o B 2
18, (nx(s) & ¥ - ¥) »'(t)ae
e '
. us;’mo»mn e
W 3 [ime{s)eirieles [ i) .,
gl Ve (e yomete o o | |[[afte)enrteren o
20,

s T
¢ o [P mm)- A | o

-lmo < Flt)e o Vamo = plt)e ....
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() -n) Y

-«x%@:-&«.w#.-::lls% A..mm. - “»v\:awuw . “.v«

A - (e e (M A.m -“v \_
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CEAPTER v

THE r-SOLUTION

Theorem IV
H: r(it) = o
1l
By r(t) has ¢
333 Fop(t)® = K

r2(t)

6 2 a '0

2 (t)

C: :-)L & r-number assoclated with the system of

differential equations in nsx

a Yo

K
1+ cos @

r(0) .

such that for any 0 < 0@ = 360, r will give the

distance between the centers of the earth and sum.
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212 512
2K g DG R .
¥y - \/('i‘ . ) YT R o) T ()

r'(e) = »(9) (—i— - 3“2) re(t) + 2Epls) . 1
v

1 2K K
MD--—----T-—-——,g- =
'2 n'ﬁ &_‘,"’Voz

r'(e) = »(e) V 0e®te) - 2mete) - 2



10.

2k

ar(e)
4 R mitts LC bt

da = - L
o) ar(e)
- 2 . a0
u




* cos © o =28 stas ©® “' -8
’30'. ‘ '0.’

a) u = UDOI' eos 8 ¢+ %
Moo -tu-2° » Iped® otno
) du = -V»o:’ sin 040

S B YT I Y . &
V;O!'-h-l) bnol' sin ©

o du_ ~ :

\g) V!i Ii - (u-n)?® § i ®
15. 3 K. _ . g

f Vpes® - te-2? v e’

%. are cos = " e a
D

17. (u-2) = (Do  coslo ¢ ¢



19.

u-l[loz;;z m(ooc’)]
et ¢ = E;z. ...-.‘.t.!;.......-x

. e t{loomtooc’)}

l'.
i s (a0 ]

~A o K o (_tﬁ-ﬁ-_)”".c’,

v .z
JaE g S5 A/
W) AR ( d )"'“'c”
.2'8
#e) = L]

1000:;(0 > c’)

cC. = 0, Pros initial conditions

Loy &
.'0

< —

. w(9) a XA

14ecos @
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Since equation (26) represents the path of the earth around the sun,

it must be an ellispe, Therefore, 0'<e<1l. To show this consider the

= 1 according to appendixes A and B in Physcis for

Students of Science and Engineering by David Holliday, the following
are known:

P

2) a = 9,344 x 10’ miles

2 mi 2
3) vo = 342.15;:-7

4) m, = 5.983 x 10°* kg.
5) mg = 329,390 mg
6) mg = 19.8 x 10?? kg,

7) G=6.673 x 1o'u nt, = ._‘.2_!
kg.

2
(9.344 x 107 mi)(3.423 x 102 2L,
8) s sec. \Eis oy
6.673 x 10”11 ¢ . -;Lz (19.8 x102° kg.)
kg.
Lt
9) 91.62 x 10° mi, .
e= »
130 x 1018 o3
10) 3,162 x 10%°
e = -1
2.8 x 100
11) 3,162
bk

12) e =1,129 -1
13) e = ,129
The path of the earth around the sun is elliptical because clearly

O<e <10
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