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Abstract

In ontology-based systems that process data stemming from different sources and that is
received over time, as in context-aware systems, reasoning needs to cope with the temporal
dimension and should be resilient against inconsistencies in the data. Motivated by such
settings, this paper addresses the problem of handling inconsistent data in a temporal
version of ontology-based query answering. We consider a recently proposed temporal
query language that combines conjunctive queries with operators of propositional linear
temporal logic and extend to this setting three inconsistency-tolerant semantics that have
been introduced for querying inconsistent description logic knowledge bases. We investigate
their complexity for DL-Liter temporal knowledge bases, and furthermore complete the
picture for the consistent case.
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1 Introduction

Context-aware systems [17, 3| observe their environment over time and are able to detect
situations while running in order to adapt their behaviour. They rely upon heterogeneous
sources such as sensors (in a broad sense) or other applications that provide them with data. A
context-aware system needs to integrate this data and should behave resilient towards erroneous
or contradictory data. Since the collected data usually provides an incomplete description of
the observed system, the closed world assumption employed by database systems, where facts
not present are assumed to be false, is not appropriate. Moreover, it is convenient to use
some knowledge about the system to reason with the data and get more complete answers
to the queries than from the data alone. To address these requirements and facilitate data
integration, ontologies have been used to implement situation recognition [17, 3, 13, 24].

Ountology-mediated query answering [14] performs database-style query answering over descrip-
tion logic (DL) knowledge bases that consist of an ontology (called a TBox) expressing con-
ceptual knowledge about a domain and a dataset (or ABox) containing facts about particular
individuals [5]. An important issue that may arise when querying data through ontology rea-
soning, especially in the context of situation recognition where the data comes from sensors and
is changing frequently, is the inconsistency of the data w.r.t. the ontology. Indeed, under the
classical semantics, every query is entailed from an inconsistent theory. Several inconsistency-
tolerant semantics have thus been introduced in the context of DL knowledge bases (see [7] for
a survey).

A situation is often defined not only w.r.t. the current state of the system but depends also on
its history. For instance, a system that operates on a cluster of servers may need the list of
servers which have been almost overloaded at least twice in the past ten time units. That is why
research efforts have recently been devoted to temporalizing query answering [4, 11] by allowing
to use operators of the linear temporal logic (LTL) [25] in the queries. In this setting, the query is
answered over a temporal knowledge base consisting of a global TBox and a sequence of ABoxes
that represents the data at different time points. The situation previously described can then
be recognised by answering the query “$~ (AlmostOverloaded () AO~ ¢~ AlmostOverloaded(x))",
where ¢~ is the LTL operator “eventually in the past" and O~ the operator “previous", over
the sequence of datasets that correspond to the last ten observations of the system, an ontology
defining the concept AlmostOverloaded. A lot of work has been dedicated to the temporalization
of DL, combining different temporal logics and DL languages (see [22] for a survey). As efficiency
is a primary concern, particular attention has been paid to temporalized DLs of the DL-Lite
family [15] which underly the OWL 2 QL profile of the Semantic Web standard [23] and possess
the notable property that query answering can be reduced to evaluation of standard database
queries (see [2] for different temporal extensions of DL-Lite). The construction of temporal
queries has attracted a lot of interest recently [18, 19, 1], and querying temporal databases has
also been studied (see e.g., [16]). Here, we consider the setting proposed in [11] which does not
allow for temporalized concepts or axioms in the TBox but focuses on querying sequences of
ABoxes.

This work presents results on lifting inconsistency-tolerant reasoning to temporal query answer-
ing. To the best of our knowledge, this is the first investigation of temporal query answering
under inconsistency-tolerant semantics. We consider three semantics that have been defined for
DL knowledge bases and that we find particularly relevant. They are all based upon the notion
of a repair, which is a maximal consistent subset of the data. The AR semantics [20, 21], in-
spired by consistent query answering in the database setting [6], considers the queries that hold
in every repair. This semantics is arguably the most natural and is widely accepted to query
inconsistent knowledge bases. However, AR query answering is intractable even for DL-Lite,
which leads [20, 21| to propose a tractable approximation of AR, namely the AR semantics,
which queries the intersection of the repairs. Beside its better computational properties, this
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semantics is more cautious since it provides answers supported by facts that are not involved
in any contradictions, so it may be interesting in our setting when the system should change
its behaviour only if some situation has been recognised with a very high confidence. Finally,
the brave semantics [9] returns every answer that holds in some repair, so is supported by some
consistent set of facts. This less cautious semantics may be relevant for context recognition,
when critical situations must imperatively be handled.

The contributions of this paper are as follows. In Section 3 we extend the AR, TAR and brave
semantics to the setting of temporal query answering. We distinguish in our analysis three
cases for rigid predicates, i.e., whose extensions stay unchanged across time points : no rigid
predicates, rigid concepts only, or rigid concepts and roles. We show that when there is no
rigid predicate, existing algorithms for temporal query answering and for IAR query answering
can be combined to perform IAR temporal query answering. We also show that this method
can sometimes be used for AR and provides in any case an approximation of the AR answers.
In Section 4 we investigate the computational properties of the three semantics, considering
both data complezity (in the size of the data only), and combined complexity (in the size of
the whole problem), and distinguishing three different cases regarding the rigid symbols that
are allowed. We show that in all cases except for brave semantics with rigid predicates, the
data complexity is not higher than in the atemporal setting. In all cases, adding the temporal
dimension does not increase the combined complexity. Our complexity analysis also leads us
to close some open questions about temporal query answering under the classical semantics in
the presence of rigid predicates. In particular, we show that it can often be reduced to the case
without rigid predicates.

2 Preliminaries

We briefly recall the syntax and semantics of DLs, the three inconsistency-tolerant semantics
we consider, and the setting of temporal query answering.

Syntaz. A DL knowledge base (KB) K consists of an ABox A and a TBox T, both constructed
from three countably infinite sets: a set N¢ of concept names (unary predicates), a set Ng of role
names (binary predicates), and a set N of individual names (constants). The ABozx (dataset)
is a finite set of concept assertions A(a) and role assertions R(a,b), where A € N¢, R € Ng,
a,b € Nj. The TBozx (ontology) is a finite set of axioms whose form depends on the particular
DL. In DL-Liter, TBox axioms are either concept inclusions B C C or role inclusions P C S
built according to the following syntax (where A € Nc and R € Ng):

B:=A|3P, C:=B|-B, P:=R|R°, S:=P|-P

Inclusions of the form By C By or Py T Ps are called positive inclusions (PI), those of the form
B1 C =By or P C =P, are called negative inclusions (NI).

Semantics. An interpretation has the form Z = (A%, .7), where AT is a non-empty set and -Z
maps each a € Nj to aZ € AT, each A € N¢c to AT C AZ, and each R € Ng to RT C AT x AT,
We adopt the unique name assumption (i.e., for all a,b € Ny, aZ # b” if a # b). The function -%
is straightforwardly extended to general concepts and roles, e.g., (R™)% = {(d,e) | (e,d) € RT}
and (3P) = {d | Je : (d,e) € PT}. An interpretation T satisfies an inclusion G C H if
GT C HZ; it satisfies A(a) (resp. R(a,b)) if aZ € AT (resp. (aZ,b%) € RT). We call T a model
of K= (T, A) if Z satisfies all axioms in 7 and all assertions in .A. A KB is consistent if it has
a model, and we say that an ABox A is T -consistent (or simply consistent for short), if the
KB (T,.A) is consistent.

Queries. A conjunctive query (CQ) takes the form ¢ = IFY(Z, ), where ¢ is a conjunction of
atoms of the forms A(t) or R(t,t’'), with ¢,¢ individuals or variables from ZUg. A CQ is called
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Boolean (BCQ) if it has no free variables (i.e. £ = (}). A BCQ q is entailed from K, written
K = ¢, iff ¢ holds in every model of K. Given a CQ ¢ with free variables & = (z1,...,2) and
a tuple of individuals @ = (a1, ...,ax), @ is a certain answer to q over K just in the case that
K = ¢q(@), where ¢(a) is the BCQ resulting from replacing each z; by a;.

Inconsistency-tolerant semantics. A repair of K = (T, A) is an inclusion-maximal subset of A
that is T-consistent. We consider three semantics based on repairs. A tuple @ is an answer to
q over K under

o AR semantics, written K E=ar q(@),
iff (T, A’) = q(@) for every repair A’ of K;

o JAR semantics, written K [=1ar ¢(@),
iff (T, A7) = q(@) where A" is the intersection of all repairs of K;

e brave semantics, written K FEprave ¢(@),
iff (T, A") = q(a) for some repair A’ of K.

In DL-Liteg, IAR or brave CQ answering is in P w.r.t. data complexity (in the size of the ABox)
and NP-complete w.r.t. combined complexity (in the size of the whole KB and the query), and
AR CQ answering is coNP-complete w.r.t. data complexity and II5-complete w.r.t. combined
complexity [20, 9].

Temporal query answering. We consider the framework presented in [11].

Definition 1 (TKB). A temporal knowledge base (TKB) K = (T, (A;)o<i<n) consists of a TBox
7T and a finite sequence of ABoxes (A;)o<i<n- A sequence J = (Z;)o<i<n of interpretations
Z; = (A, %) over a fixed non-empty domain A is a model of K iff for all 0 < i < n, T, is a
model of (T, A;), and for every a € Ny and all 1 < i < j < n, a¥® = a%i. Rigid predicates
are elements from the set of rigid concepts Nrc C N¢ or of rigid roles Nk € Nr. A sequence
of interpretations J = (Z;)o<i<n Tespects the rigid predicates iff for every X € Nrc U Ngg and
all1 <i<j<n, X% = X%. A TKB is consistent if it has a model that respects the rigid
predicates. A sequence of ABoxes (A;)o<i<n is T -consistent, or simply consistent, if the TKB
(T, (Ai)o<i<n) is consistent.

It is sometimes convenient to represent a sequence of ABoxes as a set of assertions associated
with timestamps, which we call timed-assertions: (A;)o<i<n becomes {(,i) | o € A;,0 < i <
n}. A rigid assertion is of the form A(a) with A € Ngc or R(a,b) with R € Ngg. We distinguish
three cases in our analysis : Case 1 with Nrc = Nrr = 0, Case 2 with Nrc # @ and Ngrr = 0,
and Case 3 with Nrc # 0 and Ngg # 0. Note that since rigid roles can simulate rigid concepts,
these three cases cover all possibilities. We denote by Ng, N’RC, N’RCC, N’RCR, and Nl’C respectively
the sets of concepts, roles, rigid concepts, rigid roles, and individuals that occur in the TKB K.

Definition 2 (TCQ). Temporal conjunctive queries (TCQs) are built from CQs as follows: each
CQisaTCQ, and if ¢; and ¢ are TCQs, then so are ¢1 Apa (conjunction), ¢1Veés (disjunction),
O¢1 (strong next), @¢; (weak next), O~ ¢; (strong previous), @ ¢1 (weak previous), [ey
(always), O~ ¢ (always in the past), O¢; (eventually), 0~ ¢ (some time in the past), ¢;1Udpo
(until), and ¢1S¢2 (since). Given a TCQ ¢ with free variables ¥ = (z1,...,2x) and a tuple of
individuals @ = (ay,...,ax), ¢(@) denotes the Boolean TCQ (BTCQ) resulting from replacing
each x; by a;. The tuple @ is an answer to ¢ in a sequence of interpretations J = (Z:)o<i<n
at time point p (0 < p < n) iff J,p = ¢(d), where the entailment of a BTCQ ¢ is defined by
induction on its structure as shown in Table 1. It is a certain answer to ¢ over K at time point
p, written K, p = ¢(Q), iff J,p | ¢(a@) for every model J of K that respects the rigid predicates.

Remark 1. The additional LTL operators W (weak until), W~ (weak since), R (release), and
R~ (past release) can be expressed w.r.t. our operator basis as follows: ¢1Weo = (d1U¢s) V
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¢ J.pE¢iff
() Iy = 3g(y)
d)l/\¢2 jap):(yblandjap':qu
¢1v¢2 jap):¢10rjap):¢2

O¢1 p<nand J,p+1E ¢

[ Jo3) p < n implies J,p+ 1| ¢1

O~ ¢ p>0and J,p—1FE ¢

o O p > 0 implies J,p— 1 ¢

U Vk,p<k<n,J,kEh

O™ ¢ Vk,0<k<p, T, k=

O Jk,p<k<n, T kEd

O~ 1 Jk, 0<k<p, T, k¢

¢1Uoo Jk,p<k<n JkEd¢andVj,p<j<kJ,jEd
$15¢2 I, 0<k<p, T kl=Egrand Vj, k<ji<p J,jlE=d

Table 1: Entailment of BTCQs.

(O61), p1W~¢2 = (¢1S¢2) V (07 ¢1), ¢1Rp2 = $2W(g2 A ¢1), and ¢1R™ ¢ = $p2 W™ (d2 A ¢1).
Since the top and bottom concepts T and L are not allowed in every DL, ¢ and O cannot be
expressed w.r.t. the other operators as usual in LTL (O¢1 = trueU¢y, Op1 = ¢1U (1 A @false)).

Note also that since disjunctions are allowed, TCQs could be defined with unions of conjunctive
queries (UCQs) instead of CQs (in this case, in the first line of Table 1, the CQ 3§ ¢ (¥) would
be replaced by a UCQ V1§j§m 3y; ¥,(y;)). We use CQs for simplicity.

It follows from the definition of certain answers that TC(Q answering is straightforwardly reduced
to entailment of BTCQs and we can focus w.l.o.g. on the latter problem.

3 Temporal Query Answering over Inconsistent Data

We extend the three inconsistency-tolerant semantics to temporal query answering. The main
difference to the atemporal case is that in the presence of rigid predicates, a TKB K =
(T, (Ai)o<i<n) may be inconsistent even if each KB (7, .A;) is consistent. In this case there
need not exist a sequence of interpretations J = (Z;)o<i<n such that each Z; is a model of
(T, A;) and which respects rigid predicates. That is why we need to consider as repairs the
T-consistent sequences of subsets of the initial ABoxes that are component-wise maximal.

Definition 3 (Repair of a TKB). A repair of a TKB K = (T, (A;)o<i<n) is a sequence of
ABoxes (A})o<i<n such that {(a,i) | @ € A},0 < i < n} is a maximal 7T -consistent subset of
{(a,7) | @« € A;,0 < i < n}.We denote the set of repairs of K by Rep(K).

The next example shows the influence of rigid predicates on the repairs.

Example 1. Consider the following TKB K = (T, (A;)i<i<2). The TBox expresses that
web servers and application servers are two distinct kinds of servers, and the ABoxes provide
information about a server a that executes two processes.

T = {WebServer C Server, AppServer C Server, WebServer C —AppServer}

Ay = {WebServer(a), execute(a,b)}

Az = {AppServer(a), WebServer(a), execute(a,c)}
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Assume that no predicate is rigid. The TKB K is inconsistent because the timed-assertions
(AppServer(a),2) and (WebServer(a),2) violate the negative inclusion of T, since AppServer(a)
and WebServer(a) cannot both be true at time point 2. It follows that I has two repairs
(Al)1<i<2 and (A])1<i<o with A} = AY = A;, and A5 = {AppServer(a), execute(a, c)} and
Al = {WebServer(a), execute(a, )} which correspond to the two different ways of restoring
consistency.

Assume now that AppServer is rigid. There is a new reason for IC being inconsistent: the timed-
assertions (WebServer(a), 1) and (AppServer(a), 2) violate the negative inclusion of 7 due to the
rigidity of AppServer which implies that AppServer(a) and WebServer(a) should be both entailed
at time point 1. Then K has two repairs (A})1<;<2 and (A7 )1<i<2 with A} = {execute(a,b)},
Ab = {AppServer(a), execute(a, c)}, and A} = Ay, A = {WebServer(a), execute(a, c)}. Note
that even if (A})1<;<2 is maximal (since adding WebServer(a) to A} renders the TKB inconsis-
tent), A} is not a repair of (T,.A;) since it is not maximal.

Next we extend the semantics AR, TAR, and brave to the temporal case in the natural way by
regarding sequences of ABoxes.

Definition 4 (AR, TAR, brave semantics for TCQs). A tuple @ is an answer to a TCQ ¢ over
a TKB K = (T, (Ai)o<i<n) at time point p under

e AR semantics, written K, p =ar ¢(a),
iff (T, (A))o<i<n),p = ¢(@) for every repair (A})o<i<n of K;

e TAR semantics, written I, p Erar 6(d),
T (T, (A)ocica) p b 0(@), with AP = (o Cpooe ALO<i<m:

e brave semantics, written K, p Eprave ¢(@),
iff (T, (A))o<i<n),p = ¢(@) for some repair (A])o<i<n of K.

The following relationships between the semantics are implied by their definition:

/C,p ':IAR (b(c_i) = K,p ):AR (b((f) = /C,p ':brave ¢((_j)

Next, we illustrate the effect of the different semantics in the temporal case.

Example 2 (Example 1 cont’d). Consider the three temporal conjunctive queries:

¢1 = O(Jy execute(x, y)) ¢2 = O(Jy Server(x) A execute(z,y))

¢3 = O(Jy AppServer(x) A execute(z, y))
In Case 1 with no rigid predicate, the intersection of the repairs is (A%);<;<o with A = A;,
AR = {execute(a,c)}. Then K,1 Ear ¢1(a), since in every model of the intersection of the
repairs a executes b at time point 1 and ¢ at time point 2. For ¢o, K, 1 =R ¢2(a), since every
model of every repair assigns a to WebServer at time point 1 and either to AppServer (in models
of (A)1<i<2) or to WebServer (in models of (A)1<;<2) at time point 2, but K, 1 fErar ¢2(a).
Finally, I, 1 FEbrave ¢3(a) because no repair entails AppServer(a) at time point 1.

If AppServer is rigid, the intersection of the repairs is (AM)1<,<o with A* = {execute(a,b)},
AR = {execute(a,c)}. Sostill K, 1 =1ar ¢1(a) holds. Since every model of every repair assigns
a to Server at time points 1 and 2 (either because a is a web server or an application server),
K,1 Ear ¢2(a), but K, 1 Erar ¢2(a). Finally, K, 1 FEprave ¢3(a) because every model of
(T, (A})1<i<2) assigns a to AppServer at any time point by rigidity of AppServer, but K,1 ar
d)g(a).
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¢ K.pls ¢iff

G YY) (T, Ap) s Fyv(Y)
d1 N\ P2 K.p s ¢1 and K, p |=s ¢2
$1V P2 K,pE=s ¢10r K,pl=s ¢2

O¢1 p<nand K,p+1kEs ¢

[ Yol p < n implies K,p+ 1 =g ¢1

O~ ¢ p>0and K,p—1Fs ¢1

o ¢ p > 0 implies K,p — 1 =g ¢

U VE,p<k<n, Kk s ¢

O™ ¢y Vk, 0<k<p, K, ks

Q1 Fk,p<k<n, K kEsp

O~ o1 Jk, 0<k<p, K,k s ¢1

$1Uoo Jk,p<k<n K kEsgand Vjp<j<kXK,jkEs o
1502 Jk, 0<k <p, K,k s ¢2 and Vj,k < j <p,K,j s ¢1

Table 2: Entailment under classical or AR semantics without rigid predicates.

We point out some characteristics of Case 1. Since there is no rigid predicate, the interpretations
Z; of a model J = (Z;)o<i<n of K that respects the rigid predicates are independent, besides
the interpretation of the constants.

Proposition 1. If Nrc = Ngg = 0, then a TKB K = (T, (A;)o<i<n) is consistent iff every
(T, Ai) is consistent. Moreover, if K is consistent, for every 0 < p < n, I}, is a model of (T, Ap)
iff there exists a model J = (Z;)o<i<n of K such that I, = I;,.

Proof. If Nrc = Nrr = 0, a sequence of interpretations J = (Z;)o<i<n is @ model of K that
respects the rigid predicates iff it is a model of K, iff for every 4, Z; is a model of (T, .A;), and
for every @ € Ny and all 1 < i < j < n, a¥i = a%. It follows that K is consistent iff there
exists J = (Z;)o<i<n such that for every ¢, Z; is a model of (T, A;), and for every a € Ny and
all 1 < i < j <mn,a’ = a’. We show that this is the case iff each (T, .4;) has a model.
Let Z) = (AI('), ~I(')), LI = (AI;, ~I;1) be models of (T, Ag),...(T,A,) respectively, and
0<p<n. Let J = (Ti)o<i<n With Z; = (A, -Ti) where A = AZr and for every 0 < i < n, -Li
is defined as follows: aZi = a%v for every a € Nj, AT = {aIzg | oLi € Azg} for every A € Nc,
and RZ = {(a%r,b%) | (a%i,b%) € RE} for every R € Ng. Since we adopted the unique name
assumption, each Z; is a model of (7, A;). It follows that J = (Z;)o<i<x is such that for every
i, Z; is a model of (T, A;), and for every a € Ny and all 1 <i < j < n, a®* = a%i. Moreover, J
is such that 7, = I]'D. The other direction is trivial. O

Proposition 1 has several important consequences. First, the repairs of I are all possible
sequences (A])o<i<n where A} is a repair of (7T, A;), so the intersection of the repairs of K is
(AM)o<i<n where Af' is the intersection of the repairs of (7, .A4;). Second, we show that the
entailment (resp. IAR entailment) of a BTCQ from a consistent (resp. possibly inconsistent)
DL-Litegr TKB can be equivalently defined w.r.t. the entailment (resp. IAR entailment) of the
BCQs it contains as follows:

Proposition 2. If K is a DL-Liteg TKB and Nrc = Nrg = 0, then the entailments shown in
Table 2 hold for S = classical when K is consistent, and for S= IAR.

Proof. We start with the classical semantics when K is consistent.

For CQs we apply Proposition 1:
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o K,p = 35¢(y)
iff for every model J = (Z;)o<:
iff for every model Z, of (T, A

iff (T, Ap) = 356D,

of K that respects the rigid predicates, Z, = 379 (%)

<n
»), Lp = 37 (§) by Proposition 1

For the other cases where ¢ is built from TCQs ¢1, ¢2, we make use of the canonical model of
K. Indeed, it has been shown in [10] that if Nrc = Ngg = 0, for any DL-Liter TKB K, there
exists a canonical model Jx of K such that for every BTCQ ¢, and time point p, K, p = ¢ iff
Jk,p |E ¢. Applying the definitions of Table 1 with Jx gives the relations of Table 2.

For TAR semantics, let (AM)o<;<, denote the intersection of the repairs of K and A denote
the intersection of the repairs of (T, .A4;):

o K, p Frar I 9(9)
lﬂ <T (A{R)O<z<n> p ’: ng(g)
ff (T, AlF) = 3574 (%) since (Af)o<i<n is consistent
(T, .Am> = 37y (y) since the repairs of K are the sequences of the repairs of the (T, .A4;)
<T p) Frar 35U (Y)

. )ZIAR d1 A P2
<T7( )0§z§n> PEG1LA P2
ff (T, (AfF)o<i<n), p = @1 and (T, (AF)o<i<n),p = b2
lﬂ K,p ':IAR ¢1 and I, p [F1AR 02

o K,p F1aR 01V @2
iff <T7 (A{R)Oﬁi§n>ap ): (bl V ¢2
iff (T, (A% )o<i<n),p = ¢1 o1 (T, (AF)o<i<n), 0 | 62
iff IC,p =1ar @1 or K,p =1aR 02

o K,p E1ar O¢1
iff (T, (AR)o<i<n),p = O1
iff p<nand (T, (AB)oci<n),p+ 1 E 1
iff p<nand K,p+1[Far ¢1

o K,p F1aR @1
iff <T7 (A{R)Oﬁi§n>ap }: .¢1
iff p < n implies <T7 (A{R)0§i§n>,p +1 ’: b1
iff p < n implies K,p + 1 E1ar ¢1

o KC,p =1ar Doy
iff (T, (AM)o<i<n), p E Ogy
iff for every k, p < k < n, (T, (AR)o<i<n), k = ¢1
iff for every k, p < k <n, K,k F1ar ¢1

o IC,p E1ar O
iff (T, (A)o<i<n),p = O
iff there exists k, p < k < n, (T, (AR)o<icn), k = ¢1
iff there exists k, p < k <n, K,k E1ar ¢1

o K,p E1ar ¢1Ueo

iff (T, (A o<i<n),p | ¢1Ud2

iff there exists k, p < k < n, (T,(AB)o<i<n),k E ¢2 and for every j, p < j <
ka <T> (A{R)O§i§n>7] ': ¢)

iff there exists k, p < k <n, K,k F1ar ¢2 and for every j, p < j < k,K,j Fiar ¢1Ud2

o KC.p E1ar O ¢1, K,p =iar @ 01, K, p E1ar O ¢1, K, p F1ar 07 ¢1, K, p F1ar ¢15¢2:

similar to the corresponding future operators
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O

This is a remarkable result, since it follows from it that answering temporal CQs under IAR
semantics can be done with the algorithms developed for the consistent case [10, 11] by replacing
classical CQ answering by TAR CQ answering (see [21, 8, 26| for algorithms). The following
example shows that this is unfortunately not true for brave or AR semantics.

Example 3. Consider the following TKB K = (T, (A;)1<i<n) and TCQ ¢.
T={TC~F} A; ={T(a),F(a)} for 1 <i<n ¢»=07"(T(a) N @ F(a))

Now, K,k Fprave T(a) A @ F(a) for every 0 < k < n, but I, n FEprave ¢. This is because the
same repair cannot entail T'(a) A @ F'(a) both at time point k& and k 4+ 1, since it would contain
both (T'(a), k) and (F(a), k) which is not possible. For AR semantics, consider ¢ = T'(a) V F(a)
over the TKB K: while ¢ holds under AR semantics at each time point, neither 7'(a) nor F'(a)
does.

However, if the operators allowed in the TCQ are restricted to A,O,@®,07,@,0, and I,
then AR TCQ answering can be done with the algorithms developed for the consistent case by
simply replacing classical CQ answering by AR CQ answering (see [8] for algorithms). Indeed,
for these operators, the relations of Proposition 2 hold for S = AR:

o K,p Far IY(9)
iff for every repair (A})o<i<n of IC, (T, (A})o<i<n), P E ITY(Y)
iff for every repair (Aj)o<i<n of K, (T, A}) = 37¢(¥)
iff for every repair A}, of (T, A,), (T, A,) = 3§¢(y) since the repairs of K are the
sequences of the repairs of the (T, A4;)

iff (T, Ap) Far 379(5)

o [C,p [EAR ¢1 A b2
iff for every repair (A})o<i<n of K, (T, (A})o<i<n),p = 1 A P2
iff for every repair (Aj)o<i<n of K, (T, (Af)o<i<n), P E ¢1 and (T, (A)o<i<n), P | ¢2
iff IC,p Far ¢1 and K,p Far ¢

e K,p Far O¢1
iff for every repair (A})o<i<n of K, (T, (AL)o<i<n), p E O¢1
iff for every repair (A})o<i<n of K, p < n and (T, (A))o<i<n), P+ 1 | ¢1
iff p<nand K,p+1 Ear ¢1

o K,p FAr @91
iff for every repair (A])o<i<n of K, (T, (A))o<i<n), P E @01
iff for every repair (A})o<i<n of K, p < n implies (T, (A})o<i<n),p+ 1 = ¢1
iff p < n implies K,p+ 1 Far 01

o ICap ):AR D¢1
iff for every repair (A})o<i<n of K, (T, (A})o<i<n),p = O¢y
iff for every repair (A})o<i<n of K, for every k, p <k < n, (T, (A))o<i<n), k = ¢1
iff for every k, p < k <n, K,k Far é1

e ,p Ear O 1, K,p EAr @ ¢1, K,p Ear O ¢1: similar to the corresponding future
operators

The following counter examples show that this is not the case for the other operators (v, ¢, 0, U,S):
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o K, 1 Far ¢1V ¢2 but K, 1 fFar ¢1 and K, 1 AR ¢o:
T={AC -B} ¢1 =A(a) $2 =B(a) Ay ={A(a), B(a)}
o IC,1 AR O¢1 but for every k, 1 < k <3, K,k FEar ¢1:
T ={AC -B} ¢1 =A(a) N OB(a)
Ay ={A(a)} Az ={A(a), B(a)} Az ={B(a)}
e K,1 Ear ¢1Ugy but for every k, 1 < k < 3, either K,k [Ear ¢2 or there exists j,
1 SJ < kv K:7j %AR ¢1:
T ={AC -B} ¢1 =A(a) ¢2 =B(a)
Ay ={A(a)} Az ={A(a), B(a)} As ={B(a)}

e Similar counter example to ¢ for ¢~ and to U for S.

Interestingly, contrary to the brave semantics, even for general TCQs the “if” direction of
Proposition 2 is true:

o if K,p Far ¢1 or K,p AR @2, then K,p Far é1V ¢2

o if there exists k, p < k < n, K,k Ear ¢1, then K,p Ear 0¢1

o if there exists k, 0 < k < p, K,k EaRr ¢1, then IC,p Far O ¢1

o if there exists k, p < k < n, K,k |Ear ¢2 and for every j, p < j < k, K,j Ear ¢1, then
K,p Ear #1Ug2

o if there exists k, 0 < k < p, K,k Ear ¢2 and for every j, k < j < p, K,j Ear ¢1, then
’Cap }:AR ¢1S¢2

It follows that even for unrestricted TCQs, combining algorithms for TCQ answering with
algorithms for AR query answering will provide a sound approximation of AR answers.

4 Complexity Analysis for DL-Litegp

In this section, K = (T, (A;)o<i<n) is a DL-Liteg TKB and ¢ is a BTCQ. The set of constants
of ¢ is denoted by N;’b. We make use of the following notations: for a role P and two constants
or variables z and y, P~ := S if P = S~ and P(z,y) denotes S(x,y) if P = S and S(y,x) if
P = S~. We assume w.l.o.g. that no x € NF is of the form ¢, where w, e are words built over
N|’C U Ng U N’RC and N respectively.

We recall the definitions of the complexity classes that appear in this section:

e P: problems which are solvable in polynomial time.
e NP: problems which are solvable in non-deterministic polynomial time.

e coNP: problems whose complement is in NP.

Y5 problems which are solvable in non-deterministic polynomial time with an NP oracle.

I15: problems whose complement is in 5.
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e ALOGTIME: class of languages decidable in logarithmic time by a random access alter-
nating Turing machine. In this work, we only use that ALoGTIME C P.

e PSPACE: problems which are solvable in polynomial space.

We conclude this introductory paragraph with the notions of conflicts and causes that will be
used in some proofs. A conflict for a KB K = (T,.A) is a minimal T -inconsistent subset of A.
A cause for a BCQ ¢ w.r.t. K is a minimal T-consistent subset C C A such that (T,C) E q.
The following definitions extend these notions to the temporal setting.

Definition 5 (Conflicts of a TKB). A conflict of a TKB K = (T, (A;i)o<i<n) is a sequence of
ABoxes (A})o<i<n such that {(a,i) | @ € AL, 0 < i< n} is a minimal T-inconsistent subset of
{(e,i) | v € A;,0 < < n}.

Because of DL-Liter syntax, the conflicts of a DL-Liteg TKB are at most binary, i.e., contain
at most two timed-assertions.

Definition 6 (Causes for a BTCQ in a TKB). A cause for a BTCQ ¢ at time point p in
K = (T, (Ai)o<i<n) is a sequence of ABoxes (C;)o<i<n such that {(a,?) | a € C;,0 < i <n}is
a minimal 7 -consistent subset of {(a, %) | & € A;,0 <14 < n} such that (T, (C;)o<i<n), P = ¢

Note that a KB (resp. TKB) is consistent iff it has no conflict, and that a BCQ (resp. BTCQ)
is entailed from a KB (resp. a TKB) K under brave semantics iff it has some cause in K, since
such a cause can be extended to a repair that entails the query.

4.1 Complexity of TCQ answering for the classical semantics

The complexity of TCQ answering under the classical semantics in DL-Liteg with negations in
the query has been shown ALOGTIME-complete w.r.t. data complexity and PSPACE-complete
w.r.t. combined complexity, rigid concepts and roles being present or not [12]. In our case,
i.e., without negations, CQ evaluation over databases provides a NP lower bound for combined
complexity and it has been shown in [10, 11| that TCQs in DL-Liter are rewritable so that
they can be answered over a temporal database—albeit for a restricted setting without rigid
roles and with rigid concepts only for TCQs that are rooted. The NP membership of TCQ
answering in Case 1 for combined complexity is implied by this latter work as follows: it is
possible to guess for each time point ¢ and CQ ¢ from the TCQ either a rewriting ¢’ of ¢ that
holds in A; together with the rewriting steps that produce ¢’ and the variables assignment that
maps ¢’ in A;, or to guess “false”. Checking that ¢’ is indeed a rewriting of ¢ and holds in 4; can
be done in polynomial time and there are polynomially many such pairs of a time point and a
CQ to test. Moreover, verifying that the propositional LTL formula obtained by replacing the
CQs by propositional variables is satisfied by the sequence of truth assignments that assigns
the propositional abstraction of ¢ to false at time point 4 if “false” has been guessed and to true
otherwise is in P since the formula does not contain negation. It follows that TCQ answering
is NP-complete w.r.t. combined complexity. To alleviate the limitations imposed in [10, 11], we
first show that TC(Q answering without negations is NP-complete w.r.t. combined complexity
even in the presence of rigid concepts and roles, with the restriction that a rigid role can only
have rigid sub-roles. Indeed, we show that under this restriction, TCQ answering in Case 3
can be reduced to TCQ answering in Case 1 by adding to every ABox a set of assertions that
models rigid consequences of the TKB and is computable in polynomial time.

As a first step, we assume that I is consistent and construct a model Jx of K such that for any
BTCQ ¢ such that Nf’ C NF, K,p | ¢ iff Jc,p = ¢. This model will be used latter to prove
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that in the case where K is consistent, TCQ answering gives the same answers over K and over
the TKB we will construct by adding a set of assertions to each ABox and Nrc = Nrr = 0. We
build a sequence of (possibly infinite) ABoxes (chaseX,(A;))o<i<n similar to the chase presented

rig
in [14] for KBs. Let S be a set of DL-Liteg assertions. A PI « is applicable in S to an assertion
geSif

e a=A; C Ay, f=Ai(a), and Az(a) ¢ S

e o« =ALC 3P, B = A(a), and there is no b such that P(a,b) € S

e o =3P LC A 8= Pla,b), and A(a) ¢ S

e =3P, C 3P, f = Pi(a1,az), and there is no b such that Py(a1,b) € S

e =P C P, = Pi(ar,az), and Py(ay,az) & S.
Applying a PI « to an assertion S means adding a new suitable assertion f,qy to S such that
« is not applicable to 5 in S U {Buew}-

Definition 7 (Rigid chase of a TKB). Let K = (T, (A;)o<i<n) be a DL-Liteg TKB. Let
(ADo<i<n = (A;U{B | 3k, B € Ai and B is rigid})o<i<n, let T, be the set of positive inclusions
in 7, and let N; be the number of assertions in A]. Assume that the assertions of each A;
are numbered from Ny +--- + N;_1 + 1 to Ny + --- + N; following their lexicographic order.
Consider the sequences of sets of assertions 87 = (S7)o<i<n defined as follows:

S = (A)o<icn and ST =8I USY = (87 US™)o<icn,
where S™V is defined in terms of the assertion B, obtained as follows: let 5 € Sflﬁ be the

first assertion in &7 such that there exists a PI in 7, applicable in Sfﬂ to § and let a be the
lexicographically first PI applicable in Sijﬁ to 8. In case a, 8 are of the form

o a=A; C Ay and 8 = A;(a) then Byew = Az(a)

e a=ALC 3P and B = A(a) then Buew = P(a, anew)

e ¢« =3P C A and 8 = P(a,b) then fpew = A(a)

e =3P, C 3P and 8 = Pi(a,b) then Bhew = P(a, anew)
e =P, C Py, and 8 = Pi(a1,az2) then fhew = P2(a1,a2)

where anew is constructed from « and 3 as follows:

o ifac NfC then apew = xzfp

e otherwise a ¢ NI, then let a =z} 5" p and define anew = 2,5 p, p-

If Bnew is rigid, then $™Y = ({Bnew } )o<i<n, otherwise, S™V = (SV)p<i<p, With Si‘;ew = {Bnew}
and SV = () for i # ig.

Let N be the total number of assertions in S7. The assertion(s) added are numbered as follows:
if Brew is not rigid, Bpew is numbered by N + 1, otherwise for every 0 < ¢ < n, the assertion
Bnew € SPV added to S} is numbered by N + 1 + 1.

We call the rigid chase of K, denoted by chase,ig(K) = (chasek;

rig(-Ai))ogign, the sequence of

sets of assertions obtained as the infinite union of all S7, i.e.,

chase,ig(K) = (chaseffig(Ai))ogign = U ST = (U Sg)ogigw

JEN JEN



4 COMPLEXITY ANALYSIS FOR DL-LITER 13

Let 'y be the set of individuals that appear in chasez(K) but not in K. The following
properties of chaseyig(IC) will be useful:

Proposition 3. chase,(K) is such that:

(P1) xaP ely = Pl(a,xglpl)EChase (Ai)

rig
(P2) xf;]'j'l'flhpl eln,l>1 = B(a:il];l'_i_l_}llil,xf;];l” ) € chasel;,(Ay,)
(P3) chaseS,(A) - Blaly™ ) — T =3P C B

(P4) @i, €Ty,l>1 — T3P, C 3P

(P5) chase”g( A;) | B(a),a € NF = (T, A;) = B(a) or there exists B' := A|3R|3R™ with
A € Nre, R € Nggr such that T |= B’ € B and there exists j such that (T, A;) = B'(a)

(P6) chasel (A;) = B(x ;1P1” p) = i = i orthere exists B' := A|3R|3R™ with A €
Nrc, R € Nrr such that T = B’ E B and chasel (A;) = B’(zglp'l‘_i_lipl)

(P7) P(a,b) € chase”g(Ai),a,b e N = (T,A) E P(a,b) or there exists P’ :=
R|R~ with R € Nrg such that T = P’ T P and there exists j such that (T, A;) = P'(a,b)

(P8) P(awfllpl) € chasel; (Ai),a e NN iy =i = T = PLE P and (T, A;) = 3zPy(a,x)
or there exists B := A|AR|IR™ with A € Nrc, R € Ngr such that T |= B C 3P, and there
exists j such that (T, A;) = B(a)

(P9) P(a,a:fllpl) € chasel;,(Ai),a € NK,iy # i = there exists P' :== R|R™ with R € Ngr
such that TE=EPLC P CP

01...90%
(P10) P(x,y) € chase”g(Ai),x,y ely = z= mfllpl” oY= o, and T | Py C
P orw= ol Ly = ety and T Py C P-

(P11) P(eyi powypeh,,) € chasel (A iny # i = there eaisto P' = RIR" with
R € Ngr such that T |= P41 © P'C P and P'(z.p" p,, xflllg'l'_lerﬁH) € chase”g(AiHl)

(P12) Py(zlp"p | als™ ) € chasel (Ai) = 35, (T, A;) | SeyPi_i(z,y)

Proof. (P1) If xlepl ey, xlepl has been introduced to construct P; (q,xlepl) at some step J of
the constrpction of the chase by applying a PI to an assertion 8 € Sgl, so P (a, xfllpl) € ngl,
s0 Pi(a, ) ) € chasel, (A, ).

(P2) It $21151'_i_l_ p € TN, xflll','l"iﬁ p, has been introduced to construct B(xilé,'l'fl_}flil,xilﬁl'il Pl) at
some step j of the construction of the chase by applying a PI to an assertion 8 € SJ

117
i1...01—1 01...9; j+1 G101 01...9p
Puwgp p o wapp) €S 50 Pulap g wn ! ) € chasel, (Ay,).
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(P3) We show that if there is some ¢ and step j such that Sf E B(z ;1P1“ p) then T =3P C B
by induction on p = j — s where s is the step where x5 " p, has been introduced to produce

Pl(xi;}%fl}i,laxzf};l'.i.[. p)- If p=0, since B(a:zllgl'.i‘l}flil,xflllgl'.i_f p,) is the only assertion of S7 that
contains the individual x5 | if S f= B(as " p), it follows that Pz, 5" 5, xflllgl'_i_l_ p) €
SJ and that Py(zly "5 xbs L) | Bzl ), s0 B=3P and T |= 3P C B. For p > 0,
assume that S7 = B(zflllgl‘_i_l.Pl). If there exists i’ such that 7' = B(:z:fllﬁl'“ ), TE3IP CB
by induction hypothesis. Otherwise, let 5 € Sf be such that § = B(z ;1P1“ ) Since § ¢ S] '
it has been created at step j by applying a PI @ € T to an assertion 6’ € Sf, L Elther
B = A(J;Zl];l‘_i_l. ) for some concept A, so by induction hypothesis 7 |= 3P, T A, and since
o, E Bz Zalpl” ), TEACBand T E3P CB,or =Pz ,Zzll:‘;l..i_.l.Pl’m) for some role P,
so by induction hypothesw T = 3P C 3P, and since o, 8’ = B(z,p" ), T = 3P C B and
T =3P CB.

(P4) By (P2) chasel,(Ai,) = EIPl(xillslv.i.l}llil) so by (P3), it follows that 7 = 3P, C 3F,.

(P5) We show that if S |= B(a) then (T, A;) = B(a) or there exist B’ := A|3R|3R~ with A €
Nrc, R € Ngg such that 7 = B’ C B and ¢’ such that (7, .A;) | B'(a) by induction on j. If
j=0,since S = A; U{B | Ik, 3 € Ay and S is rigid}, then either A; = B(a) or there exist k
and a rigid assertion 3 € Ay such that § |= B(a), so there exists B’ := A|JR|IR™ with A €
Nrc, R € Ngrg such that 7 = B’ C B and Ay, = B'(a). For j > 0, assume that S} = B(a). If
Sj71 E Bla ) we apply the induction hypothesis. Otherwise, let 8 € SJ be such that 5 = B( )
Since 3 ¢ S] ! it has been created at step j by applying a PI o € T to an assertion 3’ € SJ
Either 8’ = ( ) for some concept A, and since o, 8’ = B(a), T = AC B, or 8 = P(a, ) for
some role P, and s1nce a, B’ = Bla), T = dP C B. Let C' = A in the first case, C = 3P in the
second case. S} ~' = C(a) so by induction hypothesis (T, A;/) = C(a) = B(a) or there exist a
rigid concept ' such that T = C'C C C Band i’ such that (T, A;») = C'(a). In the first
case, either i’ =i and (T, A;) = B(a), or i’ # 1, so since § € S}, (3 is rigid and B is rigid.

(P6) We show that if S/ = B(x ;1};‘“},) then ¢ = 4; or there exist B’ := A|3R|3R~ with A €
Nrc, R € Ngg such that 7 = B’ T B and ¢ such that chaseng(.A ) E B’(xff];l'f’_Pl) by

l

induction on p = j — s where s is the step where xaP 4 P has been introduced to produce

11...0 -1 41...19]
Py(x Top,.. P11 Tap,...

that contains xfll}';'l'“ pys if Sj = (xflllgl'i" p), B =3P and Pl(xfll];l'.i"‘}t_l,xf;l];l'.i"ﬂ) .6 Sij SO
i =i or P is rigid. For p > 0, assume that S/ = B(z"! Ty le) IS/ = B(xgllgl‘?_l_Pl), we
apply the induction hypothesis. Otherwise, let 8 € Sij be such that 8 |= B(z,'s" p,). Since
B8 ¢ ngl, it has been created at step j by applying a PI o € 7 to an assertion 8’ € ijl.
Either 8 = A(a{r;f;lgl‘_l“.Pl) for some concept A, and since «, 3’ = B(x lel” ), T = ALC B,
or ' = Pz, p,x) for some role P, and since a, ' |: B(z fllpl” ), T ’: P C B. Let
C = A in the first case, C = 3P in the second case. S} ' = C(x jzlPl.l.L.Pz) so by induction
hypothesis i = i; or there exist a rigid concept C’ such that 7 |= C" C C' C B and 4" such that
Chaserlg( 7;”) |: C/(mz;}%.z.lﬂ)-

(P7) We show that if P(a,b) € S/ then (T, A;) = P(a,b) or there exist a rigid role P’ such
that 7 = P’ C P and 4’ such that (7,A;) = P’(a,b) by induction on j. If j = 0, since
S = A, U{B | 3k, B € A and B is rigid}, then either P(a,b) € A; or P is rigid and there
exist k such that P(a,b) € A,. For j > 0, assume that P(a,b) € S}. If P(a,b) € /7", w

apply the induction hypothesis. Otherwise, since P(a,b) ¢ SJ 1, it has been created at step

j by applying a PI P C P € T to an assertion P'(a,b) € S] , 80 by induction hypothesis
(T, Ai) E P'(a,b) = P(a,b) or there exist a rigid role P” such that TEP'CP CPandi”’

p)- If p =0, since P(x alplllPll Lalp p) is the only assertion of S



4 COMPLEXITY ANALYSIS FOR DL-LITER 15

such that (7, A;) = P"(a,b). In the first case, either i/ = ¢ and (T, A;) = P(a,b), or i’ # 1,
so since P(a,b) € S/, P is rigid.

(P8) First, since P(a, xap) € chasemg(.A ), chaseng( .) E 3Pi(a), so by (P5), either
(T, Ai}) |: Jx Py (a,x) or there exist a rigid concept such ‘that 7 = B C 3P, and i such
that (T, A;) = B(a). We then show that if P(a,z.'p ) € S/ for some i, then 7 |= P, C P

by induction on p = j — s where s is the step Where “%P has been introduced to produce
Py(a, xapl). If p = 0, since P (a, xapl) is the only assertion of S’ that contains xilpl, P=r.
For p > 0, assume that P(a, xQP ) € Sj If P(a, :Efllp ) € ijl, we apply the induction hy-
pothesis. Otherwise, since P(a, ' ) ¢ SJ 1, it has been created at step j by applying a PI
P'C P eT to an assertion P'(a, x ) IS 8 , so by induction hypothesis 7 = P, C P' C P.

(P9) We show that if P(a, xapl) € S/ for some i # iy, then there exists a rigid P’ such that
TEPCPLCP by induction on p = j —s where s is the step where ./, has been introduced
to produce Pi(a,z,p ). If p =0, since Py (a, acap ) is the only assertlon of 87 that containb acapl
P = P, and is rigid since i # ;. For p > 0, assume that P(a Tlp ) € SJ. 1f P(a,z™ ) € St

we apply the induction hypothesis. Otherwise, since P(a, ;' P ) gé SJ ’ , it has been created at
step j by applying a PI P C P € T to an assertion P'(a,7,p ) € SJ , so either ¢/ # i, and

by induction hypothesis there exists a rigid P” such that T I: PCP'CPCP,orid =1
and since i # i1, P is rigid, and by (P8), T = P, C P'C P.

(P10) We show that if P(z,y) € S; for some i, then z = ' op Pl,y “Ij'l'flzl;,l*}“l and 7 =

Py CEPorx= ac“P Z”}l{r},lﬂ,y aPlfl.Pl and 7 E Py; C P~ by induction on p = j — s
where s is the maximum of the steps where x or y has been introduced. If p = 0, either (i)
P(zx, y) has been created by applying a PI of the form B C 3P to an assertion B(zx), and if

T TNy

r=ux/p""p, theny = z! Py PPy, With Py = P, or (i) P(x y) has been created by applying
a P of the form B C 3P~ to an assertion B(y), and if y = /5" p, | then x = xaplz”}gﬁlﬂ with
Py =P . Forp>0, P(x y) has been created by applying a PI of the form P’ C P to an
assertion P’(J: y) € S)7", so by induction z = xaPl Y= x;},'l'.l_’_l};lﬂ and T =Py C P C

1. 505041 .4 -
Poraz=ua,p5"pp L y= Pl..l.Pl and T =P C P~ CP.

(P11) We show that if P(z" T ps xzp'ili};l*}glﬂ) e S/ for some i # il+17 then there exists
a rigid role P’ such that 7 = P4y £ P’ C P and the assertion P'(z,5" p ;Plz”ll{}gm) €

chase“g(AiHl) by induction on p = j s where s is the step where the 1nd1v1dua1 ;v ”Zl,l*};,“rl has

’L ’Ll’Ll+1 _ l 1;1...ilil+1
been introduced to produce P11 (x5 " p, xapl Pip,) Ep=0,since Pya(z,5 " p,Top i)

. . i lel+l _ . .. .
is the only assertion of &7 that contains :rap PPy P=P,, and is rigid since i # 4,41, and

Prya(zp lPl x?;;‘il%ﬁﬂl) € chaseng(AiHl) For p > 0, assume that P(z;5" p, :vi};f{?{}hl) €
SOOI P g ;PIZ”JLTIEHI) € 87!, we apply the induction hypothesis. Otherwise, since
P(x aPlll P w“P mjgﬁglﬂ) ¢ 817717 it has been created at step j by applyinga PI PP C P € T to
an assertion P’(z alp u P x?};'m}{}ﬂl) € Sj_l, so either i’ # 4341 and by induction hypothesis
there exists a rigid P” such that 7 = Py & P” T P’ C P and P"(2.5" p, ZIP;'_Z_LGSTIELH) €
chasemg(AiHl), or i = 4.1 and since i # 441, P is rigid so P(x apli’ Pl"/'UaF;l.il-ZIlDTIIDZ-Pl) €
chasemg(AZ—Hl).

(P12) We show that if B(Iilﬁli_i_l}i,lvIilﬁl'i_l_ p) € chaseng(.Ail) then there is some j such
that (7T, A;) &= JzyP,_1(x,y) by induction on I. If I = 2, by (P1), P_(a, xaplupll_l) €
chaserlg(AZ-l_l) S0 chaserlg( 1) FE 3Pi—1(a) so by (P5), there is some j such that (T,.A;) =
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AP, _i(a), so (T,A;) = JeyP_1(z,y). For | > 2, by (P2), B,l(x?};l'fl}fl_z,lel;l'fl}@ll_l) €

chasefig(Ail_l) so by induction there is some j such that (7, .A4;) = JzyP_»(x,y), and since
by (P4) T 3P _, £ 3P4, (T, Aj) | 3zyPi-a(z,y). 0

Based on the rigid chase of K, we construct the sequence of interpretations Jx = (Z;)o<i<n
where Z; = (A, -7i) is defined as follows: A = NN UTy, aZi = a for every a € A, AT = {a |
Afa) € chaseﬁg(Ai)} for every A € N¢, and R%i = {(a,b) | R(a,b) € chasefig(/li)} for every
R € Ng. We show that Jx is a model of K that respects the rigid predicates and such that for
any BTCQ ¢ such that N|¢ CNF, K,p | ¢ iff Tc,p = ¢

Lemma 1. If K is consistent, then Jx is a model of K that respects the rigid predicates.

Proof. We first show that Ji is a model of K, i.e., that forevery 1 <i <n,Z; F A;and Z; = T.
It is easy to see that Z; = A; because A; C chasefig(Ai). We can show that Z; satisfies every
positive inclusion of 7" with similar arguments as those used in [14]. Indeed, if a PT o € 7, is not
satisfied, there is an assertion 8 € chaseﬁg(.Ai) such that « is applicable to 3 in chasefig(fli).
This is impossible given that every PI applicable to g in Sf at step j of the construction of the
rigid chase becomes not applicable to 3 in S¥ for some k > j, since there are not infinitely many
assertions before 8 nor infinitely many Pls applied to some assertion that precedes S because a
PI can be applied only once to a given assertion. Finally, Z; satisfies every negative inclusion of
T because K is consistent. Indeed, if a negative inclusion is not satisfied, this implies that there
is a conflict B in chasef,(A;). If B = {a}, the timed-assertion (a,j) € (A;)o<i<n from which
a has been derived by applying PIs from 7, is clearly inconsistent. Otherwise B = {«, 5} with
a derived from (o/, j), 8 derived from (3, k). If j = k, {(¢/, 7), (8’, k) } is clearly inconsistent. If
j # k, since « and 3 belong to chasefig(Ai), if j # 4 (resp. k # i) there exists o € chaseﬁg(.Ai)
rigid such that a derives from o which derives from o' (resp. " € chasel,(A;) rigid such
that 8 derives from B” which derives from '), so {(¢/,j), (8, k)} is inconsistent because no
sequence of interpretations that respects rigid predicates can be a model of K.

Moreover, the model Ji respects the rigid predicates because if an assertion § of chasefig(Ai)
is rigid, either 8 € A; and by construction 8 € SY = Aj, for every k, or 3 has been derived at
some step j by applying some PI to an assertion of S/ and 3 € S,]jl for every k, so in both
cases 3 € chaseli,(Ay) for every k. O

Lemma 2. If K is consistent, then for any BTCQ ¢ such that N|¢ CNFN K,plEoiff Ie,p = ¢

Proof. Since Jx = (Z;)o<i<n With Z; = (A, -Z7) is a model of K that respects the rigid predicates,
the first direction is clear and we only need to show that if Ji,p |E ¢ then K,p = ¢. Let
J = (T))o<i<n with Z] = (A’, -IZ{) be a model of K that respects rigid predicates. We show by
structural induction on ¢ that if Jic,p = ¢ then J,p | ¢.

If ¢ is a CQ 37 (), we show that if there exists a homomorphism 7 of 37 ¢ (y) into Z,, then
7, = 35 (y). We define a mapping h from A into A’ (we assume w.l.o.g. that A and A’ are
disjoint) as follows:

e for every a € NI, h(a®?) = o

; i / )
e for every zp € Ty, h(x;ﬁ”) = y where (a%r,y) € P,"* (if there are several such ,
choose one of them randomly)

e for every x;'p" p € I'y with [ > 1, h(mlalpl”i’;) = y where (h(lel;l'?."}ff’l’),y) e po(if
there are several such y, choose one of them randomly).
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We first show that h is well defined, i.e., that in the two latter cases there always exists a y
as required by induction on /. In the case of | = 1, since 2, € I'n, by (P1) Pi(a,zp ) €
chasel, (A;,) so by (P8) either (i) (T, A;,) = JwPi(a, ) and since I/, is a model of (T, A;, ),

rig

there is some (a”?,y) € Pfil, or (ii) there exists B := A|3R|3R~ with A € Ngc, R € Ngg, such

that 7 |= B C 3P, and there exists j such that (7,A;) = B(a). In the latter case, since J

is a model of KC that respects the rigid predicates, Z; = B(a), so since Z; is a model of T,
/ ! o

there is some (a’»,y) € P;"*. Then, for | > 1, since 25" p € Iy, by (P4), T =3P, C 3P,

iy 7
It follows that since by induction there is an (x,h(xfll]'g'l'_z_l_}ff’l’)) € P}, then there is some

TR 5 Z;
(M5 )y e B

We then show that h is a homomorphism of Z, into Z),, which implies that & o7 is a homomor-
phism of 354 (y) into I

For every a € NI and concept A, if a¥r € AZr, ie., Aa) € chasemg(/lp), then by (P5),
either (i) (7, A4,) = A(a), and since Z) is a model of (T, A,), then h(a’») = aZr € A%,
or (ii) there exists B := C|3R|3R~ with C € Nrc, R € Ngg, such that 7 = B C A and
there exists j such that (7,A4;) = B(a). In the latter case, since J is a model of K that

respects the rigid predicates, 7)) = B(a) | A(a) so h(a®r) = a®» € A%. For every pair
a,b € N and role P, if (aZ#,b%») € PZ», by (P7), similar arguments can be used to prove that
(h(a®e), h(b™)) = (a®s,b%0) € PTo.

For every x5 1, € Ty, such that xillsl'_i_l_% € A%v ie., A(zll;" p) € chasel,(A,), by (P6) we
are in one of the following cases:

i) 4y = p. y , = - C and by construction of A, gy = Yy wit

i) i By (P3), T = 3P C A and b ion of h, h(zs" h
(h(xillgl‘?_l_}@llf’;),y) € Ple (note that if I = 1, xiﬂ%‘f’_}iil = a). It follows that since 7,
is a model of T, then y € A%».

(ii) there exists B := C|3R[IR™ with C € Nrc,R € Ngr such that 7 = B C A and
chase“g( ) E Bz Zalpl” ). As in case (i), by (P3) and definition of h we have that
h(a:fllpluz )=y € B%i. Since B is rigid, y € BT Tt follows that since 7, is a model of
T, then y € AZ».

For every pair 2,y € I'y and role P, such that (z%r,y%») € PZ» by (P10) x = 33;1191” Py =

i1..4ilil+1 _ i1. ZlZH»l ’L1 7]
Topy. P Pios and TE Py  CPorxz= Topy PP Y = Tabipy and T |: Py; © P~. We can

assume w.l.o.g. that we are in the first case (otherwise we consider (yZr,2%r) € P~=Zr). If i1 =
p, by definition of h, (h(z%?), h(y*r)) € Pl_fl, so since 7/ is a model of T, (h(x®r), h(y™»)) € P,

Otherwise, by (P11), there exists P’ := R|R~ with R € Ngg such that 7 = P43 T PP C P
and P'(z,y) € chaseng(.AilH). With the same arguments as in the first case we show that

(h(zTr), h(y*»)) € P" ”+17 and since P’ is rigid (h(zZ7), h(y%*)) € P'%r. It follows that since 7,
is a model of T, then (h(z%#), h(y»)) € P%.

Finally, if a € NF and z € Ty, (aZr,2%») € P%» only if 2 = 't ap,- 1f 11 = p, by definition of
h, (h(a®?), h(zTr)) € P1 >, Since by (P8) T |= P, € P and Z, is a model of T, it follows that
(h(aZr), h(zT2)) € PTo. If iy # p, by (P9), there ex1sts P’ rigid such that T E AL C PP C P

and since by definition of h, (h(a®»), h(zTr)) € P g , then (h(a®?), h(zT )) e PTi. Since J
respects rigid predicates, it follows that (h(aZ#), h(z%r)) € P'% and (h(a%r), h(zr)) € P%.
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We have thus shown that if Jic,p = Ig¢(7) then J,p = IF¥(5).

Assume that for two BTCQs ¢1, ¢2 such that Nfﬁl C NF and N|¢z C NE, if Jc,p = ¢; then
J.p E ¢ (i € {1,2}). Then:

o If Ji,p = é1 A ¢2 then Ji,p = ¢1 and Tk, p = ¢
so by assumption J,p = ¢1 and J,p | ¢
then J,p = ¢1 A ¢

o If Jc,p |E ¢1V ¢2 then Tk, p = ¢1 or Ji,p = ¢2
so by assumption J,p = ¢1 or J,p = ¢o
then J,p = ¢1V ¢2

o If Jic,p = Oy then p < n and Je,p+ 1| ¢
so by assumption p < n and J,p+1 | ¢

then J,p = O¢r

o If Ji,p = @¢1 thenp=nor Je,p+1FE ¢
so by assumption p=nor J,p+ 1| ¢
then J,p = @¢1

o If Jx,p E Oy then for every k, p < k <n, Jc,k E ¢1
so by assumption for every k, p <k <n, J, k= ¢

then J,p = O¢y

o If Jx,p = O¢1 then there exists k, p < k <n, T,k | ¢1
so by assumption J,k = ¢1

then 7, p |= O¢r

o If Ji,p = ¢1Ugs then there exists k, p < k <n, Jk,k | ¢2 and for every j, p < j < k,
le>j }:(bl
so by assumption J,k |= ¢2 and for every j, p < j <k, J,j = ¢
then j7p ): ¢1U¢2

e O ¢, @ ¢1, 071, O d1, $1S¢2: similar to the corresponding future operators

We conclude by induction that for every BTCQ ¢ such that N? - NfC, if Je,p E ¢ then
J,p E ¢. It follows that if Jic,p = ¢ then IC,p = ¢.

We have thus shown that for every BTCQ ¢ such that Nl‘b CNM KopEoiff Te,pEo¢. O

To show that TCQ answering in Case 3 reduces to TCQ answering in Case 1, we want to
construct in polynomial time a set of assertions R that captures all relevant information about
rigid concepts and roles for consistency checking and TCQ answering, i.e., such that TCQ
answering over K with Nrc # 0, Nrg # () can be done by TCQ answering over (T, (A;UR )o<i<n)
with Nrc = Ngg = (). Without any restriction on the TBox, R may be infinite, as illustrated
in the following example.

Example 4. Consider K = (T, (A;)o<i<n) with T ={AC 3P, 3P~ C3IR, IR~ C IR, RC S}
with S rigid, and (A;)o<i<n with Ay = {A(a)}, and A; =0 for 1 <i < n. A model of K that
respects rigid predicates is such that ¢ = Jz;...x54+15(x1,2) A ... A Sz, 2k+1) holds for any
k > 0 and at any time point. Since with Nrc = Nrg = ), K entails such a query only at time
point 0, R should be such that (7, R) entails such a query, so that (7, (A; UR)o<i<n) entails
it at any time point. Moreover, a model of K that respects rigid predicates can be such that
neither 3z;...x,S(x1, 22) A ... A S(zk, 21), nor IxA(z), 3xyP(z,y) or JzyR(x,y) holds at some
time point ¢ > 0, so R should not contain any cycle of S, or any A, P or R assertions. It follows
that R has to contain an infinite chain of S.
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Therefore we assume the restriction that rigid roles only have rigid sub-roles, i.e., T does not
entail any role inclusion of the form P; C P, with P} := Ry|R], R1 € Nr\Ngr and P2 := Ro|R5,
Ry € Ngrg. This condition avoids that there may be chains of rigid roles in the anonymous part
of Jx that cannot be entailed by a single rigid assertion. In the example above, if rigid roles
only have rigid sub-roles, R has to be rigid, so adding the single assertion R(z,y) to every A;
is sufficient for ¢ = Jzq.. 241 R(z1,22) A ... A R(z), xk41) being entailed at every time point
for any k > 0, thus sufficient for ¢ = Jz1...25115(x1,22) A ... A S(zg, Tr11) being entailed at
every time point for any k£ > 0 since R C S.

Proposition 4. Let R be as follows:

R :{A(a) | Ae NII'\?Cva € NlKv 37;3 <T7 -AZ> ’:bmfue A(a)} U
{R(a,b) | R € NEg,a,b € N, 3i, (T, A;) Ebrave R(a,b)} U
{P(a,z.p) | R € N’RCR,P :=R|R™,a € NfC,Hi, (T, A Ebrave JxP(a,z)} U
{A(‘rpl) | Se N’RC\NllgRa-Pl = S|S_7A € N}Rccv
Eliv <T7 Az> ':brm;e 3173/1:)1(1’734) and T ': ElPl_ E A} U
{Py(xp,,2p p,) | S € NK\NRg, P := S|S™,R € NKz, P» := R|R ™,
3, (T, A;) Evrave JxyPi(z,y) and T |E 3P C IPs}

The set R is computable in polynomial time and such that

1. K is consistent iff Cr = (T, (A; UR)o<i<n) s consistent with Nrc = Nrg = 0, and

2. for any BTCQ ¢ such that N? CNF, K,pE ¢ iff Cr,p | ¢ with Nrc = Ngr = 0.

The size of R is polynomial in the size of Ng, N’,—\?, and N,’C, and since atomic query answering
under brave semantics as well as subsumption checking can be done in polynomial time, R can
be computed in P. The first three parts of R retain information about the participation of in-
dividuals of N,’C in rigid predicates. The last two witness the participation in rigid predicates of
the role-successors w.r.t. non-rigid roles, thus take into account also anonymous individuals that
are created in chase,ig(K) when applying PIs whose right-hand side is an existential restriction
with a non-rigid role. Note that the individuals created in chase,ig(K) when applying such a PI
with a rigid role are witnessed by the x,p or xp, p, if they do not follow from a rigid role asser-
tion, and do not need to be witnessed otherwise, since the assertion Py(zp,,zp, p,) is sufficient
to trigger all the anonymous part implied by the fact that xp, p, is in the range of P». We use the
brave semantics to define R because there is no guarantee that every (7, .A;) is consistent, and
everything would be entailed under classical semantics if it is inconsistent. The brave semantics
allows us to derive any relevant fact because if some fact is entailed from some (7,.4;) under
the classical semantics but not under brave semantics, this means that (7, .4;) is inconsistent,
so K is already inconsistent with Ngrc = Ngg = 0, and K is also inconsistent since (T, 4; UR)
is inconsistent (and in this case any BTCQ ¢ is entailed from both K and Kz at any time point).

We break the proof of Proposition 4 in several lemmas.

Lemma 3. K is consistent iff K is consistent with Nrc = Ngr = 0.

Proof. Kr is consistent with Nrc = Ngg = 0 iff each (7, A; UR) is consistent by Proposition 1.
We show that KC is consistent iff each (7,.4; UR) is consistent.

If K is not consistent, let B be a conflict of L. Then B is either internal to some A4;, and
(T, A; UR) is inconsistent, or is of the form B = {(«, %), (5,7)} with ¢ # j. In the latter case,
{a, B} violates some negative inclusion of the closure of the TBox that involves at least a rigid
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concept A or a rigid role R by assigning an individual a (or two individuals a, b) to two disjoint
concepts (or roles). We can then assume w.l.o.g. that (T, «a) = A(a) (resp. (T,«a) = JxR(a, x),
resp. (T,a) E JzR(x,a), resp. (T,a) = R(a,b)). It follows that (T, A;) Eprave A(a) (resp.
<T7 Az> ':brave EIR(CL?J;)v resp. <T7 A1> ':brave EIxR(z,a), resp. <T, A1,> ':brave R(a, b)) since
is consistent (otherwise {(a, ), (5,7)} is not a conflict). By construction of R, A(a) € R (resp.
R(a,zq.r) € R, resp. R(z,r-,a) € R, resp. R(a,b) € R), so (T, A; UR) is inconsistent.

In the other direction, if there exists i, 0 < i < n, such that (7T, .4; UR) is inconsistent, let B
be a conflict of (T,A; UR). If B is internal to A;, K is clearly inconsistent. Otherwise B is
of the form {«a, 8} and involves at least an assertion of R. The assertions « and 8 assign an
individual « to two disjoint concepts (that may be existential restrictions of roles) Cy, Cs or two
individuals z,y to two disjoint roles Ry, Ry. Suppose for a contradiction that x appears only
inR. If & = x,p (vesp. © = p, p,), since P(a,z,p) (vesp. Po(xp,,2p, p,)) is the only assertion
of R that contains z, it implies that 3P~ (resp. 3P, ) is unsatisfiable. This contradicts the
fact that there exists j such that (7, A;) FEbrave 3P(a,z) (resp. (T, A;) Fbrave J2yPi(x,y)
and 7 |= 3P C 3P;). If x = zp, since xp, appears only in concepts that subsume 3P|,
it implies that 3P, is unsatisfiable, which contradicts the fact that there exists j such that
(T, A;) Ebrave 32y Py (z,y). It follows that x € NI, Since o or B is in R, at least one of Cy,Cs
(or Ry, Ry) is rigid. Let ¢, be a cause for the brave entailment that triggered the addition of «
to Rif a ¢ A; (in this case ¢, belongs to some A;_ ), and otherwise (cq, jo) = (e, ), and cg be
a cause for the brave entailment that triggered the addition of 5 to R if 8 ¢ A; (in this case g
belongs to some A;,), and otherwise (cg,jg) = (3,4). Then {(cq,ja), (cs,J5)} is a conflict of
K because ¢, and ¢z have for consequence that a (or a,b) is assigned to two disjoint concepts
(or disjoint roles) such that at least one of them is rigid. O

We now assume that K and Kr are consistent. Note that if it is not the case, they both trivially
entail any BTCQ. The brave entailments in the construction of R correspond thus to classical
entailments. The two following lemmas show that if a Boolean conjunctive query ¢ = 359 (¥)
is such that Nf C NF, then Kr,p E qiff K,p Eqiff T, E q.

Lemma 4. If ¢ = 3§¢(y) is such that N} C NI, if Kr,p = q then I, = q.

Proof. Assume that Kr,p = 37¥(7), ie., (T,(Ap UR)) = Fy¢(y) (since Nrc = Ngrr = 0).
Let I = (AII12 I ) be the canonical model of (7, (A, UR)). There exists a homomorphism
7 of 7Y (Y) into I;z. We first define a mapping o from {acI;Q | 2 € NF or occurs in R} into

{a?r | € N UT N,z occurs in chasel,(Ap)} (we assume that A and AT are disjoint) as
follows:

. a(aI;z) = al» for a € NJ

R
e o(z,}) = x¥» such that P(a,z) € chasef,(Ap)
R
e o(zy ) =z’ such that there exists P(y, ) € Ui, chasef,(A;)
R e IR

e o(zp) = a’r such that P'(y,x) € chasek,(A,) with o(zp ) = y*»

rig
Claim 1. o is well defined:

If z,p occurs in R, there exists ¢ such that (T,.4;) E JzP(a,z), and since Z; is a model of
(T, A;), there is some P(a, z) € chaseﬁg(Ai). Moreover, since P isrigid, P(a,z) € chasefig(Ap).
If p occurs in R, there exists ¢ such that (T, A;) = JxyP(z,y), so since Z; is a model of
(T, A;), there exist z,y € N UTy such that P(y,z) € chaseﬁg(.Ai). Moreover, x occurs
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in chaseﬁg(/lp) because there exists B := A|JR|FR~ with A € Ngrc and R € Ngg such that

T =3P~ C B, so there is a rigid assertion § = B(z) such that 8 € chaseﬁg(Ap).

IT\’.
If 2pps occurs in R, zp occurs in R, so there exist i and y € NFUT y such that P(y,o(zp )) €

chasel, (A;), and since by construction of R P’ is rigid and such that 7 |= 3P~ E 3P’ and
R
7, is a model of T, there exists + € NF UT'y such that P’(a(xII;“ ),x) € chasefi:g(/li), and
R
P’(a(xlIf ),x) € chasefig(Ap).

Claim 2. o is a partial homomorphism of I;z into Zp,:

For every a € NI and concept A, if % € AT , since IZQ is the canonical model of (7, (A,UR)),
(T, (A, UR)) = A(a). Let {a} be a cause for A(a). If o € Ay, a € chasek,(A,), so since Z,

rig

is a model of 7 and (T, @) E A(a), a(azf) = a?» € A%». Otherwise a € R and is either of
the form A’(a) with A" € Nre, P(a,b), or P(a,x,p) with P rigid. In the two first cases, there
exists ¢ such that (7,.4;) = « so since Z; is a model of (T, 4;), a € chasefig(/l,;). Since « is
rigid, o € chasel,(A,) so since Z,, is a model of 7 and (T, a) |= A(a), U(az;z) = atr € Al».
If o« = P(a,z,p), there exists ¢ such that (T, A4;) = JzP(a,z). Since Z; is a model of (T, A4;),
there is some P(a,x) € chasegg(.Ai). Since P is rigid, P(a,z) € chasefig(./lp) so since Z, is a
R

model of T and (7, P(a,z)) = A(a), o(a®» ) = a®r € AT».

For every pair a,b € NfC and role P, if (aI;2 , vTr ) € PLS , we can use similar arguments to show
that (o(a%r ), o(b% )) = (a%r,b%) € PTr.

. . IX R . .
For every zqp that occurs in R and A € N¢, if )}, € Ay | since IZ} is the canonical model of

(T, (ApUR)), (T, (A, UR)) = A(z.p). Let {a} be a cause for A(z,p). By construction, the
only assertion of A, UR that involves z,p is P(a,z,p) so a = P(a,z.p) and (T, P(a,z.p)) =

R
A($a£)~ Since a(xfpp) = x?» is such that P(a,z) € chaseﬁg(flp) and 7, is a model of T, then
a(xf’l’g) € Al».

For every a € NI, 2 ¢ NI that occurs in R, and role P, if (azr?,xzf) € PIZ}, since IZ} is the
canonical model of (T, (A, UR)), (T, (A, UR)) = P(a,x). Let {a} be a cause for P(a,z). By
R
construction of R, x = z,p,, and o = Py(a,z.p,) so by definition of o, (cr(aI;z), 0(:17573113)) €
R
Plz". Since (T, Pi(a,z)) = P(a,z) and Z, is a model of T, it follows that (a(azz?), a(xfpplp)) €
P,
R
For every xp, that occurs in R and A € N¢, if a:II;; € AT , since I;z is the canonical model of
(T, (Ap,UR)), (T, (A,UR)) E A(xzp,). Let {a} be a cause for A(zp,). By construction, either
a= A'(zp,) with A’ € Ngc and T = 3P C A, or a = Py(wp,,2p,p,) With P, rigid and T =

R
JP; C 3P,. Since J(xi’i ) = x%» is such that there exists i such that Pj(y, ) € chasefig(fli)

and Z; is a model of T, then A'(z) € chasefig(/li) (resp. there is some Ps(x, 2) € chasefig(Ai)).
Therefore A'(z) € chasef,(Ap) (resp. there is some Py(z,2) € chasef,(Ap)). It follows that

R
O’(xf;; ) € AT because I, is a model of 7.

R
For every zp, p, that occurs in R and A € N, if wiﬁ p, € ALY , since I;z is the canonical
model of (7, (A, UR)), (T,(A, UR)) E A(xzpp,). Let {a} be a cause for A(xp,p,). By
R

7,

. R — . Z
construction, a = Pa(zp,, 2p, p,), I is rigid, and 7 = 3P € 3P, Since o(xp p,) = 277 such

R
that there exists Pa(y,z) € chasefig(Ap) (with yor = J(xi’l’ )) and Z, is a model of T, then
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zy z
o(zp p,) € A™.

Finally, for every x,y ¢ NI that occur in R and role P, if (xIZ},yIZf) € PI;Z, since I;z is the
canonical model of (T, (A, UR)), (T, (A, UR)) = P(z,y). Let {a} be a cause for P(z,y).
By construction ¢ = zp,, y = xp,p,, @« = Pa(xp,,zp p,), and Ps is rigid, so as previously,

R R
(0(2 ), 0(a p,) € PP,

Claim 3. o can be extended to a homomorphism ¢’ of I;a into Zp,:

Since Z¥ is the canonical model of (T, (A,UR)), Z,, is a model of T, and o preserves the concept
or role memberships, we can extend ¢ to a homomorphism ¢’ of IZ} into Z,, by mapping the
anonymous part of ZX rooted in T € {xI;Z | x € NI or occurs in R} to the part of Z, rooted

in U(xzr?).

It follows from Claim 3 that o’ o 7 is a homomorphism of 37 (%) into Z,. We have thus shown
that if Kr,p = 3IFY(Y) then Z, = ¥ (y). O

Lemma 5. If ¢ = 35¢(§) is such that N} C N}, if T, = q then Kr,p = q.

Proof. Assume that Z, = 37y (¥), i.e., there exists a homomorphism 7 of 35 (y) into Z,. Let
r = (AI;Q, I;z) be a model of (T, (A; UR)). We define a mapping h* from {z’r | z €
NF U Ty, 2 occurs in chaseX, (A,)} into ATY (we assume that A and AT are disjoint) as

rig
follows:

R
o for every a € N, hR(alr) = aZr

; 1 o ; oA
e for every z;/p with iy # p and Py is rigid, hf(wiﬁ”) =T,p,
o for every xf#,’l'f’. p, With [ > 1, such that every i; # p, and P, is rigid and F,_; is not rigid,

. . R
R 11"-7'11-1) _ Ip
hp (xaPl...Pl) =Tp_.p

e for every 3321151'?_’_ p, With [ > 1, such that every i; # p, and P is rigid and P,_; is rigid,
h (mflllgl‘_l.‘.%) =y where (hJ¥ (:czlj—j;l'.l.l_}f‘;), y) € P, (if there are several such y, choose one
of them randomly).

.0 . - i1... 4T, A
o for every ;"  such that every i; # p, and P; not rigid, hi¥ (x5 " 5) = 2

i . i1t T i1t T,
o forevery 5", such that there exists i; = p, h¥ (2,5 ") = y where (WX (x5 5 77),y) €

R
PZI” (if there are several such y, choose one of them randomly).
Claim 1. h;z is well defined:

. . R
e Case r.'p with i) # p and P is rigid, h?(xiﬁp) = mfg’glz

The individual z,p, appears in R because xilpl € I'y only if 3zPi(a,x) is entailed by
some (7, A;) by (P1) and (P8).

e Case ;vf'll}'p'l'.i""Pl with [ > 1, such that every ¢; # p, and P, is rigid and F,_; is not rigid,
Ry driiTpy TN
MR = e o
The individual zp,_, p, appears in R because P, is rigid, P,_; is not rigid, and since



4 COMPLEXITY ANALYSIS FOR DL-LITER 23

xZII;I{I‘PL € I'y then by (P4) 7 =3P, C 3P, and by (P2) and (P12) there is some j
such that (7, A;) = JzyP_1(z,y).

o Case xf#,‘l‘f’ p, With [ > 1, such that every i; # p, and P, is rigid and P is rigid,

I I Iy
hi (@ aPIZLF{;) =y where (hf(z aPIZlPl,_Zl))ﬂy) ep”:
. . R
We show that there is always such (h;z(xf;];l'.l_’_}f’l’ ), y) € PZZ" by induction on the length
length = | — r of the sequence of rigid roles P....P,_;.

- If length = 1, we are in one of the following cases:
: 1 and hR cti—1Zpy I;Z Th Iy Iy PIZ} b IR :
(i) r > 1 an ( aPl Pz ")=2zp _,p_,- Then (xp xp  p )€ P because

a model of R. Since z;/5" p, € I'n, by (P4) T |= 3P, E 3P, so since I is a model of

T, there is some (hf(xfllpl?_l_l%%’;),y) € P, o

(ii) 7 = 1 and hJX (z aPlnpllI’l’) = hi¥(x Zlgf) = xfp is such that (a” , aP ) € P1 because
Pi(a,z.p,) € R. Since xf#{f& € FN, T | 3P C 3P, by (P4), so since Z* is a model of

IR
T, there is some (z,p ,y) € P 4

- Then for length > 1, T | 3131_1 C 3P, by (P4). It follows that since by induction
. . R
there is an (z, hz,z(xf;[;;l‘il}f‘;)) € Pl pl, then there is some (h¥(x alpl “Pf’i), y) € PZI” .

i 'Lle) IR.

p, such that every i; # p, and P, not rigid, hJ¥ (x alpl p)=Tp

Since T does not contain any role inclusion of the form P’ C P with P’ := Ry|R], R; €
Nr\Ngrgr and P := Rs|R;, Ro € Ngrg, and P, is not rigid, there is no P such that P, C P

and P is rigid. Therefore since i; # p, there is no P such that P(z,, ”Pl, Lalstp) €
chasel, (Ap) so ! lPl occurs in chasel,(Ap) only if there is B := A|3JR|3R~ with
A € Ngc, R € Ngg such that chaseng( p) E B(zp " p). By (P3) T =3P C B, and
by (P2) and (P12) there is some j such that (7, A4;) = Jay Py (z,y). It follows that zp,

appears in R.

e Case xap

il,..il . . R il...ile _ R il...il,llp
e Case z,5" p such that there exists i; = p, hy (z,p 5 ) =y where (b, (x,p p~"),y) €
R
PZP .

R

We show that there is always such (hX(z lelll PllIl) y) € PZ" by induction on the length

length =l —r of the chain of roles that links P, p, to the first individual x“P A 'p, such

that i, = p:

- If length = 0, then 4 = p and there is no j < [ such that i; = p. We

J

are thus in one of the following cases: either (i) hJX(z aPlzl];]IZI) = aI§7 or (ii)
Ry i1 -1Ty I;a Ry G111y IR Ry Gii—1Lpy -
hy (z,p P ") = x,p,, Or (111) hy(x,p ") =25 p_ . or (iv) h, (z,p, 5 ") is such
that (W (o2 7). W 7)) € P or (v) WG 3T = o

a aP1 P_s H.Pl P -1 or aP1 P xPL 1°
()1f hi(x aPl” PIZI‘;) = % : by definition of X, :1151'?.1.}@11_1 a, so a;fllp pPZ = alp . Since

vp €N, by (P1) Pl(a,xapl) G chase“g(Ap). By (P8) either (a) (T,A,) = 3z Pi(a, x),

so there is some (aIP ,Y) € Pl” because I is a model of (T, Ap), or (b) there exists
B := A|3R|3R~ with A € Ngc, R € Ngg, such that 7 |= B C 3P, and there exists j such
that (T, A;) = B(a). In the latter case, R = B(a) by construction of R, and since Z is

R
a model of R, I |= B(a). Since Z* is a model of T, there is some (azf, y) € Plz" .
R
(i) if hJ¥(x aPlquI;) = acfppl' by definition of A, ZPIMPI, .= al, and Py is rigid.

By (P1) Pl(a,xalpl) € chasel,(Ai)), so by (P8) either (a) (T, A;,) = 3xPi(a,z), so
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Pi(a,z.p,) € R since Py is rigid, or (b) there exists B := A|3R|FR~ with A € Ng¢, R €
Ngr, such that 7 }= B T 3P; and there exists j such that (7, A;) = B(a). In the latter

7?_
case (T, A;) = 3zPi(a,x), so Pi(a, xapl) € R. In both cases, (aIF , aPl) € P1 since
I is a model of R. Moreover, since . arp = ataPlP2 € FN, by (P4) T =3P, C 3P,
R

I’
so since Z* is a model of T, there is some (,}, ,y) € P2

. . R
ceey s Ry 1ii—1Zpy Z, . e . .
(i) if hy (z,p,  p ") = =p_,p,_,: by definition of R, since xp_,p_, appears in R,
r Iy Iy i1
P D 3 1---%1
Pi1(zp_y7p_,p_,) € Ry s0 (x5 25 p ) € P Since 5" p € I'n, by (P4)
R R

. T z
T = 3P_, C 3P, so there is some (v, ,p ,y) €F".

. z, z e i

(iv) i (A (e B 0) i (a  p0)) € Pifye since 25" 5 € T, by (P4) T
. . R

3P, C 3P, so there is some (hz,z(xf;];l'f'}f’:), y) € PZI" :

i1-1Tp A . ) T ...
(v) if B (x alpl ') = xp_: by (P2) and since i = Pz, p 5 2ap?t p) €
chaseng(.Ap). By (P6), since chasemg( p) | 3P(x5 "5 ) and iy # p, there
exists B := A|3R|EIR_ WlthA € Nrc,R € Ngg, such that 7 = B C 3P and
chasemg(Ailfl) = B(:c;l]‘g‘l'_z_’_}flil). By (P3), T =3P_, C B, so R = B(xp,_,) (since
zp,_, occurs in R and B is rigid), so (T,R) |= JxP(xp_,,x). Since I is a model of

R R
(T, R), there is some (xII;l’ Y € PI” .
- Then for length > 0, since 205", € Ty, by (P4) T |= EiPl_1 C 3p. It fol-

lows that since by induction there is an (z, b (x ;lplu 7 Il)) € Pl 1, then there is some

T r
(h¥ (= apl“Pj_f;),y) ep”.

Claim 2. hl¥ is a homomorphism of Z, into Z7%:

For every a € NI and concept A, if a’» € A'r, ie., A(a) € chasef,(A,), then by (P5),
cither (i) (T, A,) = A(a), and since I is a model of (T, A,), then hfX(a®r) = a¥r € AT,
or (ii) there exists B := C|3R|3R~ with C € Nrc, R € Ngg, such that 7 = B C A and
there exists j such that (7, A4;) = B(a). In the latter case R |= B(a), so since I} is a
model of R, Z¥ = B(a) |= A(a). It follows that h¥(a’») = o’ € A% . For every pair
a,b € N and role P, if (aZ#,b%») € PZ», by (P7), similar arguments can be used to prove that
(hR(a®r), AR (b%)) = (a7 b7 ) € PTr .

For every 332113'“ p, € I'nv, such that :vf;};'i’% € A%» by (P3), T = 3P C A, and by construction

IR
of hl¥, KX (x lelull) = y such that either (i) there exists (x,y) € P;” , so since Z* is a model
R

of T,y € AI;Q, or (ii) y = xlzgl , P, is not rigid and for every i;, i; # p. In the latter case
by (P6) there exists B := C|3R|3R™ with C € Nrc, R € Ngr, such that 7 = B C A and
chasel, (Ai,) = B(zs" p). By (P3) T = 3P £ B, so by construction of R, R = B(xp,)

and (T,R) = A(xzp,). It follows that y € AT

For every pair 2,y € I'y and role P, such that (z%r,y%») € PZr by (P10) x = 33;1191” Py =
$21#14?.l.%7;)1+1 and T ': ‘Pl+1 E P orxr = xllP 71”1113?»}"]_#1’2; :1,1131” P, and T ': ‘Pl+1 E P We

can assume w.l.o.g. that we are in the first case (othervvlse we consider (y%

v zlr) € P~Iv ) If
iry1 = p, by definition of A%, (R (z*r), R (y*")) € Pl+1 Otherwise, by (P11), there exists
P’ := R|R~ with R € Ngg such that T = P41 C P’ C P and P'(z,y) € chaserlg(AilH). In

this case, there are several possibilities:
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(i) P, isnotrigid: given that T = Py1 C P’ and P’ isrigid, P41 is rigid by our hypothesis on
R R
the TBox. It follows that hX(yr) = xIID’l’PHl If there is no i; = p, then A% (a%r) = x}I,’l’ S0
since Py1(zp,,zpp,,) € R, (hR( r), kR (y*)) € Pl . Otherwise there is some i; = p,
and (hX(a%), W (yT*)) € l+1 by definition of A[¥.

R

(ii) P, is rigid: hJX(y*») is such that (h;z(ngf), h;}(yI;})) € Pffl

R
Since in any case (hJX(z7»), kX (y*r)) € Pli”l and T is a model of T, (R (z*), kX (y*»)) € P

Finally, if a € NF and = € Ty, (a®r,2%») € PZr only if 2 = ! ap,- 1f 11 = p, by definition of

R
R, (hR(a%r), hR (%)) € P{* and since by (P8) T |= Py C P, (hR(a%), hR (a%)) € P% . It
i1 # p, by (P9), there exists P’ rigid such that 7 = Py C P’ C P, so by our hypothesis on
the TBox P; is rigid. By (P1) and (P8), there 1s some j such that (T, A;) = JzPi(a,x), so

Pi(a,xap,) € R so (R} (a®r), Al (aTr)) = (aIP ,xaP )€ P1 . Thus (R} (a®), X (aTr)) € j2

It follows from Claim 2 that hZf o is a homomorphism of 37 (¥) into I;z, so we have shown
that if 7, = 374 (¥) then Kz, p = I7¢(9). O

Now that we have shown that K and Kr with Nrc = Ngr = 0 entail the same BCQs, we show
by induction on the structure of the BTCQ ¢ that if Nf) C NF, then K,p | ¢ iff Kr,p E ¢
with Nrc = Ngrg = 0. It follows that TCQ answering over K in Case 3 can be done by TCQ
answering over [ in Case 1 and pruning answers that contain individual names not from Nfc.
Note that a model of g is a model of K but does not respect rigid predicates in general.
We can reduce BTCQ entailment over K with rigid predicates to BTCQ entailment over g
without rigid predicates only because our TCQs do not allow LTL operators to be nested in
existential quantifications. This prevents existentially quantified variables to link different time
points. Otherwise a query as Jzy(R(a, z) AR(z,y)) with T = {B C 3R, 3R~ C 3R}, R € Ngrr
and A; = {B(a)} would be entailed from K but not from g with Ngr = 0. Indeed, in this case
R ={R(a,xqar)}, 80 ,r may have a different R-successor in each interpretation of a model of
K and y cannot be mapped to the same object at every time point.

Lemma 6. If a BTCQ ¢ is such that N? C N, then K,p = ¢ iff Kr,p = ¢ with Nrc = Nrr =
0.

Proof. By Lemma 2, KC,p | ¢ iff Jic,p E ¢. We show by induction on the structure of ¢ that

If ¢ = IFY(¥), since Nfi’ C NF, by Lemmas 4 and 5, Ji,p = ¢ iff Kr,p = 6.

Assume that for two BTCQs ¢1, ¢ such that N?l C NF and Nsz CNF, T, p E ¢i it Kr,p = ¢
(¢ € {1,2}). Then:

o Ji,p = d1 Ao iff Tic,p = ¢1 and Jic,p = é2
iff Cr,p = ¢1 and Kr,p = ¢2
iff Cr,p |E ¢1 A ¢2 by Proposition 2 (Ngc = Nrr = @)

o T, o1V o iff Te,p = é1 or Ti,p = 02
iff Cr,p = ¢1 or Kr,p = ¢2
iff Kr,p E &1V ¢2 by Proposition 2 (Ngc = Nrgr = 0)
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o J.pEO¢1 iff p<nand Je,p+ 1 ¢
iff p<nand Kr,p+1FE ¢
iff Kr,p E O¢1 by Proposition 2 (Nrc = Nrr = 0)

e Jk,p = @¢ iff p <n implies Jx,p+ 1= ¢
iff p < n implies Kz, p+ 1 E ¢1
iff Cr,p E @¢1 by Proposition 2 (Nrc = Ngr = 0)

L4 jK:vp ': D¢1 iff for every ka p < k < n, j](:7k ': ¢1
iff for every k, p <k <n, Kr,k E ¢
iff Kz, p = O¢1 by Proposition 2 (Nrc = Nrr = 0)

o Jic,p = Oy iff there exists k, p < k <n, Jc,k |E &1
iff there exists k, p < k <n, Kr,k E ¢
iff IC’R7p ': <>¢1 by Proposition 2 (NRC = NRR = w)

o Jic,p = $1Ugy iff there exists k, p < k < n, Jk,k | ¢2 and for every j, p < j < k,
j]Caj ): ¢1
iff there exists k, p < k <n, Kr,k = ¢2 and for every j, p < j <k, Kr,j E ¢
iff Kr,p E $1Ugs by Proposition 2 (Nrc = Ngrg = 0)

e O ¢1, @ @1, O 1, O~ 1, Pp1S¢o: similar to the corresponding future operators

We conclude by induction that for every BTCQ ¢ such that Nfb CNF KpEoiff Kr,p E
¢ O

Theorem 1 states the complexity results for the classical semantics as we will use them for the
complexity analysis of the inconsistency-tolerant semantics. They follow from known results
and Proposition 4. Note that for data complexity, we will need only the P upper bound implied
by the ALOGTIME-completeness of TCQ answering.

Theorem 1. If T does not entail any role inclusion of the form Py T Py with Py := Ry|R7,
Ry € Ng\Ngr and P2 := Ro|R5, Ry € Ngg, then consistency checking is in P w.r.t. combined
complexity and TCQ answering is in P w.r.t. data complexity, and NP-complete w.r.t. combined
complexity.

Proof. Tt has been shown in [12] that TCQ answering is in ALOGTIME C P w.r.t. data com-
plexity.

The NP membership of TCQ answering in Case 1 (Nrc = Ngr = ) for combined complexity
follows from the rewritability results of [10]. We describe how to guess a certificate that IC,p = ¢
that can be checked in P. A certificate consists of:

e a sequence of functions (v;)o<i<n that associate to each BCQ ¢ of ¢ true or false, and

e for each BCQ ¢ of ¢ and time point 4, if v;(g) = true: a rewriting ¢’ of ¢ that holds in A;
together with the rewriting steps that produce ¢’ from g and 7, and a variable assignment
that maps ¢’ in A;.

There are polynomially many pairs of a time point and a BCQ, and the number of steps
required to produce each ¢’ from ¢ is polynomial, so the certificate has a polynomial size and
checking that each ¢’ is indeed a rewriting of ¢ and holds in A; can be done in polynomial
time. Moreover verifying that the propositional LTL formula obtained by replacing the BCQs
by propositional variables is satisfied by the sequence of truth assignments that assign the
propositional abstraction of ¢ to v;(q) is in P because the formula does not contain negation.
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AR IAR brave AR TAR brave
Case 1 (Nrc = 0, Nrr = 0) coNP-c inP inP IT5-c NP-¢ NP-c
Case 2 (Ngrc # 0, Nrg = 0) coNP-c in P NP-c I1%-c NP-¢ NP-c
Case 3* (Ngrc # 0, Nrr # 0) coNP-c in P NP-c I1%-c NP-c NP-c

Figure 1: Data [left] and combined [right] complexity of BTCQ entailment over DL-Litex TKBs
under the different semantics. *. only with rigid specializations of rigid roles

For the NP upper bound of BTCQ entailment in Cases 2 and 3 (if 7 does not contain any
role inclusion of the form Py T P, with P; := Ry|R;, R1 € Nr\Nrr and P» := Rs|R;,
Rs € Nrr), we compute R in polynomial time then check whether ¢ is entailed from Kz with
Nrc = Nrr = 0.

The NP-hardness comes from the atemporal case. U
We have shown that disallowing negations in the TC(Q makes the combined complexity of TCQ
answering drop from PSPACE to NP and that rigid concepts and roles can be handled by adding

a set of assertions that captures all relevant information about rigid assertions to each ABox of
the TKB.

4.2 Complexity of inconsistency-tolerant TC(Q answering

We now turn our attention to the inconsistency-tolerant semantics.

Theorem 2. The results in Figure 1 hold.

We break the proof of Theorem 2 in several propositions. First, the following lemma shows
that verifying that a sequence of ABoxes is a repair of I is in P.

Lemma 7. Verifying that a sequence of ABoxes (A})o<i<n 15 a repair of KC can be done in P.

Proof. We show that (A])o<i<n is a repair of K as follows (consistency checking is in P, cf.
Theorem 1):

e For every i, check that A, C A;,
e Check that (A})o<i<n is T-consistent,

e For every (o, j) € (Ai)o<i<n\(Aj})o<i<n, check that (A})o<i<nU{(a, j)} is T-inconsistent.
]

The complexity results for AR semantics follow straightforwardly from Lemma 7 and the com-
plexity of TC(Q answering under classical semantics.

Proposition 5. AR TCQ answering is coNP-complete w.r.t. data complezity, and I15-complete

w.r.t. combined complexity.

Proof. For the upper bounds, we show that a BTCQ ¢ is not entailed under AR semantics from
a TKB K by guessing a repair (A})o<;<n of K that does not entail ¢. Checking that (A})o<i<n
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is a repair can be done in P by Lemma 7, and checking that (T, (A})o<i<n) ~ ¢ is in P w.r.t.
data complexity and coNP-complete w.r.t. combined complexity (Theorem 1).

The lower bounds come from the atemporal case [20, 9. O

For TAR semantics, we show that the intersection of the repairs can be computed in polynomial
time because in DL-Liteg TKBs the size of the conflicts is at most two. The complexity of IAR
TCQ answering is then the same as that of the classical semantics.

Proposition 6. ITAR TCQ answering is in P w.r.t. data complexity, and NP-complete w.r.t.
combined complexity.

Proof. For the upper bounds, we compute the conflicts of I in P by checking the consistency
of every timed-assertion and pair of timed-assertions, then answer the query in P w.r.t. data
complexity, NP w.r.t. combined complexity, over the TKB from which they have been removed.
Indeed, we show that the intersection of the repairs of K is obtained by removing the conflicts of
K. If a timed-assertion («, ) is inconsistent it cannot be in a repair, and if (@) is consistent, if
there exists (8, j) consistent such that {(«,1),(8,4)} is inconsistent, («,%) is not in the repairs
that contain (8, j). In the other direction, if (¢, ) does not appear in some repair (A})o<;<y, of
IC, since the repairs are maximal, (A})o<i<, U{(c,?)} is inconsistent so (c, %) is in some conflict

of K.

The lower bound comes from CQ entailment in the atemporal case. O

For brave semantics, the combined complexity follows from Lemma 7 and Theorem 1.

Proposition 7. Brave TCQ answering is NP-complete w.r.t. combined complezity.

Proof. For the upper bound, we show that a BTCQ ¢ is entailed under brave semantics from
a TKB K by guessing a repair (A})o<i<, of K that entails ¢ together with a certificate that
(T, (A})o<i<n) E ¢ (cf. Theorem 1). Checking that (A%)o<;<n is a repair can be done in P by
Lemma 7, and checking the certificate that (T, (A})o<i<n) = ¢ is in P as in proof of Theorem 1.

The lower bound comes from CQ entailment in the atemporal case. O

The data complexity of brave semantics is less straightforward. Indeed, the data complexity
upper bound for brave CQ answering relies on the fact that the size of the minimal sets of
assertions that support the query is bounded by the query size, which is not true in the temporal
setting (e.g., consider ¢ = A(a), which needs n assertions to be entailed). Moreover, while
brave BCQ entailment is tractable in the atemporal setting, we show that if rigid concepts are
allowed, brave BTCQ entailment is NP-hard.

Proposition 8. If Ngc # 0, then brave TCQ answering is NP-complete w.r.t. data complexity.

Proof. The upper bound comes from the combined complexity.

We show the lower bound by reduction from SAT. Let ¢ = C; A ... A C,, be a CNF formula
over variables x1,...,x,,. We define the following problem of BTCQ entailment under brave
semantics, with two rigid concepts 7" and F. Let K = {T, (A;)1<i<n} be such that:

T ={3Pos C Sat, INeg C Sat, 3Pos” CT, INeg” C F, T C ~F}
A; ={Pos(c,z;) | z; € C;} U {Neg(c,z;) | ~z; € C;} for1<i<n

Let ¢ = O~ Sat(c). We show that ¢ is satisfiable iff IC,n Fprave ¢. Indeed, since T and F
are rigid, a repair (A})o<i<n of K is such that each z; has only Pos or Neg incoming edges in
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(A})o<i<n. We can thus define a valuation v of the variables such that v(z;) = true if (A})o<i<n
does not contain any timed-assertion of the form (Neg(c,z;), k), v(z;) = false otherwise. The
clause C; is satisfied by v iff there exists x; such that either x; € C; and v(z;) = true or -z; € C;
and v(z;) = false, so iff there exists x; such that either Pos(c,z;) € A or Neg(c,z;) € A;, so
iff (T, (A})o<i<n),i = Sat(c). It follows that ¢ is satisfiable iff there exists a repair (A})o<i<n
of K that entails ¢ at time point n. O

It remains to show that in Case 1, brave TCQ answering can be done in polynomial time. We
describe a method for brave BTCQ entailment when Ngc = Ngg = @) that proceeds by type
elimination over a set of tuples built from the query and that represent the TCQs that are
entailed at each time point. First, we define the structure on which the method operates. We
consider the set L(¢) of leaves of ¢, that is, the set of all BCQs in ¢, and the set F(¢) of
subformulas of ¢. In what follows, we identify the BCQs of L(¢) and the BTCQs of F(¢) with
their propositional abstractions: if we write that a KB or a TKB entails some elements of L(¢)
or F(¢), we consider them as BCQs or BTCQs, and if we write that some elements of L(¢)
or F(¢) entail others, we consider the elements of L(¢) as propositional variables and those of
F(¢) as propositional LTL formulas built over these variables.

Definition 8. A justification structure J for the BTCQ ¢ in the TKB K is a set of tuples of the
form (iaLnowaFnowanrcvaFncxt)a where 0 S 1 S n, Lnow g L(¢)7 Fnow g F(d))a Fprcv g F(d))a
and Foext C F(¢).

Note that the size of a justification structure for ¢ in K = (T, (A;)o<i<n) is linearly bounded
in n and independent of the size of the ABoxes. A tuple (¢, Lnow; Frow, Fprevs Fnext) 18 justified
in J iff it fulfils all of the following conditions:

1. <Ta Az> ):brave /\qeLnow q
2. If i > 0, there exists (1 — 1, L! o, F! o, Fl oo, Fl

now?’ now?’ prev? next
— / _ /
Fprev - Fnow and Fnow - Fnext

) € J such that

3. If i < n, there exists (1 + 1, Loy Frows Forevs Fu

now’ * now’ * prev’ © next
— / _ /
Frext = Flow and Fuow = F ey

) € J such that

4. For every ¢ € L(9), if Fiow |E ¥, then ¢ € Loy
5. For every ¢ € F(¢), if Fhow | ¥, then ¢ € Fow
6. For every ¢ € F(), if Ayer,,, 4/ O (Ayerpe, X0 N Oy, X) E ¥ then ¢ € Frow

7. For every ¢, € F(¢):

if 9 V' € Foow, then either ¢ € Fl o or ¥ € Fyow

if 01 € Foow, then either ¢ € Fow or O € Fhext

if 071 € Frow, then either ¥ € Fiow or O7% € Forey

if Y'Ut) € Fhow, then either 1) € Fl oy or ¥ € Fyow and ¥/'Ut) € Fyext

if 'Sy € Flow, then either ¢ € Fioy or ¢ € Fiow and ¢Sy € Frey
8. If i = n,

Vi € F(¢) of the form @y, 1) € Fow

Vi) € F(¢) of the form Oy, ¥ ¢ Fiow
Vip € F (o) of the form O, Op, o'Up, 1 € Frow iff ¢ € Frow
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9. Ifi =0,
Vip € F(¢) of the form @ ¢, ¥ € Frow
Vip € F(¢) of the form O~ ¢, ¢ ¢ Fyow
Vip € F (o) of the form O™, 07 ¢, ¢'Sp, 1 € Frow iff ¢ € Flow

We give the intuition behind the elements of the tuples fulfilling these conditions. The first
element ¢ is the time point we are considering, Loy is a set of BCQs whose conjunction is
entailed under brave semantics by (7,.4;) (Condition 1), and Fo is the set of formulas that
can be entailed together with L., depending on what is entailed in the previous and next time
points, this information being stored in Fprey and Fhex respectively (Condition 6). Conditions
2 and 3 ensure that there is a sequence of tuples representing every time point from 0 to n such
that this information is coherent between consecutive tuples. Condition 4 expresses that Loy
is exactly the set of BCQs contained in Fj,.y and Condition 5 that F, is maximal in the sense
that it contains its consequences. Condition 7 enforces that Flow, Fprev and Fhext respect the
semantics of LTL operators and Conditions 8 and 9 enforce this semantics at the ends of the
finite sequence.

A justification structure J is correct if every tuple is justified, and ¢ is justified at time point p
by J if there is (p, Lnow; Frow, Fprev, Fnext) € J such that ¢ € F,o,. We show that ¢ is entailed
from K at time point p under brave semantics iff there is a correct justification structure for
¢ in K that justifies ¢ at time point p. The main idea is to link the tuples of a sequence
((4y Lnows Frow, Fprevs Frext))o<i<n to a consistent TKB K’ = (T, (C;)o<i<n) such that for every
i, C; € A; and (T,C;) E /\qeLnow q- We show that there is such a K’ such that K',p = ¢ iff
there is such a sequence of tuples that is a correct justification structure for ¢ in K and justifies
¢ at time point p.

Lemma 8. If Nrc = Ngrr = 0 and there is a correct justification structure J for ¢ in K that
justifies ¢ at time point p, then K,p Ebrave -

Proof. In order to show K,p Eprave ¢, we determine a cause (C;)o<i<n for ¢. To do this, we
first select a sequence of tuples from .J as follows:

Fp _ FP . FP?

now’ * prev’ - next

1. The tuple (p, LE

now’

) is such that ¢ € FP_ ..

2. If the tuple (i, L} oy, Fow, Fireys Friext) Was selected and 0 < i < p, select a tuple (i —

1, Lzl il picl picly guch that Ficl = FY  and Fil = F!

now’ - now’ = prev’ - next now prev next now*

3. If the tuple (i, L oy Frow: Fireys Friexs) Was selected and p < i < n, select a tuple (i +

1, Lt pitl pidl Rty guch that Fitl = F!  and Fifl = F!

now?’ now’ prev? next now prev now*

Because J is correct and justifies ¢ at time point p, such a sequence can always be selected.
Based on this sequence, we construct a sequence of ABoxes (C;)o<i<n by taking for each tu-
ple (i, Lyows Frows Forevs Frext) @ cause C; © A; for A\ g. Such a cause exists because

now? g€L],

(T, Ai) Ebrave /\q€ i g by Condition 1. Since each C; is consistent and rigid predicates are
not allowed, the TKB (T, (C;)o<i<n) is consistent.

We prove that (T, (C;)o<i<n),P = ¢, by proving that (T, (C;)o<i<n),p = FE.,. To do this, we
consider the sets of LTL formulas F.¢ = {4 | ¢ € F!_  degree()) < d} where degree(y) is

now
the maximal number of nested LTL operators in @ and prove by induction on d that for all

0<i<n,foral ¢ € Fébﬂl}v, <7-7 (Ci)03i§n>,’i ': P, i.e., <T, (Ci)0§i§n>7i ): Fg’otf,v.

For d = 0, F contains only conjunctive queries of the form 37 (%). Since for every ¢ € L(¢),

now

if Fioy [ then ¢ € Lj,,, (Condition 4), Fi0, C L}, Then since (T,Ci) = Ayepi 4, it

now now

follows that <T7 (Ci)0§i§n>,i ): 0

now*
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Assume that for all
If v € F4 | then (T,

now’

following forms:

i < n, (T, (Cio<i<n),i = FLd. Let ¢ € FLd+! for some 0 < i < n.
0<i<n), i

<n
E 1. Otherwise, degree(¢)) = d + 1 and 1 is of one of the

\1@
Q|/\

° w 1 A 1o where degree();) < d, degree(wg) < d: since ¢ € Fy,,, then Fi . E 1 and
ow = W2, so by Condition 5, ¢y € F? . and 92 € F, It follows that v, € F2¢ and

I]OW HOW now

1/}2 € 'Fl’ibwv <T (C )0§1§n> }Z 1/)1 and < (C )0§7.§n> l: 1/12~ Hence <Ta (Cz)0§1§n> 1 |:
1 A .

e ) = 1)1 V 1y where degree(y)1) < d, degree(e2) < d: since ¢ € F} ., then by Condi—
tion 7 either ¢; € Fi , or ¢y € F! It follows that ¢ € Fu4 or ¢y € Fid

now* now now’

(T, (Ci)o<izn),i | b1 or (T, (Ci)o<i<n), i = 2. Hence (T, (Ci)o<i<n), i = P1 V Yo

e ) = Oy where degree(¢)1) < d: by Condition 8, i < n because there cannot be a formula
of the form ¢ = O in F" Since Oy € FY, = F'tl we have that A geritt 4N

now " now prev?

O™ (Ayerizz X) NO(Ayepitr X) | O7 Ot |= ¢y, so by Condition 6, ¢ € F;j;; Hence
U1 € Fidi® so (T, (CiJosi<n) i+ 1 = 1, 50 (T, (Cio<izn), i = Oth1.

e 1) = O~ 1)1 where degree(v)1) < d: proof similar to O.
o i) = @ where degree(1) < d: if i < n, since @y € F' , = Fifl we have that

now prev?
Avertir 0 A O~ (Aersis X) A O(A exes X) = O @11 b= 1, so by Condition 6, ¢y €
Fide. Hence ¢1 € Fitd? so (T, (Ciocicn)i + 1 F 91, so (T, (Ci)o<i<n),i = @Y1
Otherwise, if i = n, (T, (C;)o<i<n),n = @1 by definition of @.

e ) = @ 1)1 where degree(¢)1) < d: proof similar to @.

o ¢ = [y where degree(yn) < d: we show that (7, (Ci)o<i<n),? = Oy by descending
induction on 1.

Fori =n,if Oy, € FJ,, thenvy, € F,
11, which implies that (T, (Ci)o<i<n),n = Otr.

For i < n, we assume that if Oy € Fifd then (T, (Ci)o<i<n),@ + 1 | O¢1. Then

now

since Yy € Fl,,, = Fity, we have that Ngerits a N O_(/\XeFLH X) A O(/\XeF;:lt X) =

rev

O~ Oy = Oy, so by Condltion 6, Oy € Fidy, so by assumptlon (T, (Cio<i<n), i+ 1 E

. Moreover, since Oy € F, now, then F . =1, so ¢y € Fl, by Condition 5. Hence
Py € Fid and (T, (Ci)o<i<n),i = 1. It follows that (T, (Ci)o<i<n),i = Oy

e ¢ = 071 where degree(¢)1) < d: proof similar to .

o ¢ = Q11 where degree(y)1) < d: we show that (T, (Ci)o<i<n),? = Q1 by descending
induction on 1.

Fori = n,if Oyn € FJ,, thenyy € F
1, which implies that (T, (C;)o<i<n), 1 = Q1.

For i < n, we assume that if 09y € Fify then (T, (Ci)o<i<n),i+ 1 = Otp1. Then, since
Oy € Floy by Condition 7, either (i) 1/)1 € Fiy, 1 € Fild and (T, (Ci)o<i<n),i = 11 s0
(T, (Ci)o<icn),i = O, or (i) OYy € F, next = Fégv&’ so by assumption (7, (Ci)o<i<n),? +

1 = Oyn. It follows that (7, (Ci)o<i<n),t = Q1.
e ) = {11 where degree(y)1) < d: proof similar to ¢.

now

o ¢ = )1Uthy where degree(1) < d, degree(ys) < d: we show that (7T, (Ci)o<i<n),? =
11U by descending induction on 4.

For i = n, if ’(ﬂ1U1/)2 € F7 _ then 9o € F"

now now

(T, (Ci)o<izn),m [= 12, which implies that (T, (Ci)o<i<n), 1 [ 11Uta.

by Condition 8, so 1, € F™¢ and

now

by Condition 8, so ¢; € F/%4 and (T, (Ci)o<i<n),n

by Condition 8, so ¢1 € F54 and (T, (C:)o<i<n),n
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For i < n, we assume that if 11 Uipe € FIE then (T, (Ci)o<i<n),i+1 | ¥1Uths. Then since
P Uhy € Frz;ow, by Condition 7, either (l) o € Féow? o € Flll,O%V and <T, (Ci)0§i§n>7i |:
P2 50 (T, (Ci)o<i<n) i | ¥1Uto, or (i) ¢1 € Fiow, Y1 € Figh, 50 (T, (Cilo<i<n)si =
Y1, and ¢Y1Ue € Fli, = FiLl so by assumption (T, (Ci)o<i<n),@ + 1 | ¢1Ut)s, thus

now?’

(T, (Ci)o<i<n), i = 1 Utha.
e 1) = 1p1S1hy where degree(v1) < d, degree(s) < d: proof similar to U.

O

Lemma 9. If Ngrc = Ngr = 0 and K, p Eprave ¢, then there is a justification structure for ¢ in
K that is correct and justifies ¢ at time point p.

Proof. Assume IC,p Eprave ¢, and let ' = (T, (Ci)o<i<n), Ci € A; such that K’ is consistent
and K',p = ¢. Based on K, we construct a justification structure J for ¢ in K that justifies ¢

at time point p. The elements of the tuples (i, L! ., Fi. ., F;rev, F}...) are selected as follows:

now’

1. Lt is the largest subset of L(¢) such that K',i = /\qéLéow q,
2. Fl . is the largest subset of F(¢) such that K',i = F} .,

3. Flrey = Figa for i >0, and

4. Fi = Fitlfori<n

next now

5. F  =Fn 0

prev next —

We show that J is correct and justifies ¢ at time point p. Since K',p |= ¢, then ¢ € FE _ so ¢
is justified by J at time point p.

It remains to show that J is correct, i.e., that every tuple of J satisfies the nine conditions of
the definition of justified tuples. Conditions 1, 2, 3 and 4 follow straightforwardly from the
construction. Condition 5 is satisfied because if 1) € F(¢) is such that 1 ¢ F? ., then K',i [~ 1

so Fl o .

For Condition 6, we show that for every ¢ € F(¢), for every 0 <i<mn,if /\qeLi}owq A
O™ (Ayeri . X) NO(Nyepi_ X) = ¥, then K, i |= ¢, so ¢ € Fy,,. Since K’ entails every CQ
of L,

point i + 1, then every TCQ that corresponds to a formula entailed by L¢__, O™ (Aye Fi.. X)

ow?

at time point i — 1, and every TCQ of F!_, at time

rev

at time point i, every TCQ of F}.

or O(A,cp _X) is entailed from K’ at time point i. Hence, if A\ c;i ¢ ANOT (A cpi  X) A
O(/\XEFi X) ': 1/17 then ]C/ai ': ,(/}

next

For Condition 7, since Nrc = Nrr = (), by Proposition 2, for all BTCQs 1, %'

o if K'i =V, then K' i = or K')i =4, so if ¥ Vo' € Fi ., then either ¢ € F} .,

or ¢/ € Fl .
o if K',i = O, then K',i =19 or K'yi+ 1 |= O, so if Oy € Fi_ then either ¢ € F¥ ., or
<>1/} € Frllgﬁlr = Fr’iext'

o if K'i =079, then K'Ji = or K'yi—1 = 071, soif O~ € Fi . then either ¢ € F .,
or 7Y € Fioy = Firey-

o if K',i |= 49Uy, then K',i =9 or K',i =4 and K',i + 1 = Uy, so if YUy’ € Fi_
then either o' € F ., or ¢ € Fi  and pUy’ € Fl .

now’
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o if K',i = 9Se’, then K,i =4 or K',i =1 and K',i — 1 = ¢Sy, so if ¢Sy’ € Fi_
either ¢/ € Fi ., or+¢ € Fi  and ¢Sy’ € F!

now?’ prev*

then

ow

The proof of Condition 8 is as follows:

o if 1p € F(¢) is of the form @p , K',n =1 so € Fl .
o if ¢y € F(¢) is of the form Op , K',n E so v ¢ FI .,

o ifpe Fr . then K''nE¢soK' nkEOp, K n = Opand K',n = ¢'Up. It follows that

if they belong to F(¢), then Op € F» Oy € F . and ¢'Up € F2

ow? now now*

For the other direction

— if O € Fiy, K',n = Op so K'\n = ¢ and ¢ € Fi,
—itOpeF. . K'nEDOpso K'\nk=ypand p € ',
— if ¢'Up € Fiiy, K',n = ¢'Up so K n = and ¢ € FII,,

We prove Condition 9 similarly to Condition 8.

We have thus shown that every tuple in J is justified, so J is correct and justifies ¢ at p. O

The data complexity of brave TCQ answering in Case 1 follows from the characterization of
brave BTCQ entailment with justification structures.

Proposition 9. If Nrc = Nrr = 0, then brave TCQ answering is in P w.r.t. data complexity.

Proof. We start with a justification structure J for ¢ in K that contains all possible tuples.
We then remove the unjustified tuples as follows: (i) remove every tuple that does not satisty
Conditions 1, 4, 5, 6, 7, 8 or 9, and (ii) repeat the following steps until a fix-point has been
reached: iterate over the tuples from time point 0 to n, eliminating those which do not satisfy
Condition 3, then from n to 0 eliminating those which do not satisfy Condition 2. For the
resulting justification structure, we check whether it contains a tuple (p, Lnow; Fnows Fprevs Fnext)
such that ¢ € Flow. If yes, we return “entailed at time point p”, otherwise, we return “not
entailed at time point p”’. Since the size of J is linear in n, this process requires at most
quadratically many steps. The verification that a given tuple is justified requires polynomial
time w.r.t. data complexity (the verification of Condition 3 or Condition 2 is linear in n and
only the brave entailment of a BCQ from a DL-Liteg KB for Condition 1 depends on the size
of the ABox), so the complete procedure runs in polynomial time w.r.t. data complexity. [

Our complexity analysis of the three semantics for DL-Liteg shows that, encouragingly, only
brave semantics in the cases where rigid predicates are allowed has a higher data complexity
than in the atemporal case, and that the combined complexity is not impacted by the temporal
reasoning.

5 Conclusion and Future Work

We extended the AR, TAR and brave semantics to the setting of temporal query answering in
description logics. We first showed that in the case where rigid predicates are not allowed, TCQ
answering under TAR semantics can be achieved by combining algorithms developed for TCQ
answering under the classical semantics with algorithms for CQ answering under IAR semantics
over atemporal KBs. We also showed that in some cases, the same applies to AR semantics
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and that in any case, this method provides a sound approximation of AR answers. Since this is
not true for brave semantics and we believe that this semantics can be relevant, for instance in
the application of situation recognition, it would be useful to characterize the queries for which
this method would be correct. Indeed, for many pairs of TBox and query, the minimal subsets
of the TKB such that the query can be mapped into them cannot be inconsistent, for instance
if no pair of predicates that may be involved at the same time point appears in a NI entailed
by the TBox (e.g., if T = {AC -C,B C ~C} and ¢ = FzA(z) AO(3zB(x) A O(3zC(z))), for ¢
being entailed at time point p, 3z A(z) should hold at p, JxB(z) at time point ¢ > p and JxC(z)
at i+ 1 > p, so there cannot be a conflict between the C' and the A or B timed-assertions used
to satisfy the different CQs).

Our second contribution is a complexity analysis of the three semantics for DL-Liter, depending
on which predicates are allowed to be rigid. Encouragingly, only brave semantics in the cases
where rigid predicates are allowed has a higher data complexity than in the atemporal case.
We also showed that for the classical semantics, rigid predicates can be handled by adding a set
of assertions to each ABox of the TKB, proving that disallowing negations in the query makes
the combined complexity of TCQ answering drop from PSPACE to NP. Practical algorithms for
inconsistency-tolerant query answering with rigid predicates remain to be found. In particular,
note that adding the set of assertions R to every ABox to reduce Cases 2 or 3 to Case 1 works
only for the classical semantics.
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