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Abstract

Ontologies based on Description Logic (DL) represent gen-
eral background knowledge in a terminology (TBox) and the
actual data in an ABox. DL systems can then be used to
compute consequences (such as answers to certain queries)
from an ontology consisting of a TBox and an ABox. Since
both human-made and machine-learned data sets may con-
tain errors, which manifest themselves as unintuitive or ob-
viously incorrect consequences, repairing DL-based ontolo-
gies in the sense of removing such unwanted consequences
is an important topic in DL research. Most of the repair ap-
proaches described in the literature produce repairs that are
not optimal, in the sense that they do not guarantee that only
a minimal set of consequences is removed. In a series of pa-
pers, we have developed an approach for computing optimal
repairs, starting with the restricted setting of an £L instance
store, extending this to the more general setting of a quanti-
fied ABox (where some individuals may be anonymous), and
then adding a static ££ TBox.

Here, we extend the expressivity of the underlying DL con-
siderably, by adding nominals, inverse roles, regular role in-
clusions and the bottom concept to ££, which yields a frag-
ment of the well-known DL Horn-SROZQ. The ideas un-
derlying our repair approach still apply to this DL, though
several non-trivial extensions are needed to deal with the new
constructors and axioms. The developed repair approach can
also be used to treat unwanted consequences expressed by
certain conjunctive queries or regular path queries, and to
handle Horn- ALCOZ TBoxes with regular role inclusions.

1 Introduction

Description Logics (DLs) (Baader et al. 2017) are a promi-
nent family of logic-based knowledge representation for-
malisms, which offer a good compromise between expres-
siveness and the complexity of reasoning and are the for-
mal basis for the Web ontology language OWL.! The palette
of well-investigated DLs with optimized reasoning support
goes from the inexpressive and tractable DLs of the ££ and
DL-Lite families (Baader, Brandt, and Lutz 2005; Calvanese
et al. 2007), on which the OWL 2 profiles OWL 2 EL and
OWL2QL are based, all the way up to the N2ExpTime-
complete DL. SROZQ (Horrocks, Kutz, and Sattler 2006;
Kazakov 2008), which is the DL underlying OWL 2. The
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consequence-based reasoning approach developed for the
EL family (Baader, Brandt, and Lutz 2005) can be extended
to Horn fragments of more expressive DLs, which yields
practical “pay as you go” reasoning procedures for these
fragments, though they are no longer tractable (Kazakov
2009; Ortiz, Rudolph, and Simkus 2010).

Like all large human-made digital artefacts, the ontolo-
gies employed in applications often contain errors, and this
problem is only exacerbated if parts of the ontology (e.g.,
the data) are automatically generated using inexact methods
based on information retrieval or machine learning. Errors
are usually detected when reasoning finds an inconsistency
or generates consequences that are unintuitive or obviously
wrong in the application domain. For the developers of a
DL-based ontology it is often quite hard to see how the on-
tology needs to be modified such that the unwanted conse-
quences no longer follow from the repaired ontology, but as
few as possible other consequences are lost.

Classical DL repair approaches based on axiom pinpoint-
ing compute maximal subsets of the ontology that do not
have the unwanted consequences (Parsia, Sirin, and Kalyan-
pur 2005; Schlobach et al. 2007; Baader and Suntisrivara-
porn 2008). Such repairs depend on the syntactic form
of the ontology: if a certain fact is expressed by a sin-
gle strong axiom rather than an equivalent set of weaker
ones, then too many consequences may be lost when re-
moving this strong axiom. To overcome this problem, more
fine-grained approaches for repairing DL-based ontologies
have been developed (Horridge, Parsia, and Sattler 2008;
Lam et al. 2008; Du, Qi, and Fu 2014; Troquard et al. 2018;
Baader et al. 2018). These approaches are, however, still
not optimal since they apply some restrictions on how the
ontology can be changed, based on its syntactic form. In
particular, they usually do not add new objects to the ABox.

To see why new objects may be needed to achieve op-
timality, assume that the ABox contains the information
that Kim, who is rich and famous, is Ann’s child, ex-
pressed by the assertions Famous(KIM ), Rich(KIM ), and
child(ANN, KIM ), and that we want to remove the conse-
quence Jchild.(Rich N Famous)(ANN). If we decide to
keep the assertion that Kim is Ann’s child, then we need to
remove either Rich(KIM) or Famous(KIM). However, if
we decide that this Kim is not Ann’s child after all, sim-
ply removing the role assertion child(ANN, KIM) would
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also remove implied consequences for Ann. This can be
avoided by adding the assertions child(ANN,x), Rich(x),
child(ANN ,y), and Famous(y), where x and y are anony-
mous individuals, which are formally represented in a quan-
tified ABox (qQABox) by existentially quantified variables.
This example illustrates the main idea underlying the opti-
mal repair approach introduced in (Baader et al. 2020): the
use of quantified ABoxes and the construction of appropriate
anonymous copies of individuals. The main technical prob-
lem to solve in (Baader et al. 2020) was to find out which
copies with what properties are needed to achieve optimal-
ity. This work dealt with an input ontology consisting only
of a qABox, and assumed that the unwanted consequences
are instance relationships C(a) for ££ concepts C.

In (Baader et al. 2021a), we extended this approach to
a setting where, in addition to the qABox, the ontology
contains an £L£ TBox, which is assumed to be correct,
and thus cannot be changed during repair. To add conse-
quences implied by the TBox, we saturate the qABox by
using the concept inclusions as rewrite rules before repair-
ing the qABox. If, in our example, the TBox contained
the concept inclusion Celebrity T Rich N Famous and the
ABox contained Celebrity(KIM) rather than Rich(KIM)
and Famous(KIM), then saturation would add the latter two
assertions. If then Celebrity( KIM ) is removed in the repair,
these two consequences can still be preserved. However,
when repairing the saturated qABox, care must be taken that
the TBox cannot re-introduce assertions that have been re-
moved by the repair. For example, in the case where the
unwanted consequence is Rich(KIM), it is not enough to
remove this assertion from the saturated gABox: one also
needs to remove Celebrity(KIM) since together with the
TBox it implies Rich(KIM). The problem with saturation
is that, in the presence of cyclic concept inclusions, such as
Rich T Jchild. Rich, it may not terminate. This is not just
a problem of our repair approach, but may prevent the exis-
tence of optimal repairs (see Example 9 below). In (Baader
et al. 2021a), two approaches are considered to overcome
this problem. On the one hand, one can restrict the attention
to TBoxes that are cycle-restricted as introduced in (Baader,
Borgwardt, and Morawska 2012). On the other hand, if one
is only interested in answers to instance queries, one can
apply a weaker saturation operation, called 1Q-saturation,
which always terminates for £L.

In this paper, we extend the expressivity of the DL used
to formulate the TBox and the unwanted consequences con-
siderably, by adding nominals, inverse roles, role inclusion
axioms, and the bottom concept to £L£. To obtain a decid-
able DL and guarantee the existence of optimal repairs, we
restrict the set of role inclusion axioms to being regular, as
in the DL SROZQ. In addition, we first consider the case
without the bottom concept, and only later deal with the ad-
ditional problems caused by the fact that bottom may cause
the ontology to become inconsistent. Computability of the
set of optimal repairs and the fact that this set covers all re-
pairs (in the sense that every repair is entailed by an opti-
mal one) follows from a “small repair” property, which can
be shown using an adaptation of the well-known filtration
technique (Baader et al. 2017). However, even disregarding

the impracticality of an algorithm that computes the opti-
mal repairs by looking at all gABoxes up to a certain size
bound, this does not lead to a viable methods for choos-
ing an appropriate optimal repair since it would require the
knowledge engineer to choose among exponentially many
repairs of exponential size. In contrast, the canonical re-
pairs (which cover all optimal repairs) constructed by our
extension of the repair approach in (Baader et al. 2021a) are
characterized by so-called repair seeds, which are of poly-
nomial size. The knowledge engineer can choose among
these by answering a polynomial number of instance queries
(i-e., queries about which instance relationships hold in the
application domain).

The added expressivity generates new challenges, which
require non-trivial adaptations of our approach for construct-
ing canonical repairs. Since nominals in the TBox can imply
equality between individuals, we extend qABoxes by equal-
ity assertions, to be able to represent such consequences
in the saturated gABox, and we also must repair unwanted
equalities. We deal with role inclusion axioms and inverse
roles by using finite automata, which can represent the in-
finitely many implied role inclusions in a finite way. Tech-
nically, this is where we make use of the restriction to reg-
ular sets of role inclusion axioms. To handle inconsistency
caused by bottom, we consider not only “local” unwanted
consequences of the form C(a), but also “global” ones of
the form 3{z}.{C(x)}. If, in our example, the TBox addi-
tionally says that rich and poor are disjoint, using the con-
cept inclusion Poor M Rich C 1 , and the gABox states that
Ann has an (anonymous) child that is a poor celebrity, then
the entailed inconsistency can be repaired by preventing the
consequence 3{xz}.{(Poor M Rich)(z)}.

The added expressivity also allows us to specify in-
teresting kinds of unwanted consequences other than in-
stance relationships. On the one hand, we can deal with
regular reachability queries, which are similar to regular
path queries (Calvanese, Eiter, and Ortiz 2009). On the
other hand, we can also treat certain kinds of conjunctive
queries. The problem of repairing w.r.t. conjunctive queries
to gABoxes has already been considered, in the guise of
achieving compliance for relational datasets with labelled
nulls, in (Grau and Kostylev 2019). However, this work
does not allow for background TBoxes, and the notion of
optimality used there is different from ours since it restricts
the possible changes to the gABox to a sequence of certain
anonymization operations. Finally, our repair approach can
also deal with Horn- ALCOZ-TBoxes together with sets of
regular role inclusion axioms.

This extended version of the conference submission con-
tains all technical details. We use roman numbers for the
additional lemmas and propositions.

2 Preliminaries

First, we introduce the DL ELROZ employed to formulate
terminological background knowledge, and the quantified
ABoxes with equalities used to represent the data. Then
we describe how such an ABox can be saturated w.r.t. the
terminological knowledge, and finally define regular sets of



role inclusions and show how to represent them using finite
automata.

2.1 The Description Logic ELROT

The DL ELROZL extends EL with (complex) role inclu-
sions (R), nominals (O), and inverse roles (Z). Let X be
a signature, i.e., a disjoint union of finite, non-empty sets
Y, Xc, and X of individual names, concept names, and
role names, respectively. A role is either a role name or an
inverse role r— for some role name r € Y. For a role R
we write R~ to denote »~ if R = r is a role name and r
if R = r~ is an inverse role. Concept descriptions C' of
ELROL are constructed using the grammar rule

C:=T|A|{a}|CNC|3IR.C,

where A ranges over concept names, a over individual
names, and R over roles. An atom is a concept name A, a
nominal {a}, or an existential restriction 3R.C. Each con-
cept description C' is a conjunction of atoms, with T cor-
responding to the empty conjunction. We denote the set of
these atoms as Conj(C').

A concept inclusion (CI) is of the form C' T D for con-
cept descriptions C, D, and a role inclusion (RI) is of the
forme C Sor Rjo---oR,, C Sforroles Ry, ..., R,,S and
n > 1. In the following, when we write R1 o---o R, C S,
we assume that n > 0, where R; o---o R,, forn = 0 stands
for e. A TBox is a finite set of CIs, an RBox is a finite set
of Rls, and a pair (7, R) consisting of a TBox 7 and an
RBox R is called a terminology. A concept assertion C(a)
is a shorthand for the CI {a} C C, and a role assertion
r(a,b) abbreviates {a} C Jr.{b}. Furthermore, r~(a,b)
means 7 (b, a).

The semantics of ELROZ is defined based on inter-
pretations, where an interpretation T of the signature X
consists of a non-empty set Dom(Z), the domain, and an
interpretation function -~ that maps each individual name a
to an element a” of Dom(Z), each concept name A to a
subset AZ of Dom(Z), and each role name 7 to a binary
relation 77 over Dom(Z). We do not adopt the unique
name assumption, i.e., a* = bT is allowed for distinct in-
dividual names a,b. The interpretation of an inverse role
is (r)f = {(v,6) | (6,v) € T}, and the interpreta-
tion C of a concept description C'is recursively defined as
TZ := Dom(Z), {a}? == {aII}, (CnD)t = CTNDZ, and
(3R.C)T == {4 (4,7) € R* for some v € CT }.

The CI C C D holds in Z (denoted Z = C C D)
if CT C DI, and the RI Ry o---0 R, T S holds
inZ (denoted Z E Ryo---oR, E S)if (Rio---0
R, C SZ, where e = { (6,6) | § € Dom(Z) }
and (Ry o ---0 Ryt = { (00,6,) | (60,01) € R¥,...,
(8p-1,6n) € RZ forsome 6y,...,6,_1 € Dom(Z) }. The
interpretation Z is a model of a TBox 7 (RBox R) if every
Clin 7 (RI in R) holds in Z. This is written as Z = T
(Z = R). We say that the terminology (7, R) entails a CI
or RI « (written (7,R) = «) if a holds in every model
of 7 and R. Incase (7,R) = C T D we say that C' is
subsumed by D w.rt. (T,R), and may write C C7® D to
express this.

Note that other interesting axioms concerning roles can
be expressed using RIs and inverse roles. Reflexivity, tran-
sitivity, and symmetry of r can respectively be enforced by
the RIse T r,ror C r, and r T r—, and domain re-
strictions Dom(r) C C are expressible as 3r. T C C while
range restrictions Ran(r) T C can be expressed by Cls
dr—. T C C.

This last observation shows that subsumption in ELROT
is actually undecidable since it was shown in (Baader, Lutz,
and Brandt 2008) that subsumption in ££ w.r.t. RIs and
range restrictions is undecidable. We will avoid this prob-
lem by imposing a restriction on RBoxes (see Section 2.4).

2.2 Quantified ABoxes with Equalities

Quantified ABoxes were first introduced in (Baader et al.
2020), but they were also considered, as relational datasets
with labelled nulls, in (Grau and Kostylev 2019), and their
existentially quantified variables correspond to the “anony-
mous individuals” in the OWL 2 standard. Also, as ex-
plained in (Baader et al. 2020), quantified ABoxes are ba-
sically the same as Boolean conjunctive queries. Here, we
extend this notion by allowing for equality assertions, but for
simplicity still use the name “quantified ABoxes” for the ex-
tended formalism. Equality assertions are used to represent
implied equality between individuals; e.g., the CI {a} C {b}
implies that a and b must always be interpreted by the same
element of the domain.

Let X be a signature. A guantified ABox (qABox) 3X. A
over X consists of a finite set X of variables, which is dis-
joint with 33, and a matrix A, which is a finite set of concept
assertions A(u), role assertions r(u,v), and equality asser-
tions a = b, where A € Y, r € YR, u,v € U X,
and a,b € ;. An object name of 3X.A is either an ele-
ment of X, or a variable in X. We denote the set of these
objects as Obj(3X..A). If X is empty, then we sometimes
drop the quantifier 3(). We do not allow equality assertions
involving variables since otherwise each ABox can be nor-
malized into a qABox without them.

The interpretation Z is a model of 3X. A (written Z =
3X.A) if there is a variable assignment Z: X — Dom(Z)
such that the augmented interpretation Z[ Z] that additionally
maps each variable x to Z(z) is a model of the matrix A,
ie., urlZl € AT foreach A(u) € A, (u*Z] vTI2]) € 1T for
eachr(u,v) € A, and a = b’ foreacha = b € A. Givena
terminology (7, R) and gABoxes 3X..A and 3Y.13, we say
that 3X. A entails 3Y.Bw.rt. (T, R) (written 3X. A TR
3Y.B) if every model of 3X..A and (7, R) is also a model
of 3Y.5. If both the TBox 7 and the RBox R are empty,
then we omit the suffix “w.r.t. (7,R)” and write |= instead
of |=7"®. Similar simplifications are made if one of them is
empty.

For gABoxes without equality assertions, it was shown
in (Baader et al. 2020) that entailment can be characterized
using homomorphisms. In our extended setting, we need to
adapt the definition of a homomorphism between gABoxes.
To this purpose, we consider the equivalence relation ~3x. 4
on Obj(3X..A) induced by the equality assertions in 3.X. A,
which is defined as the reflexive, symmetric, transitive clo-
sure of the relation { (a,b) | a = b € A}. We sometimes



write ~ for ~5x_ 4 if the qABox is clear from the context,
and denote the equivalence classes by [u]3x. 4. Since there
are no equality assertions involving variables, each equiva-
lence class of a variable is a singleton set.

Definition 1. A homomorphism h from agABox 3 X. Ato a
gABox 3Y.B is a mapping h: Obj(3X.A) — Obj(IY.5)
that satisfies the following conditions:

(Hom1) a =3x. 4 bimplies h(a) ~3y.5 h(b) for all indi-
vidual names a, b.

(Hom2) h(a) = a for each individual name a.

(Hom3) For each concept assertion A(t) € A, there is an
object name v such that v ~3y.g h(t) and A(v) € B.
(Hom4) For each role assertion r(¢,u) € A, there are ob-
ject names v, w such that v =3y h(t), w =3y g h(u),
and r(v,w) € B.
Based on this notion of homomorphism, entailment be-

tween gABoxes with equality assertions can now be charac-
terized as follows.

Proposition 2. The gABox 3 X. A is entailed by the gABox
Y. B iff there exists a homomorphism from 3X. A to 3Y.B.

Proof. We first show the if direction. Therefore fix a ho-
momorphism A from 3X. A to 3Y.5 and further let Z be a
model of 3Y .53, i.e., there is a variable assignment Z: Y —
Dom(Z) such that the augmented interpretation Z[Z] is a
model of the matrix 3. We are going to prove that Z is a
model of 3X. A as well.

We define the variable assignment W: X — Dom(Z)
where W(z) := h(z)??] for each x € X, and first prove
that tZ0V1 = h(t)Z[Z] holds for each object name t of
IX. A

o If ¢ is a variable, then tZ0V] = W(t) = h(t)I[Z].
» If t is an individual, then h(t) = t and thus 20V = ¢7 =
h(t)T = h(t)*=l,

Next, we show that the augmented interpretation Z[W] is a
model of the matrix A.

1. Consider a concept assertion A(t) in .A; we must show
that tY0V] ¢ AZ. Since h is a homomorphism, Con-
dition (Hom3) in Definition 1 yields an object name v
such that v ~gy.p h(t) and A(v) € B. Since Z[Z]
is a model of B, it follows that vZ[Z] € AZ as well as
h(t)*1Zl = v?IZ]. We conclude that t*0V] = ¢Z[Z] and
thus 7V ¢ A7,

2. Let r(t,u) be a role assertion in .A; we must show that
(tZDV] 42DV € vT. As h is a homomorphism, we infer
with Condition (Hom4) in Definition 1 that there is an
object name v and there is an object name w such that
v ~3y.3 h(t) and w ~3y.5 h(u) and r(v, w) € B. Since
Z[Z] is a model of B, we obtain that (vZ[Z], w?IZ]) € 7,
and further that h(¢)%1Z] = vZ12] and h(u)*Z] = w2,
It follows that tZWV] = oZIZ] and TV = 721 and so
we conclude that (2], w2V € T,

3. Assume that a = b is an equality assertion in .A; we must
show that a” = b”. Specifically, it holds that a ~5x. 4 b.
With h being a homomorphism, Condition (Hom1) yields
that h(a) ~3y.s h(b). Since T is a model of Y. B, it
follows that h(a)Z = h(b)Z, and thus that aZ = b” by
Condition (Hom?2).

We continue with proving the only-if direction. For this
purpose, assume that 3Y.1B entails 3.X.. 4. We define the
canonical model 15y g as follows.

Dom(Zzy.g) := Obj(IY.B)/~

a— [a]x

A= {[u)~ | Alu) € B}

r= {([ulx, [v]=) [ r(u,0) € B}

ZI3ay.s.

The canonical variable assignment is Z3y.p: y — [Y]~.

We are going to show that Z3y g[Z3y.5] is a model of B,
which immediately implies that that 75y 5 is a model of
3Y.B. Beforehand, note that t73v-81%3v-8] — [t]_ for each
object name ¢ of Y. B.

¢ Consider a concept assertion A(u) in B. Then [u]~ €
AT3v.5 s satisfied where [u]~ equals u”3Y-81Z3v-5] Thus,
Tsy.5[Z23v.8] F Alu).

o If B contains a role assertion 7(u,v), then ([u]x, [v]~)
is in the extension 7Z3¥-8,  Furthermore, we have
wZzv.slZav.s]l — [u]z and pZav-slZavs]l — ['U]z It fol-

lows that 73y 5[ Z3y.58] E 7(u,v).

* Now let a = b be an equality assertion in 3. We infer that
a ~ b must be satisfied, i.e., [a]~, = [b]~ holds. Since
a’?v5 = [a]x and bT3Y5 = [b] are satisfied, we con-
clude that Zgy. 5 = a = 0.

We infer that 75y 5 is a model of 3X. A as well, i.e.,
there exists a variable assignment W: X — Dom(Z3y.5)
such that Zgy g[W)| A. We define a mapping
h: Obj(3X.A) — Obj(3Y.B) by h(a) = a for each in-
dividual name @ and by choosing h(z) € W(x) for each
variable x € X. Each latter choice is possible since the
value W(x) is an equivalence class and is thus non-empty,
i.e., such a mapping h indeed exists. We first prove that
h(t) € t73v-8DV] holds for each object name ¢ of 3X. A.

o If ¢ is a variable, then h(t) € W(t) = tZ3v-80V],
« If t is an individual, then h(t) =t € [t~ = tZ2v-8DV],

Next, we are going to show that i is a homomorphism.

(Hom1) Consider an individual a and an individual b such
that @ ~3x. 4 b; we must show that h(a) ~3y.5 h(D).
Since Z5y 5 is a model of 3.X. A, it holds that ¢Z3v5 =
bT3v5_ Dueto h(a) € a3¥# and h(b) € bT3v'5, we infer
that h(a) X3Y.B h(b)

(Hom2) For each individual name a, the very definition en-
sures that h(a) equals a.



(Hom3) Let A(t) be a concept assertion in .A; we must
show that there is an object v such that v =3y.g h(t)
and A(v) € B. Since I3y g[WV)] is a model of A, it holds
that t72v80V] ¢ AZsv.5. Due to the very definition of
I3v., we infer that there is an object v in the equivalence
class t73v-80V such that A(v) € B. As h(t) is an element
of the equivalence class tZ3v-80V] as well, it follows that
v ~3y.3 h(t) as needed.

(Hom4) Consider a role assertion r(¢,u) in .4; we must
show that there is an object v and there is an object w
such that v =3y, h(t) and w ~3y.5 h(u) and r(v,w) €
B. With Zgy g[W)] being a model of A, it follows that
(tTav-sV] yTav.s0V) ¢ pZav.s. According to the very
definition of Z3y 5, there must exist an object v in the
equivalence class t23-8DV] as well as an object w in the
equivalence class 7380 such that (v, w) € B. Since
h(t) € t73v8DV] we infer that v ~3y. 5 h(t), and it simi-
larly follows that w =3y g h(u). O

As in the case of qABoxes without equality assertions,
this provides us with an NP decision procedure for entail-
ment. NP-hardness already holds without equality assertions
(Baader et al. 2020).

We often need to consider the matrix A of a quantified
ABox 3X.A alone, without the quantifier prefix. We can
view A to be an “ordinary” ABox without quantifiers (or
equivalently as a gABox with empty quantifier prefix) by ex-
tending the signature to 3 U X, where variables are treated
as individuals. This allows us to evaluate entailment expres-
sions like A = C(x), where C is a concept description and
x € X, using interpretations and models for the extended
signature. The following result provides us with a recursive
characterization of such an entailment.

Corollary I. Let 3X. A be a quantified ABox, u an ob-
ject name of 3X. A, and C an ELROL concept description.
Then the matrix A entails the concept assertion C(u) iff the
following conditions are fulfilled:

1. For each concept name A € Conj(C), there is an object
name v’ such that u ~3x 4 v’ and A(v') € A.

2. For each nominal {a} € Conj(C), it holds that
U ~3x. A G

3. For each existential restriction IR.D € Conj(C),
there are object names u',v such that u =~3x. 4

R(u',v) € A and A |= D(v).

Furthermore, A entails the role assertion r(u,v) iff there
are object names u', v’ such that u ~3x. 4 u', v X3x.4 vV,
and r(u',v") € A. Finally, A entails the equality assertion
u=viffurax.av.

Taking into account that each ELROZ concept assertion
C'(a) can be translated into an equivalent JABox, by exhaus-
tively applying the first three rules in Figure 1 to {C(a)},
this corollary is an easy consequence of Proposition 2. Sim-
ilarly, 3{z}.{C(x)} (where C is an ELROT concept de-
scription) denotes the qABox obtained from it by exhaustive
application of these three rules.

By induction on C' we further obtain the following lemma.

Conjunction Rule. If 5B contains the assertion
(CyM---MNCyL)(t) for n # 1, then remove it from B
and add the assertions C (¢), ..., Cy(t) to B.

Existential Restriction Rule. If 53 contains the assertion
JR.C(t), then remove it from B, add a fresh variable y
to Y, and add the assertions R(¢,y) and C(y) to B.

Nominal Rule. If B contains the assertion {a}(¢), then
remove it from B and, if ¢ is an individual name, then
add the equality ¢ = a to B; otherwise replace every
occurrence of ¢ in B by a and remove ¢ from Y.

Concept Inclusion Rule. If 7 contains the C1 C' C D
and B entails the concept assertion C'(t), but not D(t),
then add the concept assertion D(t) to B.

Role Inclusion Rule. If R  contains the RI
Rio---oR,C S and B entails the role asser-
tions Rj(to,t1), ---» Rn(tn—1,tn), but not S(tg,t,),
then add the role assertion S(%o,t,) to B.

Figure 1: The saturation rules are exhaustively applied to a gQABox
3Y.B w.r.t. a terminology (7, R), starting with 3Y.B := 3 X. A
for an input qABox 3 X. A.

Lemma II. Consider gABoxes 3X.A, 3Y.B, an object
name v of 3X. A, and an ELROT concept C. If A = C(u)
and h is a homomorphism from 3X.A to 3Y.B, then

B = C(h(w)).

2.3 Saturation

The purpose of saturation is to extend a given qABox 3.X. A
with enough consequences derived using the terminology
(7, R) such that entailment from 3 X.. A w.r.t. (7, R) is the
same as entailment from its saturation sat” (I X.A) =
JY.B w.r.t. the empty terminology. The rules in Figure 1
extend the CQ-saturation rules in (Baader et al. 2021a) such
that nominals, inverse roles, and RIs are taken into account.
Note that, during saturation, the matrix /3 may contain com-
plex concept assertions, but after termination all concept as-
sertions are again restricted to concept names. The seman-
tics of gqABoxes with complex concept assertions is defined
in the obvious way.

In general, application of the saturation rules need not ter-
minate, already in the £L setting considered in (Baader et al.
2021a). But there the restriction to cycle-restricted TBoxes
guarantees termination (in exponential time), where an ££
TBox 7T is cycle-restricted if there is no concept C' and
roles r1,...,7, (n > 1) such that C' T4 dry.---37,.C.
For ELROZ terminologies, the RBox may cause non-
termination even if the TBox is cycle-restricted.

Example 3. Consider the ECROZ TBox T := {AC 3r. T,
Js. T C Js.A}, the RBox R := {r C s}, and the qABox
30.A with A :== {A(a)}. The TBox T is cycle-restricted
and saturation of 30..A with (77,()) terminates after a has
received an r-successor x1. However, w.r.t. (7, R), the role
inclusion rule makes z; also an s-successor of a. The con-
cept inclusion rule then adds an s-successor y; of a and the
assertion A(y;). But now y; receives an r-successor s,



which becomes an s-successor of y1, etc.

Since our repair approach works on saturated gABoxes, it
can only be applied in the presence of terminologies (7, R)
that are terminating in the following sense.

Definition 4. The terminology (7, R) is terminating if, for
each qABox 3 X. A, there is a finite sequence of applications
of the saturation rules in Figure 1 to 3.X..A4 resulting in a
gABox to which no more rule applies. We then denote this
qABox as sat” ® (3 X. A) and call it the saturation of IX. A
wrt. (T,R).

We refrain here from giving our own decidable sufficient
condition for termination of a terminology (7, R). Instead,
we point out that one can translate the concept inclusions
in 7 and the role inclusions in R into a set of existential
rules, and that saturation then corresponds to applying the
so-called chase. One can thus try to use one of the nu-
merous acyclicity conditions guaranteeing chase termination
proposed in the database and rules communities (see, e.g.,
(Grau et al. 2013)) to show termination of (7, R). The satu-
ration obtained in case of termination has the following im-
portant property.

Theorem 5. Let (T, R) be a terminating terminology and
3X. A a quantified ABox. Then, for every qABox 3Z.C, the
following statements are equivalent:

1. 3IX.AETR3Z.C.
2. sat”R(3X.A) =3Z.C
3. There is a homomorphism from 3Z.C to sat’ R(3X. A).

Proof. The proof is similar to the one of Theorem 2 in
(Baader et al. 2021a; Baader et al. 2021b), but uses Proposi-
tion 2 instead of Proposition 2 in (Baader et al. 2020). Ad-
ditionally, we provide a direct proof below.

The equivalence of Statements 2 and 3 follows from
Proposition 2. We now show that Statement 2 implies State-
ment 1. So consider a model Z of 3X..A and (7,R). By an
induction along the sequence of rule applications that pro-
duces sat” ® (3 X..A) from 3 X. A, it can be proven that 7 is
a model of each intermediate gABox and so of the final sat-
uration too. Using the assumption sat” " ® (3 X.A) = 3Z.C,
it follows that 7 is a model of 3Z.C.

It remains to show that Statement 1 implies Statement 2.
For this purpose, assume that 3X.A =7"® 37.C. Recall
that the canonical model Zgy ;3 of a gqABox 3Y. 13 is defined
within the proof of Proposition 2, and it is shown that 3Y. 3
entails 3X. A iff 73y g is a model of 3X..A. The latter is
useful for this proof.

Specifically, we will show that the canonical model of the
saturation sat” " ®(3X..A) is a model of 3X..A and (T, R).
Due to the assumption, it is also a model of 37.C, and we
conclude that sat” (3 X..A) entails 3Z.C.

Denote by Z the canonical model of sat” ®(3X.A),
which is a model of sat”®(3X..A). Theorem 5 yields that
JX. A is entailed by the saturation, and so Z is also a model
of 3X. A.

In order to prove that Z is a model of the terminol-
ogy (T,R), we additionally consider the canonical vari-
able assignment Z of sat’”'®(3X.A), cf. the proof of

Proposition 2. Then the augmented interpretation Z[Z] is
the canonical model of the matrix of sat”-®(3X..A), and
u”1Z] = [u]~ holds for each object u of the saturation.

Let C © D be a concept inclusion in 7 and assume
[ul~ € CT. 1t follows that ulZ] € C7, ie., Z[Z]is a
model of C'(u) (seen as a qABox). We infer that the matrix
of sat”"® (3 X..A) entails C(u). Since the concept inclusion
rule is not applicable, the matrix of sat”-®(3X.A) entails
D(u) as well. So Z[Z] is a model of D(u), which yields that
[u]~ € DT.

Let Rjo---0oR,, C S bearole inclusion in R, and assume
([wo)~, [u1]~) € RE, ..., ([Un—1]~, [un]~) € RE. So Z|Z]
is a model of the gABox {R1(ug, u1), ..., Rn(Un—1,un)},
and we infer that the latter qABox is entailed by the ma-
trix of sat”"®(3X..A). Since the role inclusion rule is not
applicable, the matrix of sat”®*(3X..A) must also entail
S(ug, un). It follows that Z[Z] is a model of S(ug,u,),
ie., ([to]~, [un]~) € ST. O

In (Baader et al. 2021a), a different kind of saturation,
called 1Q-saturation, was introduced, which always termi-
nates (in polynomial time). Using IQ-saturation in the repair
process was shown to be sufficient if one is only interested
in instance queries. However, due to the presence of inverse
roles in ELROZ, it is easy to see that finite |Q-saturations
cannot always work.

Example III. Consider the gABox {A(a)} and the TBox
{A C 3r.A}. In EL, the IQ-saturation is I{z}.{A(a),
r(a,x), A(z),r(z,z)}. In ELROLZ, however, it cannot be
the IQ-saturation since it entails the ELROZ concept asser-
tion 3r.3r~. A(a) that is not entailed by the given gABox
and TBox.

Moreover, assume that 3X..A was a finite |Q-saturation
in ELROZ. It would need to entail the concept assertion
3r™. A(a) for each n > 0, but could not contain an infinite
r-chain starting from a. So there would be an r-cycle reach-
able from a on an r-path, but thus 3X..4 would entail the
concept assertion 3r™.3r~. A(a) for some m > 0, which
yields a contradiction since this assertion is not entailed by
the above qABox and TBox.

2.4 Regular RBoxes

As pointed out at the end of Section 2.1, subsumption is
undecidable in ELROZ if arbitrary RBoxes are allowed.
In (Baader, Lutz, and Brandt 2008), tractability of eLtt
is ensured by restricting the interaction between range re-
strictions and RIs. Since, in our setting, range restrictions
are expressed using inverse roles and Cls, it is not clear
how to adapt this solution. Instead, we use the regularity
restriction imposed in (Horrocks, Kutz, and Sattler 2006;
Kazakov 2008) to make SROZQ decidable, which is re-
quired by our repair approach anyway.

Definition 6. An RBox R is regular if, for each role R, the
language Lz (R) == {S1---S, | S10---08, C® R}is
regular. The sublogic of ELROZ that only supports regular
RBoxes is denoted by ELReqOT.

Since ELRegOL is a fragment of Horn-SROZQ, it in-
herits the complexity upper-bound of 2ExpTime (Ortiz,



Rudolph, and Simkus 2010). The exact complexity of sub-
sumption in ELReqOT is open, with the best lower-bound
of ExpTime inherited from ££Z (Baader, Lutz, and Brandt
2008). Additionally, the former implies that ELRegOT is
itself a Horn-DL and thus has the universal model property:
for each quantified ABox 3.X..A and for each (not necessar-
ily terminating) terminology (7, R), there is an interpreta-
tion (the universal model) that is a model of exactly those
quantified ABoxes that are entailed by 3X..4 and (T, R).

To the best of our knowledge, it is not known whether
RBox regularity is decidable. Decidability of the closely
related regularity problem for pure context-free grammars
has been open for a long time (Maurer, Salomaa, and
Wood 1980). The below lemma specifically shows that
each language L (R) can be described by such a pure
grammar. However, there exist syntactic restrictions that
guarantee regularity (Horrocks, Kutz, and Sattler 2006;
Kazakov 2010), and if these restrictions apply then one can
effectively construct (exponentially large) finite automata
accepting the regular languages Lz (R).

LemmalV. Let R be an RBox and consider the pure gram-
mar B over the alphabet EfRE with production rules

R— Sy Sy,
R~ — Sy Sy

SlomoSnEReR}.

It holds that Sy 0 ---0 S, C® Riff R S, S+ Sp.

Proof. We start with the if direction. So assume that R =
S1--- Sy, ie., there is a finite sequence of applications of
the production rules that generates S - - - .S, from R. This
means that, for Wy == R and W,,, := S1---S,, there are
words Wy, -+  W,,_1 € (EjR[)* such that, for each index
i € {1,...,n}, there is a production rule R* — S}--- S
and there are words W;=,,W;2, € (3Z)* such that
W,_1= WlthZWZjl and W; = Wztlsi T S:ILW’le
Consider some index ¢ € {1, ...,n}. The production rule
R" — S} --- S}, isused to derive W; from W;_,. Thus, the
RBox R contains the role inclusion S} o --- 0 S}, T R’ or
it contains the role inclusion (S% )~ o---0(S})™ C (R")".
In both cases it follows that R entails the former RI and
thus also entails the RI OW; T OW,_;,> where we write
OR;1---Rpfor Ryo---0 Ry forroles Ry,..., R € Z:FE.
By induction over ¢ € {1,...,n} we conclude that R
entails the RIOW,, C O W), which equals Syo---0S5, C R.

We proceed with proving the only-if direction. For this
purpose, assume that Sy o---0S,, C R is entailed by R. We
construct a sequence of interpretations as follows.

1. Initialize Zy with Dom(Zp) = {0,1,...,n} and let all
extensions be empty except that S7° = {(i — 1,7)} for
each index ¢ € {1,...,n}.

S S S. Sh
O ! 1 2 2 3 e n

zFormally, we say that R entails Ry o---0oR,, C S10--:085,
if(Rio-+-0 Rm)I C(Si0---0 Sn)I for each model Z of R.

2. Saturate the sequence by means of the role inclusions in
‘R, that is, exhaustively apply the following rule:
IfU,o0---0U, E T is arole inclusion in R, and
do, . ..,dpm € Dom(Zy) such that (d;_1,d;) € U™ for
each index i € {1,...,m}, but (do,d,,) & TT*,
then define the next interpretation 7y as Zj, but add
(do, dp) to TTe+1,

U, U, Us Un

Since Instruction 2 does not introduce fresh domain ele-
ments, the saturation must be finished after finitely many
steps, say ¢ steps, i.e., the above rule is not applicable any-
more to Zy. Furthermore, we thus simply write Dom(Z) for
the domain of each interpretation in the sequence. Due to In-
struction 1 we have that (0,n) € (Syo0---0S5,)%°, and due to
Instruction 2 the last interpretation Z, is a model of the RBox
‘R. By construction of the sequence Ii’ ..., Iy we further
have $7+ C SZ++1 for each role S € Xx and for each index
k€ {0,...,0—1}. It follows that (0,n) € (Syo0---05,)%
and (0,n) € R
For each index k € {0, ..., ¢}, we define the language

Ry,...,R, € X% and
(O,n) c (Rl O .- ORh)I)C

Note that Words(Zy) = {S1 --- S} and R € Words(Zy).

Claim. Assume that U; o --- o U,, T T is the role in-
clusion used to construct Zy; from Zy. For each W €
Words(Z41), there is some V' € Words(Z},) such that V
can be obtained from W by a finite number of applica-
tions of the production rules 7' — Uy ---U,, and T~ —
UT,—I . Ul_'

Proof of the claim. Consider a word W = Ry--- R, €

Words(Zy41), i.e., there are domain elements e, ..., e, €

Dom(Z) such that ey = 0, e, = n, and (e;_1,€;) € RJZHl

for each index j € {1,...,h}.

For the saturation step which produces 7y from Z;, by
means of the role inclusion U; o --- o U,, T T, there
must exist domain elements do, ...,d, € Dom(Z) such
that (d;_1,d;) € U™ for each index j € {1,...,m},
and the extensions of all roles do not differ between Z;, and
Ty41, with the exception TZ++1 = T%x & {(dg, d,)}. Tt
follows that (dy, d,,) € (U o -+ o Uy, )* and further that
(dm,do) € (U, 00U )T~

Now define the word V' := V; - - - V}, where

WOFdS(Ik) = { Rl ce Rh

U1"'Um iij:Tand (ej,l,ej): (do,dm)
V}- = U,,; s Ul_ if Rj =T7 and (ej_1, €j) = (dm, do)
R; otherwise
for each index j € {1,...,h}. By construction, V' can be

obtained from W by a finite number of applications of the
production rules " — Uy ---Up, and T— — U, --- U



(specifically, the number of rule applications is bounded by
h). Next, we show that (e;_1,e;) € (OV;)%* for each index
je{l,...,h}.

(@ Let R; = T and (ej_1,e;) = (do,dm), ie., V; =
Uy -+ Up. Since (dy,d,,) € (Uy o---0Uy,,)**, we infer
that (Gj_l, Ej) € (OVj)I’C.

(b) Assume R; = T~ and (ej_1,¢;) = (dpp,do), i.e., V; =
U, Uy . From (dp,do) € (U,,0---oU; )%+ it follows
that (ej_l, €j) S (OVJ‘)I’“.

(c) In the remaining case, we have V; = R;, and R; # T
or (ej_l, Ej) 7& (do, dm), and Rj 7& T~ or (ej_l, Gj) 7&

m>y 40 ).

(i) If Rj # T and R; # T~ then RT* = R;*** and thus

(ej_1,€j) € RJZ"'Jrl implies (ej_1,e;) € (OV;)%*.

(i1)) Now let Rj 7é T, Rj = T, and (6]’_1,63') 7é
(dm,do). From R; = T~ and TH+ = TTv
{(do, )} it follows that R7**" = RT* & {(dyn, do)}.
Since (ej,l,ej) S Rijk+l and (ej,l,ej) 7& (dm,do)
we infer that (ej_1,¢e;) € RJZ", and thus (ej_1,¢e;) €
(O V).

(iii) The case where R; =T, R; # T, and (e;_1,¢;) #
(do, d;y,) is similar to the last case.

(iv) The remaining case where ; = T and R; = T~ is
impossible.

We conclude by induction that (0,1) = (eg, ep,) € (OV)Zx,
ie., V € Words(Zy). O

Since R € Words(Z,) and Words(Zy) = {S1---Sn}, it
follows from the above claim by induction that Sy - - - .S, can
be obtained from R by a finite number of applications of the
production rules. O

Let R be a regular RBox, and for each role R, let A =
(@r, E%, ir, AR, Fr) be a finite automaton (with set of
states (Qr, the alphabet EfRE of all roles, initial state 7y,
transition relation A g, and set of final states F'r) accepting
Lz (R), i.e., such that L(Ar) = Lz (R). We assume with-
out loss of generality (but in the worst-case paid for by an-
other exponential blowup) that each automaton 2 is deter-
ministic, i.e., for each state ¢ and role S, there is at most one
state p such that (¢, S, p) € Ag. In addition, we assume that
2 does not contain states that are unreachable from the ini-
tial state (only reachable states) or from which no final state
can be reached (no dead states), and further that the sets @
for different R are pairwise disjoint and are all disjoint with
the signature . Specifically, determinacy of the automata
is needed for technical reasons when we are later concerned
with constructing repairs, cf. Lemma XXVI. For each state
q € Qr, the automaton Az (¢) = (Qr, Eth, q,AR, Fr) is
obtained from 2 i by replacing the initial state ip with g.
We will use existential restrictions of the form J¢q.C for
q € QR as abbreviations for the (possibly infinite) disjunc-
tion | [{ 351.---35,.C | S1---Sn € L(~Ar(q)) }. ie., in
each interpretation Z, (3¢.C)7 is defined to be

If ¢ is a final state, then (3¢.C)T equals
ctu U{ (3R.3p.C)* | (¢, R, p) is a transition },

and otherwise | J{ (3R.3p.C)T | (¢, R, p) is a transition }.
Entailment for such existential restrictions can be character-
ized as follows.

Lemma 7. Given a gABox 3X. A, an object t of it, a ter-

minology (T, R) with regular R, ELROT concept descrip-

tions C, D, and a state q. Then the following holds:

1. A ETR 3q.C(t) iff there is a word Sy---S, €
L(Ar(q)) such that A =7"%* 35;.---385,,.C(t),

2. D CTR 3q.C iff there is a word Sy - - - S,, € L(Ax(q))
such that D CT-R 38,....35,.C.

Proof. The first claim follows easily by using the universal
model of 3X.A and (7, R) (Ortiz, Rudolph, and Simkus
2011). The second reasoning problem can be transformed
into the first: it is easy to verify that D CT7R J¢.C iff
{D(a)} ET"® 3¢.C(a), where a is an individual not oc-
curring in C, D, or 7. O

If the terminology is terminating, we can decide whether
the conditions for entailment stated in Lemma 7 hold. Basi-
cally, to check whether A =7>® 34.C(t) holds, we simply
need to find an accepting run of the automaton 2z (¢q) such
that the accepted word corresponds to a path in the saturation
sat”®(3X..A) that starts with ¢ and ends with an instance
of C'. This boils down to a reachability test in the product of
the automaton with the saturation.

Proposition V. Let (T, R) be terminating and consider a
state ¢ € Qg. It holds that A =7"% 3q.C(t) iff L(B) # 0
where the finite automaton B = (Q, E%, i, A, F) has the
following components:

Q == Obj(IY.B) x Qr

1= (t,iR)

A= {((u,q), R, (v,p)) | R(u,v) € Band (¢, R,p) € Ar}
Fi={(u,f)| Bl Clu)and f € Fr}

where 3Y.B = sat’ R(IX. A).
Next, we show that the existential restrictions 3 R.C and

Jir.C have the same behavior if the whole terminology is
taken into account.

Lemma VL. A =7"R 3R.C(t) iff A ET"R Jig.C(2).

Proof. The only-if direction follows from 3IR.C Y
Jip.C. Regarding the if direction, let A =7 Jiz.C(2).
By Lemma 7 there is a word Sy --- S, € L(/z(ir)) such
that A ':T’R 45;.--- HSHC(t) Since AR(iR) = Ag, it
follows that S; o --- 0 S,, C® R, and so we conclude that
AETRIR.C(1). O

What’s more, it is possible to prove that A =™ IR.C(t)
iff A = 3ir.C(t), but this is not needed for our purposes.
Given a state p € Q@ and a state ¢ € Q g, we write p < ¢
if L(”Az(p)) € L(Ar(q)). The next lemma is easy to prove.
Lemma VIIL. The following statements hold:
1L IfAETR 3p.C(t) and p < q, then A =T-R 3¢.C(t).
2. IfDCT R 3p.Candp < q, then D CTR J¢.C.



3 Optimal and Canonical Repairs

In this section, we first extend the notion of an (optimal) re-
pair, as introduced in (Baader et al. 2021a), to the more ex-
pressive DL ELROT and a setting where the repair request,
which describes which consequences are to be removed, also
contains global unwanted consequences. For regular sets of
role inclusions, we show that every repair is entailed by a re-
pair containing a bounded number of individuals. From this,
we derive that the set of optimal repairs can effectively be
computed and covers all repairs. Then, we extend the con-
struction of canonical repairs of (Baader et al. 2021a) from
EL to ELRegOL. The set of canonical repairs can effec-
tively be computed, covers all repairs and thus contains all
optimal repairs, and a repair seed determining such a canon-
ical repair can be chosen by answering a polynomial number
of instance queries. Throughout the section, we assume (un-
less specified otherwise) that 3 .X. .4 is a quantified ABox, 7
an ELROT TBox, R a regular RBox, all defined over the
same signature ¥, and that (7, R) is terminating.

Definition 8. A repair request P is a union of a finite set
Pioc of ELROT concept assertions, the local request, and of
a finite set Pgyjo of ELROT concept descriptions, the global
request. A repair of 3X. Afor P w.rt. (T,R) is a quantified
ABox 3Y.B that fulfills the following properties:

(Repl) 3X.A TR 3IY.B,
(Rep2) 3Y.B TR C(a) for each C(a) € Pioc,
(Rep3) 3Y.B TR I{z}.{D(z)} for each D € Pyp.

This repair is optimal if there is no repair 37.C such that
3z.C TR 3Y.B,but 3Y.B 7R 3Z.C. We say that a
set of repairs & covers all repairs if every repair is entailed
w.rt. (T, R) by arepair in S.

Obviously, 3X..A has a repair for P w.r.t. (T, R) iff the
terminology alone does not imply any of the unwanted con-
sequences in P, since then the empty ABox is a repair. The
restriction to terminating terminologies and regular RBoxes
is needed to ensure that any repair problem has a finite set
of optimal repairs covering all repairs. The proof of Propo-
sition 2 in (Baader et al. 2018) contains an example with
non-terminating terminology where there is no optimal re-
pair, though there is a repair. However, in this proof it is
only shown that there cannot be an optimal repair that is an
ABox. While this proof can be adapted to deal also with
gABoxes, we present here a modified example with exactly
one optimal repair, which however does not cover all repairs.

Example 9. Assume that 7 := {A C 3r. A, 3r.A C A},
R :=0,A:={A(a),B(a)},and P := {(AM B)(a)}. Then
I{z}.{A(a), A(x), B(z)} is an optimal repair of 30..A for
P w.rt. (T, R). However, there are also repairs in which the
concept assertion B(a) is retained, and A(a) is removed. To
see that there cannot be an optimal repair containing B(a),
first note that A together with 7 does not imply the existence
of any role cycle, and thus no repair can contain such a cy-
cle. Consequently, for an optimal repair 3Y. B containing
B(a), there is an upper bound n on the length of role chains
starting from a. Adding r(a, y1), (Y2, Y3)s - - - s 7(Yn, Yn+1)
for fresh existentially quantified variables y;,...,yp41 tO

3Y.B5 then yields a new repair that strictly implies Y. 15,
which contradicts the assumed optimality of this repair.

The following example shows that non-regularity of the
RBox may prevent all repairs from being covered by a finite
set of repairs.

Example 10. The RBox R := {r~ osor C s} is not regu-
lar since Lz (s) = {(r~)sr’ | i > 0} is a context-free lan-
guage over the alphabet {r~, s, r} known to be non-regular.
Together with the TBox 7 = {3s.A C A, 3s.B C B},
this RBox yields a terminating terminology. Consider the
ABox A = {r(a,a), s(a,a), A(a), B(a)} and the repair re-
quest P = Pgio = {A M B}. Itis not hard to see that, for
each n > 1, the gABox 3X,,.A,, is a repair of 3(). A for P
w.rt (T, R), where X,, .= {x1,...,2,} and

Ap = {r(a,z1),r(x1,22), ..., 7(Tp-1,Tn),
s(a,a), s(x1,x1), ..., 8(xn, Tn),

A(a), A(xy), A(z2), ..., A(xn-1), B(x,) }.

Assume that S is a finite set of repairs of 3(..A for P w.r.t.
(T, R) that covers all repairs, and let n be larger than the
maximal number of objects occurring in the elements of
G. Without loss of generality we assume that the elements
of G are saturated w.r.t. (7,R). Then there must exist a
repair 3Y.3 in & such that there is a homomorphism A
from 3X,,.A,, to AY.B. Since B contains less than n ob-
jects, there must be 7,7 with 1 < ¢ < 5 < n such that
h(xz;) = h(z;). Consequently, h(z,) is reachable from
h(a) with the role r both in n steps and in m < n steps,
where m = n — (j — 4). Since h(z,,) is also reachable in
m steps from h(a) and s(h(a), h(a)) must be in B, the fact
that 3Y. 1 is saturated implies that s(h(zy), h(zy,)) must
belong to B. Since A(x,,) € A, yields A(h(z,,)) € B, this
implies that A(h(z,)) € B. However, since B(z,,) € A,
also yields B(h(x,) € B, this contradicts our assumption
that 3Y. B is a repair for P.

3.1 The Small Repair Property

If we restrict the attention to terminating terminologies with
regular RBoxes R, then we can show that the repairs of
a certain bounded size cover all repairs. For an ELROZL
TBox 7 and a repair request P, let Sub(7,P) denote
the set of concept descriptions occurring in 7 and P and
Atoms(T,P) the set of atoms in this set. To take the RBox
into account, we introduce the set of R-extended atoms
Atomsg (7, P), which is obtained from Atoms(7,P) by
replacing each 3R.C' € Atoms(7,P) with the existential
restrictions 3¢q.C, where g ranges over Qg (i.e., the set of
states of the automaton for Lz (R)).

Proposition 11. Let (T, R) be a terminating ELROT ter-
minology with regular RBox, P an ELROL repair request,
3X.A a (wlo.g) saturated gABox with m objects, and
n = |Atoms(T,P) U Atomsg (T, P)|. Then every repair
of 3X. A for P wrt. (T, R) is entailed w.rt. (T,R) by a
repair that contains at most m-2™ objects.

This proposition can be shown by adapting the well-
known filtration technique, e.g., used in (Baader et al. 2017)
to prove the finite model property for ALC. Let 3Y.5 be



a repair of 3X. A for P w.r.t. (7, R), and assume without
loss of generality that it is saturated. Since 3 X..A entails
every repair and is also assumed to be saturated, there is a
homomorphism A from 3Y.5 to 3X.A. For each object u
of 3Y.B, we define its type by?

_ C € Atoms(P,T) U Atomsg (P, T)
Wﬂm’{camsgmm }

and define the equivalence relation ~ on these objects as

u~ v iff Type(u) = Type(v) and h(u) = h(v).

Obviously, ~ has at most m-2" equivalence classes [u]...
The filtration 3Z.C has these equivalence classes as ob-
jects, with the class [a] standing for the individual a.* The
classes inherit their concept and role assertions from the
ones of their elements in B. Specifically, 37.C has the fol-
lowing components:

1. the variable set Z consists of all equivalence classes [y]..
for variables y € Y such that [y].. N X = 0,

2. we identify each individual name a with the equivalence
class [a]~,

3. the matrix contains the following assertions:
o A([u]~) € Cif A(u') € B for some v’ ~ u,
o r([u]~, [v]~) € Cifr(v,v") € B for some u’ ~ u and
some v’ ~ v,
o [ul. =[] € Cifa=be Bwherea € [ul. N
and b € [v]. N .

Recall from Section 2.2 that ~3y g is the reflexive, sym-
metric, transitive closure of the equality assertions in 3, and
analogously for 3Z.C. It follows that [u]. ~3z¢ [v]~ iff
u ~ vora~gygbwherea € [ul~ NEjand b € [v]. NX.

In Lemma VIII we will show, for all C' € Atoms(7,P)U
Atomsg (T, P) and for all u € Obj(3Y.1), that

C = CO([u].) iff B = C(u).

Since Y. B is a saturated repair, this implies that its filtra-
tion 3Z.C is saturated w.r.t. 7 and does not entail (w.r.t. 7))
any of the unwanted consequences specified by P. The fil-
tration 3Z.C need not be saturated w.r.t. R, but we will show
in Lemma IX that its saturation w.r.t. R does not entail ad-
ditional instance relationships for atoms in Atoms(7,P) U
Atomsg (7, P). This implies that, also w.r.t. (7, R), the fil-
tration does not entail any of the unwanted consequences in
P. Finally, it is easy to check that v — [u]. is a homo-
morphism from the repair 3Y. 5B to the filtration 32.C, and
that [u]~. — h(u) is a homomorphism from 3Z.C to the in-
put gABox 3 .X. A (independence of representatives follows
from the very definition of ~). Thus, the filtration 32.C is a
repair with at most m-2" objects that entails 3Y. 5.

In order to distinguish types w.rt. different gABoxes, we
sometimes add the respective qABox as subscript and write
Typesy g(u) instead.

*Since h satisfies Condition (Hom2), h(a) # h(b) holds for
each two individuals a and b, and thus every equivalence class w.r.t.
~ contains at most one individual.

Proof. The proof is by induction on C'.

* Assume that Typeg, ¢([u]~) contains the concept name
A, i.e., the matrix C entails A([u].). With Corollary I it
follows that C must contain A([@]...) for some [@].. ~3z.¢
[u]~, and thus the above definition of the filtration yields
that there is some v’ ~ @ with A(u’) € B. The latter
implies that Typegy z(u’) contains A. Since % and u' are
equivalent, they specifically have the same type and so A
is also contained in Typegy g(@).

— If & ~ w, then it immediately follows that A €
Typesy. p(u).

— Otherwise, there are individuals a € [u]. N X and
a € [u]~ N such that @ ~3y.5 a. We infer from
a ~ U, a ~3y.B a, and a ~ u that Typegy () =
Typesy.s(a) = Typesy.p(a) = Typesy (u), and
thus A € Typegy g(u).

Conversely, assume that A € Typegy g(u), i.e., the ma-

trix B entails A(u), from which we infer by means of

Corollary I that A(@) must be contained in B for some

U ~3y.5 u. Since u ~ u holds, the above definition of the

filtration immediately implies that A([u]~ ) is in the ma-

trix C. Furthermore, @ /3y, w implies [@]. ~3z.c [u]~,

and thus A € Types, ¢ ([u]~).

¢ Next, we are concerned with the case where C is a nom-
inal {a}. First let {a} € Typegyc([u]~). It follows
that [a]~ =37 [u]~, and so there is an individual name
b € [u]~ NX| where a ~3y. 5 b. We infer that {a} is in
Typegy 5(b), and also in Typegy z(u) since b ~ w.
Regarding the opposite direction, let {a} € Typegy z(u).
It follows that a ~3y.5 w and u must be an individual
name. The definition of the filtration yields [a]~. ~3z.c
[u]~, and so we obtain that {a} € Types, o ([u]~).

e Assume that C' is an existential restriction JR.D.

If 3R.D € Typegyg(u), then by Corollary I

there is @ =3y wu such that R(u,v) € B and

Conj(D) C Typegy (v). The induction hypothesis

yields Conj(D) C Typegy 5([v]~). According to the def-

inition of the filtration we further have R([u].,[v]~) €

C, and so 3R.D € Typegyc([a]~). From @ =3y

u we infer that [u]. =3z¢ [u]~ and thus IR.D €

Typesz.c([ul~).

Conversely, assume 3R.D € Typegy ¢ ([u]~). So there

is []~ =~3zc [u]~ where R([t]~,[v]~) € C and

Conj(D) C Typesy ¢([v]~), cf. Corollary I. By induction

hypothesis we obtain Conj(D) C Typegy g(v). Further-

more, we have R(u’,v") € B for some v’ ~ @ and some

v’ ~ v, and thus IR.D € Typegy z(0).

- If w ~ wu, then it immediately follows that AR.D €
Typesy.p(u).

— Otherwise there is an individual name @ ~ @ and an
individual name a ~ wu where a ~3y.5 a. Then
Typesy s(u) = Typesyp(a) = Typesyp(a) =
Typegy (1), which implies IR.D € Typegy g(u).

Last, let 3¢.C € Typegy, o ([u]~), i.e., C E I¢.C([u]~).

So there is a word S; - -+ S,, € L(UAr(¢)) such that C =

351. - 38,.C([u]~). According to Corollary I there are



role assertions St ([vg]~, [w1]~), Sa([v1]~, [w2]~), -,

Sp([vn-1]~, [wp]~) in C such that

- [U]~ ~N3z.C [UO]N,

- [wi]~ =3z [vi]~ foreachindex i € {1,...,n — 1},

- and C = C(Jwy]~)-

Sy--- S, € L(Ar(q)) implies that there are transitions

(g0, 51,G1)s - - -+ (Gn—1, Sn, qn) where go = g and g, is fi-

nal. Furthermore, Conj(C') C Typeg, ¢([wn]~), and the

induction hypothesis yields Conj(C) C Typegy g(wn),
and thus 3¢,,.C € Typegy g(wy,).

We show by induction along the above transitions that

Jqo.C € Typegy p(vg). Consider an index i, start-

ing with the largest one, n, and then in decreasing or-

der. Since S;([vi—1]~,[w;i]~) is in the filtration ma-
trix C, there is a role assertion S;(¥;_1,w;) in B where

Vi1 ~ v;—1 and w; ~ w;. We thus infer from

J¢;.C € Typegy g(w;) that first 3¢;.C' € Typegy g(w;),

then 3¢;_1.C € Typegy g(T;—1), and thus 3¢;_;.C €

Typegy 5(vi—1). We continue with a case distinction why

[wi_l]N X3z.C [Ui_1]N holds.

- Ifw;_1 ~ v;_1, then it directly follows that 3¢;_;.C €
Typesy. g(wi-1).

— Otherwise, there are individual names a;_1 ~ v;_1
and bi,1 ~ Wi where A;—1 ~3vY.B bifl.
Then the types Typesy p(vi-1), Typesy.p(ai-1),
Typegy g(bi—1), and Typegy g(w;—1) are equal, and
we obtain 3¢;_1.C € Typegy g(w;_1) as well.

We have shown that 3¢.C' € Typegy g(vo). With a sim-

ilar case distinction on [u]~ &3z [vo]~ as above, we

infer 3¢.C' € Typegy g(u).

It remains to show the converse direction. Consider

3¢.C € Typegy g(u). So there is a word Sy ---S,, €

L(Ar(q)) and role assertions Si(vg,w;), Sa2(v1,ws),

«vvy Sp(Vp—1,wy) in B such that

- U ~3y.B Vo,

- w; ~3y.p v; foreachindex i € {1,...,n—1},

— and Conj(C) C Typegy g(wn).

Furthermore, S --- S, € L(2g(g)) implies that there
are transitions (go,S1,41)s --+» (@n—1,5n,qn) Where
qo = q and g, is final.

According to the definition of the filtration, its ma-
trix C contains the role assertions Si([vo~,[w1]~),
So([v1]~y [wal~)s -« oy Sn[Un—1]~, [wn]~), and it further
holds that [u]. ~3z.c¢ [vo]~ and [w;]~ ~37.¢ [v;]~ for
each index ¢ € {1,...,n — 1}. The induction hypothe-
sis yields Conj(C) C Types ¢([wn]~). By induction, it
follows that 3¢.C' € Typeg, ¢([u]~). O

Let 3Z.C' be the R-saturation of the filtration 3 Z.C.
Lemma IX. Typegy 5(u) = Types, ¢/ ([u]~)

Proof. We show the claim by an induction along the se-
quence of applications of the RI Rule. Therefore let C =:
Co — Ci = -+ — C, = C' be the sequence of ma-
trices such that C;;; is obtained from C,; by one applica-
tion of the RI Rule. Note that applying the RI Rule does
not introduce new objects or new equality assertions, i.e.,

3Z.C,3Z.C', and all gABoxes 3Z.C; in the sequence have
the same equivalence relation on objects, which we simply
denote as ~37 ¢.

The induction base follows from Lemma VIII.

Assume that C; 1 is produced from C; by applying the RI
Rule for Ryo---oR, C Sat([v],[w]~), i.e., there are role
assertions Ry ([zo]~, [y1]~)s -+ s Bu([Zn-1]~,[Un]~) in C;
where

° [JJO}N ~3vy.C [U]N,
* [zj]~ ~3vc [yj]~ foreachindex j € {1,...,n — 1},

o and [y,]~ ~3y.c (W]~

and the new assertion S([v]., [w]~ ) is added to the matrix,
yielding C; 1.

It is easy to see that Types, ¢ ([u]~) is always a subset of
Typesz.c,,, ([ul~), and so the induction hypothesis yields

that Typesy s(u) C Typeszc, ., ([u]~).

In the opposite direction, we show by induction on C' that
C € Typeszc, ., ([ul~) implies C' € Typesy 5(u).

The only interesting cases are where C' is an existential
restriction involving the role S or an automaton concept such
that the new role assertion S([v]~, [w]~) is used to entail

that C has [u]~ as an instance w.r.t. C;11.

* Assume C;11 = 35.D([u]~). According to Corollary I
there is a role assertion S([v'].[w']~) in C;4+1 such that
[ul~ ~3z.c [v]~ and Conj(D) € Typesy ¢, ((w']~).
The inner induction hypothesis yields that Conj(D) C
Typegy g(w’).  We have already seen above that
Typegy. p(w') € Typesy c, ([w']~), and thus Conj(D) C
Types o, ([w]-).

If this role assertion is not the new one, it also con-
tained in C;. It then immediately follows that 3.5.D €
Types ¢, ([v']~). Since [u]. ~3z.c [v]~, the latter type
is equal to Types; ¢, ([u]~). Thus the outer induction hy-
pothesis yields 35.D € Typegy g(u).

Now assume that S([v']~[w']~) equals the new role as-
sertion, i.e., v ~ v’ and w ~ w’. Since Ryo---o R, C S
is an RI in the RBox, the automaton for .S contains transi-
tions (q07 Rla Q1)’ (q17 R2a q2>9 R (qnfh Rn7 Qn) where
qo = tg is the initial state and ¢, is a final state. From
Conj(D) C Typeszc,([w]~) and w ~ x,, we infer that
3qn.D € Typesg ¢, ([zn]~).

We now consider each index j in decreasing
order, starting with n. Since C; contains the
role assertion R;([zj_1]~,[zj]~), it holds that
d¢;.D € Typegze,([zj]~) implies 3q;_1.D €
Typesz.c, ([zj-1]~).

By induction we obtain dqo.D € Typeszc, ([zo]~),
and thus ¢ = ig and xg ~ v implies Jig.D €
Typesy ¢, ([v]~). With [u]. ~3z7.¢ [v]~ we conclude that
the latter type equals Types ¢, ([u]~).

The outer induction hypothesis yields dig.D €
Typegy g(u). Since 3Y.B is saturated w.r.t. (7, R), we
obtain by Lemma VI that 35.D € Typegy z(u).

¢ The case where C' = 35~ . D is similar.



* Now let C = 3¢.D € Typegze,,, ([ul~), ie.,
there is a word S1---S,, € L(2r(¢g)) such that
Cit1 = 351.---35,,.D([u]~). By Corollary I there are
role assertions S ([vo]~, [w1]~), S2([v1]~, [w2]~), - .-,
S ([Vm—1]~, [Wm]~) in Ci41 Where

- [U]N ~3z.Cc [UO]N,
- [wj]~ =az.c [vj]~ foreachindex j € {1,...,m—1},
- and Conj(D) C Typesz ¢, ., ([wm]~).

The inner induction hypothesis yields Conj(D)
Typesy g(wm) and  with  Typesy g(wm)
Typesz ¢, ([wm]~) we infer that Conj(D)
Typesz ¢, ([wml~).

In the sequence of role assertions Si([vg]~,[w1]~),
So([v1]~s [w2la)s oy Sm([Um—1]~, [Wm]~), Which are
all in the matrix C;1, we replace

INININ

— each occurrence of the new role assertion
S([v]~, [w]~) by the subsequence Ri([zo]~, [y1]~),
s Ru([zn—1]~, [yn]~), and

— each occurrence of the inverse new role as-
sertion S~ ([w]~,[v]~) by the subsequence
Ry ([ynl~s [wn—1]~)s - Ry (1]~ [wo] )

We so obtain a sequence of role assertions in the ma-

trix Civ say Sj([vhl. [wil~). Sh([0h], [wh]o). ..

SH([0f 1)~ [0} ). where

- [UO]N ~3z.Cc [U6]~,

- [wi] ~3z.c [vj]~ foreachindex j € {1,...,0 — 1},

- and [wy|~ R3z.¢c (W]~

Since Sy -+ S; € L(%%(q)), the RBox R contains the
role inclusion Ry o --- o R,, C S, and the automaton
2y is deterministic, it then further holds that S7 - -- S} €
L(Ar(q)), and so there are transitions (qo, S7,q1)s - - -»
(ge—1, 57, qe) where gy = g and ¢y is final.

From Conj(D) C Typesy ¢, ([wm]~) and [wi]. ~3z.c
[wp]~ it follows that 3g,.D € Typesy ¢, ([w)]~). By
induction, it follows that 3go.D € Typesz . ([vp]~).
Due to g9 = ¢q and [u]~ =3z.c [v(]~ We get 3¢.D €
Typesz.c,([u]~). The outer induction yields 3¢.D €
Typesy. z(u). O

Since, for a fixed signature and up to renaming of vari-
ables, there are only finitely many qABoxes containing at
most m-2™ objects, we can effectively construct the set of
optimal repairs of 3 X. A for P w.r.t. (7, R) by enumerating
these qABoxes, then removing the ones that are not repairs,
and finally removing from the remaining set the elements
that are strictly entailed by an other element.

Theorem 12. Let 3X. A be a gABox, (T, R) a terminating
ELROIL terminology with regular RBox whose associated
automata can effectively be computed, and P an ELROL re-
pair request. Then the set of all optimal repairs of 3X. A for
P w.rt. (T, R) can, up to equivalence, effectively be com-
puted, and every repair is entailed by an optimal repair.

The following example shows that the “automata atoms”
in Atomsg (7T, P) are needed for the filtration.

Example 13. Assume that 7 =0, R := {ror C s}, A=
{r(a,b),r(b,c),s(a,c)},and P := {Is.T(a)}. The gABox
I{x}.{r(a,b),r(z,c)} is a (saturated) repair of 3(..4 for P
w.rt. (T,R). If we used only Atoms(7,P) = {3s.T} for
the filtration, then the objects b and x would be identified
since they behave the same w.r.t. this concept in the repair.
Thus, [a].. would have [z].. = [b]~ as r-successor in the fil-
tration, which in turn would have [c].. as r-successor. This
shows that the filtration would have 3s.T (a) as a conse-
quence, and thus would not be a repair. The regular language
Lz (s) = {rr, s} is accepted by a deterministic automaton
with three states, qg, q1, q2, Where ¢q is initial and g5 is fi-
nal, r-transitions from ¢g to ¢; and from ¢; to g2, and an
s-transition from gg to go. Since the object x belongs to
Jqi1. T, but b does not, they are not identified in the filtration
that takes the concepts in Atomsg (7,P) = {3¢;. T | 0 <
i < 2} into account.

3.2 Repair Types and Repair Seeds

Instead of blindly searching for optimal repairs among the
very large set of “small” repairs, we now show how the con-
siderably smaller set of canonical repairs, which contains all
optimal repairs, can be constructed from repair seeds. Such
a repair seed is of polynomial size, and it basically specifies
which atoms in Atoms(7",P) U Atomsg (7, P) need to be
removed for each individual.

From now on, we assume that Y. is the saturation of
JX. A w.urt. (T, R). Our canonical repairs will actually be
computed from 3Y. 5. This guarantees that no consequences
are lost which would, in the original gABox 3X..A, only
follow from removed assertions but which cannot partici-
pate in violating the repair request. As mentioned in the
introduction, to achieve optimality, it is not sufficient to re-
move assertions from this gQABox. We must also generate
anonymous copies of its objects. Basically, these copies
are induced by pairs (u, KC) where u is an object in B and
K C Atomsg (T, P) is a set of atoms C' such that v is an in-
stance of C' in Y. 1. Putting an atom into /C means that the
copy of u induced by (u, K) should not be an instance of C'.

Recall that Conj(C') is the set of all top-level conjuncts
of a concept description C. The set Conjg(C) is ob-
tained from Conj(C') by replacing each existential restric-
tion 3R.D € Conj(C) with Jig.D.5> We will use the fol-
lowing mapping (- )z from atoms to R-extended atoms:
(A)r = A for concept names, ({a})r = {a} for nom-
inals, and (3R.D)g := Jig.D for existential restrictions.
We further set (3. D) = Jq.D if ¢ is a state. With that,
we have Conj (C) = {(D)r | D € Conj(C) }.

The sets K used to construct copies of u must be repair
types for wu.

Definition 14. Let u be an object name of 3Y.5. A repair
type for u is a set L C Atomsg (T, P) satisfying:
(RT1) If C € K, then B |= C(u).

(RT2) If D € Sub(T,P)UAtomsg (T, P) with B = D(u)
and C € K with D C7"® C, then Conjz (D) N K # 0.

(RT3) If E € Py and B |= E(u), then Conjr (E)NK # 0.

SRecall that i g is the initial state of the automaton 2 .



The first condition says that only concept assertions that
really hold for u need to be removed. The second condition
ensures that concept assertions that are removed for u can-
not be reintroduced by the terminology. The third condition
has the effect that no copy can be an instance of a concept
description that occurs in the global request. Each two indi-
vidual names a and b with @ ~3y.3 b have the same repair
types.

Note that Condition (RT2) could also be formulated with-
out taking the R-extended atoms in Atomsx (7", P) into ac-
count. The canonical repairs will then still have enough
structure such that Theorem 16 can be proven. Specifi-
cally, the R-extended atoms in Atomsg (7, P) would then
also not need to be considered in Definition XIII and Lem-
mas XXIII and XXIV, and the second condition in Defini-
tion XVI would not be necessary.

In the canonical repairs, one of the copies of each individ-
ual will stand for this individual, whereas the other copies
are variables. In addition, some individuals that are equal
w.r.t. 3Y.3 may no longer be equal in the repair. The repair
seed makes these decisions explicit.

Definition 15. A repair seed S consists of an equivalence
relation ~s on Obj(3Y.B) that is a refinement of ~3y.;
(i.e., =s C =3y p) and of a function that maps each equiv-
alence class [a]s of an individual @ w.r.t. A5 to a repair type
Sla]s for a, such that the following conditions are fulfilled:

(RS1) If C(a) € Pipc and B = C(a), then Conjy (C) N
Stals # 0

(RS2) If a, b are individuals and {a} € Atoms(T,P), then
{a} € Sp)s iff a ~3y.5 band a %s b.

The first condition guarantees that the repair induced by
the seed satisfies the local request. The second condition en-
sures that the decision made by the seed that two individuals
should no longer be equal is respected in the repair.

Example X. We choose the TBox {A T {b}}, the empty
RBox, the (saturated) qABox {a = b, A(a)}, and the repair
request {{a}(b)}. The individuals ¢ and b are equivalent.
So we have two choices for a refinement: either a ~g b or
a #s b. In the former case, there is only one equivalence
class {a, b}. Condition (RS1) would require that S, ;) con-
tains {a}, which violates Condition (RS2).

Now consider the latter case, where {a} and {b} are
the equivalence classes of a repair seed. Condition (RS1)
enforces {a} € Sy, and thus Condition (RS2) requires
{b} € Sy4y. With Condition (RT2) we further get A € Sy,;.
The latter ensures that a is specifically repaired for A and
thus inference with the TBox and RBox cannot restore the
equality a = b.

Computing a refinement of the equivalence relation
=3y according to the unwanted equalities expressed in the
repair request has a strong connection to a well-known prob-
lem in graph theory. First of all, we can construct an undi-
rected graph (V, E) in which the vertices are the objects of
JY.B and where two objects are joined by an edge if they
are equivalent w.r.t. ~3y.5. Since /gy p is transitive, the
graph (V, F') must be a disjoint union of cliques. Specifi-
cally, each clique represents an equivalence class. Now for

each unwanted equality expressed by the repair request, we

remove the corresponding edge in the graph (V, E), which

can be seen as a request to split an equivalence class into

smaller classes. In order to construct a refinement of ~3y 5

that adheres to the unwanted equalities, we compute a clique

cover of the modified graph (V, E), which is a partition of
the vertex set V' into cliques of (V, E). The cliques are then
the refined equivalence classes.

Such a clique cover is called minimum clique cover if
there is no clique cover that partitions V' into fewer cliques.
The clique cover number of (V, E) is the number of cliques
in a minimum clique cover. The problem consisting of all
pairs ((V, E),n) where (V, E) has a clique cover number
not exceeding n is NP-complete (Karp 1972). It follows that
computing a minimum clique cover is NP-hard. Clearly, the
coarsest refinements correspond to the minimum clique cov-
ers. While a coarsest refinement might be desirable to retain
as many equalities as possible, there is always a trade-off to
retaining other consequences.

Given a repair seed S, the copies of objects u have ~g-
equivalence classes [u]s as first component.® We write such
a copy, consisting of an equivalence class [u]s and a repair
type K for u as {[u]s, K), and call it the KC-copy of u. The
role assertions between these copies are determined by the
next definition.

Definition XI. Given copies ([uls,K) and ([v]s, L),

we write ([uls,K) = ([v]s, L), and occasionally also

([v]s, L) = ([u]s, K), if the following conditions hold:

(RA1) B = r(u,v).

(RA2) Foreachdq.C € K, if there is a transition (g, r, p) in
some automaton 2 such that B = 3p.C(v), then there
is a state p’ € Qp such that p < p’ and Ip’.C € L.V

(RA3) For each 3¢.C € K, if there is a transition (g, r, f)
in some automaton 2 for a final state f and B = C(v),
then Conjx (C) N L # (.

(RA4) For each 3¢.C' € L, if there is a transition (¢, , p)
in some automaton 2 such that B = Jp.C(u), then
there is a state p’ € Qr such that p < p’ and 3p’.C € K.

(RAS5) Foreach 3¢.C € L, if there is a transition (g, 7, f)

in some automaton 2 for a final state f and B |= C'(u),
then Conjx (C) N K # 0.

The first condition says that {[v]s, L) can only be an
r-successor of ([u]s,K) if v is an r-successor of v in the
saturation. The other four conditions require that fillers of
existential restrictions in the two repair types are propagated
between each other, ensuring that in the repair the copies
will not be instances of these existential restrictions.

To see why this works, reconsider Proposition V
and Lemma VI. Specifically, since 3Y.B is saturated w.r.t.
(T,R), it holds that B = AR.C(t) iff B E Jig.C(t),
where ig is the initial state of the automaton 2(r. This
means that, if we want to ensure that an object ¢ is no in-
stance of I R.C, it suffices to modify it such that it is no
instance of Jig.C' anymore. For this reason, we add in

SFor variables z, their equivalence class is the singleton set {z}.
"Recall that, for states p and g in Qr, we write p < ¢ if
L(Ar(p)) € L(Ar(q))-



Conditions (RT3) and (RS1) the atom Jig.C to the repair
type (instead of 3R.C). Furthermore, by synchronously
traversing the transitions and the role assertions, we have
B = 3q.C(u) iff one of the following statements is fulfilled:

* There is a transition (g, R, p) and there is an an object v
such that B = R(u,v) and B = 3p.C'(v).

* There is a transition (g, R, f) where f is a final state and
there is an object v such that B |= R(u,v) and B = C(v).

So to make an object u no instance of 3¢.C', we must modify
each R-successor of u such that it is no instance of 3p.C for
each transition (g, R, p), see Conditions (RA2) and (RA4).
At the same time, each R-successor of u must not be an
instance of C for each transition (¢, R, f) where f is a final
state, see Conditions (RA3) and (RAS).

In contrast to the case for £L£, not every repair seed in-
duces a repair, as illustrated by the next example.

Example XII. Consider the gABox {r(a,b), B(b)} and the
TBox {{a} C 3r.B, B C {b}}. The qABox is already sat-
urated. For the repair request { B(b)}, there is the repair seed
with Sjq)s = 0 and S = { B} (which is the only one), but
no repair exists since the TBox already entails B(b).

To characterize the repair seeds that do induce repairs, we
need to introduce the following notions.

Definition XIII. Let /C be a repair type for u. The residual
of IC w.r.t. u is defined as

D € Sub(T,P) U Atomsx (T, P),
K*(u) :=={ D |B = D(u), and
DR Cforall C € K

Intuitively, X (u) contains the subconcepts D of which
the copy ([u]s, KC) should still be an instance after the repair.

Lemma XIV. Let K be a repair type for u. For each C €
Sub(7,P) U Atomsg (T, P) where B |= C(u), we have
either C € K+ (u) or Conjr (C)NK # 0.

Proof. Consider a concept C in Sub(7,P) U
Atomsg (T,P). If C is not in the residual K (u),
then there is some atom D in the repair type K such that
C CT'R D. Condition (RT2) in Definition 14 enforces that
Conjr (C) N K # 0.

It remains to show that the two conditions are mutually
exclusive. Assume that both would hold. From Conj (C) N
K # 0 it would follow that there is a top-level conjunct
E € Conj(C) such that (E)g € K. Since C C? E C?
(E)R, it would follow that C' C7"® D for some D € K,
i.e., C € KT (u), a contradiction. O

Lemma XV. Each residual is closed under subsumers w.r.t.
T, i.e., for each C € K*(u) and for each D € Sub(T,P)
where C C7 D, it holds that D € K+ (u).

Proof. Consider two concepts C € Kt(u) and D €
Sub(7,P) such that C C7 D. From C € K*(u) it
follows by Definition 14 that B = C(u). Since B is T-
saturated, C' C7 D implies B = D(u). Now consider some
atom E € K; we must show that D Z7°® E. Assuming
the contrary would immediately yield the contradiction that
C C7T"R E—this cannot hold as C' € K (u). O

Definition XVI. Let S be a repair seed and consider a sub-
set I' of

{{la)s; Spa)s) [ a € %}
a € ¥y, K is arepair type for a, and

U< (lals,K) | {b} € K for each {b} € Atomsz (T, P)
where 3Y.B=a=b
U{([z]s,K) | x € Y and K is a repair type for x }.

We say that I is saturated if the following conditions are
fulfilled for each ([v]s, L) € T

(S1) for each IR.C € LT (v), there is some ([w]s, M) €
[ such that ([v]s, £) £ ([w]s, M) and C € M*(w),
(S2) for each 3¢.C' € Lt (v), there is some Ry --- R,, €
L(Q[R(q)) and <<[’w1}ﬁ, M1>>, cey ([wn]g, Mn>> GR r
such that ([v]s, L) == ([wi]s, M1) = -+ ==

([wn]s, My ) and C € M} (wy,).

The whole set in the above definition contains all copies
that, at least in principle, would make sense in a repair. First
of all, these are the copies {[a]s, S[a]s) that will stand for
the individual names. However, we must not consider copies
([a)s, K) where the repair type K does not ensure that in-
ference with the TBox and RBox cannot restore equality
with a; the remaining ones are in the second part. Since
equalities can never involve variables, it is unproblematic to
consider copies of variables (those in the third part).

To see that, in the second part, we cannot replace the con-
dition 3Y.B |= a = b with a =g b, recall that the resid-
ual £ (a) should contain all subconcepts that are still sat-
isfied by the copy {[a]s, K) in the repair. If we would now
have the situation where the saturation 3Y.B entails a = b
but the repair seed S is chosen such that a %s b, and fur-
ther the nominal {b} is in Atomsg (7, P), then with the re-
placed condition we would allow a copy {[a]s, ) where
the repair type X does not contain {b} — but then the resid-
ual KT (a) could contain {b}, which means that the copy
([a]s, K) would be identified with b, which is represented
by ([b]s,Spp)s)- This could lead to undesired effects. The
proof of Lemma XXIV gives a more sophisticated answer.

The notion of saturatedness is closely connected to the no-
tion of a residual. Recall that we want each copy ([v]s, L)
to be an instance of all concepts in the residual £7 (v). In
order to ensure this, we require above that each existential
restriction IR.C' in LT (v) has a witness, which is an R-
successor ([w]s, M) where C € M™(w), and similarly
for each automaton concept 3¢.C in LT (v).

It is easy to see that each union of saturated sets is satu-
rated. We infer that there is a largest saturated set.

Definition XVII. The largest saturated set is denoted by
Q(S), and we call its elements the admissible copies.

The set ©(S) can be computed by starting with the whole
set in the above definition and then subsequently deleting
copies that violate the saturatedness condition. Repair seeds
should only assign repair types Sjq)s to individuals a such
that the resulting copies ([a]s, Sja]s) are admissible.

Definition XVIII. Let S be a repair seed. We say that S is
admissible if it additionally satisfies the following condition:



(RS3) ([als,S[a)s) € QS) foreach a € X).

This restriction ensures that instance relationships for ex-
istential restrictions in the residual remain satisfied in the re-
pair. Of course, a repair seed S is admissible iff there exists a
saturated set containing ([a]s, S[q)s ) for each individual a.

Example XIX. Fix the TBox {B C {b}, 3r.B C A}, the
empty RBox, the (saturated) qABox {A(a), r(a,b), B(b)},
and the repair request { B(b) }. There are no equalities in the
gABox and thus each equivalence class is a singleton. It
follows that the equivalence relation ~s in a repair seed S
is the reflexive relation on {a,b}. A particular repair seed
is now obtained with the mappings Sjq)s = () and Sppjs =
{B}. We are going to show that S is not admissible.

Consider the copy ([a]s,S[as); the residual St (a)
contains the atom 3r.B. For each saturated subset I' con-
taining ([a]s, S[q)s ). there must thus be a copy ([b]s, K)
such that ([a]s, Sa)s) = ([bls, K) and the residual KT (b)
contains B. (As b is the only r-successor of a, the copy
([als, S[a)s) cannot have other r-successors). Since the re-
pair type S[p)s contains B, its residual w.r.t. b cannot contain
B. Now consider another repair type K for b that satisfies the
condition in Definition X VI, i.e., it must contain the nominal
{b}. With Condition (RT2) it follows that X must also con-
tain B, and thus the residual K (b) cannot contain B either.
So there does not exist a saturated subset I' that contains
(lals, Siars)-

In contrast, the repair seed S” where Sf,/
and Sfyj,, = {B} is admissible.

Furthermore, if we exchange the CI B C {b} with
{b} C B, then there is no repair seed at all. In particular,
Condition (RS1) would enforce B € S b)s and so Condi-
tion (RT2) would further require {b} € Sf,,, which con-
tradicts Condition (RS2).

Compared to the £L case in (Baader et al. 2021a), we
needed to impose further substantial conditions on the seeds
that induce the repairs. However, this is only a conserva-
tive extension: if the quantified ABox 3.X..4 does not con-
tain equalities, the TBox 7 as well as the repair request P
are formulated in ££, and the RBox R is empty, then each
repair seed is admissible. The proof of the if direction of
Lemma XII in (Baader et al. 2021b) specifically shows that,
for each repair seed S, the set (S) consists of all ([t]s, )
where ¢ is an object of 3Y.3 and K is a repair type for ¢.

= {3r.B}

S”’

3.3 Canonical Repairs

We are now ready to define the repairs induced by admis-
sible repair seeds. As in (Baader et al. 2021a), we call the
repairs obtained this way “canonical.” Recall that 3Y.15 de-
notes the saturation of 3.X..4 w.r.t. the terminating terminol-
ogy (T, R).

Definition XX. Let S be an admissible repair seed. The
canonical repair of 3X. A for P w.rt. (T, R) induced by S
is defined as the gABox rep” " ®(3X. A, S) := IZ.C that is
constructed as follows:

(CR1) Add each admissible copy ([uls, ) € Q(S) to Z,
except if v is an individual and K = S[y)s

(CR2) Add the concept assertion A({[u]s,K)) to C for
each ([u]s, K) € Q(S) where B |= A(u) and A & K.

(CR3) Add the role ass. 7({[u]s, IC)), ([v]s, L)) to C for all
([uls, K), (v]s, £) € AS) st ([uls, K) = ([v]s, £)-

(CR4) For each equivalence class [a]s where a € %),
* choose a representative a’ € [a]s,
» replace each occurrence of ([a]s, S[a)s) in C with @/,
* and add the equality assertion ¢’ = b to C for each
individual b € [a]s \ {a’}.
Afterwards, we treat ([a]s, Sja]s) and a’ as synonyms.

In the remainder of this section we are going to prove sev-
eral technical lemmas that hold for canonical repairs. There-
fore assume that S is an admissible repair seed and that
3Z.C is the canonical repair of 3X.A for P w.rt. (T,R)
induced by S. Further recall that 3Y. B is the saturation of
AX. Awrt. (T, R).

We begin with proving some rather simple conse-
quences of the interplay between Instructions (CR2), (CR3),
and (CR4).

Lemma XXI. The following statements hold.

1. For each individual a and for each individual b, the fol-
lowing are equivalent:

(a) CEa=1b
(b) C ): ([a}&s[ﬂ]s» =b
(c) {lals,S1s) =b € Cor(lals,Sqals) =b.
(d) a=~sb
(e) a=3z.cb
2. For each concept name A and for each individual a, the
following are equivalent:

(a) C = Ala)
(b) C = A({lals, Stals))
(c) A({lals,Sa)s)) €C
3. For each role name r, for each individual a, and for each
individual b, the following are equivalent:

(a) C = r(a,b)
(b) C = r((lals, Siais ) ([b]s: Spys ))
(¢) r({lals; Stas), ([Bls; Swis)) € €

Proof. 1. Statements la and 1b are equivalent since either
(lals; Sja)s ) equals a (namely if a was chosen as the rep-
resentative of [a]s in Instruction (CR4)) or the matrix C
contains the equality assertion ([a]s,Sja)s) = @ by In-
struction (CR4). Statements la and le are equivalent by
Corollary I. Furthermore, Statements 1b to 1d are equiva-
lent by Instruction (CR4).

2. Recall that either the chosen representative ([als, S[a]s)
equals a or C contains ([als,S[q)s) = a by Instruc-
tion (CR4). It follows that Statements 2a and 2b are equiv-
alent. It is further trivial that Statement 2c implies State-
ment 2b.

Now assume that the matrix C entails the concept asser-
tion A({[als,S[a)s)). According to Corollary I there is
an object u' of 3Z.C such that ([a]s, Sja]s) ~3z.c ¥
and A(u’) € C. The latter concept assertion A(u') must



have been added to C by Instruction (CR2), i.e., u’ must
be of the form ([u]s, ).

Since no variable can occur in an equality assertion,
([u]s, ) must be a synonym of an individual. Due to
Instruction (CR4), the equivalence class of the represen-
tative ([a]s, S[a]s) does not contain other synonyms than
itself. We conclude that {[a]s, Sa)s) equals ([u]s, ),
which yields that C contains A({[als, S[a)s))

3. The last claim can be proven in a similar manner as the
second claim. O

Next, we show that each canonical repair is entailed by the
input gABox 3X. A w.r.t. (T, R). According to Theorem 5
it therefore suffices to prove that a homomorphism from the
canonical repair 3Z.C to the saturation 3Y. 13 exists.

Lemma XXII. Each mapping h where h(a) = a for each
individual name a € Xy and h({[u]s,K)) € [u]ay.B for
each variable ([uls,KC) € Z is a homomorphism from
3Z.C to AY.B, and there is at least one such mapping.

Proof. Consider a mapping & as above. Since ~gs is a re-
finement of ~x3y. 3, each equivalence class [u]s is a subset
of [u]gy.5 and thus the choice of each value h({[u]s,))
is independent of the representative of [uls, i.e., h is well-
defined. There is at least one such mapping as equivalence
classes are never empty.

(Hom1) Consider an individual ¢ and an individual b where
a ~3z.c b. According to Lemma XXI the equivalence
relations ~37 ¢ and ~s are equal on individuals, and so
we obtain @ ~s b. According to Definition 15, ~s is a
refinement of =3y, 3 and thus a ~3y 5 b. Since h(a) = a
and h(b) = b, we conclude that h(a) ~3y.5 h(b).

(Hom2) By the very definition of A, it holds that h(a) = a
for each individual a.

(Hom3) Consider a concept assertion A({[u]s,)) in C,
which can only have been created by Instruction (CR2).
It follows that B entails the concept assertion A(u) and
so Corollary I yields an object v’ =3y wu such that
A(u') € B. With h({[u]s,K)) € [u]zy.g we infer that
u' ~3y.8 h({[u]s, K)).

(Hom4) Consider a role assertion r({[u]s, K), ([v]s, L))
in C, which can only have been introduced by Instruc-
tion (CR3). Due to Definition XI it follows that B en-
tails the role assertion r(u, v) and thus Corollary I yields
an object v’ =3y.5 u as well as an object v/ =3y v
such that r(u/,v") € B. Since h({[u]s,K)) € [u]ay.s
and h({[v]s,K)) € [v]ay.B, we conclude that v’ ~3y.5

h({[u]s, K)) and v’ =3y.5 h({[v]s, K)). -

The following lemma is key to proving correctness of the
repairs. Specifically, it shows that each copy ([u]s, K} is no
instance of each atom in the repair type K.

Lemma XXIIL. For each copy {[u]s, ) € Q(S) and for
each atom C' € Atoms(T, P)UAtomsg (T, P), it holds that
(C)r € K implies C }~= C({[u]s, K)).

Proof. We show the claim by induction over C.

1. Consider a concept name A that is contained in K. By In-
struction (CR2) we obtain A({[u]s,)) & C. According
to Lemma XXI it follows that C = A(([u]s, K)).

2. Consider a nominal {a} that is contained in K. We start

with the case where ([u]s, K) is no synonym of an indi-
vidual name, i.e., either « is a variable of 3Y.B or the
repair type K is not equal to Sp)s. Since in Instruc-
tion (CR4) of Definition XX we only add to C equalities
involving individual names, C cannot entail {[u]s, ) =
a. It follows that C B~ {a}({[u]s, K)).

In the remaining case, assume that {[u]s, KC) is a syn-
onym of the individual name b and thus v must be an
individual such that u =g b and the repair type /C must
be equal to Spys, cf. Instruction (CR4). It follows that
{a} € Sp)s and so Condition (RS2) in Definition 15
yields a #%s b. We infer with Lemma XXI that the equal-
ity a = b is not entailed by C, and so we conclude that

¢ Fé {a}({[uls, ).

3. Consider an existential restriction 3IR.C such that

(3R.C)r = Jig.C is contained in IC. We need to prove
that C does not entail 3R.C({[u]s,)). According to
Corollary I, it suffices to show that, for each role assertion
in C with the role R where the object in first position is
equivalent to ([u]s, K}, the object in second position is no
instance of the filler C'. Due to Instruction (CR3), the ob-
jects in both positions can only be in Q(S). Furthermore,
within its equivalence class ([u]s, IC) is the only element
in Q(S). We thus need to consider only {[u]s, K) in first
position.

So, let R({[u]s. ), {[v]s, L)) be a role assertion in C,
ie., ([u]ls,K) = ([v]s, L) holds by Instruction (CR3).
We will show that C does not entail C'({[v]s, L)).

Since R C® R, there is a transition (ig, R, f) towards
a final state f. By Condition (RA3) or (RAS5) in Defi-
nition XI (depending on whether R is an inverse role or
not) it follows that Conjg (C) N L # 0, i.e., there is a
top-level conjunct D of C where (D) € L. As the role
depth of D is smaller than the role depth of C, we can
apply the induction hypothesis and so obtain that C does
not entail D(([v]s,L)). It follows that C cannot entail
C(([v]s, L)) either.

4. Last, consider an automaton concept 3¢.C in K. We show

that C £~ 3JRy.---3IR,.C({Ju]s,K)) for each word
Ry--- R, € L(/Ar(q)). Consider such a word; there are
transitions (qo, R1,q1), (q1, R2, ¢2)s - -+ (qn—1, R, Gn)
where qp = ¢ and }q{n is final. If there is no copy {[v]s, £)
where ([u]s, K) 22 ... £y ([u]s, £), then the entail-
ment can obviously not hold, cf. Corollary I. Otherwise, it
is a finger exercise to show by induction and using Defi-
nition XI that either B = C(v) or Conjp(C)NL # O
must hold. By Lemma XXII the former implies C [~
C({[v]s, L)), and by induction hypothesis the latter im-
plies C = C({[v]s, L)) as well. O

Next, we prove that the residual of each copy consists ex-
actly of those subconcepts the copy is an instance of w.r.t. the
canonical repair. It will be used to show that each canonical
repair is already saturated w.r.t. the concept inclusions in 7.



Lemma XXIV. For each copy ([uls,K) € Q(S) and for
each concept description D € Sub(T,P)UAtomsg (T, P),
it holds that D € KT (u) iff C = D({[u]s, K)).

Proof. We first show the only-if direction. Therefore con-
sider an admissible copy ([u]s, ) and a concept D con-
tained in the residual K (u). Recall from Definition XIII
that the latter implies B = D(u) and D Z7°® C for each
C € K. We prove C = D({[u]s, K)) by induction over D.

e The case D = T is trivial.

* Let D = A be a concept name. It follows that B en-
tails the assertion A(u), and further that K does not con-
tain A (otherwise we get the immediate contradiction
DCTR A€ K). According to Instruction (CR2), the
matrix C contains the concept assertion A({[u]s, X)) and
so it must also be entailed.

* Assume that D = {a} is a nominal. We conclude that
B entails the equality © = a, and that IC does not con-
tain {a}. Since no variables occur in equalities, u must
be an individual. Since ([u]s, ) is an admissible copy,
it follows from Definition XVI that either X = S5 or
{b} € K for each nominal {b} € Atoms(7,P) where
Y. B = u=b. So{a} ¢ K implies = S[u]s-

It further follows that {a} & S[us. i€, a =s u by
Condition (RS2) of Definition 15. An application of
Lemma XXI shows that C = a = wu. Furthermore,
C contains the equality assertion {[u]s,K) = u by In-
struction (CR4) or ([u]s, K) equals u (i.e., u is the cho-
sen representative of [u]s). We conclude that C entails

a = ([us, K. ie..C |- {a} ({[uls. K)).

 If D is a conjunction, then the claim easily follows by an
application of the induction hypothesis for each top-level
conjunct of D.

» Consider an existential restriction D = JR.E in the
residual K1 (u). According to Deﬁnition XVI there is
some adm1551ble copy [g 5, Q(S8) such that F €
L+ (v) and ( > From the former we
infer by an apphcation of the 1nduct10n hypothesis that C
entails E({[v]s, L)), and the latter implies that C con-
tains the role assertion R({[u]s, ), {[v]s, L)), cf. In-
struction (CR3) in Definition XX. We conclude that C en-
tails IR. E(([u]s, K)).

e Last, assume that D = Jq.FE is an automaton concept
in the residual Kt (). Definition XVI implies that there
is a word R; --- R, E L(QLR( )) and there is an ad-
missible copy R]g, (S) where E € L*(v)
and ([u]s ([v]s,L). By induc-
tion hypothesm the former 1mp11es C E E({([v]s, L)),
and the latter means that the matrix C contains an
Ry -+ R,-chain of role assertions from ([uls,K) to
([v]s, L). From this we infer with Corollary I that C |=
AR;.---3R,.E({[u]s, K)), and finally Lemma 7 yields

that C = 3¢. E({[u]s, K)).

It remains to prove the if direction. First of all, C =
D({[u]s, X)) implies B = D(u) by Lemmas II and XXII,
and additionally by Lemma 7 if D is an automaton concept.

Now assume that D were not in the residual KT (u), i.e., ac-
cording to Definition XIII there would be some atom C' €
such that D C7°® C. By Condition (RT2) in Definition 14 it
would follow that Conjx (D) N K # (0. Then Lemma XXIII
would yield the contradiction that C = D({[u]s,K)). 4§ O

After the two structural lemmas our next steps will be to
prove that, firstly, each canonical repair is saturated w.r.t. 7
and, secondly, each canonical repair is saturated w.r.t. R.

Lemma XXV. The concept inclusion rule from Figure 1 is
not applicable to 37.C.

Proof. Consider a concept inclusion C' C D in 7 as well as
an object name ([u]s,C) of 3Z.C. Assume that C entails
C({[u)s,K)). Then Lemma XXIV yields that the residual
KT (u) contains C'. Since 7 contains C' C D, Lemma XV
implies that the residual K (u) contains D as well. An ap-
plication of Lemma XXIV yields that C = D({[uls, X)),
i.e., the concept inclusion rule is not applicable to {[u]s, KC)
for C C D.

The concept inclusion rule is also not applicable to an in-
dividual name a since otherwise it would be applicable to
the admissible copy ([a]s, S[a]s)-

Lemma XXVI. The role inclusion rule from Figure 1 is not
applicable to 3Z.C.

Proof. Consider a role inclusion Sy o - - o S, C Rin
the RBox R, and further let ([ug]s, Ko) =2 ([ui]s, K1),
o (lun—1)g; Kns) Sny (Jun)s, Kn). We show that
([uo]s, Ko) = ([un]s, Kn). We consider the case where
R is a role name, otherwise the proof of Condition (RA2)
becomes the proof of Condition (RA4) and vice versa, and

accordingly for Conditions (RA3) and (RAS).

(RA1) We infer from the assumption that the saturation
3Y.B must entail the role assertion S;(u;_1,u;) for each
index i € {1,...,n}, cf. Instruction (CR3) and Defini-
tion XI. It follows that 3Y.B entails the role assertion
R(ug,uy) since it is R-saturated.

(RA2) Consider an existential restriction d¢o.C € K as
well as a transition (qo, R, p) where B |= Ip.C(u,,). We
must prove that there is a state p’ such that p < p’ and
dp’.C e K,,.

1. Specifically, let T' be a role such that p € Q7. Since
the finite automaton (7 does not contain unreachable
states, there must be some word x such that 2+ reaches
qo from its initial state ¢ when reading x. Further-
more, as 27 does not contain dead states, there must
be some word y such that 21 reaches one of its final
states from p when reading y. We conclude that 2(p
accepts the word xRy, and thus R entails xRy T T.
Since R contains the role inclusion S;o---0 5, C R,
it follows that R entails xSy - - - S,y C T.

Due to determinacy of 2, the accepting run for
xSy -+ S,y must reach ¢y from ip after read-
ing the prefix z, and we have S;---Spy €
L(2A%r(g0)). So there must be (unique) transitions
(qu Slapg_))’ (p(]?v SQapg)’ T (p'l(')Lfl’ Snvp%)’ where
y € LAz (PY)). Due to determinacy this holds for



all y, and so we have L(™Jz(p)) C LA (), ie.,
p < Py

With Lemma VII we infer from B = 3p.C(u,)
that B = 3p%.C(u,). By induction it follows
that B = 3p{.C(u1), namely due to the transitions
(99, S2,09), ..., (P0_1, S, p%) and the role assertions
SQ(ula u2)3 cees Sn(un—la un)

From ([uo]s, Ko) 2% (Jui)s, K1), 3g0.C € Ko, the
transition (go, S1,p?), and B = 3pJ.C(uy), we infer
with Condition (RA2) or (RA4) in Definition XI (de-
pending on whether S; is a role name or an inverse

role) that there is some state q; such that pJ < ¢; and
qu.C e K.

2. We continue with an induction over i € {1,...,n}, for
which the induction base is above. The whole induction
is visualized in Figure 2.

Since pfl < gq;, we infer that the role lan-
guage {S;i1---Sn} o L(Ar(pi~1)) is a subset of
L(Ar(q;)). Due to determinacy of g, there are
transitions (gi, Si1,Pi41)> (Pi1, Sit2 Piga)s -
(Ph—1: Snspy,) such that L(Ax (p}; 1)) € L(Ar(p},)),
i.e., where pi=t < pi.

With Lemma VII we infer from B = 3pi~1.C(u,)
that B = 3p!.C(u,). By induction it follows
that B | 3p. ,.C(u;41), using the transitions
(P15 Sit2,P542)s - -» (Ph_1, Sn, p},) and the role as-
sertions S; o (Wit1, Uit2)s « -« s Sn(Un—1,Un).

From <<[u2]57’C2>> % <<[’U,i+1]$7K:i+1>>, quc S
KCi, the transition (g;, Sit1,pj,1), and B |=
3pt,1.C(uit1), we infer from Condition (RA2)
or (RA4) in Definition XI (depending on whether S, 11
is arole name or an inverse role) that there is some state
qi+1 such that pZ:Jrl S di+1 and E|q1-+1.C S ICZ‘_._l.

3. Specifically, K,, contains d¢,,.C'". Furthermore, it holds
thatp < p? < pl < ... <pr=! < g, and so we are
done.

(RA3) Consider an existential restriction 3¢qq.C' € Kq as

well as a transition (qo, R, f) where f is a final state and
B E C(uy). We need to show that Conjx (C') N K, # 0.
From the assumption we get that R € L(z(qo))-

Similarly as above we conclude that S;---S, €
L(2A%(g0)), and we can find a sequence of states
q1,---,qnandpy,...,p, suchthat (¢;—1, S;, p;) is a tran-
sition, and S; 1 --- S, € L(/Ar(p;)), and p; < ¢;, and
dq;.C € K; for each index i. In particular, we have
3¢n-1.C € Ky—1, and (¢—1, S, Pr) is a transition, and
e € L(Ar (pn)). The latter implies that p,, must be a final
state. By means of Condition (RA3) or (RAS) in Defini-
tion XI (depending on whether R is a role name or an in-
verse role) it follows that Conjx (C) N K,, # 0 as needed.

(RA4), (RAS) The remaining two conditions can be proved

similarly. O

We close this section with our first proposition, namely

that each canonical repair is in fact a repair.
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Figure 2: The induction that yields a state g,, such that p < ¢, and

Proposition XXVII. For each admissible repair seed S, the
canonical repair induced by S is a repair of AX. A for P
wrt. (T, R).

Proof. Let 3Z.C be the canonical repair induced by an ad-
missible repair seed S. We are going to verify that it satisfies
the three conditions in Definition 8.

(Repl) We infer 3Y.B | 3Z.C from Lemma XXII
and Proposition 2.  Thus, Theorem 5 yields that
IX.AETRIZC.

(Rep2) Consider an unwanted concept assertion C'(a) €

Ploc. We need to show that 32.C 7R C(a). According
to Lemmas XXV and XXVI neither the concept inclusion
rule nor the role inclusion rule from Figure 1 is applicable
to the canonical repair 37.C, i.e., it equals its saturation
w.rt. 7 and R. By Theorem 5 it thus suffices to prove
that 32.C }= C(a).
If B = C(a), then C }= C(a) by Lemma XXII. Other-
wise, assume B |= C(a). By Condition (RS1) in Def-
inition 15 we have Conjz(C) N Sus # 0. Thus
Lemma XXIII yields that C = C({[als, Sja)s))- If in In-
struction (CR4) we chose « as the representative of [a]s,
then @ and ([a]s, Sja)s) are synonyms and it thus follows
that C = C(a). Otherwise, C contains the equality asser-
tion ([a]s, S[a]s) = a and we conclude that C = C'(a).

(Rep3) Let C € Pyo; we must show that 3Z.C TR
I{z}.{C(x)}. Similarly as above, it suffices to prove that
3Z.C W= 3{z}.{C(x)}. According to Proposition 2, this
is satisfied if no object of 37.C is an instance of C.
Consider an admissible copy ([u]s, K), i.e., K is a repair
type for u. If B = C(u), then Lemma XXII implies that
C F~ C({[u]s,K)). Otherwise, due to Condition (RT3)
it holds that Conjz (C) N K # 0, and so Lemma XXIII
yields that C (= C'(([u]s, K£)).



Finally, also no individual b can be an instance of C' as
otherwise the admissible copy {[b]s, Sps) would be an
instance of C, which contradicts the above.

3.4 Proof of Completeness

Our second proposition formulates completeness of the
canonical repairs in the sense that each repair is entailed by
a canonical one. A brief summary of the proof is as fol-
lows. Assume that 3W.D is a repair of 3X. A for P w.r.t.
(T, R), which is w.l.o.g. saturated. So there is a homomor-
phism A from 3W.D to the saturation of 3X.A. For each
object name ¢t of 3W.D, we define a set F(t) that consists
of all atoms of which ¢ is no instance w.r.t. (the matrix of)
the repair 3. D but of which h(t) is an instance w.r.t. (the
matrix of) the saturation of 3.X..A, and then we show that
F(t) is a repair type for h(t). An admissible repair seed
S is then obtained by defining its equivalence relation by
a ~g biff a ~3w.p b, and by defining Sjq)s as F(a) for
each individual name a. Finally, we prove that the mapping
t — ([h(t)]s, F(t)) is a homomorphism from the repair
3W.D to the canonical repair induced by S.

In principle, this means that we gather together objects of
the repair 3W.D that are mapped by h to the same object and
that do not satisfy the same atoms. However, we obtain the
canonical repair not by filtration of 3W.D, but it is instead
directly constructed from the saturation of 3.X..A4 and the
admissible repair seed S as per Definitions XI and XX.

Within the below completeness proof we need the next
lemma, which shows that each atom F and its correspond-
ing R-extended atom (FE)x have the same instances in the
saturation Y. B of 3 X. A.

Lemma XXVIIL. Ler 3Y.B be saturated w.rt. (T, R). For
each atom E € Atoms(T, P)UAtoms (T, P) and for each
object t of Y B, it holds that B |= E(t) iff B = (E)r(t).

Proof. The claim is trivial if F is a concept name, a nom-
inal, or an automaton concept. For an existential restric-
tion it follows from Lemma VI since Y. 15 is saturated w.r.t.

(T, R). O

Proposition XXIX. Each repair is entailed by a canoni-
cal repair. Specifically, for each repair AW.D of 3X. A
SJor Pw.rt. (T, R), there is an admissible repair seed S such
that the induced canonical repair rep” "®(3X. A, S) entails
dAW.D.

Proof. Consider a repair 3W'. D’ of 3X.A. Further let
IW.D be the saturation of IW'.D’'. We are going to
show that there exists an admissible repair seed S such
that rep” R (3X. A, S) entails IW.D. Since IW.D entails
JW'. 7', it then follows that rep” (3 X..A, S) also entails
IW'. D’ as claimed.

Since IW’.D’ is a repair, it holds that 3X. A 7R
JW’'.D’'. Furthermore, we infer with Theorem 5 that
Iw'. D TR 3W.D. 1t follows that 3X. A TR
JW.D. Recall that 3Y. 15 is the saturation of 3 X..4 and thus
Theorem 5 yields that 3Y.8 |= 3W.D. With an application
of Proposition 2 we infer that there exists a homomorphism
h from 3W.D to Y. B.

We subdivide the remainder of the proof into three steps,
indicated with bold roman numbers.

I. For each object name ¢ of 3W.D, we define

C € Atomsi (T, P), D I C(t), }

Flt) = { “|and B = C(h(t))

We verify that each F () is a repair type for i(t), by check-
ing the three conditions in Definition 14.

(RT1) We already have by definition that B |= C(h(t)) for
each atom C € F(t).

(RT2) Let C € F(¢) and D € Sub(T,P)UAtomsg (T, P)
where D C7>® C and B = D(h(t)). From C € F(t)
we infer that D = C(t). Since 3W.D is saturated w.r.t.
(T, R), it follows that D 7R C(t). Thus D CT'R C
implies that D 7R D(t).

It follows that D [~ D(¢) and so there is a top-level con-
junct E € Conj(D) such that D [~ E(t). According to
Lemma XXVIII we obtain that D }= (E)z ().

Of course, B must entail F(h(t)). Thus Lemma XXVIII
yields that B |= (E)gr(h(t)). Summing up, we can con-
clude that F(¢) contains (E)x.

(RT3) Consider a concept C' € Pgio where B = C'(h(t)).
Since 3W.D satisfies Condition (Rep3) in Definition 8, it
follows that D [~ C(t). So there is a top-level conjunct
D € Conj(C) such that D (£ D(t). Lemma XXVIII
yields that D [~ (D)r(t), and Lemma XXVIII implies
that B = (D)gr(h(t)). We conclude that F(t) contains

D)r.

II. Next, we show that S is an admissible repair seed,
where =25 is defined as the binary relation { (a,b) | a,b €
Yyanda =awp b} U{(z,2) | z € Y } on Obj(IY.5),
and where S[q)5 = F(a) for each individual a. We do so by
verifying the conditions in Definitions 15 and X VIII.

Since ~gw.p is an equivalence relation, it follows that
also ~g is one. We must show that ~s is a refinement of
~3y.B. Therefore let a ~s b, i.e., a =3w.p b by definition
of &g and so AW.D = a = bby Corollary L. Since Y. 5 |=
IW.D, it follows that 3Y.B |= a = b and thus a ~3y.5 b
by Corollary 1.

We further prove that the mapping S is well-defined. As-
sume a ~g b. Then both 3W.D and 3Y. B entail the equal-
ity a = b. Condition (Hom?2) in Definition 1 further yields
h(a) = a and h(b) = b. It follows that F(a) = F(b).

(RS1) Let C(a) € Pioc where B = C(a). Since 3W.D is
a repair, it holds that D [=7-® (C(a). We infer that D -
C'(a). So there must be a top-level conjunct F € Conj(C')
such that D [~ E(a). An application of Lemma XXVIII
yields that D (= (E)g(a).

From B | C(a) we infer by means of Lemma XXVIII
that B = (F)r(a). We conclude that F(a) contains
(E)Rr, and so Conjx (C') N S[q)s is not empty.

(RS2) Recall that we must show the following: for each in-

dividual a such that {a} € Atoms(7,P) and for each



individual b, it holds that {a} € Sp)s iff a ~3y.5 b but
a 555 b.
{a} € S

iff  {a} € F(b)

iff D= {a}(b) and B = {a}(h(b))

iff D= {a}(b) and B |= {a}(b)

iff Dfa=bandBEa=b

iff @ sswop banda ~ay g b

iff astsbanda~aypb

The statements are equivalent since Spp)s = F(b), by def-
inition of F, by Condition (Hom2) (i.e., h(b) = b), since
the concept assertion {a}(b) is equivalent to the equality
assertion a = b, by Corollary I, and finally by definition
of ~g.

(RS3) Consider the set

T = {([h(t)]s, F(t)) | t is an object name of IW.D }.

First of all, we prove that I" is a subset of the whole
set defined in Definition XVI. This is obvious for pairs
([h(a)]s, F(a)) for individuals a as well as for pairs
([h(t)]s, F(t)) where h(t) is a variable, since no special
restrictions are then imposed in Definition XVI. Now, let
([h(t)]s, F(t)) € T where h(t) = a is an individual, and
F(t) # Sla)s- We must show that F(¢) contains each
nominal {b} in Atomsg (7, P) where 3Y.B = a = b.
Since we have defined the repair seed S by S5 == F (a),
it follows that ¢t # a. By Condition (Hom?2), ¢ must be a
variable. Since gABoxes do not contain equalities involv-
ing variables, we infer that D [~ {b}(¢). Furthermore,
Y.B = a = b implies B |= {b}(h(t)), and so F(t)
contains {b}.

As next step, we are going to prove that I' is saturated,
cf. Definition XVI. For this purpose, we first prove the
following three statements:

() If t =gwp t, then ([h(t)]s, F()) =

([ ()]s, F ().

If ¢ is a variable, then ¢ ~3y.p t’ implies ¢ = ¢’ as no

variables can occur in equalities. Then h(t) = h(t')

and F(t) = F(t').

Otherwise, t as well as ¢’ must be an individual, which

implies h(t) = t and h(t') = t’ by Condition (Hom?2)

and we further infer from ¢t ~gw p ¢t that t ~g ¢/,

ie., h(t) ~s h(t'). Furthermore, ¢ ~aw.p t’ im-

plies h(t) ~ay.g h(t') by Condition (Hom1), and thus

F(t) = F({t).

B) If D contains the role assertion R(¢,u), then

([h(O)s, F&)) B ([h(w)]s, F(w).

We only treat the case where R is a role name. If R is an

inverse role instead, then we can simply swap the proof

of Condition (RA2) and the proof of Condition (RA4),
and likewise for Conditions (RA3) and (RAS).

(RA1) By Condition (Hom4), the assumption
R(t,u) € D implies that there are object names
v,w such that v ~3y g h(t), w ~3y g h(u), and
R(v,w) € B. Corollary I yields that B entails
R(h(t), h(u).

(RA2) Now let 3¢.D € F(t) and consider a transition

(¢, R, p) where B |= 3p.D(h(u)). We need to show
that there is a state p’ such that p < p’ and dp’.D €
F(u).
From 3¢.D € F(t) it follows that D [~ 3q.D(t).
Recall that D contains the role assertion R(¢,u).
Due to the transition (¢, R,p), we infer that D [~
dp.D(u). We conclude that p. D is in the repair
type F(u).

(RA3) Now let ¢. D € F(t) and consider a transition

(¢, R, f) where f is a final state and B |= D(h(u)).
We need to show that Conj (D) N F(u) # 0.
From 3¢.D € F(t) it follows that D [~ 3q.D(t).
Recall that D contains the role assertion R(¢,u).
Due to the transition (g, R, f) where f is final, we
infer that D [~ D(u). It follows that there must
exist a top-level conjunct £ € Conj(D) such that
D  E(u). By Lemma XXVII we infer that
D ¥ (E)r(u), where (E)g € Conjz (D). Since
B = D(h(u)), it follows that by Lemma XXVIII
that B = (E)gr(h(u)). Summing up, we conclude
that (E)x is in the repair type F (u).

(RA4), (RAS) The other two conditions that treat ex-
istential restrictions 3¢.D € F(u) and transitions
(¢, R~,p) can be proved similarly.

(") If D E C(u) where C € Sub(T,P), then C €
F(u) ™ (h(u)).

Using the homomorphism h, we conclude that B |=
C(h(u)) by Lemma II. Now consider an atom D €
F(u); we must show that C' [Z7>® D. Assuming
the contrary would yield that D =7"® D(u), and
with 3W.D being (T, R)-saturated we could infer that
D = D(u) —a contradiction since D € F(u) implies
the contrary.

We now verify that the conditions in Definition XVI are
fulfilled.

(S1) Consider a copy ([h(t)]s, F(¢t)) inT and let IR.C
be in the residual F(t)*(h(t)) —we need to show
that there is a C(I)%) y {[h(u)]s, F(u)) in T such that
()]s, F@t)) = ([M(uw)]s,F(uw)) and the residual
F(u) ™ (h(u)) contains C.

We first show that D = JR.C(t). Assume the
contrary. Then Lemma XXVIII would imply D -
Jig.C(t). Furthermore, we could infer from 3R.C €
F(t)*(h(t)) that B = IR.C(h(t)) and IR.C ZTR
D for each D € F(t), and the former would im-
ply B = Jir.C(h(t)) by Lemma XXVIII. It would
follow that the repair type JF(t) contains the atom
Jir.C, which would produce a contradiction since
JR.CCTR Jig.C.

According to Corollary I, we can now infer that there is
an object ¢’ and there is an object u where t ~gy.p ¢
and R(t',u) € D and D = C(u). Statement « yields
(H0ls F0) = (05 F(©)), Satement 3
shows that {[A()]s, F(£)) 5 ([h(u)]s, F(u)), and
Statement  yields that the residual F(u)™ (h(u)) con-
tains C.



(S2) Now consider a copy ([h(t)]s, F(t)) i
automaton concept 3¢.C in the residual F(¢)T (h(t
We must show that there is a copy ([h(u)]
in I" and a word Ry --- R"R € L(UAr(q)) such that
((h(®)]s F(t)) = - T2 ([h(u)]s, F(u)) and
C € F(u)*(h(u)).

Since 3¢.C is in the residual F(¢)*(h(t)), it follows

that B = 3¢.C(h(¢)) and also that 3¢.C is not in the

repair type F(¢). We infer that D = 3q.C(¢).

According to Lemma 7 there isarole word Ry - - - R,, €

L(Ar(q)) with D = IRy.---AR,,.C(t). Corollary I

further yields role assertions Ry (to,u1), Ra(t1,us),
s Ry(tn—1,uy) in D such that

* t =3w.p lo,

* t; =aw.p u; foreachindex i € {1,...,n — 1},
o and D E C(uy).

With Statements «, 3, and  we obtain that

* ([n(t)]s, F (1)) = ([n(to)]s, F(to))s

. <<[1h(ti)]87]:(1t}z;)>> = ([M(u;)]s, F(u;)) for each i €

o ([h(ti))s, F(ti1)) 5 ([h(w))s, F(us)) for
eachi € {1,...,n},

e and C € F(un)t(h(uy)).

With defining v := u,,, the claim follows.

Since T is saturated, it is a subset of Q(S). Furthermore,
I" contains ([als,S[a)s) = ([h(a)]s, F(a)) for each in-
dividual a, and so S is admissible.

III. It remains to show that there is a homomorphism from
dW.D to the canonical repair induced by S, which we
denote by 3Z.C. We are going to verify that the map-
ping k where k(a) = a for each individual a and k(x) =
{[h(z)]s, F(x)) for each variable 2 is a homomorphism.

(Hom1) Consider an individual ¢ and an individual b where
a ~3w.p b. We need to prove that k(a) ~3z.¢ k(D).
The precondition a ~3w.p b implies a ~s b and thus
a ~37 ¢ bby Lemma XXI. Due to k(a) = a and k(b) =
b, we conclude that k(a) ~3z.¢ k(D).

(Hom2) We already have by definition that k(a) = a for
each individual a.

(Hom3) Consider a concept assertion A(t) in D. By Con-
dition (Hom3) there is an object v such that v &3y g h(t)
and B contains A(v), i.e., B entails A(h(t)). Furthermore,
D entails A(t), and so the repair type F(¢) cannot con-
tain A by the very definition of 7. We infer that the ma-
trix C contains the concept assertion A({[h(t)]s, F(t))),
cf. Instruction (CR2).

(Hom4) Last, assume that r(¢,u) is a role assertion
in D. Statement 3 shows that ([h(t)]s, F(t)) =
([h(u)]s, F(u)). Due to Instruction (CR3) in Defini-
tion XX it follows that the matrix C contains the role as-

sertion r({[h(t)]s, F (1)), {[h(uw)]s, F(u))). 0

The next theorem summarizes our results in Lem-
mas XXV and XXVI and Propositions XXVII and XXIX.

Theorem 16. For every admissible repair seed S, the in-
duced canonical repair rep” R*(IX.A,S) can effectively
be computed, is saturated w.rt. (T, R), and is a repair
of AX. A for P wrt. (T,R). Conversely, every repair of
AX.A for P wrt. (T,R) is entailed by such a canonical

repair.

As an easy consequence of this theorem we obtain that
the set of canonical repairs induced by the admissible re-
pair seeds contains (up to equivalence) every optimal re-
pair. Since all admissible repair seeds can effectively be
generated, Theorem 12 can also be obtained as a corol-
lary to this theorem. Even in the case without a terminol-
ogy, not all canonical repairs need to be optimal (Baader et
al. 2020), but we expect even the non-optimal ones to be
quite good w.r.t. preserving consequences. One advantage
of canonical repairs is that each one can be characterized
by a polynomial-size repair seed, which can be generated
by the knowledge engineers by making a polynomial num-
ber of decisions based on their domain knowledge. Another
advantage is that the optimized approach for generating a
canonical repair from a repair seed introduced in (Baader et
al. 2021a) for £L can be extended to ELROZ. More de-
tails on these advantages can be found in the following two
sections.

Finally note that, if the input gABox does not contain in-
dividual names and the terminology alone does not imply
any of the unwanted consequences in the repair request, then
there is exactly one repair seed, namely where the equiva-
lence relation ~gs equals ~3y 5 and where each repair type
S[a)s is empty, and thus there is a unique optimal repair.

Alternative proof of Theorem 12. Proposition XXIX shows
that each repair is entailed by a canonical repair, and Propo-
sition XXVII shows that each canonical repair is in fact a
repair as per Definition 8. Since only finitely many repair
seeds exist, there are only finitely many canonical repairs.
Now let R be the set of all canonical repairs that are not
strictly entailed by another canonical repair. It then follows
that each repair is entailed by a can. repair in R. To see
this, assume the contrary, i.e., there was a repair 3Y.J5 that
is not entailed by a canonical repair in R. Then Proposi-
tion XXIX would yield a canonical repair 37.C that entails
3Y.B, which means that 37.C is not in R. But then, due to
the very definition of R, there would be a can. repair 32’.C’
in R that entails 37.C, and thus also entails 3Y.53—a con-
tradiction.

Furthermore, R is the set of all optimal repairs, up to
equivalence. We verify this by showing that the contrary im-
plies a contradiction. Therefore consider an optimal repair
3Y.B that is not equivalent to a can. repair in fR. According
to the above, there is a canonical repair 37.C in SR where
3Z.C = 3Y.B. Now optimality would imply that 3Z.C and
3Y.B are equivalent— a contradiction.

In order to compute the set R, we first need to compute
all admissible seed functions, then the induced canonical re-
pairs, and finally filter out the non-optimal ones.

1. Since the saturation is finite, the set Atomsg (7, P) is fi-
nite, and the instance problem and the subsumption prob-



lem are decidable, we can enumerate all repair types in
finite time. From the repair types we can then construct
all possible repair seeds. Checking the so obtained finitely
many repair seeds for admissibility terminates as well.

2. Given an admissible repair seed, the induced can. repair
can be constructed in finite time.

3. Since the entailment problem for qABoxes is decidable,
see Proposition 2, we can effectively filter out the non-
optimal can. repairs. O

3.5 Interactive Selection of a Canonical Repair in
Polynomial Time

A gqABox and a repair request P as input usually do not
determine a unique optimal repair. The source of non-
determinism are conjunctions that are either directly in P
or imply a concept in P. In the worst case, there may even
be exponentially many optimal repairs. As a result, it is im-
practical to compute all these repairs first, and then expect
the knowledge engineer or domain expert (called user in the
following) to choose a suitable one. We have seen that each
canonical repair computed by our approach is induced by
a polynomial-size repair seed. To construct an appropriate
repair with reasonable effort, the corresponding repair seed
should be identified by interacting with the user. This means
that the users should utilize their domain knowledge to de-
termine which repair is constructed, rather than to select one
from all possible optimal repairs. However, Definition 15 is
probably too technical to specify such a seed directly based
on it, and even if the user would be able to do so, there would
be the remaining problem that not every repair seed is admis-
sible, i.e., the user-defined seed might not induce a repair.
As an alternative, we introduce the notion of a repair tem-
plate, which basically describes which consequences should
not be removed by the repair.

Repair Templates Such a template is an ordinary ABox,
which may contain only assertions of particular forms, as de-
fined below. By exploiting a correspondence between seeds
and templates, we show that every (optimal) canonical repair
is induced by a polynomial-size repair template.

Definition XXX. Let 3.X..4 be a qABox, (7,R) a termi-

nology, and P a repair request. A repair template of 3X. A

for P w.r.t. (T, R) is an (ordinary) ABox B that, firstly, is a

repair of 3X..A for P w.r.t. (T, R) as per Definition 8 and,

secondly, only contains assertions of the following forms:

e equality assertions a = b where a,b € X,

* concept assertions F(a) where E € Atomsg (7, P) and
a € X, but E is not an automaton concept 3¢. F',

* concept assertions IR;.---3IR,.F(a) where 3¢.F €
Atomsg (7,P)and Ry --- R,, € L(2z(q)) and a € ).
The Completeness Proof (see Proposition XXIX) shows

in a constructive way that every repair, and thus also each

repair template, induces an admissible repair seed. Specifi-
cally, given a repair template 3,8 the induced repair seed Si

8More precisely, we would first need to transform a repair tem-
plate 33 into an equivalent gqABox 3Y. 3’ by means of the first three
saturation rules in Figure 1. According to Definition XXX, this
gABox is also a repair of 3X. A for P w.rt. (T, R).

is defined as follows:
* a g, biff the saturation of B w.rt. (7, R) entails a = b,

« for each individual name a, the repair type (Sg)a]s,,
consists of all atoms C' € Atomsg (7 ,P) such that the
saturation of 3.X.A entails C(a) but the saturation of B
does not entail C'(a).

We say that a canonical repair is induced by B if it is induced
by SB-

Lemma XXXI. Each canonical repair, and specifically ev-
ery optimal one, is induced by a polynomial-size repair tem-
plate.

Proof. Consider the canonical repair induced by the admis-
sible repair seed S. We define the ABox Bgs as follows.

* Add the equality assertion a = b to Bg if the canonical
repair rep” "®(3X.A, S) entails it and a # b.

e Add the concept assertion FE(a) to Bs if
rep” " R(3X.A,S) entails it and E is in Atomsg (7, P),
but is no automaton concept.

* If 3¢. F is an automaton concept in Atomsz (7, P) such
that rep”"®(3X. A, S) entails 3¢. F(a), then choose an
arbitrary shortest role word R; --- R,, € L(2lz(q)) and
add the concept assertion 3Ry. ---AR,.F(a) to Bs.

It is easy to verify that Bs is a repair template,
namely because it is entailed by the canonical repair
rep” " ®(3X.A,S). Furthermore, Bs has polynomial size
for the following reasons:

e Each individual name in the canonical repair
rep” " ®(3X.A,S) is also contained in the satura-
tion sat’” ®(3X..A), and must thus be contained in the
input gqABox 3X.A or in the terminology (7,R). It
follows that Bs can contain at most polynomially many
equality assertions a = b.

* Due to the last point and since the set Atomsg (7, P) is
polynomial in the size of the repair request P, the TBox
T, and the automata for R, it follows that 55 can contain
at most polynomially many concept assertions.

 For each automaton concept 3¢.F and each individual
name a, further note that we choose at most one short-
est role word R; --- R, in the language L(2Az(q)) and
add the assertion 3R;.---3R,.F(a) to Bs. Since the
role word is a shortest one, the according accepting run
in 2% (¢) cannot contain each state more than once, and
so the length of R; --- R,, is bounded by the number of
states in (Q g, where ¢ € Qr.

In order to show that the canonical repair
rep” " ®(3X.A,S) is induced by Bs, we prove that
the repair seeds S and Sp, are the same.

We first show that the equivalence relations ~s and ~ Sug
are the same. Consider two individual names a and b.

e If a ~s b, then rep” R(IX.A,S) |= a = b and thus
a =b € Bg, which implies a R Sug b.



* Conversely, assume a RSpg b, ie., Bgs |:T7R a = b

By definition, we have rep” R(IX.A,S) E Bs.
According to Lemmas XXV and XXVI each canon-
ical repair is saturated w.rt. (7,R), and we infer
that rep” R(IX.A,S) | a = By Corollary I
and Lemma XXI we conclude that a =g b.

Next, we prove that the repair type S[4]s is a subset
of (SBs)(a](sy.)- For this purpose, consider an atom C
in Spgjs. Lerfima XXIII yields that the canonical repair
induced by S does not entail C'(a). It follows that the
above defined repair template Bs does not entail C'(a) w.r.t.
(T,R). (To see this, assume the contrary, i.e., Bs '~
C(a). With rep”" ®R(3X.A,S) E Bs it would follow
that rep” ®*(3X.A,S) 7R C(a). Since canonical re-
pairs are saturated for the underlying terminology, see Lem-
mas XXV and XXVI, we would infer the contradiction that
rep” " ®(3X.A,S) = C(a).) Furthermore, the saturation
of 3X. A entails C(a) since S[q) satisfies Condition (RT1).
According to the above definition of the repair seed Sig,
we immediately conclude that the repair type (Sgg )[q]
contains C.

It remains to show that also (Sg, )| a]( SB ) 1s a subset of
Sja)s- Therefore let C' € (Sgg)[a] Jsig)7 I A ETR
C(a) and Bs 7R C(a).

(555)

* If C is no automaton concept, then the latter implies that
the canonical repair rep” *(3X.A4,S) does not entail
C'(a) as otherwise C'(a) would be contained in the repair
template Bs.

* Now let C' = dg.D be an automaton concept. If
the canonical repair rep” ®(3X.A4,S) would entail
d¢.D(a), then the repair template Bs would contain
an assertion 3R;.---3R,.D(a) for some role word
Ry---R, € L(Ug(q)), and thus Bs would entail
dq.D(a), a contradiction.

In both cases, it follows that rep” ® (3 X..A, S) does not en-
tail C'(a). By Lemma XXIV the residual Sjf; s (@) does not
contain C, which means that Sj)s must contain an atom D
where C ET R D, cf. Definition XIII. As Sla) s fulfills Con-
dition (RT2), we conclude that C' € Sjq)5. O

User Interaction We have seen that each optimal repair
can be described by a repair template of polynomial size.
Next, we explain how this fact can be used to determine a
unique repair by interacting with the user. Deciding whether
an assertion of the form a = b or E(a) holds in the applica-
tion domain is delegated to the user. For this purpose, these
assertions are enumerated in a suitable order. The user is
presented with each assertion, one after another, and needs
to accept, reject, or ignore it. The accepted assertions are
collected in the repair template and the rejected assertions
are added to the repair request. It is then guaranteed that the
induced canonical repair entails all accepted assertions and
does not entail any rejected assertion. We will show that the
canonical repair obtained this way is unique if the user has
not ignored a question.

Note that the user does not need to check each single as-
sertion. If an assertion already follows from previously ac-
cepted assertions, it must be accepted as well. Furthermore,
an assertion must be rejected if that assertion together with
all previously accepted assertions would violate the repair
request or would entail a previously rejected assertion. Only
the remaining assertions need to be decided by the user.

To describe this approach in more detail, we fix a gqABox
3X. A, aterminating ELROZL terminology (7, R) with reg-
ular RBox, and an ELROT repair request P. We assume
that a repair exists, i.e., the terminology alone does not en-
tail any assertion in the request. Initially let B be the empty
repair template and Q = P be the original repair request.
By interacting with the user, we will now enlarge both sets.
The invariant is that B is always a repair of 3.X..A for Q
wrt (T, R).

For each assertion « that is of the form a = b or E(a)
where a,b € X, and F € Atomsg(7,P) and that is
entailed by 3X. A wrt. (7,R), ask the user whether o
holds in the underlying domain of interest. The user can
either accept, reject, or ignore . In case of acceptance
« is added to B—except if F is an automaton concept
Jq.F, then the user must additionally choose a preferably
short role word Ry --- R, € L(/Ar(q)) and the assertion
JR;. - 3R,.F(a) is instead added to B’ — and in case of
rejection « is added to Q.

In order to fulfill the invariant, & must be accepted if it
already follows from the current repair template 3. Further-
more, o must be rejected if BU{a} would violate the current
repair request Q. The user simply need not be asked if such
an assertion « is under consideration.

Note that the above iteration can never reach a deadlock.
To see this assume that the current repair template B and
the current repair request Q satisfy the invariant, i.e., B is a
repair of 3X. A for Q w.r.t. (T, R). Now, let v be the next
assertion to be decided by the user, i.e., a does not follow
from B and B U {«a} entails no assertion in Q. The user
can freely choose to accept, ignore, or reject . Since no
assertion in Q follows from B U {«}, the user can safely
accept «, by which it is added to B. It is guaranteed that
the enlarged repair template B U {«} is a repair of 3X..4
for the repair request Q w.r.t. the terminology. Since 3 does
not entail «, the user can also safely reject o, by which it
is added to Q. The repair template 3 is then still a repair
of 3X. A for the enlarged repair request Q U {a} w.r.t. the
terminology. Ignoring o does not enlarge 55 or Q and is thus
unproblematic for the invariant.

Lemma XXXII. [f the user does not ignore any assertion,
then the obtained canonical repair is unique.

Proof. Assume that, after the user has answered all ques-
tions without ignoring any assertions, we have obtained the
repair template B and the (enlarged) repair request Q. Fur-
ther let S and S’ be admissible repair seeds such that the in-
duced canonical repairs entail every assertion in B but none
in Q. We first show that the equivalence relations ~s and

°It would also suffice to automatically choose an arbitrary short-
estrole word Ry - - - Rn, € L(2Ar(q)).



~s are equal and then show that, for each individual name
a, the repair type Sja]s coincides with the repair type S/ -
Consider an equality assertion a = b. If it was accepted, it
is entailed by B and thus also by every canonical repair for Q
that entails . Otherwise, it is contained in Q, and thus is not
entailed by any canonical repair for Q that entails 5. Thus,
the equivalence relation on objects is uniquely determined.
Consider an atom C in the repair type Sjgs.
Lemma XXIII yields that the canonical repair induced
by S does not entail C'(a). It follows that also the repair
template B does not entail C(a), which means that the
user did not accept the assertion C'(a) and it was also not
entailed by previously accepted assertions. Since the user
did not ignore any assertion, she or he must have rejected
C'(a) and so the (enlarged) repair request Q contains C(a).
Now recall that C' is an atom, and thus Condition (RS1)
implies that also the other repair type S[’a] o contains C. The
converse subset inclusion follows in the same manner. [

3.6 Optimized Repairs, which have Exponential
Size only in the Worst Case

Canonical repairs are always of exponential size, measured
in the size of the TBox, the repair request, and the automata
for the RBox. It is thus often impractical to compute them
in their full form. Similar to the case of ££ (Baader et al.
2021a), most canonical repairs are equivalent to a consider-
ably smaller sub-qABox, and the objects of this sub-qABox
can be enumerated using a rule-based approach.

Assume that the input consists of a gqABox 3X..A, a ter-
minology (7,R), and a repair request P. Further let S be
an admissible repair seed and denote by 3Y.13 the canonical
repair induced by S. A sub-qABox equivalent to it must at
least contain all individual names, which includes all syn-
onyms ([a]s, S[a)s) Where a is an individual, and all copies
([u]s, k) where K is a minimal repair type for u'° such that
([u]s, ) € Q(S). The former are needed as otherwise no
homomorphism can exist due to Condition (Hom?2), and the
latter are needed since these are the copies with the fewest
modifications and can thus not be homomorphically mapped
to a copy with more modifications.

Starting from this set, we try to define a homomorphism
from 3Y.B to the sub-qABox induced by it.!! Since all
individuals are already there, all equality assertions in the
canonical repair are also contained in this sub-qABox. If
we now map each individual to itself and map each ad-
missible copy {[u]s, K) in the canonical repair to the syn-
onym ([uls,Sps) if v is an individual and Spys € K,
and otherwise to ([u]s, £) where £ is a minimal repair type
for u such that £ C K and ([us, L) € (S), then also
the concept assertions in the full canonical repair are prop-
erly treated, and the so defined mapping satisfies Condi-
tions (Hom1), (Hom2), and (Hom3). It might, however, be
that Condition (Hom4) is not fulfilled, i.e., there is a role as-

0That is, K is a repair type for u and no strict subset of /C is a
repair type for u.

"'Formally: the sub-qABox of 3Y.13 induced by a subset W C
Obj(3Y.B) has the same variables and its matrix consists of all
assertions in 3 that involve only objects in W.

sertion r({[u]s, K), {[v]s, L)) in Y. B the image of which
is not a role assertion in the induced sub-qABox. We call
such a role assertion a defect and show in the following how
all defects can be resolved one by one, namely by extending
the set of objects that induce the sub-qABox and by modify-
ing the mapping from 3Y.5 to it.

Besides the set X, of all individuals, which con-
tains all synonyms ([a]s,S[q)s), let Yy consist of all
copies ([u]s, ) where K is a minimal repair type for u
such that ([u]s,KC) € Q(S). We define the mapping
ho: Obj(3Y.B) — X, U YY) as follows:

* ho(a) := a for each individual name a,

* if g is an individual and S[os € K, then ho({[a]s, X)) =
(lals, Sia)s )"

* otherwise, if u is no individual or Spj)s € K, then

ho({[uls, K)) == ([u]s, L) where L is a minimal repair
type for w such that £ C K and ([u]s, L) € Q(S).

Starting with hg and Yy, we will construct finite sequences of
mappings hg, b1, ha, ..., hy, and of sets Yy, Y1, Yo, ..., Y,
such that the following conditions are satisfied:

1. Each mapping h; is of type Obj(3Y.B) — L, U Y.
2. h;(a) = a for each individual name a,

3. For each copy {([u]s, K), there is a repair type K; for u
such that h; ({[u]s, K)) = ([u]s, K;) and K; C K.

4. If hy(([u]s, £)) = ([uls, ;) and hir1(([u]s, K)) =
(luls, Kit1), then K; € K1

5. Y; CQ(S) and Y; C Y;44 for each index i.

6. The last mapping h,, is a homomorphism from the canon-
ical repair Y. BB to the sub-qABox induced by 3 U Y,,.

A defect of a mapping h; is a role assertion
r({[u]s, £), {[v]s, L)) in the canonical repair 3Y.B such
that 7(h; ({[u]s, KC)), hi({[v]s, L))) is not in Y. B, ie.,
(luls, €y = ([v]s, L) holds but h;({[u]s, L)) =
hi({[v]s, L)) does not hold.

If h; has no defects, then it is a homomorphism (see
the below proof) and no next mapping needs to be con-
structed. Otherwise, let r({[u]s, K), {[v]s, L)) be the de-
fect. We define the subsequent mapping %, by case dis-
tinction why h;({[u]s, K)) & hi({[v]s, L)) does not hold.
Assume that {[u]s, ;) = h;({[u]s, K)) and {[v]s, L;) =
hi({[v]s, £)).

(RA2) Assume that there is an extended atom 3q.C in K;
and a transition (g, 7, p) such that B = 3p.C(v), but there

is no state p’ withp < p’ and 3p’.C € L;.

Since KC; is a subset of K and ([u]s, ) = ([v]s, L)

holds, we have 3p'.C' € L for some state p’ > p. Now

let £;4+1 be a minimal repair type for v such that £; U

{EPIC} - £7;+1 C L and <<[’U]5, £i+1>> S Q(S) Further

define Y; 1 = Y;U{([v]s, Li+1) } and h; 1 = h; except

hiv1({[v]s, £)) = ([vls, Lit1)-

“Note that, if {[a]s, Sja]s) and a’ have been selected as syn-
onyms in the construction of the canonical repair as per Defini-
tion XX, then we do not accidentally overwrite the previous as-
signment ho(a’) == a’ here.



(RA3) Next, consider the case where K; contains an ex-
tended atom Jq.C and there is a transition (gq,r, f) to a
final state f such that B = C(v), but Conjg (C)NL; = 0.

From K; C K and ([u]s,K) = ([v]s, L) we infer that
there is an extended atom D € Conjgp(C) N L. Let
now L;; be a minimal repair type for v that fulfills
L; U {D} - £i+1 C L and <<[U]57['i+1>> € Q(S) Then
define Y; 11 = Y;U{{([v]s, Li+1) } and h;;1 = h; except
hiv1({[v]s, £)) == ([v]s, Lis1)-

(RA4), (RAS) are analogous to (RA2) and (RA3).

We show that the last mapping h,,, which has no defects,
is a homomorphism from the canonical repair Y. 5 to the
sub-qABox induced by the objects in X, U Y,.

(Hom?2) Consider an individual a. If it does not have a syn-
onym, then h;(a) = a holds for all 4 since such values
h;(a) are never changed, and so h,(a) = a.

Otherwise, assume that the individual ¢’ and ([a]s, Sja)s )
are synonyms. We have defined ho(([als,S[a)s)) as
(lals,Sla)s)- The above Invariants 3 and 4 yield that
Sials € K € Siajs for ha({lals, Sis)) = {lals, i),
i.e., we have not accidentally violated the invariant that
hi(a') is mapped to a’. We conclude that h,,(a') = a'.

(Hom1) Since the set 3 UY,, contains all individual names,
the matrix of the induced sub-qABox contains the same
equality assertions as the canonical repair. Thus the rela-
tion ~3y. i coincides with the relation = for the induced
sub-qABox.

(Hom3) Consider a concept assertion A({[u]s, X)) in the
canonical repair, i.e., A(u) is in the saturation of the input
gABox and A ¢ K. Due to Invariant 3, we have IC,, C K
where h,({[uls, K)) = ([uls, Ky ). It follows that A &
Ky, ie., A({[u]s, Cp)) is in the canonical repair as well
and thus also in the induced sub-qABox.

(Hom4) Let r({[u]s,K), {[v]ls, L)) be a role asser-
tion in the canonical repair 3Y.5. Since h,
is free of defects, IY.B also contains the image
r(hn({[u)s, KY), hn({[v]s, L))). According to the above
inductive construction, the two objects h,, ({[u]s, X)) and
hn({[v]s, L)) are in ¥; U'Y,,, and thus the induced sub-
qABox contains the latter role assertion.

The above approach can also be understood as a compres-
sion technique for canonical repairs. Specifically, the com-
pressed repair is obtained as the image of the constructed
homomorphism h,,. It is, however, impractical to shrink re-
pairs in this way, simply because the mappings are defined
on the set of all objects of the canonical repair, which are ex-
ponentially many. As an alternative, it suffices to construct
a subset of the objects that induces a sub-qABox to which a
homomorphism exists — similar as done above.

We therefore employ the following rules, that are exhaus-
tively applied, starting with the set 2} U Y; from above.

Object Rule 2. If ([u]s, ) and ([v]s, L) are in X, U Y},
the role assertion r(u, v) is in 3, the extended atom 3¢.C'
is in K, there is the transition (g, r, p), and B = C(v), but
3p’.C ¢ L for each state p’ where p < p/, then do the

following: '3

Initialize Y; 11 as Y;, and then add the object {[v]s, L) for
each minimal repair type £’ for v such that £ C £’ and
3p'.C € L' for some state p’ > p and ([v]s, L) € Q(S),
but ([v]s, L") € Xy UY;.

Object Rule 3. If ([u]s, ) and ([v]s, L) are in &, U Y],

the role assertion r(u, v) is in B, the extended atom 3¢.C'
is in IC, there is the transition (g, , f) where f is a final
state, and B = C(v), but Conjz (C) N L = 0, then do the
following:
Initialize Y; 11 as Y;, and then add the object {[v]s, L) for
each minimal repair type £’ for v such that £ C £’ and
D e £/ for some D € Conjg (C) and ([v]s, L) € Q(S),
but <<[’U]3,£/>> g uy;.

Object Rule 4. If ([u]s, ) and ([v]s, £) are in ) U Y],
the role assertion r(u, v) is in B, the extended atom 3¢.C
is in L, there is the transition (q,7~,p), and B &= C(u),
but 3p’.C ¢ K for each state p’ where p < p/, then do the
following:
Initialize Y; 1 as Y;, and then add the object ([u]s, K')
for each minimal repair type X’ for u such that K C K’
and Jp’.C' € K’ for some state p’ > p and ([u]s,K') €
Q(S), but ([u]s,K') € T UY;.

Object Rule 5. If ([u]s, ) and ([v]s, £) are in ) U Y],

the role assertion r(u, v) is in B, the extended atom J¢.C'
is in £, there is the transition (g, 7~, f) where f is a final
state, and B = C(u), but Conjz (C) N K = 0, then do the
following:
Initialize Y;4+1 as Y;, and then add the object {[u]s, K')
for each minimal repair type X’ for u such that K C K’
and D € K’ for some D € Conjg(C) and ([u]s,K') €
0(S), but {[u)s, K} & %4 U Vi,

The final set 3 UY,,, to which none of the above rules is ap-
plicable, is large enough to induce a sub-qABox to which a
homomorphism from the full canonical repair exists. Specif-
ically, Object Rule 7 ensures that there are no defects that
violate Condition (RA?) for each i € {2, 3,4, 5}.

Last, to get even smaller repairs, one could first apply the
above rules exhaustively to determine an equivalent first sub-
qABox, say 3Y’. 3, and then use the step-by-step approach
to construct a homomorphism from 3Y”. 5’ to a second sub-
gABox (which is often feasible since the first sub-qABox
3Y’.B’ does not have exponential size anymore). The im-
age of this homomorphism is a sub-qABox of the canonical
repair that can be even smaller than Y., since it only
contains those copies to which the homomorphism maps.

4 Extensions and Applications

In this section we present several extensions to the repair
framework. Section 4.1 shows how inconsistencies can be
repaired that come into play when the bottom concept L is
added. Section 4.2 deals with repair requests formulated as
conjunctive queries. Finally, Section 4.3 briefly mentions
additional extensions that cannot be presented in detail here.

3The rule is not applicable if Y;1; would be equal to Y;, and
similarly for the other rules.



4.1 Adding the Bottom Concept and Repairing
Inconsistencies

The DL ELROZ(L) (ELRwegOI(L)) extends ELROL
(ELR1egOL) with the bottom concept L, which is always in-
terpreted as the empty set. If L is available in the TBox, then
gABoxes may become inconsistent w.r.t. terminologies. We
call the quantified ABox 3 X.A consistent w.r.t. a terminol-
ogy (T, R) if there is a model of 3X..A and (7,R), and
inconsistent otherwise. For instance, the qABox {A(a)} is
inconsistent w.r.t. the TBox {A C L}

Since any concept assertion (QABox) is entailed w.r.t.
(T,R) by a gABox that is inconsistent w.r.t. (7,R), any
non-empty repair request to an inconsistent gABox requires
us also to get rid of the inconsistency. In addition, the defi-
nition of what is a repair needs to be revised since (Repl) is
trivially satisfied in case 3.X.A is inconsistent w.r.t. (7, R).
Any qABox 3Y. 5 satisfying (Rep2) and (Rep3) is thus a re-
pair, even if Y. B is completely unrelated to 3 X..A. Hence,
there cannot be an optimal repair since we can always extend
a given repair by adding completely unrelated assertions.

Fortunately, in ELROZ( L) we can divide the TBox into
a positive and an “unsatisfiable” part, where the unsatisfi-
able part plays a réle when an inconsistency is derived, but
has no effect otherwise. To be more precise, consider an
ELROI(L) TBox T. Since each concept containing L is
equivalent to L, we can assume without loss of generality
that each concept description occurring in 7 is either | or
does not contain | as a subconcept. After removing tauto-
logical CIs L C C, it follows that 7 is a disjoint union of
a TBox 7 in which L does not occur (the positive part)
and of a TBox 7 containing only CIs of the form C' T L
where C does not contain | (the unsatisfiable part). We
can characterize inconsistency by means of this partitioning
of T, and show that 7 is only relevant for causing an in-
consistency.

Proposition 17. The following holds for every ELROT(L)
terminology (T, R):

1. The quantified ABox 3X. A is inconsistent w.rt. (T, R
iff there is a CI C = L in T such that 3X. A =T+
Ha} {C(2)}.

2. If 3X. A is consistent w.rt. (T, R), then IX. A TR
JY.Biff IX.A "R 3Y.B.

Proof. 1. To prove the if direction, assume that there is a CI
C C 1 in 7y such that 3X. A E7+% 3{z}.{C(x)}.
We must show that 3X..A is inconsistent w.r.t. (7,R).
Assume to the contrary that Z is a model of 3.X..A and
(T,R). Then Z is a model of 3X.A and (7,,R), and
thus it satisfies 3{z}. {C’(;z;)}, i.e., there is an element d €
Dom(Z) such that d € C*. This shows that Z does not
satisfy the CI C' C L, which contradicts our assumption
that Z is a model of 7.

To show the only-if direction, assume that 3X..A is in-
consistent w.r.t. (7,R). Since 3X.A is consistent w.r.t.
(T+,R), there is a universal model Z,, of 3X.A and
(74, R) (Ortiz, Rudolph, and Simkus 201 1), i.e., a model
that satisfies exactly those gABoxes that are entailed by
IX. A wrt. (T4, R). By our inconsistency assumption,

T,, cannot be a model of 7 , and thus thereisaCIC C L
in 7 that is not satisfied by Z,, i.e., CTv # 1T« = .
This show that there is an element d € Dom(Z,,) such that
d € CTu, and thus Z satisfies 3{z}.{C(z)}. Universality
of Z, then yields 3X.A =7+R 3{z}.{C(z)}.

2. The if direction is trivial since 75 is a subset of 7. To

prove the only-if direction, we assume that 3X..A 7R
dY.B. Let Z, be the universal model of 3.X.A and
(T+,R) (Ortiz, Rudolph, and Simkus 2011). Accord-
ing to Proposition 17, it holds that 3X. A [7+7R
I{z}.{C(x)} for each C C 1L € T, and thus Z,
does not satisfy any of the qABoxes 3{z}.{C(x)} for
C T L1 € T.. This implies that CT« = () for each
C C 1 € T,, and thus Z,, is also a model of (T, R).
Now the assumption 3X.A =7 3Y.B yields that Z,
is a model of 3Y.B. By universality of Z,, we can thus
conclude that 3X. A =7+7 3Y.B. O

Motivated by the second statement of this proposition, we
now use 75 rather than 7 in (Rep1), and of course addition-
ally require the repair to be consistent. Also note that it does
not make sense to use L in the repair request.

Definition 18. Consider a gABox 3 X.. A4, an ELROT repair
request P, and an ELROZ( L) terminology (7,R). An in-
consistency repair of 3X. A for P w.rt. (T, R) is a gABox
3Y.5 such that

(IRepl) 3X. A E"+R 3Y.B

(IRep2) 3Y.Bis consistent w.r.t. (T, R),

(IRep3) 3Y.B ~7-R C(a) for each C(a) € Ploc, and
(IRep4) 3Y.B TR 3{z}.{D(x)} for each D € Pg.

This inconsistency repair is optimal if it is not strictly en-
tailed by another inconsistency repair w.r.t. (7, R).

Due to the second statement in Proposition 17, the no-
tion of an inconsistency repair coincides with that of a re-
pair as introduced in Definition 8 if 3 X. 4 is consistent w.r.t.
(T,R). If 3X. A is inconsistent w.r.t. (7, R), then the first
statement in Proposition 17 shows that (IRep2) can be en-
forced by extending the global request with the concepts C'
for which C T 1L € 7T,. Given a repair request P, we
denote the extended request obtained this way as P7*.

Theorem 19. Consider a gABox 3X. A, an ELROT re-
pair request P, and an ELROZL(L) terminology (T, R). If
(T, R) is inconsistent, then there are no inconsistency re-
pairs of 3IX. A w.rt. (T, R). Otherwise, the (optimal) in-
consistency repairs of 3X. A for P w.rt. (T, R) coincide
with the (optimal) repairs of 3X. A for PT+ w.rt. (T, R).

Proof. Tt is easy to see that each inconsistency repair of
3X. A for P wrt. (T,R) is a repair of 3X.A for P, w.r.t.
(T4, R), cf. Definitions 8 and 18.

Now we show the opposite direction. Let 3Y. B be a repair
of AX. Afor P, wrt (T4, R).

(IRepl) Since 3Y.B satisfies Condition (Repl), it also sat-
isfies Condition (IRep1).



(IRep2) Since the global part of P, contains C for
each concept inclusion C' C | in the unsatisfiable
part 7., Condition (Rep3) implies that 3Y.B [£7+R
3{x}.{C(z)} for each such C. Proposition 17 yields that
3Y.B is consistent w.r.t. (7,R), i.e., Condition (IRep2)
is fulfilled.

(IRep3) Consider a concept assertion D(a) in the local re-
quest Pjoc. In order to verify Condition (IRep3) we must
show that 3Y.B 7R D(a). According to Condi-
tion (Rep2) and since Dgg) is also in the local part of P,
it holds that 3Y.B =7+ D(a). With Proposition 17 we
conclude that 3Y.B 7R D(a).

(IRep4) It remains to show Condition (IRep4). Assume
that E € Pgo. Then E is also in the global part of
P, and so Condition (Rep3) yields that Y. 5 %T+7R
I{z}.{E(z)}. By means of Proposition 17 we infer that
3Y.BETR {2} {E(2)}.

Finally, Proposition 17 shows that the optimal repairs co-
incide. O

If R is regular and (7, R) is terminating, then we can
apply the approach described in the previous section to com-
pute all optimal inconsistency repairs.

Adding the Unique Name Assumption In this paper, we
do not make the unique name assumption, which requires
a® # b? for distinct individual names a, b. However, in the
presence of nominals and bottom, we can enforce that two
individuals are interpreted by different elements using the
CI {a} M {b} C L. Thus, our repair approach also works if
the unique name assumption is made.

4.2 Repairs for Conjunctive Queries

Until now, we have only allowed the use of ELROT concept
queries in the repair request. We now extend this to con-
junctive queries (CQs). More precisely, we employ Boolean
conjunctive queries (BCQs), i.e., CQs without answer vari-
ables. This is in line with the fact that we only considered
concept queries where the answer variable was either instan-
tiated with an individual or existentially quantified. In (Grau
and Kostylev 2019), CQs with answer variables are em-
ployed in the policy (which corresponds to our repair re-
quest), with the meaning that such a CQ should not have
any answer tuple in the repair. This can clearly be expressed
using the finitely many BCQs obtained by instantiating the
answer variables with all answer tuples. As already men-
tioned above, BCQs and qABoxes are merely syntactic vari-
ants of each other (Baader et al. 2020). For this reason, we
avoid introducing BCQs formally and use qABoxes instead.

Definition 20. A gABox repair request P is a finite set of
gABoxes. Given a qABox 3X..A4, a terminology (7,R),
and a gABox repair request P, a repair of 3.X. A for P w.r.t.
(T, R) is aqABox JY.1 that satisfies

(CQRepl) 3X.A 7R 3Y.3, and

(CQRep2) 3Y.B TR 3Z.C foreach3Z.C € P.

It is optimal if it is not strictly entailed by another repair.

Since both concept assertions C'(a) and global repair re-
quests 3{z}.{C(x)} for ELROT concept descriptions C'
can be rewritten into equivalent qABoxes, using the first
three rules in Figure 1, the repair requests and repairs in-
troduced in Definition 8 are a special case of the qABox
repair requests and repairs introduced here. We will now
investigated under what conditions a rewriting in the other
direction is possible.

Definition 21. An ELROZL rewriting of the qABox 3Z.C
is an ELROTL concept description C such that 37.C and
I{x}.{C(z)} are equivalent.

By adapting the notion of c-acyclicity introduced
in (Alexe et al. 2011), we can give (effectively checkable)
conditions characterizing the existence of such a rewriting.
Basically, the qABox is translated into an appropriate undi-
rected graph, and the condition for c-acyclicity says that ev-
ery cycle must contain an individual.

Given a qABox 3X..A, we define the undirected graph
Gix.a = (V,E) where the vertex set V consists of all
equivalence classes [t]3x. 4 for objects ¢ € Obj(3X..A), and
the edge set E contains an undirected edge {[t], [u]} between
[t] and [u] if there are representatives ¢’ € [t] and v’ € [u]
that occur together in a role assertion in A4, i.e.,

E = {{[t],[u]} | R(#',u") € Afor somet' € [t],u € [u]}.

A path is of the form [tg] — [t1] — -+ — [ts] where
{[tj=1], [t;]} is an edge in E for each j € {1,...,¢}, and
we call [to] its source, [tg] its target, and £ its length. We call
3X. A connected if the graph G x4 is connected, i.e., if for
each two vertices [t] and [u], there is a path with source [t]
and target [u]. The gABox 3X. A is c-acyclic if

* every cycle in the graph G3x. 4 contains a vertex [a] for
an individual a, where a cycle is a path with same source
and target that has non-zero length (i.e., also loops {[¢]}
are cycles), and

* each two variables z,y € X occur together in at most one
role assertion in A.

We further define an edge labeling L by'*
L([t], [u]) = {R| R(t',u") € Aforsomet’ € [t],u € [u]}.

Specifically, L([t], [u]) consists of all labels when the undi-
rected edge {[t], [u]} is treated as a directed edge from [¢] to
[w]. Tt thus holds that L([u], [t]) = { R~ | R € L([t], [u]) }.

It follows that, for each c-acyclic gQABox 3 X. A, we have
L([z],[y]) < 1 for all variables z,y € X, but there is no
such restriction for label sets L([¢], [u]) where ¢ or w is an
individual (or both).

Furthermore, we need the notion of a core, which is
a gABox such that each endomorphism on it is bijective.
Each qABox 3X.A has a computable and (up to renam-
ing) unique core to which it is equivalent (Hell and NeSetfil
1992). It will be denoted in the following as core(3 X..A).

Example XXXIII. Consider the qABox 3{z,y}.{r(a,b),
s(b,b), B(b),r(a,z), B(z),s(x,y), B(y),s(y,z)}. Tt is
equivalent to the sub-qABox {r(a,b), s(b,b), B(b)} due to

"*Recall that 7~ (¢, u) stands for 7(u, t).



the homomorphism that sends a to a and sends the other ob-
jects b, x, y to b. The latter gqABox is the core since it is itself
not equivalent to a proper sub-qABox.

Example XXXIV. The qABox 3{z,y}.{r(a,z), B(z),
r(a,y), B(y)} has two cores, namely 3{x}.{r(a,z), B(z)
and 3{y}.{r(a,y), B(y)}, which are equivalent.

The next proposition characterizes when ELROZL rewrit-
ings exist.

Proposition 22. A gABox has an ELROL rewriting iff its
core is connected and c-acyclic.

Proof. Assume that the ELROT concept description C' is
a rewriting of 3X.. A, which means that 3X. A is equiva-
lent to the qABox 3Y. BB obtained from 3{z}.{C(x)} by ex-
haustively applying the first three rules from Figure 1, where
w.l.o.g. we apply the Nominal Rule with lowest priority. Ob-
viously, the latter gqABox is connected.

Further recall that new variables are only introduced by
applications of the Existential Restriction Rule. Let 3Y’. B’
be the intermediate ABox obtained by exhaustive applica-
tions of the Conjunction Rule and the Existential Restric-
tion Rule, but before the Nominal Rules is applied for the
first time. Then 3Y’. 8’ is connected, it is tree-shaped (with
root ) and thus acyclic, and each two variables occur in at
most one role assertion together. Now the final gqABox 3Y. 3
is obtained by exhaustively applying the Nominal Rule to
3Y”’.B’, which might identify several variables by replacing
them with one individual (or rather: with individuals from
the same equivalence class). Each resulting cycle in Gy .z
must thus contain an equivalence class represented by indi-
vidual, i.e., Y. B is c-acyclic. It follows that also the core of
JY. B is connected and c-acyclic. Since 3.X..4 and Y. B are
equivalent and cores are unique up to renaming of variables,
we conclude that also the core of 3.X..4 must be connected
and c-acyclic.

Conversely, assume that a qABox has a connected
c-acyclic core 3.X..A4, to which it is equivalent. As first step,
we transform the undirected graph Gax 4 = (V, E) into a
tree. The ELROT rewriting of 3.X. A is afterwards obtained
from this tree.

The tree will be constructed inductively, namely as the
final element of a sequence of trees 7p,7i,... where
T;_1 C T; for each index 7, and every tree T; is a prefix-
closed" set of (directed) paths in the graph Gy 4.

We choose an arbitrary vertex [tg] from V and then set
To = {[to]} and Fy := (. Afterwards, we apply the fol-
lowing two rules as often as possible, where the first rule
has higher precedence. In a nutshell, the strategy is to al-
ways first to try to unravel at variables, and only if this is not
possible to unravel at individuals.

Variable Rule. If there is a path p € T; with target [z] for
some variable © € X and there is a vertex [¢] such that
{[z], [t]} € E\ F;, then define:

Tiyr =T U{p— [u] [{[z],[u]} € E\ Fi }

15 A set of paths is prefix-closed if it also contains all prefixes of
each path in it.

Fipr = FU{{[z], [ul} | {[«], [u]} € E\ F3 }

Individual Rule. If there is a path p € V; with target [a] for
some individual a € ¥ and there is a vertex [¢] such that
{la], [t]} € E\ F;, then define:

Tip1 =T, U{p— [t]}
Fip1 = F U {{[z], [t]}}

After no rule is applicable, say after n iterations, denote
by T the final tree T}, and likewise let F' := F},. Since the
graph (V, E) is connected and neither of the two rules can
be applied to 7" and F’, it holds that F' = E. It follows that
all edges in E are represented in the tree 7, i.e., for each
edge {[t], [u]} in E, there is a path p in T such that

o either target(p) = [t] and p — [u] isin T,
o ortarget(p) = [u] and p — [t] isin T

Next, we show the following claim.

Claim. For each vertex [x] where x is a variable in X, there
is a unique path p € T with target [z].

In order to prove the claim, assume that p; and p, are
distinct paths in 7', where w.l.0.g. p; has been created before
po. Further let p be the longest common prefix of p; and ps.
We continue with a case distinction.

1. In the first case, assume that p; is a prefix of p;. We infer
a contradiction, since after applying the Variable Rule to
p; there are no edges involving [z] left overin E'\ F}, i.e.,
afterwards the path p, could not have been constructed
anymore.

b1 P2 — P1

[to] [] []

Conversely, p, cannot be a prefix of py, since p; has been
created before ps.

2. Now let p; # p # po, and further assume that the target

of p is [y] for a variable y in X. Then there is a cycle
involving [z] and [y]. Due to c-acyclicity, there is an indi-
vidual a such that [a] is the target of a path ¢ where either
p<q<piorp<q<p'®

p2—p

If ¢ < p1, then py must have a prefix ¢’ with target [a’] for
some individual a’, since otherwise p; would have been
created before p;. In both cases, ps has a prefix ¢’ of
which the last element is of the form [a”’] for some indi-
vidual a”. But this means that the Variable Rule is first
applied to p; before the Individual Rule can be applied to
q", and thus afterwards there are no edges involving [z]
left over, i.e., the path ps cannot exist.

We write p < ¢ if p is a strict prefix of g.



3. In the last case, we have p; # p # po and there is an
individual a such that [a] is the target of p. Thus, before
another successor can be added to p, yielding a prefix of
P2, the Variable Rule is applied to p;, and after that there
are no edges involving [z] left over, which could be used
to construct the path ps, i.e., po does not exist.

pr—p
) —— 1 )
p2—p

From the final tree T', we construct the concept C' := C[to]
where the concepts C,, for paths p € T are recursively de-
fined as follows:

o If target(p) = [a] for an individual a, then let
Cp=[ [{{b} |belal}
N[ ]{A|A(b) € Aforsome b € [a] }
N[ { Dpospg | p =[] €T}
where
Dy = 3R (Cprsy M3R, {a} N ---N 3R, {a})

for some arbitrary enumeration { Ry, ..., R, } of the label
set L([a], [t]). The construction is illustrated below for a
successor p — [t].

[a] Cp A{a} - {a}

[t] Cp—1t)

Firstly, we choose an arbitrary role Ry from L([al, [t])
and add to C), the existential restriction 3 R;.C), ;). Sec-
ondly, we add to the filler of this existential restriction the
atoms 3R; .{a} for each remaining role R; in L([a], []).
Since C), also contains the nominal {a}, each such atom
JR; .{a} essentially represents that C),_,; is also an
R;-successor of Cp,.

» If otherwise target(p) = [z] for a variable z, then define!’

Cp=[ [{A|A(x) € A}
N[ K Dpssig | p = [t €T}

wlzlere Dy iy = 3R.Cpypy) for {R} = L([z], [y])."®
an

Dp%[b] = HRl.Cpﬁ[b] 1 ERg{b} .- HRn{b}

""Recall that then [z] = {z}.

"8Recall that L([z],[y]) < 1 for variables z and y, due to
c-acyclicity. But since [z] is the target of p and p — [y] is in T,
this label set L([z], [y]) cannot be empty.

for some arbitrary enumeration { Ry, ..., R, } of the label
set L([x], [b]). Specifically for successors p — [b] of the
second kind, the constructing is depicted below.

[z] Cp
Ryl |R, ~ R, Ry
(0] Cpp) {0} -+ {b}

We choose a role R; from the label set L([z], [b]) and add
to C), the existential restriction 3R;.C),_, ). We further
add to C, the atom 3 R;.{b} for each remaining role R;
in L([z],[b]). Since the nominal {b} is also a top-level
conjunct of C,_, ], every atom 3 R;.{b} essentially ex-

presses that C,_, 5 is also an R;-successor of C),.

Now, during the expansion of 3{z}.{C(x)} by means of
the first three rules from Figure 1, we always choose y as
the successor variable when the Existential Restriction Rule
is applied to an assertion 3R.C),_,[,)(u) where y € X, ie.,
the assertion is replaced by R(u,y) and Cp,_[,j(y). This is
possible since the above claim holds. In essence, the tree T'
is recreated during the expansion but with all paths ending
with the same individual class [a] identified as one of the
individuals in [a]. In the end, the identical mapping is the
homomorphism from 3 X. A to the expansion. By means of
Proposition 2 we conclude that 3{x}.{C(z)} entails IX. A.

It remains to show the opposite entailment. By an in-
duction on the tree 7', starting at the leafs, it is easy
to show that 3X. A entails Cp(t) for each p € T and
for each t € target(p). It follows that 3X.A entails
3{x}.{Cps,1(w)}, which equals 3{x}.{C(z)}. O

The proof of the if-direction is constructive in the sense
that it shows how the rewriting can be computed. Thus, if
all gABoxes in a given qABox repair request are ELROT
rewritable, then we can reduce qABox repair to ELROT re-
pair.

Example 23. As an example of a qABox that is not
c-acyclic we consider 3{z,y}.{r(a, z), s(z,y), s(y,x)}. It
has a cycle from z to y and then back that does not in-
volve an individual. It is not ELROL rewritable since
an ELROT concept could only enforce going back from
y to the predecessor x if one of them were an individual
whose name can be used in the concept. In contrast, the
qABox I{y}.{s(a,y), s(y,a)}, which is c-acyclic, has the
ELROT rewriting {a} M Is.3s.{a}. Note that the qQABox
Hax,y}{s(z,y),r(z,y)} is also not c-acyclic. Again, an
ELROT concept cannot enforce that there is a joint s- and
r-successor of z. The qABox 3{y}.{s(a,y),r(a,y)} has
the ELROT rewriting 3r—.{a} M3Is~.{a}.

Example XXXV. The qABox in Example XXXIII is con-
nected and not c-acyclic, but its core is c-acyclic. Thus it

is ELROT rewritable, namely into the concept description
{a} M 3r.({b} M B 3s.{b}).



Example XXXVI. The qABox 3{z,y}.{A(z), B(y)} is
core and c-acyclic but not connected. It has no ELROT
rewriting. If the universal role u would be available, which
is always interpreted as the full binary relation on the domain
of each interpretation, then a rewriting would be A 1 Ju. B.

Considering Proposition 22, one might think that non-
connectedness of core(3Z.C) for 3Z.C € P could be an
impediment to reducing qABox repair to ELROL repair.
However, this is not the case: it is sufficient that all con-
nected components of core(3Z.C) are ELROT rewritable.
To be more precise, let $)(P) be the set of all hitting sets of
{CoCo(core(3Z.C)) | 3Z.C € Pand3X. A =TR3Z.C},
where the operator CoCo yields the set of connected compo-
nents of an input gABox.

Lemma 24. 3Y.B is a repair of 3X. A for P w.rt. (T, R)
iff there is a hitting set H in $(P) such that Y. is a repair
of AX. A for Hwrt. (T, R).

Proof. The lemma follows easily from the following two ob-
servations:

» Each qABox 3Z.C in P is equivalent to its core, and so
Y. B =3Z.Ciff 3Y.B |= core(3Z.C).

* 3Y.B = core(3Z.C) iff 3Y. 1 entails all connected com-
ponents of core(3Z.C). O

According to our previous considerations, we can com-
pute the optimal repairs for such a hitting set H if each com-
ponent in ‘H has an ELROT rewriting. The elements of H
are connected components of the cores of the elements of
‘P. Since such a core is c-acyclic iff all its connected com-
ponents are so, it is thus sufficient to require that the cores
of the elements of P are c-acyclic. Under this assumption,
the set of all optimal repairs of 3X. A for P w.rt. (T,R)
is then obtained by collecting the optimal repairs of 3.X..A
for H w.rt. (T, R) for all hitting set H in H(P), and then
removing elements from this set that are strictly entailed by
other elements.

Theorem 25. Let 3X.A be a gABox, (T,R) a terminat-
ing terminology with a regular RBox whose associated au-
tomata can effectively be computed, and P be a gABox re-
pair request. Then the set of all optimal repairs of 3 X. A for
P w.rt. (T, R) can be effectively computed if core(3Z.C) is
c-acyclic for all gABoxes 37.C in P. In addition, each re-
pair is then entailed by an optimal repair.

Without restrictions on the gABoxes in the repair request,
the set of optimal repairs need not cover all repairs in the
sense stated in the theorem, even if the gqABox to be repaired
is an ABox and the terminology is empty. In fact, it follows
from (Nesetfil and Tardif 2000, Corollary 3.5) that the ABox
{r(a, a)} has no optimal repair for the repair request consist-
ing of the qABox 3{z}.{r(z,z)}. But the empty ABox is a
repair, which is thus not entailed by an optimal one.

To be more precise, (NeSetfil and Tardif 2000, Corol-
lary 3.5) considers relational structures without constants,
partially ordered by the homomorphism order: for such
structures A and B, we write A < B if there is a homo-
morphism from A to B, and we write A < B if A < B and

B £ A. Obviously, each gABox without individual names is
a relational structure without constants. It is shown that, if A
and B are such structures, where A is connected and core but
not acyclic and where B < A, then there exists a structure C
in between, i.e., B < C < A.

Translating the latter statement to qABoxes yields the fol-
lowing. If 3X. A and 3Y.3 are qABoxes in which no in-
dividual names occur, 3.X. A is core and connected but not
acyclic, and JY.B is strictly entailed by 3.X..A, then there
exists a gqABox 3Z.C without individuals that is strictly en-
tailed by 3X..A and that strictly entails Y. 5.

Now if a gABox 3 X. A is both the input gABox to be re-
paired and is the only qABox in the repair request, then the
repairs are exactly those qABoxes that are strictly entailed
by 3X.A. Thus it follows from the above that, if 3X..A
is core and connected but contains a cycle, then 3.X. .4 has
no optimal repairs for the repair request {3 X..A} w.r.t. the
empty terminology, using the fact that then 3X..4 must
strictly entail the empty qABox. An example for such a
gABox is 3X. A := 3F{z}.{r(x,x)}, as above.

To see that also the ABox {r(a, a)} has no optimal repair
for the repair request {3{z}.{r(x,x)}}, assume that Y. 3
is a repair. Let 37.C be obtained from 3Y.B by replacing
each occurrence of the individual name a by a fresh variable
Zq. It then follows that 3Z.C is a repair of 3{z}.{r(z,z)}
for {3{z}.{r(x,z)}}. The above yields a repair 3Z’.C’ of
Ha}AAr(z,z)} for {3{z}.{r(z,z)}} that strictly entails
3Z.C, and so there is a homomorphism A from 3Z.C to
3z'.c'.

Now let 3Y’.B’ be obtained from 37’.C’ by replacing
each occurrence of h(x,) with the individual name a. It
is obvious that {r(a,a)} entails 3Y’.5’. Furthermore, the
matrix B’ cannot contain an r-loop as otherwise C’ would
contain an r-loop, which contradicts the fact that 32’.C’
does not entail 3{z}.{r(z,x)}. Thus IY’.B’ does not en-
tail 3{z}.{r(z,2)}, and so it is a repair of {r(a,a)} for
{(3Ha} {1z, 2)} .

It remains to show that 3Y"’.B" strictly entails 3Y.5,
which implies that Y. is no optimal repair of the ABox
{r(a,a)} for the repair request {I{x}.{r(z,z)}}. Since
3Y.B is an arbitrary such repair, {r(a,a)} has no optimal
repairs for {3{z}.{r(z,x)}}.

1. We show that there is a homomorphism from 3Y.5 to
3Y’.B’. Define the mapping k = h, except k(a) = a
and k(t) == a if h(t) = h(zg).

(a) Ifr(y, z) € Bwherey # a and z # a, thenr(y,2) € C

and y # z, and z # x,. We infer r(h(y), h(z)) € C'.

o If h(y) = h(z,) and h(z) = h(x,), then 32'.C’
would entail 3{z}.{r(x,x)}, a contradiction.

e If h(y) = h(z,) and h(z) # h(x,), then k(y) = a,
k(z) = h(z), and B’ contains the role assertion
r(a, h(z)), which equals r(k(y), k(z)).

 The case where h(y) # h(xz,) and h(z) = h(x,) is
analogous.

o If h(y) # h(xz,) and h(z) # h(z,), then k(y) =
h(y), k(z) = h(z), and B’ contains the role assertion
r(h(y), h(z)), which equals r(k(y), k(z)).



(b) If r(a,z) € B where z # a, then r(z,, z) € C where
z # xq. We infer r(h(z,), h(z)) € C'.

o« If h(z) = h(z,), then IZ'.C' would entail
F{x}.{r(z,x)}, a contradiction.

o If h(2) # h(z,), then k(a) = a, k(z) = h(z), and
B’ contains the role assertion r(a, h(z)), which equals
r(k(a), k(2)).

(c) Role assertions r(y, a) € B where y # a can be treated
analogously.

(d) The role assertion r(a, a) cannot be in 3, as otherwise
3Y.B would entail 3{z}.{r(z,z)}.

2. Assume that there is a homomorphism £ from 3Y”. B’ to
3Y.B. We show that the mapping ¢’ := ¢ except where
' (h(xy)) = a would then be a homomorphism from
3Z'.C’' to 3Z.C, yielding a contradiction.

(@) Ifr(y,z) € ¢’ where y # h(z,) and z # h(z,), then
also B’ contains the role assertion r(y, z). Thus B con-
tains 7(¢(y), £(z2)), which equals (¢'(y), ¢'(2)).

(b) If r(y,z) € C' where y = h(z,) and z # h(z,),
then 5B’ contains the role assertion r(a, z). Thus BB con-
tains r(¢(a), (z)), which equals (¢ (y),¢'(z)) since
U'(y) = l'(h(za)) = a = {(a).

(c) Role assertions r(y, z) € C' where y # h(z,) and z =
h(z,) can be treated analogously.

(d) C’ cannot contain a role assertion r(y, z) where y =
h(z,)and z = h(x,), since otherwise C’ would contain
an 7-loop and so 3Z’.C’ would entail 3{z}.{r(z, z)}.

Finally, we conclude that we cannot extend our optimal
repair framework to fully support existential self-restrictions
3r.Self in the repair request, namely since such a concept is
equivalent to the gABox 3{z}.{r(x,x)}. Specifically, we
could still deal with assertions 3r.Self(a) as these could be
translated to 3r.{a}(a), but such a translation is impossi-
ble if an existential self-restriction occurs in a conjunction
without nominals.

4.3 Further Extensions

The repair framework developed in this paper can also be
used to deal with regular path expressions in the repair
request, Horn-ALCOZ TBoxes, and qABoxes that have a
static part that must not be changed. The basic idea is to
create an ELROT terminology over an extended signature
that is a conservative extension of the input terminology, and
in which such extensions can be expressed. Our repair ap-
proach is then applied w.r.t. this terminology. However, the
repairs obtained this way may still contain names not occur-
ring in the original signature, and thus these additional sym-
bols need to be removed from these repairs appropriately.
We illustrate this for the case of regular path expres-
sions, which are regular expressions over the alphabet of
all roles. In repair requests, the concepts may now con-
tain such expressions in place of roles. The semantics is
defined by interpreting union, concatenation, and Kleene-
star in the regular expressions as union, composition, and
reflexive-transitive closure of binary relations, and the empty
word as the identity relation. For example, the concept as-
sertion (37*.{b})(a) € P then says that, in the repair, there

should not be an (empty or non-empty) r-path from a to b.
To express the regular expression r*, we introduce a new
role name [r*| and extend the RBox with the RIs ¢ C [r*],
r C [r*], and [r*] o [r*] C [r*]. In the repair request,
we now use [r*] in place of r*. A repair computed for this
modified request may still contain the new name [r*], but
we can simply remove all assertions containing it to obtain
a repair in the original signature.

If a part of the given qABox is known to be correct, one
may want to keep this part static when repairing (i.e., the
repair should still imply this static part). Since our TBoxes
are static and concept and role assertions can be expressed
using nominals, the idea is now to move the static part of the
qABox to the TBox. However, to express assertions involv-
ing variables, the signature needs to be extended by adding
these variables as individual names.

More details on how to deal with these two extensions
and on how Horn-ALCOZ TBoxes can be expressed will be
presented in the following.

First of all, the definition of an inconsistency repair (Def-
inition 18) is changed by additionally taking the static data
into account. In particular, we assume that the input gABox,
which is to be repaired, is a union of the refutable part
3X.A and the static part 3X;.As. The latter must not be
changed.

For technical reasons but w.l.o.g., we assume that each
two quantified ABoxes have disjoint sets of variables. Then
the union 3X1.A; U 3X5. A5 of two gABoxes is defined
as 3(X; U X3).(A; U Az). Each model of 3X;..4; and
3X5.. A5 is a model of the union, and vice versa.

The terminology (7,R) now consists of a Horn-
ALCOZ TBox T and a regular RBox R. At the same
time, we will additionally support regular path expressions
(RPEs) that can be used in place of roles, but only within the
repair request P. We will formally introduce Horn- ALCOZ
and RPEs later when we show how they can be translated

into ELROTL.

Definition XXXVII. An SI-repair of 3X. AU 3X,. A for
P w.rt. (T,R) is a quantified ABox 3Y.5 over ¥ such that

(SIRepl) (3X.AU3X,. A) TR 3Y.B,

(SIRep2) (FY.BU I X;. A) is consistent w.r.t. (T, R),

(SIRep3) (AY.BUIX,. As) 7R C(a) for each C(a) €
Pioc, and

(SIRepd) (3Y.BUIX,. AS) TR 3{2}.{D(x)} for each
D e Pg|o.

Additionally, 3Y.B is optimal if there is no other Sl-repair
3Z.C such that (3Z.CU3 X,. A) 7R 3Y.Bbut (3Y.BU
IX. As) ETR 3Z.C.

In the above definition, we denote by a repair only the
modified version of the refutable part 3 X..A. In applications
one should obviously return it together with the static part,
ie., return Y. B U I X,. As.

In the remainder of this section we will explain how the
static data 3 X. As, the terminology (7, R), and the repair
request P (all over a signature XJ) can be transformed, one by
one, into an ELRegOZ(L) terminology (77#,R#) and an



ELROT repair request P (over an extended signature $#)
such that the SI-repairs can be obtained as X-restrictions of
the inconsistency repairs for P# w.r.t. (T#, R#).

All transformations follow a similar pattern, namely the
input J (over signature Y5) will be Y5-inseparable to the
output O (over the extended signature ) in the following
sense:

1. Each model of J can be extended to a model of O.1°

2. For each model of O, the Y5-restriction is a model of J.

Transforming the TBox A Horn-ALCOZ TBox consists
of finitely many concept inclusions of the foom £ C F
where F and F' are built by the following grammar rules.

E:=1|T|A|{a}| ENE|EUE|3RE
Fu= 1| T|A|-A]{a}|~{a}
| FAF|-~EUF |3R.F|VYRF

This extends the definition given in (Jung et al. 2020) with
nominals. It is easy to see that each ELROZ(L) TBox is
also a Horn-ALCOZ TBox, but the converse is not true.
However, each Horn-ALCOZ TBox can be transformed
into an inseparable ELROZ( L) TBox using fresh concept
names. As auxiliary signature, let I' consist of all concept
names | F'| where F is constructed by means of the second
grammar rule. The given Horn-ALCOZ TBox T over X is
now transformed into an ELROZ(L) TBox | T | over SUT
as follows.

Initialize | T | as T . Firstly, we replace each left-hand side
by a disjunction of disjunction-free concepts by exhaustively
applying the following equivalence-preserving rule.

E'R.(EluEg) ~ E'REl UE'R.EQ

Secondly, we split up the so obtained concept inclusions by
the following equivalence-preserving rule.

E,U---UE,CF ~ ECF ..., E,CF

Thirdly, we transform the right-hand sides as follows.

ECFN---NF, ~ ECF,.. ECF,
EFEC-A ~ ENALC_L
EC—{a} ~ EnN{a}CL
E/C-E;UF ~ E/NMECF
EC3RF ~ FECA3R|F], |F|CF
FCVRF ~ dR .ECF

We also need to deconstruct concept inclusions £ C I R. F'
since the filler F' need not be an ELROZ concept descrip-
tion. Only for this purpose we introduced the auxiliary con-
cept names | F'|. Of course, one would not need to apply the
second-last rule if F' is already in ELROZ. Finally, note that
after the second-last rule has produced a concept inclusion
| F'| C F, then all of the above transformation rules must be
applied to it, starting with transforming its left-hand side.

Lemma XXXVIIL. For each quantified ABox 3X.A over
Y., the following statements hold:

9By an extension we mean an interpretation that only differs in
that it defines extensions of the additional symbols.

1. Each interpretation over Y. that is a model of 3X. A,
3X..As, T, and R can be extended to an interpretation
over BUT that is amodel of 3X. A, X . As, | T |, and R.

2. For each interpretation I over X U T that is a model of
IX. A X A, | T, and R, the X-restriction Iy, is a
model of 3X. A, AX. A, T, and R.

Proof. Consider a model Z (over X)) that is a model of
dX. A, 3Xs. As, T, and R. We extend it to an interpreta-
tion J over X U T by additionally defining |F|7 = FT
for each |F'| € T. Since 3X. A, 3X;.A,, and R are de-
fined over X, and Z and J coincide on ¥, also J must be
a model of these. It remains to show that J is a model of
the transformed TBox |7 |. We do so by an induction along
the applications of the above rules. All except the second-
last rule are equivalence preserving, i.e., the replaced con-
cept inclusion is equivalent to its replacement. The only
interesting case is where a concept inclusion £ T IR.F
is replaced with E C JR.|F| and |F| C F. Due to the
choice | F|7 = FZ, it follows that Z = E C JR.F implies
JEECIR.|F|and J = |F| C F, and we are done.
Regarding the second statement, let Z be a model (over
YUT) of 3X. A, 3X. A, |T], and R. Then the X-
restriction Z |y, is still a model of 3X. A, 3X,. A, and R
as these are all defined over . We prove the Z [y, is a model
of the original TBox 7 by an induction backwards along
the applications of the above rules. Again, we only need to
take special care of the second-last rule since the others are
equivalence preserving. So assume that E T JR.F is re-
placed by E C 3R.|F| and |F| C F. Of course, if Z =
EC 3R.|F|andZ | |F]C F,thenZ = E C 3R.F
holds as well. In the end, Z = |7 | implies Z |= 7T, and
since 7 is defined over 3, it follows that Z|y, = T O

Transforming the Static gABox Recall that the static
data comes in form of a quantified ABox 3 X,..4s. We sim-
ply transform it into a TBox 7 over the extended signature
> U X as follows.

To= {{u} C A A(u) € A}
U{{u} C3Ir{v}|r(u,v) € As}
U{{u}C{v}|u=ve A}
Lemma XXXIX. For each quantified ABox 3X. A over ¥,
the following statements hold:

1. Each interpretation over . U T that is a model of 3X. A,
IXs.As, | T |, and R can be extended to an interpretation
over SUT'U X that is amodel of 3X. A, | T |UT,, and R.

2. For each interpretation I over X UT' U X that is a model

of AX. A, | T|UTs, and R, the (X UT)-restriction Iy
isamodel of 3X. A, 3Xs. As, | T |, and R.

Proof. Assume that 7 is an interpretation over 2 U I that is
amodel of 3X. A, 3X,. A, | T |, and R. Specifically, there
is a variable assignment Z: X; — Dom(Z) such that the
augmented interpretation Z[Z] is a model of the matrix As.
We now extend Z to an interpretation 7 over X UI' U X, by
additionally defining 27 = Z(z) for each € X,. Since
uZlZ] = 47 holds for each object u € X U X, we infer



from Z[Z] = A, that J = 7. Furthermore, 7 is a model
of 3X. A, | T |, and R since these are all defined over ZUT
and Z and J coincide on X U T.

Next, we show the second statement. Let 7 be a model
(over X UT U Xg) of 3X. A, |T|UT7T., and R. We define
the variable assignment Z: X; — Dom(Z) by Z(z) = 27
for each z € X.. It then holds that zZ/surlZ]l = 27 for
every object € X, and thus Z = T implies Z s, r[Z] E
As, ie., Tlsur F 3Xs. As. Since 3X. A, [T ], and R are
defined over X U I, it follows that the restriction Z |y,  is
also a model of these.

Transforming the Regular Path Expressions in the Re-
pair Request A regular path expression is a regular path
expression over roles. On the one hand, the Z-family of
description logics (Calvanese, Eiter, and Ortiz 2009) allows
to use them in place of roles. On the other hand, so-called
conjunctive two-way regular path queries (C2RPQs) (Ortiz,
Rudolph, and Simkus 2011) extend the formalism of con-
junctive queries by allowing binary atoms involving regular
path expressions. In order to support the specification of un-
wanted consequences in a more expressive way, we extend
the notion of a repair request accordingly.

A regular path expression (RPE) p is built with the gram-
mar rule

pe=r|r~|elp+plpop|p’

where r ranges over all role names in X. For each interpreta-
tion Z, the semantics are extended by (o + 7)% == o7 U 77,
(0 o) = 0% o 7%, and (0*)T is defined as the reflex-
ive, transitive closure of oZ. Now, ELROZ(RE) concept
descriptions are defined like ELROZ concept descriptions
but can additionally use regular path expressions in place of
roles. The repair request P is now built from ELROZ(RE)
concept descriptions and ELROZ(RE) concept assertions.
We will explain in the following how we can deal with it
within our repair framework.

Assume that A consists of the role names [p]| for all
RPEs p occurring in the repair request P (including sub-
expressions). We are going to construct an RBox Rrg over
the extended signature ¥ U A such that its union with R is
a conservative extension of R. Specifically, Rrg consists of
the following role inclusions:

* e Cfe]

r C [r] and r— C [r~] for each role name r in P

* [0] C [o+7]and [7] C [o+7] foreachRPE o +7 in P
[0] o[7] C [0 o7] foreach RPE o o T in P

* cC Jo*],[o] C [o*],and [c*] o [6*] C [o*] for each
RPE ¢* in P.

The RBox Rpg is <-regular as per the definition in (Hor-
rocks, Kutz, and Sattler 2006), and thus it is a regular RBox.
Furthermore, for each regular RBox R, the union R U RRg
is regular as well.

Lemma XL. For each quantified ABox 3X. A over ¥, the
following statements hold:

1. Each interpretation I over X U T U X that is a model of
3X. A |T])UTs, and R can be extended to an interpre-
tation J over ¥ U T U X U A that is a model of 3X. A,
|7T| UTs, and R U Rge such that p* = [p]7 for each
RPE p occurring in P.

2. For each interpretation T over ¥ U T U X U A that is a

model of AX. A, | T|UTs, and RURRE, the (EUT'UX)-
restriction Ty, pyx, is a model of IX. A, |T|, and R.

Proof. Let T be an interpretation over X U I' U X that is a
model of 3X. A, | 7| U7, and R. Its extension J addi-
tionally maps each new role name [p] in A to [p]7 = pZ.
Since Z and 7 coincide on YUT'UXgand 3X. A, | T |UT,,
and R are all defined over X U I"' U X, the extension 7 is
still a model of these. It is a finger exercise to show that J
is a model of Rrg, namely by an induction on the RPE p.

* The claim is obvious for the base cases where p = ¢,
p=r,orp=r_.
* Now let p = o + 7. It holds that

(017 ufr)? =cturf=(c+1) 7 =[o+1]7.

So J isamodel of [o] C [0+ 7] and [7]| C [0 + 7|.
* Assume that p = o o 7. We have

[0]17 o[7]Y =0t ot =(cor)E =[0oT]7.

It follows that 7 is a model of [o] o [7] C [0 o 7].
e The last case is where p = o*. Since (0*)7 is reflexive,

we obtain
e/ ={(6,6) | 6 € Dom(T)} C (¢%)* = [o"]7

and thus 7 is a model of € C [o*].
Since (0*)% is a closure of oZ, we infer that

(017 = 0% C(07) = [0"]7

and so [o] C [o*] is valid in J.
As (0*)7 is transitive, it follows that

[0°17 0 [0*]7 = (0%) o (0*)" C (¢") = [0"]7
and hence J is a model of [0*] o [¢*] C [o*].

Regarding the second claim, assume that Z is an inter-
pretation over ¥ U T' U X5 U A that is a model of 3X. A,
| 7] UT7s, and R U Rpe. It immediately follows that the
restriction Z [y, x, is amodel of 3X. A, [T]U T, and R
since these are all defined over X U T" U Xj. O

The next lemma shows that the semantics of the RPEs is
properly encoded within the RBox Rre. We will need this
fact later.

LemmaXLIL R, ---R, € L(p) iff R1o---oR, CRee [p].

Proof. According to Lemma IV, Ry o --- o R,, TR [p]
iff the word R; - - - R,, can be deduced from [p] by means
of the production rules induced by Rgg. It is a finger ex-
ercise to show by induction on the RPE p that R - - - R,, is
deducible from [p] iff Ry --- R, € L(p). For the only-if
direction note that inverses of role names o] will never be
produced from [p]. O



Transforming the repairs Now let 77 = |7 | U T, and
R# := R U Rpe. Furthermore, the transformed repair re-
quest P# is obtained from 7 be replacing each occurrence
of a RPE p by the new role name [p],? and likewise we
define C# for each ELROZ(RE) concept C. All three
are defined over the extended signature ¥# = ¥ U T U
XsUA. We obtain the following lemma by combining Lem-
mas XXXVII-XL.

Lemma XLII. For each quantified ABox 3X. A over Y., the
following statements hold.:

1. Each interpretation T over X that is a model of 3X. A,
3Xs.As, T, and R can be extended to an interpretation
J over F that is a model of 3IX. A, T#, and R¥ such
that § € (C#)7 implies § € CT for each ELROL(RE)
concept C.

2. For each interpretation T over Y% that is a model of
IX. A, T#, and R¥, the S-restriction I|s, is a model
of IX. A X, . A, T, and R such that § € CT'= implies
§ € (C*)T for each ELROI(RE) concept C.

Proof. LetZ be amodel (over ) of 3X..A, 3X. A, T, and
‘R. According to Lemmas XXXVIII-XL, 7 can be extended
to a model J (over £#) of 3X. A, T#, and R¥ such that
pf = [p]7 holds for each RPE occurring in P.

The additional claim, namely that § € (C#)7 implies 6 €
CZ, is shown by induction on C. Itis only interesting to treat
the case C' = 3p.D. Let § € (C*)7, i.e., there is a domain
element v such that (6,7) € [p]” and v € (D¥)7. The
induction hypothesis implies that v € DZ, and we further
know that [p]7 = p? holds. It follows that § € CZ.

Regarding the second statement, consider a model Z (over
Y#) of 3X.A, T#, and R#. By Lemmas XXXVIII-XL,
the Y-restriction Z |y, is a model of 3X. A, 3 X,. As, T, and
R.

We prove the additional claim, namely that § € CZ= im-
plies 6 € (C#)Z, by induction on C. The only interesting
case is where C' = Jp. D is an existential restriction involv-
ing a RPE. The assumption § € CZ!= yields a domain ele-
ment 7 such that (§,7) € p’'= and v € D*I=. By induction
hypothesis we obtain that v € (D#)Z. It remains to show
that (3, v) € [p]*.

From (8,7) € pZ'= it follows that (6,7) € pZ, i.e.,
there are roles Ry, ..., R, suchthat Ry --- R,, € L(p) and
(6,7) € (Ryo---0R,)%. By Lemma XLI we infer that
Ry o---R, CRre [p]. Since 7 specifically is a model of
Rre, we conclude that (d,7) € [p]Z. O

The following corollary to Lemma XLII mediates be-
tween the two repair notions in Definitions 18 and XXXVII.

Corollary XLIII. For each quantified ABox 3Y.B over %,
the following statements hold:
1. 3Y.B satisfies (SIRepl) iff Y. B satisfies (IRepl):
For each qABox 3X. A over %, it holds that (3X. AU
X, A) ETRAV.BiFIX.AETT R 3y.B.

We could alternatively support existential restrictions 3p.C'
in the repair request, where p is an RPE, by constructing a finite
automation 2, that accepts the language L(p) and then replacing
Jp.C by Fi,.C, where i, is the initial state in 2.

2. 3Y.B satisfies (SIRep2) iff Y. B satisfies (IRep2):
(Y.B U IX,. A) is consistent w.rt. (T,R) iff IY.B is
consistent w.r.t. (T#, R#).

3. 3Y.B satisfies (SIRep3) iff Y. B satisfies (IRep3):

For each concept assertion C(a) € P, it holds that
3AY.B U 3X.A) ETR C(a) iff 3V.B ETHR"
C#(a).

4. 3Y.B satisfies (SIRep4) iff 3Y.B satisfies (IRep4):

For each concept description D € Py, it holds
that (3Y.B U 3X.A) ETR Iz} {D()} iff
3Y.B ETTRY 3{2}) {D# (z)}.

Due to the extended signature >, an inconsistency repair
for P# w.r.t. (T#,R#) can contain symbols that are not in
the original signature > and that should hence be removed
before the final repair is returned. For this purpose, we de-
fine the notion of the X-restriction of a quantified ABox.

In principle, we only need to remove assertions using con-
cept names or role names not in X, and further make every
individual in X C Y# a variable. However, the latter is
not so straightforward since we must also resolve equality
assertions involving such now variables.

Definition XLIV. Let 37.C be a quantified ABox over X%,
The restriction (3Z.C) [y, := AW.D is obtained as follows:

1. Firstly, let W := Z U X..
2. Secondly, choose a representative ¢[,] of each equivalence
class [x]37.¢c where x € X as follows:

(a) If [z]3z.c contains an individual @ € X, then let
le) = @

(b) Otherwise [x]3z.¢ is a subset of X, and then choose
t(;] as an arbitrary element of [2]37.¢.%

3. Thirdly, populate the matrix D as follows:

(a) Copy over the concept assertions and role assertions
from C to D, but only those involving concept names
and role names in X and further replace every occur-
rence of an object x € X with 7).

(b) For each individual a € ¥, let {ay, ..., a,} be an enu-
meration of [a]3z.¢ \ Xs, and add the equality assertions
ap =ag, ..., Gp_1 = ap to D.

Next, we show that the Y-restriction (3Z.C) [; is the most

specific qABox that is defined over the signature ¥ and is
entailed by 3Z7.C.

Lemma XLV. For each quantified ABox 3Z.C over 7, the
following statements hold:

1. (3Z.C)|y; is entailed by 3Z.C.

2. For each quantified ABox 3Y.BB over %, it holds that
3Z.C EIY.Bif (3Z2.0)]x EIY.B.

Proof. 1. The identical mapping on ¥; U X U Z is a ho-
momorphism A from (3Z.C) [y, to 3Z.C, as we have only
merged some objects.

*I'This means that all variables in [2] N X will be identified with
the individual a.

ZThis means that all variables in [z] C X, will be identified
with one of them.



(Hom2) h(a) = ais fulfilled by definition for every indi-
vidual a.

(Homl) Let a ~3z.c), b According to Defini-
tion XLIV, there must be an equivalence class [¢|3z.¢
containing a and b. It follows that a =3z ¢ b.

(Hom3) Consider a concept assertion A(t) in the matrix
of (3Z.C)ly,. Then either A(t) itself is in C, or A(x)
is in C where z has been replaced by ¢, i.e., t = [
In the latter case, we have g Raz.c T, and so we are
done.

(Hom4) Role assertions can be treated similarly, by case
distinction on whether the objects in it have been re-
placed.

. The if direction follows from the first statement. Regard-
ing the only-if direction, assume that 37.C = 3Y.B, i.e.,
there is a homomorphism A from 3Y. B to 3Z.C by Propo-
sition 2. We define a mapping h’ by h’(a) := a for each
individual a € ¥, and

h’(y) — h(y) if h(y) eEXUuz
"~ tny otherwise, ie., if h(y) € X

for each variable y € Y.

() The definition of b’ yields h(t) ~3z.c h'(t) for each
object t.

o If t is an individual, then A(t) =t = h/(¢).

o Otherwise, if h(t) € 3 U Z, then h(t) = h/(1).

* In the remaining case, where h(t) € X, we have
h/(t) = t[h(t)] where t[h(t)] € [h(t)]gz.c. It follows
that b/ (t) ~=3z.¢ h(t).

(8) We further show that, for all objects u, v of (3Z.C) [,
u ~3z.c vimplies u ~(3z.c);,, v. We first get that u
and v are in the same equivalence class w.r.t. 3Z.C.

¢ If one of them is a variable in Z, then © = v since vari-
ables cannot occur in equality assertions. The conclu-
sion u ~(3z.¢),, v is then trivial.

* Now assume that one of them is an object in X§. Since
it occurs in (3Z.C)[y, its equivalence class (w.r.t.
37.C) must be a subset of X (otherwise it would have
been replaced by an individual in the restriction). But
then v and v have been replaced by the same object,
which means that they must be equal (as both occur in
the restriction). It follows that u ~(3z7.¢);,, v-

e In the remaining case, both are individuals in X.
From u =37 ¢ v we infer that u,v € [a]3z.¢c \ X
for an individual a. Definition XLIV ensures that
UR@Ez.0)05

It is now easy to verify that &4’ is a homomorphism from

3Y.Bto (3Z.0)]5.

(Hom2) With h fulfilling (Hom2), we obtain that h’(a) =
h(a) = a for every individual a.

(Homl) Let a ~3y.5 b. Since h satisfies (Homl), we
have a =3z ¢ b. It follows that a,b € [a]az.c \ X,
and according to Definition XLIV we conclude that
a %(HZ.C) I's b.

(Hom3) Consider a concept assertion A(¢) in 5. Since
Y. B is defined over X, we have A € Y. As h satisfies

(Hom3), there is an object v such that v =3z ¢ h(t)

and A(v) € C. We make a case distinction.

o If v € X,, then the restriction (3Z.C)[y, contains
A(tpy)), and we have v =~3z.c t[, (by choice of
t[v) in Definition XLIV). It follows that ¢[,) ~3z.c
h(t). We have seen above in Observation « that
h(t) =m3z.c h'(t) holds, and so we conclude that
tw) ~3z.c W(t). Since t[,) and h'(t) both occur in
the restriction, we conclude from the above Observa-
tion 3 that tw] ®@3z.0) I's h/(t).

e Otherwise, if v € >, U Z, then the restriction
(3Z.C)|y; also contains A(v). Since h(t) =3z.¢ h'(t)
holds by Observation a, it follows that v ~37 ¢ h'(t).
Since v and 2/ (t) both occur in the restriction, we con-
clude from the above Observation 3 that v ~(37.¢)
().

(Hom4) Each role assertion in B can be treated in a simi-
lar way, by means of case distinction on both objects in
the role assertion that h yields in C and using the above
Observations « and (. O

I's

Using Corollary XLIIT and the notion of Y-restrictions,
we can now formulate the following important proposition
that shows how the SI-repairs and the inconsistency repairs
for the transformed input correspond to each other.

Proposition XLVI. The following statements hold.

1. Each SI-repair of 3X. AU 3 X,. As for P w.rt. (T, R) is
an inconsistency repair of 3X. A for P* w.rt. (T#, R*).

2. For each inconsistency repair of 3X.A for P# wurt.
(T#,R¥), its S-restriction is an Sl-repair of 3X.A U
IX. A for P w.rt. (T, R).

Proof. Regarding the first claim, let 3Y. 15 be an SI-repair of
IX. AUIX. A for Pwrt. (T, R).

(IRepl) We infer from Condition (SIRepl) that (3X..4A U
3Xs.A) ET® 3Y.B.  An application of Corol-
lary XLIII yields 3.X. A =77 R* 3v. .

(IRep2) Since 3Y.B fulfills Condition (SIRep2), its union
with 3X;.As must be consistent w.r.t. (7,R). With
Corollary XLIII we infer that 3Y.B is also consistent
w.rt. (T#,R#).

(IRep3) Consider a concept assertion C# (a) € 73|fc, ie.,
C(a) € Pioc- Due to Condition (SIRep3), it holds that
(AY.BU3IX.. As) ETR C(a). By Corollary XLIII it
follows that 3Y. 5 %T#’R# C#(a).

(IRep4) Consider a concept description D# € P;&O, ie.,
D € Pyo. By Condition (SIRep4) we infer that (3Y.B U
3X. As) TR 3{x}.{D(x)}. By Corollary XLIII it

follows that 3Y. 3 %T#’R# I{x}.{D#(z)}.

We conclude that 3Y. 15 is an inconsistency repair of 3.X..4
for P# w.rt. (T#,R¥).

We proceed with the second claim. Therefore let 3.7.C be
an inconsistency repair of 3X..A for P# w.rt. (T#, R%).
We verify that the X-restriction (3Z.C) |y, is an SI-repair of
IX. AUIX. A for P wrt. (T, R).



(SIRepl) Condition (IRepl) yields that 3X.A |=7"R"
3Z.C. We further know from Lemma XLV that 3Z.C =
(3Z.C)1y;, which together with the former implies that

IX.A ETPR* (3Z.C)ly. With Corollary XLIII we
conclude that (3X. AU3IX,. A) ETR (32.0)].

(SIRep2) We infer from Condition (IRep2) that 3Z.C is
consistent w.r.t. (7#,R#). According to Lemma XLV
we have 3Z.C = (3Z.0)]y and so the restriction
(3Z.C)]y, is consistent w.rt. (7#,R#) as well. By
Corollary XLIII it follows that (3Z.C) [y, U 3 X,. As is
consistent w.r.t. (7, R).

(SIRep3) Consider a concept assertion C'(a) in the lo-
cal request P, i.e., C7(a) is in the transformed lo-

cal request Pffc. By Condition (IRep3) it holds that
3z.c ETRY C#(a). Since 3Z.C E (3Z.0)]y

holds by Lemma XLV, we infer that (3Z.C) [y, %T#’R#
C#(a). By means of Corollary XLIII it follows that
(32.0)]x U3 X . AS) ETR C(a).

(SIRep4) For each concept D in the global request Pyjo, the
proof is as above when C'(a) is replaced by I{z}.{D(a)}
but uses Condition (IRep4). O

Proposition XLVIL. Each SI-repair of 3X. A U 3X,. A
for P wrt. (T,R) is entailed by the X-restriction of
some optimal inconsistency repair of 3X. A for P# w.rt.

(T#,R¥#).

Proof. Consider an Sl-repair 3Y.5 of 3X..A U 3 X,. A for
P w.rt. (T, R). According to the first statement of Proposi-
tion XLVI, 3Y.B is also an inconsistency repair of 3 .X..4 for
P# w.rt. (T#,R#). By Theorem 19 and Proposition XXIX
there is an optimal inconsistency repair 3Y’.B’ of 3X..A
for P# w.rt. (T#,R#), where 3Y".3 |= 3Y.B. Now
the second statement of Proposition XLVI yields that the >3-
restriction (3Y'.B’)[y; is an SI-repair of 3X. A U 3 X,. A,
for P w.r.t. (T,R). Since (3Y'.B')[y, and IY.B are both
defined over X, we infer from 3Y”. 3’ = 3Y. 8 by means of
Lemma XLV that also (3Y".5') [y, = 3Y.B. O

Moreover, we obtain the following corollary.

Corollary XLVIIL. Each optimal Sl-repair of 3X.A U
IXs. As for P w.rt. (T, R) is equivalent to the Y-restric-

tion of some optimal inconsistency repair of 3X. A for P#
wrt. (T#,R¥).

In the end, it follows from Theorems 12 and 19 and Propo-
sition XLVII that the set of all optimal SI-repairs can effec-
tively be computed and covers all SI-repairs, given that the
translated terminology terminates and automata recognizing
the role languages induced by the translated RBox can ef-
fectively be constructed.

Theorem XLIX. Consider a quantified ABox 3X.A U
IXs. As where 3X,. As is static, an ELROZ(RE) re-
pair request P, and a terminology (T, R) where T is a
Horn-ALCOZL TBox and R is a regular RBox such that
((T#)1,R¥) is terminating and automata for R* can be
effectively constructed. Each Sl-repair of 3X. AU 3 X. A

SJor Pw.rt. (T, R) is entailed by an optimal SI-repair. More-
over, the set of all optimal SI-repairs can effectively be com-
puted (up to equivalence).

4.4 Further Expressivity

We have already seen at the end of Section 4.2 that the pres-
ence of existential self-restrictions Ir.Self in the repair re-
quest can prevent the existence of optimal repairs, even if the
terminology is terminating and the RBox is regular. The fol-
lowing example shows that also functional roles can make
optimal repair impossible. Thus, it seems to be impossible
to extend our optimal repair framework to the full language
of Horn-SROZO.

Example L. Assume that f is a functional role. Further con-
sider the ABox { f(a, a)} and the repair request {3 f. T (a)}.
For each number n. > 0, the gABox 3 X,,..A,, defined as

Har, . et {f(@n, xno1), ..., f(x2,21), f(21,0)}

is then a repair.

Now assume that there is a finite set G of repairs that
covers all repairs, and let the number n be greater than
the number of objects of each repair in &. So there must
be a repair Y. in & that entails 3X,,.4,, i.e., there
is a homomorphism A from 3X,.A, to 3Y.B. Since n
exceeds the number of objects in Y. B, there are indices
i,j € {1,...,n} where i < j such that h(z;) = h(z;).
Since the matrix .A,, contains the role assertions f(z;, z;—1)
and f(z;,x;_1), where we treat z as the individual name
a, it follows that in the other matrix B the object h(z;) has
f-successors h(x;_1) and h(z;_1). Since f is functional,
we infer h(z;—1) = h(z;—1).

By induction, we obtain h(xo) = h(z;—;). Now z;_; still
has the f-successor z;_;_1, but h(zg) = h(a) = a does not
have an f-successor because 3Y.13 is a repair and thus does
not entail 3 f. T (a). This means that, although .4,, contains
the role assertion f(x;_;, z;_;—1), the other matrix B does
not contain the role assertion f(h(x;_;), h(x;_;—1)) due to
h(xj—;) = a, a contradiction.

5 Conclusion

We have shown that the approaches for computing optimal
repairs developed in our previous work can be extended to a
considerably more expressive DL, which covers most of the
DL £L"7 underlying the OWL 2 EL profile, but also has
inverse roles. Our main result is that, in this setting, optimal
repairs can effectively be computed and cover all repairs in
the sense that every repair is entailed by an optimal one. In
addition, we have demonstrated that this repair approach can
deal with several other interesting repair problems.

The paper actually provides two proofs of the main result,
one based on showing a small repair property by filtration,
and another one based on the construction of canonical re-
pairs. We believe the second approach to be more useful
in practice. In fact, when repairing a given quantified ABox
w.r.t. an ELROTL terminology, first computing all optimal re-
pairs and then expecting the knowledge engineer to choose
an appropriate one among (potentially) exponentially many
exponentially large optimal repairs does not appear to be



a practically viable repair approach. Since our canonical
repairs are determined by polynomially large repair seeds,
such a repair can be chosen by making polynomially many
decisions regarding certain instance relationships. Once a
repair seed is chosen, the induced canonical repair is always
exponentially large. However, by adapting the optimized re-
pair approach of (Baader et al. 2021a) to our more expressive
language, we can obtain considerably smaller optimized re-
pairs.
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