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ABSTRACT

Actuator or sensor faults occurring in an unmanned aerial vehicle can compromise the system
integrity. Fault diagnosis methods are therefore becoming a required feature for those systems.
In this thesis, the focus is on fault estimation for fixed-wing unmanned aerial vehicles in the
presence of simultaneous actuator and sensor faults. To deal with the challenging nature of
some fault scenarios, such as simultaneous and ambiguous faults that induce multimodality,
a jump-Markov regularized particle filter and enhanced versions of it are presented in this
thesis.

This method is based on a regularized particle filter that improves the robustness thanks
to the approximation of the posterior density by a kernel mixture, and on a jump-Markov
system. The jump strategy uses a small number of particles — called sentinel particles — to
continue testing the alternate hypothesis under both fault free and faulty modes.

The numerical results are obtained using linear then non-linear longitudinal dynamics of
fixed wing unmanned aerial vehicle. It is compared to interacting multiple model Kalman
filters and regularized particle filters and shown to outperform them in terms of accuracy,
robustness and convergence time in the scenarios considered. The state estimation is also
more accurate and robust to faults using the proposed approach. Performance enhancement
compared to other filters is more pronounced when fault amplitudes increase.

An enhanced version of this method named the robustified jump-Markov regularized
particle filter is also presented and allows one to accurately and rapidly estimate faults
with no prior knowledge of the fault dynamics. Finally, a new approach to compute an
adaptive transition probability matrix is introduced by computing the false alarm and missed
detection probabilities using a saddlepoint approximation.

The proposed approaches significantly improve the safety and accuracy for increasingly
autonomous unmanned aerial vehicles and generalise to other control environments where
faults occur.
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GENERAL INTRODUCTION

Unmanned aerial vehicle (UAV) systems have been one of the aviation’s most rapidly evolving
fields in recent years, but their wider use will depend on safely increasing their autonomy.
The ability to recover from actuator and sensor faults is crucial in this context.

Fault detection, isolation and recovery systems are increasingly employed in aircraft to
provide alternate flight modes with adequate flight envelope protections using hardware
or analytical redundancies in large aircraft. The level of redundancy is however limited in
small aircraft. Fault detection malfunctions in aircraft sensing continue to be linked to loss
of control in flight, often leading to serious or even catastrophic incidents such as the two
recent Boeing 737 MAX crashes where a stall was erroneously detected by a faulty angle of
attack sensor, which triggered the automatic anti stall system, forcing the nose of the aircraft
down multiple times until it eventually crashed [1]. Inertial navigation sensor failures have
also led to the crashes of the Qantas F72 and Croatia Boeing 737-200 [2]. UAV systems also
face these issues. Approximately 40 % of Predator drones have indeed crashed in Class A
(the highest severity) accidents and the United States Air Force (USAF) acknowledged that
Predator UAVs crash more frequently than regular military aircraft, which highlights an even
higher need for fault tolerance in autonomous aircraft [3]. This is also true in small UAV due
to limited redundancy and lower cost sensing. UAVs legislation bodies increasingly require any
applications for certification of autonomous systems to cover data integrity, including sensor
data and fault flags [4]. Small autonomous UAVs will therefore increasingly be required to
employ fault detection, isolation and recovery systems for multiple sensor fault modes. The
architecture of UAVs with fault diagnosis and recovery modules is illustrated in Figure 1.1.

In Figure 1.1, the process faults — faults that directly occur in the UAV module — are
illustrated, but this thesis focuses on actuator and sensor faults.

Fault detection and isolation (see Section 2.2) are well mastered nowadays, but fault
estimation must be considered to make a fault recovery possible. Fault estimation methods
are developed in this thesis for a low to medium endurance fixed wing UAV, without
actuator redundancy. Estimation filters were investigated for this purpose, including Kalman
Filters that have been adapted to a variety of joint state and fault estimation problems
for linear Gaussian systems (see Section 2.5.4). An efficient extension of the approach to
multimode systems is the use of banks of Kalman filters in a interacting multiple model (IMM)
architecture (see Section 2.5.7). Kalman filters were extended to nonlinear systems using local
linearization in the extended Kalman filter (EKF) (see Section 2.5.5) Another extension of
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Figure 1.1: Architecture of the UAV with fault diagnosis and recovery

Kalman filtering to nonlinear systems is the propagation of a deterministic cloud of particles
using the unscented Kalman filter (UKF), but both the EKF and UKF are suboptimal in the
nonlinear non-Gaussian case. Particle filters are known to provide a discrete approximation to
the optimal state estimation problem in nonlinear and multimodal systems [5]. Particle filters
(see Section 2.5.6) have been successfully implemented for aircraft navigation [6], including
terrain aided navigation in the presence of nonlinear and multimodal measurements [7], and
fault detection and isolation in small UAV [8]. They were also developed for multiple model
architectures but with the computational cost of testing both hypotheses using large numbers
of particles at all times [9]. A jump Markov particle filter was introduced to represent the
mode transitions using a Markovian jump process, where faulty and fault-free situations
are modelled as discrete states of the system by Doucet, Gordon, and Krishnamurthy [10]
and Tafazoli and Sun [11]. However, all these methods are either not suitable for some types
of faults, embedded applications such as the UAVs considered in this thesis, or suffer from
some limitations like making assumptions about the potential faults, or having knowledge of
the fault magnitude or dynamics. All these identified limitations lead to the following list of
questions to which this thesis aims to provide complete or at least partial answers.

1.1 RESEARCH QUESTIONS

1. Does a jump-Markov system (JMS) with a regularized particle filter (RPF) increase
accuracy and speed up convergence when abrupt additive faults occur, compared to a
stand-alone RPF?

The JMS is used to represent the change in dynamics of a system and more details on
this are given in Section 2.5.7. A RPF is an estimation filter that can be used for state
and fault estimation and a detailed description of this filter is given in Section 2.5.



1.1 RESEARCH QUESTIONS

2. Is it possible to distinguish and estimate ambiguous sensor faults using only a JMS as
process model of a particle filter?

In this thesis, ambiguous sensor faults are defined as faults occurring on measurements
provided by sensors that measure the same state. The measurement equations are
then differentiated only by their noises, which are assumed to be independent and
have different characteristics. When two sensors are used to measure the same state
and faults occur, sensor fault isolation and estimation is not trivial. More details on
ambiguous sensor faults are given in Section 4.1.

3. Can an abrupt additive fault, with a large amplitude with respect to the process noise,
be accurately estimated in a short time period?

Process noise is used to model the uncertainties of the system, especially in the Bayesian
approach used in this thesis. Large process noise then usually means that the dynamics
of the system is not well known, and in the case of abrupt faults, high process noise
can be useful to account for abrupt changes in the dynamics, which may correspond to
a fault. However, increasing the process noise leads to a less accurate estimate. Thus,
the issue is to be able to estimate a fault with a large amplitude without degrading the
fault estimate. The effect of process noise when an abrupt change occurs is explored in
Section 4.2.

4. Can faults with different dynamics than the ones used in the process model be estimated
accurately?

The model-based fault estimation approach used in this thesis uses the dynamics of
the fault and the dynamics of the UAV to be able to estimate the fault. Since the
dynamics is the mathematical description of the behaviour of the system, it provides
an analytical redundancy. A more accurate approximation of the fault dynamics tends
to provide a better estimate of the faults. However, detailed knowledge of the fault
dynamics is not always possible, and an approximation is often used. Therefore, in this
thesis, a thorough study is performed to be able to estimate a fault despite the use
of an approximation of the fault dynamics, which would not usually provide accurate
estimates. The effects of having a different dynamics as a process model than the one
occurring is described in Section 5.2.

5. In the case of ambiguous actuator and sensor faults, is it possible to distinguish and
estimate them?

An ambiguous actuator and sensor fault is defined in this thesis as an actuator fault
that has a similar impact on the measurements as a sensor fault. This type of fault is
simulated in this thesis by a fault on the elevator deflection. This fault has a direct
impact on the pitch rate measurement. It is therefore difficult to distinguish between a
faulty pitch rate measurement and a faulty elevator deflection. Ambiguous actuator
and sensor faults are detailed in Section 5.2.
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6. Can the false alarm and missed detection probability be computed in real time so that

1.2

the transition probability matrix of the JMS process model can be adjusted?

The JMS as is it described in Section 2.5.7 uses a probability transition matrix to
switch between modes. These modes represent faulty and fault-free situations. The
transition probabilities between modes are linked to the false alarm and missed detection
probability. The idea is then to study the applicability of an adaptive transition
probability matrix, computed with the current false alarm and missed detections
probabilities.

Can the proposed solution for the previous questions be used for real-time embedded
applications?

The concern here is to be sure that the proposed solutions are suitable for an embedded
application such as UAV, navigation and control, and proceed in real-time with the
current data to provide a fault diagnosis that could limit the impact of faults on a
mission.

CONTRIBUTIONS TO KNOWLEDGE

The work described in this thesis that contributes to current knowledge is the following;:

1.3

o A state estimation filter based on a RPF and on JMS, called the jump-Markov regularized

particle filter (JMRPF);

An improved particle placement for particle filter regarding the likelihood using a
Kalman update to solve ambiguity between actuator and sensor fault and to improve
the robustness of the filters;

An enhanced probability transition matrix of the JMS for fault estimation to explore
the alternate mode to the current hypothesis to reduce computational demand, using
an analytical expression based on a generalization of the saddlepoint approximation
to independent but non identically distributed measurements, with application to the
online computation of false alarm and missed detection probabilities.
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1.4 THESIS STRUCTURE

The thesis is organized as follows:

Chapter 2 presents a literature review on state fault diagnosis, with an in depth review of
fault estimation, and in particular, including Bayesian estimation theory, particle filtering
and hybrid state estimation using IMM architectures.

Chapter 3 details the application under consideration in this thesis: a fixed-wing UAV. The
non-linear model, guidance, control systems are presented, as well as the UAV sensors.

Chapter 4 introduces a new approach named the JMRPF for the estimation of actuator and
sensor faults as well as ambiguous sensor faults, by combining a new jump Markov strategy
with regularized particle filtering. The principle, mathematical formulation and algorithms
used to implement this method are presented, followed by a numerical simulation analysis
that includes a comparison with the IMM for a linear jump Markov model with ambiguous
sensors faults.

Chapter 5 presents an enhanced version of the JMRPF named the robustified jump-Markov
regularized particle filter (RIMRPF) for the estimation of faults with unknown dynamics and
amplitudes and to further improve the estimation of ambiguous actuator and sensor faults.
The mathematical formulation of this filter where a Kalman correction is incorporated, are
detailed in this chapter and followed by a numerical simulation analysis. The RIMRPF is
compared to the RPF, JMRPF and a robustified RPF in terms of fault and state estimation
accuracy.

Chapter 6 tackles the issue of the sub-optimality of the transition probability matrix of
the JMS used in the JMRPF and RIJMRPF, by updating this matrix in real time using the false
alarm and missed detection probabilities, which are both computed using a Lugannani and
Rice formula. A formulation of the transition probability matrix as well as the method and
the new algorithm named the adaptive jump-Markov regularized particle filter (AJMRPF)

— or adaptive robustified jump-Markov regularized particle filter (ARJMRPF) depending on
which algorithm is used with the transition probability matrix update — is detailed, with
a numerical simulation analysis. The AJMRPF is compared to the JMRPF in terms of fault
and state estimation accuracy. The false alarm and missed detection probabilities are also
simulated in the case of the AJMRPF.

Chapter 7 concludes the thesis and discusses possible directions for future work.






FAULT DIAGNOSIS AND ESTIMATION METHODS

This chapter provides the background for the work presented in the subsequent chapters
of this thesis and is organized as follows: Section 2.1 detail the different type of faults and
how to describe them in a system. The Section 2.2 define fault diagnosis. In Section 2.3, the
model-based fault diagnosis is detail. Section 2.4 detail the common issues of model based
fault diagnosis as well as the performance metrics. The Section 2.5 takes a look at the model
based fault estimation. Section 2.6 summarize this chapter.

Without loss of generality, all dynamical models used in this thesis are time-invariant,
which is not unusual in the mathematical modelling of fixed wing UAV dynamics. It is also
assumed that the measurement function does not explicitly depend on control inputs, which
is also a common assumption.

In this chapter, the following considerations are used: The evolution of a dynamic system
can be represented using state variables, such as position, velocity, and their temporal
dependencies. The state vector contains all the state variables and its dimension is the
dimension of the system. Some aspects of the state of the system can be measured. The set
of possible measurements can be represented as a vector space, and it is referred to a vector
in this space as a measurement vector. The measurement vector contains all measurements
available, these measurements are functions of the state variables.

To represent the dynamic system studied in this thesis, let us consider a state vector
z € R™ and a measurement vector y € R™ described by the following discrete time system,

2z = Fi (Zp—1, W) (2.1a)
Yr = Hi (2x) (2.1b)

where u € R™ is the input vector, the subscript k& and k — 1 denote the time step, Fi (-) €
R™=*mu — R™= is the discrete time dynamics of the state vector and H (-) € R™ — R™ is
the measurement function.

2.1 FAULT TYPES AND MODELS

According to a definition provided by Isermann [12] a ‘fault’ is an “ Unpermitted deviation of
at least one characteristic property of the system” This ‘unpermitted deviation’ can occur at
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various levels of an architecture and with multiple behaviours. This section aims to provide
an overview of fault types and their potential mathematical representation.

2.1.1 Fuault types

A classification provided by Varga [13] allows various types of faults to be distinguished.
The physical classification defines where the fault occurs on the system. The occurrence
classification defines how the fault occurs. The time-related classification defines the duration
of the fault. Finally, the model classification defines how the fault occurs on the system.

A fault diagnosis method is characterized by the type of fault that it can diagnose.

2.1.1.1  Phystical classification

The physical classification of faults can be associated with one of the three types proposed
by Varga [13], each type being exclusive. The first type is the actuator fault. It defines a
variation of one or more characteristics of an actuator that leads to a loss of efficiency or
a complete breakdown. The second type is the sensor fault, which defines an acquisition
of incorrect data from a sensor. The last type is the parametric fault, which consists of a
modification of the plant dynamical equations. It is defined as an internal malfunction such
as an unexpected shift in the centre of gravity in a UAV.
The three types of physical fault classification are illustrated in Figure 1.1.

2.1.1.2  Occurrence classification

The occurrence classification of faults can be associated with one of the two types proposed
by Varga [13] and Isermann [14], each type being exclusive. The first type is the abrupt
fault. It represents a fault that occurs suddenly. The second type is the incipient fault which
represents a fault that occurs gradually.

Figure 2.1 illustrates the evolution of faults according to these two types of occurrence.
Note that the dynamics of the fault can differ from the one illustrated.

In Figure 2.1, the time t,, denotes the activation time of the fault.

2.1.1.3 Time-related classification

The time-related classification of faults can be associated with one of the two mutually
exclusive types proposed by Varga [13] and Isermann [14]. The first type is the persistent
fault, which describes a fault that has an effect which persists. The second type is the
intermittent fault. This type of fault has an effect that lasts during a time period, then
vanishes to possibly reappear later.

The time-related classification of fault is illustrated in Figure 2.2.

In Figure 2.2, the time ¢,; denotes the deactivation time of the fault. The State off
indicates that the fault is not active while the state on indicates that the fault is active.
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Figure 2.1: Occurrence classification of faults
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Figure 2.2: Time-related classification of faults

A fault diagnosis method that can also diagnose intermittent faults can diagnose persistent
faults but must also detect the deactivation of the fault.

2.1.1.4 Model classification of faults

The model classification of faults can be associated with one of the two types proposed
by Varga [13], each type being exclusive. The additive fault can be modelled by a superposition
of a signal with the original input, state or measurement signals. The multiplicative fault
results in changes in the parametric representations of the process in state or measurement
equations.

The model classification of fault is illustrated in Figure 2.3.
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Fault Fault
Fault-free é—i_ . Fault-free « éx .
signal Faulty signal signal Faulty signal
(a) Additive fault. (b) Multiplicative fault.

Figure 2.3: Model classification of faults

2.1.2 State representation of faults

This section aims to represent the system with actuator and sensor faults. Then, a model
with mode switch between faulty and fault-free dynamics is presented. Since “a fault is a
state within the system” [14], the actuator and sensor faults are then denoted respectively as
state vector f, € R™ and f; € R™s. For the sake of brevity in this section, actuator and sensor
faults vectors have the same dimension as the input vector and the measurement vector
respectively. However, faults can also be considered on a subset of actuators or measurements.

2.1.2.1 Actuator faults

Actuator faults can be modelled by an extra signal on the control input vector. For sake of
brevity, in this thesis it is assumed that the actuator faults directly modify the control input
values [15]. This means that the actuator fault and the control input vector are in the same
space. Then, for an additive fault this signal is added to the control input vector u, and the
new system is then given by:

2, = Fi (Zp—1, up + fap 1) (2.2a)
Vi = My (z1) (2.2b)

2.1.2.2  Sensor faults

Sensor faults can be modelled by an extra signal in the measurement equation. For sake
of brevity, in this thesis it is assumed that the sensor faults directly act on the process
measurement [15, 16]. This means that the sensor faults and the measurements are in the
same space. For an additive fault this signal is added to the measurement function Hy (-),
and the new system is then given by:

z, = Fi (2k-1, Ug) (2.3a)
Vi = Hi (26) + £y, (2.3b)
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2.2 FAULT DIAGNOSIS

In the literature, ‘fault diagnosis’ is used to encompass multiple tasks [13, 15]. The definition
given by Isermann [12] is no exception since it defines fault diagnosis as a “ Determination of
kind, size, location and time of detection of a fault by evaluating symptoms. Follows fault
detection. Includes fault detection, isolation and identification”

Fault detection is the most basic task of fault diagnosis. For Isermann [12], fault detection
means “ Determination of faults present in a system and time of detection” Then, as suggested
by Isermann [12], fault detection only focuses on the detection of the occurrence of a fault.
Its purpose is only to provide information that a fault is active or not — in other words
on or off — and consequently, provide information on the time of activation of the fault —
that is . The deactivation time — that is ¢, — can be provided, but it is not a required
feature. If the deactivation time can be provided by the fault diagnosis method, the only
fault type information — according to the ones given in Section 2.1 — that is provided is
the time-related classification of the fault.

In fault diagnosis the fault detection is followed by the fault isolation. In [12], fault
isolation is the “Determination of kind, location and time of detection of a fault by evaluating
symptoms”. The main additional feature of fault isolation is the localization of the fault. This
localization goes beyond the simple physical classification of the fault. Indeed, it does not
simply determine if the fault originates from the actuator or the sensor, but also indicates
which actuator or sensor is faulty.

A more challenging task than fault isolation is fault identification. According to the
definition provided by Isermann [12] fault identification consists in the “Determination of the
size and time-variant behaviour of a fault”. However, the definitions of ‘fault identification’
vary in the literature. The definition of Isermann [12] is close to the definition of fault
estimation by Varga [13], where ‘fault estimation’ means “the reconstruction of the fault
signal”. However, Varga [13] uses the term ‘fault estimation’ because ‘fault identification’ is
defined as “a precise classification of the detected faults and their characteristics”. Nevertheless,
this thesis only addresses the problem of fault diagnosis up to the fault estimation. The fault
identification as defined by Varga [13] is not discussed here. In other words, the term fault
diagnosis in this thesis includes fault detection, isolation and estimation.

When there is no hardware redundancy, fault estimation allows one to keep using the
faulty hardware since by reconstructing the fault signal it can be removed from the raw
signal. In the application considered — a small UAV — it is assumed that no hardware
redundancy is available.

2.2.1  Fuault diagnosis methods

The two main approaches currently being adopted in research into fault diagnosis are the
data-driven and model-based fault diagnosis approaches [17]. The data-driven approach uses
a large amount of process data and statistical decision methods to perform fault diagnosis [18].
Recent trends in data-driven approaches have led to a proliferation of studies that use neural

11



12

FAULT DIAGNOSIS AND ESTIMATION METHODS

networks to perform fault diagnosis [19-23]. The quality of the data used is a key element of
this approach. The model-based approach on the other side takes advantage of the knowledge
of the dynamics of the system [15, 24]. Also called analytical redundancy, this approach aims
to predict the output of the process by using a mathematical representation that reconstructs
the process behaviour on-line. The difference between the process output and the predicted
output is called the residual [25]. In a fault-free situation regardless of the noise, the residual
should be equal to zero, while in a faulty situation, it should be different from zero. The
quality of the mathematical representation of the process is a key element of this approach.

This thesis focuses on the model-based approach since it is applied to fixed-wing UAVs
and it is assumed that the dynamics of the fixed-wing UAV considered are known. This
assumption is rationalized in Chapter 3 by a full description of this model.

2.3 MODEL-BASED FAULT DIAGNOSIS

The general architecture of model-based fault diagnosis is illustrated in Figure 2.4.

Process output

input

Process | A" residuals : | Residual || Decision g?z;lg}gosis
model processing logic i output
residual generation residual evaluation |
model-based fault diagnosis system !

Figure 2.4: General architecture of model-based fault diagnosis

As shown in Figure 2.4, a model-based fault diagnosis system consists of two sequential
steps: (i) the residual generation, and (ii) the residual evaluation. These steps are described
in the Section 2.3.1 and Section 2.3.2.

2.3.1 Residual generator

As previously explained and as illustrated in Figure 2.4, the residual is the difference between
the process model output and the corresponding measured output. Herein, the process is
the system considered, the inputs are the actuator command u, and the outputs are the
sensors measurements y. Then, the residual is the difference between the measurements y
and the process model outputs. This process model output is obtained by evaluating the
function Hy (-) for the state predicted state vector zy;,_;, given the input value and the
model equation. Then, the residual is given by:

Vi = Y& — Hi (Zrjp—1) ( (2.4)
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The prediction of the state vector z is performed using the discrete state dynamics function
fr (). Estimation filters provide a predicted state vector that can be used for the residual
generation. This technique is detailed in Section 2.5.

2.3.2 Residual evaluation

As previously explained, in the absence of noise and uncertainty, a residual is equal to zero
in a fault-free system. However, in practice due to the measurement and process noises —
in other words, the system uncertainties — the residual is almost always different from
zero, even in a fault-free system. Then, the residual evaluation module aims to analyse the
residuals to be able to know if it is significantly different from zero or not. To do so, this
analysis is usually performed by a statistical test. In Figure 2.4, the residual evaluation
is divided into two sequential steps: (i) the residual processing and (ii) the decision logic.
The residual processing aims to provide statistical characteristics of the residuals, while the
decision logic use these statistical characteristics to decide if there is a fault or not. The
statistical test can be used to compare the residual signal observed to the residual signal
expected in a fault free case. Usually the monitored change between the fault free residuals
and the observed residuals is the mean, but the variance can sometimes also be monitored.
Some residual generators are able to perform residual evaluation. To be able to achieve fault
isolation without any additional feature, it is necessary that each fault affects a distinct set
of residuals.

The most common residual evaluator methods are described by Basseville and Nikiforov
[26]. Most of these tests are based on hypothesis testing. To do so, two hypotheses are
considered and confronted, the most likely according to the test outcome is then chosen.
These hypotheses are Hg and H; which are the nominal and faulty hypotheses respectively.
They are given by:

Ho : ¥k ~ p (Fr|Ho) (2.5a)
Hi ¥k~ p(¥rlHa) (2.5b)

where ¥, is the residual signal with a mean E [y;]. The two hypotheses mean are then given
by:

H() : E [}ka] = Ko (2.6&)
Hi: EFe]=m (2.6b)

where g is the mean of the nominal signal which is assumed to be 0, and 7 is the mean of
the faulty signal which should be different from 0. The value y; is often unknown. To deal
with this, most of the hypothesis testing methods consider the hypothesis H; more likely if
the hypothesis H likelihood is under a specified threshold. Then, the hypotheses on the
mean of the residual can be rewritten as:

Ho: E[fa] =0 (2.7a)
Hi: E[ye] #0 (2.7b)

13
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Note that these hypotheses are based on the means of the residuals. The standard deviation
of the hypotheses Hg and H; are respectively denoted ¢ and ;. The variance — or any
higher moment of the distribution — of the residual is considered unchanged between the
two hypotheses in this thesis. However, the hypotheses can be performed on other statistical
properties with the suitable tests. Moreover, the residual distribution is often considered as
Gaussian or at least known, but other distributions can be considered too with the suitable
tests.

2.3.2.1 Thresholding

The thresholding is the simplest residual evaluation. No residual processing is performed,
other than a decision logic. The purpose of this method is to compare the residuals to a
pre-defined threshold. Then, if the residual is above this threshold, the system is evaluated
as faulty. Otherwise, it is determined as fault-free. This technique is efficient for abrupt fault
with a significant amplitude when the threshold is well-designed. However, incipient or small
amplitude faults can remain undetected.

2.3.2.2 Student’s t-test

The Student’s t-test is detailed in [27]. It is based on the assumption that the noise of the
residual follows a normal distribution with mean p and variance o3. The aim of this test is
to detect an unexpected change of the mean of the residuals. To do so, this test analyses a
sliding window of residual values. The threshold value for the decision logic is determined by
the level of significance desired in the t-distribution and the size of the window used.

2.3.2.3 The two-sided cumulative sum

The two-sided cumulative sum (CUSUM) test detailed in [28] makes the assumption that the
residuals follow a normal distribution with a mean p and variance 3. The aim of this test
is to detect an unexpected change of the mean of the residuals. This test is cumulative, as
each iteration is based on the previous outcome. It is two-sided because it is based on two
CUSUM, one for the positive side — that is the residual with a positive value — and one
for the negative side — that is the residual with a negative value. The minimum size of a
residual mean different from 0 to be cumulated must be specified. Its specification can be
performed by using the cumulative distribution function (CDF) of the normal distribution,
for example to only consider residuals with 1% chance to be fault-free, the value to be taken
is 2.580. However, there is no rule for the specification of the threshold.

2.3.2.4 Generalized likelihood ratio test

The generalized likelihood ratio test (GLRT) detailed in [26] aims to detect an unexpected
change in the mean of the residuals. The GLRT is based on a likelihood ratio A (¥) = % of

a sliding window of size n. This likelihood ratio is then compared to a user defined threshold
to decide if the system is faulty or not.
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2.3.2.5  Sequential probability ratio test

A commonly used residual evaluator is the sequential probability ratio test (SPRT) [26, 29,
30], also known as Wald’s test. This test aims to detect an unexpected change of mean of the
residuals. Like the GLRT, this test is based on a likelihood ratio, but unlike the GLRT this
test does not use a sliding window, but it is performed sequentially by using the previous
result of the test and the last value of the residuals. This means that only the last SPRT
outcome must be saved and only the current residual value is used, while the GLRT must save
the previous residual values up to a user defined windows to be used for the computation
of the outcome of the GLRT. This sequentiality of the test makes it more efficient than the
GLRT for real-time application. However, this test has three decision outputs: Hg, Hi and
undefined — or in other words, no decision made. This third option usually results from the
lack of informative residual data. For fault detection, it can be overruled by selecting H.

2.4 PERFORMANCE AND ISSUES OF FAULT DIAGNOSIS

Given all the types and classification of fault and the decision process of fault diagnosis, some
methods are more efficient than others according to certain metrics. This section aims to
define what these metrics are, to then be able to compare fault diagnosis methods introduced
in this thesis.

A first metric to qualify the performance of a fault diagnosis method is the minimal fault
amplitude required to be detected. Indeed, the larger the fault, the easier it is to detect.

The delay to detect a fault is also an important criterion [13]. Indeed, to limit the impact
of a fault as much as possible the fault must be detected as soon as possible. This delay is
given by the difference between the time of activation of a fault ¢,, and the time when the
decision H; is taken by the fault diagnosis method.

The false alarm and missed detection probabilities should also be considered. Indeed, the
decisions taken by a fault diagnosis method are not necessarily correct. A wrong decision
can either be a false alarm or a missed detection. If a correct decision is made then it is a
hit or a correct rejection. All possible states of the fault diagnosis [31] are illustrated in 2.1.

Fault diagnosis decision
Ho Hi

System Hy Correct rejection False alarm
state

H1 Missed detection Hit

Table 2.1: Possible states of a fault diagnosis module

15



16

FAULT DIAGNOSIS AND ESTIMATION METHODS

The false alarm probability is given by:

+00
Py =B >T) = [ p(5Ho) a5 2.8)
I

where I' denote the threshold used to decide if the residual value corresponds to Hg or Hj.
Similarly, the missed detection probability is given by:

T
Pray =P (55 <T) = / p el M) di (2.9)

—0o0
The probability of detection is sometime used, and it is given by:
Par =1 = Py, (2.10)

These probabilities are illustrated in Figure 2.5 using a residual with a Gaussian distribution.

p(3k | Ho) == Pray, oo
p (V| H1) == Pfak; =
y N

Probability density

r
Residuals space

Figure 2.5: False alarm and missed detection for Gaussian distribution given a threshold I

An optimal trade-off between the false alarm rate and the hit rate is a key element of a
fault diagnosis [15]. The trade-off can be used to define optimality criterion. Multiple criteria
exist in the literature, the most frequently used are described hereafter.

2.4.1 The Neyman-Pearson criterion

The Neyman-Pearson criterion [32] aims to reach the false alarm and missed detection
trade-off by bounding the false-alarm probability and then to maximizing the detection
probability within this constraint [33]. This criterion is given by:

max { Py} such that Py, <« (2.11)
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where « is the upper bound of the false alarm rate, also known as the significance level of
the test. The above optimization problem has an explicit solution given by:

_palH) %

A(Fx) = o GalHo) = (2.12)
where 7 is the threshold that satisfies the constraint:
+o00
P = [ 900 [Ho) dA G2) = o (2,13
n

2.4.2  The receiver operating characteristic curve criterion

The receiver operating characteristic (ROC) curve [34] represents the detection probability
given the false alarm probability. This curve applies to Gaussian distributions with a fixed
mean po = 0 and for multiple faulty means p; is illustrated in Figure 2.6.

=2
. d=3

0 | | | |
0 02 04 06 08 1
Py,

Figure 2.6: ROC curves with Gaussian error d = ‘“;“", with 0 = 09 = 01

When both means are equal — in other words ;1 = pg —, then all the points of the curve
are defined on the random guess line (the diagonal line). The aim of this ROC curve criterion
is to provide a point of the curve to either:

e maximize the vertical distance from the guess line, this is performed by maximizing
the value of Youden’s index [35] denoted J, and it is given by:

max{J} = max{Py — P, }; (2.14)
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« minimize the distance from the optimal Py = 1, Pf, = 0, this is performed by solving
the following optimization function:

min { \/(1 — P + Pﬂﬁ} 6 min{ Pd® + Pfa2} ( (2.15)

2.5 MODEL-BASED FAULT ESTIMATION

Model-based fault estimation is performed in this thesis using estimation theory [36] to
estimate the state vector and the faults. The estimation methods used in this thesis require
the introduction of fault dynamic models which are given by:

far. = Gar (far—1) (2.16a)

fsk; = gsk (fsk;—l) (216]2))
where Ggp (1) € R"™ — R™ denotes the discrete dynamics of the actuators faults and
Gsi (+) € R™ — R the discrete dynamics of the sensor faults.

Then, the dynamics of the system completed with additive faults and their dynamics is
given by:

zj, Q Fie (z—1, up + fag_q)

for Gar (far—1) (2.17a)
ék ( Gor, (fsk—1)
i = Hi(zk) + b (2.17b)

For sake of brevity, an extended state vector x € R™ is defined as:

k
Xk = |y (2.18)

£

and then the dynamics of the system are given by:

X = fi (-1, W) (2.192)
Yi = hg (xx) (2.19b)

where the dynamics function fi () € R" x R™ — R™ and the measurement function
hi () € R™ — R™ are given by:

k (Zk, W + fag)
k (Xk, W) = Gar (Fare) (2.20a)
gsk (fsk)
i, (x1) = Hp(zk) + £, (2.20D)
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Note that the state vector f, and fs does not have always the same number of state than
there is actuator or sensor respectively. Indeed, the fault can be estimated on one or more
actuator, but not necesarilly on all of them. Likewise for the sensor fault, not all sensor
must be systematically considered for fault estimation. However, for sake of brevity, unless
it is specified otherwise, it is considered that f, and fy has the same dimension as u and y
respectively.

2.5.1 FEstimation of the extended state vector

As pointed out previously, the fault detection and identification processes can be efficiently

tackled by estimating the extended state vectors of the system as described by equations (2.19).

However, it is assumed that there is no full knowledge of the state vector. Indeed, it is
straightforward that the faults are unknown, but it is common that some other state cannot
also be perfectly predicted or directly measured. The prediction of a state is possible by using
its evolution function. However, some uncertainties such as unmodelled dynamics or unknown
disturbances may provide a prediction away from the true state. Moreover, the sensors used
usually suffer from unwanted measurements changes that are generally unknown, and which
may have originated during the capture, storage, transmission, processing, or conversion of
the data. These modifications induce uncertainties into the measured data. Then, to tackle
these uncertainties, the system to be surveyed can be considered as a stochastic process
model. The process evolution and the measurement noises are here considered to be additive,
and the stochastic process model is given by:

X = fr (Xp—1, Wg) + 1y (2.21a)
Yi = by (X)) + Vg (2.21Db)

where 1;, € R" represents the uncertainties of the model and is called the process noise
and v, € R™ represents the measurement noise of the sensors. They are assumed to be of
zero mean and independent, E [ kl/kT} 0. As this thesis aims at dealing with on-line fault
monitoring, the focus is on reculsive state estimation method for stochastic process, which
leads us to the concept of the optimal filter.

2.5.2  Optimal estimation filter

The optimal estimation filter aims to estimate the density of xp given all the previous
measurements Yy.,_; € R™**~1 This corresponds to the posterior density p (xz|Y1.x).
Estimation filters usually have two steps: the prediction and the update. The prediction
seeks to compute the prior state density p (xx|Y1.x—1) while the update aims to update the
prior state density using the up-to-date measurements by computing the posterior density

P (x| Y1:8)-
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2.5.2.1 Prediction step

The prior state density is obtained by a convolution between the state transition density
P (Xk|xk—1) from (2.21a) and the posterior density of the previous time step p (xx—1|Y1.5-1)-
This convolution is known as the Chapman-Kolmogorov equation and is obtained by the

recursive process given by:

p (ke Y1) = /(p (i 1) p (ki1 [V 1) iy
Rna

(2.22)

At the first time-step when there is no knowledge of the previous posterior density, an
initial state density denoted p (xg) is used instead. This initial state density then represents

the initial state uncertainties. The prediction step is illustrated in Figure 2.7.

p(Xk-1| Y1p—1) w= p(Xk | Xk-1)
E E
SE S
<L <E
3™ \ g
® / O
XE—1]k—1 Xk
State space State space
(a) Previous posterior density. (b) Transition density.
Pk | Yig—1) !
E
op=
£
°E
g
(@)
|

Xk|k—1
State space

(c) Prior state density.

Figure 2.7: Previous posterior density (a) and transition density (b) convoluted to obtain the prior

state density (c).
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2.5.2.2  Update step

The posterior density is computed when a new measurement becomes available. Then, the
posterior density p (xx|Y1.x) is given by the Bayes’ formula [37]:
1
P Xk Yir) = —<—P (Velxk) p (X[ Y11 2.23
(6u1Y14) = s () (el Yio) 229
where p (yr|xx) is the likelihood, p (xx|Y1.x,—1) is the prior state density and the normalizing
constant p (Y7.x) is given by:

p(Yix) = /(P (Velxk) p (x5 Y1:p—1) dxy, (2.24)
R7
The likelihood p (yg|xx) depends on the law of measurement noise given by (2.21b).

Equations (2.22) and (2.23) represent the theoretical filter named optimal filter. A filter is
considered to be optimal if it is theoretically equivalent to the optimal filter. The update

step is illustrated in Figure 2.8.

p (x| Yig) == p(ye|xk) — P&k | Yig—1)
Measurement space
Yk

— | [T

Conditional
density

Xk|k—1 Xk
State space

Figure 2.8: Update step.

2.5.3 State estimators

The state density is the most exhaustive way to represent a state estimate. However, some
applications like the one considered in this thesis need to pick a single value from the
estimated posterior density. This single value is a point that is to serve as the best guess or
the best estimate. The estimated state vector is then denoted x. Then, the following are the
most common criteria that are used to select this best estimate.
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2.5.3.1  Mazimum a posteriors

The maximum a posteriori (MAP) estimation [38] aims to estimate the parameters of a
probability distribution by selecting a point in the state space that maximizes the posterior
density p (xx|Y1.x). This point is then called the MAP estimate, and it is given by:

(2.25)

X, = argmax p (xg|Y1.x)
Xk

The MAP estimate is illustrated in Figure 2.9.

p(xp | Yig) ==

Conditional
density

X
State space

Figure 2.9: MAP estimate.

2.5.3.2  Mazimum likelihood

The maximum likelihood (ML) estimation [39] aims to estimate the parameters of a probability
distribution by selecting a point in the measurements space that maximizes the likelihood
p (¥k|xx). This point is then called the ML estimate, and it is given by:

(2.26)

X, = argmaxp (yr|xx)
Xk

The ML estimate is illustrated in Figure 2.10.

p(yk | xx) ==

Conditional
density

hi (Xk)
Measurement space

Figure 2.10: ML estimate.
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2.5.3.3 Minimum mean-square error

The minimum mean-square error (MMSE) estimation [40] aims to provide an estimate that
minimizes the error variance. The resulting MMSE estimator of x; in terms of Y7.; corresponds
to:

X = E [xx[Y1:4] (2.27a)

= /(ka (Xk’lek) dxk (227b)

Rnra

The MMSE estimate is illustrated in Figure 2.11.

p(xx | Y1)

Conditional
density

Xk
State space

Figure 2.11: MMSE estimate.

Note that in the case where the posterior density is given by a symmetric probability
distribution — for example a Normal distribution — the MMSE estimate is equivalent to the
MAP estimate.

The implementation of the optimal filter with state estimator yields various types of
filters. The choice of these filters depends on the assumption made on the system. These
assumptions are often related to the linearity of the system and the nature of the noises. The
following sections aims to present filters that cover the most common assumption pertaining

to linearity and nature of the noise.

2.5.4 Linear Gaussian estimation filter

The optimal estimation problem for a linear system with Gaussian noise has long been solved.

Indeed, the Kalman filter, first introduced by Kalman [41], is theoretically equivalent to the
optimal filter under these assumptions [42]. In the linear case, (2.21) can be rewritten as:

(2.28a)

{ k= ka,1 + Buk + M
(2.28D)

k= Hxp + vy
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where F € R"=*"= ig the state matrix, B € R"=*"™ ig the input matrix, and H € R"v*"= ig
the output matrix. In the Gaussian case, the noises are given by:

Mg ~ N (0, 1, Qr) (2.29a)
v~ N (0,,1, R) ( (2.29b)
where Qi € R™ %"= g the covariance of the process noise, and Ry € R™*™ is the covariance

of the measurements noise.
The Kalman filter estimate is given by:

Xk = (1 — KpH) Xg 1 + Ky (2.30)
where X1 is given by:
)A{k‘k,l =Fx;_1 + Buy (2.31)

and K € R™*™ is the Kalman gain, and it is given by:
. - . !
K = Py H (Rk +HPy_ H ) (2.32)

where the superscript T denotes the matrix transposition, f’k|k,1 € R"=*"= jg the prior
estimated covariance, and it is given by:

Pyj—1 =FP, 1 F +Q; (2.33)
where Py, is the posterior estimated covariance, which is given by:
P, =1, —K;H) Py, (2.34)

Based on (2.30) to (2.34) and on the assumption of Gaussian process and measurement

cally posterior density p (xx|Y1.x) is given by N (x, P),.. Hence, the Kalnan filter gives an
optimal solution to the estimation problem — with a linear system and Gaussian noises.
Moreover, since the point estimate given by the Kalman filter is the expected value of the
posterior density, which corresponds to the MMSE estimate [41], and given that the density
is symmetrical, the point estimate also corresponds to the MAP.

The Kalman filter structure is illustrated in Figure 2.12

The Kalman filter algorithm is presented in Algorithm 2.1

noises, the estimated posterior density p (xx|Y1.x) is given by N (f{k, f’k) r,'(and the theoreti-

2.5.5 Non-linear Gaussian filter

In the non-linear case when the densities are Gaussian, the simplest approach is to lin-
earize (2.21) and then use the Kalman filter. This approach is named the EKF [43], but
unlike the Kalman filter in the linear case, it is not an optimal filter. The linearization is
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Uy —* B W
+ ﬁk\k )A(k—l\k—l —|—:+

Ye — Kg —»@—» Delay > F

+L
1-K,H

Figure 2.12: Kalman filter structure

— Xg|k—1

'}

Algorithm 2.1 Kalman filter

k<0
: //Initialization
Loop
k< Fk+1
//Prediction
Xplk—1 = FXp_1p—1 + Buy, //See (2.31)
Pyt =FPy_y 1 FT +Q; //See (2.33)
J/Kalman gain update
K; = Py (H' (Rk + Hf’k|k_1HT> - /See (2.32)
//Measurement update
X = (1 — KpH) X1 + Kiye //See (2.30)
| Prp = (L, — KeH) Py //See (2.34)

obtained by computing the Jacobian matrix of the dynamics function and the measurement
function, which is respectively given by:

F, = 2k B S"“’ ) (2.35a)
X ‘<§k
_ Ohy (xx)
= (2.35D)

=%
The linedrization must L performed before each prediction step.

This approach is commonly used in many applications, such as the global navigation
satellite system (GNSS) receivers. In [44], the EKF was applied to fault diagnosis for a
speed sensor, with the estimation of false alarm and detection probabilities. However, it has
some limitations, that prevent the use of this approach for some applications. One of these
limitations is that, in some applications, the covariance estimates performed by the EKF
tend to underestimate the true covariance of the state [45]. This is mainly due to the fact
that it is propagated through linearization. Moreover, the initial estimation error has to be
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small with the EKF, otherwise the filter may diverge. In addition to that, when the system is
subject to severe non-linearity the EKF may diverge too. Finally, for fault estimation, the
linearization techniques used by the EKF, tend to suffer from poor fault detection or high
false alarm rates [46].

Various enhancements to the EKF filters have been proposed to enhance its robustness.
However, one of the most advanced Kalman filters, that is able to deal with significant
non-linearity, is the UKF [47, 48]. The UKF takes its name from the deterministic sampling
technique used to approximate the Gaussian densities. This technique, known as the unscented
transformation, approximates the distribution by a minimal set of carefully chosen sample
points, called sigma-points. These sigma points are generally four to ten points, selected
around the mean, and propagated using the non-linear dynamic. Each sigma-point is
associated with multiple weights. Finally, the posterior density is approximated by computing
the weighted sum of the propagated sigma-points. The UKF is known to accurately estimate
the posterior density up to the 3" order of the Taylor series expansion of the non-linear
system. A comparison between the EKF and the UKF approaches is illustrated using a
two-dimensional state vector in Figure 2.13.

Covariance — EKF Covariance — UKF Covariance —
Mean o EKF Mean UKF Mean
Sigma-point

OO

| | |
Xk = fi (Xp-1) Xp = 11‘ka—1 X = Urlf (Xk—1)

O@

(a) True transformation. (b) Linear transformation. (c) Unscented transformation.

Figure 2.13: Comparison of the true transformation (a), the linearization approach taken by a EKF (b),
and the unscented transformation approach taken by the UKF (c) on a two-dimensional
state vector.
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Other approaches exist to tackle estimation of non-linear Gaussian systems, like the
ensemble Kalman filter or the change of space to bring back the system in a linear geometry,
but are relatively less common and not used in this thesis.

2.5.6 Non-Linear non-Gaussian filter

To tackle the estimation of non-linear systems, with non-Gaussian distributions, and including
kernel mixtures, the most commonly used approach is the particle filter. The idea behind this
filter is to use the sequential Monte Carlo method to provide an estimate. A Monte Carlo
method aims to generate input as randomly distributed values, that are then processed by
the system dynamics to provide a range of solutions. The use of this method for estimation
application has been initiated by the development of the sequential importance resampling
(SIR) particle filters [49, 50], and this approach is increasingly used because of the increase
in computational performance of modern microprocessors.

2.5.6.1 Principle of the Monte Carlo approximation

Let X be a random variable on R? distributed according to the probability density function
denoted p (-) and with XV a set of independent random variables on R? with the same
distribution as X. Then, for any bounded function ® (-) : R? — R, the mean of ® (X) is
given by:

E[®(X)] = /(@ (X)p(X)dX (2.36)
Rd

The Monte Carlo methods approximate the expectancy by the empirical mean:

N
P (X) = % d o (X)X ~p() (2.37)
=1

The law of large numbers ensures that the empirical mean converges almost surely to the
expected value:

B (X) = % > (x7) (szJ E[® (X)] (2.38)

The variance of the Monte Carlo estimator ® (X) is equal to:

02
Var (@ (X)) ( N (2.39)

where

o = /((@ (X) — E[® (X)) (X) dX (2.40)
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The law of the error ® (X) — E[® (X)] when the number of samples N tends to infinity is
given by the central limit theorem:

VN (@ (X) - E[®(X)]) —— N (0, 1) (2.41)

o N—oo

The average error is of order ﬁ The Monte Carlo error does not depend on the dimension
of the state.

2.5.6.2 The sequential importance resampling particle filter

The SIR particle filter aims to approximate the posterior density p (xx|Y1.x) using a weighted
set of N > 1 samples, called particles. To do so, the particles are represented by weighted
Dirac delta functions, where the position of the particle determines the value of the state
associated with the particle. The posterior density is then approximated by:

p(xk|Y1k) Zwké )G - xk) (2.42)

where § (-) denotes the Dirac delta functions, wi € RT are the importance weight of a
particle, and the superscript ¢ denotes the index of the particle. The weights are normalized
to ensure and satisfy the equation:

262 =1 (2.43)
i=1

Assuming that the previous posterior density can be approximated in the same way as (2.42),
and based on (2.22), the prediction can be approximated by:

R7a

N
p(xk|Y1k—1) = /(p (X |xK—1) Zwi_lé ()Cc_l - x};_l) dxg_1 (2.44a)
i=1

= Zﬁk 1 / (Xp|%Xp—1)0 (Xk—l - Xij_l) dxp_1 (2.44Db)

Rnax

N
= Zwk P (xk|xk 1) (2.44c)

6215 (xk - xi,k_l) (2.44d)

Equation (2.44d) highlights the fact that the weights are not updated during the prediction
step, however the positions of the particles given by the Dirac delta function are updated.
The error of the approximation given by (2.44d) only depends on the number of particles

Il
'Mz I

=1
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used. Indeed, the benefit of using Monte Carlo methods is to approximate the state transition
density p (xg|xx—1) by numerically integrating multiple particles with multiple draws of the
process noise 1. Then, the prediction of a particle is obtained using the true non-linear
equation. Using the discrete dynamics function, the prediction of a particle is given by:

Xppo1 = Sr (Koot k) g i (2.45)

If the particles are independent and given that 7, is a zero mean process noise, then the
unbiased estimate of the prior state density according to the law of large numbers is almost
certainly given by the weighted sum of the predicted particles given by (2.44d).

The algorithm of the prediction step of the particle filter is performed by the function
PREDICT detailed in Algorithm 2.2, in the case where the process noise is Gaussian.

Algorithm 2.2 Prediction step of the particle filter

: 1:N I:N
Function PREDICT(xklkil, x;, ug)

for each i € [1, N] do
L nk NN(O Q)

X1 < fe (X_ 1, we) fnj, /See (2.45)

\

The update step, based on (2.23), and the approximation of the prediction given by (2.44d),
gives:

N iy (el f (%~ X )

p(xk|Yig) ~ ) T ‘ (2.46)
= ;lxykx@(
The weights can then be updated and given by:
. wh 4
wi = k1P (elxi) (2.47)

N . .
-21 (Y (ykIXi
j:

Then, by substituting (2.47) into (2.46), the posterior density can then be approximated by:

N
p (kY1) =~ 2625 (xk - x?ﬂk—l)' (2.48)

=1

This shows that the update step does not change the position of the particles, then (2.48)
is equivalent to (2.42). However, unlike the prediction step, the update step updates the
particle weights. In practice, the update of the weights is performed by computing the
weights without the normalization constant and using the equation:

W} X Wj,_qp (JGIXZ) ( (2.49)
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and then ensuring (2.43).
The algorithm of the update step of the particle filter is performed by the function

UPDATE detailed in Algorithm 2.3, where g <x2| k_l) P (yk|xi;), is the likelihood density

with argument. Since an extended state vector is congidered now, the innovation used to
update the weights is not equal to the one described by (2.4) and is now given by:

i =¥k — b (Xi;\k;—l) ( (2.50)

Algorithm 2.3 Update step of the particle filter
Function UPDATE(wé:N, wi:_]\g, X}C:‘i\ll, Vi)

for each i € [1, N] do
L 121}; A wiqﬂ (X;qk_l) ( //See (2.49)
for each i € [1, N] do

%

//Normalization of the weights

w
S
2y,

Jj=1

The particle filter prediction and update steps are illustrated in Figure 2.14, where it is
shown that the particle positions are updated at the prediction step only, while the weights
are updated at the update step only.

Having the approximation of the posterior density by weighted Dirac delta functions
makes the computation of the MAP estimate straightforward. This estimate corresponds
to the particle with the highest weight. However, in practice, looking for the particle with
the highest weight can be more computationally expensive than the MMSE estimate. Then,
from (2.27b), the point estimate of the particle filter is usually given by:

N

Xy = Z(;’ngk_l. (2.51)

=1

Its associated estimated covariance matrix is then given by:

N

~ . A . T

Pp=3uj (fzm_l — %) (Kot — %) (2.52)
i=1

The algorithm that produces the estimate of the particle filter is performed by the function
ESTIMATE detailed in Algorithm 2.4.

However, the recursive update of the weights and the normalization might lead to the
degeneracy of the algorithm. This degeneracy is characterized by the fact that after multiple
iterations, all the weights but one tend to zero. Then, only one particle contributes to the
estimation of the state vector which drastically decreases the efficiency and the benefit of
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p(xp | Yig—1) ==
P (xk—1| Yip-1)

P (Xp—1 | Yi—1)
wy,_ 10 (Xk - X%c)

w}icfﬂ; (Xk—l - X;;fl)

SE | SE
£l | £k
o™ A o™
@) @)
State space

State space
(b) Prediction step.

(a) Previous update step.

p(xk | Yig—1) ==
p(xk | Yig—1)
wid (x — xj,)

S N

Conditional
density

State space

(c) Update step.

Figure 2.14: Prediction step (b) and update step (c) of a particle filter based on the Previous update
step (a).

Algorithm 2.4 Estimate step of the particle filter
Function ESTIMATE(%y, Py, xi]ﬁp wiV)

N . .
Xj Z; KX 1 //See (2.51)

b 3 (o5 () Jsee (252

\

the algorithm, and can lead to a divergence of the filter. A commonly used metric of the
degeneracy phenomenon is the estimate of the effective number of particles, given by:

- 1
Nejp = ———, (2.53)
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where the effective number of particles is equal to 1 when all the weights but one are
equal to 0, and is equal to N when the weights are all equal. These two cases represent
complete degeneration and no degeneration respectively. More generally the effective number
of particles is bounded, with 1 < Nef < N.

To avoid the degeneracy phenomenon an additional step called the resampling step is
added to the particle filter. This step aims to remove the particles with the lowest weights
and to duplicate the ones with the highest weights. There are multiple methods to perform
this step, and the performance of the particle filter can be also affected by the method used.
It is usually done in such a way that the number of particles remains the same. The most
commonly used is the multinomial resampling method that aims to select N particles with a
probability for the particle to be selected given by its weight. Then, the particles with the
highest weights are the one that are more likely to be preserved and duplicated while the
particles with a weight equal to zero are removed. Then, the probability to select a particle
is given by:

i (;&i - x}'c) w, (2.54)

where X;, denote the state vector after the multinomial resampling.

Multinomial resampling is performed by the function MULTINOMIAL detailed in Algo-
rithm 2.5. There exist algorithms that are more computationally efficient. The description
provided here is given to illustrate the main steps of the method.

Algorithm 2.5 Multinomial resampling step

s c1:N (1:N 1:N
Function MULTINOMIAL (%X, Xpik—17 Wk )

for each i € [1, N] do
X ~U(0,1)
Jj<1
while >7_ wi — X <0 do
LJ—g+1
”‘ﬁc‘_xi\k—l

After performing the multinomial resampling, the weights are usually reset to be all equal,
and the new weight is given by:

- 1
wy, = N (2.55)

The resampling step is, however, not usually performed at every time step. Indeed, the
degeneracy phenomenon metric is usually compared to a user-defined threshold. In the case of
the effective number of particles given by (2.53), this threshold herein denoted I,y € [0, 1]
is multiplied by the number of particles NV, and if it is below this value then the resampling

step is performed.
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The above-mentioned prediction, update and resampling algorithms are the fundamental
steps of the SIR particle filter. The Figure 2.15 illustrates the prediction and update when

the resampling step is performed.

p(xp—1 | Yig—1) == p(xp—1 | Yig—1) ==
w2—15 (kal - X;c—l) w2—15 (kal - 3”(2—1)

density

N
N

MLLILL

State space

Conditional

Conditional
density

State space

(a) Update step (b) Resampling step

p(xk | Yig—1) ==
p(xp—1 | Yik—1)

wj,_10 (s — ;)

Conditional
density

State space

(c) Prediction step.

Figure 2.15: sIR particle filter after the update step (a), the resampling step (b) and the prediction
step when the resampling has been performed (c).

In Figure 2.15, the removal and duplication of particles at the resampling step are
illustrated, as well as the reset of the weights. The impact of the prediction and particles

positions is also shown.
The SIR particle filter is presented in Algorithm 2.6 using the previously defined functions

PREDICT, UPDATE, ESTIMATE and MULTINOMIAL.

33

The SIR particle filter presented here is the basic particle filter that is commonly used.

However, many variations of this filter have been proposed.
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Algorithm 2.6 Sequential importance resampling particle filter

k<0
f //Initialization
Loop
k< Fk+1
PREDICT(X}C]QT_I, xi N, uy) //SeeAlgorithm 2.2
UPDATE(w,i:N, w,i:_Nl, x}cijkv_l, Vi) //See Algorithm 2.3
ESTIMATE (X, Py, x}g:‘kN_l, w,i:N) //See Algorithm 2.4
Nofr ¢ w—+— //See (2.53)
3 )’
if N eff < NT'ygp then J/if true then resample
MULTINOMIAL (%, x|, wi™) /See Algorithm 2.5
for each i € [1, N] do
X}, < X, //Particles replaced by the multinomial resampling
L wi — + //Reset the weights, See (2.55)

2.5.6.3 The regularized particle filter

The RPF [51], was designed to improve particle filter diversity compared to the previously
presented SIR particle filter. Indeed, the resampling step that aims to solve the degeneracy
phenomenon introduces a new issue, namely the loss of diversity of the particles. This is due
to the fact that the multinomial draw is performed according to a discrete distribution that
leads to the duplication of the particles at certain positions as shown in Figure 2.15b. This
duplication process can affect the same particles at multiple times. Other methods than the
RPF exist to solve this issue [52, 53], but the RPF is one of the most widely used techniques.
The only difference between the SIR particle filter and the RPTF is at the resampling step.
Compared to the SIR particle filter, the RPF has an additional step called the regularization
that aims to add diversity to the duplicated particles. This improvement in diversity of
the particles is obtained by randomly moving the duplicated particles x}c according to a
regularization kernel denoted C(-). This then yields the following regularization equation:

xi = %} + hDpe}, (2.56)

where h € R™* is the kernel bandwidth factor, Dy, is the real lower triangular matrix of the
covariance matrix Py with positive diagonal elements defined such that P, = DkD;—, and
s}; ~ K(x) is a regularization noise. The kernel density is a symmetric probability density
function such that:

/XIC (x) dx =0, /<|x||21C (x) dx < o0 (2.57)
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The optimal kernel K (-) and bandwidth factor h are chosen to minimize the mean integrated
square error (MISE) between the theoretical posterior density and the estimated one. The
MISE criterion is given by:

MISE () = E [ /((ﬁ (el Y1) — p (x4 V)2 dm} ( (2.58)

where p (xx|Y1.x) is here the estimated posterior density of the RPF and is given by:

i=1

N
e EEDY 62’% (Xk - X§;|k_1), (2.59)

where the kernel K, (+) is assumed to be symmetric such that K (—z) = K, (x), and it is
given by:

1 X
Kn (x) = K (7)) 2.60
p 0 =k (3 (2.60)
The approximation of the posterior density by kernels’ mixture in (2.59) based on the
example of the Dirac’s mixture illustrated in Figure 2.15 is shown in Figure 2.16

Then, the optimal kernel that minimizes (2.58) in the case that all weights are equivalent
— which is the case after the resampling — is the Epanechnikov kernel [51, 54] defined by:

K (x) = {Q* (1 [x]2) (if Il <1 .

else

where ¢,, is the volume of the unit hypersphere in R"* | given by
T

(2.62)

T T (%j 1)’
where I" (-) € R\ R is Euler’s gamma function. Then, the optimal bandwidth factor [51,
54] associated with this optimal kernel is then given by:

h= kAN 7w (2.63)

where k € (0, 1) is a user-defined setting parameter, and A is given by:

A= [Tm} (nz +4) (2¢/7)"] T (2.64)

The algorithm of the regularizatiok step is performed by the function REGULARIZE detailed
in Algorithm 2.7.

The RPF is presented in Algorithm 2.8, using the previously defined function REGULARIZE,
and the function used by the SIR particle filter.

In theory, the kernel approximation performed by the RPF is less and less relevant as the
dimension of state vector increases.
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p(xp—1| Yigoq) ==
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w};_llCh(xk_l - Xﬁc—l)

wi—l’Ch(Xk—l - Xéz—l)

density

density
Conditional

Conditional

State space

(b) Resampling step.

(a) Update step.

p(xk | Yig—1)
P (xp—1| Yik—1)
wj_ Kn(xp —x3,) —
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(c) Prediction step.

Figure 2.16: RPF after the update step (a), the resampling step (b) and the prediction step when the

resampling has been performed (c).

Algorithm 2.7 Regularization step of the regularized particle filter

Function REGULARIZE(x ™, %1V, Py)
Dk — {Dk Pk = Dka}
for each i € [1, N] do
//Regularization noise

€} NIC( )
L XIZZ +— x}:éhéks}g //See (2.56)

2.5.7 Multiple model architecture for estimation filter

//Compute Dy, such that P, = D;gDér

A multiple model architecture can be used to implement estimation filters. Multiple model
architecture is used for the hybrid state estimate problem. A hybrid state is a state that has
multiple components, but unlike a state vector, these components are not of the same kind.
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Algorithm 2.8 Regularized particle filter

k<0
: //Initialization
Loop
kE—k+1
PREDICT(X}C‘Q xRN wy) //See Algorithm 2.2
UPDATE(wi ™, wih, X}Wc ) //See Algorithm 2.3
ESTIMATE (X, P, xk‘k_l, w,i N //See Algorithm 2.4
NEff < ﬁ //See (253)
3 (@)
if N, ¢ < NT'sp then //if true then resample
MULTINOMIAL (%37, Xilfljly L wpY) //See Algorithm 2.5
for each z €[1, N] do
L wh +— & //Reset the weights, See (2.55)
REGULARIZE(x} N, xEN | P} //See Algorithm 2.7

Indeed, one of the components is a continuous-value state, while the other is a discrete-value
variable often referred to as a mode. This approach is commonly used in tracking estimation
with manoeuvring targets [49, 55], where the continuous state is associated with the target

state while the other is associated with its modes, which are defined by different dynamics.

Thus, a multiple model architecture switches between multiple dynamical models.

The hybrid state that is estimated is then given by the following couple (xg, my).

If the MMSE is used to provide the estimate of the continuous state vector xj, then the
overall estimate is the probabilistically weighted sum of all filter estimates [56], which for xj
yields:

M—
ZxWanw (2.65)
=0

where fc,(;) denotes the estimate of the state vector x; associated with the mode ml(f), and
M;.;; € RF represents all the previous modes. The covariance associated with the continuous

state vector x; is given by:

M-1
Pp=> [f)](cz) + (fg — ,z’(;)) <f€ _ ,z](;)) ] (M| Y1) (2.66)
i=0
The probability P (M;j.x|Y1.x) in (2.65) and (2.66) represents the probability of being in a
specific mode sequence Mj.., given all the previous measurements Y7.x.

To estimate the state vectors and the mode of the multiple model architecture, one often
relies on Kalman filters or its derivatives. Particle filter can also be used for that purpose but
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as a filter must be defined for each mode, the computational cost of each particle filter makes
its use in a bank of filters prohibitive. It is an interesting and commonly used approach in
fault diagnosis [57-60].

Multiple model architectures are then hybrid state estimation methods, since they aim to
estimate both the state of the system and the mode. To do so, they use a JMS.

2.5.7.1  Jump-Markov system

An efficient way of representing the switch between these subsystems is to use a Markov
transition probability matrix. This representation is known as JMS. Using a JMS allows one
to introduce a large variety of subsystems that represent the potential dynamics of the
process studied with or without faults, no matter which types of faults are considered. The
different subsystems are represented by discrete different dynamics. They correspond to the
modes of the system denoted m(?, where i is the index of the mode within a finite set of M
modes denoted M = { O, m@, . mM=D The mode m© is usually associated with
the nominal mode — that is the nominal dynamics of the system — while the others are
associated with a faulty mode. Each mode is then characterized by specific dynamics, my,
denotes the mode of the system at time step k. For sake of brevity herein, when the mode

of the system my, is equal to a specific mode, — for example m() — then it is denoted
my, with the mode number as superscript between parentheses — for example m,(;) —, then

m,(f) 2 (my, =m®W}.

Since the system is Markovian, the switching between modes can be modelled by a time
homogeneous M-state first order Markov chain and the transition probability of switching
from a mode m¥) to m® is given by:

mi 2P (o |ml?,), Vi, j € NOM- (2.67)
All other transition probabilities then jointly form a M x M transition probability matrix
given by:
<7T00 10 T(M—-1)0
7r s e (M —
o2 01 11 (M-1)1 (2.68)
oM-1) Ti(M-1) 7 T(M-1)(M-1)
Each element of the transition probability matrix must satisfy:
M-1
my >0, Vi, j e NOMAU o and 0 Y m =1 V) e NOM (2.69)
i=0

The associated Markov chain is illustrated in Figure 2.17.
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T(M-1)0
T(M-1)1
T(M—-2)1
: T(M— 1)2

7T(M 1) (M— 2) —

. T(M—1)(M—1)
T(M—2)(M— 1)

7T2(M71)
T1(M—2)

T1(M—-1)
To(M—1)

21

‘¥ 12

Figure 2.17: Time homogeneous M-state first order Markov chain with transition probability.

Then a discrete-time stochastic JMS is used to represent the dynamics of the system, includ-
ing the transitions between modes. This generic system model, based on the representation
of Tafazoli and Sun [11] is given by:

my ~ p (mp|me—1) (2.70a)
k= Frmy, (Ze—1, W, fap—1) + 0y, (2.70b)
k= Hemy, (2, fs) + Vi (2.70c)

where F),,, (-) represents the discrete dynamics of the state vector z associated with the
mode my, and Hy,,, (-) represents the discrete measurement function of the state vector z
associated with the mode my. Note that it is possible to consider that noises also depend on
the current mode my.

The JMS representation allows considering several dynamics, even multiplicative and
additive faults in the same system in both actuator and sensor, and it is the one used by
multiple model architecture presented in Section 2.5.7.

The JMS approach requires then to store all the possible modes sequences from initial
to current time step, for which the number grows exponentially with time. It is the major
drawback of this method, which makes it not suitable for real-time implementation. Therefore,
it cannot be used for fault estimation for the application considered in this thesis. To overcome
this issue, a suboptimal algorithm that provides an approximation of these equations is used.

2.5.7.2 The interacting multiple model framework

The MM is the most used architecture for hybrid state estimation [61-64], and is considered
as a state-of-the-art approach for fault estimation applications. The MM only considers
the model at the current time-step, which makes it possible to implement it for real-time
applications. This algorithm runs a bank of estimation filters, with different models. Each
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estimation filter provides an estimate. These estimates are then mixed together to provide
an overall estimate.

To provide an overall estimate, weights are associated with the estimate of each model.
The weight w,(cj ) that corresponds to the probability of the j* model at time step k is given
by:

wd) = P(W Y., k) (2.71a)
x p ()%!mkj )P ;(f)!lek—1> ( (2.71b)
Where]P’ mk ]Ylk 1 < given by:
M-1 '
P mk NY 1 1 IP’ m{|m{? )P(f,@ﬂnk_l)( (2.72a)
=0
M-1
mwl) . (2.72b)
=0

By substituting (2.72b) into (2.71b) it gives:

w,(f) xp (yk]mk ) Z Wl]wk 1 (2.73)

The weights are normalized to ensure:

M-1 ]
S wf) =1 (2.74)
j=0

The algorithm of the weight update of the multiple model architecture is given by the
function WEIGHTUPDATE in Algorithm 2.9, where y( )
i*" model at time step k.

denotes the innovation vector of the

Algorithm 2.9 Weight update in multiple model architecture

Function WEIGHTUPDATE(w,(COZM_l), yl(CO:M_l), SECOZM_I))
for each i € [0, M — 1] do
o) @) 0
<_N (yk ) Sk ) z:o T W4 //See (273)

for each i € [0, M — 1] do
; (1)
w,(;) — //Normalization of the weights, see (2.74)
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Then, the overall estimate is given by:

M-1
=Y wlx)). (2.75)
i=0
And its associated covariance is then:
. M-1  r ) N T
Po= Y o [+ (ff ~5) (f“ -x)']. (2.76)
i=0

The algorithm of the multiple model estimate is given by the function MMESTIMATE in
Algorithm 2.10.

Algorithm 2.10 Multiple model estimate

Function MMESTIMATE(xk, Py, X](COM n wl(cO:M_l))

%), = Z w,;%z;; //See (2.75)
P, Z w (1) [P( 04 <>( f(;;)) (fﬂ _fgl(:))—r] ( //See (2.76)

At the next iteration the filters are fed with the previous estimates given all the previous
weights. These estimates are obtained through the mixing step and are used to compute

the prior density p (xk_1|m,(€j), lek_1> (;f“o do so, all the possible modes at time step k — 1

are considered and since the previous\mode mézl is known, the current mode mgf ) is

conditionally independent of the previous continuous state vector x;_; and the all the
previous measurement vectors Yi.,_1. Thus, using the law of total probability,

P (Xk—1|m,(€j), Yl:k—l) Z <><k—1|m,(217 Yl:k—l) P ('C;(Ql\m;(cj), Yl:k—l) ( (2.77a)
= Z wy, |]1p (Xk 1|mk 15 Yo 1) ( (277b)

where w,g ljl) represents the mixed weights, and is given by:

(il5) TigWk—1 (2.78)

Then, the mixed state vector is given by:

&) — Z wig® (2.79)
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and its associated covariance is given by:

- (il = i [a6 i ilj i i)\ "
P = > ) [P, + (52 (e -s2) J 250

The algorithm of the mixing step of the IMM is given by the function MIXING in Algorithm 2.11.

Algorithm 2.11 Mixing step of the interacting multiple model
Function MIXING()A(ngl), lsl(ﬂll_j%, w}(go_:zy—l))
for each j € [0, M — 1] do

for each i € [0, M — 1] do

” rw®
L wi) e //See (2.78)

)Ac,(jlf “— w,(fwl)f((i //See (2.79)

k
~ (il ML Gy (46 i . (ilj i NGO
o S ) ()] e

The second step is then the prediction of the continuous state vector x;_1, by computing
the prior density denoted p (xk]m,(g ), Yl:k—1)7 and is obtained by applying the prediction
step from (2.22), which gives:

P (>(km§§), Y1:k71) = / P <Xk’Xk717 m?) P <><k1!m;(€j), Yl:k71> kal- (2.81)
Rna

The next step which is the update step of the continuous state vector x;, aims to compute
the posterior density denoted p (xk|m,(€] ), Yl;k), using (2.23) which then gives:

p <Yk‘xka mg)) p (’(k‘mg)’ Y““) ( (2.82)

f p <y1€’X/€a m’(gj)) pt{k’m’(j), Yl:k—l)

P (xk\m,ﬁ”, Yl:k)
Rna

The MM is given by the Algorithm 2.12. In this algorithm, the function ESTIMATIONFILTER
refers to any compatible estimation filter, such as the ones previously introduced, that take
as an input the previous state estimate X;_1, its associated estimated covariance f’k_l, the
control vector u; and the measurement vector y; and provide as output an estimated state
X}, its associated estimated covariance f’k, the innovation y; to compute the likelihood, and
its associated covariance Sk

The architecture of the IMM is illustrated in Figure 2.18.
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Algorithm 2.12 Interacting multiple model

k<0
f //Initialization
Loop

k<—k+1 N

MIXING(}E,(;‘_JI), f’,(cll_]i, w,(ﬁ]f[*l)) //See Algorithm 2.11

for each i € [0, M — 1] do
L ESTIMATIONFILTER(&,(;), f’ﬁj), 37;;), Sg), xg‘lfl) , lsl(j'ff, g, y&) /3™ model estimation

WEIGHTUPDATE(w,(CO:M_l), 57,(;), S,(f)) //See Algorithm 2.9
| MMESTIMATE(Xy, Py, }E,(COZM_D, w,(CO:M_l)) //See Algorithm 2.10

The MM estimator with a bank of EKF yields significantly better fault detection perfor-
mance than a stand-alone EKF, indeed IMM and multiple model architecture in general allows
for better estimation of abrupt changes in the system dynamics [46], which is essential for
this application, especially for the estimation of abrupt fault.

2.5.8 Jump-Markov particle filters

Particle filters for Markovian jump linear systems were introduced by Doucet, Gordon, and
Krishnamurthy [10] and Tafazoli and Sun [11]. These filters aim to perform fault estimation
and detection alongside state estimation using hybrid state vector where fault detections
are modelled as transitions from nominal mode to faulty modes. The jump step of Doucet,
Gordon, and Krishnamurthy [10] is designed to select particles from a proposal density,
which must satisfy the following conditions:

e The support of the proposal density must contain the support of the posterior density;
e The proposal density must take into account recent observations.

In the jump step of Tafazoli and Sun [11], the particles are generated from a prior density.
A mode selection probability is calculated as a function of the weights of all particles for all
modes. The likeliest mode with the higher probability is selected.

The fixed-lag Rao-blackwelization particle filter was proposed by Giremus, Tourneret, and
Calmettes [65]. This particle filter tackles the detection and estimation of multipath errors
while inferring the vehicle dynamics. Multipath events were considered as abrupt changes
affecting the navigation state space model.

Jump Markov particle filters were also developed for nonlinear systems by Driessen
and Boers [66], where the user has control on the number of particles in order to avoid
degeneracy, with application to radar target tracking. Due to their computational demand,
those approaches are not well suited for real-time embedded applications.
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Figure 2.18: Architecture of the IMM.

2.6 CHAPTER SUMMARY

In this chapter, a literature review on fault diagnosis, including fault detection, isolation and
estimation was presented. The focus was on model-based approaches because the model of the
aircraft is known, and more data would often be required for a data driven approach. However,
given the uncertainty on the fixed wing UAV model, a Bayesian approach is considered for
fault and state estimation. This is performed by estimation filters. The most commonly
used filters were described in this chapter for various situations. State-of-the-art multiple
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model, such as the IMM were presented in more detail, to highlight the benefit of hybrid
state estimation. The IMM is however not designed to deal with ambiguous faults. The RPF
and other particle filters for JMS were also reviewed, but those approaches are either not
suitable for real time applications or lack robustness. The limitations of the IMM and of the
RPF will be further detailed in Chapter 4 and 5, respectively.
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FIXED WING UNMANNED AERIAL VEHICLE DYNAMICS,
GUIDANCE, NAVIGATION AND CONTROL

This chapter aims to present the model under consideration in this thesis. Without loss of
generality, the focus of the thesis is on the guidance navigation & control (GNC) of UAV
longitudinal dynamics.

The chapter is organized as follows: Section 3.1 details the coordinate frame of the UAV
used in the rest of the thesis. The Section 3.2 gives the aircraft kinematics and dynamics
equations used. In Section 3.3, the forces and moments that are involved in the kinematics
and dynamics equations are detailed. Section 3.4 provides the measurement equation of
the UAV. The Section 3.5 provides a linearized model used in particular for the control of
the UAV. In Section 3.6, the navigation of the UAV is explained. Section 3.7 describes the
control of the UAV used. The Section 3.8 details the guidance of the UAV used. Section 3.9
summarize this chapter.

3.1 COORDINATE FRAMES

The coordinate frames [67] are defined in Figure 3.1. The ZY X Euler rotational sequence
is used with unit vectors notations along the current axes of the current framei = X, j =Y
and k = Z.

In Figure 3.1, the black arrows are frame axes, the green arrows are vectors and the red
arc are angles. The inertial frame axes (not represented here) are collinear with the North,
East, Down (NED) axis and represent the origin of the position states. The superscripts v,
vl and v2 denote respectively the vehicle, vehicle 1 and vehicle 2 frames. The vehicle 1 and
vehicle 2 frames are respectively obtained after the first and second rotations of the Euler
sequence. The superscripts b denotes the body frame obtained after the full sequence of
three rotations, the superscript s the stability frame and the superscript w the wind frame.
The vector V, denotes the airspeed vector, Vy represents the wind vector and Vy is the
velocity vector. The angle i, 8, ¢ respectively denote the yaw, pitch and roll, 8 represents
the side-slip angle, x is the course angle, x. is the crab angle, « is the angle of attack, v the
flight path angle and v, the air-mass-referenced flight path angle. Finally, the yellow and
black coloured disk represent the centre of mass.

In this thesis, the inertial frame is denoted F?, the vehicle frame F?, the vehicle 1 and 2
frames F'! and F?2, the body frame F?, the stability frame F* and the wind frame F¥.

47



48 FIXED WING UNMANNED AERIAL VEHICLE DYNAMICS, GUIDANCE, NAVIGATION AND CONTROL
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Figure 3.1: Coordinate frames of the UAV.

3.2 AIRCRAFT KINEMATICS AND DYNAMICS

The kinematic and dynamic equations of the UAV are taken from reference [67]. These
equations define the non-linear model of a UAV.

3.2.1 State variables definitions

The state variables used for the UAV kinematics and dynamics are described in table 3.1,
with a differentiation between longitudinal and lateral variables. All these state variables
concatenated constitute the state vector z.
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Name Description Lateral Longitudinal

Pn Inertial North position of the UAV along 3¢ in F*
De Inertial East position of the UAV along j° in F*

pa  Inertial Down position (negative of altitude) of the

UAV measured along k! in F* v
U Body frame velocity measured along i® in F® v
v Body frame velocity measured along j° in F® v
w Body frame velocity measured along k® in F® v
10) Roll angle defined with respect to FV2 v
0 Pitch angle defined with respect to F*! v
P Heading (yaw) angle defined with respect to F" v
P Roll rate measured along i® in F® v
q Pitch rate measured along j° in F® v
r Yaw rate measured along k® in F® v

Table 3.1: State variables of the UAV

3.2.2  Kinematics and dynamic equations

3.2.2.1 Rotational motion

For rotational motion, Newton’s second law states that:
dh dh

- = h=M 3.1
dt; dty, + Wi ’ (3.1)

where d% is the time derivative in the F?, d%) is the time derivative in F?, h is the angular
momentum vector, M is the sum of all externally applied moments and wj/; denote the
angular velocity of frame F? with respect to F?. As with translational motion, it is most
convenient to express this equation in the body frame, giving:
dhb b 1.b b

where h? is the angular momentum vector expressed in F°.

For a rigid body, angular momentum is defined as the product of the inertia matrix J
and the angular velocity vector h® £ Jwg /i and rotational dynamics are described by the

equation:

deg/i b (Jub M 33
i e “b/i)é , (3:3)
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where:

3.2.2.2  FEquations of motion in component form

The equations of motion of the UAV are given by':

CO)Cw)  S(e)SB)C(w) ~ C@)SW) Ce)SB)C(w) T S(9)S(w) u
= [90)5w) 50)50)5w) T C@Cw) A@)50)5w) ~ S@°Cw) | by (3.5a)
L1—5(0) S(¢)€(0) C(¢)C(0) 7{
[y — qu Q 1 |
= [ —ru| (3.5b)
L§u —pv P
1" sin(¢)tan (6) "cos(¢)tan (9)
=10 cos (¢) — sin (@) (3.5¢)
sin (¢) M
LY L cos (0) cos (0)
[ I'ipg — T'agr sl +T'yn
= |Tspr —Te (=) | + |\ zm (3.5d)
i L T7pg — iqr al +Tgn

1 For the position equation the function cos (-) is denoted ¢(.y and sin (-) is denoted s.)
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T

T
where m denotes the mass of the aircraft, [ fo [y fz] and [l m n} 2 MY are the

externally applied forces and moments on the UAV about the i®, j°, and k? axes, and T'; to

I'g are product of the inertia terms, given by:

Joz (Jo — Jy + J2)

Iy =
! Jods — J2,
Jz (Jz - Jy) + J:%z
Ty =
Jods — J2,
J,
Mg=— 2%
T T, — J2,
sz
y=— "%
YT — U2,
J, —J,
=22 2o
5 Jy
J.TZ
T =
Jy
T, =
T, — J2,
I
Mg= — %
ST Jud, = J2,)

(3.6a)
(3.6b)
(3.6¢)
(3.6d)
(3.6¢)
(3.6f)

(3.6g)

(3.6h)

The equations of motion (3.5) are the components of F (-) the non-linear dynamics of the

state vector z.

3.2.2.3 Equations of decoupled

The lateral equations of motion of the UAV are given by:
7 1

g f w 19

V] s (¢)r

p- _ 3l + F4n
7'“_ 4l +T'gn

(

(3.7a)

(3.7b)

(3.7¢)

o1
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The longitudinal equations of motion of the UAV are given by:

[pd: = :<jin (0)u + cos (G)w} ( (3.8a)

i = 0 L/ 3.8b
ER A o
} (3.8¢)
6

Jea 1
q() m (3.8d)
(@(ﬁy]

3.3 FORCES AND MOMENTS

IQ‘
I m

The forces and moments equations of the UAV are taken from reference [67]. This section

T T
describes the forces [ fo [y fz] and moments [[ m n] that act on the UAV dynamics.

The control inputs of the UAV are described in table 3.2 with a differentiation between
lateral and longitudinal control inputs. All the control inputs concatenated constitute the
control input vector u.

Name Description Lateral Longitudinal
e Elevator deflection v
Oa Aileron deflection v

Oy Rudder deflection v

0t Throttle input v

Table 3.2: Control inputs of the UAV

The total forces along the body axes of the UAV can be written as follows:
fa —mgsin (6)
fy| = | Mg cos (0)sin (¢)
f2 g cos (0) cos (¢)

Cx (o) + Cx, (o) v. 4 + Cx,, () e

pVa’S b b
9 o T CYﬂﬁ + CYp v, P + CYT v, " + Cyéa O + CYér O ) (39)
Cz (o) +Cz, (o) v a4+ Cz, (@) e
(kmotor(st)2 - Vva2
pSpropCprop

0

=l
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where g is the gravitational acceleration, p the density of air, S the surface area of the
wing, ¢ the mean aerodynamic chord of the wing, b the wing span, Sy, the area of the
propeller, Cp,.,, the aerodynamic coefficient of the propeller, kp,ot0r the constant that specify
the efficiency of the motor, and Cy,, Cy;, Cy,, Cy,, Cy;, and Cy; are aerodynamic force
coefficients along the j® axis. All these parameters except ¢ and p that are independent of
the aircraft are given in Appendix A.1. Finally, Cx (-), Cx, (-) and Cx;,_ (-) are aerodynamic
force coefficients along the i’ axis, and Cz (-), Cz, (-) and Cz, () are acrodynamic force
coefficients along the k® axis. There are given by:

Cx (o) = = Cp (a) cos () + CL (o) sin () (3.10a)
Cx, (@) £ — Cp, cos (@) + Cr, sin (a) (3.10b)
Cx,, (@) £ — Cp;, cos (@) + Cp,, sin () (3.10c)
Cz (o) & — Cp (a)sin (a) — Cp, (a) cos (a) (3.10d)
Cyz, () & — Cp, sin (o) — C,, cos (a) (3.10e)
Cz;, () & = Cp,, sin (o) — O, cos (), (3.10f)

where Cp (-), Cp, and Cp;, are aerodynamic drag coefficients, and Cy, (-), Cr, and Cps,,
are lift coefficients. There are given in Appendix A.l except for Cp (-) and C7, (-) which are
given by:

Cr(a) =(1 -0 () [Cr, + Croa] + o (a) [2 sign () sin ()2 cos (a)] (3.11a)
c B Cr(a)?
p (o) =Cp, + AR (3.11b)

where Cp, and Cp,, are aerodynamic lift coefficients, Cp, is an aerodynamic drag coefficient,
e is the Oswald efficient factor, and AR is the wing aspect ratio. There are given in
Appendix A.1. Finally, o (+) is a sigmoid function given by:

1 +6—M(a—a0) +6—M(a+a0)

(3.12)

i ( ) (L+ efM(afao)) ((:_ 6M(a+a0)) ’
where M is a positive constant, and «g is the stalling angle of attack. There are given in
Appendix A.1.

A nominal flight is conducted with an angle of attack bounded between +ag. Above this
limit, the aircraft is in stall. This phenomenon is illustrated on the Figure 3.2. Figure 3.2
also illustrates that the lift and drag equation can be approximated by a linear and second
order function if the angle of attack is bounded by «y.
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Cr(a) — Cpl(a) — Fapg --
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Figure 3.2: Lift coefficient (C,) and drag coefficient (Cp) versus the angle of attack a, with parameters
from Appendix A.1

The total torque vector of the UAV can be written as follows:

l 2 (b (CZO + G, 6+ G, 2%/3.]9 + CZTTQGT + Cis, 00 + Ci, 5T)
V.28
s ¢ (Cmo +Cmaa+Cmq2\c,aq+Cm6e5e)<c +
—k, (kwor)
0
0

where Cj,, CZB’ 1,5 Cl,s Cléa and (] 5, are aerodynamic moments coefficients along the it
axis, Cmg, Cmgs Cmy, and Ci,, are aerodynamic moments coefficients along the 4% axis, Cp,,
Cnﬁ, C’np, Chn,, Cnéa and C"ér are aerodynamic moments coefficients along the kb axis, and
kr, and k, are motor constants. All these parameters are given in Appendix A.1.

3.4 SENSORS

The typical sensors used for the GNC of a UAV [67] are:

o Rate gyros;

e Accelerometers;
e Pressure sensors;
o Digital compass;
e GNSS receiver.

Note that most of the sensors in embedded systems are usually digital sensors. This
means that their accuracies depend on the resolution of the analog-to-digital converter. The
resolution herein is assumed to be negligible, and therefore it is not considered.



3.4 SENSORS

3.4.1 Rate gyros

In small aircraft, vibratory and micro-electromechanical system (MEMS) rate gyros are
commonly used, and they typically operate based on the principle of the Coriolis acceleration.
Then, equations of gyros rates are given by:

gyro,p p Vgyro,p

yrogq| = |4 T |Vgyroq| -
gyro,r ( ‘Gyro,r
where v, 17 and v, are Gaussian processes with variance o2 o2
gyro,p>» Vgyroq gyro,r p gyro,p> “gyroq
agyrw, respectively, and means figyro.p, fhgyro,q a0d flgyror, Tespectively. The gyros rate ygyrop,

Ygyro,q and Ygyror are expressed in rad s~!. The attitude state vector, can be expressed by
integration of the angle rates, that yields:

(3.14)

and

gyro,é ¢ Vgyro,é
yro0 | — 01+ |y yro,0 |
gyro,yP < ‘éyro,w
where the measurement noise Vgyro,¢, Vgyro,s and Vgyro. depend respectively on the noise in
the measurements of p, ¢ and r.

For low-cost MEMS gyros, drift in the bias term can be significant and care must be taken
to zero the gyro bias periodically during flight. This is done by flying a straight and level
path and resetting the gyro bias so that ygyrop, Ygyro,q and ygyror averages zero over a
period of 100 or so samples. Moreover, the biases will never be perfectly estimated, and
non-zero biases must be expected especially for the attitude computation where the biases
are integrated. Then, a drift should be expected.

(3.15)

3.4.2 Accelerometers

The measured acceleration is the total acceleration minus gravity. The equations of ac-
celerometers are:

accel,x U quw —Tv —sin (9) Vaccel,x
ccely | = | 0| T |ru—pw| —9 |sin(¢)cos(0) | T |Vaccely | » (3.16)
accel,z w pbv —qu COS (¢) COS (9) (Lccel,z
where Vyccel 2y Vaceel,y and Vgeeel,» are Gaussian processes with variance U?wcel o agccel Y and

2
Uaccel,z
Yaceel > Yaccel,y a0 Yaecel,» are expressed in ms~2. Each accelerometer measures elements of

linear acceleration, Coriolis acceleration, and gravitational acceleration.

respectively and means figecel,zs Haccel,y AN flgecel,» Tespectively. The accelerations
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The measurement equation to observe the velocity state vector can be expressed by
integrating acceleration terms from (3.16) which yields:

accel,u U Vaccel ,u
ccelv | = | Y + Vaccelw | > (317)
accel,w accel,w

where the measurement noise Vyccel,us Vaccel,o @0d Vgecel,w depend respectively on the noise
on the measurements of %, ¥ and .

The accelerometers can then be used to derive pseudo-measures of the velocity if the angle
rate and 6 and ¢ are known. However, even with a good calibration, the biases are never
fully removed, resulting in a drift of the velocity measurement.

3.4.3 Pressure sensors

Pressure sensors can provide pseudo measurements of altitude, with an absolute pressure
sensor, and airspeed with a differential pressure sensor. Herein only an absolute pressure
sensor is considered.

An absolute pressure sensor — that is a barometer — measures the atmospheric pressure.
The equation of the sensor is given by:

Yvaro = P+ Vbaros (318)

where P is the pressure measured by the barometer, and vy, is the Gaussian noise with
variance ng , and mean fipqr, Which is a temperature-related bias drift.

In the troposphere, typically below altitude of 11000 m above sea level (ASL), the pressure
of the atmosphere can be calculated using the barometric formula:

gnM
To RLo

To — paLo

P=F { (3.19)
where P, is the standard pressure at sea level, Ty is the standard temperature at sea level,
Ly is the lapse rate of the temperature decrease in the lower atmosphere, g, is the standard
acceleration of gravity, R the molar gas constant, and M is the standard molar mass of the
atmospheric air. All these values are given in Table B.1 Then, the measurement equation
depending on the position down state can be written as:

gnM
To RLg
Yvaro = PO [zb_m) + Vbaro- (320)
Then, the measurement of the position state p; can be expressed as:
( To 1
Yvaron;,—pa = |\ 7y — 10| — (3.21)
Ybaro—Vbaro | InM 0
Py
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The measurement equation is nonlinear”. It can be approximated for sake of simplicity by a
linearized measurement equation as:

— — P,
Ybaro,—py = _ybaro Vbaro 0 (322)
Pan
The air density at a specific altitude can be computed by the formula:
MP
- — 3.23
P="FT (3.23)

where T is the local temperature parameters. If the model is linearized at 0 m of altitude
then the error with the nonlinear model at 100 m is about 0.5 m and 12m at 500 m. The
linearized model at 0 m and the nonlinear model are shown in Figure 3.3.

) nonlinear model —
linear approximation (0m) —

10 |

)

Altitude (km
O N = O 00
T

\ \ \ \ \ \ \
3000 4000 5000 6000 7000 8000 9000 10000
Pressure (kgs™2m™1!)

Figure 3.3: Altitude versus pressure with nonlinear and linear model

Then, the measurement equation depending on the position down state can be written as:

Up,
Yvaro,—pg = —Pd + e (324&)
PYn
= —Dd + Vbaro,—pq (324b)

3.4.4 Digital compass

A digital compass (magnetometer) measures the direction field locally and provides an
indication of heading relative to the magnetic North ,,. However, v is the heading relative
to the geographical North. There is a declination §,, between the geographical and magnetic
North, which depends on the location on Earth. The heading is then the sum of the magnetic
heading measurement and the declination angle. The measurement equation of the digital
compass is given by:

Ymag = Y + Om + Vmag (325)

2 The subscript nl is used here to distinguish the nonlinear and the linear equation
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where v,q4 is the Gaussian noise with variance af,wg and mean fiyqag-

Given that the heading is given by ¥ = ¥, + 0, it also gives:

Ymag = 1/} + Vmag (326)
3.4.5 Global navigation satellite system receiver

A GNSS receiver uses one or multiple satellite constellations to provide a 3-D position
information on or near the Earth’s surface.

3.4.5.1 Position

By measuring the time of flight of a minimum of four satellites (at least three for the
trilateration and one for the receiver clocks synchronization and the need to resolve the
ambiguity linked to the fact that there are often two possible points of intersection between
3 spheres). Then, the measurement equation of the GNSS receiver for the position in Earth
coordinates and altitude ASL are:

GNSS,pn Pn VGNSS,pn
GNSSp. | = | pe | T | vanssp. | (3.27)
GNSS,—pa Pd VGNSS,—py

where vaN$S.p, s VaNSSpe a0d VGNSS,—p, are the error model of the North East and Altitude
position respectively. An error model is necessary for the GNSS because there are multiple
measurements errors sources. Kaplan and Hegarty [68] characterize the GNSS error solution
by:

(error in GNSS solution) = (pseudo-range error factor) (geometry factor) (3.28)

The GNSS pseudo-range error factor for a dual-frequency receiver is described by Kaplan
and Hegarty [68] and Spilker Jr et al. [69]. It is due to the accuracy of the satellite clock
and the ephemeris data, various atmospheric effect, multipath at the reception, and the
receiver noise and its resolution. The cumulative effect of each of these errors sources on the
pseudo-range measurement is called the user-equivalent range error (UERE).

The GNSS geometry factor is the satellite/user geometry effect on the GNSS solution error.
It is generically called the dilution of precision (DOP). The DOP is composed of the vertical
dilution of precision (VDOP) and the horizontal dilution of precision (HDOP). The terms
describe the receiver location error due to the satellite location on the constellation.

To model the transient behaviour of the GNSS error [70], a Gauss-Markov process is used:

Upp1 = e FenssTay, 4 nongs, (3.29)

where kgngs is the frequency response of the Gauss-Markov process, T is the sample time
and ngnss is a zero-mean white Gaussian noise with a standard deviation ogygs. The
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Figure 3.4: Example of GNSS position error simulated over 12h with the model described in (3.29)
and parameters given by Table B.2

Figure 3.4 shows an example of the GNSS error with the model described in (3.29) and
parameters given by Table B.2.

However, some estimation methods described in Section 2.5 can only process a Gaussian
noise. Then, to be able to use these methods, a Gaussian approximation of this noise can be
performed.

3.4.5.2  Velocity

Using carrier phase Doppler measurements from the GNSS signal, a GNSS receiver computes
its velocity with a standard deviation. Then, the measurement equation of the GNSS receiver
for the velocity in the inertial frame is given by:

GNSS,u Vi VGNSS,u
_ nb
ansse | =Ri | Ve | | vanvssw | (3.30)
GNSS,—w Va GNSS,—w
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where V,,, V. and Vj; are velocity components of the North, East and downward directions
given by the GNSS with respect to the inertial frame, Rg’ denotes the rotation matrix of a
rotation from inertial coordinate frame to body coordinate frame and vgnssu, Yanss,» and
VGNSS,w are a zero mean white Gaussian noise with a standard deviation cgnssu, canssw
and ognssw respectively. Equation 3.30 can then be rewritten as:

GNSSu u VGNSSu
GNSSw | = + | vanssw (3.31)
GNSS,~w w GNSS,~w

3.4.6 Measurement model

The main navigation sensors used by UAV were described above. All the measurement
equations are linear or can be approximated by a linear function. Then, the measurement
model can be written as follows:

y=Hz+v. (3.32)
In this thesis only the linear measurement model is considered. Therefore:
Hz 4+ v =H(z) + v = Hy (2) + Vi, (3.33)

with H (-) the continuous measurement function of the state vector z.
Then, from (3.17) to (3.31), the measurement model is given by:

_66']\755,]0”_ (10 0 00 0 000000 [vevssy,
NS 01 0 00 0 000000 VGNSS,p,
eNss—ps| |00 =1 00 0 00000 0 VONSS g
Ysaro—pa 00 1000 0000O0 O Vbaro,—p.
YGNSSu 00 0 100 000000 VONSS
YGNSSo 00 0 01 0 000000 VGNSS
yenss—w| 000 0 00 -1 000000 VNS0
Yaccelu 00 0 100 000000 Vacoel.s
Yaceelw | =100 0 01 0 00000 02+ vgwrw | (339
Yaccelw 00 000 1 000000 Vacoel
Ymag.y 00 0 000 100000 Vimag b
Yayrosw 00 0 000 100000 Vepross
Yayrod 00 0 00 0 010000 Vgyrod
Yagrod 00 0 00 0 001000 Vggrosd
Ygyrop 00 0 000 000T100 Veyrorp
Yoyro 00 0 000 000010 Vogro
_(ygym,r ( f( 0 0 00 0 00000 1_( _<ugyw <



3.5 LINEARIZED MODEL

The lateral and longitudinal measurement model can easily be obtained from (3.34) by
separately considering longitudinal and lateral measurement equation.

3.4.6.1 Longitudinal state-space model

-
For the longitudinal state-space model, the state vector is z,, = [pd u w 6 g¢g| and

the longitudinal state-space model is given by:

Yion = YlonHYZ—ZnZlon +Yionv, (335)
where

[ 01 000000000O0O0O0O0 O]
0010000000O0O0GO0O0O0 0
00001000000O0O0O0O0O0 0
00000D0T10000O0O0O0O0O0 O

Yy, = (3.36)
00000001 00000O0O0O0O
0000000DO0DO0OT100000O0O0 0
0000000DO0DO0DOOOT1IO0000
_((0000000000000010_(

3.5 LINEARIZED MODEL

The non-linear equations of motion with Euler angle representation are described in (3.5),
(3.9) and (3.13).
However, these equations can be linearized at trim points, enabling the use of linear control
laws. To further simplify the problem, the longitudinal and lateral states are decoupled.
To linearize the flight dynamics, a trim point must be chosen inside the flight envelope to
ensure that the UAV can maintain flight at the chosen trim point.

3.5.1 Trim conditions

A non-linear system described by the differential equations z = F (z, u), the system is said
to be in equilibrium (or trimmed for aerospace vehicles) at the state z* and input u* if
F (z*, u*) = 0. Letting z = z — z* it gives:

43 = F(z,u) — F (25, u) = F(z" +2, 0" + &) — F (2", ") (3.37)

zZ

Taking the Taylor series expansion of the first term about the trim state, gives:

OF (z*, u*)i N OF (z*, u*)f1
0z Ou

(3.38)

7~
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In the computation of trimmed state, it is assumed that the wind speed is zero, in other
words V, = Vg, ¥ = x, and v = 7,. The trim states and inputs are computed when the
aircraft simultaneously satisfies the following three conditions:

o It is travelling at a constant speed V,*;
o It is climbing at a constant flight path angle of v*;

o It is in a constant orbit with radius of turn R*, where R* € [Rpin, +00) and R,ip is
the minimum turning radius of the aircraft. A turning radius equal to +oco represents
a straight flight.

Note that the right-hand side of equations (3.5), (3.9) and (3.13) are independent of the
position components p,,, pe and pgy. If the trimmed flight condition is a constant climb, it gives:
P = ‘7’2*‘* cos (v*) and p} = —V,"sin (v*) and the new equation to satisfy F (z*,u*) = 0 is:

1
E*"re % 3
[

—V," sin (%)
u* 0
v+ 0 S 0
PR O 0 R LI (3.39)
¢* 0 5, 0
e A
P* R cos (%)
p* 0
q' 0

Bl

where ‘—’ denotes any values.
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To determine z* and u* such that z* = F (z*,u*), the following non-linear equations has
to be solved to obtain z*:

¢ U 10
:/ bl t+ | R0 (3.40a)
] ( »
] ) cos (57)

cos («
=V, sin (8*) (3.40b)
] in (a*) cos (8%)
_ e &
_ /0 A ke =&+ (3.40¢)
i i . —sin (a* + %)
o Vﬂ;gS(V) §in () cos (a* +7°) (3.40d)
" {35 (¢") cos (" +77)

63

-
where R} is the rotation matrix from coordinate body frame to vehicle frame, and [ 0 Pe0 Pdo}

is the position at t = 0.
Given result of (3.40), it is possible to solve equation (3.5) for 47, 0}, 6%, and ¢}, giving

u*:
[ IZ(p*zir*z)HJrJz)p*T*} C C,. a*—C,, <
)2 —Lmo = bmo @ — Umyay *
5: _ 0.5p(Va™)"cS q (3.413)
Cms,
L - —1
al| — | 1Psq Cpér
. L T(;ﬂ, CT'(ST
[—T1p*q*+Taq*r* o B* _C br* (341}3)
W Cpo = Cpg Cp, 2V av.r — Lorave
I7p*q*+T1q* . .
él;(z]aj)2gqb Ll — CTO - 7“[3/8 'r‘p 2V 5V * CT",»;‘{;T
S . - N
5 2m (—r*v* + g*w* + gsin (0*)) — V" "pS (¢}} +C%, v + C;(ae 5;) .
t IOSPTOPCPTOPkgwtOT\
V *2
k?notor

(3.41c)

where C% = Cx (a”), C%, = Cx, (a”) and C%,, = Oxs, (a®).
The system is expressed in terms of V,*, v*, R*, a*, f* and ¢*. Since V,*, v* and R*
are user-specified inputs, computing the trim state will then consist of an optimization
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algorithm over «, 5 and ¢ to find a*, 5* and ¢*. To find those three parameter, the following
optimization problem must be solved:

(", 9", %) = argmin ||z" — F (z",u") ||2, (3.42)
where z* is (3.39), and F (z*,u*) is (3.5).
3.5.2 Linearized aircraft state-space model

A linear state-space model can be expressed as:

z =Fz + Bu (3.43a)
y=Cz (3.43b)
This state-space model approximates F (z, u) with:
[ 0F1(z* ,u*) OFi(z*w*)  OFi(zFu*) ]
op}, op} or*
OF(z* ,u*) 0F2(z*,u*)  OFa(z"u)
F—| o o5 o | (3.44a)
FFia(z* u*)  OFia(z* u*) OF12(z* u*)
L op;, op or*
[ &F1(z*,u*) OF1(z* ,u*) OF1(z*u*) 7]
907 967 967
OF(z* ,u*) OF2(z* u*) OF(z* ,u*)
B=| %% P, (3.44D)
FF ) OF(z" uY) 8F12(z* u*)
L[ a0 6% o5y

where F () and Fia(-) are respectively the first and the twelfth output of F(-). The
lateral and longitudinal state-space model can be easily obtained from (3.44a) by separately

considering longitudinal and lateral state variables and control inputs.

The decoupling between longitudinal and lateral dynamics is generically valid when the
side-slip angle is sufficiently small and the trajectory is a straight line. Since it is assumed
that the wind speed is zero, then S = 0 which means that the decoupling can be performed

under a straight flight.

3.5.2.1 Longitudinal state-space model

For the longitudinal state-space the state vector and control input are:

e
<

Zion =

|S|£‘r—§l\l

I
RN
L
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The longitudinal state-space model is given by:

élon - ZlonFZl—Znilon + ZlonBUlEtﬁlon (346)
where:
(Y o100 000000 O]
00100000000 00 o
sz:000001000000,Uzon:[(001] (3.47)
0,0 000O0O0T1O0O0TO0O0
d 00000O0OOO01 0]

The corresponding longitudinal state-space obtained from (3.44a) is given by:

(fa] [0 sin(6*) —cos(6*) wu*cos(0*)+wrsin(6*) 0 | [pa
Y 0 X X —gcos (6%) Xq| | @
w| =0 Z, Zw —gsin (0*) Zy| @]+
g 0 0 0 0 1116
gl L M, My, 0 Myl (Lg
- _ (3.48)
0
X5, Xs, 5
Zs, 0 ||<
0
[ Ms, 0

where the coefficients X, Z, and M, are given in Table A.2.

3.5.3  Flight envelope

The trim condition value can be chosen based on a flight envelope (airspeed and flight
altitude variation). The flight envelope is computed with: the lift force (F}), the drag force
(Fy), the propulsion force (F,) and the gravity force (Fy;) which are given by:

1 c

F = 5pVazS <€L (o) + CL‘ITVaq + CL,, 5e> (3.49a)
1

F;= 5pVa2S (CD (o) + ch%q + Ch;, 5€> ( (3.49Db)
1

Fp = §P5propcprop ((k'motov"(st)2 - V32> (349C)

F,=mg (3.49d)
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The drag and lift forces must be compared with the propulsion and gravity forces, to
determine if the aircraft is capable of flight and what its maximum velocity can be. However,
the force F; and Fy are expressed in the stability frame while F), is expressed in the body
frame and Fj in the vehicle frame. The F; and F,; must change their coordinate frame to be
compared with F), and F,. Hence:

F = —cos (a) Fy +sin () Fy, (3.50a)
F.o = —sin (vy,) Fy — cos (7a) Fi, (3.50b)

where F, is the force on apply on the aircraft along the i® axis due to the drag and lift,
while F,v is the force on along the kY axis also due to the drag and lift. However, ||Vy| =0
implies 7, = . Then, to determine the flight envelope with a chosen flight path angle v*,
the aircraft can fly if:

. Foo+F;,  0OVgsin(y")
' m N ot

If multiple solutions exist for a*, it is better to retain only the one which gives the lowest
F». Then, the aircraft can reach a velocity if with the previously computed o*:

o (3.51)

AV, : Fp + F, = 0. (3.52)

The flight envelope of the Aerosonde UAV (aircraft parameters available in Appendix A.1)
for a straight levelled flight is shown in Figure 3.5.

2000 o
2 1500 ig?@
S | AEEERENN F:
E 500 L I I----I 5 LE
<7, L I R

0 <

0 10 20 30 40 50 60 70 80
Air speed velocity (ms™!)

Figure 3.5: Flight envelope of the Aerosonde UAV between 0 and 2000 m. The values that are not
plotted are the airspeed and altitude configuration that cannot be reached by the aircraft
for a straight (R* = oo) level flight (v* = 0).

Based on Figure 3.5, an airspeed velocity of 40ms~! at 500m is a valid choice for the
linearization.

The radius of turn R* must be verified with airspeed and load variation flight envelope.
However, if R* = oo, then the altitude and airspeed flight envelope is sufficient. A lower
radius of trun implies a larger load factor and a narrower flight envelope. In this thesis, the
radius of turn is taken to be infinite (straight flight) because of teh focus on longitudinal
dynamics.
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3.6 NAVIGATION

This section aims to present UAV navigation. The reference navigation filters considered in
this thesis are the same as the estimation filters presented in Chapter 2.

The navigation is fed by the sensors and feeds the guidance and control module, with the
estimated longitudinal states, as shown in Figure 3.6

Guidance
Control

N

Sensors[ Y — Navigation —

Figure 3.6: Input-output representation of the navigation module

3.7 CONTROL

This section aims to define the control law of the UAV. The navigation module is assumed to
estimate all the components of the state vector z. Using the decoupled linearized model, the
control law that has been developed here is a full-state feedback with an integrator effect.
The method used for this design is presented in Appendix C.

3.7.1 Linear longitudinal control

This section then describes the longitudinal control module of the UAV. In this section for
sake of brevity and since only the longitudinal state and input are considered, the state
vector z is used as zj,, and the control input vector u is used as w;,,. The system considered
here is given by (3.43) where H = I € R>*5. The state vector trimmed, and control inputs
trimmed used to represent the longitudinal dynamics are:

-l

The inputs of the control law are the desired and current state values provided by the
guidance and navigation modules. They are, respectively, the desired airspeed velocity and
flight path angle and the longitudinal state. The outputs are the throttle setting §; and
the elevator deflection d.. Since it is assumed that there is no wind, then V; = V, and
v = 7,. The external view of the module is shown in Figure 3.7, where 7,¢ is the desired
trimmed air-mass-referenced flight path angle and ‘Vgc| is the desired trimmed modulus of
the velocity vector.
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Navigation 7z —" Loneitudinal 5
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Ve ‘ —

Figure 3.7: Input-output representation of the longitudinal guidance module

Since 7, = 0 — &, then a possible solution for the control law of the elevator deflection is
first to the control the pitch with 6¢, the desired pitch, and then compute @& to feed the desired
pitch with ¢ = +,¢ + &. However, to command the pitch with ¥,¢, the angle of attack must
be computed. Moreover, the angle of attack formula is nonlinear since « (u, w) = arctan (f) (
Then, to get a linear model for the control law, this formula must be linearized, hence:

Oa (u*, w*) _ Oda (u*, w*)

a(u, w) = 5 u+ B w (3.54a)
_w* B * _

The gain #“’;2 is denoted A, and the gain w2“7_:u*2 is denoted A,,.

To command the throttle input with !Vgc , the modulus of the velocity vector must be
computed. However, the modulus of the velocity vector is nonlinear since without wind,
|Vg (u, w)| = Vu? +w?. Then, to get a linear model for the control law, this formula must
be linearized, as follows:

o 0| Vg (u, w")| 0| Vg (ur, w*)|
|V (u, w)| = o <+ o 6 (3.552)
u* B w* _
= No w*Qu + N u*Qw (3.55b)
. u* . . w* .
The gain Voo is denoted V,, and the gain oz is denoted V.
Since ‘Vg (a, u‘})} = V,u+ Vy,w, a possible solution for the control law of the throttle input

V|~ Vi
u :

_ To minimize the error between 6 and its desired output ¢ a new state 6; is added and

0; = 6¢ — Hyz, where Hy is the row of H that give the observability of the state 6. Likewise,
to minimize the error between @ and its desired output u¢ a new state u; = u® — Hyz is

is first to the control the velocity with u¢ and feed it with u¢ =
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created, where Hy is the row of H that make the state u observable. The new state-space
model with 8¢ and u® as input in open loop is defined as:

( 4 - -

[pa] [0 sinf* —cosf* u*cosf* +w*sinf* 0 0] [pg
U < 0 X, Xu —gcosf* X, 0 U
W 0 Z, L —gsin 6* Zg 0| |w
ol=10 o 0 0 1 o] |6]+
| |0 M, M, 0 M, 0| |q
0, 0, 0 0 -1 0 0|6
_é_ < L -1 0 0 0 0] _{i_ <
- _ ) (3.56a)

(3.56b)
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0 10
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The fL(l state feedback gain of the system described by (3.56) is obtained using the linear
quadratic regulator (LQR) method detailed in Appendix C.1, with zero weight on the cross
product matrix N. A good compromise between actuator effort and performance for the UAV
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Aerosonde — with the airframe parameter in Appendix A.1 — is obtained by choosing the
following Q and R matrix:

(¢ 0o 000 0 O
1100000
00000 0 0
Q=10 0010 0 o,Rz(ﬂ (3.57)
00000 0 0
0,000 0 01 0
_(000001_

The output gain of the LQR denoted L is of the following form:

L [fn Lo L1z Lis Lis Lie Li7 (3.58)
o1 Loo Loz Loy Los Log Loy

The block {K: L15] is denoted Ly and [L21 L25} is denoted Ly, {Lm Ll?} is
denoted Ly, and { Log L27} (is denoted Ly,.

Then, the closed loop statk space model with §¢ and ¢ as input is the following:

F_B|Y|l _B L"i] _
_ Lu Lu, + 1572 [9] (3.59%)
—Hy 2 u‘
( ~H, 0 '
i Z
y=|H 0572} ), (359b)

The block diagram of the longitudinal control with ¢ = 7,¢ + & and a¢ = W is
shown in Figure 3.8. B

The control outputs d. and §; with the guidance inputs ‘Vgcl and v,¢ and the navigation
input z are given by:

(5_6 = _L9% B % [’)7&0 + (quui + AwHwi) - HG%] (3603‘)
- . Ly Vg A\ VuHyz N
0y = —Lyz — DR Huz> (3.60b)
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Figure 3.8: Longitudinal control systems of the UAV with |V,°| and 7,°.

The state space model of the longitudinal control with the linearized longitudinal UAV
dynamics is then:

5 < F—B[L9 -B Lei] .
L L, .
6| = i R A (3.61a)
A, A, 0 0| —Hs 0 0 2 Ve
’ 0 % 0 0-Ha 00 ' (
y= |:H 0572:| ; (3.61b)

)

This system of equation is applied to the longitudinal model (3.48) with the airframe
parameters of the Appendix A.1. By linearizing around 40 ms~—! and 500 m, the step responses
of figures 3.9 are obtained:
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Figure 3.9: Step response of ¥, and |V,| with step amplitude of ,° = 1° ((a) and (b)) and |V,°| =
Ims~! ((c) and (d)) of the longitudinal plant with longitudinal control

3.8 GUIDANCE

This section aims to define the guidance of the UAV. The flight phases can be divided into
multiple phases. Only the level flight phases — that can include small altitude adjustment
— is considered in this section. It is assumed that the UAV is initially in a steady flight at
500m ASL.

3.8.1 Longitudinal guidance law

The longitudinal guidance law is fed by the navigation module with the longitudinal states
and feeds the control module with the desired air-mass-referenced flight path angle +,¢ and
desired velocity |\7g‘. The external view of the module is shown in Figure 3.10

The longitudinal guidance considered in this thesis contains a pre-registered waypoint to
reach. In order to decouple the longitudinal and lateral guidance, the waypoint considered
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Figure 3.10: Input-output representation of the longitudinal guidance module

in this longitudinal module is composed of a desired altitude and velocity to reach after a
specific time.

The control module already has a desired velocity. However, it takes as input a desired
flight path angle. The first step to guide the aircraft is then to get a desired flight path angle
from a desired altitude. This is done by using control techniques explained in Appendix C.

To minimize the error between py and its desired output py©, a new state py; is added and
pai = pa — Hp,z, where Hp, is the row of H that give the observability of the state py. Since
the altitude of the aircraft is controlled by the air-mass-referenced flight path angle input
Ya¢, then the state space model considered for the control with p;¢ only uses state z and 6;
and input 7,¢ of state space model (3.61). For sake of brevity in this section the evolution

matrix, input matrix and output matrix of (3.61) are denoted F¢, B¢ and Hg, respectively.

Then, new state-space model with py© as input in open loop is defined as:

01 6,1:6 [% 01 6, 1 [%C] + [05;1] [p—d } (3.62a)
o] | &

y= Han,l :6

(3.62D)

The full state feedback gain is obtained using the LQR method on (3.62), with zero weight
on the cross product matrix N. A good compromise between actuator effort and performance
for the UAV Aerosonde (airframe parameter in Appendix A.1) is obtained by choosing the
following Q and R matrix:

© o o o
]

o O O o o O

, R= [(ooo} : (3.63)

o O O O O O
o O O O o O
o O O O o o
o O o O O O
_ O O O O O O

00 0O00O

g/-G\D

The output gain of the LQR computation denoted L is of the following form:

(11 Lis L3 Lia Lis Lig Liz (3.64)
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The block [ 11 - Lw} is denoted Ly, and Lq7 is denoted L,,,. Then, the closed loop
state space model with py© as input is the following:
‘<01:6,1:6 — Bei:6,1Lpy _B01:6,1Lpdi] | 4 (671] [ dc] (3.652)
i —Hp, 0 I
di

f%,m Onz,1:| 0i | - (3.65b)
)di

However, the weakness of this control method for the altitude is that it will take the same
time to reach an increment of 1m or 100 m. This is due to the fact that the same linear
approximation is used in both cases and the model does not account for saturation in terms
of angles or angular rates. A large step in the desired altitude will result in a large input
in the desired air-mass-referenced flight path angle +,¢. This input can be above the small
angle assumption used for the linear approximation and even above physical limitation — for
example a desired 7,¢ above 90° to get a higher climb-rate. To avoid this situation a solution
is to use a saturator to limit the command applied on +,¢. However, using a saturator with
an integrator on the output error will wind-up the integrator that will probably provide an
overshoot in the desired output and take time to unwind or even destabilized the system. To
avoid this problem, a solution is to implement an integral anti wind-up system. The block
diagram of the longitudinal guidance with the control and UAV with a saturator and an
integrator anti-wind-up system is shown in Figure 3.11.

Ly |+

+®_ -
B d
o papa] oy | Pa [ |hey | Ta® o u
Pd _@) s pai (M2 / }VC HControl | UAV — |w
8 | i e 0
. o _
LPd <—‘ L g

de N

Figure 3.11: Longitudinal guidance of the longitudinal control for UAV

The gain Ly controls the integrator anti-wind-up system. The anti-wind up uses a gain
that was determined here empirically by simulation.

The dynamics with a saturator are non-linear. The controller is applied to the longitudinal
model 3.61 with the airframe parameter of the Appendix A.1 linearized around 40 ms~!
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and 500 m with saturation on ~,° above and below 28° and with a gain Ly = 2. The step
responses and input on v, of Figure 3.12 are obtained.
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Figure 3.12: Step response of —pg“ with step amplitude of —p;° = 1m ((a) and (b)) and —p4° = 50 m
((c) and (d)) of the longitudinal control with longitudinal guidance. All results are
obtained with ‘Vgc| =0ms!

Figure 3.12 shows that the saturator with the integrator anti-wind-up system performs
well. The ~,¢ is constrained inside its physical limitation and small enough to satisfy the
linearization assumption. As expected it takes more time to complete a large altitude step
(when the +,¢ reaches saturation) than it takes to do a small step (when the 7, is not the
saturated).

This guidance module is thus well-suited to be used for following the set of pre-defined
way points.

Figure 3.13 shows a list of waypoints and the trajectory performed by the UAV with the
same parameters used for Figure 3.12. The second altitude waypoint is set to 5m while the
fourth is set to 50 m. Then, the second waypoint is reached without saturation of the ,¢
input while fourth saturates it.

Figure 3.13 shows that the altitude waypoints are not reached at the desired time, the
same would have been observed on the velocity if waypoints were not the same during all
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the simulation. This behaviour is due to the guidance that sets a new desired output of the
waypoint at its associated time. To reach the waypoints at the specified time, the guidance
module must be more sophisticated. A possible solution is to anticipate the command to send
to the controller. However, for the purposes of this thesis, the simple longitudinal guidance
module presented in this section is suitable.
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490 \ \ \ \ \ > 398 \ \ \ \ \
0 10 20 30 40 50 60 0 10 20 30 40 50 60
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(a) Altitude waypoints (b) Velocity waypoints

Figure 3.13: Altitude (a) and velocity (b) of the UAV with waypoints

3.9 CHAPTER SUMMARY

In this chapter, a detailed dynamic model is introduced for the fixed wing UAV under
consideration in this thesis, including sensor models. This model is essential for fault
estimation using model-based approaches, which require a process model. Under realistic
assumptions, including a low side-slip angle, the longitudinal and lateral dynamics can be
decoupled and both models can be linearized about their desired trim conditions. Moreover,
the longitudinal control and guidance of the UAV was presented to allow for tracking of
simple trajectories with a close loop system. This is necessary to visualize the impact of a
fault on the trajectory of the UAV. The numerical results presented in this thesis are then
obtained using the model, control module and guidance module presented in this chapter.
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Model-based approaches were introduced in Chapter 2 for both fault isolation and fault
estimation. It has been highlighted that fault estimation is of higher interest for autonomous
vehicles without hardware redundancies. The mathematical model of a small autonomous
fixed wing UAV without hardware redundancy was introduced in Section 3.2 for the case of
non-linear dynamics and in Section 3.5 when the dynamics were linearized. In the presence
of sensor and actuator faults, the model presented in this chapter is an extension of the
small UAV model, which is hybrid and multimodal, to account for the possible faulty and
fault free modes of operations. A JMRPF will be shown to be well-adapted to detect and
estimate the fault for this class of system models.

This chapter is organized as follows: Section 4.1 details some of the issues that fault
estimation on UAV is facing. In Section 4.2, the limitations of state-of-the-art methods facing
these issues are highlighted, and Section 4.3 introduces the idea behind the mechanism of
the JMRPF to overcome them. In Section 4.4, a formulation of the JMRPF is introduced with
the associated algorithm. Section 4.5 presents a detailed numerical simulation analysis of
the new algorithm applied to a fixed-wing UAV under sensor and actuator faults. Section 4.6
summarizes the lessons learnt from this chapter.

4.1 UNMANNED AERIAL VEHICLE FAULT ESTIMATION REQUIREMENTS

Due to the application considered, it is clear that any fault must be estimated quickly and
accurately to avoid compromising the mission, run down the UAV integrity, or even the
integrity of elements in the UAV’s surrounding environment. Thus, the method proposed
must be able to estimate faults quickly and accurately, with a good false alarm and missed
detection rate.

Moreover, as presented in Section 3.4, the UAV has multiple sensors that provide the
same information with different measurement noise. This can be seen as an advantage
for state estimation, but it also makes the sensor fault estimation more complex. Indeed,
the use of multiple sensors to measure the same variable is what makes the measurement
function ambiguous in a faulty situation. This is due to the fact that only the sensor noise
parametrization makes it possible to differentiate between the observations. Figure 4.1 shows
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the situation where two sensors with different noise standard deviations are used to measure
a state x with measurement equations given by:

LI

The only difference between these two equations are the measurement noises v, and vp. The
measurements y, produced by a sensor a are faulty whereas the measurements y; from a
second sensor b are fault-free. The state estimation of xj is based on the posterior density of
p (x| Y1.1) after updating the predicted state density p (xx|Y1.6—1)-

In this situation, basing the decision on the posterior density p (xx|Y1.x) highlights the fact
that there is an ambiguous choice to decide which mode of the posterior density corresponds

to the state estimate.

p(xk | Yig-1) P (Yag | Xk) ==
p(xi | Yig) == D (Yor | Xk)

Measurements space
Yok

Conditional
density

Xk
State space

Figure 4.1: State estimate of x with a fault free and a faulty measurement estimate density

Therefore, the methods proposed must be able to estimate ambiguous sensor faults — in
other words, there is a multimodal probability distribution with one possible states.

4.2 LIMITATIONS OF EXISTING METHODS

Since an approach that can estimate multimodal states must be considered to estimate the
fault in the application treated, the RPF, which is a state-of-the-art method for multimodal
state estimation, is used as a benchmark. Indeed, it has been highlighted in Section 2.5 that
this algorithm is suited for non-linear state estimation, even in the presence of multimodality
and non-Gaussian noise. Then, to provide an understanding of the underlying principles of
the methods proposed in this section, the main steps of the RPF are briefly recalled: The
RPF uses a model to propagate the particles during the prediction step. If the model has
high uncertainty, it will spread the particles over a wider region of the state space than the
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low uncertainty case. At the update step, the likelihood of the particles is evaluated, and
their weights are updated accordingly. Then, at the estimation step, a global state estimate
is made based on the likelihood and the state of each particle. Finally, the resampling
step, where the efficiency — or another criterion — is computed and if the criterion is
triggered by comparison against a threshold, then the resampling step is preformed. During

the resampling, the most likely particles are kept and duplicated while others are removed.

The RPF adds noise when particles are duplicated. This allows the particles to cover a wider

area and reduces the chances of superposed solutions compared to the SIR particle filter.

The regularization noise has an impact on the area covered by the kernel at the resampling
step. However, this regularization noise has a more limited impact than the process noise in
terms of area covered.

When faults are considered, the particle placement performed by the RPF is not flawless.

Indeed, when a fault occurs, the fault state moves from a value close to zero to the value of
the fault. However, this value of the fault can take several time steps to be reached or may
not be reached at all. Indeed, even when the particles are propagated, if the value of the fault
is not covered by the current particles, then the RPF may never reach this value. To reduce
this risk, the solution may be to increase the process noise and the regularization noise,
even if the latter has a less significant impact. Doing this, however, degrades the accuracy
of the estimate, and choosing an ad-hoc process noise that complies with the amplitude
of the additive abrupt faults that the system may encounter, given assumptions on the
amplitude of faults. This is possible since, for example, an actuator is physically bounded to
its reachable range, and it is safe to assume that a fault cannot have an amplitude outside
this range. However, having a process noise that is able to cover all this range will lead to
a poor estimate in terms of accuracy. The estimation of a state with process noises suited
and not suited to the amplitude of an abrupt change is illustrated in Figure 4.2, where x
denotes the fault state at time step k.

In Figure 4.2, the poor accuracy of the estimate due to a large process noise is visible
in Figure 4.2a and Figure 4.2b, even when the system is fault-free. This is illustrated in
Figure 4.2a where the particles are spread on a wider area than in Figure 4.2¢ where the
process noise is smaller, and then the accuracy is better. However, when the fault occurs,
the system with the large process noise is able to place particles around the fault. This
is illustrated in Figure 4.2b, while in Figure 4.2d the particles cannot be placed around
the fault since the process noise is not large enough to reach the fault. In Figure 4.2b the
estimate of the fault is not yet close to the real fault since the resampling step does not
occur yet, but the likelihood show to be high on around the fault.

This result is confirmed in Figure 4.3 where the 10 steps before and after the fault occurring
are shown. Indeed, in Figure 4.3a the system with the large process noise is able to converge
to the fault in few time steps but with a poor accuracy, while in Figure 4.3b the system with
the small process noise is not able to converge to the fault within the 10 time steps shown
after the fault occurred, but it has a better accuracy.

Then the main limitation of the RPF for fault estimation is that a trade-off must be chosen
between the accuracy and the maximum amplitude of fault able to be estimated.
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Figure 4.2: RPF performing estimation of an additive abrupt change, with a fault occurring close
enough from the previous approximated posterior density — (a), (b) — and far from the
previous approximated posterior density — (c), (d) — in comparison to the process noise.

However, this limitation can be partially overcome by other existing methods like the IMM.
Indeed, the advantage of the IMM is to run several models, including one for the nominal
mode. Then, a model with a small process noise can be used to estimate the faulty free
situation, and a model with a large process noise can be used to estimate the fault. This lead
to an accurate estimate of the state in the fault free situation, since no fault estimate is used
in the estimate of the state vector. However, the accuracy of the fault and thus, the accuracy
of the estimate of the state components impacted by the occurrence of the fault are lowered.
Moreover, the use of a IMM with a RPF is not possible for real time application, as explained
in Section 2.5.7.2. Then the advantages of the RPF, including estimating multimodal states,
are lost.

To overcome all these limitations listed above, a new method is proposed in the following
section, allowing estimation of a multimodal state and abrupt additive fault without changing
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(b) RPF with a small process noise compared to the fault amplitude
estimating a fault.

Figure 4.3: RPF performing estimation of additive abrupt faults over 21 time step, with a system
with a large process noise regarding the fault amplitude — (a) — and one with a small
process noise regarding the fault amplitude — (b). The size of the dots corresponding to
the weight of the particles at the update step. The system used is the one of Figure 4.2

the process noise regarding the amplitude of the fault, and without degrading the state
estimate in a fault free situation.
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4.3 PRINCIPLE OF THE JUMP-MARKOV REGULARIZED PARTICLE FILTER

A way to overcome the limitations listed above is to provide a process model that takes into
account abrupt changes. To do so, a JMS is used. Indeed, JMS can handle abrupt changes
by switching from one mode to another. This mode switching is performed on the basis of
transition probabilities that model the potentiality of changing the current system mode
to another mode, for example non-faulty to faulty or faulty to non-faulty. These transition
probabilities are used in the allocation of the particles by moving only some particles
proportionally to the probabilities of the other mode. Then, a JMS can be associated with
each particle and each particle can switch between modes and then be moved when they
switch. For fault estimation, this JMS represents two modes:

« The mode m®), which represents the fault-free (or the nominal) mode;
e The mode m(Y), which represents the faulty mode.

The transition between those two modes are defined by a transition probability matrix here
denoted II, it is given by:

[t 2]
01 711

where 71 is the probability to switch from fault-free mode m(©® to faulty mode m™) while
the probability 7o is the probability to switch from faulty mode m®) to fault-free mode m(©).
The m;; entries are the probabilities that the system remain in the same mode. Therefore,
oo = 1-— 710 and ™1 = 1-— 01-

The associated Markov chain of the JMS used is illustrated in Figure 4.4.

10

00 @ 11

o1
Figure 4.4: Markov chain of the JMS for fault estimation

Unlike the multiple model architecture where multiple modes are propagated in parallel
and interact to determine the estimated state as shown in Figure 2.18, here a Markovian
jump model is used to switch between model corresponding to the fault modes. In the
approach described here, only two discrete fault modes are considered. The mode vector
associated with the actuator faults vector £, is denoted m,. The mode vector associated with
the actuator faults vector fs is denoted mg. The concatenation of the actuator fault vector f,
and sensor fault vector f; is denoted f, and the concatenation of the mode vector m, and mg
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is denoted m. The value of each fault estimate vector f, and f; depends on the mode. Indeed,
if a mode is associated with a fault estimate which is set to m(?), then the state estimate
cannot be different from 0 since the state is in a fault-free mode. In the same way, if a mode
is associated with a fault estimate which is set to m®), then its value cannot be equal to 0
since the state is estimating a fault.

When a state of a particle of f is in a fault-free mode, the process noise and the regularization
have no effect on the state of this particle, since it is set to zero. The propagation of the
particle with the process noise and the regularization noise only affects the state in faulty
modes. When a state of a particle switches from a fault-free to a faulty mode, a value different
from zero must be assigned to it. This value, denoted A¢, must be as close as possible to
the potential fault for the method to be effective. The particles that switch from fault-free
to faulty modes are sometimes called sentinel particles in this thesis to indicate that they
are placed around a potential alternate fault mode to test its likelihood. This process is

illustrated in Figure 4.5 at time step k.
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Figure 4.5: Fault estimation using a JMS with a RPF, with AffC = f}c + 77}'€
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In Figure 4.5a, all the particles are in a fault-free mode m(®, while a fault occurs. By
keeping all the particle in this mode, the fault cannot be estimated. A few particles are
therefore selected according to the transition probability w1 to be in mode m®) and then
moved around the fault value fi. This is performed at the prediction step, as illustrated in
Figure 4.5b. Since the fault is not yet estimated, the value A; at which the particles are
moved is a prediction. In the illustration of the method, the prediction is assumed to be
correct. The detail of how this predicted value is chosen is presented later in this chapter.
After moving the particles around the fault, the likelihoods of the particles are computed.
Then, since the sentinel particles are the particles nearest to the maximum likelihood value
— which is at the fault value — the likelihood of these particles should be the highest of
all the particles of the state. This is illustrated in Figure 4.5c. Since the likelihood of the
sentinel particles is higher than the fault-free particles, the majority of the particles should
be placed around the sentinel particles due to the resampling and regularization step, and
the fault is then estimated by this cloud of particles.

In the previously described case, illustrated by Figure 4.5, the sentinel particles — particles
with discrete state m!) — are placed around a potential fault. For this method to work, a
potential fault value will have to be obtained, as described in Section 4.4. Moreover, since this
method is performed with a subset of particles selected at each time step whose cardinality
depends on a constant transition probability, it is clear that particles can be moved away
from zero while the system is in the fault-free state. This situation is illustrated in Figure 4.6.

In Figure 4.6a, all the particles are in a fault-free mode m© | and no fault occurs. However,
since the transition from the fault-free to the faulty mode depends on probabilities, particles
can switch to faulty mode when there is no fault. This is illustrated in Figure 4.6b. However,
if the particles are moved away from zero while there is no fault, then their likelihoods at
the update step should be smaller than the likelihood of the particles in the fault-free mode.
This is illustrated in Figure 4.6¢c. Then, they are not contributing — or more precisely, their
contributions are negligible — at the estimation step. At the resampling and regularization
step, the majority of the particles should be placed in m(®, around 0 and the sentinel
particles are likely not to be duplicated, and even removed.

Note that in both Figure 4.5 and Figure 4.6, the weight is computed without considering
potential state. However, in a real situation or simulation, a single weight is computed for
the whole state vector x.

Then, this method should allow the use of a small process noise and track a fault with
a large amplitude compared to the process noise. Figure 4.7 illustrates an example of the
solution proposed over 21 time steps with the same process noise as Figure 4.3b and the
same amplitude. Using the JMS, it becomes possible to estimate the fault.

In Figure 4.7, the RPT associated with a JMS corresponds to the same precision obtained
with the small process from 4.3b when the system is in a faulty situation, and even enhances
accuracy in a faulty-free situation. Moreover, the fast convergence to the fault is comparable
to the RPF with the large process from 4.3a.
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Figure 4.7: RPF associated with a JMS performing estimation of additive abrupt sensor faults over 21
time step. The size of the dots correspond to the weight of the particles at the update

step. The system used is the one of Figure 4.2 for figure (c) and (d).

Since the proposed solution is based on a RPF and uses a JMS to achieve all the above
requirements, the proposed filter is called the JMRPF [71]. This JMRPF belongs to the class

of jump-Markov particle filters presented in Section 2.5.8.
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4.4 FORMULATION OF THE JUMP-MARKOV REGULARIZED PARTICLE FILTER

The stochastic process model of the JMRPF, for additive actuator and sensor fault, is given
by:

My ~ P (mak’mak—l) (4.3&)
Mgy ~ P (msk|msk—1) (4.3b)
k Fr (21, ug + fag—1)
k| = Gakm,,, (far—1) Nk, (4.3¢)
fsk gskmsk (fskfl)
\ ( Vi = Hi (2x) + £ + v (4.3d)
where Gokm,, (+) and Gspy,, (+) respectively represent the dynamics of the actuator and sensor

faults associated with their mode vector, and Moy, 1S the process noise associated with the
mode vector my. The process noise 1, depends on the mode and when a state of f is
associated with the mode m(®), the process noise associated with this state is set to 0. The
measurement noises are assumed to be zero-means Gaussian noises with a constant variance.
The occurrence of faults on sensors translates only in a variation of mean which expresses as
a variation of f;. In other words, the fault type under consideration in the filter design is on
the mean, not on the variance of the measurements. A generalization would be possible by
adding the variance as another piecewise constant state of the extended state vector, but
this fault type is beyond the scope of this thesis.

Since only the state vectors f, and f; are respectively associated with the mode vector m,
and myg, then the extended hybrid state vector of the JMRPF for fault estimation is given by
the two-ple:

z,
(x5, mg) = k| [:Cak] (4.4)

sk
The system model (4.3) can then be written as an extended state space model:
my, ~ p (my|mg_1) (4.5a)

Xk = from, (Xk—15 W) + Moy, (4.5b)
k= Pem,, (X&) + V% (4.5¢)
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where fiy, () and Agy, (-) respectively represent the dynamics and the measurement function
of the extended state vector x associated with the mode vector m;. They are respectively
given by:

(k (zp—1, wg + fap_1)
Srem, (X1, wg) = Gakm,, (Fak—1) (4.6a)
Gstem,y, (k1)
ey, (%) = Hy (21) + Loy (4.6b)

Since only two different modes are considered, and given that the state of f associated
with the mode must be equal to zero when the mode is in the fault free state m(?), then in a
fault free situation the system and measurements functions fx (-) and hy (+) are respectively
given in the fault free mode by:

k (Zk—1, )
Ji 0 (Kp—1, ) = 0 (4.7a)
k
0
by o) (%) = Hp(2x) (4.7b)
k
where mg)) represents the case when all the states of the mode vector my are in m(9.

Moreover, the process noise is set to 0 for a state associated with a mode in m(®) — but the
process noise on the state vector z; cannot be deactivated since it is not associated with
a mode vector. Then, when a particle X%c has all its modes set to m(®, it is equivalent to
performing the estimation of z.

4.4.1 Prediction step
The prediction step of the JMRPF aims to predict the hybrid state vector (xj, mg). The prior
state density p (xx|my, Yi_1) is obtained by the Chapman-Kolmogorov equation (2.22), and

is given by:

p(xpmy, Y1) = /(p (X [Xp—1, M) P (X1, Yi_1) dxp_1. (4.8)
Rz

This prior state density is then approximated by the distribution of Dirac:

N
p (xg|mg, Yi_1) ~ Zw;ﬁﬁ ( k— X}qk,l) (4.9)
i=1
where le ;_1 are propagated using the following probability transition density:

Xz;\k—l ~p (’sz;q—la my,) (4.10)
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where m}‘€ is the mode vector of the i*" particle that has been predicted. The prediction of
the modes is performed using (4.5a), where the density p (-) is chosen to be uniform, since it
is assumed that there is no prior information on the fault mode. The prediction of a discrete
mode is illustrated in Figure 4.8.

p(my [my_ ) == P(m®|[m)) @ PmW|mb)) =

Uniform
density

Y

@)

Uniform draw

Figure 4.8: Prediction of a mode of the JMRPF.

Then, the j** mode of the i*! particle of the mode vector my, denoted mZ’j is predicted as
follows:

© ifv, < Wéo and mZ’j 1= m(©

i M ifv < 7'(‘10 and mk 1= =m(®
m’ = ©) 7 ) (4.11)

ifu, < 7r01 andmk L=m

W ifyy, < 7r11 and mk 1= =m

where 77 is the \transition probability associated with the j®* mode of the mode vector my,
and vy ~U (0, 1) N

Then, the ;" state of the i*" particle of state vector f}, denoted f;” and which is associated

with the mode m is given by:

0 ifmz.’j =m(° )andmk 1= =m0
ifmfg’j =mW and mk 1= =mO)

Bk = = s, = ) (4.12)
fb ifmi’j =mW and mk L= =m)

The prediction\of the mode vector my and the computation of the state vector f, regarding
the value of the mode vector is the jump step. The jump step is described in Algorithm 4.1,
where the transition from m®) to m{) is not covered since no change to the value of fj,
is needed. However, the transition from m(® to m(© is covered to avoid potential noise
introduced on this state before calling the function JuMP.

One difficulty with this method is the need to provide a value for the predicted fault
amplitude A;. This value is computed differently in the case of sensor or actuator faults.
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Algorithm 4.1 Jump step of the jump-Markov regularized particle filter
Function Jump(f,, my, Ag,)

UV ~ u (0, 1)
if mp, = m© then
if v, < 7 then //Transition m(®) — m®)
fk — Afk. //See (4 12)
my, « m(H //See (4.11)
else / Transition m(©) — m(©)
| £+ 0 //See (4.12)
else if m; = m™) then
if v, < w1 then // Transition m™®) — m(©)
fr <0 //See (4.12)
L my, + m(%) //See (4.11)

4.4.1.1 Predicted value of the fault amplitude for actuator faults

The predicted value of the fault amplitude for actuator fault is denoted A¢, . Based on the
work by Saif and Guan [72], on a linear system it is deduced that the actuator fault can be
given by:

far—1 = By (—Frzr—1 + 2 — Brux—_1), (4.13)

where B}, = (B,IB;C)_IB;—. However, z; is not known before the estimation step, therefore
the predicted state zy;_; is used. The predicted values of the fault amplitudes for actuator
fault vector f, denoted Ay, are then given by:

Ay =B (~Fadir + 2}y — By 1 ) ( (4.14)

4.4.1.2 Predicted value of the fault amplitude for sensor faults

)

The predicted value of the fault amplitude for sensor faults is denoted A¢ . The measurements
equation with an additive fault and without considering the noise is given by (2.3b). The
additive sensor fault is then given by:

for = yi — Hi (21) (4.15)

The true value of the state vector zj is unknown, hence the value of f;, cannot be obtained.
However, the idea here is to obtain a predicted value of the fault when the state vector is
in m© and switches to m(!). This means that the predicted value of the particle zz does
not depend on the mode and can be obtained using (4.7). Then, z?;' ,_1 is known, and the
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predicted values of the fault amplitudes for the sensor faults vector f; denoted Ay, is given
by:

Agy, = fs;‘g‘k_l (4.16a)
= v = Mo (2 ) (4.16b)

The prediction step of the JMRPF is described in Algorithm 4.2, using the previously
defined function JuMP.

Algorithm 4.2 Prediction step of the jump-Markov regularized particle filter
Function PREDICT(X}C:‘QIA, N, miY | ug, yi)
for each i € [1, N] do

X < i (X we) //See (4.10)
//Jump step of state vector fay,
Ag,j, + up — CTL (ZZ|k_1,r2) //See (4.14)
for each j € [1, ny,| do

L JUMP(fa;"Jk_l, m,,”, Ag ) //See Algorithm 4.1
//Jump step of state vector fgy
Afs;c Yk — hi <x2|k_1) //See (4.16)
for each j € [1, ny] do\

L JUMP(fS;"Jk_l, mg;”, Ag ) //See Algorithm 4.1

4.4.2  Update step

The update step of the IMRPF aims to update the hybrid state vector (xj, my).
The posterior density p (xx|mg, Yi) is obtained by the Bayes formula given in (2.23) which
gives:

Xk, N X |my, Yi_
p ([, V) = /p(Yk kM) p (X [my, Y1) (4.17)

<p (¥k|xK, my) p (xx|my, Y1) dxi
R

This posterior density is then approximated by a weighted sum of Dirac distributions:

N

P (xg g, Yi) &~ ) (Ji;(&;; (xx) (4.18)

=1



4.4 FORMULATION OF THE JUMP-MARKOV REGULARIZED PARTICLE FILTER

where the weights w! are proportional to the likelihood and are calculated by the following
formula:

W) X Wh_1p (Yk|x7l:g‘k;_17 m§€> (4.19)

The weights are then normalized to ensure (2.74). The algorithm of the update step of the
JMRPF is the same as the one from the SIR particle filter detailed in Algorithm 2.3.

4.4.3 Estimation step

The estimation step aims to obtain a global estimate of the state vector X, with its associated
covariance matrix Py. This step is the same as the one from the SIR particle filter, detailed
in Section 2.5.6.2. The algorithm of the estimation step of the JMRPF is the same as the one
from the SIR particle filter detailed in Algorithm 2.4.

4.4.4  Regularization-Resampling Step

The regularization-resampling step aims to remove the particles with a low likelihood
and replace them by duplicating the particles with a high likelihood and regularizing the
duplicated particles. This step is the same as the one from the RPF detailed in Section 2.5.6.3.
However, the joint posterior density is now approached by:

N
p (X, mg|Yg) ~ Z wi K, ()GC —x}) Omi (my) (4.20)
i=1

The algorithm for the regularization performed by the JMRPF is given by function REGU-
LARIZE in Algorithm 2.7.

The JMRPF is presented in Algorithm 4.3, using the previously defined function PREDICT,
and the function used by the RPF.
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Algorithm 4.3 Jump-Markov regularized particle filter

k<0
f //Initialization
Loop
k< Fk+1
PREDICT(X}C]QT_I, xEN, miY ) uy, i) //See Algorithm 4.2
UPDATE(w,i:N, w,ﬁ:_Nl, x}cijkv_l, Vi) //See Algorithm 2.3
ESTIMATE (X, Py, x}g:‘kN_l, w,i:N) //See Algorithm 2.4
Nofr ¢ w—+— //See (2.53)
3 ()’
if N eff < NT'ygp then J/if true then resample
MULTINOMIAL (%, x|, wi™) /See Algorithm 2.5
for each i € [1, N] do
L wi +— & //Reset the weights, See (2.55)
REGULARIZE(xE Y, 1N, Py) //See Algorithm 2.7

4.5 COMPARATIVE NUMERICAL SIMULATION ANALYSIS

In this section the ability of the JMRPF to perform fault estimation when an ambiguous
sensor fault scenario occurs is evaluated. For the sake of brevity, only the longitudinal system
is considered.

Since it is one of the main limitations of the interacting multiple model Kalman filters
(IMM-KF), a comparative simulation of both methods is performed to see how the JMRPF
overcomes this limitation compared to the IMM-KF. To separately evaluate the effect of sensor
ambiguities with the IMM-KF and JMRPF without the added effect of non-linearities, linear
process and observation models are used. The model used in this section is then the one
described by the longitudinal equation from (3.48) with trim point set to 40ms~! for the
airspeed velocity, 500 m for the altitude, Orad for the flight path angle in a straight flight.
The control and guidance are designed as described in Section 3.7 and Section 3.8 for the
longitudinal system. The desired altitude is set to 500 m and the desired velocity to 40ms™!.
Since ambiguous sensor faults must be simulated, the measurements vector contains two
measurements of the altitude from two different sensors: a GNSS receiver and a barometer.
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The linear system used for the true state computation is then given by:
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(4.21D)

where fg<is the fault state estimate of associated with the GNSS receiver fault, and f; is the

fault state estimate of associated with the barometer fault, and where the measurement noise
is a zero mean Gaussian noise with standard deviations for each sensors respectively given by

OGNSS,—pg — 5m, Obaro,—pq — 1m, Oaccelyu = 11118_1, Oaccelw — 1mS_17 Ogyro,0 = 0.01rad
and ogyroq = 0.0021ad s~!. The standard deviation of the measurement noise used by the
estimation filters is 1.5 times these standard deviation used for the true measurements.
The faults considered for the simulation are abrupt additive faults. Since only one dynamic
fault model is considered, the IMM-KF is designed with a bank of two Kalman filters. One for
the nominal mode, and one for the faulty mode. The output matrix for the process model of
the nominal mode denoted H,_ (o) is given by:

H, o =

/1 0
10

o O

o O O =

r
e OO

S O = O O O

o = O O O O

— o O O O O

o O O o o O

o O O o o o

(4.22)
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and the output matrix for the process model of the faulty mode denoted H, 1) of the IMM-KF

which is also the output matrix of the JMRPF is given by:

H, o =

{1 0 0
100
0 1 0
0 0 1
0 0 0

[en)}

0

= o O O O

0

_ o O O O O

o O O O =
o O O = O

(4.23)

1 @ O 0_ (‘
Since the faults are on the measuremehnts only, the evolution and control input matrices
for the process without the discrete mode are the same for both modes of the IMM-KF, and
they are also used by the JMRPF. The linear process model used by filters is of the following

form:

= Hpxp, + vy

{ Qk; = Fgx_1 + Brug +1my,

where the evolution matrix F; and the control input matrix By are given by:

[ 0 0.05
( 0.98  0.01
0 —0.02 0.88
Fr=10 0 0
0 0 —0.04
0, 0 0
({ 0 0
and
[ 0.01 0 |
6.08 1.59
—1.70 —0.01
Br=1-005 0
—209 0
0 0
0 0 (

Since both thg

JMRPF and t

matrix given by:

I — 99 0.01
01 0.99

-2 0
—-0.49 —-0.09
—-0.02 1.85
0.05
0.93

0

o = O O O O O
_ o O O O o O

o O o =

0

(4.24a)
(4.24D)

(4.25)

(4.26)

he IMM-KF use a JMS, they both use a transition probability

(4.27)
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The fault scenario under consideration lasts 50s. For the first 10s, no fault is active in the

system. At 10s the first abrupt fault occurs on the GNSS receiver with an amplitude of 50 m.

After 10 more seconds, another abrupt fault occurs on the barometer with an amplitude of
30m. The GNSS receiver abrupt fault is then deactivated at 30s, followed by the barometer
fault at 40s. The scenario is illustrated in Figure 4.9.
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Figure 4.9: Fault scenario for simulation of ambiguous sensor faults with a GNSS receiver fault in
altitude and a barometer fault in altitude.

The process noise of the JIMRPF and the IMM-KF is the same for the state vector z for all
modes. It is a Gaussian process noise with a standard deviation o, given by:

I 1m
0.1ms™?!

0, =] 0.1ms™! (4.28)
0.02rad
i .OOQradsfl_

However, for the process noise of the state vector f, the JMRPF can estimate the fault with
a process noise that does not depend on the faults amplitudes, it has been empirically set
with a standard deviation of for both fault states given by:

_1¢.08m
e [fr]. o

On the other hand, to estimate faults with amplitudes of 50 m and 30 m the process noise
of the Kalman filters used for the process model of the mode m(") of the IMM-KF must be
dimensioned accordingly. Since the mode m(9) of the IMM-KF is the fault-free mode, then
there is no fault estimation on the process model of this mode, and the process noise of the
associated state vector f is set with a standard deviation for both fault states of the mode
m(©) given by:

o = Km] . (4.30)
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To select the process noise of the mode m®) of the IMM-KF several simulations with
different process noises magnitude have been performed with a Kalman filter, to estimate a
state with an abrupt change of an amplitude of 50 and 30, using the same measurements noise
and fault dynamics of the UAV simulated. 100 simulations per process noise magnitude have
been performed and mean estimate of the process noises selected are shown in Figure 4.10.

Estimate
w
)

|
—
SO

Time (s) Time (s)
(a) Abrupt change of 50. (b) Abrupt change of 30.

Figure 4.10: Mean estimate over 100 simulations performed by Kalman filter of a state x with x = 0,
an abrupt change of x at 1s of 50 (a) and 30 (b), a white Gaussian measurement noise
of 5 (a) and 1 (b) and different standard deviation o, for the Gaussian process noise.

In Figure 4.10, the estimation of a state component with an abrupt change of 50 gives
a relatively fast and fairly accurate estimate of the state with a standard deviation of the
process noise of 5, and 1 for an amplitude variation of 30. The process noise of the JMRPF
on the other hand shows that it is too small to estimate any gap of the amplitude of the
faults considered within a relative short time, if the fault is estimated using a Kalman filter.
Then for the mode m™) of the IMM-KF, the process noise of the state vector f is set with a
standard deviation for both fault states given by:

or = E 2] ( (4.31)
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The standard deviation used to compute the initial covariance matrix Py for both filters,
denoted oyg is given by:

_ 'm _
Ims!

Ims!
Ox0 = 0.04rad (4.32)
0.0lrads™?!

Om

Om

Finally, for the JMRPF, the number of particles is set to 1000, the resampling threshold
I'yspr is set to 0.15 and the bandwidth factor i of the Epanechnikov kernel of equation (2.61)
is set 0.3115. The number of simulations performed is 100 with a time step of 0.05s.

The first results illustrated in Figure 4.11 are the estimates by the JMRPF and the IMM-KF
of the median results of the 100 simulations performed. The selection of the median result is
detailed in Appendix D.
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(a) Fault on the altitude of the GNSS receiver.
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(b) Fault on the altitude of the barometer.

Figure 4.11: Median result of the fault states of the UAV under additive abrupt ambiguous sensor
faults estimated by a JMRPF and a IMM. Median results based on 100 simulations.
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In both Figure 4.11a and Figure 4.11b, the fault free situation of the first 10s is properly
estimated by both IMM-KF and JMRPF. The small process noise of the JMRPF and the mode
m(© of the IMM-KF provide a clear zero estimate. However, when the first GNSS receiver
fault is activated at 10s, differences are beginning to be noticeable between the two filters.
On the JMRPF side, the estimate of the GNSS receiver fault is performed in only a time step
while it took a little more time steps for the IMM-KF to converge to the fault amplitude. This
is an expected result given the choice of a standard deviation of 5m for the process noise
of the GNSS receiver fault, as it is illustrated in Figure 4.10. Nonetheless, a larger process
noise for the estimation of the GNSS receiver would decrease its convergence time, but also
degrade its estimate by increasing its variance, which is already much larger than the one
of the estimate performed by the JMRPFE. The use of the mode m™) by the IMM-KF also
degrade the estimate of the barometer fault while it is in fault-free situation since it use a
larger process noise for the fault estimate of it too. While the estimate of the barometer
fault by the JMRPF in fault free situation has produced no significant change in its estimate.
The use of a separate mode for the GNSS receiver fault and the barometer fault could solve
this issue for the IMM-KF however the scenario used aims to highlight the capacity of the
methods used in when both faults are active at the same time. This happens, at 20s when
the barometer fault is activated too. From this point, the estimate of the IMM-KF is having
a significant error on both faults estimate. Indeed, only half the fault of the barometer is
getting estimated and the estimate of the GNSS fault is also getting impacted by a sudden
increase of the error of the fault estimate by 15m. The JMRPF on the other side, estimates
the barometer fault quickly and accurately. This deactivation of the GNSS fault slightly
improve the estimate of the barometer fault by the IMM-KF but a 15m error on both GNSS
receiver and barometer fault estimate is visible. The estimate provided by the JMRPF on the
other and return to zero when the GNSS fault is deactivated, no impact on the barometer
fault estimated is visible and when the barometer fault is deactivated too, the situation looks
similar to the first 10s of the simulation for both IMM-KF and JMRPT estimates.

The mode selection of the IMM-KF is illustrated for the median result in Figure 4.12.
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Figure 4.12: Weights of modes of the IMM-KF. Median results based on 100 simulations.

In Figure 4.12 the IMM-KF has worked as expected since the mode m(©) is selected with a
high weight when the system is in fault free mode, and the mode m™) is selected with a high
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weight too when the system is in faulty mode. Hence, the noisy estimate of the IMM-KF when
fault are activated due to the use of a larger process noise associated with the mode m®.

The behaviour of the median results of the JMRPF is illustrated in detail in Figure 4.13,
by showing the particles positions with their associated weights.
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(a) Fault on the altitude of the GNSS receiver.
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(b) Fault on the altitude of the barometer.

Figure 4.13: The 20 most weighted particles at every second of the median result of the UAV fault
states under additive abrupt ambiguous sensor faults, estimated by a JMRPF. Median
results based on 100 simulations.

In Figure 4.13, the particle placement has shown to be efficient since particles have been
place close to the fault amplitude. The size of the dots that representing the weights shows
that the likelihood of the particles is almost the same during all the simulation, expected
at 10s and 20s, which are the moments of activation of the fault. This is due to the fact
that the small amount of sentinel particles are correctly positioned after the fault occurred.
For example at 10s a small amount of particles is place around 50 m for the GNSS receiver
fault and around 0m — or even at Om if the particles are in m(®?) — for the barometer fault.
Since this configuration is the one that match the most the true situation of the system, it is
the one that has the best likelihood. Since it only concerns a small amount of particles their
likelihood is significantly higher than the rest of the particles. Then, the resampling step
duplicate most of the particles in this situation — particles at 50 m for the GNSS receiver
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fault and at 0 m for the barometer fault — and then the weights are closer in value to each
others. Same explanation can be done for the situation at 20s for the barometer fault.
The median results of the state vector z estimated by the JMRPF and the IMM-KF are

shown in Figure 4.11.
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Figure 4.14: Median result of the longitudinal states of the UAV under additive abrupt ambiguous
sensor faults, estimated by a JMRPF and a IMM. Median results based on 100 simulations.
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In Figure 4.14, all the longitudinal states of the UAV and their estimates are represented.
As expected, a bad estimation of the altitude sensor led to a bad estimation of the altitude
state. In Figure 4.14a the error between the true state and the estimated state is significance
for the IMM-KF estimate. The error is about 15m as the error of the estimated fault, and
it produces a dangerous deviation of trajectory for the UAV. Indeed, the UAV changes its
altitude from 500m to 485 m, without considering the overshoot due to control. The bad
estimation of the error could then lead to a deterioration of the integrity of the UAV. On
the others states shown in Figure 4.14, no estimation error is visible. For the estimate
performed by the JMRPF, the altitude is also affected by an error, but the error is about
1.77m at compared to the 15m of the IMM-KF. The error then led to a slight change in the
altitude trajectory but on a shorter duration. All the others states shown in Figure 4.14,
and estimated by the JMRPF does not show any significant error in the estimation.

The control inputs in the case of the JMRPF and the IMM-KF estimation are shown in
Figure 4.15.
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(b) Throttle.

Figure 4.15: Control inputs of the UAV under additive abrupt ambiguous sensor faults, estimated by
a JMRPF and a IMM-KF. Median results based on 100 simulations.

In Figure 4.15 the controls are not saturated. The change in the trajectory of the UAV
due to the fault is also visible here for both filter at 20s and 40s. Indeed, for the elevator
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deflection, a change in the input is visible even if it is more significant for the input associated
with the state estimated by a IMM-KF than the one for the JMRPF.

The results shown so far aims to show a typical result in order to illustrate the inconvenient
and advantages of the methods used. However, no generalization can be made from a single
simulation. To be able to conclude on the superiority of the JMRPTF over the IMM-KF for the
specific situation illustrated here, the root-mean-square error (RMSE) has been computed.

For the fault state vector f, the RMSE of the JMRPF and IMM-KF are shown in Figure 4.16.
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(a) RMSE of the fault estimate of the altitude of the GNSS receiver.
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(b) RMSE of the fault estimate of the altitude of the barometer.

Figure 4.16: RMSE of the fault states of the UAV under additive abrupt ambiguous sensor faults,
estimated by a JMRPF and a IMM-KF. Results are based on 100 simulations.

In Figure 4.16, the bad estimation of the IMM-KF from the moment when both faults are
activated is confirmed by these results. However, the noisy estimate of the IMM-KF when it
is in mode m(Y is not bad compared to the estimate of the JMRPF when it is also in mode
m). This is mainly due to the fact that the particles of the JMRPF are placed accordingly
to the innovation. That is, having the same standard deviation on the GNSS receiver and
the barometer as the process noise of the IMM-KF of the fault state vector. Nothing else is
different from what has been already observed in previous median results.

The RMSE of the states are shown in Figure 4.17.
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Figure 4.17: RMSE of the longitudinal states of the UAV under additive abrupt ambiguous sensor
faults, estimated by a JMRPF and a IMM. Results are based on 100 simulations.

In Figure 4.17a, the significant error of more than 15 m for the altitude estimate performed
by the IMM-KF is confirmed by the RMSE. On the other hand a mean error of 2m is obtained
for the JMRPF. For all others states shown in Figure 4.17a, both IMM-KF and JMRPF are
comparable in terms of accuracy for the state estimation.
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Table 4.1 gives the RMSE values at key time steps and the RMSE which is defined in
Appendix D.

Time (s)

State RMSE
10.05s 20.05s 30.05s 40.05s
JMRPF
RMSE pg (m 1.087 1.434 1.667 0.875 0.998

0.307  0.337 0.146 0.159  0.187
RMSE w (ms~ 0.094 0.137 0.035 0.035  0.035

)
RMSE u (ms™1)
)
RMSE 6 (°) 1.028 1.117 0.414 0.493 0.438
)
)
)

1

RMSE ¢ (°s™! 0.232  0.306 0.093 0.111  0.103

RMSE fg (m) 6.730  7.540  0.000 0.165  1.261

RMSE f, (m) 0.316 5970 1.713  0.227  0.723
IMM

RMSE pg (m 1.221  9.780 20.710 5.661  6.526

)
RMSE w (ms™!) 0119  0.129 0125 0.133  0.131
RMSE w (ms™1)  0.029 0.028 0.028 0.031  0.029
RMSE 6 (°)  0.375 0461  0.439  0.439  0.429
RMSE ¢ (°s™1)  0.102  0.086  0.098  0.092  0.097
RMSE f, (m) 26.359 6.679  7.099  9.263  6.886
RMSE f, (m) 1121 21.814 20.965 6.746  6.379

Table 4.1: RMSE values of the JMRPF and the IMM estimates at key time steps, and RMSE.

4.6 CHAPTER SUMMARY

This chapter introduced a new approach for estimating actuator and sensor faults as well as
ambiguous sensor faults, called the JMRPF. This algorithm has been tested and validated
with numerical results and compared to a IMM-KF. The idea behind the JMRPF was to move
particles according to a transition probability matrix to a potential value of a fault. The
associated algorithm of this method was fully described in Section 4.4. 100 simulations were
performed in Section 4.5 and their analysis has shown sound estimation performance with
this filter.

High accuracy and low convergence time are usually competing objectives, but using a
JMS, the proposed JMRPF has shown the ability to estimate faults in a very short time and
with a fair accuracy (research question 1), with good robustness to the amplitude of the
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fault. Its accuracy was comparable to the IMM-KT in a fault free situation, but does not
suffer from its limitations, such as its limited ability to estimate ambiguous sensor faults.

However, this filter still suffers from some limitations because some knowledge of the fault
type and dynamics had to be assumed in order to estimate it. To deal with this limitation,
some methods such as the IMM-KF can use multiple candidate models of fault dynamics.
The problem with the JMRPF as presented in this chapter is that it can only deal with two
models, one fault-free model and one faulty model. Even though the ability of the JMRPF to
estimate ambiguous sensor faults was demonstrated (research question 2), the estimation of
ambiguous actuator and sensor faults (which is covered in the following chapter) is actually
not possible with the JMRPF as formulated in this chapter.

The following chapter will therefore aim to solve those two main limitations of the JMRPF.
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In Chapter 4, the JMRPF was introduced and evaluated for ambiguous sensor faults. However,
the method in its current form presents some limitations and needs to be extended to enable
estimating faults with unknown dynamics and estimating ambiguous actuator and sensor
faults. This chapter aims to overcome this limitation by introducing additional features on
the JMRPF introduced in Chapter 4.

This chapter is organized as follows: Section 5.1 highlights some of the issues that affect
fault estimation in UAV. In Section 5.2, some limitations faced by the JMRPF from Chapter 4
are presented. Section 5.3 introduces the idea behind the mechanism of an enhanced JMRPF
to overcome the issue of Section 5.1. In Section 5.4, a formulation of the RIMRPF is introduced
with the associated algorithm. Section 5.5 presents a detailed numerical simulation analysis of
estimation performance, with a comparison between the new RIJMRPF algorithm, the JMRPF
and a robustified RPF, with application to a fixed-wing UAV under sensor and actuator faults.
Section 5.6 summarizes the lessons learnt from this chapter.

5.1 FAULT ESTIMATION ON UNMANNED AERIAL VEHICLE

The method introduced in this thesis must handle a system subject to faults, for which the am-
plitudes and dynamics are seldom known in advance. In the application under consideration,
the estimation method used must handle unknown fault dynamics and amplitude.

Moreover, the method must allow to estimate both actuator and sensor faults. A fault from
an actuator or sensor with an impact on the same measurement is hereby referred to as an
ambiguous fault. It is common in feedback control systems when a sensor is used to measure
a state variable and an actuator is used to control the same variable to a setpoint. If an
actuator is faulty, the associated state variable and measurement will be affected. Likewise,
a sensor fault will have a direct impact on the same output measurement. Therefore, if
measurements are detected as being faulty, it is not trivial to determine if the fault originated
from the sensor or the actuator.

This ambiguous fault case may lead to a multimodality in the likelihood and posterior
density. Indeed, consider the extended state vector x given by (2.18), with one actuator
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and one sensor. When a faulty measurement occurs, the likelihood p (yx|xx) has two peaks
corresponding to two possible modes or solutions that are:

)=l £, 0] (5.1)
and
X =[u 0 £,7] (5.2)

In other words, several states of x; may be associated with the same measurement. This
results in the multimodality of posterior density p (xx|Y1.x) as illustrated in Figure 5.1.

p(xi | Yig) =p(xp | Yig—1) D (yk | Xk)
2y G X
7:6 4 N
Py \
= éj y
= >
g% / \‘\\
S| -
b
X Xk

States space

Figure 5.1: A representation of the posterior density p (xx|Y1.x) in the case of sensor and actuator
faults

In this case, an estimation method that can handle multimodality is needed.

5.2 LIMITATIONS OF EXISTING METHODS

Since the JMRPF introduced in Chapter 4 already overcomes most of the issues that must be
considered in the UAV’s application, it is used as the basis of the approach and additional
features are developed to handle the issues that have been underlined in the previous section.
It has been shown in Chapter 4 that the JMRPF allows the estimation of abrupt faults with
an unknown amplitude, since the process noise can be adapted according to the amplitude of
the fault considered. However, one of the limitations of the JMRPF it is that it can only have
one process model, and the use of sentinel particles does not help, since a particle must be
in discrete state m(®) — in other words set to 0 — to be able to move to A¢. An estimation
of an incipient fault with a zero order fault model with a JMRPF is illustrated in Figure 5.2.

Figure 5.2, illustrates that the JMRPF must revert to a nominal mode m(®) to estimate
the fault by moving the sentinel particles next to the fault. This is why the estimated fault
follows a sawtooth pattern.

A MM on the other hand is designed to handle multiple process models. This allows one
to consider faults with different dynamics. However, having multiple process models means
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Fault

4

Time

Figure 5.2: Incipient fault estimated by the JMRPF with a process model given by [  f]T =04
and y = z + f. The process noise of the fault state is small regarding the fault dynamics,

the number of particle is set to 20 and the jump probabilities 719 and mp; are both set to
10 %.

that one can only consider faults that have dynamics that correspond to — or close enough
to — the one listed in the process model of the bank of filters used. Then, multiple fault
dynamics must be considered to cover all possible fault dynamics, which leads to numerous
and complex combinations of models to cover the whole spectrum of faults. This method
does not solve the estimation of unknown dynamics.

In Figure 5.2, the process noise is small regarding the fault dynamics and then the particles
stay at a plateau after being placed next to the fault. Another solution is to increase the
process noise of the fault to spread the particles and allow them to match dynamics that
differ more significantly from the ones of the process model. However, this solution leads to
a degradation of the accuracy of the fault estimate and assumes some prior knowledge of the
possible fault dynamics since the setting of the process noise will be done according to the
deviation from the dynamics of the fault of the process model.

5.3 PROPOSED SOLUTION

A way to overcome the limitations listed above is to update, in addition to the particle weight,
the particle placement. This solution aims to place the predicted particles to a potential better
location. Indeed, the choice of the state transition density to move the particles is not optimal
with the JMRPF. The particles are indeed moved based on the dynamic stochastic model,
which may lead to their misplacement, outside regions of interest. A Kalman correction is
therefore added to the weights update in order to bring the particles to the likeliest state
space regions. The RIMRPF filter can be seen as a JMRPF with a proposal density calculated
by a Kalman filter. As a consequence, the filter uses resampling less frequently for the same
threshold and the Monte Carlo approximation error of the filter decrease.
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5.4 FORMULATION OF THE ROBUSTIFIED JUMP-MARKOV REGULARIZED PARTICLE
FILTER

The stochastic process model of the RIMRPF [73, 74] for additive actuator and sensor fault
is given by 4.5.

5.4.1 Prediction step

The prediction step is the same as the one described by the JMRPF from Chapter 4.

5.4.2 Update step

The update step of the RIMRPF is different from the JMRPF from Chapter 4, since in addition
to the weight update the predicted particles are also updated. Then, the weight update is
still performed and given by (4.19), but since the update of the predicted particles states is
performed using a Kalman gain and the innovation, it is then given by:

X}, = X1 + Ki (5.3)

where the Kalman gain is computed at each time step with the formula given by (2.32) in the
case of a linear measurement function. However, in the case of a non-linear measurements’
equation, the Kalman gain is given by:

K; = Py, S, (5.4)

where Pyy is the cross covariance matrix, and S is the covariance matrix of the innovation.
The cross covariance matrix is then given by:

N : : T
Py = Zﬁ/i_l <><2|k1 - )A(k:|k71) (lékl — yk\kq) ; (5.5)

i=1

where Xj;_; is the estimated predicted state vector, yx—1 the estimated predicted mea-
surement vector and yﬁc‘ x_1 the predicted measurement vector, given by:

Yi\k—1 = hy, (X2|k—1> ( (5.6)

The estimated predicted state vector is given by:

N

N _ 7 )

Xilk—1 = E k—1%k|k—1> (5.7)
=1

and the estimated predicted measurement vector is given by:

N

Yij—1 = 262_1)’2143_17 (5.8)

i=1
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Finally, the covariance matrix of the innovation is given by:

N
. . : T
Sk=> {1 ( k-1~ Yk|k—1> ( Tlk—1 — Yk|k—1) + Ry (5.9)

=1

The computation of the Kalman gain is given by the function KALMANGAIN detailed in
Algorithm 5.1

Algorithm 5.1 Computation of the Kalman update of the robustified jump-Markov regu-
larized particle filter

s 1:N 1I:N
Function KALMANGAIN (K}, Xpip—17 Wk )

Vi < (Kb < JSee (5.6)
N )

Yklk—1 < ; k1Y kjk—1 /See (5.8)
N\ . )

Xplk—1 ¢ ; k1 Xk -1 J/See (5.7)

N A ) . . T
ny — Z C/;Cl <<§€|k—1 - Xk|k—1) ((ﬁck—l — yk\k—l) //See (55)
=1
N A . . . T
Sk = ;C%1 (!Gm_l - Yk\k—l) (ﬁdk_l - Yk|k—1> + Ry //See (5.9)

L K= I;X S, //See (5.4)

The algorithm of the update step of the JMRPF is performed by the function UPDATE
detailed in Algorithm 2.3.

Algorithm 5.2 Update step of the robustified jump-Markov regularized particle filter

Function UPDATE(wiY, xiV, wi?¥, x,lc]],;[_l, Y&)

KALMANGAIN (K, x};lgil, wiV) //See Algorithm 5.1
for each i € [1, N| do

“7;@ = “fi;-1N (¥} 0, S,) < //See (4.19)

| Xk X1 T Keyy, //See (5.3)

for each i € [1, N| do
@,

e
2 W
j=1

wh //Normalization of the weights

5.4.3 Estimation step

The estimation step aims to perform a global estimate of the state vector Xz, with its
associated covariance matrix Py. This step is different from the SIR particle filter, since now
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the global estimate is computed using the updated state vector x%. Then from (2.27b) the
global estimate is obtained using the updated state vectors is given by:

N
i = oixi, (5.10)
i=1
and its associated estimated covariance matrix is then given by:
N -
Py 2262 (’Cc—ﬁk) (ff—ffk) : (5.11)
i=1

The algorithm that produces the estimate of the RIMRPF is detailed in the function estimate
of Algorithm 5.3.

Algorithm 5.3 Estimate step of the robustified jump-Markov regularized particle filter
Function ESTIMATE(Xy, Pg, xpV, wilV)

Xy g‘lchg //See (5.10)
Wi (o, — %) (o — %) | /See (5.11)
-

. N
Pp < >
=1

5.4.4  Regularization-Resampling Step

The regularization-resampling step is the same as the one described by the JMRPF.
The RIMRPF is presented in Algorithm 5.4, using the previously defined functions UPDATE
and ESTIMATE, and the function used by the JMRPTF from Chapter 4.
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Algorithm 5.4 Robustified jump-Markov regularized particle filter

k<0
: //Initialization
Loop
k< Fk+1
PREDICT(X}CZ‘Q_P iV, mi N ug, yi) //See Algorithm 4.2
UPDATE(w,ﬁ:N, X%;N, w,lﬁ:_J\g, x,lcﬁgv_l, Vi) //See Algorithm 5.2
ESTIMATE (X, Pg, xp N wi) //See Algorithm 5.3
Nofr ¢ w—+— //See (2.53)
3 )’
if N, # < NT')sp then //if true then resample
MULTINOMIAL (%3, x|, wi™) //See Algorithm 2.5
for each i € [1, N] do
L wi +— & //Reset the weights, See (2.55)
REGULARIZE(x} N, xEN | Py //See Algorithm 2.7

5.5 COMPARATIVE NUMERICAL SIMULATION ANALYSIS

This section aims to demonstrate the state and fault estimation efficiency of the RIMRPF
compared to previously presented particle filtering methods, in the presence of sensor faults
with unknown dynamics and a combination of actuator and sensor faults on a fixed-wing
UAV. For sake of brevity, only the longitudinal system is considered.

5.5.1  Fault with unknown dynamics

This section aims to demonstrate the ability of the RIMRPF to perform fault estimation in
the presence of faults with unknown dynamics and unknown amplitudes. Since the unknown
dynamics are one of the limitations of the JMRPF and the unknown amplitude of abrupt
faults is one of the limitations of the RPF, a comparative simulation of both methods is
performed to evaluate how the RIMRPF overcomes these limitations compared to the RPF
and the JMRPF. Given that all algorithms under comparison are particle filters, a non-linear
system is used. The UAV has an initial longitudinal velocity of 40 ms~!, an initial altitude of

500m, an initial flight path angle Orad and is initiated in a straight cruise flight condition.

The control and guidance are then performed as described in Section 3.7 and Section 3.8 for
the longitudinal system around the trim point of the initial flight condition. The desired
altitude is set to 500m and the desired velocity to 40ms~!.

To illustrate an abrupt sensor fault on the pitch measurement with an unknown amplitude

and unknown dynamics, an arbitrary fault signal is added to the measurement equation.
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This true fault model is unknown to the filter. The nonlinear longitudinal model used to
compute the true state is given by:

( C: F (z,u) (5.12a)
(- M (z) + g y (5.12b)
J;

where fg(denotes the pitch measurement fault and the measurement noise v is a zero mean
Gaussian noise given by:

baro,—pq
accel,u
Vaccel,w

(5.13)

gyro,0

L{Ygyro,q |

with standard deviations respectively given by oper0,—p, = 1M, Ogccery = 1 ms~ Caccel,w =
Ims™1, Tgyro,p = 0.01rad and ogyroq = 0.002rad s~L. The state vector z is given by:

z=|w|. (5.14)

The input vector u is given by:

[

The non-linear function F (-) is obtained from (3.8) and the observation function # (-) is

given by:
[£1 0 0 0 0]
@1000
H(z)=|{0 0 1 0 0|z (5.16)
0010
[0 0001_(
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Since the fault is only on the measurements, the evolution and control input matrices for the
process models are the same as the ones given in (5.12) for the state vector z. An extended
vector x is defined as:

- [fJ | (5.17)

The sensor fault is assumed to follow a zero order model. The process noise is a white
Gaussian noise with a standard deviation oy given by:

_ - -
0.1ms~!
dms™!

Ox = 0.1ms (5.18)
0.02rad

0,002rads™!

| [ 0.002rad

The measurement noise of the process model is 1.5 times the measurements noise of (5.12);
The transition probability matrix of the RIMRPF and the JMRPT is given by:

—_ K% 0.01] (519)
01 0.99

The standard deviation used to compute the initial covariance matrix Py for all filters,
denoted oyg is given by:

_ . _
1ms™!

1 —1
ox0 = e (5.20)
0.005rad
0,002rads™!

| ( 0.005rad

The fault scenario considered lasts 50s. For the first 10s, no fault is active in the system.

At 10s, a first fault occurs on the pitch measurement. It is an abrupt fault with an amplitude
of 5°. The amplitude of the abrupt fault is too large to be estimated accurately and rapidly
by the filters introduced in Chapter 2, given the process noise. This fault is deactivated at
20s. At 30s a second fault occurs on the pitch measurement. This time, it is an incipient
fault with exponential dynamics that last 10s and reach an amplitude of 10°. The dynamics
of the incipient fault from 30s to 40s are given by:

fo () = 10740 (5.21)
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This incipient fault is clearly described by dynamics that are different from the assumed
zero order process model of the fault. Hence, the fault dynamics are unknown. The scenario

b

is illustrated in Figure 5.3

fo —
10
=° T
z
=
0
\ \ \ \
0 10 20 30 40 50
Time (s)

Figure 5.3: Fault scenario for the simulation of unknown dynamic of sensor fault with a fault on the
pitch measurements.

Finally, the number of particles is set to 1000 and the resampling threshold I, is set to
0.5 and the bandwidth factor h of the Epanechnikov kernel is set 0.2817. The number of
simulations performed is 100 with a time step of 0.05s.

The first results illustrated in Figure 5.4 are the estimates of the RIMRPF, the JMRPF and
the RPF by taking the median results from 100 simulations. The selection of the median
result is detailed in Appendix D.

fo — fo RIMRPF —  fy JMRPF — fo RPF —
12

10 |-
=6
=4
S 2

_8 ) \ L '

0 10 20 30 40 50
Time (s)

Figure 5.4: Median result of the fault states of the UAV under unknown dynamic additive sensor fault
estimated by a RIMRPF, a JMRPF and a RPF. Median results based on 100 simulations.

In Figure 5.4, during the first 10s while there is no fault, the RPF is less effective to reduce
noise than the JMRPF and the RIMRPF. This is due to the fact that unlike the JMRPF and
the RIMRPF, it does not force the particle to zero when it is in a fault-free mode. When the
first abrupt fault occurs at 10s, the RPTF takes longer time to converge to the fault than
the other filters. This is mainly due to the fact that its process noise and regularization
noise are not adapted to such a fault amplitude, while the JMRPF and the RIMRPF do not
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need to adapt their process noise to the fault amplitude to converge to it, as long as they
have a particle placement close to the true fault state. This shows that they can estimate
abrupt faults with unknown amplitudes. The estimate of the abrupt fault obtained with the
JMRPF is less noisy than the one obtained with the RIMRPF. However, both provide a fairly
accurate estimate of the fault. The deactivation of the fault at 20s is slower with the RPF
due to its process noise. The JMRPF and the RJMRPF on the other hand return to zero in a
one time step, with a better precision than the RPF.

Until 37s, the incipient exponential fault is not very significant. Then after that time,
differences start to appear. Indeed, the RPF starts to converge to the fault while other filters
reject the change for a brief moment. This is due to the fact that the particles of the IMRPF
and the RIMRPF are forced to be at zero until sentinel particle start to be more likely than
particles in m(?, which happens when the fault begin to be more significant. A short time
after that, the JIMRPF and the RIMRPF start converging to the fault, both reaching the same
level of the RPF very quickly. However, after approximately 38.5s the fault becomes too
steep — or in other words, too different from the fault dynamics of the process model —,
then the JMRPF and the RPTF present an increasing error between the fault estimate and the
true fault, and they evolve with similar dynamics. The RIMRPF estimates the true fault with
a better accuracy, and is even able to estimate the fault when it reaches 10° at 40s while
the other filters have converged to 6°. This shows that the Kalman correction of the particle
state, improves the ability of the JMRPF to estimate faults with different dynamics. At the
deactivation of the incipient fault at 40s, the RPF remains at a constant value for 3.25s,
before slowly converging to zero. This can be due to the fact that the RPF is diverging, since
the process noise is too small compared to the abrupt change due to the fault. The JMRPF
and the RIMRPF do not present similar behaviours. However, due to the poor estimation of
the fault by the JMRPF at 40s, the fault estimate does not return to zero, but around —1°,
for a short time and then retuning to a fault free mode. The RIMRPF is more accurate than
the JMRPF and the return to zero and the fault free mode takes one time step.

The behaviour of the median results of the RIMRPF, the JMRPF and the RPF is illustrated
in detail in Figure 5.5, by showing the particles positions with their associated weights.

In Figure 5.5, no significant differences are visible between the RIMRPF and the JMRPF
for the abrupt fault. Both estimate the abrupt fault similarly and with a strategy already

detailed in Chapter 4. For the abrupt fault, no unexpected behaviour is observed on the RPF.

For the incipient exponential fault, all the particles shown in Figure 5.5a seem correctly

placed with the RIMRPF, except around 38s, which is consistent with the result of Figure 5.4.
The particles of the JMRPF are however more poorly positioned than the RIMRPF at 40s.

Indeed, some particles are around 6° and others around 8.5°. Finally, the particles of the
RPF are better positioned at 38s than the other filters. However, as observed in Figure 5.4,
the end of the fault is poorly estimated, and at the fault deactivation time, the filter diverges
for around 3s.
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(a) Estimation of the fault state with a RIMRPF.
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(b) Estimation of the fault state with a JMRPF.
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(c) Estimation of the fault state with a RPF.

Figure 5.5: The 20 most weighted particles of every second of the median result of the fault states of
the UAV under unknown dynamic additive sensor fault estimated by a RIMRPF, a JMRPF
and a RPF. Median results based on 100 simulations.

The median results of the state vector z estimated by the RIMRPF, the JMRPF and the
RPF are shown in Figure 5.6.
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Figure 5.6: Median result of the longitudinal states of the UAV under unknown dynamic additive
sensor fault estimated by a RIMRPF, a JMRPF and a RPF. Median results based on 100

simulations.
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In Figure 5.6, no significant error in the RIMRPT error is visible. The UAV with the states
estimated by the RIMRPF remains in a straight level flight as desired. This is consistent
with the fact that the sensor fault is well estimated by this filter. For the JMRPF, only the
estimate of the pitch state is slightly affected by the poor estimate of the fault at around
40, but no significant altitude deviation is observed. For the RPTF, the poor estimate of the
abrupt fault has significantly affected the estimate of the pitch and the altitude, with an
altitude variation of almost 4m. The poor estimate of the incipient fault and its late and
slow convergence to zero at the deactivation of the fault induce a significant error in pitch
and altitude estimation with a significant altitude variation of almost 5m.

The control inputs of the RIMRPF, the IMRPF and the RPF are shown in Figure 5.7.

0¢ RIMRPF — 0, JMRPF — 0. RPF —

10 ! ! ! !

0 10 20 30 40 50

Time (s)
(a) Elevator deflection.
0y RIMRPF — ¢; JMRPF — 0 RPF —

&0
£ 60 !
—~
‘:%9 20 | 1
£ 0 | | | |

0 10 20 30 40 50

Time (s)
(b) Throttle.

Figure 5.7: Control inputs of the median result of the UAV under unknown dynamic additive sensor
fault estimated by a RIMRPF, a JMRPF and a RPF. Median results based on 100 simula-
tions.

In Figure 5.7, the control input is consistent with the trajectory observed for each filter.
Moreover, the divergence of the RPF from 40s for more than 3s is again visible in both
inputs of the system estimated by the RPF.

The RMSE of the fault state fy for the RIMRPF, the JMRPF and the RPF estimates are
shown in Figure 5.8.



5.5 COMPARATIVE NUMERICAL SIMULATION ANALYSIS

fg RIMRPF —  fg JMRPF — fo RPF —
10
o 8
m 0 F
= 4r
0 k& - e
0 10 20 30 40 50
Time (s)

Figure 5.8: RMSE of the fault states of the UAV under unknown dynamic additive sensor fault estimated
by a RIMRPF, a JMRPF and a RPF. Results are based on 100 simulations.

In Figure 5.8, the RIMRPF performs better in terms of RMSE than the RPF and JMRPF
during the first 10s. The JMRPF and RJMRPF perform similarly as expected at 30s. These,
RMSE results confirm that the RIMRPF has a better ability to estimate fault with unknown
dynamics thanks to the addition of the Kalman correction. Neither the JMRPTF nor the RPF
are able to estimate the incipient exponential fault with a comparable accuracy to that of
the RIMRPF. The estimation of abrupt fault with unknown amplitude is however possible
thanks to the use of a JMS, and the JMRPF had a qualitatively similar result and the RPF is
further behind the curve.

The RMSE of the state vector z is shown in Figure 5.9.

In Figure 5.9, the RMSE of the states show that, thanks to the good estimation of the
RJMRPF, no significant deviation of the trajectory is observed over the 100 simulations
performed. The JMRPF is however unable to accurately estimate the incipient exponential
fault and then a significant error in the altitude RMSE is visible at 40s. The RPTF shows that
the late return to zero at the deactivation of the abrupt and incipient faults induce a high
RMSE on the pitch but also on the altitude and the pitch rate states.
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(a) RMSE of the altitude estimate.
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(b) RMSE of the velocity along i estimate.

0 RIMRPF — 0 JMRPF — 0 RPF — g RIMRPF — { JMRPF — q RPF —
3 3
25 ?2.5
2 2 2
Hi5 o L5
= 1 w1
= 0.5 205
0 | ;s { { {
0 10 20 30 40 50 0O 10 20 30 40 50

Time (s)

(¢) RMSE of the velocity along k° estimate.

Time (s)

(d) RMSE of the pitch estimate. (e) RMSE of the pitch rate estimate.

Figure 5.9: RMSE of the longitudinal states of the UAV under unknown dynamic additive sensor fault
estimated by a RIMRPF, a JMRPF and a RPF. Results are based on 100 simulations.

Table 5.1 gives the RMSE values at key time steps and the RMSE which is defined in
Appendix D.
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Time (s)

RMSE

10.05s 20.05s 30.05s 40.05s
RMSE pq (m 0.236  0.239 0.213 0.316  0.215
RMSE u (m 0.219 0.178 0.188  0.203  0.192
RMSE w ( 0.056  0.042 0.043 0.046  0.041
0.096 0.272 0.062 0.459 0.115
0.104 0.112 0.108 0.116  0.108
RMSE fg (° 0.549 4.734 0.0561 9.542  0.177
RMSE pqg (m 0.363  0.303  0.203 0.905 0.308
RMSE u (m 0.267  0.150  0.141 0.428 0.163
RMSE w (ms 1 0.107  0.030 0.028  0.068  0.036
0.236 0.349 0.066  0.982  0.260
0.188  0.095 0.087 0.213 0.132
RMSE fg (° 0.305  5.049 0.027 6.299  0.295
RMSE pq (m 0.239 0.682 0.419 0.685  0.930
RMSE u (m 0.150  0.210 0.161 0.315  0.233
RMSE w (ms 0.023 0.033 0.031  0.060 0.045
0.210 1.009 0513  0.620  0.969
0.153  0.103 0.102 0.164 0.191
RMSE f@ (° 5.001  4.193  0.522  6.992 1.526

Table 5.1: RMSE values of the RIMRPF, the JMRPF and the RPF estimates at key time steps, and
RMSE.

To further highlight the strengths of the RIMRPF, the effect of a tenfold increase in the
fault amplitude is evaluated. The median fault estimate of this simulation is then illustrated

in Figure 5.10.
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Figure 5.10: Median result of the fault states of the UAV under unknown dynamic additive sensor
fault with a fault amplitude increased by a factor of 10 and estimated by a RIMRPF, a
JMRPF and a RPF. Median results based on 100 simulations.

In Figure 5.10, the RIMRPF estimates the fault rapidly and accurately. The JMRPF estimates
the abrupt fault as expected but provides a noisy estimate of the incipient fault. This is an
expected behaviour. The noisy estimate is due to the fact that the JMRPF estimates the
incipient fault by returning to zero and then replacing a sentinel particle near the true fault.
A closer look at the estimate between 37s to 40s shows a sawtooth pattern as explained in
Figure 5.2. This behaviour is significant in Figure 5.10 since the process noise is not large
enough to helping the filter to converge. This is also confirmed by the fact that the RPF
cannot estimate the abrupt fault, and does not converge when the difference is too large
between the current estimate and the true state with respect to the process noise. This
happens during the time of the abrupt fault, but also for last 2s of the incipient fault when
the JMRPT also stats to converge to the fault thanks to the JMS and not to the process noise.

The RMSE of the fault state fy of the RIMRPF, the JMRPF and the RPF are shown in
Figure 5.11.

fg RIMRPF —  fg JMRPF — fo RPF —
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Figure 5.11: RMSE of the fault states of the UAV under unknown dynamic additive sensor fault with
a fault amplitude increased by a factor of 10 and estimated by a RIMRPF, a JMRPF and
a RPF. Results are based on 100 simulations.
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Figure 5.11, is consistent with all previous results and highlights the improvement obtained
by the Kalman correction of the particles with a better ability to estimate faults with
unknown dynamics.

The RMSE of the states are shown in Figure 5.12.
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Figure 5.12: RMSE of the longitudinal states of the UAV under unknown dynamic additive sensor
fault with a fault amplitude increased by a factor of 10 and estimated by a RIMRPF, a
JMRPF and a RPF. Results are based on 100 simulations.
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In Figure 5.12, the results show that the RIMRPF has significantly lower RMSE compared
to the JMRPF and the RPF. The RPF has a comparatively high RMSE for all estimated states.
Table 5.2 gives the RMSE values at key time steps and the RMSE which is defined in

Appendix D.
State Time (s) RMSE
10.05s 20.05s 30.05s 40.05s

RIJMRPF
RMSE pg (m)  0.262 0.213 0.196 0.263 0.214
RMSE v (ms™')  0.279 0173  0.189  0.179  0.194
RMSE w (ms~ 1) 0.071 0.041 0.033 0.038 0.040
RMSE 6 (°)  0.090 0.140 0.057 0.342 0.114
RMSE ¢ (°s 1) 0.103 0.104 0.108 0.108 0.107
RMSE fp (°)  0.303 49.936  0.067 99.684  0.451

JMRPF

RMSE pg (m)  0.343  0.306  0.197  2.352  0.642
RMSE u (ms™!)  0.269 0155 0125 0526  0.206
RMSE w (ms™!)  0.087  0.034  0.030 0.136  0.037
)
)
)

RMSE 6 (°) 0.102  0.313 0.061 1.660 0.436

RMSE ¢ (°s™!)  0.191  0.101  0.094 0.776  0.122

RMSE fg (°)  0.335 50.017 0.023 76.011 1.250
RPF

RMSE pg (m) 0.200 1.084 0.329 1.103  0.847

)
RMSE u (ms~!)  0.089  0.026 0.153 0.224  0.213
RMSE w (ms™!) 0.037  0.012  0.026 0.022  0.038
RMSE 6 (°)  0.196  0.042  0.470  0.485  0.710
RMSE ¢ (°s™%)  0.152  0.079  0.053  0.095 0.167
RMSE fy (°) 49.871 0.125 0.432  7.039 12.249

Table 5.2: RMSE values of the RIMRPF, the JMRPF and the RPF estimates at key time steps, and
RMSE.
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5.5.2  Ambiguous actuator and sensor faults

This section aims to demonstrate the ability of the RIMRPF to perform fault estimation of
ambiguous actuator and sensor faults. To evaluate the capacity of the RIMRPF to estimate
these fault, this filter is compared to a robustified regularized particle filter (RRPF). The
RRPF is a RPF with a Kalman correction — in other word it is the Algorithm 2.8, with the
update step given by Algorithm 5.2. The two other filters, RPF and JMRPF have diverged
on most of the trials corresponding to this scenario, which is why their results are not
presented here. Moreover, unlike the JMRPF previously introduced, to be able to estimate
such fault, the particles in mode zero are not forced to zero, but only set to zero when there
is a transition from m® to m(©.

Since the actuator fault estimation using JMRPF needs a linearized system (see (4.14)), the
true system is a non-linear system, however, the process model is the linearized system. The
UAV has an initial longitudinal velocity of 40ms~!, an initial altitude of 500 m, an initial
flight path angle Orad and is initiated in a straight cruise flight condition. The control and
guidance are then performed as described in Section 3.7 and Section 3.8 for the longitudinal
system around the trim point of the initial flight condition. The desired altitude is set to
500m and the desired velocity to 40ms~!.

To illustrate an abrupt actuator and sensor fault on the elevator deflection and the pitch
rate measurement, fault signals are added to the state and measurement equation. This true
fault model is unknown to the filter. The nonlinear longitudinal model used to compute the
true state is given by:

(: f(z,u+fa) (522&)

(z%(z)—k E +v (5.22b)

( LJq
where fq<denotes the pitch rate measurement fault, f, is the fault actuator state given by

A
[ fs. 0} with f5, the actuator fault, and the measurement noise v is a zero mean Gaussian
noise given by:

baro,—pq
accel,u

Vaccel,w

qyro,0
L |Ygyro,q (

(5.23)
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with standard deviations respectively given by opere,—p, = 1M, Taccetu = 1 ms~ Caccelw =
Ims™1, Ogyro,0 = 0.01rad and o4y q = 0.002rad s~!. The state vector z is given by:

S/:—ﬁ\l

(5.24)

TR D

The input vecto( u is given by:

. m | (5.25)

The non-linear function F (-) is obtained from (3.8) and the observation function # (-) is

given by:
_ f@l

H(z)=|0

L |0 00_(

The extended vector x is given by

X = ge . (5.27)

Ja

The actuator and sensor faults follow a zero order model. The process model is then the
form of:

{ ik =FpZp_1 + Brug + 1y, (5.28a)

z (5.26)

oS = O O
— o O O

o O O = O
= o O o O

= Hpxp + vy (5.28b)

The process noise 7 is a white Gaussian noise with a standard deviation oy given by:

[/ 0.01m ]
(0.02m51
0.02ms™ !
ox = | 0.005rad (5.29)

0.002rads™?
0.005rad

_((005 rads™!] (
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The measurement noise of the process model is 1.5 times the measurements noise of (5.12);
At a sampling rate of 20 Hz, the matrix Fy, B, and Hj, are respectively given by:

F.=10 0 0 1
0 0 —004 0
0 0 0 0
( 0 0 0
[ 0.01 0 |
G.os 1.59
—1.70 —0.01
By=1-005 0
—209 0
0 0
_<o 0 (
and
(1 0 0 0000
{Q 1 00000
H,=10 010000
001000
0o 000101

0 0.05 -2
098 0.01 —-0.48
0 —-0.02 088 —0.02

0
—0.09
1.85
0.05
0.93
0
0

The transition probability matrix of the RIMRPF is given by:

I — .99 0.01
01 0.99

0.0l 0

0.08 0

~1.70 0

—0.05 0 (5.30)

—2.09 0

1 0

0 1_<
(5.31)
(5.32)
(5.33)
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The standard deviation used to compute the initial covariance matrix Py for all filters,
denoted oyg is given by:

_ ' -
Ims~t

Ims—!
oxo = | 0.002rad (5.34)
0.002rad s+
0.002 rad
10.002rads™ |

The fault scenario considered lasts 50s. For the first 10s, no fault is active in the system.
At 10s, an actuator fault occurs on the elevator deflection. It is an abrupt fault with an
amplitude of 10°. This fault is deactivated at 30s. However, before that, at 20s, a sensor
fault occurs on the pitch rate measurement. It is also an abrupt fault, with an amplitude of
10°s71.

The scenario is illustrated in Figure 5.13.
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Figure 5.13: Fault scenario for the simulation of ambiguous actuator and sensor fault with a fault on
the elevator deflection and the pitch rate measurements.

Finally, the number of particles is set to 1000 and the resampling threshold I, is set to
0.75 and the bandwidth factor h of the Epanechnikov kernel is set 0.2817. The number of
simulations performed is 100 with a time step of 0.05s.

The first results illustrated in Figure 5.14 are the estimates of the RIMRPF and the RRPF
by taking the median results from 100 simulations. The selection of the median result is
detailed in Appendix D.

In Figure 5.14a, the RIMRPF estimates the actuator fault faster than the RRPF when it
occurs at 10s, although the estimate of the sensor fault in Figure 5.14b is briefly disrupted
for the RIMRPF estimate. This deviation due to the ambiguity between the actuator and
the sensor is however so brief that the estimate of the state vector z should not be affected,
as hypothesis testing quickly resolves the ambiguity between sensor and actuator faults.
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Figure 5.14: Median result of the fault states of the UAV under ambiguous actuator and sensor fault
estimated by a RIMRPF and a RRPF. Median results based on 100 simulations.

Between 20s and 30s, both faults are simultaneously active and the RIMRPF converges faster

to the fault compared to the RRPF. Both estimators then accurately track the sensor fault.

When the sensor fault is no longer active, the RIMRPF quickly converges to zero but the
RRPF response to this change is approximately 2s slower because the response of the RPF is
more heavily restricted by the model dynamics, while the jump strategy of the RIMRPF has
a more instantaneous effect. This is also visible in a less significant way in the actuator fault
estimate at the activation, which shows that the jump strategy introduced in Chapter 4 on
the actuator fault is working.

The median results of the state vector z estimated by the RIMRPF and the RRPF are
shown in Figure 5.15.
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Figure 5.15: Median result of the longitudinal states of the UAV under ambiguous actuator and sensor
fault estimated by a RIMRPF and a RRPF. Median results based on 100 simulations.



5.5 COMPARATIVE NUMERICAL SIMULATION ANALYSIS

In Figure 5.15 the effect of the abrupt actuator fault is visible on the altitude even if
the fault is quickly and accurately estimated, because the actuator dynamics take a while
to compensate the error. However, the variations are only visible at the activation and
deactivation of the actuator fault.

The control inputs of the RIMRPF and the RRPF are shown in Figure 5.16.
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Figure 5.16: Control inputs of the median result of the UAV under ambiguous actuator and sensor
fault estimated by a RIMRPF and a RRPF. Median results based on 100 simulations.

In Figure 5.16, the actuator fault compensation is visible on the elevator deflection.
The RMSE of the fault state f5, and f; for the RIMRPF and the RRPF estimates are shown
in Figure 5.17.
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Figure 5.17: RMSE of the fault states of the UAV under ambiguous actuator and sensor fault estimated
by a RIMRPF and a RRPF. Results are based on 100 simulations.

In Figure 5.17, the RMSE results are better overall for the RIMRPF, except at 10s where a
short peak is visible on the RMSE of the sensor fault, this is due to the ambiguity created by
the actuator fault and is being attempted to be resolved by the sensor fault estimate. The
RRPF having this bump too on its RMSE but lower since without jump strategy it cannot
reach these level as fast as the RIMRPF.

The RMSE of the states is shown in Figure 5.18.
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Figure 5.18: RMSE of the longitudinal states of the UAV under ambiguous actuator and sensor fault
estimated by a RIMRPF and a RRPF. Results are based on 100 simulations.

In Figure 5.18, the RMSE of all the states are better for the RIMRPF, except at 10s for
the pitch rate state where the short peak is visible on the RMSE of the RIMRPF. However,
as mentioned before, this peak does not affect the trajectory of the UAV or any other state
since it is too short. The convergence of the RRPF is slower for all estimated states, both
when the fault is present and when the system is fault free.
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Table 5.3 gives the RMSE values at key time steps and the RMSE which is defined in

Appendix D.
State Time (s) RMSE
10.05s 20.05s 30.05s 40.05s
RJMRPF
RMSE pg (m) 0.196  0.204  0.208 0.203  0.208

)
RMSE u (ms~!)  0.080 0.087 0.102 0.077  0.110
RMSE w (ms~!) 0.235 0.200 0.399 0.222  0.198
RMSE 0 (°)  0.373  0.326  0.467 0.338  0.326
RMSE ¢ (°s™1) 17.429 3.875  2.867 2.998  0.797
RMSE fs, (°)  8.053 1.659 1.600 1.211  0.290
RMSE f, (°s™1) 17.428 3.882 2.876  3.015  0.807

RRPF

0.275  0.196 0.211  0.204  0.222
0.247  0.128 0.239 0.130  0.213
RMSE w (ms Yy 0520 0.253 0.516 0.231  0.228

RMSEpd( )
)
)
RMSE 6 (°)  0.719 0.453 0.630 0.371 0.302
)
)
)

RMSE u (ms™?

RMSE ¢ (°s™!)  2.634 8944 2540 8.870  0.931
RMSE f5, (°) 4.618 2.833 4.809 2973  0.339
RMSE f, (°s™1)  1.912 9249 1.876  9.186  0.940

Table 5.3: RMSE values of the RIMRPF and the RRPF estimates at key time steps, and RMSE.

5.6 CHAPTER SUMMARY

This chapter introduces new features that have been added to extend the abilities of the
previously introduced filter, the JMRPF. The new enhanced JMRPF named the RIMRPF was
tested and validated with numerical results and compared to a JMRPF and RPF in the case
of faults with unknown dynamics. In the case of ambiguous actuator and sensor faults
(research question 5), neither the JMRPF nor the RPF could converge in a sufficient number
of simulations to provide interesting comparative results. The particles placement using a
Kalman update was proven to be necessary to estimate this type of faults with this type of
filters. A comparison was therefore also done against the RRPF — which is a RPF with a
Kalman update.
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The idea behind the RIMRPF was to move particles after there prediction to more likely
regions of the state space using a Kalman correction. The associated algorithm of this method
was fully described in Section 5.4. 100 simulations were performed in Section 5.5 and the
filter was shown to provide very good fault and state estimation performance in the case
of faults with unknown dynamics (research question 4) or amplitude (research question 3),
as well as in the case of ambiguous actuator and sensor faults. The filter was shown to
estimate faults with unknown dynamics by only using a simplified piecewise constant (zero
order) process model. This circumvents the need for more than one faulty mode, as in the
case of a IMM architecture. The use of only one model also allows for better computational
performances in embedded applications, such as fixed-wing UAV (research question 7).

However, a shared limitation of the RIMRPF and JMRPF is that these results were also
due to a favourable configuration of the transition probability matrix. For the one or two
faults under consideration, allowing 1% of the particles to move from m(® to m™), or from
m® to m©® proved to be a good setting. With a different application or with more faults,
different settings of the transition probability matrix should be tested to check if this matrix

still provides optimal or nearly optimal results, depending on the user specified requirements.

Moreover, multiple trials are not always possible to check if a parameter provides acceptable
results. This problem is also encountered in IMM approaches, where the transition probability
matrix is also a very sensitive tuning parameter.

The following chapter will therefore aim to solve this limitation of the RIMRPF and the
JMRPF.
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The need to achieve a trade-off between false alarm rate and hit rate is a well known
problem in fault detection using a variety of methods, including particle filters, as in work
by Kadirkamanathan et al. [75] where the effect of detection threshold selection on the
trade-off between those two competing objectives was illustrated. In [76], a particle filter
was also applied to state and fault estimation for an unmanned underwater vehicle in the
presence of multiple sensor and actuator faults, with a threshold selection to achieve a
trade-off between desired detection and false alarm probabilities.

One of the limitations of the jump-Markov filters in particular is that assumptions of
constant false alarm and missed detection probabilities are often made in their mode switching.
This is what has been done with the JMRPF and the RIMRPF, and this chapter aims to solve
this issue by introducing the AJMRPF. The AJMRPF allows to adapt the Markov transition
matrix to the experiment by estimating the detection and false alarm probabilities. Several
approaches have been developed to estimate these probabilities but most of them rely on
the use of computationally intensive Monte Carlo approaches. In this chapter, an analytical
approach is described to evaluate these probabilities using the saddlepoint approximation [77],
first introduced by Daniels [78]. The saddlepoint approximation allows the use of multiple
measurements instead of a single one, which increase the accuracy of the approximation.

The false alarm probability can be expressed as a function of a likelihood ratio product
of measurements up to time n, given a decision threshold. The approach is detailed in
Section 6.2 and has been used to provide an analytical expression of the false alarm and
missed detection probability for a number of applications, such as the optimization of sensor
networks [79], and sensor fusion for detection in clutter in a stationary case [80]. It is used
here together with the JMRPF to develop a multimode state and sensor fault estimation
system for unmanned fixed wing aircraft. The saddlepoint approximation is extended here to
the case of independent but non identically distributed measurements, as it has been used
in [80]. The threshold used for the calculation of false alarm and missed detection probabilities
is optimized at each time step using a ROC. The analysis of the numerical simulation on the
same test case presented in Section 6.4 illustrates that the AJMRPF performs faster detection
and more accurate estimation of the pitch sensor fault, with a robust and accurate state
estimation compared to the JMRPF. Mode transitions are adapted to the actual false alarm

139



140

ADAPTIVE JUMP-MARKOV REGULARIZED PARTICLE FILTER

and missed detection probabilities, which are both shown to be below 0.5 at all times and
close to zero when the fault is active.

The AJMRPF is formulated and applied in this chapter for the estimation of intermittent
sensor faults, with a clear dependency between actual false alarm and detection probabilities
on one hand and mode switching on the other. An enhanced jump strategy allows a small
number of particles to explore the alternate mode to the current hypothesis to reduce
computational demand, using an analytical expression based on a generalization of the
saddlepoint approximation to independent but non identically distributed measurements,
with application to the online computation of false alarm and missed detection probabilities.
An optimized threshold selection using a ROC criterion is used to achieve a desired trade-off
between false alarm probability and missed detection probability using a ROC approach for
the Markovian jump system.

This chapter is organized as follows: the adaptive transition probability matrix formulation
is introduced in Section 6.1. The saddlepoint approximation method is presented in Section 6.2,
with a construction of the analytical expressions of the false alarm and detection probabilities.
The AJMRPF algorithm is then presented in Section 6.3 with a new threshold selection
strategy for probabilistic mode transitioning. The numerical simulation analysis in Section 6.4
illustrates the efficiency of the AJMRPF approach and the dependence of the mode switching
on the hit-and-miss probabilities. Finally, the Section 6.5 provides an overall conclusion of
this chapter.

6.1 ADAPTIVE TRANSITION PROBABILITY MATRIX

As previously defined for the JMRPF, a fault state of particle is associated with mode m(® if
the fault estimate of the particle is in the fault free hypothesis Hg. Likewise, it is associated
with mode m() if the fault estimate of the particle is in the faulty hypothesis ;. The JMRPF
previously introduced in Chapter 4 and Chapter 5 had the simplest jump strategy, where
the mode transition probabilities were kept constant. This strategy was not computationally
efficient since particles jump at each time step, whether there is a fault or not. In this chapter,
these transition probabilities are adapted to the false alarm rate and hit rate, with an
optimization of the trade-off between them. This means that the number of particles allowed
to explore mode m™® or m(©® will not be constant and will depend on current false alarm
and missed detection probabilities, which will themselves be dependent on fault estimation.

The elements 7j; = P (m,@rﬁmg)) ﬁf the matrix IT, which was defined in (4.2), determine

the number of particles that jump. E
to this transition matrix. Indeed, in Figure 6.1 for example, the same simulation as the one
performed in Section 5.5.1 is done with a transition probability matrix set to 0.01 for mpg and
w11, and 0.99 for w9 and mp1. This figure shows that with a poor setting of the probability
transition matrix RJMRPF and the JMRPF have difficulties to estimate the fault.

In the proposed jump strategy, when a particle jumps to a new fault state, a potential
value of this state is calculated. Knowing this value before jumping allows one to compute

timation performance and even stability are sensitive
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Figure 6.1: First 30s of the RMSE of the fault states of the simulation performed in Section 5.5.1
with a RIMRPF and a JMRPF with the transition probabilities set to 0.01 for mgg and 71,
and 0.99 for m9 and mp;. And with a RIMRPF reference (RIMRPF ref) which is the RMSE
obtained in Section 5.5.1. Results based on 100 simulations.

the false alarm probability associated with this potential new value. The missed detection
probability is computed with the current estimate of the fault.

Figure 6.2 illustrates the density used to compute the false alarm and missed detection
probabilities.

Figure 6.2 illustrates that the computation of the false alarm and missed detection
probability are not using the same density H; (see Section 6.3.1). Indeed, the false alarm
probability is used to know if it is relevant to move the particle from 0 to A¢, then the mean
of the H; density used to compute the false alarm probability is A¢. On the other hand,
the missed detection probability is used to know if it is relevant to revert to 0 from the
current estimate of the fault %k, then the mean of the H; density used to compute the missed
detection probability is fk.

Once the false alarm and missed detection probabilities are computed, the transition
probability matrix can be updated. There are several ways of computing the transition
probability matrix [81], but the general idea is that the mode switching probabilities are a
function of the false alarm and missed detection probabilities.

The proposed adaptation law for the transition probability matrix is given by:

(m( o) (1= bra () (6.1)
_¢md(Pm) ¢md(Pm)

where ¢, (+) and ¢pq () are called activation functions. They are continuous functions in
the interval [0, 1] and bounded within this interval in [0, 1]. The activation functions can be
identity, binary step, sigmoid, or any other functions that satisfy the above criterion.

In the case of only considering a single measurement, the false alarm and missed detection
probabilities can be calculated using a CDF as shown in Figure 2.5. To improve the accuracy
of the computation of the Py, and the P4, the number of measurements considered must be
greater than 1. In this case, this approach is however difficult to generalize and the Py, and
P,,4 probabilities can be calculated using Monte Carlo approximations. These approximations

=
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Figure 6.2: False alarm and missed detection probabilities with the Hg density and the H; density
used for the computation of each probability, with F;ﬁt and T'?! the optimal threshold
for the false alarm and missed detection probabilities respectively.

are however computationally expensive, and then not suitable for real-time applications
because of the large number of samples needed to accurately approximate the Py, and P,q.
A solution is proposed in this chapter, using the saddlepoint approximation detailed in
Section 6.2 to calculate an analytical expression to both false alarm and missed detection
probabilities from the last n measurements.

6.2 APPROXIMATION OF THE FALSE ALARM AND MISSED DETECTION

This section aims to present a way to approximate the false alarm and missed detection
probabilities and use them to compute the adaptive transition probability matrix given
by (6.1). To do so, the saddlepoint approximation method is used.

The saddlepoint approximation was introduced by Daniels [78] and has since been developed
and enhanced for a wealth of applications. Given a number n of measurements, the saddlepoint
approximation of the false alarm probability can be computed using the Lugannani and Rice
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formula [82] and is accurate to order 1/n which outperforms the accuracy of a Monte Carlo
approximation, known to be accurate to order 1//n.

The saddlepoint approximation then consists of approximating the probability density
function of the mean of n independent and identically distributed (i.i.d.) random variables.
Let us consider X; as a random variable. The mean of n i.i.d. random variables is given by:

X ;ZC (6.2)

=1

The saddlepoint approximation remains accurate even at tail distribution areas, which is
crucial for a number of applications, including detection problems and particularly when
detection algorithms are designed to meet false alarm probability requirements. Compared
to the saddlepoint approximation, the law of large numbers approximation only works for
absolute error with very large values of n and provides poor accuracy in the tail distribution
areas.

Many statistical problems (maximum likelihood estimator or hypothesis testing for exam-
ple) can be formulated as a sum of n i.i.d. variables using the logarithm of the likelihood
function.

In the following section, the saddlepoint approximation formulas in the i.i.d. and indepen-
dent but not identically distributed cases, are re-demonstrated as the Lugannani and Rice
formula, using new proofs.

In this section, different and simplified proofs of the formulae of the saddlepoint approxi-
mation of the mean and of Lugannani-Rice formula are provided. This is performed using
carefully chosen changes of variables from the saddlepoint formula for the case n = 1 and
integration by parts. This approach to proving the saddlepoint approximation provides a
new insight into the problem and clearly differs from the proofs made in [78, 82] and based
on the Edgeworth expansion. Furthermore, a generalization of the saddlepoint formula to
the case of independent and non-identically distributed variables, is proposed with a new
mathematical proof.

6.2.1 Saddlepoint approximation of a sum or a mean

In the case where the random variable X; are i.i.d. variables, the density of pg () is given
by the Proposition 1.

Proposition 1
_ _ n
A random variable X is introduced such that X = % > C(, If the random variables X; are
i=1

i.i.d., then the probability density function of X is giveky by:

A / é n n(Kx (Tx)—Txzx)
T) = e 6.3
pX ( ) W’C” (T ) ( )
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Proof . The cumulant generating function K¢ of the variable X is given by:

K (t) = log g (6.42)

=log [ E = (6.4b)

=log E [E[ (t(iXJ]) < (6.4c)

Since the variables X; are independent, the cumulant generating function can also be
written as:

Ky (t)=log E [ﬁ(f(X>])< (6.5a)
= log Hf [ t(5X4) } < (6.5b)

- %;()g (E t[{(i)@)]) ( (6.5¢)

- Z;CX <n> (6.5d)

Given that the variables X; have the same probability density function, their cumulant
generating function is identical Kx, = Kx. Then, it can be written as:

K (£) = nKx (i) ( (6.6)

and its derivative is then given by:

K

<
=
Il
3
>
N
3|+
N~
VR
>
-

As Ky (t) = Ky (L), the cumulant generating K'; can be written:

IC’X(t)—x:O(:)IC’X<Z><x:O (6.8)

Let T be the root of Ky (t) — x = 0, and Tx the root of K (L) f x. Then, it gives
TX:TTXﬁTX:'rLTx.
By derivate (6.7) it gives:

KU (1) = Kl <fl> ( (6.9)
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The probability density function of X is given using the Laplace approximation — detailed
in Appendix E — by:

1

_ _ (K5 (Tg)-Tgx)
Py (z) = e xUX)TIX (6.10
x (7) WIC/)I—_, (T%) )

Then, it gives Ty = nTx, Kx (Tx) = nKx (Tx) and K% (Tx) = +K% (T’x). By substitut-
ing this in (6.10), it gives:

\/&\ T e(MKx (Tx)—nTx ) (6.11a)

n(Kx(Tx)-Txx) 11

This formula is the saddlepoint approximation developed by Daniels under the assumption
that the variables X; are i.i.d..

In the case where the variables X; are independent but not identically distributed, a
generalized formulation of the saddlepoint approximation has been given in [80]. This
formulation is given by the following proposition.

Proposition 2
Let the random variable X be defined such that X = Z i- If the random variables X;

are independent but not identically distributed, the proba ility density function of X is
given by:

by (z) = Trli’)’?: (To)e”(’CX(TO)_T”) (6.12)
where
_ 1 &
Kx (To) = o > CXZ- (To) (6.13)
i=1

and

K (Ty) = iZCX (1) (614)
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Proof . The cumulant generating function K¢ of the variable X is given by:

K (t) = log (IE [ (6.152)

)
—log |E (G i=1Xi) (6.15b)

=log E [ﬁ{(p@])( (6.15¢)
S

Given that the variables X; are independent, the cumulant generating function can also be
written as follows:

Ky (t) = log Ejﬁ(f(ixz)])( (6.16a)
= log Hf [f(i&)}) < (6.16b)
_ Z(Dg (E [{(ixi)]) (6.16¢)

_ nl CXi (Z) , (6.16d)

1=1

K's (t) = ;if’x (;) . (6.17)

Since T’y is the root of:

n

K;—((t)—x—()(:):lZC’Xi <:l>—x:0, (6.18)
=1

n
It gives Tn—’? is the solution of 2 >° K’ (t) —x =0.
i=1
By deriving (6.17), it gives:

K5 (1) = E;CX () (6.19)

The probability density function of X as detailed in Appendix E is given by:

5 / ! 1 Kx(Tx)-Txx
_ — 2



6.2 APPROXIMATION OF THE FALSE ALARM AND MISSED DETECTION 147

Let Tp = TTX, then it gives Ty = nTy, Kx (Tg) = Kx, (To) and K% (Tg) = %IC’)'(Z (To).
By substituting this in (6.20), it gives:

> Kx; (To)—nTox

px () = (1— ) (6.21a)

\r fz( ) )

= = . (6.21b)

{2(@' )

Let’s define Ky, K% functions as:

M:

Kx (To) = — Cxi (To) (6.22)

— 1

"TH) = — "oTHY 2

K% (Th) = =Y :CXA ) (6:23)
Then, it gives:

n n K — xT
)=\ (6:24)

This equation is consistent with Daniels’s formula (6.11b).

6.2.2 Lugannani and Rice Formula

The Lugannani and Rice formula [82] is known to provide a very accurate approximation
at the tail probability area. The false alarm and missed detection probabilities can be
computed using the Lugannani and Rice formula. This formula is based on the saddlepoint
approximation of the cumulative probability function.

Proposition 3 -
Let the probability density function of X be defined such that:

A n TZ(’CX (To)—Toa:)
) = e 6.25
pPx ( ) 7TICH (TO) ( )
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The saddlepoint approrimation of the cumulative probability function P (X > a) <s given
by:

P(X >a) f1— () +6 (o) (1 - 1) ( (6.26)

ta Ya

where ¢ (-) is the standard Gaussian distribution, ® (-) is the CDF of the standard normal
distribution, to = To\/nK% (To) and ya = sign (to) /2n (Toa — Kx (Tp)) with Tp is the
solution of the equation K'y (t) —a =0, and « is a detection threshold.

Proof . The saddlepoint approximation of the cumulative probability function P (X > a)
is given by:

“+00

P(X > «) C / px (z) dz (6.27a)

«

“+oo

_ n n(Kx (To)=Toz) g

= e T 6.27b
/ V éw/cgg @) (6.270)

A change of variables is performed by using;:
Y2
n(Kx (Ty) — Tox) = -5 (6.28)
By replacing K (Tp) = = in (6.28), can be written:

2

n (Kx (To) — ToK'x (To)) 6 —% (6.29)
and then, ydy is given by:

ydy = nToK% (Tp) dTy (6.30)
Since K’y (Tp) = x, can be obtained by differentiation K’ (Tp) d7p = dx. Then, ydy can
be written:

ydy = nTpdx. (6.31)

This implies that:

d
do =257

. 6.32
nTo ( )

Then:

+o0
_ /k 1 Y 1 2
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2 2
Y

2

The term \/%e_y? is the standard Gaussian distribution. Let’s define ¢ (y) = \/%e

and ¢ = Tp+/nK% (Ip). Then, the probability P (X > «) is given by:

P(X > a) Yo (y) dy (6.34a)

_ / (1-1+9) 6(;,) dy (6.34D)
= / ¢ (y) dy + 70@ - 1) <y¢ (v)) dy (6.34c)

A first integration of the first term in (6.34c) yields:

+o0
/ b () dy =1 (ya) (6.35)

where @ (-) is the CDF of the standard normal distribution. The second term in (6.34c) can
be integrated by parts by letting dV = —y¢ (y) and U = (l - l) .(Since V = ¢(y) and

Y t
dU =d (l — 1).(Then, it gives:

]P(X>a)(1—<1>(ya)+¢(ya) <€_;a> + +/ooqb(y) d<;—1>< (6.36)

+oo
where the term [ ¢ (y) d (% — %) (z a small error that is assumed to be negligible.
Yo
Equation (6.36) can then be written:

P(X >a)f1l-2(ya)+¢(ya) <t1a - yt) ( (6.37)

Equation (6.37) is known as the Lugannani and Rice formula [82]. Where ¢, =
To/nK% (Tp) and y, = sign (ta) v/2n (Toa — Kx (Tp)), with sign (+) is the sign function,
Ty the solution of the equation K’y () —a = 0 and « is a detection threshold.
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6.2.3 Hypothesis testing with the saddlepoint approximation

The two possible fault diagnosis hypotheses of Hy and H; were introduced in (2.5). This
diagnosis is based on the Neyman-Pearson decision criterion and is given by:

?/k|7'l1 ) Mo
A= 6.38

The likelihood ratio (6.38) can now be written in the form of (6.2):
S 1
X = —log (A) (6.39a)
yle))
lo 6.39b
Z ( (9| Ho) ( )

By substituting the variable ¢, by X, the false alarm and missed detection probabilities
defined in (2.8) and (2.9) can be written as:

Py, =P (X > alHo) (6.40)
Pra=P(X < alH:) (6.41)

where the threshold « is equal to

= log (1) (6.42)

Note that the threshold parameter o will not be kept constant at all times to enforce a
constant maximum false alarm probability, as is often the case when the Neyman-Pearson
criterion is used. As later shown in Section 6.3, the threshold will be selected and optimized
at each time from a range of candidate thresholds. This will allow for the calculation of the
false alarm and missed detection probabilities using an analytical formula, by exploiting the
properties of the log likelihood ratio formulation.

In (6.39), the process X is written in the form:

1 &
X =— 6.43
n 2 (6.4

X is a complex mixture of densities. Its law cannot be analytically expressed. The samples
X} are independent but not identically distributed because they are computed at each time
step k and the mean will vary in the presence of sensor faults. This process used to compute
the cumulant generating function is presented in Section 6.2.4.

In the Gaussian case, with p (gx|Ho) = N (uog, oop) and p (Gk|H1) = N (pag, 013), (Xk is
given by:

o 1 1
X, = log < Ok> <F 72(3/19 - ,UOk)2 - ﬁ(yk - ,Ulk)2 (644)

O1k 20‘0k 20‘1k
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This expression can be rewritten as:
Xie = ar(fix)” + bidie + cx (6.45)
where ay, b and ¢ are the polynomial coefficients given by:

( 1 1

— - 6.46

k 20’1% 20’0% ( a)
Mok Hig

o= Lo g (6.46b)
0% 01k

1k Mli Mo%
r = 1o % + —5 — —= 6.46¢
L & < 0k’> 201% 20’0% ( )

6.2.4  Analytical expression of the false alarm probability
The false alarm occurs under hypothesis Hg. It is assumed that g follows the Gaussian law
p (Uk|Ho). The corresponding cumulant generating function is:

Kx, (t|Ho) =log (E [ XHHO])L (6.47a)
—tog ( [[Messt ey 1) (6.47h)

The last expression can be expanded using straightforward calculations to:

(1og, + broo2t)”

1
Kx, (t|/Ho) = —=—— o2 t

2002

1
—5log (Y- 2ako0jt) (6.48)

From Proposition 2, the mean’s cumulant generating function K () is given by:

Ko )= > Ko, (1) (6.49)
where K () is defined if and only if,
1 . 1
S oo B ol (6.50)

In this interval, the equation K (t) — o = 0 admits a solution Tp.
The false alarm probability is given by:

P, =P (X > alHo) (6.51)
where P (X > a|Ho) is approximated by (6.37).
1 1
P 1= () + o) (1~ - ) < (6.52)
0 Y%

where to = Tp+/nK} (Tp) and yo = sign (¢o) \/Qn (Toa — Ko (To)).(
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6.2.5 Analytical expression of the missed detection probability

A missed detection occurs under hypothesis H1. It is assumed that g follows the Gaussian
law p (gx|H1). The corresponding cumulant generating function is:

Kx, (t|H1) = log (E | Xk‘Hl])Q( (6.53a)
= log ( / HekTr k) (G| H1) dyk) (6.53b)
The last expression can be expanded using straightforward calculations to:
2
1 (p1g 4+ bporit)” 1 5
Kx, (t[H1) = — =5} +cxt ——log(1—-2 t 6.54
x;, (tH1) e LU Ly py TR og (1 — 2a,0o14t) (6.54)

From Proposition 2, the mean’s cumulant generating function K; () is then given by:

_ 1 &
Ki(t) == Kx, (HH1) (6.55)
k=1
where K; (t) is defined if and only if,

1 1
max —— <t < min — (6.56)
ax<0 2a,01j, ap>0 2a017,

In this interval, the equation K} (t) — a = 0 admits a solution 7.
The missed detection probability is given by:

Pha=1—-P;=1-P (X > 04’7'[1) (657)

where P; denotes the detection probability. Finally, the missed detection probability us-
ing (6.37) is given by:

Pra~®(y1) — ¢ (1) (1 - 1) ( (6.58)

tv

where t; = Ty+/nK} (T1) and y; = sign (¢1) \/Zn ((104 — K3 (Tl))(

6.3 FORMULATION OF THE ADAPTIVE JUMP-MARKOV REGULARIZED PARTICLE
FILTER

The stochastic process model of the AJMRPF for additive actuator and sensor fault is given
by 4.5. The AJMRPF introduced in this chapter is only formulated for sensor faults.

Unlike the case of IMRPF, the prediction step of the AJMRPF also updates the transition
probability matrix. The formula of the new transition probability matrix is given by (6.1). In
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this equation, the transition probabilities depend on the false alarm and the missed detection
probabilities. In Section 6.2, it has been shown that these probabilities can be accurately
computed with a number of samples n > 3. Then the formula given by (6.52) is used here to
evaluate the false alarm probability of switching a particle from a nominal mode m(® to a
faulty mode m(). In the same way, the formula given by (6.58) is used here to evaluate the
missed detection probability of switching a particle from a faulty mode m(?) to a nominal
mode m(?). However, these two formula are computed for given means g and p1. The JMRPEF
and application studied so far focused on change in mean, the variance of the H; hypothesis
is then assumed to be the same as the variance of the Hy hypothesis. Then, in this section
o =o09=0].

6.3.1 Means of the faults hypotheses

It is straightforward that pg represents the mean of the nominal mode distribution, which

is equal to 0. The mean of the fault mode distribution pi, is more complex to compute.

Indeed, the fault distribution is not the same depending on which mode a particle is. For
example, if a particle is in mode m(©® then the alternate mode m) has a mean 1 given
by (4.14) for an actuator fault or by (4.16) for a sensor fault, which corresponds to the point
where the particle will be placed if it jumps to m®. By doing this, what is evaluated is the
false alarm between the current nominal mode distribution and the potential fault mode
distribution where the sentinel particle will be sent if it switches to mode m™). However, if
a particle is in mode m(), then the mean sy is given by the current estimate of the fault by
the particle in the faulty mode. Then, what is evaluated in this case, is the missed detection
probability between the current distribution of the particles in mode m(), and the nominal
distribution where the particle will be sent if it switches to mode m(®. In this situation,
three means must be considered. First, the mean pg that correspond to the mean associated
with the hypothesis Hg that is the same for the computation of the false alarm and missed
detection probabilities. And then, the means ji1g and 1), that correspond respectively to the
hypothesis H; of the false alarm probability and the hypothesis H; of the missed detection
probability. These different means are given by:

ok = 0 (6.59)

and
I (1)
p1)o, for the transition tom
pay, = " . 0 (6.60)
M1|1kf0r the transition tom
where pi9)0, and gy, are given by:
H1jo, = Z (woi_lAfZ (6.61a)

ie[m(o

Mg, = Z(wlﬁc—l%k—l (6.61b)

i€l
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where I, o) and I, 1) are the ensembles of index of particles of state fy;_; that are respectively

in mode m(©® or in mode m™. The weights w02—1 and wy}_; are given by:

i Wiy
wolh_q = W, Viel, o (6.62a)
jEIm(Q B
. w}
Wiy = ———, Vi€ Ly (6.62b)
> Wiy

The computation of the means g , and pq)p, are described in Algorithm 6.1.

Algorithm 6.1 Computation of the mean )9, and py)1, for the prediction step of the

adaptive jump-Markov regularized particle filter

1:N 1:N 1:N 1:N
fk\k—l’ A, wply, mpt)

Function MEANSH (,u1|0k, H1j1y,
for each i € [1, N] do
if m?C =m(® then

woj,_y 75)27;%_1 //See (6.62a)
7€ (0)
| wij_g 0
if m?c =m then
. ’Ll)i
Wi See (6.62b
e JSee (6.62)
m(D)
B woifl ~—0
[11]0,, ¢ Z(wo};_lAﬁ; //See (6.61a)
’iEIm( )
g, < 20 N wify //See (6.61D)

’iEIm(l)

6.3.2  Transition probability matrixz update

To compute the transition probability matrix, the false alarm and missed detection probabil-
ities using the means of the H; hypotheses given by (6.61a) and (6.61b) must be computed
first. This is performed by using the analytical expression of the false alarm and missed
detection probability described in Section 6.2.4 and 6.2.5. The function PROBABILITIES aims
to compute the false alarm and missed detection probability used to update the transition
probability matrix, it is detail in Algorithm 6.2, where poy.,, #11.,, and o1., are static
variables.
In Algorithm 6.2, the function:
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Algorithm 6.2 Detail of the function PROBABILITIES for the update of the transition
probability matrix

Function PROBABILITIES (P, Ppa®, w1, o, n)
if n > k then
L n+k
o, < 0 //See (6.59)
Hip < f1
Op 0
POLYNOMIAL(Cle, bi:n, Ciin, H01:ns Oliny, M11:n> n)
SAMPLING (a¥™ | 101,05 110> @1, Blins Clin) //See Algorithm 6.4
for each j € {0, 1} do
for each i € [1, n,| do
if a1., = 0 then
| tinit < 0
else

. i 1
L t'LTL’Lt & min { 20’1:"7'0-%:11 }

NEWTONRAPHSON(Tj, K (

tj < T} nlq’ (T‘J)

Y; < sign (tj) \/277, (T]oﬂ _ K:j (T])) (
P2 (y) — 6 (w) (;-;)(

ROC (P, Prpg®t, Py™, 1 — P}™)

(Fs /€ is a small number to ensure (6.50) and (6.56)
) —at, lq’ (1), tinit) JWith I@; (t) and l@;’ (t) updated

Hop—1 <= Hop, //Saving the value of pg
Hlp—1 < Min //Saving the value of jq
On—1 4 0p //Saving the value of o

POLYNOMIAL aims to compute the last n coefficients a, b and ¢ using (6.46);

e NEWTONRAPHSON is the function that perform the Newton-Raphson method [83] to
approximate the root of a function f (¢), where the first parameter is the output, the
second is the function, the third is the function derivative and finally the fourth is the
initial guess;

e SAMPLING is used to provide n,, different thresholds «, it is described in Algorithm 6.4;

e ROC aims to obtain the optimal false alarm and missed detection probabilities based
on an optimization criterion, it is described in Algorithm 6.5.

Using the false alarm probability and the missed detection probability provided by
Algorithm 6.2 the transition probability matrix can be updated. The update of the transition
probability matrix is performed by the UPDATEII function. This function is described in
Algorithm 6.3.
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Algorithm 6.3 Detail of the function UPDATEII of the adaptive jump-Markov regularized
particle filter

Function UPDATEI Ik, pyjo,, f1j1,: Ok)
PROBABILITIES (Pp, ", 0, pijo,, o%) //See Algorithm 6.2
PROBABILITIES (0, P, pi11,, k)
00k  Ofa (Pra™") //See (6.1)
Ti0k < 1 — ¢ra (Frat?)
11k ¢ Pmd (Pmd pt) (

N

To1k = 1 — dma ( md(pt
6.3.2.1 Threshold sampling

To obtain the best trade-off between the false alarm and missed detection probabilities,
multiple values must be tested and therefore multiple values of threshold o must be defined.
To do so, a sample of n,, threshold values is computed over an interval. From (6.43) and (6.45),
X can be rewritten as:

n

X (1) = % > (CC:@?% + brlik + k) (6.63)

k=1

It is clear that a trade-off between the false alarm and the missed detection probability is
obtained for n = 1 with I' € [po, p1], and this implies Py, € [0, 0.5] and Pp,q € [0, 0.5].

Then the interval [po, 11] is a conservative interval of the solution of an optimal trade-off.
Transposed to the state space of the threshold «, since (6.63) is a monotonically increasing
function Vg1., > 0, and since pg = 0 and pg < pg, it gives:

[X (Molzn)v X (Nllzn)] C [amina O4max] (6.64)

Equation (6.64) is then used to determine an interval where the threshold « will be allowed
to vary. Then for a given number of samples n, the sample step is given by:

(amax - amin)

Aa = ,
o - (6.65)
And then the samples are given by:
' = [amin © At Qmax] (6.66)

The sampling of the threshold « is described in Algorithm 6.4.
However, having multiple o will provide multiple Py, and P4, an optimal one must be
selected according to a criterion to be able to compute the transition probability matrix.
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Algorithm 6.4 Detail of the function SAMPLING used in Algorithm 6.2

. 1:ng
Function SAMPLING (a'"™, [i01.s H11:ms @1ins D1in, Clin)

n
Qmin < % > CCg,uokQ + brpog + k) //See (6.63)

k=1
1 n
Omax — n Z
k=1
Aq « (Qmax—
Na
041 < O'min
for each j € 2, n,] do
| od a1+ Aa

Anpirg + bepay + k)
in)

//See (6.64)

6.3.2.2  Optimization Criterion

The false alarm and missed detection probabilities given by (2.8) and (2.9) depend on a
threshold a. This threshold is used to achieve a trade-off between the Py, and the P,4. The
trade-off is optimal given a criterion. Multiple criterion exist in the literature, the one used
here is the ROC curve described in Section 2.4.2. The criterion selected for the formulation
of the method is the optimal point given by (2.15). The false alarm and missed detection
probabilities that solve (2.15) are denoted Pfa"pt and P,,4°?'. Then the threshold associated
with this couple is denoted a°P!. Note that a weighted cost function could also have been
used, but in this formulation, false alarm and missed detection probability are given equal
weights.
The computation ROC curve criterion is described in Algorithm 6.5.

Algorithm 6.5 Detail of the function ROC used in Algorithm 6.2
Function ROC(PfaOpt, Pa°", Pfa11”a7 pmdlzna)

MiN;gy < 1 //Initialization
MANyoe — OO
for each i € [1, n,] do /Find the min of (2.15)

if \/ (Pmd')” + (Pr')? < minyo. then
MINyoe \/(Pmdi)2 + (Pfai)2
MiN;dy < 1

Pfaopt «— Pfaminidz
Pmdopt . Pmdmm"“

The prediction step is described in Algorithm 6.6.
The other step of the AJIMRPF can be the same of the JMRPF from Chapter 4 or the
RJMRPF from Chapter 5 depending on the needs.

157



158

ADAPTIVE JUMP-MARKOV REGULARIZED PARTICLE FILTER

Algorithm 6.6 Prediction step of the adaptive jump-Markov regularized particle filter
Function ADAPTIVEPREDICT(X};']:_I, k, wih, <N, mEN wy, ye, Ry)

for each i € [1, N] do

nj, ~ N (0, Qx)

X < Sr (X we) //See (4.10)
Agj, < i — i (XZ“H ( //See (4.16)
for each j € [1, ny,| do

o /R

j j 1:N,j 1:N,j . 1:N,j .
MEANSH1 (4105, Ho11ks f5k|k—]17 Ag 7, w,ﬁﬁ, mg, ) //See Algorithm 6.1
UPDATEIL(TL,, (td105, 31155 Os))
for each i € [1, N] do

t ADAPTIVEJUMP(fSZ‘Jk_l, mg,”, Ag,’, TL™)

6.4 COMPARATIVE NUMERICAL SIMULATION ANALYSIS

This section aims to provide a demonstration of the AJMRPT in the presence of sensor faults
with abrupt and incipient faults on a fixed-wing UAV. For the sake of brevity, only the
longitudinal system is considered.

Since only the addition of the adaptive probability matrix is assessed in this section, the
AJMRPF is compared to a JMRPF. Note that a ARJMRPF could have been compared to a
RJMRPF, the results are less significant, and the improvements brought by the adaptive
transition probability matrix are more blurred. The use of the ARJMRPF is however relevant
since the AJMRPF and the RIMRPF do not solve the same issues and using the ARJMRPF
solve the same issues of the AJMRPF and the RIMRPF without introducing new ones.

Given that all algorithms under comparison are particle filters, a non-linear system is
used. The UAV has an initial longitudinal velocity of 40ms™!, an initial altitude of 500 m,
an initial null flight path angle and is initiated in a straight cruise flight condition. The
control and guidance are then performed as described in Section 3.7 and Section 3.8 for the
longitudinal system around the trim point of the initial flight condition. The desired altitude
is set to 500 m and the desired velocity to 40 ms™!.
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To illustrate an abrupt sensor fault on the pitch measurement, a fault signal is added to
the measurement equation. This true fault model is unknown to the filter. The nonlinear
longitudinal model used to compute the true state is given by:

z = F (z,u) (6.67a)

(:%(ZH E +v (6.67b)
J;

where fg(denotes the pitch measurement fault and where the measurement noise v is a zero
mean Gaussian noise given by:

baro,—pgq
accel,u

Vaccel,w

(6.68)

gyro,0

L ng?"o,q .

with standard deviations respectively given by opero,—p, = 1M, gccetu = 1 ms~ Caccelw =
Ims™!, Ogyro,0 = 0.01rad and o4y q = 0.002rad s~!. The state vector z is given by:

: (6.69)

s B R

the input vector u by:

N

the non-linear function F (-) by (3.8) and the observation function H (-) is given by:

_@1 ;
H(z)= |0 (6.71)

o O O = O

O O = O O

o = O O O

= o O O O
N
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Since the fault is only on the measurements, the evolution and control input matrices for the
process models are the same as the ones given by (6.67) for the state vector z. The extended
vector x is given by:

‘e [fJ | (672

The fault is assumed to have zero order dynamics. The process noise is a white Gaussian
noise with a standard deviation oy given by:

_ - -
0.lms!
-1
0.02rad
0,002rads™?

| [ 0.002rad

The measurement noise of the process model is 1.5 times the measurements noise of (6.67);
The transition probability matrix of the JMRPF is given by:

o — 299 0.01 (6.74)
01 0.99
The standard deviation used to compute the initial covariance matrix Py for all filters,
denoted oyg is given by:

_ - .
Ims!

-1
o= | ™S (6.75)
0.005 rad
0,002rad st

| [ 0.005rad

The function ¢y, () and ¢,,q (-) for the transition probability matrix of the ATMRPF are
respectively given by:

0.5
Qbfa (,I) = m + 05, (676&)
0.5

Omd (x) =1- £20(0.1—x)

: 6.76b
+1 ( )

And the value of n for the saddlepoint approximation is set to 3.
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Figure 6.3: Transition probabilities functions used by the AJMRPF

The transition probability matrix and the false alarm and missed detection are shown in
Figure 6.3.

The fault scenario considered lasts 50s. At 10s, a first fault occurs on the pitch measure-
ment. It is an abrupt fault with an amplitude of 10°. This fault is deactivated at 20s. At 30s,
a second fault occurs on the pitch measurement. It is an incipient fault with linear dynamics
that lasts 10s and reaches an amplitude of 10°. The scenario is illustrated in Figure 6.4.

fo —
10
=5
z
=
0
\
0 10 20 30 40 50
Time (s)

Figure 6.4: Fault scenario on the pitch measurement used to compare the AJTMRPF to the JMRPF.
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Finally, the number of particles is set to 1000 and the resampling threshold I, is set to
0.5 and the bandwidth factor h of the Epanechnikov kernel is set 0.2817. The number of
simulations performed is 100 with a time step of 0.05s.

The first results illustrated in Figure 6.5 are the estimates of the AJMRPF and the JMRPF
by taking the median results from 100 simulations. The selection of the median result is
detailed in Appendix D.

fo AIMRPF —  fy JMRPF — fo —
12
10
Z6F
=4 +
€2
0
-2 | | |
0 10 20 30 40 50
Time (s)

Figure 6.5: Median result of the fault states of the UAV under additive sensor fault estimated by a
AJMRPF and a JMRPF. Median results based on 100 simulations.

In Figure 6.5, during the first 10s while there is no fault both JMRPF and the RIMRPF
estimate the fault free mode accurately as already expected and observed from previous
simulation of the JMRPF. When the first abrupt fault occurs at 10s, both the JMRPF and
the RIMRPF estimate the fault comparably in terms of convergence time and accuracy. The
AJMRPF further improves the already good result of the JMRPF for this kind of faults. The
deactivation of the fault at 20s is also efficiently handled by both filters, and the situation
of the next 10s is the same as the first 10. Similar results for both filters is also observed
on the incipient fault on this simulation. The deactivation of the fault at 40second is again
efficiently handled by both filters, and the situation of the next 10s is the same as the first
10s.

The false alarm and missed detection probabilities used by the AJMRPF, are illustrated in
Figure 6.6.

In Figure 6.6, the false alarm and missed detection probabilities are consistent with the
actual fault mode. Indeed, when no fault is active, the Py, and P4 are close to 0.5 with a
P, around 0.3 and a P,,q around 0.4. When a fault is active, both Py, and P,,4 converge to
0. For the abrupt fault, this takes in one time step, and for the incipient fault it reaches zero
in about 1.9s.

The Figure 6.7, presents the components of the transition probability matrix, which depend
on the Py, and Py,q.



Figure 6.6: Median result of the false alarm and missed detection probabilities of the AJTMRPF
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Figure 6.7: Median result of the transition probabilities of the AJMRPF

probability matrix is consistent with the missed detection and false alarm rates.

The behaviour of the median results of the AJMRPF and the JMRPF is illustrated in detail

in Figure 6.8, by showing the particles positions with their associated weights.
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fo —  fop o
12 | | |
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(a) Estimation of the fault state with a AJMRPF.
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\ \ \
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(b) Estimation of the fault state with a JMRPF.

Figure 6.8: The 20 most weighted particles of every second of the median result of the fault states
of the UAV under additive sensor fault estimated by a AJMRPF and a JMRPF. Median
results based on 100 simulations.

In Figure 6.8, the major difference between the AJMRPF and the JMRPF is the weight of the
sentinel particles at the activation of the abrupt fault. Indeed, the JMRPF has high weights
on its sentinel particles while the weights of the sentinel particles of the AJMRPF are not
significantly different from other particles. This, is due to the fact that a lot more particles
are used by the AJMRPF when the abrupt fault occurs since the transition probability matrix
is almost at 0.5 for w1 at this time.

The median results of the state vector z estimated by the AJMRPF and the JMRPF are
shown in Figure 6.9.
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Figure 6.9: Median result of the longitudinal states of the UAV under additive sensor fault estimated
by a AJMRPF and a JMRPF. Median results based on 100 simulations.
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In Figure 6.9 low state estimation errors are obtained with the AJMRPF or the JMRPF are
visible, the UAV remains in a straight level flight condition as required.

The median results for the control inputs of the AJMRPF and JMRPF are shown in
Figure 6.10.
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(b) Throttle.

Figure 6.10: Inputs of the median result of the UAV under additive sensor fault estimated by a
AJMRPF, and a JMRPF. Median results based on 100 simulations.

In Figure 6.10, the control inputs are consistent with the trajectories obtained using both
filters.

The RMSE of the fault state fy for the AJIMRPF and the JMRPF estimates are shown in
Figure 6.11.
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Figure 6.11: RMSE of the fault states of the UAV under additive sensor fault estimated by a AJMRPF,
and a JMRPF. Results are based on 100 simulations.

In Figure 6.11 the RMSE of the AJMRPF for the incipient fault is lower than RMSE of the
JMRPF. This is confirmed by the mean RMSE RMSE of fy equal to 0.27° for the AJMRPF
and 0.38° for the JMRPF. This shows that the AJMRPF does not only adequately reset the
transition probability matrix, but also improves the results compared to the JMRPF.

The RMSE of the states are shown in Figure 6.12 and the AJMRPF outperforms the JMRPF
in terms of state estimation accuracy
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Figure 6.12: RMSE of the longitudinal states of the UAV under additive sensor fault estimated by a
AJMRPF, and a JMRPF. Results are based on 100 simulations.

Table 6.1 gives the RMSE values at key time steps and the RMSE which is defined in
Appendix D.
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Time (s)

State RMSE
10.05s 20.05s 30.05s 40.05s
AJMRPF
RMSE pg (m) 0.216  0.225  0.208  0.425  0.254
RMSE u (ms™%)  0.155 0.156  0.128  0.163  0.152
RMSE w (ms~!) 0.029 0.036 0.028 0.030 0.033
RMSE 6 (°)  0.053  0.190  0.061  0.687  0.205
RMSE ¢ (°s™%)  0.096 0.100 0.086  0.094  0.098
RMSE fg (°)  0.277 10.017 0.067  9.235  0.268
JMRPF

RMSE pg (m) 0.333  0.258  0.180  0.708  0.328
RMSE w (ms™!)  0.271  0.166  0.132 0217  0.167
RMSE w (ms™!)  0.090  0.033  0.036 0.032 0.033

RMSE 6 (°)  0.102  0.284  0.061 1.055  0.325
RMSE ¢ (°s™')  0.192  0.092  0.102  0.106  0.099
RMSE fo (°)  1.049 10.037 0.058  8.848  0.381

Table 6.1: RMSE values of the AJMRPF and the JMRPF estimates at key time steps, and RMSE.

6.5 CHAPTER SUMMARY

This chapter introduced a new way to update the transition probability matrix in real
time, using estimated values of the false alarm and missed detection probabilities. This

matrix was used in the previously introduced JMRPF and RIMRPF filters in Chapters 4 and 5,

respectively. Using this new transition probability matrix configuration, a new filter named
the AJMRPF or the ARJMRPF depending on the benchmark filter to be adapted, was shown
to achieve sound estimation performance results in Section 6.4.

The idea behind the adaptive transition probability matrix was to update it using the
false alarm and missed detection probabilities, which were computed using the saddlepoint
approximation. This approximation allows one to consider multiple previous measurements
instead of only relying on the current measurement, which leads to improved estimation
accuracy. The detail of this computation and the formulation of the AJMRPF / ARJMRPF
were given in Section 6.2 and Section 6.3 respectively. 100 simulations were performed
in Section 6.4 have shown sound state and fault estimation results with the AJMRPF by
exploiting the ability to adapt the transition probability matrix to the faulty or fault free
modes. Similar and even higher performances were shown for the AJMRPF compared to the
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JMRPF depending on the type of faults considered. The proposed approach also allows for real
time knowledge of the false alarm and missed detection probabilities (research question 6).
Morever, this method is easy to implement and requires a little of computation demand
(research question 7).



CONCLUSIONS AND FUTURE WORK

The estimation of faults is an essential feature for fixed-wing UAV with no hardware redun-
dancies, and required to be fault-tolerant. This thesis entitled “ Multimode navigation for
degraded fized wing unmanned aerial vehicle operation under sensor and actuator faults”
has investigated new methods for the estimation of actuator and sensor faults. Using a
realistic representation of the fixed-wing UAV and its sensors, challenging fault scenarios
including ambiguities and lack of knowledge of the fault models have been studied. It has been
proven that estimation methods for such problems are required to handle multimodalities
and the mismatch between true and assumes fault dynamics. A new method based on a
RPF and a JMS called a JMRPF was introduced in Chapter 4. This method was designed
and shown to successfully detect and estimate ambiguous sensor faults as well as faults
with unknown amplitude. An enhanced version of it was then introduced and developed to
deal with unknown fault dynamics and ambiguous actuator and sensor faults in Chapter 5
and named RJMRPF. Finally, the JMRPF — and the RIMRPF — was further enhanced by
updating the transition probably matrix of the JMS in real-time. This last modification of the
JMRPF named AJMRPF was introduced in Chapter 6. All these methods were evaluated on
longitudinal linear and non-linear models of a fixed-wing UAV, with different fault scenarios
and compared to different estimation algorithms. Significant improvement have been shown
with the new methods introduced for the estimation of both sensor and actuator faults and
the staes of the UAV. The accurate and fast estimation performed by the JMRPF and its
enhanced versions have improved flight mission safety in the scenario considered, compared
to other methods by maintaining the UAV on a trajectory closer to the one desired. In terms
of impact, the proposed estimation algorithms have been shown to improve fault tolerance
to a wise rang eof conditions from single faults to an ambiguous faults and unknown fault
dynamics, with the ability to monitor false alarm and missed detection rates. This is in line
with increasing requirements in mission integrity for increasingly autonomous UAV.

7.1 RESEARCH QUESTIONS

The research questions answered in this thesis are the following:

1. Does a JMS with a RPF increase accuracy and speed up convergence when abrupt
additive faults occur, compared to a stand-alone RPF?
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The use of a JMS with a RPF as presented in Chapter 4 was shown to be more efficient
— or a least as efficient depending on the fault and filter parameters — as a stand-alone
RPF in terms of accuracy, robustness and convergence time. This has been shown in
Section 5.5. The new way to implement a JMS in a particle filter introduced in this
thesis, provides better fault and state estimation results than a IMM-KF in the linear
Gaussian case when abrupt additive faults are under consideration. This was shown in
Section 4.5.

2. Is it possible to distinguish and estimate ambiguous sensor faults using only a JMS as
process model of a particle filter?

In Chapter 4, the ambiguous sensor fault case was investigated, and it has been shown
that the JMRPF is able to accurately and rapidly estimate and distinguish between
ambiguous sensor faults.

3. Can an abrupt additive fault, with a large amplitude with respect to the process noise,
be accurately estimated in a short time period?

The JMRPF has shown an outstanding ability to estimate abrupt fault without the need
to artificially inflate the process noise. This was particularly highlighted in Section 5.5,
where the JMRPF was successfully used to estimate abrupt faults of multiple magnitudes
even with a small process noise for such abrupt changes. Indeed, a RPF with the same
parameters — but naturally without JMS — was unable to converge rapidly to the
fault.

4. Can faults with different dynamics than the ones used in the process model be estimated
accurately?

In Chapter 5, it has been emphasized that the JMRPF introduced in Chapter 4 cannot
estimate faults accurately when the true fault dynamics do not match the ones assumes
by the filter. This issue has been overcome by improving its particles placement using
a Kalman update. This enhanced version of the JMRPF called the RIMRPF was shown
to accurately estimate faults with a very different dynamics to the ones used by its
process model, as shown in Section 5.5.1.

5. In the case of ambiguous actuator and sensor faults, is it possible to distinguish and
estimate them?

This case was investigated in Chapter 5, and was also overcome using the RIMRPF. The
results shown in Section 5.5.2, show better state and fault estimation results compared
to the RRPF.

6. Can the false alarm and missed detection probability be computed in real time so that
the transition probability matrix of the JMS process model can be adjusted?

A new way to compute and update the transition probability matrix has been imple-
mented in the JMRPF to take into consideration the false alarm and missed detection
probabilities. This new filter was introduced in Chapter 6 and named the AJMRPF.



7.2 FUTURE WORK

It was shown to be more efficient than the JMRPF by computing and updating its
probability transition matrix in real-time rather than using a user defined constant
transition probability matrix. Using an adaptive transition probability matrix, more
optimal mode transitions were obtained by relating them to the false alarm and missed
detection probabilities, which were computed using an analytical saddlepoint approxi-
mation method. The improved state and fault results of the AJMRPF compared to the
JMRPF are shown in Section 6.4.

7. Can the proposed solution for the previous questions be used for real-time embedded
applications?

The JMRPF and all its enhanced version are computationally efficient compared to other
filter with similar ability. Indeed, using only one model to perform fault estimation,
and using only a small number of particles — also known as sentinel particles — to
test different hypothesis instead of using a whole different particle filter as a IMM
with particle filters would do, participate in this computational effectiveness. The
computational cost of a particle filter is mainly due to the use of hundreds or thousands
of particles. The filters introduced in this thesis do not require to increase the number of
particles and the added computational cost of the improvements for the fault estimation
is negligible compared to overall computational cost of the RPF.

7.2 FUTURE WORK

Several future research directions and challenges can be drawn from this work.

On the application side, a test on a 6 degree of freedom fixed-wing UAV considering more
than one or two potential faulty actuators or sensors might raise new issues. More complex
trajectories should also be tested. If it is validated by numerical results, then an experimental
test could be considered to validate the real-time capability of the algorithms and also to
validate the use of a process model that does not fully match the true model of the systems.

On the theoretical side, even though challenging faults have been considered in this thesis,
some scenarios have not been considered such as the cases of an actuator or sensor failure
or efficiency loss. This would then lead to further investigations of the reconfiguration that
was not done in this thesis where estimating the fault was sufficient to preserve the UAV
flight safety. A more in depth analysis of the impact of faults on mission integrity could also
be performed by accounting for the fact that actuator faults reduce the flight envelope. A
more optimal fault recovery from a control system viewpoint can be developed by adapting
controller gains depending on the fault mode, to prioritise robustness when the fault is
present and to prioritise trajectory tracking performance in the fault free case. Moreover,
in this thesis, only change in the mean and additive faults have been considered in the
numerical simulation, when the presented saddlepoint approximation theory clearly extends
to changes in the variance. A modified JMRPF can therefore be designed to account for
changes in variance and for multiplicative faults.
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Future research directions can also be defined for the GNC module to provide more
awareness about the faulty situation to all the GNC modules in order to adapt the behaviour
of the UAV to the fault and state estimation in real time.



AIRFRAME PARAMETERS

A.1 AEROSONDE UNMANNED AERIAL VEHICLE

Parameter Value Unit Long. Coeff. Value Lat. Coeff. Value
m 13.5 kg Cr, 028 Cy, 0.0
J, 08244  kgm? Cp, 0.03 Cy, —0.98
Jy, 1.135 kg m? Cmy —0.02338 Cy, 0.0
J, 1.759 kg m? Cr, 3.45 Cy. 0.0
Je. 01204  kgm? Cp, 0.30 Cy;, 0.0
S 0.55 m? Cm, —0.38 Cy,, —0.17
b 28956 m Cr, 0.0 C, 0.0
c 0.18994 m Cp, 0.0 Cy, —0.12
Sprop  0.2027  m? Crn, —3.6 C,, —0.26
kmotor 80 Crs, —0.36 C, 0.14
kr, 0 Cps, 0.0 Cy,, 0.08
ko 0 Crms, —0.5 Ci;,  0.105
e 0.9 Cprop 1.0 Cny 0.0
psoom 1.1680  kgm™3 M 50 Cny 0.25
ag  0.4712 Cpn, 0.022
e 0.1592 Cn, —0.35
Cp, 0.0437 Cr;, 0.06
Ch;,  —0.032

Table A.1: Aerodynamics coefficients for the Aerosonde UAV from [67]
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A.2 STATE SPACE MODEL COEFFICIENTS

Coefficients
Xy u*rrfs (CXO + CfXC,Oé>|< + CXae 6:) e L B pspmpgpmpu*
Xuw —q* + % (CXO + CXaOé* + CX(SE o Pspmpﬁzwwl"*
Xy —w* +
Va*25C
X, e
X5, PSproang:mpk d;
Zy q+ u*n;:S (Czy + Cz 0" + Cg; 67) (OL pSC;ﬁw* +2 Zi%q*cq
Zw wtfs (Czy 4+ Cz,a* + Cg,, 5:) \SCQZn?w* pw;,f‘c,;iqq
Zy g 4 2
Va*2SC
Z(Se : 2m Zée 2 * 0k
M, LS (Cry + Crm 0 + Cy, 07) f- L5Gmattt o L5 g
M, WLSE (Comy + Comg 0 + Cny, 07) Yo L3Gmat 4 £ Sczz’;fi*w*
Mq pVa*Sc:C'
Va*25¢Ch,
M, . 27, :

Table A.2: Longitudinal state-space model coefficients from [67]



SENSORS PARAMETERS

Constant denotation Value Unit
Py 10135 kgs™2m~!
To 288.15 K

Ly —0.0065 Km™!

gn  9.80665 ms 2

R 83144598 kgm?s2?mol 'K~!
M 0.0289644 kgmol™!

Table B.1: Constant value of the barometric formula [84]

Axis  ognss (m)  kanss ' (s) Ts (s)

North 0.21 1100 1.0
East 0.21 1100 1.0
Down 0.40 1100 1.0

Table B.2: GNSS receiver Gauss-Markov model noise parameters [67]
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FULL STATE FEEDBACK

Full state feedback can only be implementable if all states are controllable and observable
(if all state are not observable one can consider recreating a state or output feedback
stabilization). Let’s consider the controllable and observable system given by (3.43) and the
following full state feedback control law:

u=—Lz+ 1.y, (C.1)
where y° is the desired output, and 1. the gain associated with it and L = []0 L, ... 1n71}
the gain of the full state feedback. The new system with the full state feedback implemented

is then given by:

f = (F —BL)z+ Bl.y* (C.2a)
{ E: Hz (C.2b)

Then, the full state feedback gain L changes the dynamics of the system by moving the poles
of the F matrix. To place the new poles of the system, a commonly used method is to use
the LQR method. The full state feedback representation in a block diagram is illustrated in
Figure C.1. In a real implementation of this regulator, the state that feeds the gain L is
obtained from sensors or observers or in a GNC loop from the navigation module.

Z

yCH 1c j@" B g 2

o b ot
e

L I«

[

"~ H —7Y

Figure C.1: Full state feedback block diagram
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FULL STATE FEEDBACK

C.1 LINEAR QUADRATIC REGULATOR

The LQR method uses a cost function to compute the full state feedback gain L. For a
continuous time system, the cost function minimizes the following quadratic cost function:

J(u) = /f <zTQz +u'Ru+ 2zTNu> t, (C.3)

where Q is a diagonal positive definite matrix of the weight attached to tracking performance,
and R is a diagonal positive definite matrix of the weight attached to the control effort.
A high coefficient in the matrix Q optimizes the performance of the state (response time)
associated with the line of Q whereas a high coefficient in R will minimize the control input.
The matrix N is positive definite, and it acts on the cross product of z and u. It is taken to
be 0 if the cross product optimization is not needed.

The full state feedback gain L is then:

L=R"! (BTS + NT) (C.4)

where S is the solution to the associated Riccati equation:

F'S+SF— (SB+N)R™! (BTS + NT) <L Q =0, . (C.5)

C.2 FULL STATE FEEDBACK WITH INTEGRATOR EFFECT

The full state feedback with integrator effect has the same structure as the full state feedback,
but an integral term is added to the error to track constant non-zero steady state error. Let
us consider the controllable and observable system given by (3.43). To minimize the error
between the desired output y® and the output of the state z/ — which is the j*™ state of the
state vector z—, a new integrated error state z; is created:

ii = yC - szZ (CG)
where H,; is the row of the H matrix corresponding to the observability of the state z’. Then,

Z
the new state vector is ! énd the new state space representation is:
A
i —
Zi

F 0”27”1' B Nz,Ny c (C 73)
HZ-] Oniyni 75T iy

y=H 0,.] Lz] ( (C.7h)

1

Z

+ u+
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C.2 FULL STATE FEEDBACK WITH INTEGRATOR EFFECT

, and with a full state feedback gain it gives:

oo ff] - ]

where:
L=[f b ... L

b=

(C.9a)
(C.9Db)

The closed-loop state space representation with the full states’ feedback is:

z F-BL, —-BL,| |z L
p— + ’ y
A —H, 00, n; Z Lni

—~

C.10a)

(C.10b)

The full (tate feedback with integrator effect representation in the block diagram is illustrated
in Figure C.2. In a real implementation of this regulator the state that feed the gain L, and
H,; is obtained through sensors or observers or in a GNC loop from the navigation module.

yADTA b T (1D B D

» |

H

— Y

L

H,

Figure C.2: Full state feedback with integrator effect block diagram
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MEDIAN RESULTS AND ROOT-MEAN-SQUARE ERROR

D.1 MEDIAN RESULTS

A median results in the simulations presented in this thesis is the | Ny/2 + 1/2] simulation
sorted according to a score, where Ny is the total number of Mote Carlo performed. This
score aims to reflect the capacity of the simulation to estimate the faults. When there is only
one fault estimated in a simulation this score is given by the temporal mean of the fault
estimate error, which is given by:

Q:]\lfké\/<fk_%k)2 (D.1)

where Nj denotes the total number of time step. Then each Monte Carlo performed is sorted
according to its & value.

However, having multiple faults estimated per simulation, leads to the computation of
multiple € value. To sort the simulation only one value must remain, and a mean or a sum
of these value cannot be performed since there are not necessarily in the same state space
and have been estimated with an identical noise. Then a standardization of this value is
performed, by subtract to g its mean and dividing by its standard deviation respectively
given by:

1 NMC
—MC
EF — Ef D.2
lu’Ef NMC MCZ:1 ( )
and

1 NMC
oz = | > (FC — pz)? (D.3)

MC \ie=1

where the upperscript MC of a variable denote the variable associated with the Mc*™ Mote
Carlo.

Then, after being normalized, a mean between the normalized score of each fault estimate
is performed and a global score of each simulation is obtained. This score is then used to
sort the simulation and then a median value can be obtained.
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D.2 ROOT-MEAN-SQUARE ERROR

The RMSE of the state variable x at time step k is given by:

R 1 aMC)2
> (’(i — %))

RMSE} = \| —
\ WMC

A mean RMSE denoted RMSE can be computed, and it is then given by:

1 Ni—1
RMSE" = N kz_o RMSE}

(D.4)

(D.5)



PROBABILITY DENSITY FUNCTION APPROXIMATED BY
THE LAPLACE APPROXIMATION

The following appendix can be applied for the saddlepoint approximation with n = 1.
The density px(x) can be expressed in terms of the moment-generating function (MGF)
Mx (t) using the inverse Fourier transform by:

1 o
px(x) = o / e T My (it) dt, (E.1)
T
with i2 = —1.

Since My (t) = eXx(®) where Ky (t) is the cumulant-generating function. Then it gives:

+oo

1 . A
px(z) = o / e KX () gt (E.2a)
+o0o
_ L / efKx@)=it g (E.2b)
2m

Let t' = it, then it gives:

+i00
1 K
= _— x(O=tz gy E.3
px@) =5 [ e (E3)
—1300
From Cauchy’s theorem, the integral is the same over all paths that are parallel to the
imaginary axis and is also given by:

T+100

px(z) = 1 £ efx®—te gy (E.4)

2

Thus, there are no constraints to choose a value for 7 over which the integration is
performed. This parameter is set to 7 = T'x, which is the saddlepoint since Kx (t) — tx
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reaches a minimum at 7x on the real axis and the modulus of the integrand of (E.4) reaches
a maximum at T'x. The density is then given by:

1 _
px(z) = 5 / efx W)=tz gy, (E.5)
Tx—iOO

Since Tx is the real root of K’ (t) —x = 0, when ¢ is outside an immediate neighbourhood
of T’x, the integrand (E.5) becomes negligible.

The 2°¢ order Taylor expansion of the function f (t) = K (t) — tx around Tx that verify
' (Tx) =K% (Tx) — 2z =0 is given by:

" (Tx)

F (@) = f(Tx) + [ (Tx) (t = Tx) + =5 (t—Tx)? (E.6a)
K% (T
= Kx (Tx) — Txx + (({j{ (Tx) — ) ( —Tx)+ X;X)(t —Tx)>. (E.6b)
Since K’ (T'x) — x = 0, the functon f (¢) can be simplified to:
K% (T
f(t)~ Kx (Tx) —TX:U+7X( X)(t—TX)Q. (E.7)
Then (E.5) can be rewritten as:
Tx—I-ZOO .
px(@) ~ = / B ()T + 552 (T (E.8a)
2mi
T'x —ico
Tx +iy .
L im / Fx (T) =T+ 555 (-1 gy (E.8b)
275 y—+oo
Tx —iy
) Tx+iy ()
K% (T
= X (M) =Tx2) Jipy / e T (t— Ty)?dt. (E.8¢)
2me y—+00
Tx—iy

Let t = Tx + iy, then it gives y = —i(t — Tx). Then dy = —idt and (t—Tx)* = —y2
Then (E.8¢) can be rewritten as:

+0o0

px(lt) ~ 2ieKX(TX)—TXa? / e—iKXgTX)yQ dy (Ega)
s

—00

1 v
— BEx(Tx)-Tx= 1 1 ) 1 - /e (KSQ(TX)) dy <
X

V21 K(S'( (T'x)
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Since

=

( 1 70@ (@)2 dy Q 70/\/ << 0, 1) dy = 1. (E.10)

Nors 1 K% (T
Then (E.9b) can be rewritten as:

1 —Txx
px(z) = e (TX)eKX(TX) Txz, (E.11)
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