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ABSTRACT

LARGE-EDDY SIMULATION OF COMPRESSIBLE FLOWS USING THE
STRETCHED-VORTEX MODEL AND A FOURTH-ORDER FINITE VOLUME SCHEME ON
ADAPTIVE GRIDS

State-of-the-art engineering workflows are becoming increasingly dependent on accurate large-
eddy simulations (LES) of compressible, turbulent flows for off-design conditions. Traditional
CFD algorithms for compressible flows rely on numerical stabilization to handle unresolved physics
and/or steep gradient flow features such as shockwaves. To reach higher levels of physical-fidelity
than previously attainable, more accurate turbulence models must be properly incorporated into
existing, high-order CFD codes in a manner that preserves the stability of the underlying algorithm
while fully realizing the benefits of the turbulence model. As it stands, casually combining tur-
bulence models and numerical stabilization degrades LES solutions below the level achievable by
using numerical stabilization alone.

To effectively use high-quality turbulence models and numerical stabilization simultaneously
in a fourth-order-accurate finite volume LES algorithm, a new method based on scale separa-
tion is developed using adaptive grid technology for the stretched-vortex subgrid-scale (SGS)
LES model. This method successfully demonstrates scheme-independent and grid-independent
LES results at very-high-Reynolds numbers for the inviscid Taylor-Green vortex, the temporally-
evolving double-shear-flow, and decaying, homogeneous turbulence. Furthermore, the method
clearly demonstrates quantifiable advantages of high-order accurate numerical methods.

Additionally, the stretched-vortex LES wall-model is extended to curvilinear mapped meshes
for compressible flow simulations using adaptive mesh refinement. The capabilities of the wall-
model combined with the stretched-vortex SGS LES model are demonstrated using the canoni-

cal zero-pressure-gradient flat-plate turbulent boundary layer. Finally, the complete algorithm is

il



applied to simulate flow-separation and reattachment over a smooth-ramp, showing high-quality

solutions on extremely coarse meshes.
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Chapter 1

Introduction

Much of engineering and science relies heavily upon understanding and modeling turbulent
fluid motion and behavior. And yet, while equations describing fluid flows have existed for over
two-and-a-half centuries, few analytical solutions exist for flows of practical interest. The nonlin-
ear nature of the Euler and Navier-Stokes equations allow macroscopically-simple flows to rapidly
evolve microscopic-complexity. This complexity poses a serious challenge to obtaining analytical
solutions for flows with practical configurations. Naturally, mathematicians developed methods
of approximation to obtain “close enough” solutions. In the era of ever-increasing digital com-
putational power, engineers and scientists use these methods of approximation and other tools of
computational fluid dynamics (CFD) to simulate fluid flows of greater and greater complexity.

In 2014, NASA, in collaboration with industrial and academic partners, released a report de-
tailing a bold vision for CFD capabilities and aerospace design in the year 2030 [1]. Assessing the
then-current state-of-the-art of CFD application, the report stated “CFD is not yet sufficiently pre-
dictive and automated to be used in critical/relevant engineering decisions by the non-expert user,
particularly in situations where separated flows are present.” The report went on to propose a series
of increasingly complex, CFD “grand challenges” and a CFD development road-map for solving
these problems by 2030. Reaching the level of technological capability and readiness as defined in
the CFD road-map would enable another of NASA’s stated goals — certification-by-analysis-level
(CbA) simulations by the year 2025 [2]. The goal of CbA is to eliminate unnecessary physical
tests and move toward a digital analysis process for certifying the flight-worthiness of aircraft and
spacecraft. It has been estimated that a CbA process would eliminate half of all currently neces-
sary flight tests and would enable faster development times and greater technological developments
than previously possible all while greatly reducing development costs [3]. In 2021, NASA released

a report detailing its CbA road-map and how to achieve industrial-level readiness and application



of CbA by 2040. The report specifically noted that one of the intended outcomes of the 2030 CFD
road-map was the enabling of the 2040 CbA-implementation goal [3].

In order to reach NASA’s 2025 goal of simulations usable within CbA, the first of NASA’s 2030
CFD Vision grand challenges focused on achieving a large-eddy simulation (LES) “of a powered
aircraft configuration across the full flight envelope.” The 2014 report stated that “progress toward
this goal can be measured through the demonstration of effective hybrid RANS-LES and wall-
modeled LES simulations with increasing degrees of modeled versus resolved near-wall structures
with increasing geometric complexity.” In short, meeting this goal would move CFD capabilities
toward using turbulence-resolving methods (such as LES) sufficiently far from the aircraft while
using wall-models near the aircraft surface. These wall-models would account for unresolved
turbulent-scales generated by the aircraft surface while coupling the effects of flow further away
from the surface with the wall. For aircraft operating conditions, this wall-modeled LES approach
will sit at the limit of computational capability for the next several decades (unless unforeseen
advancements in computational power occur). Accurately coupling the wall-model with the outer-
flow LES is a must. Additionally, the LES numerical solver must be numerically stable and robust
(i.e., it must provide an answer for any realistic flow without breaking). For compressible flows,
traditional methods of achieving numerical stability can artificially introduce a turbulence-damping
effect if not properly used in the LES context. As a result, the interaction of models and numerical
algorithms (discretizations, numerical regularization, etc.) within the LES framework as a whole
must be carefully considered.

To that end, the goals of this research are defined to:

1. implement the stretched-vortex subgrid-scale (SGS) model into an existing fourth-order ac-
curate finite volume algorithm designed to simulate unsteady, compressible flows with or
without chemical reactions at high speeds on mapped grids with adaptive mesh refinement

(AMR),

2. implement the stretched-vortex SGS wall-model for solving wall-bounded, high-Reynolds

number flows,



3. extend the slip-wall type, stretched-vortex SGS wall-model to compressible flows,

4. couple the interior SGS and wall-models with numerical regularization in a self-consistent

manner that achieves grid-independence and scheme-independence for turbulent flows,

5. incorporate the LES models into existing AMR infrastructure in order to effectively solve

problems exhibiting multi-scale physics and/or strong gradients,

6. demonstrate the LES model capability to effectively capture physics relevant to flat-plate

boundary-layers, smooth-body separation, and
7. provide guidance for future efforts in modeling turbulent combustion.

The remainder of this chapter introduces the basics of turbulent flows and why they are chal-
lenging to numerically simulate. Typical approaches to overcome challenges in simulating turbu-
lent flows are then presented in the second section of the chapter. A brief synopsis of the rest of

the dissertation concludes the chapter.

1.1 Turbulence Scales

Turbulence is a flow phenomenon exhibiting small-scale complexity and a large range of spa-
tial and temporal scales due to the nonlinearity of the governing equations. Throughout the 19th
and early 20th centuries, these equations were studied from an analytical perspective without mod-
ern digital computers. Although general analytical solutions of turbulent flows evaded researchers,
many discoveries of that era paved the way for future research and study with computational re-
sources.

In late 1940, Kolmogorov famously argued that the size of the smallest turbulent flow scales
directly correlates with the kinematic viscosity and the energy dissipation rate of the fluid flow [4].
Utilizing further dimensional analysis, one can derive relationships between the largest and small-

est spatial and temporal scales such that they only depend on the ratio of inertial forces to viscous



forces, referred to as the Reynolds number, Re, of the flow

L
Re — 2020 (1.1)
1%

where v is the flow’s characteristic velocity and is taken to be Lg/ty, Lo is the characteristic
length, ¢, is the characteristic time, and v is the kinematic viscosity of the fluid. For an aircraft
wing in flight, the characteristic length-scale would be the chord length of the wing (wing-tip to
the wing trailing edge), while the characteristic velocity would be the velocity of the wing relative
to the air. While the relationships are rough approximations derived from assumptions of local
homogeneity and isotropy of the flow along with an assumption of very high Reynolds number,
these relationships provide an idea of the range of scales present in a turbulent flow and are given
as

Ly

t
— —Re , _0 — Re , (12)
n T

e
=

where 7 is the Kolmogorov length-scale defining the spatial size of the smallest eddies and 7 is the
time associated with the “turnover” of the smallest eddies. This ratio between the largest and small-
est length-scales in a turbulent flow imposes a constraint on simulations that attempt to resolve all
of the turbulent length-scales. As a consequence of Eq. (1.2), in a three-dimensional simulation,

the discretization size will scale with Re?/4

. Atrelatively low Reynolds numbers of a few thousand,
modern CFD codes and high-performance computing (HPC) architectures are capable of provid-
ing fully resolved turbulent flow results. For physically realistic flows at high Reynolds numbers
however, the numerical requirements are impractically large to obtain fully resolved simulations.
Considering a turbulent flow with a Reynolds number of one million, Eq. (1.2) provides a rough es-
timate that the numerical discretization would require tens of trillions of discretization points. This
size of simulation is well beyond the reach of the majority of CFD today and will likely remain that

way for some time. As a result, a method of separating and solving for only the scales-of-interest

is required. The next section addresses several methods of scale-separation.



1.2 Approximation Through Scale-Separation

Recognizing the large range of scales in turbulent flows, Osborne Reynolds, while attempting
to analytically understand turbulence onset [5], decomposed turbulent flow fields, u, into mean

portions, u, and fluctuating portions, v/,
v=u+u , W=0. (1.3)

The main issue with such a decomposition is that, for nonlinear equations, the mean portions of the
solution, u, depend on the fluctuating portions, «’. In order to know the mean part of the solution,
one must also know the fluctuating part of the solution, which then requires that one know the
entire solution.

To address this, an assumption of some form must be made and a model for the fluctuating
solution must be introduced. This is the entire issue when one desires to model turbulence (model
u’ and solve for ) rather than directly solve for all turbulent-scales (solve for u instead of just «).
How this issue is addressed and what is being solved differentiates multiple practical methods of
turbulence modeling. The following sections will cover a few of these, namely Reynolds-averaged

Navier-Stokes (RANS), explicitly-modeled LES, and implicit LES (ILES).

1.2.1 Reynolds-Averaged Navier-Stokes

RANS methods assume the resolved solution is a statistical or time-averaged representation of
the fluid flow. A consequence of this modeling assumption is that these methods do not directly
resolve instantaneous turbulent fluid motions, but instead resolve the statistically-averaged or time-
averaged turbulent motions. The closure models employed by RANS must incorporate as much
of the effects of turbulent motions as possible. With so many of the flow scales being modeled,
RANS models must often rely significantly on physical hypotheses for the correct description of
a flow of interest. As a result, closure models employed by RANS are often tuned to a specific

set of canonical flow configurations and can perform poorly in off-design simulations. Moreover,
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Figure 1.1: Illustration of spectral gap.

for unsteady RANS (URANS) models designed to simulate flows with large-scale, unsteady, non-
turbulent motions (e.g. large vortex structures), a distinct spectral gap, as illustrated by Fig. 1.1,
would be ideal in the turbulent flow under consideration. For all of these reasons, RANS-based
approaches in CFD modeling for turbulent flows have plateaued in their ability to resolve the
critical technical challenges of the present related to off-design exploration and complex physics

modeling [6].

1.2.2 Explicitly Modeled Large-Eddy Simulation

LES is a promising alternative to RANS and is more computationally achievable than simulat-
ing all scales as in direct numerical simulation (DNS), in that it solves large turbulent-scales while
modeling small-scale effects to provide a solution acceptable for many engineering requirements.
The approach is logical when rate-limiting processes happen at the larger resolved scales [7]. Even

so, defining and modeling the small scales becomes one of the key issues in LES.



Additionally, previous research has highlighted the extent to which the underlying numerical
solver affects LES solutions [8]. When simulating vortex-dominated flows, high-order algorithms
are necessary in order to more fully capture the nonlinear effects of unsteady vortex interactions [9].
Additionally, numerical stability and numerical diffusivity are critical features when simulating
compressible, turbulent flows. The need for high-order, stable, non-diffusive algorithms is espe-
cially high in flows where small scales impact the evolution of large-scale, global phenomenon.
Research has shown that combining numerical regularization (methods designed for maintaining
numerical stability such as limiters) with turbulence models can provide results dominated by the
numerical regularization [10]. Even using high-order discretizations and complex numerical reg-
ularization machinery, these simulations can still incorrectly predict well-resolved kinetic energy.

As a result, much improvement is possible for LES of complex flows of engineering interest.

1.2.3 Implicit Large-Eddy Simulation

Implicit LES relies on carefully designed characteristics of the underlying numerical algorithm
(e.g. numerical regularization or dissipation) to provide the necessary closure of the nonlinear
filtered terms [11-16]. While ILES has seen widespread use, there are distinct issues with this
method that still remain to be solved. For example, research has shown that arbitrary usage of
various ILES numerical regularization techniques in the context of turbulent flows can incorrectly
predict well-resolved kinetic energy and provide incorrect turbulence evolution [10, 11, 17-19].
These issues are expected to only grow with the addition of more complex physics models. For
ILES methods to gain consistent success in predictive simulations, it must be placed on a more
thoroughly rigorous and self-consistent mathematical footing. As it currently stands, naive imple-
mentations essentially solve “lower-Reynolds number” physics but present this as the solution to

the high-Reynolds number problem that was originally intended.



1.3 Dissertation Organization

The rest of this dissertation is organized as follows. The mathematical foundation of LES,
filtering, is discussed to some length in Chapter 2. Chapter 3 presents the governing equations
utilized throughout the rest of this study. The governing equation terms requiring closure and
the model used to close these terms, the stretched-vortex SGS model, are detailed in Chapter 4.
Chapter 5 describes the fourth-order finite volume algorithm which forms the numerical framework
in which the LES model is applied. The configurations of test problems are described in Chapter
6, while results also serving as validation are presented in Chapter 7. Chapter 8 concludes the

dissertation with a summary of important results.



Chapter 2

Filtering

Filtering is a convenient mathematical formalism for scale-separation, and it provides a core
element around which an understanding of the scale-separated problem can be constructed. Ideally,
an appropriate filter transforms the equations from the original space containing all the flow scales
to the form exactly representing only the scales of interest. As things are rarely ideal, significant
approximation is required during the process. While entire fields of research are dedicated to filters

and filtering, an overview of the basics of filters as used within LES is presented here.

2.1 Basic Concepts for Filters and Filtering

As operators which modify or remove solution information, filters have an extremely broad
range of forms. Traditional LES filters have been linear, low-pass (i.e. smoothing) operators where
the filter operator £ applied to a turbulent data field, u, provides the low-frequency (filtered) field

u,

=L (). @1

An operator L is linear if, when applied to function variables ¢ and v and scalar constant «, it

satisfies

L(o+y)=L(O)+L(Y) , Lad)=aLl(d) . 22

For example, applying this operator to the linear advection equation, it can be seen that

ou ou ou ou
- ) = — — ) =0. 23
£<8t+a8x> £<8t)+a£(8x) 0 (2.3)
While there is a possibility that a nonlinear filter would provide an improvement over a linear filter,

nonlinear filters are difficult to work with and have generally been avoided or overlooked by LES

researchers. Another filter trait generally sought within the LES community is commutativity with



differentiation. An operator is commutative with differentiation if,

c(537) = clon. 24)

Applying this to the example linear advection equation provides

L (%) +al (%) - %(c (w)) + a% (£ (1) =0. 2.5)

Additionally, filters can be invertible or non-invertible. An invertible filter is one that satisfies

L7 (o)=L (L(9) =9, (2.6)

where £7! is the inverse filter operator. A consequence of using an invertible filter is that sub-
analytical-filter-scale (SAFS) information can be recovered from filtered data. Filters can also be

classified as projective or non-projective. Projective operators satisfy

L(L(9)=L(9) . 2.7)

In practice, many LES filter operators are formally non-projective. Some of these filters even re-
tain some solution information at all scales. However, discrete numerical methods are projective
at some scale as the numerical discretization imposes its own projective filter to the system. Math-
ematically speaking, projective filters are non-invertible and it is impossible to exactly recover
SAFS information from these types of filters. When the numerical discretization or “grid” is the
filter being referred to in LES, the SAFS information is referred to as SGS information. Lastly,

LES filters typically preserve constants (i.e. conservation preserving)

L(a+¢)=a+L(d) . (2.8)
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Within the LES construct, filters are generally viewed as convolution integral operators, *,

applied to data fields. A space-time filtered field, (13, is defined as [20],

H(Z,t) = G * p(F //qb G(Z — €t — 7)drdE (2.9)

where the filter convolution kernel function, (G, has a cut off length Az and cut off time A,. A

one-dimensional space-time convolution filter example is the parabolic filter [21],

_ (_ (z—g()QA,;_tA;T)
4A% t—T t
gb(a:,t) 47T 1/2 / / t—7- 1/2 dédr . (2.10)

Note that this is the solution to the nonhomogeneous heat equation [22]. As a result, for Eq. (2.10),
the related inverse convolution (a deconvolution) is known to be written, in the differential form,

as
0o 720 32¢

O = qb—i—Atat 1952 (2.11)

For nonhomogeneous partial differential equations (PDE) with an integral solution that represents
a filtering operation, the PDE is the deconvolution operator in differential form. It is apparent that
the filter must be non-projective since the deconvolution operator exists and it is also apparent that
the deconvolution operator could be used to filter an equation by direct variable substitution. That
is, since a function of the form ¢ = L (q_S) is known, ¢ can be replaced by a function of only ¢.
The problem is, variable substitution implies the final system retains all original information and
that no “filtering” really occurs [23].

An additional important property of LES filters is the preservation of invariants present in the
original governing equations. Invariants are measurable properties of a dynamical system remain-
ing unchanged independent of an observer’s reference frame. Briefly stated, Noether’s theorem
demonstrates that systems which remain unchanged with reference-frame changes have associated
conservation laws [22]. For example, a system which is independent of the temporal reference

frame conserves energy. As a result, LES filters and models should preserve the original governing
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equations’ invariants. Many researchers have explored this concept, with most demonstrating the

lack of invariance preservation in many LES filters and models [20, 24-28].

2.2 Explicit Filtering versus Implicit Filtering

It should be mentioned that while the LES community generally defines equations with formal,
analytical filters, it is rather rare that filters are explicitly utilized within algorithms solving turbu-
lent flows. Additionally, it is uncommon for LES models to be derived based on the assumption of
an explicit specified filter function. Generally, it is assumed that most models can dissipate enough
information out of the system and explicit filtering is unnecessary. In these cases, the effect of
models and discretizations together form an implicit filter. Unless filters are explicitly used to filter
solution data during the evolution of the governing equations, the resulting method is referred to
as implicitly-filtered LES (not to be confused with implicit LES or ILES). Even in cases where
explicit filters are used, unless the filter is projective and the filter width is sufficiently large, the
filter-like natures of the numerical scheme and the discretization will contribute additional prop-
erties to the explicit filter. The combined effect of any explicit filters, turbulence models, the
discretization, and the numerical scheme is generally referred to as the effective filter. This is the
filter which is critical for practical LES as it governs what is actually being solved by the LES

system.

2.2.1 Space Filtering

One of the first LES models derived from a specific filter function was the work of Clark [29].
The model for the nonlinear term was based on the assumption that the scale-separator was a box
filter. The resulting model is consistent with the mathematical definition of the box filter applied to
the equations. Unfortunately, this method is an unstable turbulence modeling system. The attempt
to recover SGS information without sufficient regularization or dissipation causes the failure of

this model in general.
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Explicitly spatially-filtered LES simulations have seen even less development and practical
utilization than the development of LES models based on a specified filter function. However, it
is theoretically necessary to utilize something equivalent to explicit filtering in order to achieve
grid-independent LES solutions. If explicit filtering is not used and the mesh resolution is in-
creased, the LES problem changes. With enough mesh resolution and no explicit filtering, the LES
becomes DNS and any explicit turbulence models are no longer necessary. Some of the first three-
dimensional, explicitly filtered simulations demonstrating grid-independent results were obtained

only in the last two decades [30, 31].

2.2.2 Space-Time Filtering

A little over a decade after the identification of the convolution operator as taking the role
of the LES scale-separator, it was suggested that simultaneous space-time filtering was a feasible
option and could increase the accuracy of the resulting LES formulation [32, 33]. The resulting
formulation was another case of model development based on a specified filter function (as opposed
to explicitly filtering the solution fields). Although the terms were still truncated at 4th-order
accuracy so as to only include up to 3rd-order derivatives in the final system, the nonlinear term
was modeled using a Gaussian filter in the space-time domain. It is important to note that Taylor-
series expansions of the Gaussian filter and the box/top-hat filter are identical in form up to 4th-
order accuracy and, as a result, are indistinguishable at that level of accuracy. As a result, the
system was identical to Clark’s model except for the additional time-derivatives.

Other researchers have investigated space-time filtering since Dakhoul and Bedford, but the
method has seen relatively limited application [34—37]. The author of this dissertation performed
some research on space-time filtering (Favre-averaged spatial-temporal LES — FAST LES), and
while the results showed some promise, the method experienced drawbacks related to providing a
consistent mathematical and numerical framework for the implementation of the method [37]. The
author of this dissertation is unaware of any truly explicit space-time filtering of LES solution data

as a part of the simulation process.
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2.2.3 Time-Filtering

While the vast majority of LES filtering operators have been defined as spatial filters or spatio-
temporal filters, a few researchers have utilized temporal filtering when formulating the filtered
Navier-Stokes equations that govern the LES simulation [38—40]. Most notably, Pruett investigated
temporal filtering and analyzed the invariance properties of a general temporal filter. His findings
showed that, while temporal filtering was invariant under specific transformations such as constant-
velocity translation, the temporally filtered Navier-Stokes equations are not invariant under general
changes of reference frame (it is known that general spatial filters are also not invariant under all
changes of reference frame) [24]. Additionally, a general approximate deconvolution model was

developed for temporally filtered flows [41].

2.3 Theoretical and Practical Filtering

As mentioned previously, many approximations must be made when filtering, but sometimes,
it’s good to hope for the ideal. It is important to note that the following discussion assumes that
the numerical discretization acts as a type of filtering. Given that the equations must be solved
numerically, the combination of the ideal analytical filter and the ideal numerical discretization
would remove all information that cannot be simulated (unrepresentable scales) while perfectly
resolving all representable scales.

Considering the spectral content of the classical turbulence cascade, the application of this ideal
system would look something similar to Fig. 2.1a. For this case, the SAFS terms and the SGS terms
would be identical as the scales representable by the discretization would be fully resolved by the
numerical discretization. In reality, both the analytical filter and the numerical discretization will
be non-projective and the numerical algorithm will introduce an extra loss of information beyond
what is provided by the mesh (i.e. the numerical algorithm will be dissipative). The dissipation
and loss of information experienced with the realistic system results in a situation described by
Fig. 2.1b. Obviously some of the scales previously defined as & are now gone due to any analytical

or explicit filtering and the effects of the numerical discretization. The resulting system can be
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Figure 2.1: Effects of analytical filter and numerical discretization.

represented by another decomposition

U=u+1u, (2.12)

where 4 is the resolved portion of @ and % is the unresolved, but still representable, portion. That
is, some information representable on the discrete solution space is no longer resolvable.

Practical CFD implementation must consider Fig. 2.1b and that the effects of the discretization
can never be purely isolated. Rather, the discretization, the numerical method, and any turbulence
models and explicit filtering utilized must interact in a manner that maintains the intended purpose
of each element. If a turbulence model requires some sense of an unresolved turbulent flow to
perform properly, then it must be isolated from those elements of the numerical scheme that tend
to remove or suppress unresolved solution information for the sake of numerical stability (e.g.
limiters).

Additionally, it is critical to demonstrate solution convergence in some sense of the concept.
Ideally, a method would demonstrate grid-independence where the generated solution would be in-
dependent of the mesh on which it was solved. Achieving the same solution with different numer-

ical methods would demonstrate scheme-independence and would provide further confidence that
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the schemes are predicting the “correct” solution of the chosen model. Such goals have generally
been elusive for most problems within the LES community. As turbulence models and numerical
methods are advanced, it is possible that these goals will regularly be demonstrated. This disser-
tation presents a method of achieving these goals through using a model for the SGS scales in a
manner that is consistent with the numerical discretization and the other algorithmic components.
Specifically, the scale at which the model is evaluated is moved to lower wavenumbers so that, rel-
ative to the representable information on the mesh, the amount of resolved information increases.
This effectively isolates the model from the discretization and other numerical components (e.g.
numerical stabilization). In terms of the numerical implementation, the model is evaluated on a
mesh that is some integer-ratio coarser than the discretization of the main CFD problem. For ex-
ample, the current dissertation tests the effects of evaluating the model at the resolution of the CFD
mesh, and at resolutions which are twice as coarse and four times as coarse as the CFD mesh.
These coarsened meshes are visualized by moving the scale of the model evaluation to the left
in Fig. 2.1b. Eventually, all representable scales on the coarser evaluation mesh will be resolved.
Reaching that point and achieving grid and scheme-independence as a result is the fourth goal of

this dissertation as presented in Chapter 1.

2.4 Favre-Filtering

Around the time the convolution filter was suggested as the framework for LES scale-separation,
it was suggested that the Reynolds operator should utilize mass-density weighting when applied
to compressible flows [42]. A fact largely ignored in the literature is that Reynolds originally used
a mass-density weighting for his averages [43]. Also largely ignored in the literature is the fact
Reynolds took his averaging operator to apply to both time and space [5, 43].

The resulting mass-weighted averaging, Favre-averaging, was subsequently applied to LES

filtering. The Favre-filtered velocity is defined as

S22 pul€,T)G(E — €t — T)drdE

N U ey
(@, t) = p ST (2.13)
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This dissertation assumes the use of a linear Favre-filter for filtering operations applied to
governing equations. It is also assumed, for the purposes of turbulence model derivation, that the

filter is projective in nature.
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Chapter 3

Governing Equations

3.1 Unfiltered Governing Equations

This research is focused on a single-species, non-reacting, calorically perfect, ideal gas which,

in the physical space Cartesian coordinate-system, %, is governed by

op  Opu;
-r — 1
dpu; 0
dpe 0
B + Bz, (peu; + pu; + ¢ — Ty5u;) =0, (3.3)

which are conservation equations for mass, momentum, and energy respectively, where p is the
fluid mass density, u; is the i-th velocity-vector component, p is the thermodynamic pressure, ¢ is
the total energy per unit mass, and 9;; is the Kronecker delta. The heat flux, ¢;, is modeled with

Fourier’s law
or
i = —R )

3.4)

where « is the fluid thermal conductivity, and 7" is the fluid temperature. Additionally, assuming

the fluid is Newtonian, the molecular stress-tensor, 7;;, is modeled according to

B 1 Ouy, 1 (Ou; Ouy
(s () sb() . s

where 1 is the fluid’s molecular viscosity. Noting that ~y is the fluid specific-heat ratio, pressure is

computed using

1
p=(y—1) (pe — §puiui> . (3.6)
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However, to accommodate complex geometries while utilizing structured discretizations and
AMR, this work employs generalized curvilinear coordinates to transform Egs. (3.1-3.3) to the

computational space, E,

0Jp 0

— INT (pu;)] =
ot + 3] [N]Z (pu1>] 0, -7
dJpu; 0
5 T e [N (v & phy = 7)) = 0. G:8)
dJ pe 0
ot | og, [N} (pew; + pui + Qi — Tijuy) | =0, 39)

where J is the Jacobian of the grid mapping, J = det(ﬁgf), and NZ.Tj is the mapping transformation

matrix, N.. = Lowi representing the matrix transpose operator. The mapped viscous stress
trix, NJ; = J 9% with T representing the matrix transpose operator. The mapped t
J

tensor, 7;;, is written as

T N/ CNT.
T = 2 (sij L5 (8“‘“) M) C Sy=s (a@“ﬁ T %N’“> R 1)

379\ og ) J O J  O& J
and the mapped heat flux, Q;, is written as

oT N,

Qi:—/ﬁa&f 7

(3.11)

3.2 Favre-Filtered Governing Equations

Applying a linear, commutative, Favre-weighted filtering operator (-) to the spatial domain
of Eq. (3.6) and Eqgs. (3.7-3.11) provides multiple forms of filtered equations depending on the
method of computing total energy. As in most published studies [20], the present dissertation does

not density-weight the filtered pressure, p. No temporal filtering is applied in this dissertation.
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These choices result in

oI | 0 o
= T Ny (o) =0, 3.12
ot + 85] [ Jji (pu )] ( )
ajﬁaz a T e~ _ o ~
ot 8_& |:Nk2j <puluj +p5ij - 7;]' + ngsij)] =0, (3.13)
oJpe O U . _
ot + a—gk [N; (Peu@ + pu; + Qz - 7;]'“]' + Esgs-li + Esgs-2i — Esgs-3i):| =0 ) (314)
IO R
p= (’7 - 1) (pe - §puluz - Esgs—4) ) (315)
%Sgsij =p [W - az‘fbj] ) (3.16)
ESgS']i = ﬁ[ﬂ?é - aié] ’ ESgs'zz‘ = m - fblﬁ ) Esgs—?ai = ﬁjuj — ijﬁj s (317)
~ 1 o
Ega = 5p [witti — ] , (3.18)
~ oT N
= R 1
Qi e T (3.19)
= s L. (0w Ny ~ 1 (0w N}, 0u; N,
T (S-m (5 ) ) - 2<a§kJ+a§kJ -G

which is the final system utilized in all of the cases presented in the current dissertation. The SGS
terms arising as a result of filtering are closed through applying explicit turbulence models. The

models used for these terms in this dissertation are presented in the following chapter.
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Chapter 4

Models For Unresolved Nonlinear Terms

The present chapter provides the theoretical and mathematical formulation of the models de-
veloped for Egs. (3.16-3.18) and used to close Eqs. (3.13-3.15). As such, this chapter presents an
overview of the history of the development of the stretched-vortex subgrid-scale model and formu-
lates the model in the context of the compressible Navier-Stokes equations. The stretched-vortex
SGS model for no-slip-wall boundaries is also presented and discussed with some attention to the

application within a generalized curvilinear coordinate system.

4.1 Subgrid-Scale Stress Tensor

For incompressible flows, the subgrid-scale stress tensor, 7y, , in Eq. (3.13) is the only un-
resolved nonlinear term which requires modeling. Representing unresolved fluid motions which
contribute to the resolved fluid motions, %Sgsij is critical for unresolved turbulent flows. As such,
%sgsij has received extensive research attention and a multitude of %sgsij models have been devel-
oped. In broad terms, most models have either been functional in nature (attempting to capture the
effect of 7, without attempting to accurately reconstruct 7, ) or structural in nature (attempt-
ing to reconstruct 7y, ) [21]. While both types of models have proven useful, attempts to extend
the models to further unresolved nonlinear terms enjoy a slight advantage when using structural
models. Essentially, it is possible to identify a dominant SGS model vector associated with struc-
tural models. This SGS vector makes extensions to the other unresolved nonlinear terms relatively

straightforward as will be seen shortly.

4.2 Stretched-Vortex Model

Due to the the robust and well-developed nature of the stretched-vortex SGS model, this work

adopts the stretched-vortex model for all tests and studies conducted. The following sections
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present the history of the stretched-vortex model development along with extensions to a wide

range of physics.

4.2.1 History of Development

The stretched-vortex subgrid/sub-analytical-scale (SVS) model, is a structural LES SGS model
developed from the assumption that, at high Reynolds numbers and small length-scales, there exists

a flow structure guiding the flow evolution of kinetic energy.

Figure 4.1: Spiral vortices created in a fully periodic double shear flow.

In 1982, Lundgren published an analytical Navier-Stokes solution providing Kolmogorov’s
-5/3 energy spectrum [44]. Lundgren’s solution approach began with the incompressible Navier-
Stokes equations and a common shear-flow structure: the spiral vortex. A double-shear flow

configuration with typical spiral vortices is depicted in Fig. 4.1, where vortex sheets are rolling
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up into vortex cores. Although others had previously modeled fine-scale turbulence using spiral
vortices [45], after Lundgren accounted for vortex-strain and time-averaged the solution over the

vortex lifetime, he arrived at the desired -5/3 spectrum. Lundgren’s spectrum is written as
E (k) = Koe¥?k753exp (—2x*v/ (3lal)) , 4.1)

where x is the wavenumber, K is the Kolmogorov prefactor, € is the energy dissipation rate, v is
the kinematic viscosity of the fluid, and a is the stretching of the subgrid-vortex by the resolved

field.

4.2.2 Initial Development

Throughout the 1980’s and 1990’s, Saffman and Pullin [46-49] further investigated Lundgren’s
model with the eventual result being Misra and Pullin’s stretched-vortex SGS LES model [50].
Misra and Pullin modeled the SGS stress-tensor by approximating the SGS kinetic energy, K,
and the orientation unit-vector, ¢?, of the SGS vortices. The model can be presented (in terms of

Favre-filtered velocity i) as

—_—~—

%Sgsij = ﬁ (uiuj — 'LNLZ{LJ) = ﬁK (51j — 636;) s (42)

where d;; — e}e! is a generalized ensemble-average of the SGS vortex orientation probability den-

sity function (PDF). In Misra’s paper, /X was assumed to have the Kolmogorov spectrum
E (k) = Koe¥375/2 (4.3)

and was determined using a nonlocal procedure well suited for a pseudo-spectral code.
While Misra suggested possible methods for computing K on a physical-space grid, Voelkl and

Pullin finished the extension through matching local, second-order velocity structure-functions, F5,
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with an assumed SGS energy spectrum [51],
Fy = (U (Zo) — u; (73)) - (u (To) — uj (75)) - (4.4)

Multiple models for computing K have since been suggested [50-54], but the current study con-

sistently utilizes the model presented by Chung and Pullin [54].

4.2.3 Orientation Models

Originally, Misra and Pullin proposed three models for the ensemble averaged PDF of the SGS
vortex orientation vector. It is apparent from Eq. (4.2) that, requiring K > 0, ¢? alone determines
whether the SV model is dissipative or anti-dissipative.

The first of the three models, “model (1a)”, used the eigenvectors (¢** and *?) associated with
the largest and second-largest eigenvalues (A3 and A\, respectively) of the strain-rate tensor, 5:’

Taking the form
(it — witty) = K [0 (6 — e*e}?) + (1 — o) (6 — e*¢}?)] (4.5)

it allowed for unequal weighting to be applied to the eigenvectors through the weighting parameter
o. It was reported that this model provided no kinetic energy back-scatter from the fine to the large
turbulent scales, in contrast with DNS results.

The second orientation model, “model (1b)”, again included é*3. However, instead of relying
on &2, it relied on the local, resolved vorticity vector, denoted e, Assuming the SGS vortices are
aligned with the resolved vortices, this orientation model makes physical sense. This model also
provided a small amount of energy back-scatter. Similar to the first model, the second model was
presented as

(Im/] - ?j,ﬂ]j> =K [O' ((5” - 6-)\36/\3) + (1 - O') (51] — 6?6‘?})} . (46)

L)
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Misra’s third model, “model (2)”, was of a significantly different form than the first two mod-
els. Formulated as a time-dependent ordinary differential equation (ODE), the model tracks the
evolution of the subgrid-scale vorticity vector over time. The model, given by,
oe? o 8&, afbk

% _ —everer LUk 47
ot~ Tom; TNy .7

was reported to provide significant back-scatter, exceeding the level reported in many DNS sim-
ulations. While many further papers report on the results provided by models (1a) and (1b), no
further studies provide results derived from the third model, model (2). Several later papers trun-
cated models (1a) and (1b) (Eq. (4.5) and Eq. (4.6) respectively) to a single-direction model based
only on the principal eigenvector of the strain-rate tensor by assuming o = 1 [54]

(uguy — Gilly) = K (655 — e3%e?) . (4.8)
It has been shown that this model is dissipative and numerically stable [52, 55].

Assessment of the models presented above has generally shown that Eq. (4.8) is sufficient for
many turbulent flows of interest. Theoretically, this is justifiable in that one would expect the small,
unresolved turbulent scales to rapidly respond to and align with the direction of greatest stretching
in the flow (the most extensional eigenvector of the strain-rate tensor). However, experimental
and numerical studies have generally shown that the bulk of the turbulent vorticity aligns with
the intermediate eigenvector of the local strain-rate tensor [56, 57]. For this reason, Eq. (4.5)
makes sense as a blending between theoretical and experimentally observed vorticity alignment.
The main issue with the experimental and numerical studies has been the locality of the data.
If turbulent data is separated into small-scale and large-scale fields, the small-scale turbulence
predominantly aligns with the most extensional eigenvector of the large-scale strain-rate tensor [56,
57], confirming the theoretical result that small turbulent scales should react quickly to large-scale
flow stretching. Apart from testing the orientation models presented above and unless otherwise

noted, the simulations presented in the current study use Eq. (4.8).
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4.2.4 Kinetic Energy Estimate

As mentioned, the current dissertation consistently utilizes the SGS kinetic energy approxima-
tion model presented by Chung and Pullin [54]. The model requires evaluating the incomplete
gamma function, I' [-], the grouped Kolmogorov constant, K, and a cutoff wavenumber, k., and

has the form
1 / 1 2
K = §’COF —g, /ic . (49)

The cutoff wavenumber, ., is computed using

T 2v - ~ il
ﬁc:&”% ) azez{\SSije?s ) VZE ) AC:(AxAyAz)1/3. (4.10)

The Kolmogorov constant, X, is given by

Kl = . C2) Sy A.11)

{Q (K, d)}

In Eq. (4.11), {-} is an ensemble average of the variables over a spatial domain, €2, encompassing

N points, Z;, neighboring the evaluation location Z,

W=y X 6l (4.12)

T;€Q ; Ti#%o

where, in this study, N = 26. Additionally, () is a weighting evaluated over all wavenumbers, £,
given by
Ke k
Q (Ke,d) = 4/ k% exp (—k?) (1 —Jy (—ﬂd)) dk | (4.13)
0 Ke

where J is the zeroth-order Bessel function of the first kind, and d is the planar distance from the

cell center to the SGS vortex axis

d= — , 7’2 = [(f@ — fz) . (fo — fz)] — (Ii"o — fz) . eNs . (414)
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Efficient means of computing K, I' [-], and the eigenvalues/eigenvectors are presented by Voelkl

and others [51, 53, 58].

4.3 Subgrid-Scale Energy Terms and Compressible Extensions

Once an SGS model vector has been identified, extensions to SGS transport, variable density

flows, and compressible flows come naturally.

4.3.1 Subgrid-Scale Scalar Transport and Energy Transport

In addition to Lundgren’s original stretched-vortex analysis, Pullin and Lundgren analyzed
the effect of allowing for axial flow of velocity through the subgrid-scale vortices and allowing
for associated scalar transport. Their findings matched previous theoretical work quite well and
motivated an SGS model for passively transported scalars [59, 60].

Assuming a passive scalar, ¢, is wound around the vortex, Pullin derived the model

— A -
ou; — Oll; = 70K1/2 (61 — €Ve?) 9;0 (4.15)

where A is the local mesh spacing. Assuming a calorically perfect, single-species flow, the E sgs-1,

and £ sgs-2, terms from Eq. (3.14) can be combined and rewritten in the form

Esgs-li + Esgs-Zi =p [/u\zé - azé] + /UTZ; - azﬁ
’YR _ | T ~ _ —_— ——
= ﬁp |:’LLZT - UZTi| + §p [ujuju,- — UjUy uz}

(4.16)

Kosovic et al. [61] and Hill et al. [62] modeled the first term on the right using the passive-
scalar-transport model in Eq. (4.15). The SGS triple correlation of Eq. (4.16) (the second term
on the right) has generally been assumed to be of such small magnitude as to be unnecessary

to model [61, 63]. The present study follows both of these modeling choices when modeling
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Eq. (4.16) to arrive at

vpRA,

T
T V2 (5 — eved 0
2(v—1)

Esgs—]i + Esgs—Zi = i j) % .
J

(4.17)

Hill et al. [62] extended the preceding approximations to model the SGS species convective flux in
species transport equations, while Lombardini et al. [63] made an additional extension to account
for nonlinearities in SGS molecular heat flux. As the current study investigates calorically perfect,
single-species flows, these models are not included here, but future studies of thermally perfect,
multi-species flows could include these additional model terms in addition to other terms developed
for SGS variation in molecular diffusion coefficients and similar physics.

It is important to note that, while the SGS model Eq. (4.17) is used for all unbounded turbulent
flows, this model is turned off for wall-bounded turbulent flows presented in the current disserta-
tion. For these flows and for the resolutions tested here, this model adversely affected the near-wall

prediction of the momentum thickness.

4.3.2 Subgrid-Scale Correction for Pressure

Kosovic et al. [61] and Hill, et al. [62] modeled E sgs, using the SGS kinetic energy approx-
imation, K. The results throughout this study do not utilize E sgs, as early simulations showed no
measurable difference when this term was utilized. For all but those problems with compressible
turbulence (those with turbulent Mach numbers greater than 0.3), this observation is expected [20].
However, for future tests with large turbulent Mach numbers, including the SGS kinetic energy

approximation for F'ys would be necessary.

4.3.3 Subgrid-Scale Turbulence-Chemistry Interactions

While the author is unaware of additional extensions to account for SGS interactions between
reactions and turbulence, it is expected that such extensions could be developed using principles
similar to those used to derive the original model and the subsequent extensions. Additionally,

other concepts of SGS topology and phenomena could be combined with the stretched-vortex
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concept to create new, hybrid forms of the SV SGS model. However, this is out of the scope of the

present work.

4.4 Modeling or Approximating Boundary Conditions

Following completion of modeling the unresolved SGS terms in Egs. (3.12-3.15), it is neces-
sary to properly define boundary conditions. Coupled with governing equations, boundary condi-
tions and initial conditions define a flow problem. Without these, a computational problem may be
ill-posed. Therefore, properly modeling boundary conditions for unresolved systems is of just as
much priority as modeling unresolved terms in the governing equations.

A no-slip wall boundary is one type of boundary that requires careful numerical treatment
and SGS modeling. With a zero-velocity condition at the wall and a freestream velocity some
distance away from the wall, a velocity gradient forms normal to the wall and freestream momen-
tum is dissipated away in the near-wall region by the presence of the wall. At sufficiently high
Reynolds numbers, this boundary-layer flow transitions from a smooth, laminar flow profile to a
turbulent one. For a turbulent boundary-layer, between the wall and the freestream velocity state
some distance away from the wall, there exists a zone of complex physical interaction containing
small-scale turbulence interacting with large-scale turbulence. Accurately predicting these turbu-
lent scales is critical to properly simulating the properties of the boundary-layer and the subsequent
effects of the boundary-layer on the overall problem. Predictions of drag force, flow separation and
reattachment, near-wall viscous heating, and many other important physical phenomenon rely on
an accurate prediction of the turbulent boundary-layer profile. With insufficient mesh resolution,
the boundary-layer must be modeled in some form or another. Without a model or sufficient
resolution, the wall-shear-stress will naturally be under-predicted and many other boundary-layer

properties relying on the shear-stress prediction will be incorrect.
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4.4.1 No-Slip Wall Boundaries

No-slip wall boundaries introduce some additional theoretical and practical issues for LES be-
yond those presented by unbounded, decaying turbulence. Practically speaking, the smallest unre-
solved scales nearest the boundary disproportionately affect the largest scales within the boundary-
layer. Additionally, numerical methods typically exhibit larger numerical error near boundaries due
to biased or one-sided spatial approximations.

From the theoretical perspective, LES works with spatially filtered quantities. What happens
to the filtering operator near a wall? Does it become biased and eventually one-sided? Does the
support region of the filter shrink until it eventually reaches a point or a surface at the wall? Or,
should LES exclude the near-wall region altogether? Fig. 4.2 provides a visual demonstration
of the various LES interpretations in the context of a cell-based discretization ({u} is the time-
averaged velocity of the boundary-layer, Ay is the cell height from the wall, j is the index of
the wall face, and Ay is the LES filter width). Note that, at the center of the wall-adjacent cell in
Fig. 4.2, all the filtering methods which are depicted provide the same result. This is to be expected
as it is at this point where all the filter definitions coincide with one another. The cell-averaged
value, the biased filtering, and the shrinking filter are all able to use the exact same filter size and
the exact same data. Below the center of the wall-adjacent cell, the filter size and/or shape of the
biased filter and the shrinking filter must change. This sudden beginning to the changing of the
filter definition provides a strikingly visible “kink™ in the filtered mean velocity profiles at this
point. To date, the typical approach to LES assumes the filter must shrink near the wall and the
velocity boundary condition must be zero at the wall. The result is that wall shear-stresses must be
accurately modeled if the basics of the boundary-layer are to be accurately predicted.

A different interpretation, proposed by Bose & Moin [65], allows the filter size to shrink near
the wall while providing a non-zero velocity value at the wall. The resulting “slip-wall” model
performs quite well for a range of flows, but shows sensitivity to the choice of subgrid-scale model
for the governing equations and the numerical discretization utilized [66]. Additionally, a wall-

penetration condition is not only justified, but theoretically necessary to achieve proper growth
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Figure 4.2: Filtering the turbulent boundary-layer mean-velocity in near-wall cells (Musker velocity-
profile [64], Re; ~ 3500). The cell height is Ay and the wall face-index is j. The filter width, Ay,
shrinks approaching the wall in the middle panel while it becomes biased approaching the wall in the third
panel. In this figure, all velocity data is to scale and hy = 0.18Ay.

rates of the boundary-layer [66]. The possibility of losing mass conservation at the wall boundary
leads to the potential for a degradation in physics prediction and overall algorithm robustness for
particularly sensitive problems.

Taking another approach, Chung & Pullin [53] assumed a small, near-wall region of the LES
domain could be excluded from the simulation. Instead of modeling this small, near-wall region,
the boundary of the domain is assumed to be a lifted, “virtual wall” where a slip-velocity is com-
puted. At this virtual wall location, the interior model is also applied at the boundary. Since there
is a slip velocity, the wall shear-stress is much less than the actual wall shear-stress and it is neces-
sary to apply the interior model if the correct amount of momentum is to be transported through the
virtual wall and out of the domain. In Fig. 4.2, h is the assumed height of the virtual wall where
the slip-velocity is computed based on the mean turbulent boundary-layer (TBL) velocity profile
({u}). One of the main theoretical drawbacks of this method is that a raised, virtual wall should
theoretically require the mesh to be slightly offset from the geometry of interest, and this slight

offset could complicate mesh generation for complex geometries [67]. In all published literature
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however, it is assumed that the virtual-wall slip-velocity is applied at the physical wall location
and no modification to mesh generation is utilized. The implementation of this model in this dis-
sertation follows the methodology of Chung & Pullin [53]. The virtual-wall slip-velocity will be
applied at what is assumed to be the physical wall face. Similar to the slip-wall model of Bose &
Moin, this model has also performed quite well for a range of flows.

It was noted in the current study that, as seen in Fig. 4.2, the biased filtering (where the filter
eventually becomes one-sided at the wall rather than shrinking to zero) provides a slip-velocity
which is quite close to the mean TBL profile at the virtual wall height. The author of this dis-
sertation tested Re, ranging from 200 to one million and discretization sizes ranging from one
five-hundredth of the boundary-layer thickness to one-half the boundary-layer thickness. All of
these tests showed a remarkably similar result. It was recognized that this result is a consequence
of a log profile. Assuming a general log profile for the mean turbulent boundary-layer-velocity of

the form

u(y) = alog (By) + ¢, (4.18)

it is possible to assume a one-sided filtering operation (of filter width 0.5Ay) at the wall and inside

a mesh cell of height Ay,

Ay

5 A A
u(y):Aiy/O u(y)dyZAiy[Ty (alog(%)—OﬁLC)} (4.19)

Matching this velocity with the velocity provided by Eq. (4.18), it is instructive to inquire at what
height off the wall would Eq. (4.18) have provided the same velocity as the filtered velocity at the

wall as shown in Eq. (4.19). Matching the velocities provides

log (By) = log (%) —1, (4.20)
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from which it is apparent that y is given by

A
= —ye_l .

5 (4.21)

Y

Therefore, it is seen that, for any logarithmic velocity profile conforming to Eq. (4.18), the ratio of

the y height versus the cell height is given as

-1

Y _ % — 0.18393972. .. |, (4.22)

which is extremely close to the 0.18 value which Chung & Pullin and subsequent researchers have
found optimal for this model [53, 68]. As a result, it is justifiable to reinterpret this model in this
dissertation as the application of a one-sided filtering operation at the domain boundary, which,
consistent with the mathematical foundations of LES, provides a non-zero-velocity boundary con-
dition. A consequence of this reinterpretation is that there is no inconsistency in the model when

applying the slip-velocity at the physical wall location.

4.4.2 Stretched-Vortex Wall-Model

Motivated by the SGS scalar model work, Chung and Pullin extended the original SVS model
to incorporate Pullin and Lundgren’s earlier analytical analysis of axial flow of velocity through
subgrid vortices. This extended stretched-vortex model led to the development of a particularly
capable wall-model [53].

The stretched-vortex wall-model developed by Chung & Pullin hinges on the specification of
a slip-velocity at a virtually raised wall that, in practice, is placed at the wall boundary of the
simulation domain. Fig. 4.3 presents the basic construction of the wall-model. The lifted virtual
wall is assumed to be located at a wall-normal height of h(, while the viscous sublayer of the
boundary-layer is assumed to be located beneath the virtual wall and at a height of h,.. As detailed
by Chung & Pullin, region (1) is the viscous sublayer, while region (III) is the LES outer-flow region

used for computing the wall-model update terms [53]. Region (II) is a presumed overlap region
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Figure 4.3: Numerical construction of the stretched-vortex wall-model.

which uses the extended stretched-vortex model and where a logarithmic velocity profile is derived
based on the extended stretched-vortex model. Assuming the unresolved velocity in the first wall-
adjacent cell follows this law-of-the-wall logarithmic profile, the slip-velocity is computable if the
local wall shear-stress can be approximated.

One approach to approximate the local wall shear-stress is formulating a temporal evolution
equation in terms of the momentum evolution equation. For this, Chung & Pullin assumed that the
velocity in a wall-adjacent cell is in a state of quasi-equilibrium and that it is roughly a function
of the wall shear-stress alone. In this dissertation, this same assumption is applied to the wall-
parallel-filtered streamwise momentum (just as was done by McCann [69]) and using the chain

rule, it can be shown that

dq 04 0 o 0 u§+u12) - 2 2
oo M| amt| =Vl ew? . @2

where - is a variable filtered in the wall-parallel plane for the purposes of this derivation, 7, is
the wall-normal derivative of the wall-tangential velocity magnitude, ¢ is the magnitude of the

wall-tangential momentum, and us, w,, and u, are the streamwise, spanwise, and wall-normal
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components of the wall-oriented velocity vector and are associated with the coordinate directions
s, p, and n respectively. Since the form of the momentum evolution equation is already known
from the governing equations, the only term for the first part of Eq. (4.23) which requires a model
is 01y /0q.

Just as done by Chung & Pullin [53] (for the streamwise velocity) and McCann [69] (for the
streamwise momentum component aligning with the Cartesian coordinate x), this dissertation as-
sumes that an inner-scaling ansatz applies to the magnitude of the local streamwise momentum

within a wall-adjacent cell

- U=y, (4.24)
joon Pw

where u, is the wall-friction-velocity, and where F (n™) is an unknown function. Additionally,
variables with a subscript w such as p,, are wall-variables in that they are evaluated at the wall.
Note that this dissertation follows the extension by Cheng et al. [70] to apply the ansatz to the local
streamwise velocity vector to incorporate multidimensional effects, except that this dissertation
applies the ansatz to momentum. Differentiating the ansatz (the first function of Eq. (4.24)) with

respect to 79, and grouping terms, g—% is given as,

04 _ F(n* Opuwittr . . OF (n') Pwﬁrﬁ . . OF (n*)ont
o~ 1) g5, T i, 20 () F puin =5 S
"o "o o o n flo 42%)
_ bull gy o Duten P () puits | gy OF (1) '
27lo 270 on* 210 ont

Furthermore, as done by Chung & Pullin [53], the unknown function F (n™) is eliminated through

the clever use of wall-normal integration. Integrating from the wall to some interior wall-distance
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h provides
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At this point, it is important to emphasize the irrelevance of the exact form of the unknown function
chosen for the inner scaling ansatz. Any function of the inner scaling variable would satisfy the
above derivation. As such, there are a wide range of flows that are well modeled by these equations.

Substituting this result into the wall-normal integrated form of Eq. (4.23) provides

h

1[04, 0l dln o
ﬁ/adn—w—zﬁoﬁ’ (4.27)

0

where (¢) is a volume-filtered or volume-averaged variable and is the same as a cell-averaged
quantity used in the finite-volume method in this dissertation. Rearranging in a more usable form,

we find

0o 2100 (q)
o _ 2 944) 42
ot | ot (4.28)

h

With this evolution equation in hand, it is necessary to compute the temporal update for the wall-

tangential momentum magnitude. Taking the time derivative of ¢ provides

9{q) Pl Opug pu, Opu,
9 _ [ PUs OPs Py OPUp \ - 4.2
ot < . ot )T\ o (4.29)

This study argues that Eq. (4.29), as a momentum magnitude update, should match as closely as
possible to the momentum update used elsewhere in the LES system. In this way, the nature of

the dynamics of the LES velocity are preserved as much as possible in the 7y update equation. To
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achieve this goal, this dissertation recognizes that the pu,/q term and the pu,/q term constitute a
unit-vector weighting of the momentum evolution equations. In keeping with the derivation of the
7o update equation, Eq. (4.27), these terms are evaluated at n = h. Furthermore, this study argues
that evaluating the unit-vector weighting term at n = h is numerically justified in that it presents a
more accurate evaluation of the outer-flow ratio of spanwise velocity and streamwise velocity. As

a result, Eq. (4.29) is simplified to

0{a) _ plsln O {pus) | plipln O (puy)
ot qln Ot qn Ot

(4.30)

Furthermore, it is fairly straightforward to extend this to match the mapped form of the momentum

equations as presented in Eq. (3.13)

0(Jq) _ plsln 9{Jpus)  pliyln 8¢ T puy)

4.31
ot qln Ot gl Ot (4.31)
Inserting this into the mapped form of the 7, update equation provides

o al,Ldh o i o

The next step in the derivation of the 7, update equation is to identify the wall-tangential mo-
mentum equation update terms. Using a transformation, )/;;, between Cartesian coordinates and
wall-oriented coordinates the wall-normal coordinate-space momentum terms are obtained through

. R 0(Jpus,) I Jpu;)\"
pug,|n = Mijpuj’h - VR M, (TJ , (4.33)

where (B(Ja—’;“”> is a momentum equation update term specifically computed for the wall-model

(not exactly identical to the momentum equation update term computed for the outer-flow LES).
The published literature regarding the evaluation of this wall-model assumes that 7, is updated

using streamwise and spanwise derivatives of the LES information at some point within the LES
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domain as shown in Fig. 4.3. In the context of a cell-centered finite-volume discretization, this
location is assumed to be the first interior face. In other published works, all the wall-tangential
derivatives are evaluated in a plane at this location. The wall-normal derivatives are evaluated
between the wall and the first interior face assuming that the wall is a no-slip wall and that the
wall-shear-stress can be specified using 7y. This dissertation also uses the no-slip wall condition
with 7y being applied as the wall-shear-stress. However, within this dissertation, the wall-tangential
derivatives are evaluated at the wall-normal faces so that the 7y update follows a standard finite-
volume method update for the momentum equation. This provides the ability to nearly match
the interior LES momentum equation update computed by the outer-flow LES solver, with the

only differences being the wall-shear-stress specification and the wall-normal distance used in the

8<quj>>*

evaluation of wall-normal derivatives. More specifically, this dissertation computes ( >

using the following form

(a<{£ﬂz>)* = —Algz { [N; <ﬁl~tiﬂj +plij — ﬁj + %SgSij>}RightFace

(4.34)
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where A& = AE;, except for in the case of the wall-normal direction (K = 1 for example) where

A& = A& + 0.18hy. Additionally, ﬁj at the wall is evaluated using the wall-modeled velocity

gradient, 8;”_, at the wall which is given by
J
ou; ou ou
=(M"), —EM); = My—%M,; 4.35
8$j ( )zk 881 lj ki 881 lj » ( )
dus, . ) . . o .
where gsf is constructed assuming that all streamwise and spanwise derivatives of velocity are

zero and the wall-normal derivatives of the streamwise and spanwise velocity come from the wall-

model
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gz" , comes from the interior-flow
n

where the wall-normal derivative of the wall-normal velocity,
LES algorithm performing a one-sided derivative approximation at the wall.

Once Eq. (4.32) is included along with the other governing equations, 7y can be marched in
time. With 7, at every wall-face on the mesh, the friction velocity, u, can be solved for at each face
and an approximation of the local, unresolved velocity profile can be constructed. It is through this
SGS velocity profile that the slip-velocity at the wall is computed.

In practice, it is necessary to bound 7, especially near separation regions, as 7, will show
randomly distributed face values that will rapidly increase without bound. While this is seen with
only a single face scattered here and there across the wall boundary, this will cause the simulation to
fail if appropriate bounds are not in place. For all the flat-plate results presented in this dissertation,
7)o 1s bounded to one order-of-magnitude higher than the analytically predicted 7. In test cases
without separation, it was seen that the instantaneous 7 never fluctuated above three times the
analytically predicted mean 1), thereby justifying the use bound of one order-of-magnitude. For
the smooth-ramp case, 7, is bounded to be no more than twice as high as the 7, value predicted
using the Spalding law profile, Eq. (4.40), with an input velocity from the second cell away from
the wall boundary. Additionally, a lower bound (a small numerical tolerance just above zero) was
enforced so that 7y never reached zero. From Eq. (4.32), it is clear that if 7y does reach zero, it
will never leave zero. As a result, 1, is prevented from reaching zero. As pointed out by Cheng
et al. [70], flow-singularities where 7y is zero are not expected to be encountered in practical

simulations of turbulent flow, even near flow separation.

4.4.3 Wall Slip-Velocity Boundary Condition

In order to derive a slip-velocity for the wall boundary, Chung & Pullin extended the interior
stretched-vortex model to include near-wall streamwise-oriented vortices. From this model, a law-
of-the-wall-like velocity profile was derived for the wall-adjacent cells. Cheng et al. [70] extended
this model to include a linear velocity profile for regions of separated flow. Separated flow regions

are defined to be regions where the local wall-shear-stress, 7,, is less than or equal to zero. The
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local wall-shear-stress vector is assumed to align with the velocity at the first interior face, and as
a result, separation locations are those regions where the velocity at the first interior face points

opposite a problem-defined freestream velocity direction. This form of the model [70] is given as

+
Ur <lln (h—°> + hﬁ) , hd >h
- W ’ , Tw >0
ulln=ro = § [ u.hi, ht < h (4.37)
u hd, Tw <0
\

where ||ul|,=p, is the slip-velocity magnitude at the slip-wall, A} = h,u, /v is the inner-scaled
height of the viscous sublayer, hj = hgu, /v is the inner-scaled height of the virtual wall, and
1 is a von-Karman-like parameter. In the current dissertation, . is fixed to 0.4 for all of the
results presented. Additionally, all results presented here follow literature in approximating A} as
11. In defining the freestream velocity direction, the implementation in this dissertation allows for
a user-defined global streamwise vector. For all of the tests presented, this direction corresponds
to the Cartesian coordinate direction x.

Once the magnitude of the slip-velocity is obtained, this dissertation follows published liter-
ature in that the slip-velocity is projected onto the wall-local wall-tangential velocity vector to
obtain the slip-velocity vector. Finally, a wall-normal velocity is also specified at the wall. Cheng
et al. derived a wall-normal velocity condition based on the mass conservation equation [70] and
this dissertation uses this same wall-normal velocity derivation. Since the physical wall is a no-slip
wall, mass conservation relates the wall-normal velocity at the virtually-raised slip-wall with the

streamwise derivative of 7y as follows

_hHu”n=ho%

o s (4.38)

Uy =

Cheng et al. applied a spanwise filter to 7, prior to computing the derivative in order to avoid

spurious overshoots of wall-normal velocity near separation points. The current dissertation also

40



applies as small filtering operation to 7y prior to computing the derivative, but it is a simple top-hat
or box filter applied over a region with a radius of one neighbor cell-face (i.e. the face of interest
and the 9 neighbor points). Additionally, the magnitude of w,, is limited to < 0.1||u||,=p,. This

was found to be sufficiently robust even in regions of flow separation.

4.4.4 Initialization of 7, Variable

In order to shorten the initial transient phase during the simulation startup, it is best to provide
an accurate estimate for 7 based on the near-wall velocity initial condition. If this is not done,
Eq. (4.32) is such that 7, tends toward the correct value as long as a physically meaningful initial
condition for 7 is provided. By construction from Eq. (4.23), 179 > 0, and the initial condition can
be specified such that 1, > 0 in order for 7, to continue to update to non-zero values. However,
it is desirable to reduce the time to reach the correct value, and so a quality initial guess for 7
is generally computed based on a local law-of-the-wall profile. Useful profiles include the profile

developed by Musker [64]

2yt — 8.15 +4+10.6)"°
ut = 5.424tan"! {y—} + logy, 2(y +106) | =352
16.7 (y*+* — 8.15y+ + 86)
, T ; (4.39)
() 1 Gi) |1 Gl) (=)
+244M |6 —=—) —4 (= - - ,
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and the profile developed by Spalding [71]
0.4ut)®  (0.4u*)®  (0.4ut)*
yT =ut +0.1108 [eo'4“+ —1—04u" — ( ; S _{ ; S ﬁ ) : (4.40)

where u* = u/u,, y* = yu, /v, d100 is the 100% boundary-layer thickness, and IT is Coles” wake
parameter. Both of these equations can be solved for u, and then for 7, if sufficient information is
known. For the Musker profile, d1o9 is required while for the Spalding profile, it is not. Even so,

the Musker profile provides high accuracy for determining the wall friction velocity. For all results
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presented in this dissertation, the Musker profile in Eq. (4.39) is utilized to initialize 7, since the

initial velocity profiles and the initial target boundary-layer thicknesses are specified.
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Chapter 5

Numerical Framework

This chapter provides details regarding the numerical framework which is utilized for simula-
tions within this dissertation. An overview of the finite volume algorithm is presented along with
a discussion of two methods of numerical stabilization/regularization (upwinding and limiting).
Following this, the numerical implementation of the stretched-vortex model and associated devel-
opments unique to this dissertation are described. The chapter concludes with a presentation of the

numerical implementation of boundary conditions.

5.1 Finite Volume Algorithm: Chord

All results presented in this study are obtained using the finite volume method (FVM) algo-
rithm, Chord [72-76], built upon the highly parallelizable (scaling to at least 1 x 10° cores) AMR
framework Chombo [77]. Chord solves the governing equations for transient, compressible, tur-
bulent, reacting and non-reacting fluid flows with complex geometry. It has been designed to
achieve high levels of accuracy and performance for turbulence and combustion simulations on
modern high-performance computing architectures. For smooth flows, Chord is fourth-order ac-
curate in space and time (using standard four-stage Runge Kutta time-marching) [72-76]. For
flows with strong discontinuities (e.g. shocks or detonation waves), the PPM [78, 79] limiter is
used for stability. Chord is capable of additional stabilization by hyperviscosity through fifth-order
face-value interpolations. Chord’s turbulence modeling capabilities include unsteady Reynolds-
averaged Navier-Stokes (URANS), LES, and DNS. Additionally, Chord utilizes AMR in space
and subcycling in time and accommodates complex geometry while preserving free-stream condi-

tions using generalized coordinate transformations.
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In the present study, all spatially discrete operators are fourth-order accurate by default. How-
ever, numerical stabilization in the form of either the PPM limiter or hyperviscosity is tested in

conjunction with the SV LES model.

5.2 Fifth-Order Interpolation/Hyperviscosity

In FVMs, flux evaluations at the faces of a computational cell are essential and require knowl-
edge of face values. Reconstructing solution variables at cell faces is one of the fundamental oper-
ations in the algorithm and is a major difficulty in terms of stability. Low-dissipation, high-order,
centered interpolations can create spurious, high-frequency solution content and allow it to grow,
especially near unresolved solution gradients. Adding a high-order viscosity term to the interpola-
tion through a spatially-biased interpolant can help alleviate spurious high-frequency content [80].

Interpolating the face-averaged primitive state, (W), 1eds from the cell-averaged primitive
state, (W);, follows the process described in previous literature [72, 73]. A cell index is denoted
by % on an integer lattice and e is a unit-vector in direction d. A cell face is reached by a shift of
1/2. A four-cell, fourth-order, centered approximation to (W), 1 1ca IS given by

(W)Y, 0= 2 (W) (W) — 5 (Wi + (Whiaes) 6.0

while the right-biased, five-cell, fifth-order approximation is provided by

1
(W), = (—3(W) o + 27(W); + AT(W)p e — 13(W); 4 000)
7€% 60
1 (5.2)
+ @ <2<W>i+3ed) .

A reflection of Eq. (5.2) about the face provides a left-biased interpolation. Using both the left and

right-biased values, the final face value is the solution of a Riemann problem.
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Examining the difference between the two interpolations reveals the high-order, cell-centered

numerical dissipation term present in the fifth-order interpolant

W) s = W)y =
1
30 ((W)i—ea —4W)i +6(W);ted — HW); 00 + (W), 3ed) (5.3)
Azt 0*

N S (W)

It is through the high-order numerical dissipation term that the highest frequency content is de-

tected and controlled.

5.3 Piecewise Parabolic Method

The high-order piecewise parabolic method (PPM) is a high-order extension of Godunov’s
method [78, 79, 81]. Essentially, the PPM consists of two main steps. First, face values are in-
terpolated using high-order finite difference approximations based on the cell-averaged values. If
necessary, the interpolants are limited to ensure monotonicity. Second, a parabolic profile is con-
structed in each cell, using cell and face values, and constrained to keep it monotone. If the local
extremum is smooth, as determined by checking adjacent second derivatives, the limiter is not
applied. A third-derivative condition is also checked to avoid limiting perturbations of a cubic
in multidimensional problems [79]. The PPM scheme delivers a more accurate representation of
spatial gradients of smooth flows and a steeper representation of discontinuities. Additional tech-
niques such as artificial dissipation and slope flattening are applied at shocks to suppress unwanted
numerical oscillations. In the limit of a complete flattening, the scheme recovers the first-order
Godunov method locally near the discontinuities. In the present study, the PPM scheme is imple-

mented closely following the work by McCorquodale and Colella [79].
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5.4 Numerical Implementation of the SV SGS Model

When applying the SV SGS model at a coarser filter-length-scale, A, than the grid filter, Az,
existing AMR infrastructure is used within Chord. Throughout this section, a subscript f associ-
ated with A refers to the filter length-scale, while a superscript f associated with other variables
refers to a fine mesh. Additionally, a superscript c refers to a coarse mesh. More specifically,
the fine mesh is the reference mesh of interest and the coarse mesh is a coarsened version of the
mesh of interest. As shown in Fig. 5.1, the cell-averaged primitive state on the original fine mesh
at cell-index 4, (W)/, is averaged to a coarser mesh, (W)¢. The fine mesh has cell spacing Az.

Following the averaging procedure, the coarse cell-averaged value, (W), is deconvolved to obtain

Figure 5.1: Coarsened SGS kinetic energy estimate (example demonstrates Ay = 2Ax).

the cell-centered value, Wj, to fourth-order accuracy using the deconvolution [79]

c Y hg 9*(W)s
d

where h is the cell spacing of the grid level. Working with the cell-centered state as opposed to the
cell-averaged state preserves the order-of-accuracy of the numerical scheme and the SGS energy
estimate in smoothly varying solution fields even when computing nonlinear terms. To use the cell-

averaged quantities during the computation of nonlinear terms would not preserve the scheme’s
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order-of-accuracy in nonlinearly-evolving smooth regions of the flow unless rather complicated
product-rules of averages were utilized. On the coarser mesh, with cell spacing Ay, the SGS

kinetic energy estimate is computed using W; and then interpolated to the original mesh. From

f

here, (Ksgs) { is interpolated to the cell faces where it becomes a face-averaged value, (K SGS)i e
2

On the cell faces, the orientation model is computed using W/ and combined with K to obtain
a conservative SGS momentum flux. The detailed steps as presented in an algorithm format are as

follows:

1. Average the fine cell-averaged primitive state to a coarser mesh and deconvolve it to obtain

the coarse cell-centered primitive state:

(W) — (W)s — W

2. Compute the coarsened cell-centered SGS kinetic energy estimate from the cell-centered

primitive state, using Eqgs. (4.9—4.14) and average it over a coarse cell:

Wi — (Kscs); — (Ksas)i

3. Interpolate the cell-averaged SGS kinetic energy estimate to the fine mesh:
(Ksas)s — (Ksas)!

4. Interpolate the fine cell-averaged SGS kinetic energy to the cell faces, using Eq. (5.1), and

deconvolve it to obtain the fine face-centered SGS kinetic energy estimate:
<KSGS>{ - <Kscs>f+%ed — (Kscs

5. Compute the fine face-centered turbulent flux using the interpolated SGS kinetic energy

estimate and the orientation model computed on the fine mesh with fine mesh data.
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As complex as this appears, even without optimizing the computational implementation, for sim-
ulations without mapping, the SGS model costs less than 10% of the computation time when
the coarsening ratio is 4 (A; = 4Ax), and approximately 35% of the computation time when

Ay = Az for a three-dimensional simulation.
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Using Ay > Ax for the SV model has previously been tested, as in the study of Chung and
Matheou [82]. Furthermore, it was conclusively demonstrated that grid-converged LES results are
obtainable for high-Reynolds number, practical flow simulations. The current study departs from
the implementation methodology of Chung and Matheou in that the current study explicitly uses
a coarser mesh when computing the SV model SGS kinetic energy estimate rather than implicitly
incorporating the larger filter width through the ~. parameter in Eqgs. (4.9-4.11). This difference
is utilized in order to enable the coupling of the SV model with numerical regularization. Without
computing the SGS kinetic energy estimate on a coarser mesh, the smallest represented information
necessary for the SV model SGS kinetic energy calculation would still largely be affected by the
numerical regularization. As a result, the model would still register too low of an SGS kinetic
energy estimate, even with the increased filter-width size being incorporated into the computations
through x.. The SV model was originally designed to match an explicitly defined SGS kinetic
energy spectra to the smallest representable-scale kinetic energy. Using numerical regularization,
it is expected that the scales used to match the SGS kinetic energy spectra should no longer reside
near the grid-cutoff, but rather at the scales associated with the equivalent filter size of the LES

system.

5.5 Characteristic Boundary Conditions

Correctly and adequately specifying boundary conditions is a critical step in obtaining an ac-
curate numerical solution. Traditionally, boundary conditions for compressible, turbulent flows
have largely fallen into several categories, including nonlinear characteristic boundary conditions
(CBCs) and absorbing layers (e.g. stretched grids, perfectly-matched layers, etc.) [83]. Absorbing
layers either sacrifice some of the usable computational domain through providing extra dissipa-
tion near the boundaries or require additional “fake” domain regions outside of the target domain.
However, nonlinear CBCs require no such modification of the domain size and are designed to

work directly at the domain boundaries without negatively dissipating the near-boundary flow.
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To begin the derivation of the nonlinear CBCs, the PDEs of interest are transformed into the
characteristic form in order to take advantage of any wave-like structure in the equations. Consid-

ering a one-dimensional example of a system of first-order PDEs in conservation form

U OF

E—F%—O, (5.5

where U is the conservative variable state-vector and F is the flux, it is possible to transform the
equations into the primitive form
oW oW
— +A—=0 5.6
ot Ox ’ (5:6)
where W is the primitive variable state and A is the coefficient matrix of the primitive equations.

Assuming A is diagonalizable, it can be decomposed into left eigenvectors, S~!, right eigenvectors,

S, and eigenvalues, A, so that Eq. (5.6) becomes

OW OW
% L eAs 12 . 7
5 FSASTIE =0 (5.7)

Left multiplying Eq. (5.7) by S™! brings the equations into the characteristic form

ASAS

E“_ %—0, (5.8)

where the temporal and spatial derivatives of the characteristic variables, V, are defined as

oV oW OV _ L, OW

- = _]‘_ - =
S T Ox or

ot ot (59

The characteristic form, Eq. (5.8), presents the original set of PDEs as a set of decoupled equations
cast in a form similar to the first-order linear advection equation. Each equation has a particular
wave speed, defined by the eigenvalue in the diagonal matrix A, which determines how fast the
associated solution information propagates through the solution domain. Due to the wave-like

nature of Eq. (5.8), if the characteristic state is known at one location, the solution is known
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along the rest of the characteristic line until nonlinear interactions with another characteristic line
changes the solution state. It is this particular feature of the characteristic form of the equations that
CBC:s take advantage of. If the full wave state is known at the boundaries of a problem domain,
then the problem is well-posed. Since outgoing waves only come from the domain interior, only
wave information entering the domain needs to be specified to complete the boundary condition.
Conveniently, the wave speeds naturally define which waves are entering or exiting the problem
domain. The main challenge of CBCs then becomes estimating the amplitudes of the waves and
obtaining a BC in terms of W or U from the wave amplitudes.

Throughout the CBC literature, A%—Z (or, equivalently, ASfl%—‘;V) is typically referred to as the
characteristic wave amplitude vector, £ [84, 85]. In the case of finite difference methods (FDM)
where a solution node lies on the domain boundary, it is natural to define an external node (a ghost

node) and specify a desired flow state at the ghost node as shown in Fig. 5.2. The interior wave

§ooomnennnees 0 ¢ t=n+l

- ‘.‘.‘ P
Loxt o Line = f{ Wit1, S|
its

o Bl LBl — —

J= 1\ ghost node J j+1

Figure 5.2: Space-time diagram of boundary-node update using characteristic boundary conditions in a
finite difference method. For simplicity, the diagram shows left and right moving waves with equal speed,
AL = Ag, and a discretization with AAt/Ax = 1.

amplitudes, L;,;, and the exterior wave amplitudes, L.y, are then easily computed from spatial

derivatives of the primitive state W and the left eigenvectors, S~!, evaluated at a reference state.
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Once the wave amplitudes are known, the FDM form of the CBCs updates the boundary node
primitive state in time using Eq. (5.7).

In contrast to FDMs, the Godunov-type cell-centered FVMs (finite volume methods) described
herein use the cell-averaged solution state to construct an estimate for the face-averaged solution
state or the face-averaged flux on the faces between mesh volumes. The face-averaged flux is
then used to update the cell-averaged state in time. An extension of the CBC method specific to
Godunov-type FVMs using ghost cells has been developed [86]. However, this particular extension
is largely unsuitable for the specific type of FVM being used within this dissertation and tests
showed undesirable acoustic reflections associated with turbulent outflows.

It is obvious from Fig. 5.3 that the space-time geometry of cell-centered FVMs is different
enough from FDMs that the typical CBC method used for FDMs does not fit cleanly into the FVM

framework. Just as in the FDM, the cell-centered FVM requires a domain-exterior ghost cell state

W,
Ling = f (Wj, T/)
) EE .: ------- / & @ t=n
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! A'.
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| :
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ghost cell/;i 1 J g+l

Figure 5.3: Space-time diagram of specifying ghost-cell values using characteristic boundary conditions in
a finite volume method.

in order to use the same method of estimating the face-averaged flux for both the interior and
boundary faces. However, unlike the FDM CBC, computing L, in the FVM CBC by using spatial

derivatives would be computing the wave amplitude at the first interior face (which is analogous to
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what a Godunov-type FVM already does at faces). Assuming this £ applies to the boundary face
would be shifting the characteristic wave away from its correct location. Additionally, attempting
to alleviate this problem by computing £ at the boundary face through the use of spatial derivatives
would require the CBC-modified ghost cell value to already be known.

The solution developed in the current dissertation relies on reformulating the calculation of L.

From Eq. (5.8), it is apparent that

OV OV OW
E=Agr =~ =5

(5.10)

and, as a result, it is apparent that the wave amplitudes are computable by merely swapping tem-
poral derivatives for spatial derivatives and normalizing by the wave speeds, A. This formulation
provides a means of obtaining the wave amplitudes in the first interior cell instead of the wave
amplitudes at the first interior face. A simple backward difference in time provides the tempo-
ral derivative of W at the current time step (time step n) using only one previous time-level of

information (time step n — 1)
OW  W" — wn-l

BT A7 (5.11)

While this does increase solution-state storage requirements slightly, in this dissertation, previous
time data is only stored from the boundary-adjacent cells (both interior boundary-adjacent cells
and ghost cells). To finish the computation of £, a reference state is required for S™!. Since
the reference state propagates along the characteristic wave to the neighbor location and since the
information propagates forward in time, the previous time state is the natural reference state to

choose. As a result, the computation of £ is formulated as

wWr — Wit
L7 | (5.12)

e (Mg

It is important to note that the exterior wave amplitudes are computed using the target states at both

the previous time (time step n — 1) and the current time (time step n). In essence, after the entire
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CBC calculation is performed and the CBC values have been used to compute the boundary fluxes,
the updated exterior ghost cell state is reset back to the target state in preparation for the next time
step. This effectively reduces the deviation of the exterior state from the intended target value.
Once L, and L. are computed, the ghost cell primitive state is updated using the desired mix
of the interior and exterior wave amplitudes and reference states. More specifically, the boundary
condition can be set to a non-reflecting CBC, a fully reflecting CBC, or somewhere in between.
In the non-reflecting limit, all outgoing waves should exit the domain with no spurious reflections
from the domain boundary and all incoming waves should enter the domain while generating no
spurious, additional wave information. For cases requiring turbulence to enter or exit the domain
without excessive distortion of the interior flow, non-reflecting boundary conditions are ideal. The
non-reflecting wave amplitude vector, Lyon-refiecting, 1S @ mix of the interior and exterior wave am-
plitudes
Lion-refiecting = H(—A) L1 + H (A) L; , (5.13)

where H (¢) is the Heaviside step function. To smoothly blend between non-reflecting and reflect-
ing CBCs, a tunable parameter, J € [0, 1], is introduced into the calculation of the wave amplitude

state used to update the ghost cell state

Eupdate = Bﬁnon—reﬂecting + (1 - 6) £j—1 . (514)

n—1
ref >

Additionally, the reference state used to update the ghost cell, W is modified to incorporate 3

wit = gwrnl +(1-B)W" (5.15)

ref non-reflecting J—

n—1 : - - - n—1

where W (" fecing 18 €qual to the exterior state at the previous time, W/, unless the boundary
" . . . n—1 o n—1 . .

condition is an outflow, in which case Wl " q..i0e = WJ . For the results presented in this

dissertation, 5 = 1 is used for results using non-reflecting boundary conditions, while 3 = 0

is used for results with reflecting boundary conditions. The right eigenvector, S, is computed
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from W 1. The ghost cell primitive state is updated using a forward difference in time from the
reference state with the computed wave amplitudes

VVﬁfl = anl - AtSref»Cupdate . (516)

J ref

Following the computation of the ghost cell value, a Riemann solution between the exterior and in-
terior states, W}“_l and W;L, provides the resolved face state, W? gy used to compute the boundary
fluxes.

Essentially, this boundary condition is interpreted as a relaxation of the exterior target state
(the state specified in the ghost cell). This relaxation is accomplished by first computing the wave
amplitudes defined by the time-variation of the exterior and interior states and then replacing some

of the exterior wave amplitudes with the corresponding interior wave amplitudes as necessary.
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Chapter 6

Test Cases

Throughout this study, several cases test the concepts and algorithms; the first three are un-
bounded (i.e. fully periodic), while the last two feature walls. The first is a temporally-evolving
mixing-layer [55, 87, 88], while the second case is the decaying, inviscid Taylor-Green vortex
where the Reynolds number is infinity [89]. The third case is a decaying, homogeneous turbulence
case based on the widely used Comte-Bellot and Corrsin experimental dataset of decaying, grid-
generated turbulence [90]. The fourth case presented is a zero-pressure-gradient flat-plate turbulent

boundary-layer [68], while the last case is flow-separation over a smooth-ramp [91].
6.1 Time-Evolving Mixing-Layer

The time-evolving mixing-layer considered in the present study is configured as fully-periodic

double-shear as shown in Fig. 6.1. The freestream velocities of streams 1 and 2 are U o, =

Figure 6.1: Configuration of the time-evolving double mixing-layer.

34.03m/s and U . = —Uj ., respectively, and the freestream pressures and densities of both
streams are identical. The flow has a Mach number, M, of 0.1 based on the arithmetic mean of

|U1 0| and |Us | (equivalent to |U; | for this case), a Prandtl number, Pr = 0.71, a specific heat
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ratio, 7 = 1.4, and a Reynolds number of 11650, based on

Uso| 0
Reg, g = 21010 (6.1)
where ¢, is the initial vorticity thickness

1 fLu/2 2

Po J-L,/2 (Au/2)?

with L, being the domain length in the shear-layer normal direction, and Au being the magnitude
of the difference between the two freestream velocities, Au = |Us o — U1 »|. The momentum
thickness, dy, is d,,/4. The computational domain size is, L, x L, x L, = 1376y x 13759 x 680¢.
The meshes consist of coarse resolutions with 64 x 64 x 32 cells in the streamwise, shear-layer
normal, and spanwise directions respectively, medium resolutions with 128 x 128 x 64 cells, and
fine resolutions with 256 x 256 x 128 cells.

The velocities in each stream were sinusoidally perturbed and computed from a stream function
in order to achieve an analytically divergence-free initial velocity field. This stream function is

defined as

U = ¢U; ootanh (2%9) , (6.3)

where the factor ¢ is defined as

{=y+exp(—nly) (Z bisin <2ﬂzjix + cb)) : (6.4)

and the velocities are computed analytically as

ov ov

= a—y s v = . (65)

! Ox

The i-th perturbation mode has phase shift ¢;, wavenumber w;, and magnitude b;. The parameter

7 controls the decay rate of the perturbations in the shear-layer normal direction. For this study,
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n = 8n/ L,. Perturbation modes with w = 8, 4, 2, and 1 were chosen for the streamwise and
spanwise directions. The dominant mode with w = 8 was given b = 0.1 (L,,/2) for the streamwise
direction and b = 0.05 (L, /2) for the spanwise direction. All other perturbations were randomly
provided magnitudes of either three percent or one percent of the half-domain height. Streamwise
and spanwise phase shifts were randomly chosen. Density was initialized from the ideal gas law
assuming constant pressure, identical free-stream density values for both shear-layer streams, and

using the Crocco-Busemann relation for temperature

0= po {1 + % (y — 1) M? (1 — tanh (2%)) (1 + tanh (%@)ﬂ . (6.6)

Pressure was initialized assuming a constant pressure profile with correction for the velocity per-

turbations
1
p=po— 5po | 4% + 2aUgtanh £ +07 ) (y—1), (6.7)
2 209
where « is given by
u = u — Uptanh (2%6) . (6.8)

The double-shear problem provides an anisotropic-turbulence test case in which the turbulence
is fed by a freestream, large-scale energy reservoir. This energy reservoir continually generates
turbulence until the turbulence reaches the periodic boundaries, essentially mimicking a forced
turbulence problem. At this point, the energy decays away. Although a relatively simple config-
uration, the double-shear case provides a test with flow features commonly encountered in real-
world engineering problems. The large-scale anisotropy is common in almost any wall-bounded or
jet-type flow as is the continual production of turbulent energy from large-scale flow features that
persist for long time-periods. For these reasons, the time-evolving shear-layer has been a favorite
for testing LES models and algorithms. The SV model has previously been tested with the time-
evolving shear-layer by Mattner [55]. While Mattner used a Fourier spectral collocation scheme

in the periodic streamwise and spanwise directions and an eighth-order finite-difference scheme
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in the slip-wall-bounded shear-layer normal direction, every coordinate direction in the present
study uses the finite-volume discretization described in Chapter 5. Additionally, Mattner presented

one-dimensional energy spectra while the current study presents three-dimensional energy spectra.

6.2 Inviscid Taylor-Green Vortex

The Taylor-Green vortex flow is initialized in a fully-periodic cube of side-length D with a

sinusoidal initial condition given by

. . /nmx nmTy\ . [Nz
u = —Uj sin <_D ) cos (—D ) sin <_D ) (6.9)

B nmTr\ . (NTY\ . [(NTZ
U—Uocos<—D ) n(D )sm(D ) (6.10)
w=20 (6.11)

poUZ 2nrw 2nmy 2nmz

= — 2 A2

p=po+ 16 (cos ( D + cos D cos D + (6.12)
p Ppo

= - - (6.13

"TRTL " )

where U, is the velocity fluctuation magnitude and 7 is the number of vortices contained in the
domain in each coordinate direction. The flow has a Mach number based on U, of 0.1, a Prandtl
number of 0.71, and a specific heat ratio v = 1.4. Cell counts of 643, 1283, and 256> were used for
all of the Taylor-Green vortex cases.

In the limit of infinite Reynolds number, the Taylor-Green vortex provides an ideal test of al-
gorithmic components examined in this study. The vortex evolution begins with “vortex wrap-up”,
eventually transitioning to a turbulent energy cascade process. It is apparent that all initial kinetic
energy eventually resides at the subgrid-scale even though it is never dissipated in this inviscid
problem. Once the kinetic energy resides at the subgrid-scale, it is indistinguishable from internal
energy except through a model. As a result, the numerical algorithm must sufficiently dissipate

represented-scale kinetic energy while correctly capturing the energy cascade process. This test

59



case will demonstrate the dissipative characteristics of the algorithms when physical viscosity is

absent.

6.3 Decaying Homogeneous Turbulence

Decaying, grid-generated turbulence is a classic test of the capabilities of LES models and
multiple experimental datasets are readily available for this case [90, 92, 93]. This particular
study simulates the Comte-Bellot and Corrsin experiment [90] following the numerical procedure
outlined by Rozema, et al. [94] and partially developed by Kang et al. [95].

The experimental case consists of a bulk flow, UL, of 10 m/s through a mesh with a spacing

between wires, L..¢, of 0.0508 m. A characteristic time, 7, is defined as

(6.14)

where ¢ is the true physical time. If a reference-frame is chosen to convect with the flow, a change
in spatial location can be correlated with a change in time in the convecting reference frame.
Measurements of the one-dimensional energy spectra were performed at spatial locations corre-
sponding with characteristic convecting reference frame times of 7 = 42,98, and 171 after the
generation of the turbulence by the mesh. At the first measurement station, \/u_% was measured to
be 0.222 m/s and the Kolmogorov scale was determined to be 2.94 x 10~% m.

To numerically simulate this case, a domain reference length, D¢, was chosen as 11 L, and a
local turbulent velocity reference value of s was chosen as (0.222 \/ﬁ m/s in order to match the
experimental value of \/u_% . All computational parameters were nondimensionalized by D, and
Urer as necessary. An algorithm-dependent, divergence-free initial condition with random phase
shifts was fit to the energy spectrum measured at the first station (7 = 42). Each case was run with
the algorithm specific initial condition from 7 = 0 to 7 = 42. The resulting flow fields were each
rescaled following the method proposed by Kang et al. [95] in order to act as the initial condition

for the simulations in this particular study. In the present study, the cell-averaged field at 7 = 42
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was deconvolved using the same method as presented in McCorquodale and Colella [79] to obtain
the point-value field that could be rescaled. Following the rescaling of the point values, the rescaled
cell-averaged field was computed using a box-filter convolution operator. The rescaled fields were
then used as initial conditions to run from 7 = 42 to 7 = 171. The Reynolds number based on
gt and the domain size was 10400. Meshes of size 643, 1282, and 256> are used for all decaying

homogeneous turbulence simulations in the present study.

6.4 Data Analysis for First Three Cases

A non-dimensional, characteristic time, 7, is utilized for the first three test cases presented.

This “eddy turn-over” time is defined as
T=1t—, (6.15)

where U is a characteristic velocity and L is a characteristic length-scale. For the shear-layer
case, the characteristic time scale is computed from the arithmetic mean of the absolute values
of the two stream velocities and the initial momentum thickness. For the inviscid Taylor-Green
vortex the characteristic scales are chosen to be the velocity fluctuation magnitude, Uy, and the
integral length-scale, while for the decaying homogeneous turbulence case, these are the convective
velocity and the mesh spacing. The shear-layer spectrum transitions to fully developed turbulence
by 7 ~ 20. The decaying Taylor-Green cases transition to fully developed turbulence by 7 ~ 10.
After this point, the kinetic energy decays away due to the energy cascade process.

The results of interest in the first three cases in this study are presented using the three-
dimensional kinetic energy spectra from each case. All spectral data is computed from instanta-
neous flow data using the software package FFTW. To compute the three-dimensional energy spec-
tra, the square of the Fourier-transformed velocity vector is summed over constant-wavenumber
shells. The resulting kinetic energy is then normalized using the simulation domain volume and

the initial sum of kinetic energy such that the sum of the kinetic energy presented in the spectrum

61



plots is equal to unity at the start of the simulation. The wavenumber, £, is given with respect to
the simulation domain such that £ = 1 is the largest wave mode fully contained in the periodic
simulation domain.

For each of the unbounded turbulent flow test cases presented, the kinetic energy spectrum
results are broken into five distinct parts gathered into two separate figures. The first column of the
first figure for each test case compares the use of three different numerically regularized algorithms:
the fourth-order centered discretization with the SV model (explicit LES), the fourth-order PPM
algorithm (implicit LES), and the fifth-order algorithm (implicit LES). The second column of the
first figure presents the coupling between the SV model and the last two numerical regularization
techniques presented in the first column. This particular set demonstrates issues that arise from
naive couplings of the LES SGS model with numerical regularization techniques (when Ay =
Ax). For the third column, the SV model is used with and without numerical regularization and
specifically utilizes the coarsening method proposed in this study (A # Ax). The second figure of
kinetic energy spectrum for each simulation displays the comparison between the various schemes
using the coarsened SV model at single mesh resolutions. The first row shows the kinetic energy
spectra as previously described, while the second row displays the kinetic energy premultiplied by
the wavenumber, k, and placed in a log-linear plot. This last presentation of the results is intended
to specifically highlight the largest wave modes and demonstrate whether or not the simulation
results are grid-converged. The first two columns of spectra in the first figure are intended to show
the baseline performance of the algorithms presented. The last column of the first figure highlights
grid-independence achieved by the coarsened SV model computation. The second figure highlights
scheme-independence achieved by the coarsened SV model computation, in that all numerical

regularization approaches converge to the same result.
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6.5 Flat-Plate Turbulent Boundary-Layer

A standard wall-model test case, the zero-pressure-gradient flat-plate turbulent boundary-layer
(ZPGFPTBL), was chosen as a test case due to the widely available literature with which to com-
pare the the results of this test. Previous researchers have also used this case to test the stretched-
vortex model wall-model, and this case will be based on the incompressible simulations of Inoue

& Pullin [68]. The general setup of the simulation is shown in Fig. 6.2.
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Figure 6.2: Configuration of the flat-plate turbulent boundary-layer.

In terms of the inlet boundary-layer thickness, dgginet = 0.036, the physical domain size is
Ly X Lyx L, =85.85099 intet X 4.7T099 inlet X 7-15d99 inlet in the streamwise, wall-normal, and spanwise
directions respectively. Throughout this dissertation, two mesh resolutions are used to test the
methods presented. The first mesh resolution, what will be referred to as the very-coarse (VC)
mesh from here on, has 192 x 32 x 16 cells in the streamwise, wall-normal, and spanwise directions
respectively. The second mesh resolution, referred to as the coarse (C) mesh, has 384 x 64 x 32
cells in the streamwise, wall-normal, and spanwise directions. One simulation is presented which
was performed using the resolution of the very-coarse mesh, but a domain twice as long (L, =

171.7d99 inler and 384 x 32 x 16 cells). This case will be referred to as the VC case with 2L,. These
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mesh resolutions are compared with Inoue & Pullin who use resolutions of 192 x 64 x 32 (coarse
(C) resolution), 384 x 128 x 64 (medium (M) resolution), and 768 x 256 x 128 (fine (F) resolution).
Note that Inoue & Pullin used a streamwise-domain-length that was half as long as that used in
the current simulations. The simulation has an inlet boundary-layer thickness Reynolds number,
Résgg e = Poolocd99.intet/ 11, Of 167,000, a freestream Mach number, Ma, of 0.2, a Prandtl number,
Pr,of 0.71, and a specific heat ratio of 1.4.

In order to achieve a quality solution on a small simulation domain, the case uses a turbulent
boundary-layer inflow condition and a characteristic-type outflow boundary. Additionally, the
case uses periodic boundaries in the spanwise direction, a farfield, freestream condition as part
of a characteristic-type farfield boundary condition at the top of the domain, and an adiabatic
no-slip wall as the flat-plate wall-boundary. Inoue & Pullin follow the widely used practice of
introducing a developed turbulent boundary-layer as the inlet condition through the method of
rescaling-and-recycling [96]. Essentially, a streamwise-normal sample plane is chosen within the
domain somewhere downstream of the inlet for the purposes of collecting turbulent fluctuations.
For the cases presented in this dissertation, the recycling plane is placed downstream of the inlet at
0.75L,. The turbulent fluctuations collected at the sampling plane are rescaled to match the height
of the inlet boundary-layer and are recycled to the inlet. Since the fluctuations do not perfectly
match the inlet state, a small inlet region is in a state of numerical non-equilibrium and should be
excluded when post-processing and analyzing simulation data.

Researchers have previously demonstrated a spurious periodicity in the streamwise turbulence
data [97]. Additional research has also demonstrated the development of acoustic amplification
when the rescaling-and-recycling method is used in the context of a numerical algorithm solving
the compressible Navier-Stokes equations. Various methods have been developed to address both
issues, but within this dissertation, the simplest methods that have previously been demonstrated
to work are used with success. To alleviate the streamwise periodicity, research has shown that a
temporally varying spanwise shift of the recycling plane eliminates the periodicity. It was noticed

in the studies presented here that the inlet non-equilibrium zone did not noticeably lengthen with
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a temporally varying spanwise shift applied to the recycling plane. As a result, all simulations
presented here use the recycling-plane spanwise-shifting. To address the amplification of acoustic
waves within the domain, a characteristic boundary condition was developed and implemented at
the outlet (see Section 5.5 for more details). The inlet state is set directly to the mean turbulent
profile with the turbulent fluctuations added prior to using a Riemann solver between the interior
and exterior state to resolve the two. Additionally, the density and temperature fluctuations are
recycled independent of pressure. Since the mean state uniformly enforces the freestream pressure
value throughout the entire boundary-layer, it is possible to recycle the thermodynamic fluctuations

without enforcing the freestream pressure value.

6.5.1 Inflow Turbulent Boundary-Layer Mean State Profile

Simulations of flat-plate turbulent boundary-layers can be particularly sensitive to the profile of
the mean inflow conditions. For the simulations presented within this dissertation, the mean van-
Driest-transformed streamwise velocity for the inlet-flow profile was computed using Eq. (4.39).
The van-Driest transform is a method for transforming compressible boundary-layer profiles to
match incompressible boundary-layer profiles. For all the flat-plate cases presented here, the rela-
tively low Mach number should show very little compressible effect in the turbulent boundary-layer
profile. As a result, using the van-Driest profile is unnecessary, but for the sake of generality, it is
used here.

Starting with the incompressible velocity profile defined by Eq. (4.39), the van-Driest transfor-
mation can be reversed to obtain the equivalent compressible boundary-layer profile. The inverse

van-Driest transform is defined as

Upg = —Xgin~! (%) (6.16)

Uoo
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where u,,4 1s the van-Driest-transformed velocity, ., is the freestream velocity, and « is given by

6.17
1+ 1(y—1)MZPr,’ ©.17)

2

a:\/ L(y—1) M2 Pr,

where Pr; is the turbulent Prandtl number and is assumed to be 0.89 for these cases [98].

The mean wall-normal velocity is specified assuming that the mean velocity state is divergence
free. To compute the wall-normal velocity, an assumption regarding the streamwise growth of
the boundary-layer thickness is required. The boundary-layer thickness is assumed to follow a

1/5-power-law [99] of the form
B (19

B = 2 (6.18)
99 Re:(vl/S)

where (3 is a scaling parameter which can take any value for the wall-normal velocity derivation,
and where Re, = pooUsor/p. At this point, the mean flow is assumed to be divergence free and
the streamwise-derivative of the streamwise-velocity is integrated in the wall-normal direction to

obtain the wall-normal velocity as

o= _(yur) [ (Ger?)] [1 —In (yur /)] (6.19)

(1/k) + [uoosin_1 (@) /(auT)}

where £ = 0.41 is used to match the Musker profile as specified in Eq. (4.39). Finally, the mean
spanwise velocity is set to be zero.
Once the mean velocity is obtained, the mean temperature variation throughout the boundary-

layer can be determined using the Crocco-Busemann relation for an adiabatic wall,

_ 1 2 .2
T=T, (1 50— 1)M;Prtu) . (6.20)

[e.e]

Assuming a constant pressure throughout the domain, the density profile is easily obtained through

the ideal gas law.
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These mean profiles are used when specifying the initial condition for the flat-plate. Addition-
ally, a velocity perturbation is added to the mean velocity profiles with a perturbation strength that

is 20% of the freestream velocity magnitude.

6.5.2 Turbulent Inflow Generation
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Figure 6.3: Time history of streamwise velocity for the coarsest flat-plate mesh at 3 streamwise sampling

locations with 4 vertical sampling locations per streamwise station. Recycling is performed using spanwise-
averages of time-averaged data at the sampling plane.

In addition to sensitivity to the mean inflow condition, flat-plate turbulent boundary-layers are

sensitive to the method of introducing turbulent fluctuations at the inlet. Within this dissertation,
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the rescaling-and-recycling method developed by Lund et al. and used by Inoue & Pullin is used
with a similar time-averaging procedure at the recycling plane as proposed by Lund et al. [96].
At the recycling plane, an exponentially decaying time-filter is used to define the time-averaged

state of the boundary-layer profile. This exponentially decaying time-filter takes the form

oy =S+ (1 - %) e 621)

where ¢ is flow-field parameter being time-averaged, superscript n is a time-step index, At is the
numerical time-step size, A, is the temporal filter length, {-} denotes a time-averaged quantity,
and (-) denotes a spanwise averaged quantity in the context of this equation. In order to account
for the initial startup phase of the simulation and to allow any initial flow transients to not affect
the time-average at the recycling plane, the temporal filter time-scale, A,, is initially set to \/2
where A\ is the boundary-layer-thickness characteristic time and is given by A = dgg jntet/ Uoo in the
context of this filtering operation. After allowing the transients to relax for 120\, A, is changed
to 40\. Finally, in order to provide the highest possible quality for the time-averaged state at the
recycling plane, A is allowed to assume a running-average value after 320\ and is computed using
A, =t + 40\ — 320\, where ¢ is the current simulation time. This formulation of A, provides a
continuous switch from the constant value of 40\ to a linearly increasing filter size necessary for
continuous time-integration.

Fig. 6.3 displays the streamwise velocity at multiple stations throughout the flat-plate domain
(0.25L,,0.5L,,and 0.75L,) and at 4 unique wall-distances at each sampling station. From Fig. 6.3,
it is apparent that the initial transient period largely takes place before the first change in the
temporal-filter length-scale, justifying the length of time (120)\) chosen for the first segment of the
startup-phase. By 320, signs of startup-transients are gone from Fig. 6.3, but the time-averaging
of the solution data for the results presented in this dissertation was delayed another 300\ (ap-
proximately 4 more domain-length flow-through-times) as an added buffer out of an abundance

of caution. Starting the averaging time slightly earlier (starting at 4.8 domain-length flow-through
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times or 390\) and later (starting at 20 flow-through times or 1600)\) was tested, with results show-

ing little to no difference.

6.5.3 Coarsening and Limiting

For the flat-plate simulations, several variations of the wall-modeled LES algorithm were tested
in order to begin to identify an appropriate method for coupling the wall-model, the interior
stretched-vortex model, and the PPM limiter. It is important to note that, in all testing in the
current dissertation, using the coarsened stretched-vortex model all the way to the wall boundary
failed to provide sufficiently meaningful boundary-layer results to warrant inclusion in this study.
As a result, none of the cases presented here used coarsening of the interior model right at the
wall and, to maintain consistency among the models, none of theses cases used coarsening of the
wall-model.

The first set of cases, referred to as SV1 from here on, used the LES models without coarsening
and with the PPM limiter restricted to the farfield solution above the boundary-layer (retained in
the freestream for the purpose of providing stability near the farfield boundary). The purpose for
this set of tests is to provide a baseline comparison for all further modifications consisting of using
model coarsening or PPM limiting.

The second set of cases, referred to as SV2, used the coarsened LES model up to 5 cells away
from the boundary. At this point, the non-coarsened SGS model was blended in such that two-
thirds and then one-third of the coarsened model was used at the fourth and third cells away from
the boundary respectively. For the second cell away from the boundary and the wall-adjacent cell,
only the non-coarsened model was used. Within this set of cases, two simulations of the very-
coarse mesh are presented, the normal domain size and the long-domain case.

The third set of cases used the coarsened LES model as described for the second set of tests with
the addition of the PPM limiter. Two out of the three test cases, referred to as PPM1, blended in
the PPM limiter with the fourth-order centered discretization in the same manner as the coarsened

model. That is, the full PPM face-interpolation was used at the fifth interior face, while two-thirds
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was used at the fourth interior face and one-third at the third interior face. From the wall-face up to
the second interior face, only the fourth-order centered discretization was used. The other method
used in this test set, referred to as PPM2, used the PPM limiter everywhere throughout the domain

all the way up to and including the wall face.

6.5.4 Data Analysis

The flat-plate results presented in this dissertation are all time-averaged results, with the time-

averaging being a simple, time integration of the variables

1 tfinal

(tﬁnal - tO) to

{¢} = odt . (6.22)

All results were time-averaged for 10 domain flow-through times. The case referred to as the
“long-domain” case was averaged for 10 domain flow-through times as well, except that this time
period was twice as long given the fact the domain was twice as long as the other cases. This
particular simulation was utilized for testing the time-convergence of the averaging process in
addition to testing a later averaging start time. More specifically, this case started averaging at 10
flow-through times which, again, was the equivalent of 20 flow-through times in the domain of
normal streamwise length.

In addition to time-averaging the data, all quantities presented were spanwise averaged using a
simple, spatial integration of the variables. This allowed for the use of shorter averaging times and
is a standard procedure used for turbulence cases with spanwise homogeneity such as the flat-plate
case.

For all results presented, u* = u/u, is defined as the inner-scaled mean velocity, while y* =
yu, /v, is the inner-scaled wall-normal distance from the wall using the kinematic viscosity at
the wall. The disturbance boundary-layer thickness, dgg, is computed as the wall-normal location
where the mean velocity first reaches 99% of the freestream velocity defined globally, u..,. That is,

the local mean freestream velocity may be higher or lower than the globally defined value, but the
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globally defined value is still the value utilized (for all the flat-plate cases presented here, the local
U 18 the same as the global u, as would be expected for a flat-plate case with a freestream farfield
boundary condition). The displacement boundary-layer thickness, 0%, is computed by integrating
through the boundary-layer up to dg9. Various definitions of the boundary-layer thickness and the
boundary-layer edge values are utilized throughout the literature [100], but this study uses dg9, Poo,

and u for simplicity. The calculation for §* is given by

099 —
5* :/ (1 — )dy , (6.23)
0 poouoo

where pu represents the time-averaged streamwise momentum. The momentum boundary-layer

thickness follows the same method with the following equation

d99 =7 2
5" :/ ( ~_o_ )dy . (6.24)
0 Pocloo poouoo

Empirical estimates of the boundary-layer thickness and the wall-shear-stress are presented as a

comparison with the simulation results. These empirical estimates are based on the 1/5-power-

law, and are given as follows [99]

Soe — 0.38x 5 — 0.048% ~ 0.037z o 0.059p,u?,
99 = Re—glg/‘:’ ) = Re—gl/‘r’ ) = Re—i/‘r’ » Ttheoretical = Teiﬁ

, (6.25)

where Re, is the ramp-length Reynolds number, Re, = psus/p, and where = is computed
based on the distance from the theoretical start of the plate. The current x location for the empir-
ical estimates presented in the flat-plate results is computed by adding an offset to the simulation
coordinates based on dgg inie¢- Finally, W is computed by time-averaging u;u; and then subtracting

the product of the time-averaged u; and u;
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This method of computation is justifiable given that the filter operator is a time-integration or

averaging operator that has been applied to a sufficiently long time period.

6.6 Smooth-Ramp Flow-Separation

The physics of smooth-body separation is critical for many engineering applications, but is
generally difficult to predict with LES. As a result, the Fluid Dynamics Technical Committee of
the American Institute of Aeronautics and Astronautics (AIAA) organized a workshop, held in
January of 2022 [91], which focused on a smooth-body separation case. Details of the smooth-
ramp geometry required by the workshop and additional details specific to the results presented
in this dissertation are shown in Fig. 6.4 [91]. The general simulation workflow was designed
to start with simulations of a zero-pressure-gradient flat-plate turbulent boundary-layer in order
to match specified boundary-layer parameters at a specified location within the flat-plate domain.
Following a successful simulation of the flat-plate turbulent boundary-layer, a smooth ramp was to
be appended after the flat-plate domain. After the ramp, the domain was to continue to an outlet
region where grid-stretching, numerical sponges, or filtering could be used to provide a quality

outlet boundary region. Additionally, the analytic mapping used to generate the mesh for the
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Figure 6.4: Configuration of the smooth-ramp geometry.

results presented in this dissertation is found in Appendix D.
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6.6.1 Geometry and Flow Conditions

The smooth-ramp geometry is given by the following fifth-order polynomial

y = 0.22 {1 10 (%)3 +15 (%)4 —6 (fﬂ , (6.27)

where L is the length of the ramp (chosen to be 1 for all results presented here). The decision of the
length of the flat-plate region at the domain inlet was left up to the workshop participants, except
for the requirement that a target boundary-layer thickness, dg9, be matched at /L = —0.62. The
target boundary-layer thickness was dg9 = 0.032 in the flat-plate precursor simulations and was
measured as the 99% boundary-layer thickness in terms of the freestream velocity prescribed at
the inlet. For the results presented in this dissertation, the inlet flat-plate length was chosen to be
1.5L. In terms of the ramp length, the flat-plate-region domain height was 0.52 while the domain
width was 0.128 to allow for reasonable computational costs. After the smooth-ramp, the domain
height was 0.74. The workshop specified that the domain was to extend to at least /L = 4 prior to
the use of grid-stretching or numerical sponge regions. Later sensitivity studies presented by other
participants in the workshop showed that numerical sponge regions or grid-stretching could be
applied as early as /L = 3 with little impact on the resulting simulation. One group participating
in the workshop did use a domain extending to /L = 2 with extremely fine meshes (over a billion
grid points) and the separation bubble eventually did extend nearly to the end of the domain. For
the results obtained by this dissertation work, the base mesh extended to x/L = 5, while the AMR
extended to x/L = 3.08.

Workshop participants were to run a sequence of structured mesh simulations with refinement
such that cell-count ratios between meshes was approximately 2.5. The coarsest mesh contained
approximately 4 million cells while the finest mesh contained approximately 420 million cells. Due
to computational cost considerations, the results of the current study were obtained using a single
mesh refinement with fixed AMR in two regions as shown in Fig. 6.4. The base-level of the mesh

was generated with a refinement ratio 4 times coarser in every coordinate index than the coarsest
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workshop mesh. One level of AMR with a refinement ratio of 4 was added to this coarse mesh.
Both AMR regions span the entire width of the domain. The first region of AMR covered the entire
length of the flat-plate inlet region and extended up to /L = 0.296 or approximately 2.4dg9 arget-
The second region of AMR connected with the first region of AMR and began at /L = —0.167.
From here, this AMR region extended to =/ L = 3 with an initial height of y/L = 0.502 and a final
height of y/L = 0.351. The total cell count on the coarse mesh was 159,744 while the total cell
count on the fine mesh was 3,203,072.

Three separate ramp-length Reynolds numbers, Re;, = pooto L/, were initially specified
by the workshop, but the majority of the workshop participants chose to run the Re;, = 1x10°
case. The results presented in this dissertation also use Re;, = 1x10°. The workshop specified
a freestream Mach number, Ma= u./ \/m, of 0.2 and a Prandtl number of 0.71. In ad-
dition to using these values for the simulation results presented here, the freestream velocity and
density were set to 1 m/s and 1kg/m? respectively while the inlet pressure was set to 17.857 Pa.
Assuming an isentropic, divergence-free background flow exists, approximations of the outlet ve-
locity and pressure were computed and, the outlet pressure was set to 18.1 Pa. Additionally, due to
the distance of the outlet from the ramp and the grid coarsening used, a reflecting outlet condition
was specified at the outlet using an approximation of the outlet mean velocity (0.7027 m/s) and the
outlet pressure. The outlet density was set equal to the inlet density. The rescaling-and-recycling
method used for the flat-plate turbulent boundary-layer case was used for this case with an inlet
boundary-layer thickness dg9 = 0.014. The recycling plane was situated at /L = —1.25 which
was found to be sufficiently far from the target location in the flat-plate domain to achieve a devel-
oped boundary-layer profile. The entire lower boundary of the domain was set to be an adiabatic
no-slip wall, while the top of the domain was set to be an adiabatic slip-wall and the spanwise
boundaries were set to be periodic. The initial velocity field was perturbed with a fluctuation

magnitude of 0.4 m/s.
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6.6.2 Additional Simulation Details

Based on the results from the flat-plate turbulent boundary-layer case, the smooth-ramp sim-
ulation was performed without coarsening the stretched-vortex model. The simulation was first
allowed to develop for 80 7., where 7, = L/u... The case was then restarted and run for an
additional 20 7, at which point the solution-data-averaging ran for an additional 40 7;,. Based
on preliminary results and further flat-plate test cases, the PPM limiter was used only at AMR
boundaries on the fine-mesh. These boundaries were kept sufficiently far from the turbulent flow
to ensure that the limiter did not interact with the turbulence. Additionally, this case was run with

the wall-normal velocity at the wall-boundary provided by the wall-model.

6.6.3 Data Analysis

Data analysis for this smooth-body separation case follows that of the flat-plate problem. In
addition to the quantities presented by the flat-plate case, the separation and reattachment locations
were computed at every time-instant by performing a spanwise average of the wall-shear-stress
vector, T,,, and then evaluating the location of the first and last sign change of 7,,. While this did
capture unsteady vortex shedding events in the output of the reattachment point, these quantities
still provide a picture of the instantaneous behavior of the separation bubble.

Nine point-probes were used to collect time-histories of the instantaneous, spanwise-averaged
streamwise, wall-normal, and spanwise velocities. These nine probe locations were placed pro-
gressively further down the flat-plate and ramp and had =/L,y/L coordinates of (-0.62, 0.238),
(-0.15, 0.238), (0, 0.237), (0.25, 0.215), (0.5, 0.16), (0.75, 0.13), (1, 0.108), (1.3, 0.07), and (1.75,
0.039). Additionally, six vertical line-probes were used to sample time-averaged data throughout
the domain. These line probes, shown as the vertical red lines in Fig. 6.4, were located at x/L

values of -0.62, 0, 0.5, 1, 1.5, and 2.
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6.7 High-Performance Computing

In order to meet the demands of modern engineering, CFD must be capable of effectively uti-
lizing modern high-performance computing (HPC) architectures. As mentioned in Section 5.1,
the algorithm used for all simulations within this dissertation is built upon a highly parallelizable
AMR framework. The scale of several of the simulations tested in this dissertation required par-
allelization on the order of a few thousand cores and, as a result, moderate to large HPC systems
were utilized for most simulations presented here.

For day-to-day operations, testing, and simulations of moderate size, Colorado State Univer-
sity CFD & Propulsion Laboratory has a dedicated HPC cluster, Atlantis, with 9 compute nodes
providing a total of 200 cores. Additionally, some of the simulations presented here (most notably,
a select few of the Taylor-Green vortex cases) were run on the Department of Energy HPC system
Cori. At the time of these simulations (early 2019), Cori was ranked as the 12th fastest computer
in the world, with 622,336 cores. The majority of the simulations presented were run using var-
ious Department of Defense HPC architectures. In order of relative age (oldest to most recent),
Thunder (Air Force Research Laboratory DoD Supercomputing Resource Center, AFRL DSRC,
125,888 cores), Mustang (AFRL, 56,448 cores), Centennial (Army Research Laboratory, ARL,
73,920 cores), Conrad (Navy DSRC, 50,208 cores), Gordon (Navy DSRC, 50,208 cores), Onyx
(U.S. Army Engineer Research and Development Center, ERDC, 217,128 cores), Narwhal (Navy
DSRC, 290,304 cores), Warhawk (AFRL, 139,776 cores), and Blackbird (AFRL) were utilized for

simulations and post-processing work.
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Chapter 7

Results

The results are presented following the same order as Chapter 6. The first three cases address
the interior stretched-vortex SGS model with periodic domains and decaying turbulence. These
three cases consist of a temporally-evolving mixing-layer, a decaying, inviscid Taylor-Green vor-
tex, and a decaying, homogeneous turbulence case. The second-to-last case presents a validation
of the stretched-vortex wall-model implementation, while the last case focuses on flow separation

over a smooth-ramp.

7.1 Time-Evolving Mixing-Layer
The double-shear-layer results presented in this section consist of a three-dimensional ki-
netic energy spectra plot demonstrating the kinetic energy evolution in Fig. 7.1, vorticity con-

tours demonstrating the flow evolution in Fig. 7.2, and three-dimensional kinetic energy spectra in

Figs. 7.3-7.4.
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Figure 7.1: Double-shear-layer time evolution of kinetic energy spectrum using the fourth-order SV model
and no numerical regularization on a 128 x 128 x 64 mesh with Ay = Ax.
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white = 0 [s™'] to black = 75,000 [s*].
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As shown in Fig. 7.2, the double-shear-layer problem begins with the development of coherent
vortices. These vortices rapidly break down and lead to full development of the kinetic energy
spectrum by 7 ~ 20 as seen with the use of the fourth-order centered discretization with the SV
model and no numerical regularization in Fig. 7.1. The two layers continue to evolve in a turbulent
manner and grow in the shear-layer normal direction until they begin interacting with one another
at 7 ~ 35. Between 7 ~ 20 and at least 7 ~ 80, the kinetic energy spectrum is in a quasi-steady
state, mimicking artificially forced turbulence quite well. This quasi-steady state turbulence allows

for the study of the various algorithms over long periods of time at moderate Reynolds numbers.
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Figure 7.3: Kinetic energy spectra of double-shear-layer case at 7 = 50. The first column presents three
methods of numerical regularization: the SV model (row 1), the PPM method (row 2), and biased inter-
polation (row 3). The second column adds the SV model to the PPM method (row 2), and the biased
interpolation (row 3). The final column presents the same schemes except with a fixed A, equivalent to
1/64™ the streamwise length of the domain.
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Figure 7.4: Kinetic energy spectra of double-shear-layer case at 7 = 50: comparison between the fourth-
order SV algorithm, the fourth-order SV PPM algorithm, and the fifth-order SV algorithm with a fixed A
for the SV model. The first column presents the results using a 643 mesh with A + = Az, while the second
column uses a 1283 mesh with A ¢ = 2Az and the third column uses a 2563 mesh with A ¢ = 4Ax. The
first row presents the results in log-log form while the second row premultiplies the kinetic energy by the
wavenumber, k, and presents the results in log-linear form to highlight the largest scales of the simulation.
The dashed gray vertical line at £ = 32 in the plots of the first row displays the wavenumber at which the
model is computed.

Examining Fig. 7.2 provides a means of visualizing the differences between using numerical
regularization without the SV model and using the SV model with no additional numerical reg-
ularization. The first column presents the results from using the fourth-order PPM scheme with
no turbulence model, while the second, third, and fourth columns present the results from using
the SV model with Ay = Az, Ay = 2Az, and Ay = 4Az respectively. From the results of the
first column, it is observed that the PPM method dampens most high-frequency solution content
(as compared with the SV model results in the second column) while still allowing some small-
scale flow features to develop. Examining column two of Fig. 7.2, it is readily apparent that the

SV model with Ay = Ax allows a larger amount of high-frequency data to remain as compared
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with the PPM method. However, as the coarsening factor of the SV model is increased beyond
unity (Ay > Ax), the solution field retains less high-frequency content as displayed in columns
three and four of Fig. 7.2. Instead, only the larger-scale vortices remain and the resolvability of
the flow field increases. This increase in resolvability decreases the likelihood that poorly resolved
fluctuations will contaminate the well-resolved large-scale information. It is also important to note
that the overall structure of the largest-scale vortices remains relatively unchanged as the A;/Ax
ratio is increased for the SV model. The SV model only removes more of the small scales as the
Ay /A ratio increases, allowing for the potential of grid-independent solutions.

Figure 7.3 presents a comparison of several schemes used to simulate the double-shear case.
The first column is a comparison of three methods of numerical regularization: the fourth-order SV
algorithm (first row), the PPM method (second row), and fifth-order interpolation/hyperviscosity
(third row). The second column adds the SV model to the PPM method (row 2), and the biased
interpolation (row 3). In the third column, the SV model is applied at different ratios of A;/Ax
with constant Ay.

The fourth-order centered discretization with the SV model, presented in the first column of row
one of Fig. 7.3, shows more consistency in the largest scales with decreasing Ax than either of the
other two numerically regularized schemes presented in the first column. It is evident that the fifth-
order interpolation performs worse than the fourth-order PPM scheme when considering the largest
scales. From these results, it would be natural to conclude that the fourth-order SV algorithm
should be used in this simulation, especially when strong numerical regularization techniques are
unnecessary for a low Mach number flow such as this case. However, as this study provides
one piece of a foundation for future simulations of high-speed, compressible, reacting turbulent
flows, numerical regularization must be tested and compared with the fourth-order SV results.
Additionally, it is apparent that none of these methods provides the grid-independent or scheme-
independent solutions which are sought within this study.

As previously noted, column two of Fig. 7.3 displays the results of naively coupling the SV

model with the last two numerically regularized schemes of the first column. If the SV model with
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no additional numerical regularization performs somewhat well, it may be anticipated that adding
the SV model to the fourth-order PPM method or the fifth-order interpolation would improve these
results. But from the results presented in the second column of Fig. 7.3, it is seen that adding the
SV model on top of the already existing numerical regularization does not significantly alter the
results obtained using the stand-alone numerically regularized schemes presented in the last two
rows of the first column of Fig. 7.3. To make sense of this, the form of the SV model must be
considered. The model adds dissipation that is proportional in magnitude to the gradient squared.
This is in contrast with methods that target only the highest frequency features in a simulation and
are typically proportional to higher powers of the solution gradient. As a result, it is expected that
the model dissipation affects more scales than just the smallest represented scales. The dissipation
magnitude, however, is computed entirely using the smallest represented scales. When coupled
with a small-scale-suppressing numerical regularization method, the SV model perceives almost
no small scales and therefore assumes almost no SGS kinetic energy. In essence, the SV model
works entirely on the assumption that locally unresolved velocity gradients will exist in unresolved
turbulent flows, which is not always the case when numerical regularization techniques are used
in the simulation. From the LES point-of-view, the numerical regularization techniques used in
this study increase the effective filter width of the complete LES system. To include the SV model
in the system in a scheme-consistent manner, the model terms must be computed at the proper
effective filter width.

As seen in column three of Fig. 7.3, when the SV model is computed at a coarser scale than
the base mesh (Ay > Ax) as proposed in the present study, the results display less variation
across all scales than when the coarsening is not utilized. This phenomenon occurs independent
of the scheme tested, but is most pronounced in the numerically regularized cases. To compare
the impact of all schemes, Fig. 7.4 compiles the results on one plot for each base mesh size.
Figure 7.4 convincingly demonstrates scheme-independent simulations over coarse and medium
turbulent scales using the SV model and numerical regularization. Engineering analysis often

only considers larger scale dynamics and it is encouraging that by increasing A, these dynamics
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converge to the same result independent of the numerical regularization that is applied. Note that
the result of the third column of Fig. 7.4 is not necessarily the most accurate for this case (e.g. a
smooth flow). The most accurate solution is probably that using mesh 256 from the first row and
column of Fig. 7.3. However, for flows with discontinuities, limiting or other stabilization must be

added and the approach used for Fig. 7.4 becomes highly attractive.

7.2 Infinite-Reynolds Number Taylor-Green Vortex

Figures 7.5-7.7 present the results of the infinite-Reynolds number Taylor-Green vortex case,
with Fig. 7.5 demonstrating the kinetic energy spectrum fill-in over time and Figs. 7.6—7.7 showing
the kinetic energy spectrum at 7 = 20.

As was mentioned in Section 6.4, the high-frequency information contained in the inviscid
Taylor-Green vortex energy spectrum completely fills in by 7 ~ 10 as shown in Fig. 7.5. After the
high-frequency information is fully developed, the spectrum begins to decay away rather uniformly
at the highest frequencies, while the lowest frequencies decay rather non-uniformly into the higher
frequencies. The straight, temporally self-similar form of the energy spectrum is expected to con-

tinue at higher mesh resolutions and later simulation times due to the lack of physical dissipation.

E (k)

—_—7=3 —7=4 —7=5
1077 |—7=8 —7=10—17=15
7=20 \
10° 10! 102
k

Figure 7.5: The inviscid Taylor-Green vortex energy spectrum time-evolution from the fourth-order cen-
tered scheme using the SV model and no numerical regularization with Ay = Az on a 1283 mesh.
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Figure 7.6: The inviscid Taylor-Green vortex kinetic energy spectrum at 7 = 20. The first column presents
three methods of numerical regularization: the SV model (row 1), the PPM method (row 2), and biased
interpolation (row 3). The second column adds the SV model to the PPM method (row 2), and the biased
interpolation (row 3). The final column presents the same schemes except with a fixed A, equivalent to
1/64™ the length of the domain.

Just as was seen in the previous test case, the simulation results shown in the first column of
Fig. 7.6 lack large-scale grid-independence. The last two methods of numerical regularization seen
in the first column are typical of implicit LES schemes used to simulate physically complex, high-
Reynolds number flows. In cases of extremely-high-Reynolds number flows, where DNS results
are impractical or impossible to obtain, difficulties arise when attempting to determine the quality
of the implicit LES results. A reasonable expectation is for convergence in medium to large scale

features as the grid is refined. This metric is used to judge the quality of the simulations in a
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Figure 7.7: Inviscid Taylor-Green vortex kinetic energy spectrum at 7 = 20: comparison between the
fourth-order SV algorithm, the fourth-order SV PPM algorithm, and the fifth-order SV algorithm with a
fixed Ay for the SV model. The first column presents the results using a 643 mesh with A ¢y = Auz,
while the second column uses a 1282 mesh with Ay = 2Az and the third column uses a 256> mesh with
Ay = 4Az. The first row presents the results in log-log form while the second row premultiplies the kinetic
energy by the wavenumber, k, and presents the results in log-linear form to highlight the largest scales of
the simulation. The dashed gray vertical line at £ = 32 in the plots of the first row displays the wavenumber
at which the model is computed.

meaningful way. As for the previous case, the fourth-order SV scheme shown in the first column
of the first row exhibits less overall variation with decreasing Ax.

In contrast with the temporally-evolving shear-layer, column two of Fig. 7.6 shows some im-
provement in large-scale consistency when the SV model is coupled with the numerical regulariza-
tion techniques. While the fifth-order discretization shows the most improvement from adding the
SV model, the fourth-order PPM scheme shows some improvement as well. As this is an inviscid,
infinite-Reynolds number case, it is expected that the numerical regularization will not eliminate
all energy at the smallest representable scales. For example, if one considers a highly-compressible

flow simulation which contains strong shocks, it will be noted that the smallest representable scales
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still contain significant energy, even with the use of numerical regularization. The SV model can
still detect small-scale energy and use this to alter the large-scale information over time. As de-
scribed in the temporally-evolving shear-layer case, it is expected that matching the LES filter
width to the equivalent filter size of the numerical method would provide an even greater improve-
ment in the results. These test cases are described next.

Column three of Fig. 7.6 shows the significant improvement provided by the coarsening method.
For all three schemes tested, grid-independent LES solutions are obtained with all 1283 results
nearly identical to 2563 results. The term “grid-independent solutions” is used here in the sense that
the numerical errors have been isolated from the SV model effects. Clearly, the grid-independence
being seen is due to an increase in grid resolution while introducing little or no new physics to the
flow field. Another form of grid-independence would be to fix the filter width with respect to the
discretization size and obtain converged solutions even as new physics at smaller scales are intro-
duced to the simulation with an increasing mesh resolution. Ultimately, one expects convergence
to DNS. Such a study evaluates both the model and its overall interaction with the CFD scheme.
Similar to Chung and Matheou [82], the current study does not perform such a grid-independence
test.

Figure 7.7 displays scheme-independent results as were seen in the previous test case. The near
complete agreement between the large scales of Fig. 7.7 points to the success of the SV model in
properly regularizing high-Reynolds number turbulent flows and to independence from additional
numerical regularization. An additional observation concerns the second-order result presented in
this figure. The second-order result was added in order to determine whether or not the higher-
order FVM provided an advantage while the coarsening was being utilized. It is evident from
Fig. 7.7 that the error in the resolved scales still strongly influences the final result. As seen in
Fig. 7.7, the differences in the large-scales is significant, thereby more than justifying the usage of
the high-order code. The fourth and fifth-order solutions require A; = 2Ax for the large scales to
converge while the second-order solution requires Ay = 4Az. The second-order solution increases

the computational expense by a factor of 2* when using an explicit time-marching method.
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This particular case demonstrates that large-scale scheme-independence of high-Reynolds num-
ber cases is achievable and that the effect of LES SGS models can be isolated without using an
explicit-filtering approach. It is also possible that other structural LES SGS models could be used
with the coarsening method presented here to obtain similar grid-independent results. With care,
this method could be computationally less expensive than traditional explicit filtering methods used
to evaluate LES SGS model performance. Instead of computing nonlinear model terms on the base
mesh and then filtering the results, the model terms are naturally filtered when they are computed
on the coarser mesh, leading to a reduction in the number of necessary computational evaluations.
Utilized in the setting of a high-Reynolds number turbulent flow, this method has the potential to

provide an ideal test framework for the performance of various LES SGS models.

7.3 Decaying Homogeneous Turbulence

Results of the decaying, homogeneous turbulence case are presented in Figs. 7.8-7.9 which
display the three-dimensional kinetic energy spectra at times corresponding with the experimental
measurement stations. Figure 7.8 presents the kinetic energy premultiplied by the wavenumber, £,
in log-linear format so as to accentuate the larger scales of the simulation. Figure 7.9 compares the
various schemes tested using a A fixed at an equivalent resolution of 643,

As stated in Chapter 1, the current study aims to obtain results showing scheme and grid-
independence (if possible) while using both the SV model and numerical regularization. Even for
low-Reynolds number turbulent flows it may be necessary to incorporate numerical regularization
in cases where strong discontinuities exist and where the physics is particularly vigorous as in
reacting turbulent flows. While the current test case is not reacting and does not require numerical
regularization, future studies of low-Reynolds number reacting flows will require regularization.
As aresult, this case continues the pattern of the previous test cases in scrutinizing the coupling of
the SV model with various numerically regularized algorithms.

Similar to the previous two test cases, column one of Fig. 7.8 demonstrates that the fourth-order

PPM method and the fifth-order interpolation display significant variation in the large scales with
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Figure 7.8: Kinetic energy spectrum for decaying homogeneous turbulence. The first column presents
three methods of numerical regularization: the SV model (row 1), the PPM method (row 2), and biased
interpolation (row 3). The second column adds the SV model to the PPM method (row 2), and the biased
interpolation (row 3). The final column presents the same schemes as the second column except with a fixed
Ay equivalent to 1/ 64" the streamwise length of the domain. The initial conditions for 7 = 42 are all
identical to one another and are cropped to emphasize differences in the other time scales.

changing mesh resolution. Additionally, given the experimental data, it is apparent that numeri-
cal regularization techniques tested here remove spurious high-frequency solution content while
simultaneously retaining too much well-resolved kinetic energy. The resultant kinetic energy over-
shoot does decrease with increasing mesh resolution as would be expected, but it does not decrease
to the point of matching the experimental data. In contrast to this finding is the result obtained
with the fourth-order SV scheme. This scheme shows much greater consistency among the scales

as mesh resolution changes and is generally much closer to the experimental data than either of the
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Figure 7.9: Kinetic energy spectrum for decaying homogeneous turbulence: comparison between the
fourth-order SV algorithm, the fourth-order SV PPM algorithm, and the fifth-order SV algorithm with a
fixed Ay for the SV model. The first column presents the results using a 64> mesh with A ;= Aux,
while the second column uses a 1282 mesh with A f = 2Ax and the third column uses a 2563 mesh with
Ay = 4Az. The first row presents the results in log-log form while the second row premultiplies the kinetic
energy by the wavenumber, k, and presents the results in log-linear form to highlight the largest scales of
the simulation. The dashed gray vertical line at £ = 32 in the plots of the first row displays the wavenumber
at which the model is computed.

numerically regularized schemes in column one. The comparisons in the first column demonstrate
failings of ILES for this case versus a well-developed model.

As was demonstrated in the first test case, it is seen from the results of the second column of
Fig. 7.8 that the naive coupling of the SV model with the fourth-order PPM method or with the
fifth-order interpolation makes little to no difference as compared with the regularized schemes
without the SV model. It is interesting to note that this was the case with both low-Reynolds

number and medium-Reynolds number tests, while the infinite-Reynolds number case showed
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some improvement when the SV model with Ay = Az was added to the other two methods of
numerical regularization.

When examining the cases utilizing the coarsened SV model as shown in the third column of
Fig. 7.8, a substantial improvement over the second column of Fig. 7.8 is noted. In these figures,
it must be noted that the simulations have the mesh cutoff in the dissipative range of the turbulent
kinetic energy spectra, while the SV model is computed at a length-scale in the inertial range of the
kinetic energy spectra. When Ay = Az, the SV model well handles a filter cutoff in the dissipative
range. Having Ay > Az, Ay in the inertial range, and Az in the dissipative range is a curiosity of
this case. The result of the third column of Fig. 7.8 clearly shows that this is not a significant cause
for concern in the decaying, homogeneous turbulence case. The implications and effects of this
will be more exhaustively studied in future work. Nevertheless, grid convergence is more apparent
in column 3 versus column 2 for the solutions with numerical regularization.

Similar to the first two test cases, Fig. 7.9 shows that the coarsening method nearly achieves
scheme-independent solutions when the separation between the numerical regularization and the
SV model is sufficient to allow the SV model to operate appropriately. The results do show some
small differences between the schemes even when Ay = 4Ax. Even for relatively low-Reynolds
number decaying turbulence cases such as this, the coarsened SV model provides an improvement
over the numerically regularized algorithms, used both with and without the SV model. Again,
note that the bare SV model (row 1, column 1 of Fig. 7.8) best fits the data. But if additional
numerical regularization is necessary, there is strong evidence of scheme convergence and moder-
ate evidence of grid convergence when the SV model is applied at coarser scales. The coarsening
method proposed in the current study shows that even though the SV model was designed for high-
Reynolds number flows, it has the capability of working in rather low-Reynolds flows if properly

coupled with the existing algorithmic components.
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7.4 Flat-Plate Turbulent Boundary-Layer

The results of the zero-pressure-gradient flat-plate turbulent boundary-layer are presented in
Figs. 7.10-7.18. To understand the mean velocity and Reynolds stress profiles, the wall-shear-
stress provided by the wall-model and the analytical/empirical wall-shear-stress from Eq. (6.25)
are presented in Fig. 7.10. The boundary-layer thicknesses dq9, #, and 6* are presented in Fig. 7.11.
Figures 7.12-7.14 present the time-averaged velocity profiles measured at momentum-thickness
Reynolds numbers of Rey ~ 25,000 and Rey ~ 28,000. The resulting profiles are compared
with experimental data from Osterlund [101] at Reg = 25700 and simulation data from Inoue &
Pullin [68]. Finally, Figs. 7.15-7.18 present the streamwise Reynolds stresses, v/u/, in comparison
with experimental data from Fernholz et al. [102].

Just as discussed in previous sections within this chapter and as presented in Chapter 1, the
goal of this dissertation is to properly couple the stretched-vortex model for the interior flow, the
wall-model, and any numerical regularization/stabilization used in the algorithm. This test case
specifically focuses on exploring this objective for a wall-bounded turbulent flow where experi-
mental and numerical results are available for comparison. The following results are organized
such that the cases using the interior stretched-vortex model without coarsening and withou