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Problem of Relations Among Balances

in Various Clessifications

Bohuslav Sekerka

1. Introduction

This paper deals with the problem of relations among
balances in various classifications. We shall consider
input-output balanrces, first with rows and columns corres-
ponding to commodities, second with rows corresponding to
commodities and columns corresponding to producers (enter-
prises) and finally with rows and columns corresponding to
producers. When investigating the relations among these ba-
lances we shall use the methods of disaggregation, as descri-
bed in paragraph 4.

All these questions are important e.g. for the middle-
term planning of socialist economy, in which organization
aspects for short-term planning and commodity aspects for
long-term planning are considered. The describted methods
of disaggregation are important for anzlyses, when a certain
phenomenon is investigated in various classifications. For
example, when expressing quantities of a certain nomencla-
ture in another nomenclature.

We denote that the development in computation technique,

construction of information systems and databanks for central




eontrol enable us to introduce various classificstion aspects
into the investigation of economic events.
We shall consider the economy in which m enterprises

produce n commodities. We denote

xig quantity of commodity i, produced by enterprise s
and used for the production of commodity j by enter-
prise t during a certain period of time;

yi quantity of commodity i, produced by enterprise s
during a certain periocd and used as final product;

zg quantity of commodity i, produced by erterprise s

during a certain period.

We shall assume the variables in monetary expression,
sc that all required aggregaticns are allowed. The length
>f time interval facilitates to assume that the produced commo-
dity is spent during the same period or that initial and final
stocks of a certain commodity approximately equal.

The symbcl . on the place of index expresses the values
aggrezated by this index. We shall demand the natural rela-
tions be fulfilled, 1.e. aggregation corresponds to addition.
Then z; denotes both the total production of commodity i and
g:zi . In some cases the aggregation btias may appear. If we,
for example, define for every enterprise the quantity of commo-
dity which should be produced, and define the total production

of commodity by input-output relations, then it is not necessary

that gfi z? be equivalent to z{ . The balance method secures



that these values equal. So we shall assume the aggregated
value as the sum of non-aggregated values. When a bias eppears,
it is necessary to remove it by the change of dependences,
structures and so on. We denote that for values describing
the realized events, the condition of nonbiased aggregation
is always fulfilled.

The basic relation of distribution of commodity i produ-

ced by the enterprise s could be expressed
(1.0) x5 + yf = g% ,

i, 1

which could be also written

Se s _ _S
(l.oa) j:l xij + yi = Zi )
5&.
st s _ _8
(1.0b) &G oxL v Ty ;

Where i= l’l..’n’ s= l’i.l’m.

If we aggregate the relations (1.0a) in accordance with the
enterprises, we shall obtain

S
(1.1) 52-____1xij+yi=zi ) i=1,...yn

representing the balance of distribution of commodity i for
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the production of otner commodities. Let us assume the con-
sumption of a certain cummodity for the production of another
commodity be directly proportionate to the production of

the certain commodity. It means that there exist the coeffi-

cients aij independent <f the enterprise, so that
t
X:E':a"z: ’
13 1] 4
for any 1,3 = 1,...,0, t = 1,...,0n.

These coefficients correspond to the technical coefficients,

From it follows

[~

(1.12)

h
]
e
[

T e ®

well known from the classic conceptica of intercommcdity re-
lations. In practice it is assumed that for any j = 1,...,n

is

|
/

1713 T '

Hep
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and so (l.la) is the one to one relatior among

yi anﬁ Zi 1 = l,-.-,f‘..

From (1.0b) follows, that for any i = l,...,n could be written

i
't L t
AU

X yi =



The left side of the last relation represents the sum of con-
sumption for further production of a certain commodity classi-
fied in accordance with the enterprises and the final consump-
tion of a certain commodity. The right side represents the pro-
duction of a certain commodity classified in accordance with

the enterprises. Thus the commodity-producer model may be obtai-
ned.

Analogically from (1.0c¢) follows the balance

m
2
(1.3) éﬁ 5t 4+ y° = 2° , s=1,...,m,

which corresponds to the organization classification of the
production. The value z° may characterize the total produc-
tion of the enterprises. The last relation describes relations

among different enterprises in the consumption for production.

There appearsthe question of transformation among rela-
tions (1.1), (1.2) and (1.3) or the methods of transformation
of some of these relations to another ones. This problem will

be solved in the next paragraphs.

Let us denote that besides the relations mentioned before,
some other balance classification could be used, which however,

is not the subject of this paper.
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2. Dalance in Commodity-Prcducer Classificetion

. . t
From the previous paragrapb we easily see, that z ' can
characterize the total production of any enterprise t. When
the enterprise t produces comrodity i = 1,...,n in the quan-

0 it :
tity Zi then we put

t _ .t
(2.1) Zi = bi Z‘ »
From it follows
ey
(2.2) 2. b¥ =1 , t=1,...,n .
i=} ¢

We can see that the production programme of enterprise i

E y 1= 1l,...,n and by 2 . To

could be characterized by b
a certein extent the pregramme of production could be defined
in advance e.g. by allocating production tasks or by the deci-
sions of the enterprise. It comes out that the coefficients

bE are frequently dependent on given decisions and so they
cannot be considered invariable which means they represent
only technological relations., In many a case some "inertia"
exists in the production of enterprises and so these coeffi-
cients cannot be supposed a subject of short-term essential
changes or rather their substantial changes are conditional

on the methods of decision. Problems of the methods of deci-

sion are not the subject of this paper. Further we shell assu-

me that bE ie given. When & disproportion apperars in calcula-
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tion, these coefficients may be altered.

In accordance with the previous

ot
¥i5 T %1 %

for any i, J=1,...,0 , t=1,...,n ,

which gives o n
xftz;}__—a zt=Za pt gt = b gt 3

i. F1 ijg °3 =1 ij 73 e i

where
2
t _ t .
(203) I‘i - J?‘z"l aij bJ' 1 1,...,1'1 3
t = 1,...,1!1 .

So (1.2) may be written as

& &

/ t t e _ t t S
(2.4) ;—l I'i Z. + yi - t%l bi Z. 3 A= 1,-..,[1

which are the basic relations for the next analysis.

Qur task is - for given yi y 1= 1,..4yn = to find such
production programmes of enterprises that the relation (2.4)

ig fulfilled. Generally this task needn’t have any solution

if the coefficients rg and b} , 1= 1l,ieeyn , £t =1,...,m are
given before, The existence of solution depends on values
of y;. Further on we shall show necessary and sufficient condi-

tion that the task should have a solution with given values yi .




Let y. 1= 1,...,0 correspond to the values z:
1= 1,...,0 80 that {1.1a) s velid., Let (2.1) - (2.3) h2

valid teo. Then the nezcssary and sufficient ceorditicn, for

the validity of rziaticrs {2.4) are valid relations

m
- STt % .-
(2:9) i:l bi H. = "._; ] 1 .'.,...,ﬂ .

P n m
< + ,__t N - <, § i r't - N N t t
t:'_‘ 5 &5 = = @5 2 bs ZJ. . aij — bj Z. i=1,...,n,
- =1 P =1 t=1
and from it immediately follows {2.4).
Contrarywise, from (2.4) follows
m m m
- ST S 1 .
i_ a5 ; Lo b? zt + yi = L b; Z i =121,...,0 .
F1 o *oog=1 Jd o B=) .

Because to any y i = 1,0ee,n Ly (1.12) there eristsonly

i
one z; 1 = 1,...,n we can easily see that (2.5) must be valid.

That is the procf of our assertion,
Let us show the application of this statement.

We assume the coefficients in (1.1a) and (2.4) are given.

The z% which fulfill the (2.4) can be specified by (2.5).

The right sides of (2.5) we obtain from (1l.la).
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If the relations (2.5) have no solution, we have to
alter the ccefficients in (2.4) because the production pro-
crammes can teoretically be chosen as desired. In that case

- Al t v - —
we cspeclfy such z; , 1= 1,.00yn t = 1,...,m that

m
s=1

-— L -
"Zi ,1—1,...,1’1 .

From ZE we can easil; specify 2% and b; and with the use

t

of and by we can specify the ccoefficients rE and obtain

aij
the values suitable to (2.4).

3. Balance in Producer Clasgification and Disaggregation

We have seen in the previous text, that the balances
in commodity classification and in commodity-producer classi-
fication are closely ccnnected intermediary the structure
for production of different enterprises and intermediary
the technical coefficients. Let us deal with the problem
of relations between the balances in commcdity classifica-
tion and the balance in producer classification. For this

reason let us assume the values XSt o z% and ys y ty8=1,...,m

to fulfill (1.3).

Let us also assume thst we know the balance in commodi-

ty classification i.e. the values Xij or aij y 23 and y3

i,5 = 1,...,0 whichfulfill the relations (1.1) or (1.la).

The question is, whether it is possible to specify the va-
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lues x?% , zi and y? as well as to fulfill the relations

(1.0a) and (1.0b).

From the formal point of view there exists an infinite
number of possible solutions of this gquestion. So it is clear
that we have to use further conditions.

Let us see to the quantities describing production and
finel consumption. In many cases the values zz and yi are
know and that s why it is possible to leave the gquestion
of their obtaining out.

Let only the values zi and z° be known. In that case

we are searching such quantities z%P that 2—1 z5 = 2z° and
1=

i 1 5
n
= S _ .
e Zs = 2. .
g=1 % B

From the previous text comes out that these values can
be specified optionally with regard to the technological
derendance of commodity. However, it is clear that the pro-
duction usage or any further conditions must be taken into
account. If these conditions are formulated as the values
realized before, then it is poscible to use any disaggrega-

tion method (see paragraph 4).

If we accept the assumption that the structure of pro-
duction of commodity of different enterprises is relatively
steady then it is convenient to use the first disaggregation

method. In this case the weight will be b?.



~ UL =

Thus we obtain

‘{R o
: \qz S.S= o S o
‘= bi 1, 2;% bi z' z: , 1 lyeeeyn

The bias will appear if the second relation is not
5

fulfilled. In that case we have to change either 2z~ and zi
or the coefficients b? . Then z? can be extimated by disaggre-
gation if they are not given.

Analogically the values of final consumption can be
treated.

Let us study now the consumption for production.
From z? and yi it is possible to obtain xf: by (1.0).

If x3° and x:% are known, we can specify the value

i ig
of x?& by their disaggregation.
If xg' and x3% are known, we can specify the value
of x?t by their disaggregation.
By disaggregation‘of x?t and x?% we can specify the va-
o e st i
lues of XiJ..

When all these disgaggregations are non-biasing, we ob-

tain the balanced systems.

We disclose further possibilities of specifying x?t .

We shall make use of technical coefficients. Those are assu-

med to be independent of the enterprises, and so

i It

is valid for i,j = 1l,...y,n and t = 1,...,m .
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By agzresgalion of xi% it is possilble to obtaln x:" and
3 - .t ) t‘t g St nur
by disaggregation of x:- and xf. we can obtein xr° . We de-
o S st ;
note, that we can modify th2 methsi >f obtaining X0 . We
can consider the relation
st _ st _.t - - - X
X_l - Wi Xi [} 3 - 1,...,?’1 S,t - l,-n.’m

Shs

where the weight w 8= 1,...,m indicates the structure

1

of deliveries of commodity 1 from different producers to

the enterprise t, which m-ans that

m

st_ .

w A i=3.’-oo’r ] tzl’-u.,m

s=1 1

This modification assumes that the structure of deli-

a certain commodity froam different enterprises to

a certain enterprise is relatively steady. This is similar

to the case, when we consider the enterprises as consumers

and not as suppliers.

disag

where

The described method can also be modified so that we

e g Q St
gregate x? with the use of the weights vy and so

st _ _o Se - -
Xi. = Vs Xj. 3 1“1,-.-,1’] 3 S,t‘l,.o.,m
.,m.

st _ ., .
1.“,.._. A - b ] 1 = l,...,l’] 8 = 1,.-.,3]
t=1 %

In this case we prefer the idea that the enterprise

(producer of commodity) keeps to the structure of distribu-

tion

of this commodity to different enterprises.
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Now we shall study the transformation of (1.1) to (1.3)
and otherwise.

Let us assume we kncw the technical coefficients (aij)

and the structure of production of commodity at different

enterprises (bE) and the structure of deliveries of commodi-

st).

ty 1 from different enterprises to the enterprise t (wi

If we know the values of yi , 1= 1,.e.,n , then it is

rossible to obtain the values of z; and xia s 1,07 1,eee,n

by using (1.1) and {(l.la). By the relation (2.5) we can esti-

mate the values of z° y 8= 1,...,m0 and put

toa gt gt

xl. i b

where all r} are defined by (2.3).

When the structure of deliveries of commodity i from
different enterprises to the enterprise t (w?t) is known,

then it is possible to put

xSt = WSt ot gt
i. i i “,
and obtain x?“ . From the difference between z? and x?' we

obtain y? . It is easy to see that by this method we can
obtain the values that fulfill (1.0b), from which (1.3) can
be derived.

This description of the solution consists of transfer-
ring the balance in commodity clacsification to producer

clzassification.
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Let us deal with the solution of an opposite problem:
wow to obtain the balance in commodity classification out
of the given balance in producer classification.

We shall start with the values of z° - yS which

t
and bi

and xSt

Tulfill the relations (1.3). If the coefficients 85 ;
are known then no probler with the solution, because it is

easy to specify zg = bg zf and from them to obtain z% .

From zi and technical coefficlents we can obtain xiB and we

can put yi = zi - x:°
— .

or we can find y; by (1.1a).

All the previous subject-matters asre the methodical
instructions for practical application. We must realize that
all the aspects were not taken into consideration and that

the questions connected with economic interpretation were

not the subject of the study.

4. Supplement - Disaggregation

Let us consider a quantity f, that resulted form aggre-
gation of quantities fi. From value of f along with some

further information we want to derive fi (disaggregation).

The most common disaggregation depends on the knowledge

of hypothetical structure of quantity f, i.e. we know w. such,

that Z-wi = 1 and we put for any i. fi = w .

4
-
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This method we can modify in following way: from indi-
ces i we create certain classes ir and with the help of known
or assumed laws we specify fi* sucli, that their amount ejuals f.
These quantities may be disaggregated the same method as descri-

bed before. The disaggregation is done with the use of hypothe-

N\ i

tical w}, fulfilling the relation — wix = 1. Thus it is pos-
- iei
sible to write
.t N
fi = Wi* fix— ) 1 ¢ 1 .

Certain laws and relations can be used in disaggregation
and so the disaggregated quantities are obtained by substitu-
tion of f or fi* into these relations,

Let us assume, now, that we know some quantities fi and

fs, which are the amounts of certain ff . From this follows

> 5= ¢S > £5=¢.
1 1 4 5 1 i
We want to estimate fg on the basis of the known quanti-
ties. It is easy to see that the condition for the existence
of such quantities i1s the relation 2: = E: fi . Anyhow,
8 i
it ie clear there exists an infinite number of possibilities

to specify the studied quantities.

In some cases it 1s possible to assume the relative sta-

bility in relations

(13) w,s = o




.16"

If these relations are known, then

s S a8
(2a) Y = wo f .
bl b4 i

From basic conditions aand definition of the values wo

follows

I© these relatisns are not fulfilled, then disazgregation

by (2a) iz biasing from thz rathematicel poirt of vie

ks w. In
that casa it is znesible to remove the bias by cuaniirg the
weilghts so that *the relstions should bs Tulfilled.
Ananlozieally it is possible to sssumz tho relative sin-

From the conditione Tor additio
[

[

of V{ follows

: & S o

Loov:i =1, v r, = rs
[, 1 4._:- 1 1

s 1

If all thoce rel<iisns sre not fulfilled, tken trhe bias

from disagzro-oticn describad by (2b) appears.
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We shall describe gnother method of disaggregation. This

method assumes that fP , T. and f° are given and that they

i
131111 the conditions for addition.

If the new values fi and f° are given, then it is possible
to define the indices Pj and pS with the help of formulas

f. £8

- i s -
I S

1

P3

and disaggregate according to the formula

We easily see that along with this method of disaggrega-
tion goes that

s _ _S 7S S
Ei: 5 =r Lipifi

"
Lo
w™
<
(/)
(2
do
-

]
o
o)
ke,
w
al}
He
i

Zf? pi%;?fs ,
s

where V? and W? represent the weights defined by (1a) and (1b)

with f? , 72 and f} . To prevent the bias at this type of dis-
aggregation, the new given values f; and £% must fulfill the

relation

};fi$§=§s , gfs"?;:?i .
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For disaggregation we can use any of the mentioned
methods, or choose the most well-founded one from the sub-
ject point of view. It is evident that all these methods
can be modified like the first example mentioned in this

paper. We shan’t deal with these problems.

Let us denote at the end that when some values are
given in advance, which are to arise from disaggregation,
it is advisable to exclude them from disaggregation or to

designate propriete weights.
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