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FICTITIOUS CONTROLS AND APPROXIMATION OF
AN OPTIMAL CONTROL PROBLEM FOR
PERONA-MALIK EQUATION

Peter Kogut* Yaroslav Kohut! Rosanna Manzo?

Abstract. We discuss the existence of solutions to an optimal control problem for the
Cauchy-Neumann boundary value problem for the evolutionary Perona-Malik equations.
The control variable v is taken as a distributed control. The optimal control problem is
to minimize the discrepancy between a given distribution ug € L?(Q) and the current
system state. We deal with such case of non-linearity when we cannot expect to have
a solution of the original boundary value problem for each admissible control. Instead
of this we make use of a variant of its approximation using the model with fictitious
control in coefficients of the principle elliptic operator. We introduce a special family of
regularized optimization problems for linear parabolic equations and show that each of
these problems is consistent, well-posed, and their solutions allow to attain (in the limit)
an optimal solution of the original problem as the parameter of regularization tends to
Zero.
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1. Introduction

Recently, in the context of time interpolation of satellite multi-spectral images,
the following model has been proposed (see [8])

ur — div (f (|Vu|) Vu) + (Vu,b) =v in Q@ =(0,T) x Q, (1.1)
u(0,2) = up(z) in Q, (1.2)
dypu(t,z) =0 on X =(0,T) x 09, (1.3)

where 0 C R? is a Lipschitz domain, b € B,q and v € U,y are the control
functions with

Boa = {b€L®Q)’NBV(Q)* : [|bllp~(q)y <k}, (1.4)
Voq = {ve L?(0,T;L*(Q))}, (1.5)
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0, stands for the outward normal derivative, f € CY1(R,) is a non-increasing
real function such that f(s) — 0 when s — +o00 and f(s) — 1 when s — +0. In
particular,

1

f(IVul) = T4 Va2 (1.6)

In fact, the Cauchy-Neumann problem (1.1)—(1.3) can be viewed as some
improvement of the Perona-Malik model [23] that was proposed in order to avoid
the blurring in images and to reduce the diffusivity at those locations which have
a larger likelihood to be edges. This likelihood is measured by |Vu|2.

However, the indicated problem is ill-posed due to the degenerate behavior
of the multiplayer f(|Vul|), f(|JVu|) — 0 as the gradient |Vu| tends to infinity.
So, equation (1.1) acts like a standard convection-diffusion equation inside the
regions where the magnitude of the gradient of u is weak, whereas at those points
where the magnitude of the gradient is large enough, the diffusion is 'stopped’.

Moreover, it can be shown that the equation (1.1), as an example of the
nonlinear equation of the porous medium type, combines forward-backforward
diffusion flow with the convection (or drift) of the function w in accordance
with the velocity field b. In particular, the operator div (f (|Vul|) Vu) implies
the forward diffusion in the regions where the squared gradient magnitude of the
function u is less than 1, whereas the backward diffusion appears in the area where
absolute values of the gradient are larger than 1.

Thus, the model (1.1) is an ill-posed problem from the mathematical point
of view and can produce many unexpected phenomena (see [13]). In particular,
we have no results of existence and consistency of the initial-boundary value
problem (1.1)—(1.3). To overcome this problem, many authors have been looking
for some regularizations of the equation (1.1) which inherit its usefulness in image
restoration but have better mathematical behavior (see, for instance, [1,3,7,14,15,
21] and the references therein). In order to guarantee the existence and uniqueness
of solution to the initial-boundary value problem (1.1)-(1.3), the authors in [8]
proposed to specify the equation (1.1) as follows

ur — div (K(t,x)Vu) + (Vu,b) =v in Q= (0,T) x Q (1.7)

with K(t,x) = f(|VY)]), where VY = VG, % Y* is the spatially regularized
gradient of Y*, G, denotes the two-dimensional Gaussian filter kernel,

1 =2
=3 5€ 207, z € R?,
xe

(VGe xY™) (2) := /QVGU({L‘ —y)Y*(y)dy, Ve,

Go(x)

and Y* € C([0,T]; L?(9)) is a special function which describes the simplest model
of image evolution over the interval [0, 7], and this function is defined as a solution
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of the following optimization problem

L%

— div (f (|VYU|) vY)|t:(T0+T1)/2
t=(To+T1)/2

+ (VY|t:(TO+T1)/2 ,b) _ v)Q} 0

+/ MV + 23 (Vb1 * + Vb2 [*)] de —  inf . (1.8)
@ b:giéié)g)

However, it is well-known that the Perona—Malik model with the spatially
regularized gradient has several serious practical and theoretical difficulties. The
first one is that the spatial regularization of gradient in the form f (|VG, * ul)
leads to the loss of accuracy in the case when the signal is noisy, with white
noise, for instance [7]. Then the noise introduces very large, in theory unbounded,
oscillations of the gradient Vu. As a result, the conditional smoothing introduced
by the model will not help, since all these noise edges will be kept.

The second drawback of the Perona—Malik model with the regularized gradient
(see also the model (1.7), (1.2), (1.3)) is the fact that the space-invariant Gaussian
smoothing inside the divergent term tends to push the edges in u away from their
original locations. We refer to [26] where this issue is studied in details. This
effect, known as edge dislocation, can be detrimental especially in the context of
the boundary detection problem and its application to the remote sensing and
monitoring.

In view of this, our prime interest in this paper is to study the equation (1.1)
and the corresponding PDE-constrained optimization problem without the space-
invariant Gaussian smoothing inside the divergent term. With that in mind we
consider the following optimal control problem

1
D (i)
. 1+ |Vul?

1 2 AT 2 g T 2
+ - | Ju(T) —ug|”dx + = |Vul|* dedt + = |v|* dxdt (1.9)
2 Ja 2Jo Ja 2Jo Juw

subject to the constraints

(R)  Minimize J(v,u) = /

ug — div <1+V|$u’2> =vxw In Qr:=(0,T)xQ, (1.10)
dyu=0 on (0,7) x 01, (1.11)

u(0,) =up in £, (1.12)

v € Voq := L*(0,T; L*(w)), (1.13)

where T > 0,  is a bounded open subset of RY with a Lipschitz boundary, N > 2,
1, z € w,

0, z€Q\w } is the characteristic

w is an open nonempty subset of 2, y, = {



Optimal Control Problem for the Perona-Malik Equation 45

function of the set w, 9, stands for the outward normal derivative, ug, ug € L*(Q)
are given functions, A,y are given positive constants, and v : w — R is a control.

Let us mention that control problems for the non-smoothed Perona-Malik
equation have received very little attention in the literature. Formulating the
control problem (1.9)—(1.13) for the nonlinear equation of the porous medium type
is mainly motivated by the observation that this statement can be successfully
applied to the image processing, in particular, to the reduction of mixture of
Gaussian and impulse noise with keeping safe the image contours and texture
(see, for instance, [2] and the references therein). On the other hand, the novelty
of this problem is that we involve into optimization the nonlinear equation with
rather special type (non-convex and non-coercive) of non-linearity. Because of this
the situation is even more delicate since (1.10) is not well-posed for the given type
of non-linearity.

As was mentioned before, the operator div (f (|Vu|) Vu) with a function f
given by (1.6) provides an example of a non-linear operator in divergence form
with a so-called degenerate nonlinearity. Moreover, since the function RY 3 s —
ﬁ € RV is neither monotone nor coercive, we have no existence result for the
initial-boundary value problem (IBVP) (1.10)-(1.12) and its uniqueness. With
that in mind, we say that (v,u) is a feasible pair to the problem (1.9)—(1.13) if

v € Voq := L*0,T;L*(w)), we L*0,T;HY(Q)), J(v,u) < +oo, (1.14)

and the following integral identity

/ / < % 1V+u|vV<T3> dwdt:/()Tlvwdfdt+/§luO(x)w(0,x)dx

(1.15)
holds for any function ¢ € ®, where

d={peC'(Qr) : ¢(T,-)=0inQand d,p =0o0n (0,T) x 0N} .

In order to find out in what sense the solution takes the initial value u(0,-) =
ug, we give the following result.

Proposition 1.1. Let (v, u) be a feasible pair to the problem (1.9)—(1.13). Then,
for any n € C§°(f2), the scalar function h(t) = /u(t,x)n(x) dx belongs to
Q

WH1(0,T) and h(0) = / uo(x)n(x) dz.
Q

Proof. We set ¢(t,z) = n(z)((t) where ((-) is a smooth function on [0,7] and
¢(T) = 0. Then it is clear that ¢ € ® and, therefore, the integral identity (1.15)
yields the equality

[ [-moco ([ S53D a [poar) co] o= ( [ wanas) o,

H(t) k

(1.16)
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Since h € L'(0,T) and H € L'(0,T), it follows from (1.16) that » € W11(0,T),
i.e., the function h(t) is absolutely continuous on [0, T]. Moreover, from (1.16) we
deduce that h(0) = k. O

For further convenience we denote the set of all feasible solutions to the
problem (1.9)—(1.13) by Z. Because of the degenerate behavior of multiplier f(|Vul),
the structure of the set = and its main topological properties are unknown in
general.

The main focus in this paper consists in providing an approximation framework
which in spite of the technical difficulties leads to an implementable scheme,
namely, to the so-called indirect approach proving the existence of optimal solu-
tions and giving the procedure of their efficient approximation. With that in
mind, we show that the original optimal control problem (1.9)—(1.13) can be
approximated efficiently by a special family of optimal control problems for linear
parabolic equations with the fictitious BV -control in the principle part of elliptic
operator div (pVu). In spite of the fact that the concept of fictitious controls is
not new in the literature, in this paper we utilize it in a new manner combining
it with the pointwise convergence of the gradients of solutions to some parabolic
equations.

The paper is organized as follows. In the next section, we give some prelimina-
ries and notions that will be needed in the sequel. Section 3 contains a few technical
results concerning the almost everywhere convergence of the gradients of solutions
to linear parabolic equations with BV -coefficients in the main part of the elliptic
operator. These results were obtained in the spirit of Bocardo and Murat approach
(see Theorems 4.1 and 4.3 in [6]). In Section 4 we give a precise statement of
the fictitious optimal control problems for linear parabolic equations with the
constrained BV -controls in the coefficients. We also discuss in this section the
existence issues for the proposed control problems. The announced approximation
framework is the subject of Section 5, where we provide an asymptotic analysis of
a family of approximated optimal control problems and show that some optimal
pairs to the original problem (1.9)—(1.13) can be attained (in an appropriate
topology) by optimal solutions to the approximated problems.

2. Preliminaries and Basic Definitions

We begin with some notation. For vectors ¢ € RY and n € RV, (&,n) = &'y
denotes the standard vector inner product in R, where * denotes the transpose
operator. The norm |£] is the Euclidean norm given by || = 1/ (&, &).

Let Q be a given bounded open subset of RN (N > 2) with a sufficiently
smooth boundary. We suppose that the unit outward normal v = v(z) is well-
defined for HN"-a.a. © € 09, where a.a. it means here with respect to the
(N — 1)-dimensional Hausdorff measure H~~!. For any subset D C © we denote
by |D| its N-dimensional Lebesgue measure £V (D). For a subset D C Q let D
denote its closure and 0D its boundary. We define the characteristic function xp
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of D by
(2) = 1, for z €D,
XDAT) = 0, otherwise.
Let X denote a real Banach space with norm || - ||x, and let X’ be its dual.

Let (-,-)x:.x be the duality form on X’ x X. By — and X we denote the weak
and weak™® convergence in normed spaces, respectively.
For given 1 < p < 400, the space LP(Q; RY) is defined by

PQRY) = {f: Q5 RY ¢ |fllpem < +0o}

where || f|l poryy = (Jolf(2)[P daz)l/p for 1 < p < 4o00. The inner product of
two functions f and g in LP(€;RY) with p € [1, 00) is given by

N
(F)imaas) = [ (@.g@) do= [ 3 filaao)do.

Qg

We denote by C°(RY) a locally convex space of all infinitely differentiable
functions with compact support. We recall here some functional spaces that will
be used throughout this paper. We define the Banach space H'(Q) as the closure
of C(RY) with respect to the norm

1/2
Wl = ( [ 2+ 193 dw) .

We denote by (Hl(Q))/ the dual space of H'(). We also set H'(Q;09) =
{ue H(Q) : % =0}.

Let kK > 0. In what follows, we will often use composition of functions in
Sobolev space H'(2) with the Lipschitz continuous function

Ti(s) = max {—k, min {s, k}}.

We recall the well-know result on Sobolev spaces about composition with regular
functions.

Theorem 2.1. Let G : R — R be a Lipschitz continuous function such that
G(0) = 0. If u belongs to H*(RY), then G(u) belongs to H () as well, and

VG(u) = G'(u)Vu  almost everywhere in €.
As a result, we have
VTi(u) = Vuxp{|u| <k} almost everywhere in Q. (2.1)

Weak and Strong Convergence in L'(Q). Throughout the paper we will often
use the concepts of the weak and strong convergence in L!((2). Hereinafter, e
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denotes a small parameter which varies within a strictly decreasing sequence of
positive numbers converging to 0. When we write € > 0, we consider only the
elements of this sequence, in the case € > 0 we also consider its limit € = 0. Let
{ac}..( be a sequence in L'(Q). We recall that {ac}.. is called equi-integrable
if for any & > 0 there is 7 = 7(0) such that [¢|ac|dz < ¢ for all a. and for every
measurable subset S C Q of Lebesgue measure |S| < 7. A sufficient condition for
the sequence {a.},., to be equi-integrable is that there exists a constant C' > 0
such that

sup/|a€|1+9 de < C (2.2)
e>0J0

for some 6 > 0.

Theorem 2.2 (Dunford-Pettis). Let {a.}.., be a sequence in L*(2). Then this
sequence is relatively compact with respect to the weak convergence in L'(Q) if
and only if {ac},~q is uniformly bounded in L*(), i.e., sup. ||ucll 10y < +00,
and {ac}, - is equi-integrable.

Theorem 2.3 (Lebesgue-Vitali). If a sequence {ac}.., C L'(Q) is equi-integrable
and there exists a function a € L'(Q) such that a.(x) — a(x) almost everywhere
in § then a. — a in L' ().

A typical application of Vitalis®™s theorem is provided by the next simple
lemma.

Lemma 2.1. Let {a.}.., be a sequence in L'(Q) such that a-(z) — a(x) almost

everywhere in €, and this sequence is uniformly bounded in LP(QY) for some p > 1.
Then
a: —a in L"(Q) foralll <r <p. (2.3)

The next lemma is useful in many applications.

Lemma 2.2. Let {a:}..o, {b}.5¢, @, and b be a measurable functions such that

as(z) = a(x) a.e. in Q, Sl>118 llac|l o (o) < oo, (2.4)
€
b. = b in LY(Q). (2.5)
Then
abc L'(Q) and acb. — ab in L'(Q). (2.6)

Functions with Bounded Variation. Let f :  — R be a function of L'().
Define

/Q\Df|=sup{/ﬂfdivgpdx :

@ = (1, on) € CHORY), Jp(a)| <1 for 2 € 0},
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where div p = le\il gﬁz According to the Radon-Nikodym theorem, if [,,|Df] <
+o00 then the distribution D f is a measure and there exist a vector-valued function
Vf e [LY(Q)]Y and a measure D, f, singular with respect to the N-dimensional
Lebesgue measure £V | restricted to ©, such that

Df =vfLN|Q+ D,f.

Definition 2.1. A function f € L'(Q) is said to have a bounded variation in {2
if [o|Df| < +o0. By BV() we denote the space of all functions in L'(£2) with
bounded variation.

Under the norm || f||gv() = IIflli@) + Jo!Df], BV () is a Banach space.
The following compactness result for BV -functions is well-known:

Proposition 2.1. The uniformly bounded sets in BV -norm are relatively compact
in L'(Q).

Definition 2.2. A sequence {f}32, C BV(§) weakly-* converges to some f €
BV (), and we write fj X f if and only if the two following conditions hold: f; —
f strongly in LY(Q), and Dfy, — Df weakly-+ in M(Q;R"Y), where M(Q;RY)
stands for the space of all vector-valued Borel measures which is, according to
the Riesz theory, the dual of the space C(£2;R™) of all continuous vector-valued
functions ¢ vanishing at infinity.

In the proposition below we give a compactness result related to this conver-
gence, together with the lower semicontinuity property (see [4]):

Proposition 2.2. Let {f;}?°, be a sequence in BV (2) strongly converging to
some f in L'(Q) and satisfying supgey [o|Dfi| < +00. Then

(i) f € BV(Q) and [,|Df| < liminfy_oo [o|D fil;
(i) fr = fin BV(Q).

The following embedding results for BV -function is useful in many applications
(see [5, p.378]).

Proposition 2.3. Let © be an open bounded subset of RN with a Lipschitz

boundary. Then the embedding BV (2) — L¥-1 (€2) is continuous and the embed-
dings BV () < LP(Q) are compact for all p such that 1 < p < % Moreover,
there exists a constant Ce,, > 0 which depends only on €2 and p such that for all

u in BV (Q),
1/p N
(/Q]u\pd:v> < Cemllullpv(e), Vpe€ [1]\;_1] -
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3. Some Auxiliaries

In this section we give a few technical results that can be viewed as some
specification of the well-known results of Bocardo and Murat (see Theorems 4.1
and 4.3 in [6]).

Proposition 3.1. Let {uy},cy be a weakly convergent sequence in L*(0,T'; H*(12)),
and

up — v weakly in L0, T; H'(Q)). (3.1)
Assume that
ouy, ) ,

where {hy},y is a bounded sequence in L?(0,T; H~*(£2)). Then
up —u  strongly in L2 .(0,T; L} .(Q)). (3.3)

Proof. For arbitrary test functions ¢ € C§°(2) and n € C§°(0,T"), we set

B(t,7) = n(O0(a), 7= bk g = Phic+ S

Then, in view of the dense embeddings H'(Q) C L?(Q2) ¢ H~(Q), we see that,
for any bounded open subset S such that supp (¢)) C S C €,

a¢(t7 )
o

— =q, in D'((0,T)xS), VkeN,

2i(t,-) € HY(S) and t,-) e HY(S) ae. te(0,T),

sup ||ZkHL2(0,T;H3(S)) < C, sup |lakll20,m;m-1(s)) < C with some C > 0. (3.4)
keN keN

Moreover, all these functions have their support included in the same compact
subset of (0,7) x S.

Since the embeddings H}(S) < L*(S) and L?(S) < H~'(S) are compact,
the brilliant Aubin’s Lemma (see [24, Section 8, Corollary 4]) and conditions
(3.4) ensure that the sequence {2}, is compact in L(0, T’; L*(S)). This implies
(3.3). O

Proposition 3.2. Let ¢ € (0,1) and K € (0,00) be given values. Assume that
the sequences

{we}py C L2(0, Ty HY(Q), {2, € L2(0,T; L),

and  {p}22, C BV(Qr) N I%(Qr) (3:5)
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are bounded and such that
up — u weakly in L2(0,T; H(Q)), (
vp — v weakly in L?(0,T; L*(Q)), (
pr — p weakly-x in BV (Qr) and a.e. in Qp, (
(
3

pr > ¢ ae. in Qp, VkeN,

C{)(;? —div (ppVug) = v in D'(Qr), VkeN. (3.10

Then
VT (ugp) — VT (u) strongly in L2, .(0,T; L7 .(Q)Y, (3.11)

where T, : R — R is the truncation at height K.
Proof. Let us denote the duality pairing between

L0, T; HY(Q)) and L*(0,T; H(Q))

by < -+ >@g,. We also set Sk(u) = / Tk (s)ds. Then, using the trick with

approximation by convolution, it is easy to show that:
For any ¢ € C5°(0,T;C5°(Q)) and any u € L0, T; H (Q))

with ?;: € L*(0,T; H1(Q)), we have

<§Z,¢TK(U)>QT = _/Q gsz( ) dxdt. (3.12)

With an arbitrary compact subset A C Q7 = (0,7T) x Q) we associate a function
da € C§°(0,T;C5°(£2)) such that 0 < ¢pa(t,x) <1in Qr and ¢4(t,z) =1 on A.
Then using in (3.10) the test function

2p = [Tk (ur) — T (u)] o4,

we obtain

<a;f,¢ATK(uk) by G12) // %SK (ug) dzdt

and, therefore, (3.10) yields

ﬂ aquS}( ’U,k dacdt— <a k,¢ATK( )>
T Qr

+/ dapr (Vug, VIg(ur) — VTk(u)) dxdt
Qr
+ // [TK(Uk) - TK(U)] Pk (Vuk’vqu) dadt

T
- /O (0 [T () — Toc ()] 64 -1y rpcey - (3:13)
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As follows from the initial assumptions (3.5)(3.8), the sequence {hy }; o with
h = div (ppVug) + vg

is bounded in L2(0,7; H=(Q)). Then, Proposition 3.1 implies that, up to a
subsequence, the following assertion holds

Tr(ug) — T (u) — 0 weakly in L2(0,T; H'(Q)),
Tr(up) — T (u) — 0 strongly in L7 .(Q7), and a.e. in Q7. (3.14)

Therefore, the last term in (3.13) tends to zero as k — oo.

Moreover, using the fact that pg(z) — p(z) — 0 a.e. in Qr and the sequence
{(Vuk, Véa)}en is bounded in L?(Qr), we deduce that

// [Tx (up) — Tr ()] pr. (Vug, V) dedt — 0 as k — oo.

Since

%SK(uk) TK(uk)% in D/((O,T) X Q) VEkeN,

it follows from Proposition 3.1 that Sk (u) — Sk (u) strongly in L (Qr), which

yields
// %SK (ug) daxdt = // %SK ) dzxdt.
k:—>oo T T

As for the second term in (3.13), we see that ¢ Tk (u) € L2(0,T; Hi(Q2)) and %
is a bounded term in L2(0,7; H~(9)). Hence,

Ouy, by (3.12) 8¢A
< ,PaTK (u )>Q <at7¢ATK< >QT //T u) dxdt

as k — oo.

Thus, we have shown that

hm /Q dapr (Vug, VTg(ur) — VT'k(u)) dedt = 0. (3.15)
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Taking this fact into account, we observe that
// ) dap|VTx (ur) — Vi ()| ddt
_ /QT 64 (p— o) (VT (wp), VT (ug) — VT () dadt
+ / 04 (Vi) = VT (), VT () — VT () dd
- | 0a(p = ) (VTic (o), ¥Tic(m) ~ V() da
+ / 04 (e Tic(), VTic () — VTic(w) dads
_ / |, 04 PV Tic(w), V() = Vic(w) dod
- | 04— ) (V). VTic () — VTic(w) das
+ / 0 (¥, Vi) = VTic(w) e
— / o da (puVu, VT (uy) — VTx (u)) xa, dzdt
- / | 04V T(), Vi) ~ VTk(w) dadl, (3.16)

where xa, stands for the characteristic function of the set

Ay = {(t,l’) €EQr : ’Uk(t,l’)‘ > K}
In view of (3.8), (3.14), and (3.15), we have:

/ 6.4 (p — pr) (VT (ug), VT (ug) — VT () dadt ™ 25" 2 g,
T

/ b4 (pVuk, VIk(ug) — VTk(u)) dedt = = 0,
Qr
g

/Q ¢4 (pVTk (u), VIk (u) — Vg (u)) dudt

As a result, it follows from (3.16) that
lim // ¢Ap|VTK(uk) - VTK(U)|2 dxdt
k—o0 Qr

k—00

——tim [ 64V Vi) = VI () xa, dod.
Qr
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Utilizing the fact that xa, VI'kx(ur) = 0 almost everywhere in Qr, we see that
lim // PAp|VTk (ur) — VTK(U)‘2 dxdt
k—o00 Qr

= lim // o4 (pVu, VIg(u)) xa, dedt.
Qr

k—o0

Moreover, in view of the weak convergence (3.6) and the Lebesgue dominated
Theorem, we have

¢AVTx(u)xa, — 0 strongly in L2(Qr)".

Hence,

0= lim // 60| VT (ug) — VT ()| dadt > || T (ug) — VT ()2
*©MJQr

and we arrive at the announced convergence (3.11). O

In fact, the main result of Proposition 3.2 can be specified as follows.
Theorem 3.1. Let e € (0,1) be a given value and let
{ue}pzy € L20, T HY(Q)),  {wedply € L2(0,T; L (),

0 3.17
and  {pitrey C BV(Qr) N L>®(Qr) (8:17)
be bounded sequences satisfying conditions (3.6)—(3.10). Then

Vg — Vu strongly in L0, T; LY(Q)N for any q € [1,2). (3.18)

Proof. We fix an arbitrary compact subset A C Qr = (0,7") x Q and associate
with it a smooth function ¢4 € C§°(0,T; C5°(2)) such that 0 < ¢u(t,z) < 1
in Qr and ¢4(t,x) = 1 on A. In accordance with the initial assumptions, the
functions {vy}ro; and v belong to the space L?(0,T; H~1(f2)). Hence,

Guk

0
8—;‘ e L0, TsHTN(Q) and S e L0, T HT(Q), VkeN.
Therefore, in order to perform the usual integration by parts in the variational
equality (3.10), we can use for this T (ur — u)d4 as a test function. Taking into
account the representation (3.12) and using the fact that

W — div (pgVuy, — pVu) = v —v in D'(Qr), VkeN,
we obtain
094
- WSK(W — u) dxdt + oA (prVug — pVu, VT (up — u)) dxdt
T T

+ //QT [Tk (up — u)] (prVur, — pVu, Vo) drdt

T
= | o= v i = 0] )1,y (3.19)
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Due to Proposition 3.1, we have

Ty (up, — u) — 0 weakly in L2(0,T; H'(Q)), (3.20)
Tr(up —u) — 0 strongly in L}, .(Qr), and a.e. in Qr, (3.21)
Si(up, —u) — 0 strongly in L2 (Qr). (3.22)

Then, in view of (3.7), the first and last terms in (3.19) tend to zero as k — oo.
Moreover, using the fact that {p;}re; C L>®(Qr), pp(x) — p(x) — 0 a.e. in Qr,

and the sequence {(Vuy — Vu, Vo a)}, oy is bounded in L*(Qr), by the Lebesgue
dominated theorem we deduce that

// [T (ur, — )] (piVug — pVu, Vou) dadt
= // [Tk (ug — )] pr, (Vug — Vu, V) drdt

+ //T [T (u, —u)] (pr — p) (Vu,Va) dedt - 0 as k— oco. (3.23)

Thus, passing to the limit in (3.19) when £ tends to infinity, we obtain

k—o0

lim / o4 (peVug — pVu, VT (u — u)) dxdt
Qr

= lim / dap (Vug, — Vu, VT (ur — u)) dzdt
Qr

k—o00

i [ Galon = p) (V. Vi — ) dads
Qr

k—o00

= lim / dap (V(ug —u), VIg(up —u)) dedt =0, (3.24)
k—o0 Qr
where

k—o0

lim // dalpr — p) (Vug, VIg (ug — u)) dedt =0
Qr
by Lemma 2.2. Setting
By := ¢ap|V(up —u)|*> in Qr
and splitting the set A onto

BE = {(t,z) € A : |ug(t,z) — u(t,z)| < K},
GE ={(t,z) € A : |up(t,z) — u(t,z)| > K},

we see that

// EY dzdt = / Ef dxdt + / EY dxdt
A BE GKE
0 0
< // Epdzdt | |BE? + // Epdzdt | |GK[*0
B GE



56 P. Kogut, Ya. Kohut, R. Manzo

by Hélder inequality with some @ € (0,1). Since, for K fixed, we have |GK| — 0 as
k — 0o, and since the sequence {pV (uy — u)}32, is bounded in L2(0,T; L2(Q)"),
it follows that supyey || Bkl 1) < o0, and, therefore,

0
lim (// Ey da:dt) |GEI1=0 =0
k—o0 GkK

0 < lim // E? dadt
k—o0 A
0
< lim </ Ekdxdt> |BE|1-0
k—o0

0
= < lim / dap (V(ug —u), VIg(up —u)) d:cdt)
k—o00 Qr

Hence,

x lim |BE |10 ™ &2 (3.25)
k—o00

As a result, we deduce from (3.25) that EY — 0 strongly in L'(A). So, using a
sequence of compact sets A C Qr, there exists a subsequence of {Ej},y such
that

Ek, (t,x) - 0 for almost each (t,z) € Q7.
Then the estimate (3.9) implies that
Vuyg, (t,2) = Vu(t,x) for almost each (¢,2) € Qr as n — oo.
To conclude the proof, it remains to notice that since the sequence {Vug}p

is bounded in the space L%(0,T; L2(Q)Y), it follows from Vitaly’s theorem (see
Lemma 2.1) that

Vur — Vu  strongly in LI(Qr).

4. Regularization of the Original Optimal Control Problem

We introduce the following family of approximating control problems

(Re) Minimize J.(p,v,u) /|u ) —ug)?dz+ = / /\Vu|2dxdt

1
/ /|v|2d$dt+/Q |Dp| + - / /|p mpdxdt (4.1)
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subject to the constraints

ut — div (pVu) = vx, in Qr :=(0,T) x Q, (4.2)
0
a%‘:o on (0,T) x 99, (4.3)
u(0,) =up in £, (4.4)
v € Voq := L*(0,T; L*(w)), (4.5)
pER:={heBV(Qr)NL¥(Qr) : 0<h(t,x) <lae in Qr}. (4.6)

We say that a tuple (p,v,u) is a feasible solution to the problem (4.1)-(4.6) if
pERag, vEVyg, ue L*0,T;HY(NQ)), (4.7)

g2 1
4.
Lo T e 9 (48)

p(t,z) > max{

and this triplet satisfies the following integral identity

T T
/ / (—pru+ p (Vu, Vo)) dzdt :/ /vgoda:dt—i—/ uo(x)p(0,z)dx  (4.9)
0 Q 0 w Q
for each ¢ € ¥, where
\IJ:{QOGCI(@) : o(T,-)=0inQand d,p=0o0n (0,T)x 9N} .

The set of all feasible solution is denoted by Z..

Remark 4.1. Let us show that Z. # ) for each € > 0. Indeed, taking z = e~ *u,
we obtain the following IBVP for z:
= ug, (4.10)

2+ az—divA=e %y, =z
=0

where the vector function A = eV z possesses the following monotonicity,
coercivity, and boundedness conditions

(Att.2.8) = Alt.2,m). § =) > 0,

(Aw2.6).¢) > . iz

€, (At,2,€),€) < T2,
and the operator Bz = az — div A is coercive in the space L2(0,T; HY(Q)), i.e.
2 g2 2
(Bz:2) 20 msm @ yrzomn @) = A2llizen + T2 IVA L2y
> collzll72(0 7.5 (@)

Hence, the problem (4.10) has a unique solution for each v € U4 [20]. As for the
original IBVP, the same result follows by multiplying of z by e*. Moreover, in
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this case the integral identity (4.9) holds for any function ¢ € ¥ and the energy
equality

t
/UQ(t,l‘)dl‘+2/ /qu|2dxdt
Q 0 /o

t
:2/ /vudwdt—l—/ugdw, 0<t<T, (4.11)
0 Jw Q

is valid.

Our next step deals with the study of topological properties of the set of
feasible solutions =, to the problem (4.1)—(4.6).

Definition 4.1. A sequence {(pg, Vg, ur) € Ec}jcy is called bounded if
sup leel Bv@r) + vkllLzor;2@w)) + 1wkl L2001 @))] < 400
€

Definition 4.2. We say that a bounded sequence {(pg, vk, ux) € Zc}jcy of feasible
solutions 7-converges to a triplet

(p,v,u) € BV(Qr) x L*(0,T; L*(w)) x L*(0,T; H'(Q))

if conditions

up — u weakly in L*(0,T; H'(Q)), (4.12)
vp — v weakly in L*(0,T; L?(w)), (4.13)
pr — p weakly-* in BV (Qr) and a.e. in Qr (4.14)

hold true.

Remark 4.2. As follows from Theorem 3.1, if {(pk, Vg, ur) € Ec} ey is a T-conver-
gent sequence of feasible solutions and (pg, vg, ur) — (p,v,u), then Vu, — Vu
strongly in L9(0,T; LY(Q))N for any ¢ € [1,2) and, passing to a subsequence if
necessary, we can assert that Vug(t,z) — Vu(t,z) a.e. in Qr = (0,7) x Q.
Remark 4.3. As immediately follows from (4.9), if (p,v,u) is a feasible solution
to the problem (4.1)-(4.6), then the equality

ouy,

o div (pVug) = xwvr  in D'(Qr)

holds in the sense of distributions for each k& € N. Moreover, if a sequence
{(pr, vk, up) € Ec}ye is bounded in the sense of Definition 4.1, then div (p Vug)+
XwVr € L?(0,T; H-1(Q2)). Therefore, uy, € C([0,T); L*(2)) for all k € N (see [25,
Proposition I11.1.2]) and due to J.L. Lions [22, Chapitre 1, Theorem 5.1] (we refer
also to |24] for some generalizations), the Banach space

W = {«p cp e L20,T; HY(Q)), %‘tp e L*0,T; H—l(Q))}
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with the norm of the graph

)

L2(0,T;H-1(9))

Iy
lellw = lellzoanion + | 5

is compactly embedded into L?(0,T; L*(9)).

Thus, the first term in the objective functional (4.1) is well defined onto the
set of feasible solutions. So, if {u},cy is @ bounded sequence in W and up — u
weakly in L?(0,T; H*(9)), then u, — u strongly in L?(0,T;L?(f2)) and, as a
consequence, uy(T,-) — u(T, ) strongly in L?(£2).

Before proceeding further, we establish the following important property.

Proposition 4.1. For every ¢ € (0,1) the set Z. is sequentially closed with
respect to the 7-convergence.

Proof. Let {(pk, vk, ur) }reny C Ee be a T-convergent sequence of feasible solutions
to the optimal control problem (4.1)—(4.6). Let (p,v,u) be its 7-limit. Our aim is
to show that (p,v,u) € Z..

Since the inclusions x,v € Voq := L?(0,T; L*(Q)) and u € L*(0,T; H'(Q2))
are obvious, let us show that the condition (3.9) is valid for some ¢ > 0. Indeed,
in view of Remark 4.2, we can suppose that, up to a subsequence,

1 1
%
14 |Vug(t,z)|> 14 |Vu(t,x)]?

ug(t,z) = u(t,z) and a.e. in Qr.

Hence, in view of the definition of T-convergence, the limit passage in the relation

g2 1
1+¢e2" 1+ |Vug(t,z)

pr(t,z) > max{ ’2} a.e.in Qp

immediately leads us to the inequality (3.9) with & = %

p € Rqag, it is a direct consequence of the weak-* compactness of bounded set Rq
in BV (Qr).

It remains to show that the limit triplet (p,v,u) is related by the integral
identity (4.9). To do so, it is enough to fix an arbitrary test function ¢ € ¥ and
pass to the limit in relation

As for the inclusion

T
/ / (—pru + pi (Vug, Vo)) dadt
0o Jao
T
—/ /vkcp dxdt + / uo(x)(0,z) dx. (4.15)
0 w Q
Since prVup — pVu strongly in LI(Qr) for ¢ € [1,2) by Lemma 2.1, it follows

that the limit passage in (4.15) leads to the integral identity (4.9). Thus, (p, v, u)
is a feasible solution to optimal control problem (4.1)-(4.6). O
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We are now in a position to state the existence of optimal solutions to the
problem (4.1)—(4.6).

Theorem 4.1. Let ug € L™(Q2) be a given function, and let A\ and v be given
constants. Then, for each e € (0, 1) the optimal control problem (4.1)—(4.6) admits
at least one solution (p2,v2,u?) € Z,.

Proof. Let € € (0,1) be a fixed value. Then, as it was indicated in Remark 4.1,
the optimal control problem (4.1)—(4.6) is consistent, that is, =, # (.

Let {(pr, vk, ur) € Ec}peny be a minimizing sequence to the problem (4.1)-
(4.6). Then the relation

1 At
mf Je(p,v,u) = lim [2/|uk(T)—ud|2dCL‘+/ /\Vuk\dedt
Q

(p,v,u)EEL k—o0

1
wldedt -+ [ Dol + / Lo = el dedt] < +o0
=) ) vl

and definition of the set fR,4 imply existence of a constant C' > 0 such that
sup || Vug/| z20,7;220)7) < C,s
keN
sup Hvk”L2 0,T;L2 <C,
el ( (@) (4.16)

and sup || pkl| pv (@) < C-
keN

Then, from the energy equality (4.11), we deduce that

T T
/ /uz(t, x) dxdtSQT/ /vkuk dxdt—i—T/ug dx
0 Q 0 Jw Q
T 1 [T
§2T2/ /vida:dt—l—/ /uidxdt-l—T/u%daz.
0 Ju 2Jo Ja Q

Sup urll 2012200 < 4TC? + 2THUOHZE(Q)
c

Hence,

Utilizing this fact together with (4.16), we see that {(pg, Vg, ur) € Ec}pey is @
bounded sequence in the sense of Definition 4.1. As a result, there exist functions
p? € BV(Qr), v? € L*(0,T; L?(w)), and u? € L?(0,T; H'(2)) such that, up to a
subsequence, (pg, Vg, ur) — (p2,v%,u?) as k — oco. Since the set Z. is sequentially
closed with respect to the T-convergence (see Proposition 4.1), it follows that the
7-limit tuple (p?,v?,u?) is a feasible solution to optimal control problem (4.1)-
(4.6) (i.e., (p2,02,uY) € Z.). To conclude the proof, we observe that Vuy(t,z) —
Vug(t,x) a.e. in Qr (see Remark 4.2) and, therefore,

1 N O(t ) 1
y L) —
1+ Vo) "= 1+ [Vul(t, 2)2

pr(t,z) — a.e. in Qrp.
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Since .
‘Pk <2forall k e N,
>(Qr)
. 1 . ..
it follows that the sequence {pk — 2} is equi-integrable. Hence,
L+ |Vugl? | ey
Vitaly’s theorem implies that
1 0 1 . 9
- 5 p. — ————— strongly in L 4.17
Pk 1+ ’vuk‘Q Pe 1+ ‘VUOP gly (QT) ( )

(see Lemma 2.1). Taking this fact into account and observing that

liminf/ /| 2 dzdt ™ &1 /T/ o1 pga
s Pk 1+\v T+ |[Vug? = ST T Ve ’

by Remark (4.3)
lim /\uk(T) — ug|*dx > /\uO(T) — ug|? dz,
k—o00 (e}

)

lim/ /|Vuk]2da;dt @12 //yvu0| dudt,
k—o0

(41
hminf/ /|vk|2dxdt > //|v0| dzdt,
k—o0

y (4.14)
imint [l "= [ (DA
k—oo T Qr

we see that the cost functional J. is sequentially lower 7-semicontinuous. Thus

Jo(p2, 02, 1) < liminf J.(pg, vk, ug) < lim Jo(pg, vp,ug) = inf  Jo(p,v,u),
k—o0 k—o0 (p,v,u)EE.
and, therefore, (p2,v2,u?) is an optimal triplet. O

5. Asymptotic Analysis of the Approximated OCP (R.)

The main goal of this section is to show that the original OCP (R) is solvable
and some solutions can be attained (in an appropriate topology) by optimal
solutions to the approximated problems (R.). With that in mind, we make use
of the concept of variational convergence of constrained minimization problems
(see [9,17,18]) and study the asymptotic behavior of a family of OCPs (R.) as
e —=0.

Before proceeding further, we adopt the following concept.

Definition 5.1. Let
{(p=,v=,u2)} oo © BV(Qr) x L0, T; L*(w)) x L*(0,T; H'(2))
be an arbitrary sequence. We say that this sequence is bounded if

Sup el Bv@r) + 1vell 2207 12(0)) + el L2071y ] < +o00.
I3
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Definition 5.2. We say that a bounded sequence
{(pesvesue)boug € BV(Qr) x L*(0,T; L*(w)) x L*(0,T; H'(2))

is w-convergent as ¢ — 0 and (p.,v-,u:) — (p,v,u) if (pe,ve,us) = (p,v,u) as
e —0,ie.,

u. — u weakly in L2(0,T; H'(Q)), (5.1)
ve — v weakly in L2(0,T; L*(w)),
ps — p weakly-x in BV (Qr) and a.e. in Qr; (5.3)

and Vu, — Vu strongly in L'(0,T; L*(Q)V).
The following technical result will play a significant role in the sequel.

Lemma 5.1. Let {(pe,ve,ue) € Zc}og be a T-convergent sequence of feasible

solutions to OCPs (4.1)—(4.6), and let
(p,v,u) € BV(Qr) x L*(0,T; L*(w)) x L*(0,T; H'(Q))

be its T-limit. Then (pe,ve,u:) — (p,v,u) as e — 0, and (p,v,u) is subjected to
the constrains

pERaa, vEVug, ue L*0,T;HYQ)), (5.4)

1
> qg.e. 1 .
p(t,:E) ~ 14+ |VU(t, x)‘g a.c. QTa (5 5)

/oT /Q (—pru + p (Vu, Vo)) drdt
:/OT/vad:cdt—i—/ﬂuo(x)@(O,x) dr, YpeWU. (5.6)

Proof. Since {(ps,ve,us) € Ec},o is a sequence of feasible solutions, it implies
that the equality

T
/ / (—prue + pe (Vue, Vo)) dzdt
0o Ja

T
:/ /Uagodxdt—i—/uo(a:)go(o,x) dx, Ype ¥ (5.7)
0 w Q

holds true for all € > 0. Then the limit passage in (5.7) leads to the relation (5.6).
Setting in this relation the test function ¢ as an element of C°(Qr) C U, we see
that the 7-limit (p, v, u) satisfies the equation

ou )
i div (pVu) = xuv
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in the sense of distributions D'(Qr). So, in view of Remark 4.3, we can suppose
that, for each ¢ > 0, we have the equalities

0 (ue — u)

g~ div(peVue = pVu) = (v- —v)xw i D'(Qr)- (5.8)

Therefore, arguing as in the proof of Theorem 3.1, we use for (5.8) the test
function Tk (ue — u)pa, where A is a compact subset of Qr, and the function
pa € C(0,T;C3°(€2)) is such that 0 < ¢a(t,z) < 1in Qr and ¢pa(t,z) =1 on
A. After integration by parts, we obtain

/ dape (Vue — Vu, VTg (us — u)) dedt = // %SK(U,E —u) dxdt
Qr r Ot

[ oato-— ) (Ve VTicluc — ) dac

- // dap (Vue — Vu, VI (ue —u)) dxdt
Qr

- / o da(pe — p) (Vue, VTg (ue — u)) dzdt

T
[ (0 = 0 [T = 0] )10,y (5.9
Since, by Proposition 3.1,

Ty (ue —u) — 0 weakly in L*(0,T; H*(Q)), strongly in L} .(Qr), and a.e. in Qr,
S (ue —u) — 0 strongly in L7 .(Qr) as € — 0,

it follows from (5.1)—(5.3) and the Lebesgue dominated theorem that the right
hand side of (5.9) tends to zero as € — 0. Hence, passing to the limit in (5.9), we
deduce:

e—0

lim/ pape (Vus — Vu, VIg(u: — u)) dedt = 0. (5.10)
Qr

Setting
E. = ¢ape|V(ue —u)[*  in Qr

and aligning the set A into

B, ={(t,z) € A : |uc(t,z) —u(t,z)| < K},
Ge ={(t,z) € A :|uc(t,z) —u(t,z)| > K},

we see that

0 0
//Efda:dtg </ Eedxdt> yBg\l—M(// Eedxdt) G| 7
A B: Ge
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by Hélder inequality with some 6 € (0,1). Since, for K fixed, we have |G¢| — 0
as € = 0, and the sequence {p-V(u: — u)}.., is bounded in L?(0,T; L*(Q)V), it
follows that sup,~ || Ec|[11(g,) < 00, and, therefore,

0
lim (/ E. dxdt) 1G|* =0
e—0 Gs
Hence,
0 < lim // E? dxdt
0
< lim [(/ E. dmdt) |B:|*~?
e—0 Be

0
(hm/ dap (V(ug —u), VI (u: — u)) dmdt) lim|B.|'~¢
e—0 e—0

by (3.24)

(5.11)

As a result, we deduce from (5.11) that E¢ — 0 strongly in L'(A). So, using a
sequence of compact sets A C Qp converging in an appropriate sense to QQ7, there
exists a subsequence of {E.}__ (still denoted by the same index) such that

E.(t,z) - 0 for almost each (t,z) € Q7 as ¢ — 0.
Thus,
pe(t, ) |[Vue(t, z) — Vu(t, z)]> = 0 for ae. (t,z) € Qrase, — 0.  (5.12)
Utilizing the fact that (pe,ve,u:) € Z¢ for each ¢ > 0 and observing that

£2

m—>0a35—>0,weseethat
€

(t,z) > e 1 > 1 in Qr (5.13)
xr max a.e. 1n .
Pelb, %) = 14+e2 14 [Vueb )2 | = 1+ [Vue(t, )2 T

for € > 0 small enough. Hence, from (5.13) and (5.11) we deduce:

, 1 2
<1 —_— e — dzdt
0_513[1)//% ENE |Vu, — Vu|” dz

< lim // pe |Vue — Vul|? dedt = 0. (5.14)
T

e—0
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Since

Ve = Vulla oz (/ /|Vu€ Vul dxdt)
T 1 1/2 1/2 2
€
/ /I—HVu I Ve — Vul? dxdt/ / 1+ |Vue(2)?) dx dt
6

—  |Vu.—Vu d
<|QT|H“p”“E”L%OTHl(ﬂ»)/91+|Vu()\2‘ te = Vul* da,

it follows from (5.14) that
. 2
;lg(l) [Vue — v“HLl(o,T;Ll(Q)N)

. 1 2
Thus, we can specify the 7-convergence properties (5.1)—(5.3) as follows: in addition
to (5.1) Vu. — Vu strongly in L'(0,T; L}(Q)"), and there exists a subsequence
{e'} such that

Vue (t,z) = Vu(t,z) a.e. in Qr. (5.16)

To conclude the proof, it remains to show that

p(t,x) =

= m a.e. in QT. (517)

To do so, it is enough to observe that

a.e.in Qr (5.18)

2
€ 1 1
toz) > >
pe(t,x) 2 maX{lJra?’ 1+ !Vue(t,x)P} =1+ [Vue(t, 22

for € > 0 small enough. Using the pointwise convergence (5.16) and (5.3) and
passing to the limit in (5.18) as ¢ — 0, we arrive to the announced property
(5.5). O

Our next step is to discuss the issue related to the existence of solutions to the
original optimal control problem (1.9)—(1.13) and their attainability by optimal
solutions of the approximated problems (R.). Before we go on, we assume that
the set of feasible solution Z to the problem (1.9)—(1.13) is non-empty. In the case
when the initial state ug is sufficiently smooth and supp (up) C w, this assumption
can be easily verified. Indeed, let ¢ € C*°([0,T]; C2°(w)) be an arbitrary function
such that ¢(0,2) = up(z) in Q. Then it is easy to check that the pair

e (s (55) L)
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belongs to the set =. Thus, Z # (.
We begin with the following result that can be viewed as a direct consequence
of Lemma 5.1 and Theorem 4.1.

Proposition 5.1. Let ug € L*(2) be a given function, and A and « be given
constants. Let {(pg, 02, ul) € EE}(—:>O be a bounded sequence of optimal solutions
to the approximated problems (4.1)-(4.6) when the small parameter e varies
within a strictly decreasing sequence of positive numbers converging to zero. Then
there is a subsequence of { (02,00 u S) € Hg} 50’ still denoted by the suffix e, and
distributions p® € Ruq C BV(Qr), v° € Vg, and u® € L2(0,T; H(Q)) such that
they satisfy conditions (5.5)(5.6), and (p2,v2,u2) = (p°,v°, u®) as ¢ — 0.

The key point in Proposition 5.1 is the assumption that a given sequence of
optimal solutions to the approximated problems (4.1)—(4.6) is bounded. Let us
show that this assumption can be omitted if only the original optimal control
problem is consistent, i.e. = # .

Proposition 5.2. Assume that = # (0. Let {(p2,02,u?) € E€}€>O be a sequence
of optimal solutions to the approximated problems (4.1)-(4.6). Then there exists
a constant C' > 0 independent of € > 0 such that

sup 1162 Bvi@r + 102N 220,702y + W2l 20 1011 ()] < C- (5.19)
€

Proof. Let (v,u) € E be a feasible solution to optimal control problem (1.9)—
(1.13). Hence, this pair satisfies conditions (1.14)(1.15). Setting p := (1+|Va|?)~!
in Qp, we see that

0<p(t,z)<lae in Qr and peBV(Qr)NL>(Qr)

and the pair (p,u) satisfies inequalities (4.8) for ¢ > 0 small enough. Hence,
p € Ruq and, as a consequence, we deduce: (p,v,u) € Z; for € > 0 small enough.
Therefore,

inf JE(ﬂ)”?“):J(pe:? sa e) <J ( A)

(p7v7u)eES
/|u ) —ug)?dx 4+ = / /\Vu|2dxdt
+/ /]@\dedt—i—/ |Dp| = C < +o0.
2 0 w Qr

From this and definition of the set 9,4, we deduce that
2 2
HVUSH%Q(QT;LQ(Q)N) < XC; vaHQLQ(QT;L?(Q)) < 50, (5.20)
/ ‘DPE| <C, |P2lsv <lQr|+C, (5.21)

2
dxdt < Ce (5.22)

1+\V 1+ [Vulf?
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for all £ > 0 small enough. Then energy equality (4.11) implies that

T T
/ / [ug]Q dzdt < 2T/ /Ugug dxdt + T/ ul dx
0 Q 0 w Q

2 T 012 17 012 2
<2T [02]” dadt + - [wl]” dadt + T | ugda.
0o Ju 2 )0 Ja Q

Therefore,
C
sup [|ug|| L2(0,1;2(0)) < 8T% = + 2T [|uo|| 72 (- (5.23)
e>0 v
Thus, the sequence {(p2,v?,u?) € Eg}€>0 is bounded in

BV (Qr) x L*(0,T; L*(w)) x L*(0,T; H(Q)).

O

The next step of our analysis is to show that the pair (v°,u°) is optimal to

the original OCP (R) provided (p°, v, u") is a cluster tuple of a given sequence of

optimal solutions {(p2,v2,u?) € Eg}s>0. To do so, we will utilize some hints from

the recent papers [10,16] where the so-called indirect approach to the existence
problem of optimal solutions has been proposed.

Theorem 5.1. Assume that = # 0. Let {(p2,v2,u?) € E€}8>0 be a sequence
of optimal solutions to the approzimated problems (4.1)—~(4.6). Let (p°,v%,u®) €
BV (Qr) x L?(0,T; L*(w)) x L2(0,T; H*(Q)) be a w-cluster tuple (in the sense of

Definition 5.2) of a given sequence of optimal solutions Then
1
0,0\ - = 0 ~
€= t = .e. 5.24
Wha)es pta) 1+ |Vad(t, o)z “ ™ @r: (5:24)

lim inf J.(p,v,u) = lin% Jo(p2,02,u0) = J(0°,u%) = inf J(v,u). (5.25)
E—

e—=0 (p,v,u)€E. € (v,u)€=

Proof. Arguing as in the proof of Proposition 5.2, it can be shown that there exists
a constant C' > 0 such that estimates (5.20)—(5.23) hold true. Hence, the sequence
{(pg, 02, u?) € E€}£>O is compact with respect to the T-convergence. Moreover, in
view of Proposition 5.1 and the Lebesgue Dominated Theorem, we can suppose

that, up to a subsequence,

(2, ve,ug) = (0%, 0", u’) (5.26)
1 o
1+ Va2 14 Va2 strongly in L*(Qr) as € — 0, (5.27)
pe(t, ) — ! — 2t x) — ! a.e. in Qr, (5.28)
c 1+ |Vul(t, z)|? 1+ |Vud(t, )2

and <pg -1+ |Vu2\2)_1) € L>(Q).
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Then it follows from Vitaly’s theorem (see Lemma 2.1) that

2\~1 0 1 i T2
pl = (1+|Vul]?) ™ — p’ - TF Ve strongly in L°().

However, as follows from the third estimate in (5.22), the L2-limit of the sequence

0 1 . .
— —=— is equal to zero. Hence, we obtain
{'05 1+ Vug]? }s>0 d '

1
1+ |VuO(t, x)|?

POt x) = a.e. in Qrp.

Thus,

1
(paa (O g) ﬂ) <1+|vu0|2,00,u0> as € — 0.

Taking into account Proposition 5.1, we see that (v°,u?) is a feasible solution to

the original OCP (R). Moreover, as a direct consequence of the properties (5.27),
we have the following estimate

1
lim inf J.(p2, 02, u?) > /]uo( ) —ugl*dr + = / /Vu0| dxdt
e—0 2 Q

T
Y 02 1 0,0
— D|——— || = . 2
+2/0 /Q]v ] dxdt—i—/T <1+\Vu0]2>‘ J(w",u’). (5.29)

Let us assume for a moment that the pair (v°,u”) is not optimal for (R)-
problem. Then there exists another pair (v*,u*) € Z such that

Jw* u*) < J(0°,ul) < +oo. (5.30)

Setting p* = (1 + ]Vu*]2)71, we deduce from condition (v*,u*) € Z that the tuple
(p*,v*,u*) is a feasible solution to each approximate problem (R.), i.e.,

(p*, 0" u") e 2., Vee(0,1). (5.31)

Taking this fact into account, we get

1 0 2 AT 0,2
=— [ |u(T) —ug|*de + = |Vu’| dzdt
2 Ja 2 Jo Ja
T
v 02 1
— dxdt Dl ———
+2/0 /Q’”’ v +/T (1+\Vu°!2>|

by (5.29)

< hmlan (P2, 0%, ul) = liminf inf  J.(p,v,u)
e=0 (p,v,u)EEL

< hm Je(p*, 0", u* /|u ) —ug|*dr + = / /|Vu ? dadt
’Y/ /|v*|2dxdt+/ D 1
. 1+ |Vur|?

2
1+\V |2

dxdt = J(v*,u").
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Thus, J(v°,u®) < J(v*,u*) and we come into a conflict with condition (5.30).
Hence, the limit pair (v°,u") is optimal for the original OCP (R). O

As follows from Theorem 5.1, the optimal solutions to the approximated
problems (p2,v2, u?) can be considered as a basis for the construction of suboptimal

controls to the original problem (R) (for the details we refer to [9,11,12,19)])

References

1. L. ArrAITES, A. AtLAS, F. KArRAMI, D. MESKINE, Some class of parabolic
systems applied to image processing, Discrete and Continuous Dynamical Systems,
Series B, 21 (6) (2016), 1671-1687.

2. L. AFrRAITES, A. HADRI, A. LAGHRIB, M. NACHAOUI, A non-convexr denoising
model for impulse and Gaussian noise mizture removing using bi-level parameter
identification, Inverse Problems and Imaging, (2022), doi: 10.3934/ipi.2022001, 1—
44.

3. L. Awvarez, P.-L. Lions, J.-M. MOREL, Image selective smoothing and edge
detection by nonlinear diffusion, SIAM J. Numer. Anal,, 29 (1992), 845-866.

4. L. AMBROSsIO, N. Fusco, D. PALLARA, Functions of bounded variation and free
discontinuity problems, Oxford University Press, New York, 2000.

5. H. ArroucH, G. ButrTAazzo, G. MICHAILLE, Variational Analysis in Sobolev and
BV Spaces: Applications to PDEs and Optimization, SIAM, Philadelphia, 2006.

6. L. Boccarpo, F. MURAT, Almost everywhere convergence of the gradients of
solutions to elliptic and parabolic equations, Nonlinear Analysis, Theory, Methods
and Applications, 19 (6) (1992), 581-597.

7. F. CarrtE, P.L. Lions, J-M. MoreL, T. CoLL, Image Selective Smoothing and
Edge Detection by Nonlinear Diffusion, SIAM Journal on Numerical Analysis, 29
(1) (1992), 182-193.

8. C. D’Aricg, P.I. Kogur, R. MANZO, On coupled two-level variational problem
in Sobolev-Orlicz space, submitted for publication.

9. C. D’Aricg, U. DE MaI1o, P.I. KocuTt, Suboptimal boundary control for elliptic
equations in critically perforated domains, Ann. Inst. H. Poincaré Anal. Non
Lineaire, 25(2008), 1073-1101.

10. C. D’Arice, U. DE Maio, P. KoGut, An indirect approach to the existence
of quasi-optimal controls in coefficients for multi-dimensional thermistor problem,
in “Contemporary Approaches and Methods in Fundamental Mathematics and
Mechanics”, Editors: Sadovnichiy, Victor A., Zgurovsky, Michael (Eds.). Springer.
Chapter 24, (2020), 489-522.

11. U. DE Maio, P.I. Kogur, R. MaNzO, Asymptotic Analysis of an Optimal
Boundary Control Problem for 1ll-Posed Elliptic Equation in Domains with Rugous
Boundary, Asymptotic Analysis, 118 (3) (2020), 209-234.

12. T. HorsiN, P.I. Kocut, Optimal L?-Control Problem in Coefficients for a Linear
Elliptic Equation. 1. Existence Result, Mathematical Control and Related Fields, 5
(1) (2015), 73-96.

13. L. EvaNns, M. PORTILHEIRO, Irreversibility and hysteresis for a forward-backward
dffusion equation, Mathematical Models and Methods in Applied Sciences, 14 (11)
(2004), 1599-1620.

14. P. GUIDOTTI, Anisotropic diffusions of image processing from PeronasB“Malik on,
Advanced Studies in Pure Mathematics, 67 (2015), 131-156.



70

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

P. Kogut, Ya. Kohut, R. Manzo

F. KArawmi, L. Z1AD, K. SADIK, A splitting algorithm for a novel reqularization of
Perona-Malik and application to image restoration, EURASIP Journal on Advances
in Signal Processing, 2017 (46) (2017), 1-9.

P. Kocur, On optimal and quasi-optimal controls in coefficients for
multi-dimensional thermistor problem with mizxed Dirichlet-Neumann boundary
conditions, Control and Cybernetics, 48(1) (2019), 31-68.

P. Kogur, G. LEUGERING, On S-homogenization of an optimal control problem
with control and state constraints, Zeitschrift fuer Analysis und ihre Anwendungen,
20 (2001), 395-429.

P. Kocur, G. LEUGERING Optimal Control Problems for Partial Differential
Equations on Reticulated Domains. Approzimation and Asymptotic Analysis, Series:
Systems and Control, Birkhduser Verlag, Boston, 2011.

P.I. Kogut, R. MANzZO, On Vector-Valued Approzimation of State Constrained
Optimal Control Problems for Nonlinear Hyperbolic Conservation Laws, Journal of
Dynamical and Control Systems, 19 (2) (2013), 381-404.

O.A. Ladyzhenskaja, V.A. Solonnikov, N.N. UralsB™ceva, Linear and quasilinear
equations of parabolic type, Translations of the American Mathematical Society,
American Mathematical Society, Providence, 1968.

S. LECHEHEB, M. MAOUNI, H. LAKHAL, Image Restoration Using a Novel Model
Combining the Perona-Malik Equation and the Heat Equation, International Journal
of Analysis and Applications, 19 (2) (2021), 228-238.

J.-L. LioNs, Contrélabilité exacte. Perturbations et stabilisation de systémes
distribués, Masson, Paris, 1988.

P. PERONA, J. MALIK, Scale-space and edge detection using anisotropic diffusion,
IEEE Trans. Pattern Anal. Machine Intelligence, 12 (1990), 161-192.

J SiMoN, Compact sets in the space LP(0,T; B), Ann. Mat. pura Appl., 146 (1987),
65-96.

R.E. SHOWALTER, Monotone Operators in Banach Space and Nonlinear Partial
Differential Equations, vol. 49 of Mathematical Surveys and Monographs, American
Mathematical Society, Providence, RI, 1997.

V.B SurvA PrasaTH, J.M. UrBANO, D. VOROTNIKOV, Analysis of adaptive
forward-backward diffusion flows with applications in image processing, Inverse

Problems, 31 (2015), Id 105008, 1-30.

Received 25.03.2022



