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SUITABLE RADON MEASURE FOR NONLINEAR DIRICHLET
BOUNDARY P(U)-LAPLACIAN PROBLEM

S. OUARO - N. SAWADOGO

This paper is devoted to the study of nonlinear homogeneous Dirichlet
boundary p(u)-laplacian problem. Existence, uniqueness and structural
stability results of weak solutions are obtained by approximation method
and convergent sequences in terms of Young measures.

1. Introduction

We consider the nonlinear elliptic p(u)—Laplacian problem with Dirichlet
boundary condition
b(u) —diva(x,u,Vu) =1 in Q 0
u=20 on 0%,

where Q is an open boundary domain of RY (N > 3), with smooth bound-
ary and b : R — R is a continuous, surjective and strictly increasing func-
tion. The operator diva(x,u,Vu) is called p(u)—Laplacian, a prototype case
is div(|Vu|P)=2 . Vu) and it is more complicated than p(x)—Laplacian in term
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of nonlinearity. t is a Radon measure on € which does not charge the sets of
Zero p_ capacity.

The problem (1) is adapted into a generalized Leray-Lions framework under
the assumptions that a : Q x (R x RV) — R" is a Carathéodory function with

a(x,z,0) =0 forall z€ R, and ae.x € Q, 2)

satisfying the strict monotonicity assumption

(a(x,z,&) —a(x,z,n)).(E—n) >0 forall E,n e RV & £, )

as well as the growth and the coercivity assumptions with variable exponent

la(x,z, )7 < ¢y (|€P=) + M(x)), @)

a2, E).E > L |Epe), 5)
G

Here Cy, C, are positive constants and M is a positive function such that M €

LY(Q).

p: QxR —[p_,pi]isaCarathéodory function, 1 < p_ < p, < 4o and
p(x,2)

is the conjugate exponent of p(x,z), with
p(x,z)—1

Plx2) =

p—:=ess inf p(x,z) and py:=ess sup p(x,z2).
(x,2)eEQxR (x,2)€EQxR

We assume that:

p— >N and p islog-Holder continuous in (x,z) uniformly on
Qx [-M,M], forall M > 0. (6)

In the case of datum u in L' (), Andreianov et al. (see [2]) established the ex-
istence results for such p(x,u) variable exponent problems, the uniqueness and
structural stabilty issues.

In this work, u is a Radon diffuse measure. We define M,;(Q) as the set of
bounded Radon measures in Q.

For the variable exponent 7(.), where 7(.) is to be defined later, given u €
M,(Q), we say that p is diffuse with respect to the capacity WOI’”(')(Q) if
p(A) =0, for every set A such that Capy( (A, Q) =0 (see [11]). ForA C Q, we
denote

Sx()(A) = {uGWOI’”(')(Q)ﬂCo(Q): u=1on A and u>0 in Q}.
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The 7(.)—Capacity for every subset A with respect to Q is defined by

Capr()(A,Q) = 1nf {/ Vu|")d }
UES

The set of bounded Radon diffuse measures in variable exponent setting 7(.)

is denoted by MZ(') (Q). Using the work by Boccardo et al. in [6], Nyanquini
et al. in [11] proved the decomposition Theorem of measures in the context of
variable exponent p(.): every measure |l € Mﬁ(‘)(Q) admits a decomposition
in L'(Q) +w-170(Q).

In the present paper, as p depends on the space variable x and the unknown fonc-
tion u, it is not clear how to prove the existence and uniqueness of weak solution
for the problem (1) with a measure data u which does not charge the set of zero
7(.)— capacity. To overcome this difficulty, we extend the result of [2], taking
into account the bounded Radon measure p which is zero on the subset of zero
p——capacity (ie the capacity starting from WOI”I7 - (Q)) We recall the decompo-
sition theorem of these measures (see [6], Theorem 2.1): every bounded Radon
measure that is zero p_—capacity can be splitted in the sum of an element in
W) (Q) and a function in L' (), and reciprocally, every bounded measure
in L'(Q) + W) (Q) is zero on the set of p_—capacity. Observe that the
bounded Radon diffuse measures M}~ (Q) is a subset of WL (Q), since
for p_ > N, L' (Q) c W=1(7-)'(Q). Therefore, we reduce the study of problem
() to W*I*(p*)/(Q) data. The problem (1) is also seen as a generalization of the
following problem

7
u=20 on dQ, ™

{u — div(|VuPtO 2 V) = 1 in Q
with g € W= 1(-)(Q), studied by M. Chipot et al. in [8]. Here, we use the
techniques of [2], different of those used in [8].

The interest of the study of this kind of problem is due to the fact that they can
model phenomena which arise in the study of elastic mechanics (see [4]), elec-
trorheological fluid (see [13]) or image restoration (see [7]).

The goal of this study is to prove the existence, uniqueness and stability results
of the weak solutions for such p(x,u) variable exponent problem when the mea-
sure 11 belongs to W—1(7-)'(Q).

The remaining part of this article is organized as follows: in the next Section, we
introduce some preliminary results. In the third Section, we study the existence
and uniqueness of weak solution for the problem (1). In Section 4, we end by
the study of the continuous dependence of the weak solution.
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2. Preliminary results

e We will use the so-called truncation function

. 1 if s>0
s if |s| <k ) .

Ti(s) :== ) . ,  where signo(s): =<0 if s=0
ksigno(s) if |s| >k )

—1if s<O.

The truncation function possesses the following properties.

Ti(=s) = =Ti(s), | Ti(s)| = min{|s|, k},

1
lim Ti(s) = lim — Ty (s) = si .
Jim Ti(s) =s and  lim - Ti(s) = signo(s)

e We also need to truncate vector valued-functions with the help of the map

A, if |[A<m
B : RN — RN b, (A) = . where m > 0.
m—: if |A] >m,
2]

We are looking the solutions to the problem (1) in the variable exponent Sobolev
space E™()(Q) defined below (notice that the exponent 7(.) itself is related to
uby m(.) := p(.,u(.)), so the solutions and different data will possess different
integrability properties). For the sake of completeness, we also recall the defini-
tion of variable exponent Lebesgue and Sobolev spaces L*)(Q) and W'*()(Q).
In the sequel, we will use the same notation L*() (Q) for the space (L*)(Q))V
of vector-valued functions.

Definition 2.1. Let 7 : Q@ — [1,+o0) be a measurable function.
oL70)(Q) is the space of all measurable functions f : @ — R such that the
modular

pr()(f) = /Q /1" dx < eo.

If p is finite, this space is equipped with the Luxembourg norm

f 120 (@) = inf{/l >0, pr() <£> < 1},

oW1 (Q) is the space of all functions f € L*)(Q) such that the gradient of
f (taken in the sense of distributions) belongs to L*)(Q); the space W) (Q)
is equipped with the norm

el w1z @) = [l 70 @) + 1Vl [ 201 @) -
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1,w

Wy 0 (Q) is the closure of C37(Q) in the norm of W!*()(Q).
Further, E™)(Q) is the set of all £ € W, (Q) such that V € L*)(Q). This
space is equipped with the norm

il sy 2= 1Vl 0

When 1 < p_ < 7(.) < p; < oo, all the above spaces are separable and reflex-
ive Banach spaces.

Generally, WOI’”(')(Q) C E*)(Q). In the present paper, we assume that
7(x) = p(x,u(x)) verify the log-Holder continuity assumption (10) below.
Furthermore, we denote 7,(x) := p(x,u(x)).

Proposition 2.2 (See [1], Proposition 2.3). For all measurable function
:Q — [p_,p+], the following properties hold.

i) L*(Q) and W'™)(Q) are separable and reflexive Banach spaces.
ii) L™ )(Q) can be identified with the dual space of L*)(Q), and the fol-
lowing Holder inequality holds:

VfeL™(Q),ge L™V ‘/ fedx| <2/ fl]x0 o) l18ll 700

iii) One has py()(f) =1 if and only if || || x)(q) = 1 further,
if pa() (f) < L then |10 gy < P2y (F) < If 117z @

In particular, if (f,)nen is a sequence in L™ (Q), then || f,| |70 (@) tends to zero

(resp., to infinity) if and only if py(. ( fn) tends to zero (resp., to infinity), as
n — oo,

Young measures and nonlinear weak-* convergence.

Throughout the paper, we denote by &, the Dirac measure on R? (d € N), con-
centrated at the point ¢ € R?.

In the following theorem, we gather the results of Ball [5], Pedregal [12] and
Hungerbiihler [10] which are needed for our purposes (we limit the statement to
the case of a bounded domain ). Let us underline that the results of (ii),(iii),
expressed in terms of the convergence in measure, are very convenient for the
applications we have in mind.
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Theorem 2.3. (i) Let Q C R N €N, and a sequence (v,)ncn of RY -valued
functions, d € N, such that (v,)nen is equi-integrable on Q. Then, there
exists a subsequence (ny)ren and a parametrized family (Vy)yeq of prob-
ability measures on R? (d € N) , weakly measurable in x with respect

to the Lebesgue measure on Q, such that for all Carathéodory function
F:QxRY SR 1 eN, we have

lim F(x,vnk)dx:// F(x,A)dvy(A)dx, (8)
Q Q Jrd

k—yoo

whenever the sequence (F(.,v,(.)))nen is equi-integrable on Q.
In particular,

v(x) = /R Advy(a) ©)

is the weak limit of the sequence (v, )ren in L' (Q).
The family (Vy)xeq is called the Young measure generated by the subse-
quence (Vy, )keN.

(ii) If Q is of finite measure, and (Vy)xecq is the Young measure generated
by a sequence (v,)nen, then v, = 5v(x) for a.e. x € Q & v, converges in
measure on Q to v as n — oo,

(iii) If Q is of finite measure, (u,)ncn generates a Dirac Young measure
(Ou(x) )xeq on R4, and (v,)nen generates a Young measure (Vy)ieq on
R%, then the sequence (u,,v,)nen generates the Young measure
(6u(x) ® Vy)xeQ ON RA+dz,

Remark 2.4. Whenever a sequence (v, ),cn generates a Young measure
(Vy)xeq, following the terminology of [9] we will say that (v,),cn nonlinear
weak-* converges, and (Vy).cq is the nonlinear weak-* limit of the sequence
(Vn)nen. In the case (v,),en possesses a nonlinear weak-* convergent subse-
quence, we will say that it is nonlinear weak-* compact, (See [1], Theorem
2.10(1)). It means that any equi-integrable sequence of measurable functions is
nonlinear weak-* compact on Q.

The following lemma prove that the space WO1 () (Q) is stable by truncation.
See, [1]-Lemma 2.9.

Lemma 2.5. If u € W, ™) (Q) then Ty (u) € W, ™(Q), for all k > 0.

Notice that E*()(Q) is also stable by truncation, since Wol’1 (Q) is stable by
truncation and |VT(u)| < [Vu| € L¥)(Q) whenever u € E*1)(Q).
From the results of Fan and Zhikov (See [1], Corollary 2.6), we deduce the
following.
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Lemma 2.6. Assume that T: Q — [p_, p+| has a representative which can be
extended into a continuous function up to the boundary dQ and satisfying the
log-Holder continuity assumption:

3L >0, Vx,yeQx#y, —(loglx—y|)|m(x)—7m(y)| <L (10)
Then, D(Q) is dense in E™)(Q). In particular, the spaces E™)(Q) and
WOL”(') (Q) are Lipschitz homeomorphic and then they can be identified.

We have the following Lemma (See, [1]-Theorem 3.11 and [2]- Step 2-
Proof of Theorem 2.6).

Lemma 2.7. Assume that (uy,),cN converges a.e. on Q to some function u, then

|p(x,un(x)) — p(x,u(x))| converges in measure to 0 on Q,
and for all bounded subset K of RY,

sup |a(x,u,(x),&) —a(x,u(x),&)| converges in measure to 0 on Q.(11)
ek

3. Weak solution

We consider the following problem

b(u,) —diva, (x,u,,Vu,) = in Q
(Pn)
u, =0 on dQ,

1 ,
where a,(x,z,§) == a(x,z,8) + Z\él”*”é and p € WH0-V(Q).

Lemma 3.1. a, verifies the assumptions (2)-(5) with p(x,z) replaced by the
constant exponent p. and with M, C no depending on n.

Proof.
an(x7z>0) = 07

since a(x,z,0) = 0.

(an(X,Z,é) *an(xvzan))(é’ - 71) > O,

since a verifies (3) and

(1E1P2E —nlPn)(E—n) >0, V&meRY, &#n.
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Now, we prove that
Jan(x,2,8)7* < C(IE7" + M (),
where C > 0 and M € L'(Q).

We have
lap(x,2,E) |7+ < <|a(x,z, )+~ |§|p+ 1>
< 2P (]a(x 2 §)|p++ |§|p+ pi— 1)))
since | 1
5 (a+b)P < 5 (a”+07),

foralla,b > 0and p > 1.

Thus, we obtain

/ / 1
lan(x,2,&)[P+ < 2P HGE P + CIM(x) + — - [E[P
ne+

< (G + 127 (M) +[E]P) (12)
since a verifies (4) with C; >0 and p/, = p P T
-
Let us set
C=(Cp+1)2m+71,
we get

|an(x,2,8)7* < C(IE]7* + M ().

Finally, we prove that

an(2.8).£ 2 I

We have
1 —
an(x,2,8).& = a(x,z,’g’),§+z|§|17+ 2E &
1
— a(x,z,f)_§+£‘§|p+
1
=z é‘é |P+ 4+ —|&|P* (due to the fact that a verifies (5))
n
1
> _|E|P+.
> 2|
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Remark 3.2. p, > p_ implies that W= 1) (Q) c W—1(+)(Q) and as u €
w—L(-)'(Q); therefore, u € W= H(P+)'(Q).

From Lemma 3.1, the above Remark and thanks to [1]-Theorem 3.11, there
exists a weak solution u, of the problem (P,) in WOLP “(Q) in the sense

b(up) € L(Q) and b(uy) — divay(x, up, Vi) = pt is fulfilled in D'(Q). (13)
Now, we introduce the notion of weak solution of the problem (1).
Definition 3.3. Let u € W) (Q). A function u € E*\)(Q) with
7(.) = p(.,u(.)) is called weak solution of the problem (1), if b(u) € L' (Q) and

/b(u)(pdx—i—/a(x,u,Vu)V(pdx:/u(pdx, (14)
Ja Q Q

for all ¢ € E™)(Q)NL(Q).

Notice that the integrals are well defined. Indeed, as ¢ € E™)(Q)NL=(Q),
then, the first integral of the left hand-side and the right hand-side of (14) are
well defined. The second integral of the left hand-side is also well defined thanks
to (4).

We are going to prove that these approximated solutions u, of the problem (P,)
tend, as n goes to infinity, to a measurable function # which is a weak solution
of the problem (1). Now, we are going to prove the following existence result.

Theorem 3.4. Assume that (2)-(6) hold and u € W_l’(P—)/(Q). Then, there
exists at least one weak solution to the problem (1).

Proof of Theorem 3.4. The proof is divided into several assertions. These as-
sertions are based on the Young measure and nonlinear weak —* convergence
results (see [5, 10, 12]).

Assertion 1. The sequence (Vuy),en converges to a Young measure Vy(A) on
RY in the sense of the nonlinear weak-* convergence and

Vu= | Adv(A). (15)
RN

Proof. By using (5) with variable exponent p(x,u,(x)), the definition of a, and
(13), the sequence (u,),cN verifies

1 1 r
/b(un)undx—i——/ |Vun\l’(x7un(x))dx—|—f/ |Vun\p+dx§/uundx. (16)
o G Ja nJo o



12 S. OUARO - N. SAWADOGO

Applying Young’s inequality on the right hand side of (16), we get

[ rdx < [ ullulas
Q Q

< HNHW*LP—)/ )HunHWO]‘P’(Q)
1
_ [2C p_\ 7
— <p_> HNHWl(p)()(zCz) HM"HWOI"’*(Q)
120\ 7 |
= o\ / ——||un|”, . (17
< () ML, st el g 0D

Moreover, as p_ < m,(.), we have
/ |Vu|P-dx < meas(Q) +/ |V, | dx. (18)
Q Q

Furthermore, using (16), (17) and (18), we obtain

1 1
/b(un)undx + 7/ ]Vu,,\p(x’”"("))dx—kf/ Vi |P+dx
Q G Ja nJo

/

.
1 [(2C\ -

S /<> H H l(p )/
P—\ P-

meas ()

— [ |V, | Odx. 19
+ T +2C2/Q|u\ x (19)

We infer from the above inequality that

1 1
/b(u,,)u,,dx—i——/ \Vun|p(x’””(x))dx+f/ |Vu, |P+dx
Q 2G5 Ja nJjo

< Const (u,meas(Q) ,D—), (20)
where
120\ 5 Q)
2\ - meas
Const Q)p_)i=—|— —_—.
onst(meas(@).p-) = - (22)

Thus, we deduce from the inequality (20) that

/Q IV ity [P0 ) gy < €, @1

1
and —|Vu,|P+~2Vu, converges to 0 in L' (), as n tends to oo. Thus, using (18)
n

and (21) the sequence (uy)nen is uniformly bounded in WO1 P~ (Q). Then, up to
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a subsequence, u, converges a.e. on £ (and also weakly in Wo1 P=(Q)) to a limit
u; using the representation of weakly convergent sequences in L!() in terms
of Young measures (see Theorem 2.3 and formula (9)), we can write

Vu= | Advi(A).
RN
O

Assertion 2.
|A|®) is integrable with respect to the measure v, (A )dx on RN x Q. Moreover,
uc ETO(Q).

Proof. We know that 7, converges in measure to 7. Using Theorem 2.3 ii), iii),
(761, Vit ) nen converges on R x RV to the Young measure g, = Or(x) ® V. Thus,
we can apply the weak convergence properties (8) to the Carathéodory function

Fp: (x,h0,4) € Qx (R xRY) i |hn(A)]%,

with m € N, where h,, is defined in the preliminary. We have
/ ()P dve(A)dx = / I (A)[2d 1 (R, A)dlx
QxRN Qx (RxRN)

N /Q/RX[RNF’"(X’)LO’A')dux(AO,)L)dx

= lim [ F,(x,m,(x), Vu,(x))dx

n——+oo

Q
im [ A (Vi)™ dx
n—+oo JO

lim / Vi, | dx
n—+oo JO
< C}.

IN

Since h,,(A) — A, as m — o0 and m +— hy,(A) is increasing, then using Lebesgue
convergence Theorem, we deduce that

/ A Odv,(A)dx < Cs.
QxR

Hence, |4|™) is integrable with respect to the measure v, (A)dx on RN x Q.
Now, we prove that Vu € L*1)(Q). Using (15), Jensen inequality and the above
inequality, we get

/|Vu|”(')dx:/ ’/ Advi(A)
Q Q| JRN

Thus, Vu € L*)(Q). Moreover, u € Wol’p‘ (Q) C Wol’1 (Q).
Hence, u € E™)(Q). O

7()
dx < / IAFOdvy(A)dx < oo.
QxRN
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Assertion 3.
The sequence P, defined by @, := a(x,u,, Vu,) is equi-integrable on Q.

Proof. By using (4) with exponent 7,(.), we obtain

la(x, ut, Vit )| < C1 (| Vg0 + M(x)).

The above inequality give us

1

la(x,un, Vuy)] < C((1+|Vuy | )+M (x)) O
< C((1+M(x)H0 40
< c<1+M(x)+|vu,,y”n- .

For all set E C Q,
/ a(x, 1, Vi) |dx < C/(1+M(x))dx
E E

_|_

el 7o ()
L”n()(Q)

where C4 = const(p-_). The first term of the right hand side of the last inequality
is small for meas(E) small enough, since (1+ M) € L'(Q).
According to Proposition 2.2, we obtain

1L 1
Xl i@ < maxq pg oy (XE)™ 5 Pm, () (XE) -
(Q)

1

— max { (meas(E))7- , (meas(E)) 7 }

Analogously,

1 1

)+ -
, max{ (g (Ve =070) 7 (g (9 =07) )
L”n(~)(Q)
_1 _1
= max{ (/ |Vun|”"(‘)dx> o (/ |Vun\”"(')dx> m }
Q Q

Using (21), / la(x, un, Vuy)|dx is small for meas(E) small enough.
E

m(.)—1

-

IN

Hence, (®,),cn is equi-integrable. O
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Assertion 4.
The weak limit ® of &, (or a subsequence) belongs to L™ )(Q) and we have

®(x) — /R aleu(x). A)dvi(A). (22)

Proof. Set ®, = a(x,u(x),Vv,) with Vv, = Vu, xs,, where
Sa={x€Q, |n(x)—m(x)|<e}and0<e<l.

Firstly, we prove that ®, is equi-integrable on Q. We applied (4) with variable
exponent 77(.) on @, (x). Let E C , we have

/]a(xju(x),an)\dx < c/(1+M(x)+|vvny"<->*l)dx
E E

< C</(1—|—/\/l(x))dx+/ |Vun\”(')_ldx>.
E ENS,

The first term of the right hand side of the last inequality is small for meas(E)
small enough.
Forall x € S, m(x) < m,(x) + €, thus

/ IVunI”(')“dxé/ <1+|Vun|”n(-)+s—1>dx
ENS, E

and

() !

(%)
/ (Vunv”('”e_]) b= / Vit | < oo, (23)
Q Q

()
-

which is equivalent to saying |Vu,|™()*e-1 ¢ L( 8) (Q). By using Holder

type inequality, we get

/ Vi, |" Oy < / <1+|Vun|”"(')+8_1>dx§meas(E)
ENS, E

() +e—1

+ ZH‘VMH

w0 ) m) 24)
L (22) (Q)HXEHL( 2) Q)

I-¢ I-¢

According to Proposition 2.2,

1
p— P+
) < max{ (pm) (XE)) e, ( ﬂn()(%E)) - }
@ e o

— max { (meas(E)) 7, (meas(E)) 7 }

|| xell (mzm
L £

1—
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Applying (23) and Proposition 2.2, it follows that

"Vun|7r"(‘)+£1‘

L(T"—(g)/(sz)
is bounded.

Therefore, the right hand side of (24) is uniformly small for meas(E) small
enough.

Hence, ®, is equi-integrable (up to a subsequence) and weakly converges in
LY(Q) to ®, as n — oo,

Now, we prove that & = ®; more precisely, we show that ®, — ®,, strongly
converges in L' (Q) to 0.

From (21), / |Vuu,| ™) dx is uniformly bounded, which implies that / \Vu,|dx
Q Q
is finite, since

/yvun\dxg/(1+\vun,m<x))dx.
Q Q

By Chebyschev inequality, we have

Jo |Vun|dx

meas({|Vu,| > L}) < 7

Therefore, supmeas({|Vu,| > L}) tends to 0 for L large enough. Since &, — @,
neN
is equi-integrable, then for all B > 0, there exists 6 = §(f3) such that for all

A C Q, meas(A) < & and / |®, — P, |dx < ﬁ
A

Therefore, if we choose L large enough, we get 0, SO

meas({|Vu,| > L}) < 8. Hence,

Jo |Vuy,|dx
<K
L

/ |®, — @, |dx < E.
{|Vun|>L} 4

By lemma 2.7, we also have

meas<{x € Q; sup |a(x,u,(x),A) —a(x,u(x),A)| > G}) — 0,
AeK

as n — oo,

Thus, by the above equi-integrability, for all ¢ > 0, there exists ny = no(o,L) €

N such that for all n > ny,

B

|, — ®,|dx < T

[{xeg; suppy < a(eun (x).0) —a(xu(x).A) >0 }

Using the definition of ®,, and d,,, we have

D, — D, = a(x,u,(x),Vu,) —a(x,u(x),Vu,) on S,.
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Now, we reason on

SuLo = {x € Q; sup |a(x,uy(x),A) —a(x,u(x),A)| < o,|Vu,| < L}-
IAl<L

We get

| @-@uar < [ sup fatrn(6).2) ~ alxu(x),2) dx
SnAL (e Sn,L.O‘ ‘A|SL
< omeas(Q).

‘We observe that
/ |ci>n—c1>n\dx:/ |®, — D, |dx + |®, — D, |dx
Sn SnﬂS,, Lo Sn\Sn L.c

and

Su\Snrc C {x€Q; sup |a(x,u,(x),A) —a(x,u(x),A)| >0} U{|Vu,| > L}.
[A|<L

B

Consequently, by choosing 6 = o(f) < dmeas(Q)’ we get
= B B, B _3B

&, @ PPy P_-P

/s,,’” R R

for all n > ny(o,L).
By lemma 2.7, we also have meas({x € Q,|7(x) — m,(x)| > €}) — O for n large
enough; which means that meas(Q\ S,,) converges to 0 for n large enough. Thus,

/ \&n,,—cb,,ydx:/ @pldx < P
Q\S,, Q\S,, 4°

Therefore, for all B > 0, there exists no = no(f) such that for all n > ny,
/ |®, — ®,|dx < B. Hence, &, — @, strongly converges to 0 in L'(Q). We
Q

prove that
D(x) = /Na(x,u(x),l)dvx(/l) ae. x€Q and ® € L¥V(Q).
R
Notice that

lim/ |Vun|(1 = xs,)dx = lim |Vuy,|dx =0,

n—soo n—e JQ\S,
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since (Vup)nen is equi-integrable and meas(Q\ S,,) converges to 0 for n large
enough.
Therefore, (Vu,),cn and Vu, x5, converge to the same Young measure Vy(A).
Moreover, by applying Theorem 2.3-i) to the Carathéodory function
F(x,(A9,A)) :=a(x,Ap,A), we infer that
B(x) = (x) — / a(x,u(x), 1)dvi(A) ae. x€Q.

RN

Using (4), it follows that |a(x,u(x),A)|* ) < C(M(x) + |A|*)). Thus, with
Jensen Inequality, it follows that

/S;\qn(x)\”’wdx _ /Q /R aleu().2)dv,(A)
< /Q  Jateut) 207 Vav ) ax

C </\/l(x) + M”(')>dvx(l)dx < oo,

QxRN

()

IN

Hence, ® € L™ ()(Q). O
Assertion 5.

/ & Vudx > / a(x,u(x), 1) Adve(A)dx. 25)
Q QxRN

Proof. For all ¢ € D(Q), we have

/ [b(16)@ + (st Vi) V@ + ~ [Vt Vi,V ] dx = / woedx.  (26)
Q n Q

Letting n goes to oo in the above equality, we obtain

/ [b(u)p +DPVe|dx = / Uodx, 27
Q Q

where & is a weak limit of the sequence (a(x, u,, Vi) )nen given by (22). More-
over, b(u,) converges to b(u) in L!(Q), thanks to Lebesgue dominated conver-
gence Theorem. Since b(u,) converges to b(u) a.e in Q and (b(uy)),en is uni-
formly bounded in L*(Q), due to the fact that (u,),cn is uniformly bounded
in L*(Q) ((un)nen is uniformly bounded in WO1 P~ (Q) and WO1 P (Q) — L™ (Q)
forp_ >N ) By density argument, we can replace ¢ with u, in (26) to get

1
/[b(un)un+a(x,un,Vun)Vun+f\Vun|p+]dx:/uundx. (28)
Q n Q
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Further, u € Wol"p‘ (Q) c C*¥(Q) for p_ > N and p(.,.) is locally uniformly
log-Holder continuous, then p(.,u(.)) := m(.) verifies (10). Therefore, D(Q) is
dense in E*)(Q), so, we change ¢ by u in (27) to get

/Q [b(u)u+PVu|dx = /Q Judx. (29)

The sequence (b(uy,)un)nen is nonnegative and converges a.e. to b(u)u. By
Fatou’s Lemma, we obtain

liminf b (un undx>/b Judx. (30)
n—soo
Moreover, we have
lim/uundx:/ Uudx, 3D
n—e JQ Q

since u,, — u in WP (Q) and u € W-1(P-)(Q). Combinin (30) and (31), we
0 H g

get
liminf/ uundx—/ b(u)udeliminf(/ /.Lundx—/ b(un)undx>,
n—eo JO Q n—yeo Q Q

which is equivalent to say

1
/uudx—/b(u)udx > liminf</a(x,un,Vun)Vundx—i—/ ]Vun|p+dx>
Q Q Q nJo

n—oo

> liminf [ a(x,u,, Vu,)Vu,dx.
n—o  Jo

Hence, by using (28) and (29), we obtain
/ ®Vudx > liminf | a(x,u,, Vu,)Vu,dx. (32)
n—e JQ

By ([1], Lemma 2.1), m — a(x,u,,hy,(Vuy,)).hy(Vuy) is increasing and con-
verges to a(x, u,, Vu,).Vu, for m large enough; then,

a(x, up, My (Vuy)) .y (Vuy,) < alx,u,, Vuy,).Vuy,.

Therefore, by using (32) and Theorem 2.3, we have

/CIJ.Vudx > liminf [ a(x,u,,Vu,).Vu,dx
Q

n—yoo Q

> lim [ a(x,up, hy(Vuy)).hy(Vuy,)dx

n—roo Q
= | el h(dv(d)dx 33)
QxRN

Using Lebesgue convergence Theorem in (33), as m goes to oo, we get (25). [
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Assertion 6. The “div-curl” inequality holds.
/ , (a(x,u(x),A) — a(x,u(x), Vu(x)) (A — Vu(x))dve(A)dx < 0.
QxR

Proof. We have

/QXRN(a(x, u(x),A) —a(x,u(x), Vu(x))).(A — Vu(x))dve(A)dx

N /MN A)-Adve(A)dx /MNa<x,u<x>,k>-w<x>dvx<x>dx
- /MN Vi) Adv (At | alou(), Vuo)- Vu()dvi(d)ds
= /Q A)Advi(A)dx /Q</RN“(xa”(x)a7L)de@)>Vu(x)dx

_ /Qa u(x)). </ va>dx+/a(x,u(x),vu(x)).vu(x)</RNdvx>dx

:/ a(x,u(x),A).Advy(A)dx — /<I>Vudx<0
QxRN

We pass from the first equality to the second equality by using Fubini Theorem
and from the second equality to the third one, by using (15) and the fact that
V, is a probability measure on RY. Finally, (22) and (25) give us the desired
inequality. O

Assertion 7.
®(x) = a(x,u(x),Vu(x)) a.e. x € Q and Vu, converges to Vu in measure on Q.

Proof. From Assertion 6 and relation (3), we deduce that
(a(x,u(x),A) —a(x,u(x),Vu(x))).(A = Vu(x)) =0 ae. x€Q, Ac RY.

Thus, A = Vu(x) a.e. x € Q wrt v, on RY; therefore v, (Vu(x)) = 1 and dy, = V,.
By using (22), we get

d(x) = /Na(x,u(x),l)dvx(l) =a(x,u(x),Vu(x)) ae. x€Q.
R
Thus, Theorem 2.3-ii) shows that Vu,, converges in measure to Vu. L]

Lemma 3.5. u is a weak solution of the problem (1).

Proof. Using Assertion 4, Assertion 7 and thanks to the density argument, D ()
into the space E™()(Q), we can take @ in E™()(Q) as a test function in (27) to
get

/Q[b(u)(p—i—a(x,u,Vu)V(p]dx:/Qu(pdx_
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Moreover, b(u) € L' (Q), since b(u,) converges to b(u) in L' (Q). Hence, u is a
weak solution of the problem (1). O

O

In order to prove the uniqueness result, we make the following hypotheses
on the function a, namely the local Lipschitz continuity with respect to z.
For all bounded subset K of R x RY, there exists a constant C(K) such that

ae xe€Q, forall (z,1),(z,n) €K,
|a(va>Tl)_a(vaa77)| SC(K)|Z_Z| (34)

Remark 3.6. Let u be a weak solution of the problem (1), then u € C(Q), since
ue Wo1 P~(Q) and p_ > N. Moreover, if u is a lipschitz continuous weak so-
lution, then u € W!'=(Q). Indeed, Q is open bounded domain with smooth
boundary 9Q, so, the space of lipschitz functions C%!(Q) and W'=(Q) are
homeomorphic and they can be identified.

Theorem 3.7. (”weak-strong uniqueness”)

Assume (2)-(5), with M in (4) constant, (6) and (34). Moreover, assume that
ue W_l’(”*Y(Q) is such that there exists a weak solution u with the W' reg-
ularity. Then any other weak solution of (1) coincides with u.

Remark 3.8. In the proof of the Theorem 3.7, the relation (34) is used to obtain
the inequality (38) below.

Proof. The existence has already been proved. Now, we show the uniqueness.
For more details, see [2]-Proof of Theorem 2.8.

Let u be a Lipschitz continuous weak solution of the problem (1) and v be an
other weak solution of (1).

1
Let ¢ := —T;(u—v), then ¢ is an admissible test function in the weak formula-
tions for both u and v. Indeed, since u is bounded

1 1
%Tk(u—V) = %Tk(“ — Tt uf 1 (V)

then by using Lemma 2.5 and the fact that u € W'=(Q) C EPLY)(Q), ¢ €
Er0)(Q) A 1=(Q).

Moreover, from assumption (4) of Theorem 3.7 and the fact that |Vu| € L*(Q),
it follows that

|a(x,u, V)| < C(1+ |VuPHO)) € L2(Q).

Therefore, ¢ is admissible as a test function in the weak formulation for u.
Obviously, ¢ is also an admissible test function in the weak formulation for v,
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since ¢ € EPCYO)(Q)NL(Q).
Thus, with this test function, we have

1
/b —Ti(u—v)dx+ - / a(x,u,Vu). V(”*V)%[o<|u—v\<k}d16=/u%Tk(ufv)dx
Q
(35)

1
/b —Ti(u—v)dx+ — / a(x,v,Vv).V(u —v)x[o<|u_v‘<k]dx:/u;Tk(u—v)dx.
Q
(36)

We substract (35) and (36) to get

/Q(b(u)—b(v))llch(u—v)dx + ]16/9(a(x,u,Vu)—a(x,v,Vv)).V(u—v)x[0<|uv|<k}dx

- 0. (37

Let’s denote by [ the second term of left hand side of (37). We know that

(a(x,u,Vu) —a(x,v,Vv))V(u—v) = (a(x,u,Vu)—a(x,v,Vu))V(u—v)
+ (a(x,v,Vu)—a(x,v,Vv))V(u—v).
>0
We have

1
I:Ik—i_/Q (G(X,V,VM) —G(X,V, Vv))%v(u_V)X[0<|u7v‘<k]d-x7

where
1
I = ‘/Q (a(x, u, Vu) - a(x,v, Vu)) %V(u - V)X[O<\u—v|<k]dx'

Let’s show that I; — 0 as k — 0. Since u is bounded, then v is also bounded on
the set [0 < |u—v| < k]. Thus,

1
L < - la(x,u, Vu) —a(x,v,Vu)||Vu — Vv|dx

k J{o<u—v|<k]
1 .

< . C(lll (@ [Vl [ =] Vi Vlds (by using (34)

[0<|u—v|<Kk]
< c(|\u||mg),||vuy|Lm(Q))/ Vi—Vvldx—0, ask—0. (38
[0<|u—v|<Kk]
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Note that lim;_omeas([0 < |u—v| < k]) =0 and |Vu — Vv| € L'(Q).
For the first term of the left hand side of (37), one has

lim (b(u)—b(v))%Tk(u—v)dx = /b(u)—b( ))signo(u—v)dx

k—0.JQ
= / |b(u) — b(v)|dx. (39)

Finally, one makes k goes to 0 in (37) and taking into account inequalities (38)
and (39), we get

/]b (v)ldx + hm/ a(x,v,Vu) — (x,v,Vv))%V(u—v)x[0<‘u,v|<k]dx:0.
(40)

Since all the terms of equality (40) are nonnegative, we deduce that

/ 1b(u) — b(v)|dx = 0.

b(u)=b(v) ae.on Q.

Thus, u =v a.e. on €, since b is assume strictly increasing. O

Hence,

4. Continuous dependence of the weak solution

Let (i, )nen be a sequence of W—1(7-)'(Q) such that u, — p in W=10-)(Q).
Now, we are interested to the stability result of weak solutions to the problem

b(uy) — diva, (x,un, Vu,) = tt, in = Q

(Pu,)
u, =0 on JQ.

(an)nen is a sequence of diffusion flux function such that a,(x,z, §) satisfies
(2)-(5) with variable exponent p, : Q xR — [p_, p1| and (M) nen
equi-integrable on Q. In the sequel, we make the log-Holder continuous and
convergence hypothesis.

Pn:QxR—[p_,py],with p_ >N and VM >0, @1
Py is log-Holder continuous in (x,z) uniformly on Q x [—M,M].
For all bounded subset K of R xRV,
. (42)
SUp(, ¢)ek lan(-12,6) —al(.,z,§)| — 0 in measure on Q.
For all bounded subset K of R,
: (43)
sup.cx |Pn(.,2) — p(.,2)| converges to zero in measure on .

The following structural stability result holds for weak solutions.
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Theorem 4.1. Let u, be a weak solution of (P,,). Assume that (2)-(6) hold.
Assume also that (an)nen is a sequence of diffusion flux functions of the form
an(x,z,&) such that (2)-(5) hold with p,(x,z), C independent of n with a se-
quence (My),en equi-integrable on Q. Furthermore, let us consider the as-
sumptions (41)-(43).

Then, there exists a measurable function u on Q such that u, and Vu, (up to
extraction of subsequences still denoted (up)nen and (Vuy,)uen) converge to u
and Vu, respectively, a.e. in Q, as n — oo. The function u is a weak solution of
the problem (1) associated to the diffusion flux a(.,.,.) and the measure |L.

The proof is organized in several steps and we reason up to an extracted
subsequence of (u,)nen still denoted (uy, ) en.

Step 1. The sequence (Vu,),cn converges to a Young measure Vi (A) on RY
in the sense of the nonlinear weak-* convergence and

Vi = / Advi(L). (44)
]RN

Proof. As (lip)nen is weakly converges to i in W= 1) (Q), it is uniformly
bounded in W—1(7-)"(Q).

Moreover, using (5) with variable exponent p,(.,u,(.)) on a,(x,u,, Vu,) and
the reasoning that lead to (20) in the proof of Assertion 1, the sequence (u,)nen
satisfies the following estimation.

1
/ b(up)updx + — ]Vun\p”("”"(‘))dx <C,
Q 2C; Ja

with C that depends on u, meas(Q) and p_ but not on n. From the above
inequality, we deduce that

/ |Vt |40 dx < Const (u, 9, p-). (45)
Q

Thus, using (18) with m,(.) replaced by p,(.,u,(.)) and (45), the sequence
(t4y)nen is uniformly bounded in WO1 P=(Q). Then, up to a subsequence, u,
converges a.e. in £ (and also weakly in WO1 P=(Q)) to a limit u; using the repre-
sentation of weakly convergent sequences in L' (Q) in terms of Young measures
(see Theorem 2.3 and formula (9)), we can write

Vi = / Adve(A)
RN
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Step 2.
|A|*) is integrable with respect to the measure v, (A )dx on RN x Q. Moreover,
uc ETO(Q).

Proof. | pn(x,un(x)) — p(x,u(x))| < [pn(x, un(x)) = p(x, un (x)) | + [ p(x, un (x)) —
p(x,u(x))|. According to a.e. convergence of u, to u, assumption (43) and the
Lusin Theorem applied to the map

p:Qw—p(x,.) € C(R),

we deduce that p,(.,u,(.)) = p(.,u(.)) = m(.) in measure on Q. Now, using
Theorem 2.3-ii), iii) (pn(.,un(.)), Vity )nen converges on R x RY to Young mea-
sure [y = Oz (x) ® Vy.
Thus, we can apply the weak convergence properties (8) to the Carathéodory
function

Fp:(x,A0,4) € Qx (R xRY) i |[hn(1)]%,

with m € N, where £, is defined in the preliminary. We have

| @ FOavds = [ () du (R0, 2)dx
QxRN Qx(RxRN)

_ /Q/RXRNFm(x,ZO,K)de(AOaA)dX

= lm [ Fu(x,pu(x,un), Vuu(x))dx

n—+-oo

Q
= lim / ‘hm(Vun)’pn(x’Hn)dx
Q

n—yoo

IN

lim / |V 1ty [P0 g
Q

n—yoo

< Const(u,Q,p_).

Since Ay, (A) — A, as m — o0 and m +— hy,,(A) is increasing, then using Lebesgue
convergence Theorem, we deduce that

/ A dvy(A)dx < Const(11,Q.p-).
QxR

Hence, |4|™) is integrable with respect to the measure v, (A)dx on RY x Q.
Now, we prove that Vi € L*)(Q). Using (44), Jensen inequality and the above
inequality, we get

/|Vu]”(')dx:/ ’/ Adv,(L)
Q Q| JRN

Thus, Vu € L*)(Q). Moreover, u € Wol’p‘ (Q) C Wol’1 (Q).
Hence, u € E™)(Q). O

7(0)
dx < / AP0 dv,(A)dx < oo.
QxRN
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Step 3.
(a) The sequence (A, ),cn defined by A, (x) := an(x, un(x), Vi, (x)) is

equi-integrable on Q.
(b) The weak limit A of (4,) belongs to L* () (Q) and one has

A(x) = /R aleu(@).2)dv(A) ae xeQ. (46)

Proof. (a) Using (5), we have
|an(x, vaun”p;,(‘,un(.)) < C(Mn + |V”n‘pn(.7un(‘))) :

The sequence (|Vun\p”("”"(')))n€N being bounded in L' (Q) and M,, is also equi-
integrable on Q, hence (|, (x, uy, Vuy) |1”/n("“"(')))nEN is equi-integrable.
Otherwise, as p/,(.,u,(.)) > 1, we have

|t (X, t, Vit )| < 14 |t (x, 14, Viay) ) [P0,
Thus, for all subset £ C 2, we have
/E |an (x,up, Vuy)|dx < meas(E) —1—/E | (x, uy, Vun)\p:l("”"(‘))dx.

Thus, for meas(E) small enough, we deduce that (A,),cn is equi-integrable.
(b) Set Vv, := Vu, xs and consider auxiliary functions A= a(x,u,Vvy), where
Spi={xeQ, |pxu(x))—palx,u,(x))| <€}, with 0<e<1.

Let us prove that for all o > 0,

meas({x € Q,sup |a,(x,un,A) —a(x,u,A)| > c}) =0, as n— oo,
Aek

where K is a bounded subset of RY. We know that
lan (x,up, A) —a(x,u,A)| < l|ay(x,un,A) —a(x,u,, A)|+ |a(x,uy, A) —a(x,u,A)|.
Thus, it follows from Lemma 2.7 and (42),

sup |an(x,up,A) —a(x,u,A)| — 0 in measure, as n — co.
A€k

Now, using the same argument as in the proof of Assertion 4 to A, and A,, instead
of @, and &, we get the wished result. ]
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Step 4.

(@)
/A.Vudxz/a(x,u(x),/l).kdvx(l).
Q Q

(b) The “div-curl” inequality holds.
/ (ax,u(x),A) —a(x,u(x),Vu(x))) (A — Vu(x))dvi(A)dx < 0.  (47)
QxRN

(©
A(x) = a(x,u(x),Vu(x)) forae. xeQ,

and Vu, converges to Vu in measure on £, as n — oo.

Proof. We only give the proof of (a). The proofs of (b) and (c) are exactly the
same as the proofs of Assertion 6 and Assertion 7.

(a) Let ¢ € D(Q) (For more details, see the proof of Lemma 4.2). For n large

enough, @ is an admissible test function in the weak formulation of u, and we
have

/b(un)(pdx—i—/an(x,un,Vun).V(pdx:/un(pdx. (48)
Q Q Q

We can pass to the limit as n goes to o to get

/Q b(u)pdx+ /Q ANV Qdx = /Q L dx. (49)

By density argument, we can replace ¢ with u, in (48) to get
/ b(un)undx—l—/ an(x, Uy, V). Vu,dx = / Untndx. (50)
Q Q Q

Since D(Q) is dense in E™)(Q), so we replace ¢ by u in (49) and we have

/b(u)udx—l—/A.Vudx:/,uudx. (51)
Q Q Q
By Fatou’s Lemma, we deduce

11nl>1nf b(u, undx>/b Judx. (52)

Moreover,
lim unundxf/uudx. (53)

n—soo
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Indeed, the sequence (i, )qen converges to tu a.e. in Q. Now, we prove that
(Lnttn)nen is equi-integrable. Since w, — p in WP (Q), then (i, )nen is
uniformly bounded in W~"-(P-)'(Q). Let E be a subset of Q, we have

[lwdx = [ allunzelax
E Q

HHHHW*L(P—)/(Q) ||”n7CE ||W0I>p_ )

N
C</E|Vun| dx) . (54)

As (Vuy)pen is uniformly bounded in LP-(Q), then (|Vu, |’ ) en is
equi-integrable in Q. Therefore, it follows from (54) that

IN

IN

lim | Wnttn|dx = 0.
meas(E)—0JE

Then, applying Vitali’s Theorem, we obtain (53).

Combining (52) and (53), we have

liminf /.Lnundx—/ b(u)udx>liminf</ /.Lnundx—/ b(un)undx>
Q Q Q Q

n—yoo n—yoo

which is equivalent to say

/,uudx—/b(u)udx > liminf [ a,(x,u,, Vu,)Vuydx.
Q Q

n—eo  Jo

Hence, by using (50) and (51) we obtain

/A.Vudeliminf an (X, ty, Vity ) Vuydx. (55)
Q

n—e  Jo

By [1]-Lemma 2.1, m — a,(x,u,, hyy(Vuy,)).hy(Vu,) is increasing and con-
verges to ay(x,uy, Vu,).Vu, for m large enough. Then,

n (X, Uy Py (Vity)) oy (V) < ay (X, 0, V). Vuy,.

Therefore, by using (55) and Theorem 2.3, we have

/A.Vudx > liminf | a,(x,u,, Vu,)Vu, Vu,dx
Q

> lim [ a,(x,up, hy(Vuy)).ln(Vuy,)dx

n—e JQ

_ / a(x,tt, B (1)) S (R)d Vi (A )dx. (56)
QxRN

Using Lebesgue convergence Theorem in (56), as m goes to oo, we get (a). [
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Lemma 4.2. u is a weak solution of the problem (1).

Proof. Let u, be a weak solution of the problem (P, ). Due to (45)

ty € Wy P10 (Q) s WP (Q) < CO%(Q) for p_ > N and using (41), D(Q)
is dense in EP"('>“"('))(Q). Therefore, for n large enough , we can choose ¢ in
D(Q) as a test function in the weak formulation of the problem (P, ). Thus, we
have

/b(un)(pdx+/an(x,un,Vun)V(pdx:/,un(pdx. (57)
Q Q Q

(t4y )nen+ is uniformly bounded in the space Wol P~ (Q), so, uniformly bounded
in L= (Q), thanks to embedding result.

Thus, as b(.) is continuous, then (b(uy))nen- is bounded in L= (Q) and b(u,)
converges a.e. in  to b(u). Therefore, (b(u,))nen converges to b(u) in L' (Q),
as n tends to oo, thanks to Lebesgue dominated convergence Theorem. Hence

11_I>n b(uy, (pdx—/b u)@dx. (58)
‘We also have
lgn Hnpdx = / Uodx, (59)

since g1, — p in W=H(-)'(Q), as n tends to o and @ € L*(Q). Now, we are
interested to the second term of the left-hand side of (57). We prove that
an(x,uy, Vuy,). V@ is equi-integrable. Let E be a subset of Q, by using Young’s
inequality, we have

IN

/Ean(x, un, Vuy,).Vodx /E|an(x,un,Vu,,)HVq0|dx

1 ,
———a,(x,u,, Vu, Pul-tn(-)) g
T ot V)

1
_'_ /7 V Pn(‘:un(~))dx
o P n<>>’ 4

IN

< c/ X) + | Vit [Pl dx+/w<pypn ) g

e o (T

+ / ’V(P|nn()dx+/ ’V(P|Pn(”n<))dx
En{|Ve|<1} En{|Ve|>1}

< C/ x)+ |Vuy, \”” (- )dx

+ meas(E) —i—/ |Vo|P+dx. (60)
E
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Due to (45) and the fact that (M,,),cn is equi-integrable,
(M + W”"’p”("u"(')))neN is equi-integrable. Moreover,
V¢ is bounded. Thus, we deduce from (60) that

Vol|P+ € L'(Q), since

lim an(x, uy, Vuy).Vodx = 0.
meas(E)—0JE

Furthermore, due to Step 3-b) and Step 4-c),
an(x,y, Vi) VO — a(x,u,Vu).Vo ae. in Q.

By applying Vitali’s Theorem, we obtain

lim [ a,(x,un,Vu,).Vodx = / a(x,u,Vu).Vodx. (61)
n—-+oo JO Q

Finally, using (58), (59) and (61), we get the weak formulation (14) for u with

all test function in D(Q). Moreover, u € E*\)(Q), thanks to Step 2. Further,

b(u) € L1(Q), since (b(uy))nen strongly converges to b(u) in L' (Q). O

Remark 4.3. Under the assumptions (34) and (6), the whole sequence (u,)nen
converges to u a.e. on Q and the whole sequence (Vuy,),cn converges to Vu a.e.
on Q, as n—» oo,

Indeed, by Step 1, we deduce that (u,),en converges to u a.e. on Q, up to a
subsequence. From Step 4-¢), (Vu,),cn converges to Vu a.e. on Q, up to a
subsequence.

Now, by Lemma 4.2 and the uniqueness of the weak solution of the problem(1)
according to in Theorem 3.7, we conclude that all convergent subsequences of
(t4n)nen and (Vuy),en converge to the same limits u and Vu respectively.
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