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Abstract: This study examines the stagnation point flow over a stretch-
ing/shrinking sheet in a hybrid nanofluid with homogeneous-heterogeneous
reactions. The hybrid nanofluid consists of copper (Cu) and alumina (Al2O3)
nanoparticles which are added into water to form Cu-Al2O3/water hybrid
nanofluid. The similarity equations are obtained using a similarity trans-
formation. Then, the function bvp4c in MATLAB is utilised to obtain the
numerical results. The dual solutions are found for limited values of the
stretching/shrinking parameter. Also, the turning point arises in the shrinking
region (λ < 0). Besides, the presence of hybrid nanoparticles enhances the
heat transfer rate, skin friction coefficient, and the concentration gradient.
In addition, the concentration gradient is intensified with the heterogeneous
reaction but the effect is opposite for the homogeneous reaction. Furthermore,
the velocity and the concentration increase, whereas the temperature decreases
for higher compositions of hybrid nanoparticles. Moreover, the concentration
decreases for larger values of homogeneous and heterogeneous reactions. It is
consistent with the fact that higher reaction rate cause a reduction in the rate of
diffusion. However, the velocity and the temperature are not affected by these
parameters. From these observations, it can be concluded that the effect of the
homogeneous and heterogeneous reactions is dominant on the concentration
profiles. Two solutions are obtained for a single value of parameter. The
temporal stability analysis shows that only one of these solutions is stable and
thus physically reliable over time.

Keywords: Homogeneous-heterogeneous reactions; stagnation point; hybrid
nanofluid; shrinking sheet; dual solutions; stability analysis

1 Introduction

Boundary layer flow produced by the stretching or shrinking surface was introduced by
researchers many years ago. The pioneered work of the problems can be found in the literature
[1–4]. On the other hand, Hiemenz [5] was the first researcher to consider the boundary layer
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flow of a stagnation point over a rigid surface. Then, Homann [6] extended the problem to the
axisymmetric flow, while Wang [7] considered the flow on a shrinking sheet. Furthermore, homoge-
neous (bulk) and heterogeneous (surface) reactions on the stagnation point flow were examined by
Chaudhary and Merkin [8,9]. A simple of these reactions with equal and different diffusivities for
autocatalyst and reactant was introduced in their studies. Then, Merkin [10] extended the problem
to the Blasius flow. The homogeneous and heterogeneous reactions have significant applications in
the biochemical, catalysis, and combustion systems. Inspired by these studies, Khan and Pop [11]
examined these effects on the flow towards a permeable surface. They noticed that dual solutions
exist in the injection region but a unique solution is observed in the suction region. Besides,
Kameswaran et al. [12] studied a similar problem by considering the magnetic field effects. They
discovered that the skin friction coefficient and the concentration gradient increased with increas-
ing of the magnetic parameter. Apart from that, several studies [13–15] involving homogeneous
and heterogeneous reactions have been reported in the literature.

In 1995, Choi and Eastman [16] introduced nanofluid, which is a mixture of the base fluid
and a single type of nanoparticles, to enhance the thermal conductivity. Some works on such
fluids can be found in [17–23]. Recently, some studies found that advanced nanofluid which
consists of another type of nanoparticles and the regular nanofluid could improve its thermal
properties, and this mixture is termed as ‘hybrid nanofluid’. The prior experimental works using
the hybrid nanoparticles have been done by several researchers [24–26]. Besides, the numerical
studies on the flow of hybrid nanofluids were studied by Takabi and Salehi [27]. Moreover,
the dual solutions of the hybrid nanofluid flow were examined by Waini et al. [28–30]. Other
physical aspects were considered by several authors [31–38]. Also, the review papers can be found
in [39–44].

Motivated by the above mentioned studies, this paper considers the homogeneous-
heterogeneous reactions on hybrid nanofluid flow with Al2O3-Cu hybrid nanoparticles. Different
from the work reported by Ramesh et al. [33], the present study considers the stagnation point
flow towards a stretching/shrinking sheet. Most importantly, in this study, two solutions are
discovered for a single value of parameter, and the stability of these solutions over time is tested.

2 Mathematical Model

The stagnation point flow triggered by a stretching/shrinking sheet in Al2O3-Cu/water hybrid
nanofluid is considered. In Fig. 1, the free stream and the surface velocities are given as ue(x)= cx
and uw(x) = dx, respectively, with c > 0, whereas d < 0 and d > 0 indicate the shrinking and
stretching sheets, respectively, and d = 0 indicates the static sheet. Meanwhile, the ambient and
the surface temperatures are given by T∞ and Tw, respectively, and both are constants. The
homogeneous-heterogeneous reactions are also taking into consideration.

Following Chaudhary and Merkin [8] and Merkin [10], a simple homogeneous reaction and
the first order of heterogeneous reaction can respectively be written as

A+ 2B→ 3B, rates= k1ab
2 (1)

A→B, rates= ksa (2)
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where these processes are assumed to be isothermal. Here, a and b are the chemical concentrations
for species A and B, respectively, with the rate constants k1 and ks. Thus, the equations that
govern the hybrid nanofluid flow are [8,33]:

∂u
∂x

+ ∂v
∂y

= 0 (3)

u
∂u
∂x

+ v
∂u
∂y

= ue
due
dx

+ μhnf

ρhnf

∂2u
∂y2

(4)

u
∂T
∂x

+ v
∂T
∂y

= khnf(
ρCp

)
hnf

∂2T
∂y2

(5)

u
∂a
∂x

+ v
∂a
∂y

=DA
∂2a
∂y2

− k1ab
2 (6)

u
∂b
∂x

+ v
∂b
∂y

=DB
∂2b
∂y2

+ k1ab
2 (7)

subject to:

v= 0,u= uw (x) ,T =Tw,DA
∂a
∂y

= ksa,DB
∂b
∂y

=−ksa at y= 0

u→ ue (x) ,T→T∞,a→ a0,b→ 0 as y→∞ (8)

where the coordinates (x,y) with corresponding velocities (u, v) are measured along the x- and
y-axes, and T represents the temperature. Besides, DA and DB are the corresponding diffusion
coefficients of species A and B, and a0> 0. Further, the thermophysical properties can be referred
to in Tabs. 1 and 2. Note that ϕ1 (Al2O3) and ϕ2 (Cu) are the nanoparticles volume fractions
where ϕhnf = ϕ1 + ϕ2, and the subscripts n1 and n2 correspond to their solid components, while
the subscripts hnf and f signify the hybrid nanofluid and the base fluid, respectively.

Figure 1: Flow configuration model

To obtain similarity solution, the following variables are employed [33]:

ψ =√
cνf xf (η) ,η= y

√
c/νf , θ (η)= (T −T∞) / (Tw−T∞) ,

a= a0g(η),b= a0h(η) (9)
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where ψ is the stream function defined as u= ∂ψ/∂y and v=−∂ψ/∂x. Then one obtains

u= cxf ′ (η) , v=−√
cνf f (η). (10)

It is noted that the continuity Eq. (3) is identically satisfied.

Table 1: Thermophysical properties of nanoparticles and water [19]

Properties Base fluid Nanoparticles

water Cu Al2O3
ρ

(
kg/m3) 997.1 8933 3970

Cp (J/kgK) 4179 385 765
k (W/mK) 0.613 400 40
Prandtl number, Pr 6.2

Table 2: Thermophysical properties of hybrid nanofluid [27]

Properties Correlations

Thermal conductivity
khnf
kf

=
ϕ1kn1 +ϕ2kn2

ϕhnf
+ 2kf + 2(ϕ1kn1 +ϕ2kn2)− 2ϕhnf kf

ϕ1kn1+ϕ2kn2
ϕhnf

+ 2kf − (ϕ1kn1 +ϕ2kn2)+ϕhnf kf
Heat capacity

(
ρCp

)
hnf =

(
1−ϕhnf

) (
ρCp

)
f +ϕ1

(
ρCp

)
n1+ϕ2

(
ρCp

)
n2

Density ρhnf =
(
1−ϕhnf

)
ρf +ϕ1ρn1+ϕ2ρn2

Dynamic viscosity μhnf =
μf(

1−ϕhnf
)2.5

Now, Eqs. (4) to (7) respectively reduce to:

μhnf /μf

ρhnf /ρf
f ′′′ + ff ′′ − f ′2 + 1= 0 (11)

1
Pr

khnf /kf(
ρCp

)
hnf /

(
ρCp

)
f

θ ′′ + f θ ′ = 0 (12)

1
Sc
g′′ + fg′ −Kgh2 = 0 (13)

δ

Sc
h′′ + fh′ +Kgh2 = 0 (14)

subject to:

f (0)= 0, f ′ (0)= λ, θ (0)= 1,g′(0)=Ksg(0),δh′(0)=Ksg(0),

f ′ (η)→ 1, θ (η)→ 0,g (η)→ 1,h (η)→ 0as η→∞, (15)
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where primes denote the differentiation with respect to η. The physical parameters appear in
Eqs. (12) to (15) are the Prandtl number Pr, the Schmidt number Sc, the ratio of the diffusion
coefficients δ, the strength of the homogeneous K and the heterogeneous Ks reactions, and the
stretching/shrinking parameter λ, and they are given as:

Pr= (μCp)f
kf

, Sc= νf

DA
,δ= DB

DA
,K = k1a20

c
,Ks= ks

DA
√
c/νf

,λ= d
c

(16)

Note that, λ< 0 and λ> 0 are for the shrinking and stretching sheets, respectively, while λ= 0
designates the static sheet. As discussed by Chaudhary and Merkin [8], both diffusion coefficients
(DA and DB) are of comparable sizes, thus, these coefficients are assumed to be equal by taking
δ= 1. Hence, one gets:

g (η)+ h (η)= 1. (17)

Using Eq. (17), Eqs. (13) and (14) become:

1
Sc
g′′ + fg′ −Kg(1− g)2 = 0 (18)

subject to:

g′(0)=Ksg(0),g (η)→ 1as η→∞ (19)

The skin friction coefficient Cf and the local Nusselt number Nux are defined as:

Cf =
μhnf

ρf u2e

(
∂u
∂y

)
y=0

,Nux =− xkhnf
kf (Tw−T∞)

(
∂T
∂y

)
y=0

. (20)

Using the similarity variables (9), one obtains

Re1/2x Cf =
μhnf

μf
f ′′ (0) ,Re−1/2

x Nux =−khnf
kf

θ ′(0) (21)

where Rex= uex/νf is the local Reynolds number.

3 Temporal Stability Analysis

The stability of the dual solutions over time is studied. This analysis was first introduced
by Merkin [45] and then followed by Weidman et al. [46]. Firstly, consider the new variables as
follows:

ψ =√
cνf xf (η, τ ),η= y

√
c/νf , θ (η, τ )= (T −T∞) / (Tw−T∞) ,

a= a0g(η, τ ),b= a0h(η, τ ), τ = ct (22)

Now, consider the unsteady form of Eqs. (4) to (7) while Eq. (3) remains unchanged. On
using (22), one obtains:

μhnf /μf

ρhnf /ρf

∂3f
∂η3

+ f
∂2f
∂η2

−
(
∂f
∂η

)2

+ 1− ∂2f
∂η∂τ

= 0 (23)
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1
Pr

khnf /kf(
ρCp

)
hnf /

(
ρCp

)
f

∂2θ

∂η2
+ f

∂θ

∂η
− ∂θ

∂τ
= 0 (24)

1
Sc
∂2g
∂η2

+ f
∂g
∂η

−Kg(1− g)2− ∂g
∂τ

= 0 (25)

subject to:

f (0, τ )= 0, f ′ (0, τ )= λ, θ (0, τ )= 1, g′(0, τ )=Ksg(0, τ ),

f ′(η, τ )→ 1, θ (η, τ )→ 0,g (η, τ )→ 1as η→∞ (26)

Then, the disturbance is applied to the steady solutions f = f0(η), θ = θ0(η), and g= g0(η) of
Eqs. (11), (12) and (18) by employing the following relations [46]:

f (η, τ )= f0 (η)+ e−γ τF (η) , θ (η, τ )= θ0 (η)+ e−γ τH (η) ,

g (η, τ )= g0 (η)+ e−γ τG(η) (27)

Table 3: Values of g(0) for various values of K and Ks when φhnf = 0 (regular fluid), Sc = 1,
and λ= 0 (static sheet)

K Ks Khan et al. [11] Present results

1 1 0.28943 0.28943
2 0.19441 0.19441
2 0.5 0.29594 0.29594

1.5 0.14862 0.14862

Table 4: Values of Re1/2x Cf and Re−1/2
x Nux for different values of λ and ϕ2 when Pr = 6.2 and

ϕ1 = 0 (Cu/water)

λ ϕ2 Re1/2x Cf Re−1/2
x Nux

Waini et al. [47] Present results Waini et al. [47] Present results

−0.5 0.01 1.573697 1.573697 0.589813 0.589813
0.05 1.885501 1.885501 0.706314 0.706314

0 0.01 1.296890 1.296890 1.157073 1.157073
0.05 1.553850 1.553850 1.269379 1.269379

0.5 0.01 0.750507 0.750507 1.623251 1.623251
0.05 0.899208 0.899208 1.733859 1.733859
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The sign (positive or negative) of the eigenvalue γ determines the stability of the solutions.
Also, F(η), H(η), and G(η) are relatively small compared to f0(η), θ0(η), and g0(η). On using
Eq. (27), and after linearization, Eqs. (23) to (25) become:

μhnf /μf

ρhnf /ρf
F ′′′ + f0F

′′ + f
′′
0 F − 2f ′0F

′ + γF ′ = 0 (28)

1
Pr

khnf /kf(
ρCp

)
hnf /(ρCp)f

H ′′ + f0H
′ + θ ′0F + γH = 0 (29)

1
Sc
G′′ + f0G

′ + g′0F −K(1− 4g0 + 3g20)G+ γG= 0 (30)

subject to:

F (0)= 0,F ′ (0)= 0,H (0)= 0,G′(0)=KsG(0)

F ′ (η)→ 0,H(η)→ 0,G (η)→ 0as η→∞ (31)

The quantity F ′′(0) is fixed in order to obtain γ in Eqs. (28) to (30). Without loss of
generality we take F ′′(0)= 1, see also [48].

Table 5: Values of Re1/2x Cf , Re
−1/2
x Nux, and g′(0) for Al2O3-Cu/water with various values of

parameters when Sc= 1 and Pr= 6.2

ϕhnf λ K Ks Re1/2x Cf Re−1/2
x Nux g′ (0)

2% −0.5 0.5 0.5 1.615654 0.607400 0.200355
4% 1.737660 0.654801 0.202196
6% 1.862345 0.700900 0.203617
2% 0 1.331467 1.177985 0.249763

0.5 0.770516 1.647126 0.279201
1.5 −0.944049 2.384510 0.314261
−0.5 1 1.615654 0.607400 0.157882

1.5 1.615654 0.607400 0.109724
2 1.615654 0.607400 0.071371
0.5 1 1.615654 0.607400 0.252755

1.5 1.615654 0.607400 0.279579
2 1.615654 0.607400 0.296212

4 Results and Discussion

By utilising the package bvp4c in MATLAB software, Eqs. (11), (12), and (18) subjected
to Eqs. (15) and (19) are solved numerically. In particular, bvp4c is a finite-difference code that
implements the three-stage Lobatto IIIa formula [49]. This is a collocation formula that provides
a continuous solution with fourth-order accuracy. Mesh selection and error control are based on
the residual of the continuous solution. The effectiveness of this solver ultimately counts on our
ability to provide the algorithm with an initial guess for the solution. Because the present problem
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may have multiple (dual) solutions, the bvp4c function requires an initial guess of the solution for
Eqs. (11), (12), and (18). Using this guess value, the velocity, temperature and the concentration
profiles must satisfy the boundary conditions (15) and (19) asymptotically. Determining an initial
guess for the first solution is not difficult because the bvp4c method will converge to the first
solution even for poor guesses. However, it is rather difficult to determine a sufficiently good guess
for the second solution of Eqs. (11), (12), and (18). Also, this convergence issue is influenced
by the value of the selected parameters. In this study, the relative tolerance was set to 10−10.
To solve this boundary value problem, it is necessary to first reduce the equations to a system
of first-order ordinary differential equations. Further, the effect of several physical parameters on
flow behaviour is examined. The total composition of Al2O3 and Cu volume fractions are applied
in a one-to-one ratio. For instance, 1% of Al2O3(ϕ1 = 1%) and 1% of Cu (ϕ2 = 1%) are mixed to
produce 2% of Al2O3-Cu hybrid nanoparticles volume fractions, i.e., ϕhnf = 2%.

Figure 2: Variation of the skin friction Re1/2x Cf against λ for different values of ϕhnf

Figure 3: Variation of the local Nusselt number Re−1/2
x Nux against λ for different values of ϕhnf



CMC, 2021, vol.68, no.3 3263

Figure 4: The concentration gradient at the surface g′(0) against λ for various values of ϕhnf

Figure 5: The concentration gradient at the surface g′(0) against λ for various values of K

Figure 6: The concentration gradient at the surface g′(0) against λ for various values of Ks
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Figure 7: Velocity profiles f ′ (η) for various values of ϕhnf

Figure 8: Temperature profiles θ (η) for various values of ϕhnf

The values of species concentration on the surface g(0) are compared with Khan and Pop [11]
for various values of K and Ks when ϕhnf = 0 (regular fluid), Sc = 1, and λ = 0 (static sheet).
It is found that the results are comparable for each K and Ks considered, as shown in Tab. 3.

Also, Tab. 4 shows the comparison of Re1/2x Cf and Re−1/2
x Nux with Waini et al. [47] when

Pr = 6.2 for different values of λ and ϕ2 for Cu/water (ϕ1 = 0). It is noted that the present

results are comparable with that mentioned literature. Next, Tab. 5 displays the values of Re1/2x Cf ,

Re−1/2
x Nux and g′(0) for Al2O3-Cu/water with various values of parameters when Sc = 1 and

Pr = 6.2. The rising of ϕhnf tends to upsurge the values of these physical quantities. These
behaviours also can be seen in Figs. 2 to 4. This finding is consistent with the fact that the
added hybrid nanoparticles improve the heat transfer rate due to synergistic effects as discussed

by Sarkar et al. [39]. Besides, the increasing of λ leads to enhance the values of Re−1/2
x Nux and

g′(0), but the values of Re1/2x Cf is declining with λ. Also, the rise of K declines the values of
g′(0), whereas the effect of larger Ks is to enhance the values of g′(0). However, the values of
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Re1/2x Cf and Re−1/2
x Nux are not affected by these parameters. At the same time, Figs. 5 and 6

show the variations of g′(0) against λ with the effect of K and Ks. On the other hand, dual
solutions are obtained for a limited range of λ as shown in Figs. 2 to 6. The bifurcation of the
solutions occurs at λc =−1.2465 for all considered parameters.

Further, Figs. 7 to 9 display the effect of ϕhnf on f ′ (η), θ (η) and g (η) when λ =
−1.2, 6.2, Sc= 1, and K =Ks = 0.5. It is seen that both branch solutions of f ′ (η) and g (η) show
an increasing pattern for higher compositions of ϕhnf . Meanwhile, the temperature θ (η) declines
for both branch solutions. Physically, the addition of the nanoparticles increases the viscosity of
the fluid and thus slowing down the fluid motion. Also, the added nanoparticles dissipate energy
in the form of heat and consequently exert more energy which enhances the temperature.

The effects of K and Ks on the concentration g (η) when λ=−1.2, Pr= 6.2, Sc= 1 and ϕhnf =
2% are depicted in Figs. 10 and 11, respectively. The decreasing pattern of concentration on both
branch solutions is observed. It is consistent with the fact that the reaction rate increases as the
values of K and Ks increase, which cause the reduction in the diffusion rate.

Figure 9: Concentration profiles g (η) for various values of ϕhnf

Figure 10: Concentration profiles g (η) for various values of K



3266 CMC, 2021, vol.68, no.3

Figure 11: Concentration profiles g (η) for various values of Ks

Figure 12: Eigenvalues γ against λ

The variations of the eigenvalues γ against λ when ϕhnf = 2% are portrayed in Fig. 12. For
the positive values of γ , it is noted that e−γ τ → 0 as time evolves (τ → ∞). In contrast, for
the negative values of γ , e−γ τ →∞, which shows an increasing of disturbance over time. These
behaviours show that the first solution is stable and physically reliable, while the second solution
is unstable in the long run.

5 Conclusion

The stagnation point flow of Al2O3-Cu/water hybrid nanofluid over a stretching/shrinking
sheet was studied. Both homogeneous and heterogeneous reactions were considered. Findings
revealed that dual solutions appeared for some ranges of the shrinking strength λ. The solutions
were obtained up to a certain critical value of λ(< 0), in the shrinking region. The increment

of the skin friction coefficient Re1/2x Cf , local Nusselt number Re−1/2
x Nux, and the concentration

gradient at the surface g′(0) were observed with the rise of the nanoparticles volume fractions
ϕhnf . The values of g′(0) decreased for larger values of K, but increased with the rise of Ks.
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Finally, it was discovered that two solutions were obtained for a single value of parameter. Further
analysis showed that only one of these solutions is stable and thus physically reliable over time.
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