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THE RICCI FLOW IN A CLASS OF SOLVMANIFOLDS.

ROMINA M. ARROYO

ABSTRACT. In this paper, we study the Ricci flow of solvmanifolds whose Lie algebra has an
abelian ideal of codimension one, by using the bracket flow. We prove that solutions to the
Ricci flow are immortal, the w-limit of bracket flow solutions is a single point, and that for any
sequence of times there exists a subsequence in which the Ricci flow converges, in the pointed
topology, to a manifold which is locally isometric to a flat manifold. We give a functional
which is non-increasing along a normalized bracket flow that will allow us to prove that given
a sequence of times, one can extract a subsequence converging to an algebraic soliton, and to
determine which of these limits are flat. Finally, we use these results to prove that if a Lie group
in this class admits a Riemannian metric of negative sectional curvature, then the curvature of
any Ricci flow solution will become negative in finite time.

1. INTRODUCTION

The Ricci flow is an evolution equation for a curve of Riemannian metrics on a manifold.
In recent years, the Ricci flow has proven to be a very important tool. Many strong results,
not only in Riemannian geometry, have been proven by using this equation. The objective of
this paper is to study the Ricci flow for solvmanifolds whose Lie algebra has an abelian ideal
of codimension one and get similar results to those obtained by J. Lauret in [L2] in the case of
nilmanifolds.

Let (G, g) be a solvmanifold, i.e. a simply connected solvable Lie group G endowed with a
left-invariant metric g. Assume that the Lie algebra of G has an abelian ideal of codimension
one. Consider the Ricci flow starting at g, that is,

Bg(t) = —2Re(g(t)), ¢(0) =g.

The solution g¢(t) is a left-invariant metric for all ¢, thus each ¢(t) is determined by an inner
product on the Lie algebra. We will follow the approach in [L4] to study the evolution of these
metrics by varying Lie brackets instead of inner products.

More precisely, let i be a Lie bracket on R"*! with an abelian ideal of codimension one. We
may assume that u is determined by A = ad,(eg)|rn € gl,(R), where R""! = Rey & R™ and R”
is the abelian ideal, and so it will be denoted by 4. Each pa determines a Riemannian manifold
(Ga»9ua)s where G, is the simply connected Lie group with Lie algebra (R™1 114) and Gua
is the left-invariant metric determined by (-,-), the canonical inner product on R"*!'. Every
solvmanifold whose Lie algebra has an abelian ideal of codimension one is isometric to some 4
(see Section 2]). By Theorem 3.3], the Ricci flow solution is given by g(t) = ¢ (t)* g,,), where
p(t) is a family of Lie brackets solving a ODE called the bracket flow, and ¢(t) : G — G, is
the Lie group isomorphism with derivative h(t) : (R* !, u) — (R, u(t)), and h(t) satisfies

Lh=—hRic({,-)), 4h=—Ric,pyh, h(0)=1.
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In our case, we see that u(t) = j4(), where A(t) € gl,,(R) is the solution to the following ODE,
DA = —tr(S(AD)A + J[A, [4,AY] - Ler(A)[A, A, A(0) = A,
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and then we study the evolution of the matrix A. The main results in this paper can be
summarized as follows:

e The Ricci flow solution ¢(t) is defined for all ¢ € (T—,00), where —oo < T_ < 0, and if
tr(A2) > 0, then g(t) is a Type-III solution (see Proposition 3.4l and Proposition [3.14)).

e The scaling-invariant functional W is strictly decreasing unless p4 is an alge-

braic soliton, in which case it is constant (see Lemma [3.6]). This happens precisely when
A is either normal or nilpotent of a special kind (see Proposition [B.3]).

e For any sequence t;, — 0o, there exists a subsequence of (G which converges

NA(tk)’gNA(tk))
in the pointed topology to a flat manifold, up to local isometry (see Corollary B.1I1]).

o If tr(A) = 0 (i.e. G,, unimodular), then B(t) = % converges to a matrix Bs, as
t — 0o (see Lemma [4.1] and Remark [4.2]).

e For any sequence tj, — 00, there exists a subsequence of (G ) which converges

HB(tkwgﬂB(tk)
in the pointed topology to (G, ,gus. ) (up to local isometry), which is an algebraic
soliton. In addition, (Gp_,9up. ) is non-flat, unless every eigenvalue of A is purely
imaginary (see Theorem [5.2)).

e If G, admits a negatively curved left-invariant metric, then there exists ¢y > 0 such
that g(t) is negatively curved for all ¢ > ¢y (see Theorem [6.0]). This is not true in general

for solvmanifolds (see Example [6.6]).

Acknowledgements. 1 wish to express my deep gratitude to my advisor, Jorge Lauret, for his
invaluable guidance. I am also grateful to Ramiro Lafuente and Roberto Miatello for helpful
observations.

2. PRELIMINARIES

2.1. The Ricci flow. Let (M, g) be a Riemannian manifold. The Ricci flow starting at (M, g)
is the following partial differential equation:

(1) 59(t) = —2Re(g(t), ¢(0) =g,
where g(t) is a curve of Riemannian metrics on M and Re(g(t)) the Ricci tensor of the metric
9(t)-

A complete Riemannian metric g on a differentiable manifold M is a Ricci soliton if its Ricci
tensor satisfies

Re(g) = cg + Lxg, for some ¢ € R, X € x(M) complete,

where x (M) denotes the space of differentiable vector fields on M and Lx the usual Lie derivative
in the direction of the field X.

Equivalently, Ricci solitons are precisely the metrics that evolve along the Ricci flow only by
the action of diffeomorphisms and scaling (i.e. g(t) = c(t)p(t)*g), giving geometries that are
equivalent to the starting point, for all time ¢ (see [C] for more information about Ricci solitons).

Definition 2.1. A Ricci flow solution g(t) is said to be of Type-III if it is defined for ¢ € [0, c0)
and there exists C' € R such that

IRm(g(1))| <, Vte(0,00),
where Rm(g(t)) is the Riemann curvature tensor of the metric g(t).
2.2. Varying Lie brackets. We fix (R, (-,-)), with (-,-) an inner product on R™ and we define
Ly ={p:R"xR" - R": pu is bilinear, skew-symmetric and satisfies Jacobi},
N, ={u € £, : p is nilpotent },
and ad, : R” — R" the adjoint representation of 1 € £, (i.e. ad,(z)(y) = p(x,y)).
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Then, GL,(R) acts on £, by
(2) h(X,Y) =hu(h ' X, h7Y), X, Y €R™, heGL,(R), pucL,.
Each p € £, defines a Lie group endowed with a left-invariant Riemannian metric,
W E Ly~ (Gu’ <" >)7
where G, is the simply connected Lie group with Lie algebra (R", 1) endowed with the left-
invariant Riemannian metric determined by the inner product (-,-). Often, we will denote this

metric by g,. Note that g, may be viewed as a metric on R", in fact, G, is diffeomorphic to R".
Geometrically, each h € GL,,(R) determines a Riemannian isometry

(3) (Gh.u7<'7'>) — (GH7<h'7h'>)a
by exponentiating the Lie algebra isomorphism h~! : (R" h.u) — (R, u). Thus the orbit

GL,(R).x parameterizes the set of all left-invariant metrics on G/,.

Definition 2.2. Let (G, g) be a Lie group with a left-invariant Riemannian metric; g is called
an algebraic soliton if

(4) Ric(g) =cl + D, for some c€R, D € Der(g),
where Ric(g) is the Ricci operator of g and g is the Lie algebra of G.

Any homogeneous simply connected algebraic soliton is a Ricci soliton (see [LL, Proposition
3.3]).

2.3. Ricci flow on Lie groups and the bracket flow. Let (G, g) be a simply connected Lie
group endowed with a left-invariant Riemannian metric. Then, if we fix (-, -) an inner product on
the Lie algebra of G, (G, g) is isometric to (G, gu), for some p € L,,. In this case, the equation
of the Ricci flow () is equivalent to the following ordinary differential equation (see [L4l Section

3]):
(5) 4y =—2Re(()), (o =),
where Re((:,)¢) := Re(g(t))(e) and e is the identity of G,. In Subsection [Z2] we have observed

that GL, (R).u parameterizes the set of all left invariant Riemannian metrics on G, then it is
very natural to ask: How is the behavior of the Ricci flow in £,,7

Definition 2.3. Given p € L,,, the bracket flow starting at p is the following ordinary differential
equation:

(6) Lp(t) = 6,4 (Ricywy),  w(0) =g,

where 6,,(A) = p(A-, ) + p(-, A) — Ap(-, ), A € GL,(R), p € L,,.

Let us consider g(t) the Ricci flow solution flow starting at g,, and pu(t) the solution of the
bracket flow starting at u. By [L4], we know that g(t) and p(t) are related in the following way.

Theorem 2.4. [L4, Theorem 3.3] There exists time-dependent diffeomorphisms
@(t) : G = Gy such that g(t) = p(t)* g, Vt € (a,b).

Moreover, if we identify G = G, then o(t) : G, — G, can be chosen as the equivariant
diffeomorphism determined by the Lie group isomorphism between G, and G ) with derivative
h:R™ — R"™, where h(t) :=dp(t) |.: R™ — R™ is the solution to any of the following systems of
ordinary differential equations:

(1) £h = —hRe({-, ")), h(0) = I.

(2) 4£h = —Ric,y h, h(0) =1.
The following conditions hold:
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(3) (" '>t = (h’h>
(4) u(t) = hpso(h~,h1).

Remark 2.5. In this paper, Theorem 2.4] has only been stated in the case of Lie groups, however,
in [L4] it is stated and proved in the general homogeneous case.

So, the Ricci flow g(t) can be obtained from the bracket flow () by solving (2) and applying
part (3). In the same way, we can obtain p(t) solving (1) and replacing in (4). In particular,
both flows are defined in the same interval of time. For more information, see [L4].

We now recall some results proved by J. Lauret in [L2] about the Ricci flow for simply
connected nilmanifolds.

Theorem 2.6. [L2] Let u(t) be the solution bracket flow starting at p € Ny, and g(t) the Ricci
flow starting at g,. Then
(1) w(t) is defined for all t € [0, 00).
(i) g(t) is a Type-1II solution for a constant C,, that only depends on the dimension n.
iii)
)

(iii

(iv

u(t ) — 0, as t — oo. Moreover, g, converges in C* to the flat metric go.
g # converges in C*° to an algebraic soliton gy uniformly on compact sets in R™, as
t

/,1.
_>
3. THE BRACKET FLOW IN A CLASS OF SOLVMANIFOLDS

In this section, we study the bracket flow for a metric solvable Lie algebra with an abelian
ideal of codimension one.

We consider (R™*1, (.. .)), with {-,-) the canonical inner product on R™*1. If the dimension of
the Lie algebra is n + 1, then up to isomorphism, we can assume that the Lie bracket has the
following form with respect to the canonical basis {eg,e1,...,e,} :

:uA(eO?ei) :Aeia 1= 17”’7”7 NA(ehej) 207 vzu] 2 17 AEg[n(R)7
where we think of an A € gl,(R) as an operator acting on R™, the subspace generated by

{e1,€e9,...,e,} (i.e. the codimension-one abelian ideal). From now on, we denote these algebras
by (R™*1, 114), or simply, fia.

Lemma 3.1. If Ag € gl,,(R), then the bracket flow starting at pia, is given by paw, t € (T, Ty),
where A(t) satisfies

M 4A = —tx(S(A)?)A+ LA, [A, AT - Ltr(A)[A, AT, A(0) = Ap.

Proof. By using the formula for the Ricci operator of a solvmanifold (see for instance [L1), Section
4]), we obtain that the Ricci operator of (G,,,gu,) with respect to the basis {eg,e1,...,e,} is
represented by the matrix

o —tx(S(4)?) 0
(8) PucuA—< 0 %[A,At]—tr(A)S(A)>’

where S(A) = %(A + A!) is the symmetric part of the matrix A and tr(A) is the trace. Then,

Ous (Ricy,)(eo,e;) = pa(Ricy,, 607 e;) + paleo, Ricy , €;) — Ricy, paleo, e;)
= —tr(S(A4)%)Ae; + ARic,, [rne; — Ricy,, |rnAe;
= — tr( (A )2)Aez~ + [A, Ric,, |rn]e;
= (—t(S(A)*)A+ 3[A,[A, A]] - 3 tr(A)[A, A7) e,
(

and, on the other hand, we have that §,,
So,

Ric,,)(ei,ej) = 0, for all 4,5 > 1, as palrnxre = 0.

Suq(Ric,,) = pp, where B = —tr(S(A)*)A+ 3[A,[A, A")] — S tr(A)[A4, A"].



THE RICCI FLOW IN A CLASS OF SOLVMANIFOLDS. 5

Then, this family of Lie algebras is invariant under the bracket flow, which is equivalent to (7).
In addition, the maximal interval of time where ji4( exists is of the form (7_,7T') for some
—00 <T_ <0< T; < oo, since (7) is an ODE. O

So, given a matrix Ag, we have that the bracket flow starting at pa, is equivalent to an
evolution equation for a curve of matrices with initial condition Ay. In what follows, we will
often think of the bracket flow as this evolution.

Remark 3.2. Note that the only fixed points of the system ([7]) are the skew-symmetric matrices,
which are precisely the flat solvmanifolds of the form pu4, since by () they are precisely the
Ricci-flat ones (see [AK] and [Mil]).

Proposition 3.3. For any Ay € gl,,(R), the following conditions are equivalent:

(1) pa, is an algebraic soliton.
(ii) Ag is either a normal matriz or Ag is a nilpotent matriz such that [Ag, [Aog, Ag']] = cAo,
for some c € R.

Moreover, the evolution of the bracket flow is respectively given by

A(t) = (2te(S(Ag))t + 1) 4y or A(t) = (=] Ao))> + o)t + 1)

Ap.
Proof. Assuming part (i), we have two cases:

o If the nilradical of p14, has dimension n, then Ag is a normal matrix (see [L1, Theorem
4.8]).

e If the nilradical of yt4, has dimension n+1, then 114, is nilpotent and so Ay is a nilpotent
matrix. In addition, from (), we have that

1 2
_§HAO” 0 > — Ric =cl
— —cI+ D,
< 0 3[40, Ao] o
and it follows that D(eg) = Aeg. Also, we know that [ad,,, (eo), D] = —ad,, (D(eo)), so

0 0 . 0 0
< 0 %[Am [A07A0t]] > = [adqu (60)7R1C,U.A0] = [ad#Ao (eo), D] = —Aady,, (eg) = —A < 0 A ) .

Conversely, if Ap is a normal matrix, then p4, is an algebraic soliton (see |[L1, Theorem 4.8])
and if Ag is a nilpotent matrix which satisfies [Ag, [Ag, Ag']] = cAp, then

1 2 c
. _( —3lAll 0 _ e=lAol? —3 0
Ricy,, ( 0 $[Ag, Ao'] 2 1o —ST+ 3| AollPI + 3[A0, Ao'] )~
_c 0

o 5
and it is easy to see that < 0 —§I+%\|A0||2I+%[A0,A0t]

) is a derivation of p4,, and so

(i) is proved.
Finally, if p4, is an algebraic soliton, then the family A(t) = a(t)Ay is invariant under the
flow. Therefore, we have that

e If Ay is a normal matrix, then the bracket flow is equivalent to the following differential
equation for a = a(t)
d = —tr(S(49)*a®, a(0) =1,
and so the solution is A(t) = (2tr(S(Ag)?)t +1)~1/2 4.
e If Ay is a nilpotent matrix, then the bracket flow is equivalent to
Aol e
2
and so the solution is A(t) = ((—||Ag||®> + )t +1)~1/2 4.

a CL(O) = 1,
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The first natural question that arises is related with the maximal time interval of the solution
A(t). An important point to observe here is that —oo < TL since (G, Guae,) always has
non-positive scalar curvature (see (g])).

Proposition 3.4. A(t) is always defined for all t € [0,00) (i.e. T+ = 00).
Proof. By using (7)), we get
FIAIP =204, = 0(S(A)*)A) + 2(A, 3[A, [A, AT)) = 2(A, 3 tx(A)[A, A'))).
But since (A, [A4,[A, AY]]) = —||[A, A!]||? and (A, [4, AY]) = 0, it follows that
(9) A2 = —26(S(A)) | A]* —||[4, A|* < 0.

Therefore, ||A]|? decreases and so A(t) is defined for all ¢ € [0,0), as the solution remains in a
compact subset. O

Remark 3.5. By Theorem[2.4]and the previous proposition, we obtain that the Ricci flow starting
at any of these solvmanifolds (G, ,(-,-)) is defined for t € [0,00), often called an immortal
solution.

In what follows, we introduce a positive, non-increasing function along the normalized bracket

flow ”ﬁgt;”, which is strictly decreasing unless p 4, is an algebraic soliton. The advantage of
[l Aol
having this function lies in the fact that it will allow us to prove that for any sequence tp — oo

there exists a subsequence in which the normalized bracket flow always converges to an algebraic
soliton.

Lemma 3.6. Let p14(;) be the bracket flow starting at pia, and set B(t) = ”ﬁgt;” Then F(B) =

I[B, BY||? is a positive, non-increasing function along the flow. Moreover, %4, F(B) =0, for
some to, if and only if pp() is an algebraic soliton.

Proof. We consider F': gl,,(R) — R,
F(C) = [c.c.
Then

A7At 2
4F (i) = $LIE = (A1 S 114, A7 - 1[4, A2 411 4],

By using the bilinearity of the inner product and the lie bracket we obtain that
1A, AP = —4t(S(A)?)[I[A, ATN12 - 2[I[A, [A, A%,
and from (@)
FIAIY =2 AP EIAI? = —4t(S(A)?) A" —2[| A2 ([A, A

Then, if we consider B = W’ it follows that
(10) 4F (r) =2141P(IB, BII* - |BIPIB, (B, BY]|?) < 0

by using the Cauchy-Schwarz inequality. Moreover, if there exists tg € R such that % lt=t, F <ﬁ) =
0, then the Cauchy-Schwarz equality holds and there exists ¢ € R such that

(11) [B(to), [B(to), B(to)]] = ¢B(to).

We have two cases:
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o If ¢ = 0, then [B(ty), [B(to), B(to)']] = 0, and so tx([B(to), [B(to), B(to)']|B(to)") = 0,
this implies that [|[B(to), B(to)'][|> = 0, i.e. B(to) is normal and pip,) is an algebraic
soliton (see Proposition B.3). On the other hand, by using (7)) and (@), it is easy to see

that
d d_A AAY|12
12) $B = S = o (14 [4, A7) - tx(A)[4, 44 + L3 4)
A 2
= 155 (1B.[B, B — w(B)[B. B + B, B'||B)
so, B(t) = B(to), for all ¢, since B(to) is a fixed point of (I2)). It follows that gy = 1)
for all ¢.

e If ¢ # 0, then by using (II)), we obtain that tr(B(tp)) = 0 and tr(B(ty)¥) = 0, since

ctr(B(to)*™) = tx([B(t), [B(to), B(to)'l|B(to)")
tr([B(to)", B(to)l[B(to), B(t)"])
= 0.
Therefore, B(tp) is a nilpotent matrix that satisfies (LI, so by Proposition [3.3] we have
that 11p(4,) is an algebraic soliton. In addition, B(to) is a fixed point of (I2), so, up() =
KB(t) for all Z.

Conversely, if () is an algebraic soliton, then by using (I0l), we have that %F <||ﬁ||> 0. O

Corollary 3.7. Let p14(;) be the bracket flow starting at pia, and set B(t) = IIAE ;H Then for

any sequence t — oo there exists a subsequence of (G uB(tk)quB(tk)) converging in the pointed
topology to an algebraic soliton (Guy_, Gup_. )-

Proof. Every sequence B(tx) has a convergent subsequence, i.e. after passing to a subsequence,
B(ty) converges to a matrix Bs. Then pp is an algebraic soliton by Lemma [3.6, as By is a
fixed point of the flow. O

From now on, our purpose is to study the ODE (7). We emphasize that our aim is not to
solve the ODE, we are interested in understanding the qualitative behavior of the solution along
the time, which is not trivial to predict even when n is very small. In the next lemma we study
how it evolves.

Lemma 3.8. The bracket flow pi() starting at pa, has the form

(13) At) = a(t)prAogy
where a(t) is a positive, non-increasing, real valued function, and ¢r € GLy(R) for each t.
Proof. If h(t) = < b(ot) £ ) € GLp+1(R), with b(¢) a real function and ¢; € GL,(R), then
t
. —tr(S(A(t))?)b(t) 0 >
-R h(t) = — .
e 1) == (7 (1AW, AW = AW)SAW)e

The map h given in part (2) of Theorem [2.4] has therefore the form

hlt) = ( bg) £t >

and it follows from (4) of the same theorem that
pag) = ht)-pay = 1L, 4001
In addition,

{ b (t) = tr(S(A(t))*)b(t),
b(0) = 1,
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so, we have that b is a positive, non-decreasing function. It follows that if a(t) = ﬁ, then a(t)

is a positive, non-increasing function. ]

In what follows, ), A(t) € gl,(R), will be the bracket flow solution starting at .4, and we
will denote it simply by A(t).

Proposition 3.9. Assume that A(ty) — As, for some sequence ty, — oo. Then Spec(Ax) =
oo Spec(Ap), for some an, € R. Here Spec(B) denotes the unordered set of n complex eigenvalues
of the matriz B € gl,(R).

Proof. We know that A(t) = a(t)e:Agp; ' by Lemma B8 therefore
Spec(A(ty)) = a(ty) Spec(gptkAocp;cl) = a(ty) Spec(Ap), Vit € (T, 00).
Then, as A(ty) — As, we have that
Spec(An) = aco Spec(Ap),
where ao, = limy_, o0 a(tx) (recall that from Lemma [B.8] a(t) is a positive, non-increasing func-
tion). O
Proposition 3.10. tr(S(A(t))?) is strictly decreasing if Ao is not skew-symmetric. Moreover,
tr(S(A(t))?) = 0, as t — .
Proof. Recall that S(A) = 3(A + A"), and so
(14) tr(S(A)?) = 3| Al + 5 tr(A%).
Then, as in Proposition [£4] we have already studied 4 ||A||?, we will only analyze £ tr(A4?). By
using (7)), we obtain
(15) L tr(A%) = (A, A" = ($A A" + (A, LAY = 2(4 A, A") = —tr(S(A)?) tr(A4?).
Therefore, it follows from (@) and (I5]) that
Fr(S(4)%) = —2t2(5(4)%)? — /I[4, A7) < 0,
and if there exists to such that %|t:t0 tr(S(A)2) = 0, then A(tg) is a skew-symmetric and so
A(t) = A(ty), for all t. Conversely if A is skew-symmetric, we have that 4 tr(S(A)?) = 0. So,
tr(S(A)?) is strictly decreasing if A is not skew-symmetric.
In addition,
4 t(S(4)?) < —24r(S(A)2)2,
And then tr(S(A)?) is dominated by

_ 1
(1) = srmETmEy T
which is a solution of £z = —2z2. Therefore tr(S(A(t))?) — 0, as t — oo. O

Recall that if G, is the simply connected solvable Lie group with Lie algebra (R 14),
then g,, denotes the left-invariant Riemannian metric on G, such that g,,(e) = (-,-), where
e is the identity of the group G, and (-,-) is the canonical inner product on R+

Corollary 3.11. If A(t) = A, ast — 00, then A is a skew-symmetric matriz and for any
sequence t, — oo there exists a subsequence of (GHA(tk)’gHA(tk)) which converges in the pointed

topology to a manifold locally isometric to (G, _,9ua.. ), which is flat.

Proof. By Proposition B.I0, we know that S(A(¢t)) — 0, as t — oo, therefore Ay is skew-
symmetric and then (G, ,gu, ) is flat (see Remark [3.2)).

Finally, since p14(:y = pa.,, by [L3, Corollary 6.20], for any sequence ¢, — oo there exists a
subsequence of (G atepy? Ihac tk)) which converges in the pointed topology to a manifold locally
isometric to (G, gua,, ), Which is flat, as shown above. O
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In the following proposition, we prove that under an additional hypothesis, the convergence
is actually smooth.

Proposition 3.12. If Spec(Ap) € iR and A(t) — Ao, ast — 00, then g, — Gua., smoothly
on R+,

Proof. For each py, we define v : R R" — G, by
(16) Y(r,x) = exp,,(reo)exp,,(r), r€R, xeR",

where exp,, , : (R@®R", pa) — G, is the Lie exponential of G, .
Let ¢ : (R™1 pa) = (gl, 41 (R), [-,-]) be the linear transformation such that ¢(eg) = Xo and
St
vle;) = X5, i =1,...,n, where Xy = ( 61 8 > and X; = < 8 %i ), e =(0,...,1,...,0) €
R™. Then ¢ is an isomorphism of Lie algebras.
Therefore, under the isomorphism ¢, we have that

Y(r,x) = exp(rXp)exp(z), reR, zeR"

where exp is the exponential function of matrices.
Then

W(r,z) = exp(rXop) exp(z) = exp(rXop) exp(z1X1 + ... + 2, Xp),

ot st = (S 2 Yt = (7). thrto

o) = < () explrA)r >

It is easy to see that if Spec(A4) € iR or A = 0, then ) is a diffeomorphism. So, as Spec(Ay) ¢ iR,
we have that Spec(A(t)) € iR and Spec(As) € iR or As, = 0 by Proposition [3.9] and therefore
we have that g, ,,, — gu, smoothly on R" (see [L3, Remark 6.11]). O

Remark 3.13. In particular, if p14, is completely solvable (Spec(ad, z) C R, for all ), then the
convergence is smooth. This also follows by using Proposition B9 and [L3, Corollary 6.20], since
KA is completely solvable for all .

Recall that if the norm of the Riemann tensor decays at least as fast as %, where C is a

constant, then the solution of the Ricci flow is a Type-III solution (see Definition B.14]).

Proposition 3.14. For every pa, with tr(Ag%) > 0, the Ricci flow g(t) with g(0) = Gua, 15 @
Type-111 solution, for some constant Cp11 that only depends on the dimension n + 1.

Proof. In Proposition B.4l we proved that p () is defined for ¢ € [0,00). We observe that, by
using (@A), if tr(Ag?) > 0 then tr(A(t)2) > 0 for all t. Further, in Proposition B.I0, we prove

that tr(S(A)?) < 2t+(tr(5(i1(0))2))*1’ therefore, by using (I4]), we have that
I Ran(a)| = lall2l Rem(2p)1] = 20141 Ren(20) | < gty < 22

where C'is the maximum of the continuous function p — || Rm(u)|| restricted to the unit sphere
of 'QTL—I—I- O

The question that naturally arises is whether the flow converges. The following section is
devoted to study such question.
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4. LIMIT POINTS

In this section, we analyze the w-limit of the bracket flow ju4( (i.e. the set of limit points of
sequences under the bracket flow). To do this, we consider two cases: when tr(4g) = 0 ( i.e.,
A4, is unimodular) and when tr(Ag) # 0.

Let us first suppose that tr(A4g) = 0.

We consider the functional F(A) = ||[A, A!]||?, which is, in fact, the square norm of the
moment map of the conjugation action of the real reductive group GL,(R) on the vector space
gl,,(R), and we compute its gradient:

(grad(F)a, B) = 0F(A+1tB) = Glioll[A+tB, A"+ tB]|?

4|
= Zt!t_o<[A+tB At +tBY,[A +tB, At + tBY])
= 2([A, A", L|,—o[A+tB, At +tBY))
= <[ t}?{BvAt]"’_[AvBtD

= ([A Al [B, AY)) = —4([A, [A, AY]], B).
Thus, grad(F)s = —4[A,[A, A']] and the negative gradient flow of F' is given by
(17) At = 4[A(t), [A(t), A(t)']].
Observe that ||A| is a decreasing function. Indeed,
AP =2(4", 4) = 8([4, [4, A}, A) = 8][4, A"]||?,

s ([4,[A, A"], A) = —||[A, A"]||%. So, A(t) has a limit point AL and then we have that there
exists the limit of A(t), as t — oo and it is unique (see [KMP) Introduction]). In addition, if
A(t) — AL, we have two cases:

. . LAt
exists and limy_yoo =157 = AT

. : A(t)
o If AL #0, then lim;_ o TA@)] lA@I

o If Al =0, then by [KMP, Theorem 7.1], lim;_ o WQE-% exists.
If Ap is nilpotent, then g4, turns out to be nilpotent and so the bracket flow starting at 14,

has been studied in [L2] (see Theorem [2.6]). Therefore, we assume that Ay is not nilpotent.

Al

Lemma 4.1. Assume that tr(Ag) = 0 and Ag is not nilpotent. Let pag be the bracket flow
starting at pa, and let A(t) be the negative gradient flow ([I7) starting at Ag. Then the limit of
A(t .
m exists and )
. A(t) ) A(t)
lim = lim — .
t=oo JA()]] - t=oo [JA(E)]

Proof. We prove that, up to scaling and reparameterization of the time, the bracket flow A(t)
starting at Ag is A(t), the solution of (I7) starting at Ag, i.e. we want to show that there exist
c(t) and 7(t) such that A(t) = c(t)A(7(t)).

Let ¢(t) and 7(t) be solutions of the following system of differential equations with initial

conditions:
d(t) = —tr(S(A(T(t))?)e(t)?, ¢(0) =1,
7(t) = gelt)?, 7(0) = 0.

It is easy to see that ¢(t) and 7(t) are defined for all ¢, and with a simple calculation it is easy
to verify that c(t)A(7(t)) is a solution of the equation (7)), therefore by uniqueness

A(t) = c(t)A(T(t)), Vte[0,00).

If 7(t) — oo then

() _ . AW

limﬂ— lim/:li— lim ——
t=oo AR t=oo [A(T(E)] oo [JA@D)I
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We suppose that 7(t) — L, L < 0o, as t — 0o, then
A A((Y) A(L)
lim im — = .
=0 JAQD] ~ oo A )] [AL)]

This implies that )” is an algebraic soliton, since it is the limit of a normalized bracket flow

A(L
[ A(L)
(see [LLL Proposition 4.1]). As, Ag is not nilpotent and A(t) is conjugated to Ag, for each ¢, we

have then ||QEL§|| is normal (see Proposition B.3)), i.e. A(L) is normal. So, A(t) = A(L), for all
t > L, by (I7).
Therefore, ~ ~
A(t) Alr(®) Al
lim ——— = lim —————— = lim — ,
=00 [AQ[] tmoe JA(r@)] t=oe [[A®)]
as was to be shown. O

Remark 4.2. It follows from Lemma 1] and [L2, Section 7] that if pa, is unimodular, i.e.
tr(Ag) = 0, then the w-limit of % is a single point.

Lemma 4.3. If tr(Ag) # 0, then A(t) — 0, as t — oo.
Proof. We know that A(t) = a(t)p;Aoe; ' by Lemma B8] therefore

tr(A(t)) = a(t) tr(Ap).
If A(ty) = Ao, then
a(ty) tr(Ag) = tr(A(tr)) — tr(As) =0,
so, as tr(Ag) # 0, we have that a(t;) — 0.
On the other hand,

Spec(A(tr)) = a(ti) Spec(Ap) — Spec(Ax),
and so Spec(As) = 0. Then Ay, = 0, since Ay is a skew-symmetric matrix. O

By using the two previous lemmas, we can prove the following theorem, which provides
information about the w-limit of p4,, for any Ay € gl,,(R).

Theorem 4.4. The w-limit of pa, is a single point, for any Ap € gl,,(R).

Proof. By Lemma [4.3] we have that if tr(Ag) # 0, then A(t) — 0, as t — oo. If tr(4p) = 0, we
know by Remark that

lim o

e JAWD]
Then, we have that A(t) — Ao, as t — oco. Indeed, the norm of A(t) decreases and therefore
limy o0 |A(2)]| = o If @ = 0, then A(t) — 0 and if & > 0, we have that

- o At) o
Am A) = fim am o = ods,

which completes the proof. O
All results obtained so far can be summarized in the following theorem.

Theorem 4.5. Given Ag € gl,,(R), consider the bracket flow jua() starting at pa, and g(t) the
Ricci flow starting at Gpag - Then,
(i) g(t) is defined fort € (T, ), where —oo < T— < 0.
(ii) The w-limit of pa, is a single point.
(iii) For any sequence ty, — oo, there exists a subsequence of (G“A(tk),g“(tk)) which converges
in the pointed topology to a manifold locally isometric to (G, ,gu,. ), which is flat.
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(iv) If Spec(Ag) ¢ iR, then Gpawy —* ua,, Smoothly on R™.
(v) If tr(Ag?) > 0, the Ricci flow g(t) with g(0) = Yua, s @ Type-III solution, for some
constant Cn11 that only depends on the dimension n + 1.

0 Zo
Yo O
invariant under the flow (), which is equivalent to the following ODE system for the variables

z(t), y(t) :
o' =x(z +y) (52 + 3y), =(0) = xo,
18
18) { y’Zy(chry)(—ger%Zx), y(0) = yo.
The phase plane for this system is displayed in Figure [l as computed in Maple. It is easy to

Example 4.6. Let Ay = < > . It is easy to see that the family of matrices of this kind is

34
24
1
//
y 09
J—
1 .
/ -
2 .
/
3 / /
T T T T
0 1 2 3
. 0 x
The bracket flow of u, with A= ,x>0
y 0

FIGURE 1.

see that it is enough to assume 0 < zg, since if (x,y) is the solution starting at (z¢,yo), then
(—z, —y) is the solution starting at (—xzq, —yo).

Regarding the interval of definition, the solutions remain in a compact subset and so they are
defined in [0, 00).

The solutions converge to the points (z~, —Z), Wwhich are precisely the fixed points of the
system and correspond to skew-symmetric matrices (which in turn correspond to flat metrics).
Also, we observe that points of the form (xg,xp), (9,0) and (0,y9) correspond to algebraic
solitons (they are symmetric or special nilpotent matrices). Despite the fact that the solutions
in the upper half-plane converge to 0, we can see from the figure that they are approaching the
soliton line y = z, so considering a suitable normalization we may be able to obtain convergence
of those solutions to a non-flat algebraic soliton. This will be the topic of the next section.

5. NORMALIZING BY THE BRACKET NORM

According to Theorem (iii), for any sequence t; — oo there exists a subsequence in which
the Ricci flow converge in the pointed topology to a flat manifold. In order to avoid this type of
convergence and get a more interesting limit, we consider different normalizations of the flow.

In this section, we study the normalized bracket flow by the bracket norm, i.e. if p4(;) is the

bracket flow starting at p4,, we will study Hﬁ—ggll’ We use the positive, non-increasing function

obtained in Section B to determine which limits correspond to flat manifolds. Before stating
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the theorem of convergence, we demonstrate the following technical lemma. From now on, let

At
B(t) = 1y

Lemma 5.1. The following evolution equations along the normalized flow by the bracket norm
hold:

(i) & tr(B) =5l AIPIIB, B'|]” tr(B),

(ii) %tr(BQ)— IAI*[B, BT tr(B?).

Proof. To prove (i), we use () and ([@). Part (ii) follows from (1T and (@). O

Theorem 5.2. For any sequence ti, — 0o, there exists a subsequence of (GMB(tk),guB(tk)) con-
verging in the pointed topology to an algebraic soliton (G ,Gup. ). Moreover, the following
conditions are equivalent:

(i) Spec(Ap) CiR.

(i) (Gup.>9up,, ) is flat.

Proof. As ||B(t)|| = 1, every sequence has a convergent subsequence, i.e., B(tj) converge to B,
which is an algebraic soliton (see Corollary [3.7)). By using (I3]), we have that
(19) Spec(B(t)) = Spec(riiy) = i Spec(A).

If Spec(Ag) C iR, then tr(B(0)?) = tr (W) < 0, and so by Proposition [5.] (i), we have that

tr(B(t)?) < 0 for all ¢, and tr(B(t)?) is a decreasing function. It follows that tr(Bs?) < 0 and
then By is normal, as B is an algebraic soliton (see PropositionB.3]). So, by (I9]), we have that
Spec(Bx) C iR and so By is a skew-symmetric matrix. Conversely, if By, is skew-symmetric,
then Spec(By) C iR, so, by using (I9]), we have that Spec(Ag) C iR. O

Here again, we wonder ourselves what happens with the w-limit of %. Recall that in

Section ] we saw that if tr(A4p) = 0, then the w-limit of % is a single point. In the following
proposition we analyze the case tr(Ap) # 0.

Proposition 5.3. If tr(Ag) # 0 and B(ty) — B, for some sequence t, — 0o, then the w-limit
Alt) : .
of Ta@T contained in O(n).Bx.

Proof. Let Ag be such that tr(Ag) # 0 and we suppose that B(t;) — Bl and B(s;) — B2. We
want to see that BL, and B2 are conjugate by an orthogonal matrix.
o If tr(Ap) < 0, then tr(B(0)) < 0 and by Proposition 511 (i), tr(B(t)) <
tr(B(t)) is a decreasing function and it follows that tr(B(t)) < tr(B(0)), for all ¢.
o If tr(Ap) > 0, then tr(B(0)) > 0 and by Proposition 511 (i), t (B(t)) > 0, and therefore
tr(B(t)) is an increasing function and it follows that tr(B(0)) < tr(B(¢ )), for all t.
Then, tr(BL) # 0 and tr(B%) # 0. Furthermore, the function tr(B(t)) is either increasing or
decreasing. So, tr(BL) = tr(B2)). From this and (EI:{I) it follows that

Jim ||fx(<tk)>|| tr(Ao) = tr(By) = tr(Bg) = lim ||A(<s)>|| tr(Ao).

0, and therefore

and
a(ty

Spec(BL) = hm SRV ))” Spec(Ag) = hm ”Z((S ))” Spec(Ag) = Spec(B2.).
Finally, we observe that Béo and B2 are normal matrices, since up1 and ppz are algebraic
solitons (see Corollary 7)), and so, BL, and B2 are normal or nilpotent (see Proposition B.3)).
As tr(BL) # 0 and tr(B2) # 0, they are not nilpotent matrices. Then, we have two normal
matrices with the same spectrum, from which it follows that they are conjugate by an orthogonal
matrix (see [HK]). O
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6. NEGATIVE CURVATURE

In this section, we are interested in how the curvature evolves along the Ricci flow. We define
the sectional curvature K of (g, (-,-)), a Lie algebra endowed with an inner product, as the
sectional curvature of (G, g), where G is the simply connected Lie group with Lie algebra g and
g is the left-invariant metric in G such that g(0) = (-,-). In the case of (R"! p4,(-,-)), we
simply denote it by K 4. We say that a Riemannian manifold has negative curvature, and denote
it by K < 0, if all sectional curvatures are strictly negative.

Next, we enunciate two results proved by Heintze in [Hn|]. Theorems[6.1land [6.3] give necessary
and sufficient conditions for certain solvable Lie algebras with an inner product to have negative
curvature and for a solvable Lie algebra to admit an inner product with negative curvature,
respectively.

Theorem 6.1. [Hn, Theorem 1] Let (g, (-,-)) be a solvable Lie algebra with an inner product
such that the derived algebra is abelian (i.e., g’ = [g,g] abelian). Then K < 0 if and only if the
following conditions hold:
(A) dimg' =dimg— 1.
(B) There exists a unit vector Ay € g, orthogonal to g', such that Dy : ¢/ — g’ is positive
definite, where Dy is the symmetric part of ada, |y : ¢’ — @'
(C) If Sy is the skew-symmetric part of ad a, |y, then DE+ Dy, So]|y is also positive definite.

Remark 6.2. We observe that in the case of p4, the assumption that the derived algebra is
abelian is always true. Furthermore, K4 < 0 if and only if conditions (A) - (C) hold. If in
addition A is normal and invertible, then K4 < 0 if and only if (B) holds, since condition (A)
is satisfied as A is invertible and condition (C) follows from (B).

Theorem 6.3. [Hnl, Theorem 3] Let g be a solvable Lie algebra. Then the following conditions
are equivalent:

(i) g admits an inner product with negative curvature.

(ii) dimg’ = dimg — 1 and there exists Ay € g such that Re(Spec(ady, |y)) > 0.

Remark 6.4. Note that if A is invertible, then G, admits a left-invariant metric with K < 0 if
and only if either Re(Spec(A4)) > 0 or Re(Spec(4)) < 0.

Theorem 6.5. Let GHAO be a solvable Lie group that admits a left-invariant metric with negative
curvature. If paqy is the bracket flow starting at pa,, then there exists sp € R such that
KA(t) < 0, for all t > so.

Proof. Tt is sufficient to prove that the theorem holds for B(t) = %, i.e. there exists tp € R

such that Kp) <0, for all ¢ > to. Indeed, for each ¢, pa(y and ppy) differ only by scaling.

By assumption, G, A0 admits a left-invariant metric with negative curvature, then by using
Remark [6.4] we have that either Re(Spec(A4p)) > 0 or Re(Spec(Ap)) < 0.

Assume that, after passing to a subsequence, B(tx) converges to B, as k — o0o. Then,
arguing as in Proposition B3] we have that B, is normal and

Spec(Bs) = aSpec(4p), aeR,a#0.

so, either Re(Spec(By)) > 0 or Re(Spec(Bx)) < 0. Then S(By) is either positive or negative
definite. It follows by Remark [6.2]that K < 0. Thus, there exists L € N such that Kp, ) <0,
for all £ > L.

Finally, there must exist ¢y such that K < 0, for all ¢ > t9, otherwise we would be able
to extract a convergent subsequence B(ty), whose sectional curvatures are not strictly negative,
and this contradicts the previous paragraph. O

We now show that the above theorem is not longer valid in the general solvable case.
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Example 6.6. We consider (j) q, (-, -)) defined as follows:

A
Pxaleo,e) = a 1-A e, Mraler,e2) = es,
1

and (-,-) the inner product for which {eg,e1,e2,e3} is an orthonormal basis. By [L1, Theorem
V3

V22 +(1-X)2+1)

consider the 2-dimensional plane m = (ej, e3) and we compute its sectional curvature:

K(e1,e3) = |U(er,e3)> — (U(er,e1),Ules,e3)) = § — ﬁ’\,\)ul

4.8], we know that (uya,(-,-)) is an algebraic soliton if and only if a =

So,

1 3\ ,

We observe that if 0 < A < 2 — /3, then 0 < 1 — A, and so ad(ep) is a matrix such that

Re(Spec(ad(ep))) > 0. Then, Theorem said that if 0 < A < 2 — /3, then (), (-,-)), with
_ V3

«= V22 +(1-X)2+1)

(Hx,as (5 +)) is an algebraic soliton, if u(t) is the bracket flow starting at jiy o, then (G, 9ue))

has planes with curvature bigger than or equal to zero.

K(el,eg) >0 <

, admits an inner product with negative curvature. On the other hand, since

The next question is what happens with the Ricci flow when we start with a metric whose
sectional curvatures are all negative. First, we will introduce a theorem proved by Heintze in
[Hnl.

Let (g,(-,-)) be a solvable Lie algebra with an inner product such that (A) - (C) of the
Theorem hold. Then, we have a orthogonal decomposition g = Ay + [g, g]. For a > 0, let
(ga, (-, ) be the Lie algebra with the same inner product that (g, (-,-)) but with the following
modification in the Lie bracket

[Ag, X]a = a[Ag, X], para todo X € g’ = g.,.

Theorem 6.7. [Hnl Theorem 2| Let (g, (-,-)) be a solvable Lie algebra with an inner product and
assume that (A)-(C) hold. Then there exists ag > 0 such that (g, (-,-)) has negative curvature
for all a > «y.

We return to Example Let X\ be fixed and we consider the bracket flow u(t) starting at
fa,n- Then p(t) is given by

A

u(t)(eo, ;) = a(t) 1=A ) ei, pu(t)(e1,e2) = ht)es,

with o = a(t) and h = h(t) that satisfy the following differential equations:

o =—cya?, a(0) = q,
Wo=—31%, h(0)=1,

where ¢y = (A2 + (1 — A\)? 4 1). Furthermore, solving the equations we obtain that a(t) =
L and h(t) = —L__. Clearly, in this case, the bracket flow converge to a flat metric,

V2cat+a—2 V3t+1’

but for fixed ¢, we have that

_ A
2cAt+a52 ’

2
K(e1,e3) = hT —Xa? = 4(3t1+1)

Then,

A -2
K(ei,e3) 20 & qmipy 2 e © (2cy — 12\)t > 4\ — o 2.
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Further, 2¢y — 12X = 4((A —2)2 —3). So, if 0 < A < 2 — /3, there exists g such that K(eq,e3) >
0,¥¢ > to.

Let A be such that 0 < A < 2 — /3, and we consider pi, 5, @ € Rug. Then (pa.y, () is a
solvable Lie algebra with an inner product that satisfies (A) - (C). By Theorem [6.7] we know
that there exists g > 0 such that ((fta,))ac, (- ) has negative curvature. Then, (ftaag,x: (5°))
has a negative curvature. On the other hand, we know that if p(t) is the bracket flow starting
at flaag, there exists tg such that V¢ > to, (G, gue)) has planes with curvature bigger than
or equal to zero.
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