
Comment on ‘‘Universal Out-of-Equilibrium
Transport in Kondo-Correlated Quantum Dots:
Renormalized Dual Fermions on the Keldysh Contour’’

Two recent works attempt to extend results for the
conductance G through a quantum dot described by the
particle-hole symmetric (PHS) impurity Anderson model
out of the PHS case using renormalized perturbation theory
in U (RPTU) up to U2 [1,2]. Contrary to what is stated in
the ‘‘Note added’’ of Ref. [2], previous results for the PHS
case (where the occupation of the dot is n ¼ 1 by symme-
try) and general coupling to the left and right leads �LðRÞ
and chemical potentials �LðRÞ ¼ ��LðRÞ eV [3] are recov-

ered by the first approach [Eq. (30) of Ref. [1]]. The
dependence on temperature T is also correct. Ward identi-
ties are trivially satisfied because they were used [see the
paragraph above Eq. (23)]. A limitation of this approach is
that out of the PHS case, the coefficients of the expansion
ofG in terms of T and voltage V contain derivatives of n or
the real part of the retarded self-energy �r, which for an
interacting system seem to depend on high energy proper-
ties hard to capture in a Fermi liquid approach. Exceptions
are the linear term in T for V ¼ 0 (which vanishes) and the
linear term in V for T ¼ 0 (addressed below).

Instead, Ref. [2] provides explicit expressions for all
coefficients up to second order in T and V for �L�R ¼
�R�L and n ! 1. Unfortunately, the authors have made
mistakes in the evaluation of the lesser quantities ��þ and
G�þ (��< and G< in our notation) already in the PHS
case. This implies that also the greater quantities are
incorrect. While using conservation of the current (CC),
lesser and greater functions can be eliminated from the
expression of G, they play a crucial role precisely in this
conservation [Eqs. (80)–(89) of Ref. [4]], and therefore the
approach seems unreliable. One incorrect result is that
�<

MBKð!Þ ¼ 2ifeffð!ÞIm½�rð!Þ�, where feffð!Þ is the av-
erage of the Fermi function at the two leads, weighted by
the corresponding ��. In addition, the authors claim to
demonstrate that the term proportional to the noninteract-
ing lesser Green function g< in the expression forG< [first
term in Eq. (73) of Ref. [4]] vanishes [although it can be
written as 2ifeffð!Þ�jGrj2 [Eqs. (7) and (8) of Ref. [5]]
and uses this result to claim that G<

MBK ¼ �jGrj2�<
MBK.

CC would follow from the form of G<
MBK, �

<
MBK, and

known relations between the different Green functions.
Unfortunately, the demonstration is flawed because

Eq. (76) of Ref. [4] is used, which misses the term 2i�.
The correct form of this equation is ðGrÞ�1 � ðGaÞ�1 ¼
�a ��r þ 2i�. This comes trivially from the definition of
Gr [third line below Eq. (13) of Ref. [2]] and its complex
conjugate Ga.

In Fig. 1, we compare �<
MBKð!Þ at T ¼ 0 with the

correct one, obtained integrating numerically the RPTU

expressions [5,6]. We also display the analytical result
[1,6] up to total second order in ! and V [Eq. (20) or
Ref. [1]]. As it is known [6], the correct result is continu-
ous. Instead, �<

MBK has jumps at �L and �R, and strongly
disagrees with the correct result except at energies far away
from both ��.
It is difficult to say how these mistakes affect the

reported expansion coefficients. The linear term in V can
be written in the form cVEd

¼ 2ð�L � �RÞ cosð�n=2Þ,
which coincides with the result of Ref. [1], taking �L�R ¼
�R�L and n ! 1. In any case, CC is an essential requisite
for any nonequilibrium theory. RPTU conserves the cur-
rent in the PHS case and up to order V3 in the general case
for T ¼ 0 [1].
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FIG. 1 (color online). Lesser self-energy as a function of
frequency of the PHS impurity Anderson model for renormal-
ized interaction ~u ¼ ~U=ð�~�Þ ¼ 1, �R ¼ �L, �L ¼ �R, T ¼ 0,
and eV ¼ 0:2~�. ~� is taken as the unit of energy.
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