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The duality angles deformation developed by de Roo and Wagemans within the context of N ¼ 4

gauged supergravity is used in order to study certain classes of gaugings of N ¼ 8 supergravity, namely,

those that are consistent when halving the maximal D ¼ 4 theory. After reviewing the truncation process

from N ¼ 8 to N ¼ 4 supergravity in terms of the embedding tensor formalism, the de Roo-Wagemans

phases method is implemented for solving the resulting constraints on the gauging parameters by means of

the Schön-Weidner ansatz. In contrast with the twenty semisimple N ¼ 4 gaugings admitting more than a

single SLð2Þ angle deforming their decompositions reported in the literature, it is proven that only three of

them can be embedded back into the N ¼ 8 theory. The scalar potential derived for only two of these

gauge groups exhibits an extremum in the origin of the scalar manifold. These extrema are not stable

under fluctuations of all the scalar fields.
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I. INTRODUCTION

Recently, several authors [1–3] have explored the pos-
sibility of consistently halving D ¼ 4 maximal gauged
supergravities, namely, deformations that result from pro-
moting a certain subgroup of the N ¼ 8 supergravity
(electric/magnetic) duality group to a local invariance in
a 4-dimensional space-time. The main motivation for
doing so is its relevance in type II superstring orbifold
compactifications including O-planes and D-branes as
well as both geometric and nongeometric background
fluxes. Actually, while O6=D6 sources break half of the
supersymmetries for type IIA superstring toroidal orienti-
fold compactifications with gauge and geometric fluxes,
leading thus to half-maximal supergravities in the low-
energy regime, an embedding into a maximal supergravity
theory could be consistent if the flux-induced tadpole for
the Ramond-Ramond 7-form that couples to the O6=D6
sources is canceled and if the twisted sector is projected out
[4,5]. A similar situation can be observed when studying
the untwisted sector of type IIB superstring toroidal orbi-
fold compactifications with generic fluxes as in Ref. [6].
The interest was recently renewed within the context of
double field theory since such reductions from N ¼ 8 to
N ¼ 4 emerge as a consequence of some of the constraints
of the formalism [7–10].

The so-called embedding tensor approach [11–14] is a
formal scheme developed in order to describe all gauged
supergravities in a unified way. Besides its success for
classifying gauged supergravities based on strictly group-
theoretical criteria, it has proven to be useful for the
analysis of string theory realizations of both D ¼ 4 maxi-

mal and half-maximal supergravity models [4,6,15,16].
The contact between these two frameworks, the ‘‘trunca-
tion’’ from maximal to half-maximal supergravities, was
advanced in Refs. [2,15,17], and it was fully developed
within the embedding tensor formalism in Ref. [1]. Making
explicit use of the branching rules of different representa-
tions of E7ð7Þ, the maximal duality group, under the action

of the half-maximal global symmetry group SLð2Þ �
SOð6; 6Þ, together with the linear and quadratic constraints
on the embedding tensor of maximal supergravity [13], it
was found that, in addition to the already known con-
straints on the embedding tensor components of half-
maximal supergravity, a new set of quadratic constraints
must be imposed in order to guarantee a consistent reduc-
tion from N ¼ 8 to N ¼ 4 (see Fig. 1).
Leaving aside numerical computations [2,5], the only

known semianalytical method to systematically solve
the gauging constraints in the N ¼ 4 theory is derived
from the duality phases deformation developed by de
Roo and Wagemans in Ref. [18] for semisimple local

FIG. 1. G is the gauge group, while � and �� f are the
embedding tensors corresponding to maximal and half-maximal
gauged supergravities, respectively. The arrow connecting both
global symmetry groups refers to a map that actually reduces to a
parity-like projector when acting on the 56 representation of
E7ð7Þ. Truncating from N ¼ 8 to N ¼ 4 amounts to imposing

conditions on �� f so that this commutative diagram exists.
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symmetry groups. The formalism was further studied in
Refs. [19,20]. According to this method, different angles
are introduced for each simple factor of the gauge group in
order to parametrize the couplings between the vector
multiplets and the SLð2Þ scalar fields of the theory. The
emergence of the de Roo-Wagemans phases in the embed-
ding tensor formalism has been investigated in
Refs. [14,21]. Within this framework, the duality angles
appear when, instead of realizing the gauging parameters
strictly as structure constants, an ‘‘unpolarized’’ decompo-
sition is considered. This unpolarization becomes crucial
for moduli stability. If the SLð2Þ angles are all equal, the
corresponding gauging reduces to a purely electrical one,
and the resulting scalar potential necessarily presents run-
away directions.

The aim of this paper is to investigate those gaugings of
maximal gauged supergravity that remain as such after a
truncation halving the number of supersymmetries is per-
formed, using the general construction of de Roo and
Wagemans for solving the full set of constraints on the
deformation parameters. We shall prove that no semisim-
ple local groups except, eventually, those decomposable in
strictly four 3-dimensional simple groups, give rise to an
unpolarized gauging. This fact strongly restricts the list of
groups admitting a nontrivial stability analysis from the
twenty reported in Ref. [20] to five. From these last ones,
two must be also discarded due to the specific duality
angles imposed by the truncation constraints. Namely,
within the framework of the de Roo-Wagemans formalism,
the impact of a consistent embedding back into the maxi-
mal theory reduces the number of gauge groups that could
have at least two different SLð2Þ phases to 15%. An
interesting feature of the previous analysis is the fact that
for gaugings arising from the duality angles deformation,
one of the truncation constraints becomes redundant. A
further study of the scalar potential shows that it does not
have any extremum for one of the allowed groups, leaving
us with just two gaugings exhibiting extrema in their
potentials with partial stability under fluctuations of the
scalar fields.

Let us point out that we have focused our attention on
semisimple gaugings, which are those modelling the
duality phases deformation, in order to systematize our
treatment along the lines of Refs. [19,20]. A methodical
way for studying nonsemisimple gaugings in the de Roo-
Wagemans formalism is lacking, although some examples
can be found in the literature [14]. We thus stress that our
analysis is most certainly not exhaustive. In fact, many
relevant gaugings coming, for instance, from a Scherk-
Schwarz generalized dimensional reduction [22] or from
type II superstring orientifold compactifications with
fluxes [23,24] do not necessarily correspond to semisimple
groups.

The paper is organized as follows. In Sec. II, we briefly
review the basics of the embedding tensor formalism and

the constraints on the gauging parameters in order to
truncate from maximal to half-maximal D ¼ 4 supergrav-
ity. In Sec. III, we implement the de Roo-Wagemans
method for solving these constraints. The impossibility of
a nonpurely electric semisimple gauging when less than
four simple factors decompose the gauge group is proven,
and the list of allowed groups is systematically studied in
order to get a solution involving different duality phases.
The existence of extrema for these solutions and their
stability under fluctuations of all scalar fields is addressed.
In a final section, we collect our conclusions.

II. FROM MAXIMAL TO HALF-MAXIMAL
SUPERGRAVITY

Maximal supergravity can be only deformed by promot-
ing some subgroup G of the duality group E7ð7Þ to a local

symmetry, namely, by applying gaugings. The parametri-
zation of all possible gaugings can be encoded in a single
spurionic object transforming under the global symmetry
group, the resulting embedding tensor being thus group-
theoretically characterized. This embedding tensor belongs
to the 56� 133 representation of E7ð7Þ and it determines

the way in which the generators XM of the gauge group
decompose in terms of the E7ð7Þ generators tI. Explicitly,
the embedding parameters define a real tensor�M

I,M ¼
1; . . . ; 56 and I ¼ 1; . . . ; 133 indexing the fundamental and
the adjoint representations of E7ð7Þ, respectively, such that

XM ¼ �M
ItI: (1)

The tensor �M
I acts as a projector whose rank equals the

dimension of the gauge group which must be less than or
equal to 28.
An admissible embedding tensor must satisfy a set of

linear and quadratic constraints in order to ensure that the
corresponding supergravity action remains supersymmet-
ric after gauging and that the gauge group is actually a
proper subgroup of E7ð7Þ. In order to truncate from maxi-

mal to half-maximal supergravity, it is a suitable choice to
deal with the restrictions these constraints imply on the
charges associated with the particular gauging in hand
instead of treating them directly on the embedding
tensor components. These charges are defined by

XMN
P ¼ �M

I½tI�N P , and they act as structure constants

of the local symmetry group. In fact, the commutation
relations of the gauge group read

½XM; XN � ¼ �XMN
PXP : (2)

The linear constraints amount to restricting the embed-
ding tensor to the 912 representation of E7ð7Þ. Once the

projection from the 56� ð56� 56Þs representation of E7ð7Þ
on 56� 133 is performed, the one on 912 implies the
following constraints for the charges [13]:

XM½NP � ¼ 0; (3)
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XðMNP Þ ¼ 0; (4)

XMN
M ¼ 0: (5)

In Eqs. (3)–(5), we have denoted XMNP ¼ XMN
Q�QP ,

where �QP is the Spð56;RÞ invariant skew-symmetric

matrix, used to raise and lower fundamental indices.
After these linear constraints are imposed, the quadratic
ones reduce to

XMNPXQRS�
MQ ¼ 0: (6)

The strategy for carrying on the truncation from maxi-
mal to half-maximal supergravity requires to specify the
charges XMNP strictly in terms of the embedding tensor
parameters corresponding to N ¼ 4 gauged supergravity
and then realize the equations (3)–(6) as constraints of the
half-maximal theory. In order to do so, the branching rules
of different E7ð7Þ representations under the action of

SLð2Þ � SOð6; 6Þ should be used before a projection
halving the number of supersymmetries is performed.
The decomposition 56 ! ð2; 12Þ þ ð1; 32Þ is of particular
relevance. It amounts to the index splitting M¼ð�;MÞ�
�, where � ¼ � is a SLð2Þ index, M ¼ 1; . . . ; 12 is a
SOð6; 6Þ vector index and � ¼ 1; . . . ; 32 is a Majorana-
Weyl left-handed fermionic index of SOð6; 6Þ. The discrete
Z2-projection, that corresponds to orientifolding the model
in string theory realizations of maximal supergravity, re-
sults in a parity acquirement for every index: while the
bosonic indices � and M become even, the fermionic
indices become odd. Only states which are even truncate
from maximal to half-maximal supergravity [17] so that
the skew-symmetric matrix �MN becomes block-
diagonal. Its non trivial components are:

��M�N ¼ ����MN; (7)

��� ¼ C��; (8)

where ��� is the 2-dimensional Levi-Civita symbol asso-

ciated to the SLð2Þ factor, �MN is the SOð6; 6Þ metric, and
C�� is the charge conjugation matrix of SOð6; 6Þ.

The representation 912 of E7ð7Þ decomposes as 912 !
ð2; 12Þ þ ð2; 220Þ þ ð1; 3520Þ þ ð3; 32Þ. The components of
the embedding tensor sitting in ð1; 3520Þ and ð3; 32Þ are odd,
so that they are projected to zero, allowing to write the
charges XMNP in terms of the half-maximal supergravity
embedding tensor parameters ��M 2 ð2; 12Þ and f�MNP ¼
f�½MNP� 2 ð2; 220Þ, which are purely bosonic.

Once the most general ansatz for the charges compatible
with the symmetry in their last two indices is considered
and the linear constraints are imposed, one gets

X�M�N�P¼����f�MNP�����M½N��P� ���ð���ÞM�NP;

(9)

X�M�� ¼ � 1

4
f�MNP½�NP��� � 1

4
��N½�M

N���; (10)

X��M�¼X���M

¼�1

8
��MC��þ1

8
��N½�M

N���þ1

8
f�MNP½�NP���

� 1

24
f�NPQ½�M

NPQ���; (11)

where ½�M�� _� and ½ ��M�� _� are the 32� 32 matrix blocks

that appear in the decomposition of the Dirac matrices of
SOð6; 6Þ. Gamma matrices with more than one index refer
to antisymmetrized products of ½�M�.
By plugging Eqs. (7)–(11) into Eq. (6), the maximal

supergravity quadratic constraints are expressed in terms
of the half-maximal supergravity embedding parameters.
One obtains

��M��
M ¼ 0; (12)

�ð�
Pf�ÞMNP ¼ 0; (13)

3f�R½MNf�PQ�
R þ 2�ð�½Mf�ÞNPQ� ¼ 0; (14)

���ð��
Pf�MNP þ ��M��NÞ ¼ 0; (15)

���½f�RMNf�PQ
R � ��

Rf�R½M½P�Q�N� � ��½Mf�N�PQ
þ f�MN½P��Q�� ¼ 0; (16)

f�MNPf�
MNP ¼ 0; (17)

���f�½MNPf�QRS�jSD ¼ 0; (18)

where the subindex ‘‘SD’’ in the last equation stands for
the self-dual part of the SOð6; 6Þ 6-form.
Constraints (12)–(16) can be recognized as the quadratic

constraints of half-maximal supergravity found in
Ref. [14]. The additional constraints (17) and (18) define
the subset of N ¼ 4 gaugings that are consistent with an
embedding back into the N ¼ 8 theory [1].

III. DUALITY PHASES IN HALVED
MAXIMAL SUPERGRAVITY

A. Purely electric gaugings

In the particular frame in which both electric and mag-
netic fields transform as vectors under the action of
SOð6; 6Þ, purely electric gaugings are reached by setting
f�MNP ¼ 0 and ��M ¼ 0 so that only fþMNP is nonvan-
ishing. In this case, Eqs. (12)–(18) read

fþR½MNfþPQ�
R ¼ 0; (19)

fþMNPfþMNP ¼ 0; (20)

DUALITY PHASES AND HALVED MAXIMAL D ¼ 4 . . . PHYSICAL REVIEW D 87, 085004 (2013)

085004-3



and, in addition, there is a linear constraint on fþMNP,
namely, fþMNP ¼ fþ½MNP�.

Let us first concentrate on Eq. (19). Since it reduces to a
Jacobi-like identity, the most natural attempt for solving it is
to identify some of the embedding parameters directly as
structure constants of a gauge group G. Moreover, a semi-
simple choice automatically ensures thevalidity of the linear
constraint. Nevertheless, in order to properly realize this
group as a local symmetry, its Lie algebramust be embedded
into the space of electric vector fields in such a way that the
preimage of �MN equals, up to a global factor, the Killing-
Cartan form ofG. While the absolute value of this factor can
be absorbed by redefining the generators of the gauge group,
this condition puts a restriction on the signature of its metric.
Once this metric compatibility is fulfilled, an explicit solu-
tion for Eq. (19) is obtained by defining fþMNP as an
extension to zero of the 3-form associated with the structure
constants of G. The possible simple groups that can appear
as factors in G are SOð3Þ, SOð2; 1Þ, SOð3; 1Þ, SLð3;RÞ,
SUð2; 1Þ, SOð4; 1Þ, and SOð3; 2Þ.

Another related but, in principle, different solution of
Eq. (19) that will be useful in the next subsections can be
obtained when the dimension ofG is less than or equal to 6
if, instead, the structure constants 3-form is effectively
Hodge-dualized relative to a predefined 6-dimensional
subspace and then extended to the whole fundamental
representation of SOð6; 6Þ. Explicitly, let fMNP be the
trivial extension of the 3-form associated with the structure
constants of G to a given 6-dimensional subspace of
electric vector fields, and consider its Hodge dual,
namely, �fMNP ¼ ð3!Þ�1�MNPQRSf

QRS, where �MNPQRS is

the 6-dimensional Levi-Civita symbol. Metric compatibil-
ity is again assumed. We have

� fRMN � fPQR ¼ � 10

3
�P½MfRST�N�QfRST; (21)

where the global sign depends on the signature of the
6-dimensional metric. This expression can be rewritten as

�fRMN �fPQR¼�
�
1

3
fRST�M½P�Q�NfRST

þ2fRS½M�N�½PfRSQ� þfRMNfPQ
R

�
; (22)

from where it follows that

� fR½MN � fPQ�
R ¼ �fR½MNfPQ�

R ¼ 0; (23)

namely, the dual 3-form �fMNP satisfies the Jacobi identity
as long as fMNP does. A solution for Eq. (19) is conse-
quently obtained by defining fþMNP as a trivial extension
of �fMNP. Let us point out that, although this procedure
could be insubstantial in the semisimple case, in the sense
that it can bring gaugings simply related by a change of
basis, it provides well-defined gaugings even if the local
symmetry group is not semisimple. Indeed, while in this
case, fMNP does not necessarily equal f½MNP�, the form

�fMNP, defined now as the Hodge dual of the totally
antisymmetric part of fMNP, satisfies the linear constraint.
Notice that none of the 3-forms introduced above is a

solution for Eq. (20) when the gauge group is strictly
simple since, in this case, fþMNPfþMNP is proportional
to the dimension of G. As before, the absolute value of the
proportionality constant is irrelevant. On the contrary, its
sign depends on the embedding of G into the fundamental
representation of SOð6; 6Þ, and eventually it could bring a
way to generate solutions for both Eqs. (19) and (20) in a
more general case. Let us illustrate this fact with a particu-
lar example. Let us assume that G is a semisimple group

that can be decomposed as Gð1Þ �Gð2Þ, Gð1Þ, and Gð2Þ
having the same dimension, and consider the structure
constants 3-forms of both factors. It is straightforward to
see that the (direct) sum of the trivial extensions of these
3-forms provides a solution to Eq. (19). In addition, it
could correspond to a solution of Eq. (20) as well if the

preimage of �MN under the embedding of Gð1Þ differs in a

sign from that under the embedding of Gð2Þ, since, in this
case, the contributions to fþMNPfþMNP coming from both
3-forms cancel.
Even when we are able to find solutions to constraints

(19) and (20), it is known that purely electric gaugings do
not stabilize all moduli, and therefore de Roo and
Wagemans introduced a deformation of the theory in
Ref. [18], starting from a semisimple gauge group as
before but introducing further a phase for every of its
simple factors as an additional parameter in the description
of the corresponding gauging.
Before discussing the de Roo-Wagemans method, let us

recall that, besides all semisimple choices, there could be
many other nonsemisimple solutions to the constraints. We
mention as an example the Uð1Þ3 gauging referred to in
Ref. [14]. Setting u, v, and w to be three mutually orthogo-
nal linearly independent lightlike vectors, the components
of the volume form u½MvNwP� define a solution of Eqs. (19)
and (20). Further generalizations of this case to 3-forms
with a lightlike domain, corresponding all to Abelian
gaugings, prove to be also solutions of both constraints
(19) and (20).

B. de Roo-Wagemans phases

The de Roo-Wagemans deformation constitutes the only
semianalytical approach when looking for solutions of
constraints (12)–(16). Here we will make use of the
Schön-Weidner ansatz [14], which implements the duality
phases method within the embedding tensor formalism, in
order to explore solutions to the extended system (12)–(18)
when ��M ¼ 0. Under this assumption, the system
reduces to

f�R½MNf�PQ�
R ¼ 0; (24)

���f�RMNf�PQ
R ¼ 0; (25)
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f�MNPf�
MNP ¼ 0; (26)

���f�½MNPf�QRS�jSD ¼ 0: (27)

Let us consider a decomposition of the Lie algebra of the
gauge groupG intoK mutual orthogonal subspaces so that,
for a general vector vM, we have

vM ¼ XK
i¼1

	ðiÞN
M vN; (28)

with

�MP	ðiÞN
M 	ðjÞQ

P ¼ 0 for i � j; (29)

where 	ðiÞN
M , i ¼ 1 . . .K, correspond to the orthogonal

projectors onto each subspace.
As before, let us consider the structure constants of G

defining, by trivial extension, a 3-form fMNP, antisymmetric
in its three indices, i.e., fMNP ¼ f½MNP�, and satisfying the

identity fR½MNfPQ�
R ¼ 0. Moreover, let us assume the de-

composition ofG to be such that fMNP does notmix between
the subspaces; namely, fMNP decomposes into a sum of
independent 3-forms nontrivially defined on each subspace:

fMNP ¼ XK
i¼1

fðiÞMNP; (30)

where

fðiÞMNP ¼ 	ðiÞQ
M 	ðiÞR

N 	ðiÞS
P fQRS: (31)

This implies, in turn, that the gauge group splits into K

factors G ¼ Gð1Þ �Gð2Þ � � � � �GðKÞ, fðiÞMNP being the ex-
tension of the structure constants 3-form associated with
the ith factor, each of them satisfying separately the Jacobi
identity. Even when, in the semisimple case, this decom-
position ofG is naturally associated with its decomposition
into simple factors, we stress that the above construction
could apply for nonsemisimple gaugings as well.

Solutions of the constraints (24) and (25) in terms of

fðiÞMNP are found to be generally given by the Schön-
Weidner ansatz [14]:

f�MNP ¼ XK
i¼1

wðiÞ
� fðiÞMNP; (32)

where the wðiÞ are arbitrary SLð2Þ vectors that we could
restrict to have unit length without loss of generality, i.e.,

wðiÞ ¼ ðwðiÞ
þ ; wðiÞ� Þ ¼ ðcos�i; sin�iÞ: (33)

The �i 2 R, i ¼ 1 . . .K, are the so-called duality angles
first introduced by de Roo and Wagemans in Ref. [18].
Solution (32) is given up to SLð2Þ transformations so that
we can freely assume that the first duality angle �1 van-

ishes; namely, we can set wð1Þ ¼ ð1; 0Þ, proving that cases
with K ¼ 1 are always equivalent to purely electric
gaugings.

It is convenient to emphasize that, in order to realize the
gauge group in view of the Schön-Weidner ansatz, it is
mandatory, as it was before in the purely electrical case, to

embed the Lie algebra of each GðiÞ into the electric vector
fields space in such a way that the preimage of �MN agrees,
up to a real factor, with the associated Cartan-Killing form

�ðiÞ
MN . Again, the absolute value of this factor is irrelevant,

but its sign could restrict the subgroups of G allowed to
contribute in Eq. (30) in order to preserve the global
signature of the metric �MN .
In the next subsection, we shall analyze under which

conditions the Schön-Weidner ansatz provides a solution
for the remaining quadratic constraints (26) and (27).

C. Solving the truncation constraints

Let us focus on semisimple gaugings, for which there is
a natural decomposition of the space spanned by fvMg into
mutually orthogonal subspaces so that K can be freely
assumed to equal the number of simple factors in G.
When replaced in Eq. (26) and (27), the Schön-Weidner

ansatz (32) gives

XK
i;j¼1

wðiÞ
� wðjÞ

� fðiÞMNPf
ðjÞMNP ¼ 0; (34)

XK
i;j¼1

�ijf
ðiÞ
½MNPf

ðjÞ
QRS�jSD ¼ 0; (35)

where �ij ¼ ���wðiÞ
� wðjÞ

� ¼ sin ð�j � �iÞ. Notice that

�ii ¼ 0. The double sum in Eq. (34) is reduced to a single
one by virtue of the orthogonality of the nontrivial domains
of the 3-forms involved. On the other hand, we can halve
the number of summands in Eq. (35) using the symmetry of
every term under the permutation of the block indices. We
explicitly get

XK
i¼1

wðiÞ
� wðiÞ

� jfðiÞj2 ¼ 0; (36)

XK
i<j¼1

�ijf
ðiÞ
½MNPf

ðjÞ
QRS�

þ 1

6!

XK
i<j¼1

�ij�MNPQRSTUVWXYf
ðiÞTUVfðjÞWXY ¼0; (37)

where �MNPQRSTUVWXY is the 12-dimensional Levi-Civita

symbol, associated with SOð6; 6Þ, and we have introduced

the notation jfðiÞj2 ¼ fðiÞMNPf
ðiÞMNP.

Let us analyze the highly overdetermined system con-
tained in Eq. (37). In order to solve it, we shall consider the

subsystem obtained by contracting it with fðkÞMNPfðlÞQRS

for every pair of block indices k < l. Using the orthogo-
nality of the spaces where the 3-forms effectively act,
we get
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fðkÞMNPfðlÞQRSfðiÞ½MNPf
ðjÞ
QRS� ¼

3!2

6!

ik
jljfðkÞj2jfðlÞj2; (38)

so that Eq. (37) is rewritten as

�kljfðkÞj2jfðlÞj2þ 1

3!2
XK

i<j¼1

�ij�MNPQRSTUVWXYf
ðiÞMNP

�fðjÞQRSfðkÞTUVfðlÞWXY ¼0: (39)

Since jfðkÞj2 is proportional to the dimension of GðkÞ, the
coefficients appearing in the first term of the left-hand side
of Eq. (39) are always different from zero. On the other
hand, the contraction of the structure constants 3-forms
with the Levi-Civita symbol in the second term is antisym-
metric under the interchange of any pair of block indices,
so that it vanishes if any index is repeated. This fact implies
that there is no contribution to Eq. (39) coming from this
term if the decomposition of G involves less than four
factors. In this case, it follows that �kl ¼ 0 for every pair
k < l, i.e., �k ¼ �l þ n	 with n 2 Z, which shows that
fþMNP and f�MNP are proportional. After performing a
SLð2Þ transformation in such a way that �1 is set to zero,
one concludes that semisimple gaugings are consistent
with a truncation from maximal to half-maximal super-
gravity only in the purely electrical case except, eventually,
for the specific situation in which the gauge group is
decomposed in four or more simple factors.

After checking the list of simple subgroups of SOð6; 6Þ,
it should be clear that nonpurely electric gaugings can only
be achieved if strictly four 3-dimensional simple factors,
namely, SOð3Þ and/or SOð2; 1Þ, decompose G. We list all
allowed semisimple groups in Table I. The signs in the last
four columns indicate how the embedding of each group
into the fundamental representation of SOð6; 6Þ is realized
with respect to the relative signs between the correspond-
ing Killing-Cartan form and the metric �MN . The signþ is
used when positive entries are associated with the compact
directions, and negative entries are associated with the
noncompact ones; the sign � is used otherwise.

From Eq. (39) and for all groups in Table I, we obtain a
homogeneous system with six equations coupled in pairs,
namely,

�ijjfðiÞj2jfðjÞj2 þ 1

3!2
�kl�MNPQRSTUVWXYf

ðiÞMNPfðjÞQRS

� fðkÞTUVfðlÞWXY ¼ 0; (40)

1

3!2
�ij�MNPQRSTUVWXYf

ðiÞMNPfðjÞQRSfðkÞTUVfðlÞWXY

þ �kljfðkÞj2jfðlÞj2 ¼ 0; (41)

for ½i; j; k; l� ¼ ½1; 2; 3; 4�, [1,3,2,4], [1,4,2,3]. The deter-
minant of Eqs. (40) and (41) identically vanishes, i.e.,

jfðiÞj2jfðjÞj2jfðkÞj2jfðlÞj2

¼ 1

3!4
½�MNPQRSTUVWXYf

ðiÞMNPfðjÞQRSfðkÞTUVfðlÞWXY�2;
(42)

since, for both groups SOð3Þ and SOð2; 1Þ, fðiÞMNP ¼
fðiÞMNP ¼ �MNP, thus jfðiÞj2 ¼ 3!, when the embedding re-

spects the signature of the metric, and fðiÞMNP ¼
�fðiÞMNP ¼ ��MNP and jfðiÞj2 ¼ �3! if the signature is
inverted. This proves, in turn, that Eqs. (40) and (41) are
consistent with a nontrivial assignment of the de Roo-
Wagemans phases.
System (40) and (41) explicitly reduces to the following

set of equations:

sin ð�2 � �1Þ ¼ sin ð�3 � �4Þ; (43)

sin ð�3 � �1Þ ¼ � sin ð�4 � �2Þ; (44)

sin ð�4 � �1Þ ¼ � sin ð�2 � �3Þ; (45)

where the undetermined sign in the right-hand side of
Eqs. (44) and (45) must be set to þ when considering the
first two gauge groups in Table I, and it is � for the last
three gaugings.1 The solutions for the former situation
show that all SLð2Þ vectors are aligned; namely, the group
SOð3Þ � SOð2; 1Þ3 implies a purely electric gauging. It is
only for the latter three gauge groups that at least two de
Roo-Wagemans phases can be differently chosen.
Actually, under these conditions, there must be the case

TABLE I. List of N ¼ 4 semisimple gauge groups involving
four simple factors and their embeddings into the fundamental
representation of SOð6; 6Þ.
Group Embedding

SOð3Þ � SOð2; 1Þ3 þ þ þ þ
SOð3Þ � SOð2; 1Þ3 � � � �
SOð3Þ2 � SOð2; 1Þ2 þ � þ �
SOð3Þ4 þ þ � �
SOð2; 1Þ4 þ þ � �

TABLE II. Duality angles (relative to �1) for all nonpurely
electric semisimple N ¼ 4 gaugings compatible with a trunca-
tion from N ¼ 8.

�2 �3 �4

Case A � � 0

Case B 	þ � 0 �
Case C 	=2 �þ 	=2 �
Case D �	=2 � �þ 	=2

1For the third group listed in Table I, we have permuted the
second and third factors for yielding the same system.
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that two pairs of either parallel or orthogonal SLð2Þ vectors
polarize the decomposition of G. In Table II, we list all
allowed duality angles relative to �1.

It can be explicitly checked that the SLð2Þ angles assign-
ments for the gauge groups in Table II do not only solve
Eqs. (40) and (41) but the entire system of constraints. In
order to understand the reason why this is the case, it will
be useful to take a more geometrical point of view for
discussing Eq. (37). Instead of the real embedding tensor
components, let us introduce the complex fluxes FMNP ¼
fþMNP þ if�MNP, in terms of which Eq. (27) can be
rewritten as

½F ^ F�SD ¼ 0; (46)

where we have used that ðF ^ FÞMNPQRS ¼
6!
3!2

F½MNPFQRS�. The Schön-Weidner ansatz is now given

by F ¼ P
K
k¼1 e

i�kFðkÞ with obvious definitions, while

Eq. (46) gives

XK
k¼1

½FðkÞ ^FðkÞ�SD�2i
XK

k<l¼1

Re½ieið�l��kÞFðkÞ ^FðlÞ�SD¼0;

(47)

where we have used that FðkÞ ^ FðlÞ is a 6-form valued anti-
Hermitian matrix for writing the sum of all its entries as the
sum of its diagonal elements plus the imaginary parts of its
off-diagonal ones.

All assignments listed in Table II correspond to a com-
plex flux involving strictly two terms, namely,

F ¼ ei�1ðFð1Þ þ ei�Fð2ÞÞ; (48)

each one nontrivially defined in a 6-dimensional space.

The expressions for Fð1Þ and Fð2Þ for each solution are
listed in Table III.

When a decomposition like Eq. (48) holds, Eq. (47)
reduces to

½Fð1Þ ^ Fð1Þ�SD þ ½Fð2Þ ^ Fð2Þ�SD
� 2iRe½iei�Fð1Þ ^ Fð2Þ�SD ¼ 0: (49)

This identity should be satisfied for every choice of � so
that both of its terms must separately vanish. Thus, we get
the following set of phase-independent equations:

½Fð1Þ ^ Fð1Þ�SD þ ½Fð2Þ ^ Fð2Þ�SD ¼ 0; (50)

½Fð1Þ ^ Fð2Þ�SD ¼ 0: (51)

Let �Fð1Þ and �Fð2Þ be the trivial extensions of the Hodge
duals of Fð1Þ and Fð2Þ relative to their 6-dimensional
domains,2 respectively. Using the fact that the
12-dimensional Levi-Civita symbol effectively acts on
the direct product of these subspaces as the product of
the corresponding 6-dimensional Levi-Civita symbols, it
is straightforward to prove that

� ðFð1Þ ^ Fð2ÞÞ ¼ �ð�Fð1Þ ^ �Fð2ÞÞ; (52)

therefore, Eq. (51) can be equivalently written as

F ð1Þ ^ Fð2Þ ¼ �Fð1Þ ^ �Fð2Þ: (53)

For the first two cases in Table III, we have �Fð1Þ ¼ �Fð1Þ

and �Fð2Þ ¼ �Fð2Þ, while for the third and the fourth cases,
we have �Fð1Þ ¼ �iFð1Þ and �Fð2Þ ¼ �iFð2Þ, so that
Eq. (53) is clearly satisfied. We stress that we have been
able to write Eq. (52) because of the decomposition of F in
two terms with 6-dimensional orthogonal domains. For the

former situation, Eq. (50) becomes trivial since both Fð1Þ

and Fð2Þ are real forms and the wedge product is antisym-

metric. For the latter cases, we find �ðFð1Þ ^ Fð1ÞÞ ¼
�Fð2Þ ^ Fð2Þ, and, therefore, �ðFð2Þ ^Fð2ÞÞ¼�Fð1Þ ^Fð1Þ.
It follows that Eq. (50) also holds for these cases.
Concerning constraint (36), the situation resembles the

already discussed case of purely electric gaugings. Indeed,
for the first and second duality phase assignments in
Table II, the preimages of �MN under the embeddings
associated with the same de Roo-Wagemans angle differ
in a sign, and, therefore, the contributions to f�MNPf

MNP
�

coming from both factors cancel, i.e., those contributions
to the left-hand side of Eq. (36) coming from factors with
different SLð2Þ angles separately vanish. For the last two
cases in Table II, the situation is quite similar, the only
difference being that the contribution to Eq. (36) coming
from factors that do not share the same duality angle cancel
mutually. In any case, every solution of Eq. (37) proves to
be also a solution of Eq. (36), making this last constraint
redundant with respect to Eq. (37) within the context of the
de Roo-Wagemans formalism.

TABLE III. Decompositions of all semisimple gaugings solving Eq. (37) in terms of two 3-forms effectively defined on orthogonal
6-dimensional spaces.

Fð1Þ Fð2Þ �Fð1Þ �Fð2Þ

Case A fð1Þ þ fð4Þ fð2Þ þ fð3Þ �fð1Þ � fð4Þ �fð2Þ � fð3Þ
Case B fð1Þ þ fð3Þ �fð2Þ þ fð4Þ �fð1Þ � fð3Þ fð2Þ � fð4Þ
Case C fð1Þ þ ifð2Þ ifð3Þ þ fð4Þ ifð1Þ � fð2Þ �fð3Þ þ ifð4Þ
Case D fð1Þ � ifð2Þ fð3Þ þ ifð4Þ ifð1Þ þ fð2Þ ifð3Þ � fð4Þ

2Notice that the referred star operators are defined on different
spaces.
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Before discussing the moduli stability for these semi-
simple gauge groups, let us notice that many nonsemisimple
realizations can also be constructed for consistently gauging
a halved maximal supergravity using the Schön-Weidner
ansatz. As a particular example, let us mention ðUð1Þ3Þ2 �
SOð3Þ2 with the 3-form associated withUð1Þ3 being the one
introduced when analyzing purely electric gaugings.

D. Stability analysis

The study of the scalar potential and the mass matrix
associated with the fluxes we have found in the previous
section is greatly simplified due to the exhaustive study of
semisimple gaugings for N ¼ 4 supergravity performed in
Refs. [19,20]. Let us briefly quote the main results.

Once the potential is extremized in the SLð2Þ scalar
sector, it takes the following form:

Vð�Þ ¼ C

jCj
ffiffiffiffi
�

p
� T; (54)

where

C ¼ XK
i;j¼1

cos ð�j � �iÞVij; (55)

� ¼ 2
XK

i;j;k;l¼1

�ik�jlVijVkl; (56)

T ¼ � XK
i;j¼1

�ijWij; (57)

with

Vij¼1

4

�
�MQ�NRð�PSþ�PSÞ�1

3
�MQ�NR�PS

�
fðiÞMNPf

ðjÞ
QRS;

(58)

Wij ¼ 1

36
�abcdef�a

M�b
N�c

P�d
Q�e

R�f
SfðiÞMNPf

ðjÞ
QRS: (59)

In these equations, �a
M corresponds to the six matter

multiplets in the theory and, by definition, �MQ ¼
�a

M�a
Q. The condition for an extremum to exist is that

�> 0, which precisely implies that at least two duality
angles must be different.

The potential is analyzed at the origin of the scalar
manifold, namely, for �0a

M ¼ 1 when M refers to a non-

compact direction and �0a
M ¼ 0 otherwise. Under these

conditions, one has V0ij ¼ 0 for i � j, and the previous

expressions simplify to

C0 ¼
XK
i¼1

V0ii; (60)

�0 ¼ 2
XK
i;j¼1

�2
ijV0iiV0jj; (61)

T0 ¼ � XK
i;j¼1

�ijW0ij; (62)

while the explicit values of V0ii and W0ij are

V0ii ¼

8>><
>>:
� 1

2 for SOð3Þ�;
1
2 for SOð2; 1Þþ;
0 for SOð3Þþ and SOð2; 1Þ�;

(63)

W0ij ¼
�
1 for SOð3Þ�;
0 for SOð3Þþ; SOð2; 1Þþ and SOð2; 1Þ�:

(64)

The subindices refer to the respective embeddings.
For the third gauge group listed in Table I, we find

�0 < 0 so that the potential does not exhibit any extremum
in this case. We are left with the gauge groups SOð3Þ4 and
SOð2; 1Þ4.

1. SOð3Þ4
In this case, we obtainC0 ¼ �1,�0 ¼ a2, T0 ¼ 2a, and

V0 ¼ �jaj � 2a, where a ¼ � sin�, �1 for the duality
angles assignments in Table II, respectively. The eigenval-
ues of the mass matrix3 for the 36 matter scalars all equal
�2a, and then, for a de Sitter solution, these eigenvalues
are all positive. Since C0 < 0, it follows that for the SLð2Þ
scalars, the potential exhibits a maximum, namely, there
are two tachyons present in the SLð2Þ sector.

2. SOð2; 1Þ4
Now we have C0 ¼ 1, �0 ¼ a2, T0 ¼ 0, and V0 ¼ jaj,

where a ¼ � sin�, �1 for the cases listed in Table II,
respectively. Eight eigenvalues of the mass matrix identi-
cally vanish. They correspond to the Goldstone bosons
producing the masses of the gauge fields after the breaking
of the local symmetry to Uð1Þ4. There are always two
negative eigenvalues equal to �2jaj, and setting a ¼ 0
does not help since this case reduces to a purely electric
gauging.

IV. CONCLUDING REMARKS

When halving maximal D ¼ 4 gauged supergravity, in
addition to the usual constraints to the gauge group embed-
dings of half-maximal models, other ones arise as a con-
sequence of the truncation from N ¼ 8 to N ¼ 4. In this
paper, we have explored the possibility of solving these
new constraints by using the only known semianalytical
approach to the problem, namely, the de Roo-Wagemans
phases method. We have performed the implementation of
this procedure within the context of the embedding tensor
formalism by means of the Schön-Weidner ansatz.

3We refer to Ref. [20] for the expressions of the first and
second derivatives of the potential and the mass matrix.
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We have proven that no semisimple gaugings, with the
eventual exception of those associated with groups that
decompose in exactly four simple 3-dimensional factors,
allow the stabilization of all moduli since the truncation
constraints force the duality angles to be equal or to differ
by multiples of 	—i.e., semisimple choices with less than
four simple factors reduce to purely electrical gaugings.

For the five semisimple groups constructed upon four
copies of SOð3Þ and/or SOð2; 1Þ, the only 3-dimensional
simple subgroups of SOð6; 6Þ, we have determined the
SLð2Þ phases that are compatible with all the constraints.
Only three of them can have two or more different duality
angles, showing that the impact of halving maximal super-
gravity within the context of the de Roo-Wagemans defor-
mation is a drastic reduction of up to the 85% of those
N ¼ 4 semisimple gaugings susceptible to a nontrivial
stability analysis and a highly restricted assignment of
the duality phases: only two pairs of either parallel or
orthogonal SLð2Þ vectors can deform the decompositions
of the corresponding gauge groups. Interestingly, we have
realized that all the solutions of one of the truncation
constraints automatically become solutions of the other,
making this last one redundant in the context of the de Roo-
Wagemans method. We have also shown that these solu-
tions admit a suitable geometrical interpretation since they

can be characterized in terms of two 3-forms nontrivially
defined on mutually orthogonal 6-dimensional spaces that
are separately self-dual or anti-self-dual relative to their
domains.
As a final point, we have discussed the scalar potential

and mass matrix properties near the origin of the scalar
manifold for the resulting models. While one of them does
not present any extremum, the other two do exhibit ex-
trema, although not fully stable under fluctuations of all
scalar fields. It would be interesting to further analyze
nonsemisimple gaugings using similar techniques as the
ones we have employed in order to investigate up to what
extent it is possible to enhance the chances for moduli
stabilization when considering halved maximal supergrav-
ity models.
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