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1 Introduction

We use the starting section of this thesis to slowly introduce the reader to the problem
which we are researching. For a shorter introduction we refer the reader to Section 1.1.
In our opinion the easiest way to introduce graph theory is by letting the reader imagine
a street map. It is possible to reconstruct the structure of the street map if one knows
all the different crossings in the street map and the information which crossings are
directly connected by a street. This underlying logical structure is called a graph, which
consists of two sets, the non-empty set V' for vertices, which correspond to the crossings,
and the set £ C {{v,w} | v,w € V,v # w} of so called edges, which correspond to
the streets between the crossings. For a graph G we use V(G) and E(G) to reference
his vertex set and edge set, respectively. Before we continue let us introduce three

important, quite simple graphs. For n € Ny, the complete graph of size n, also called
K,, is defined by

K, = (V(K,),E(K,)) ={v |ie{1,2,...,n}},{{v,w} | v,w € V(K,),v # w}).
For n € N.,, we define the path of length n and the cycle of length n by

P, ={v |ie{1,2,....n}}, {{vi,via} i €{1,...,n—1}}),

and

Co={vi |1 €{1,2,...,n}},{{vi,via} [P € {1,...,n = 1}} U {{vi,0.}}),

respectively. Noticing all these brackets it is a logical notation to just write uv € E(G)
instead of {u,v} € FE(G). Using a graph as the underlying mathematical structure
one can look at many different problems. This area of mathematics is called graph
theory. One interesting problem which arises by looking at a street map is to find
the shortest path between two crossings. This problem can currently be solved quite
efficiently using graph theory and these solutions are used every time a phone is asked
for directions. We refer the interested reader to an article by Schrijver [61] depicting

the history of this problem.

Most discrete data can be depicted in a graph. Let us present one more example of an
interesting graph. Identifying each user of a given social media platform with its own

vertex and connecting the vertices with an edge if and only if the corresponding people
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are friends on the platform creates a large friendship graph. For the platform Twitter
this graph is subject of a paper by Bakhshandeh et al. [4]. In their paper they introduce,
among other things, an algorithm to calculate an approximate solution to the shortest
path problem. They find an average degree of separation of 3.43 between two random
Twitter users, meaning that for any two users u; and us on average there is a path of
length less than four, consisting of users, which are pairwise friends, connecting u; and
uo. This is a surprisingly small number and therefore another instance of the so-called

small-world experiment.

In this thesis we look at another graph theoretical problem namely the colouring prob-
lem. We use the following example to motivate this problem. In an atlas there is a
coloured map of the worlds’ countries. One notices that countries which share a border
are for better readability coloured differently. The person responsible for colouring
the atlas has to solve the following question. How many colours are necessary to
colour the countries under the restriction that adjacent countries are coloured dif-
ferently? We translate this in a graph theoretical problem as follows. The graph
GEarth = (V(GEarth); E(Ggartn)), which contains all the relevant information to colour
the atlas map, arises from the neighbourhood relation between the countries as follows.
Each country of the earth is identified with its own vertex and there is an edge between
two vertices if and only if the corresponding countries share a border of positive length.
That is the reason why we generally say u is adjacent to v in G if wv € E(G). The
question of finding an allowed colouring now translates into finding a £ € Ny and a
map ¢ : V(Ggaren) — {1,2,...,k} such that c(u) # ¢(v) for each uv € E(Ggarn). We
say a graph G is k-colourable, if we find such a k£ € N5y and a map c. Clearly every
graph G is |V (G)|-colourable by colouring every vertex in its own colour. Going back to
the atlas-map it is quite natural to ask for the smallest amount of colours necessary to
colour the countries, since when using fewer colours there is a larger visual difference
between these colours. Because of its relevance the smallest k for which a graph is
k-colourable has its own name and is called the chromatic number of G and is denoted
by x(G). In general there is no known efficient algorithm to calculate the chromatic
number of a given graph [28|. Trying all different combinations of colours leads to an
exponential running time and therefore is highly impractical for larger graphs. Since
in general determining the chromatic number is a difficult problem, we now only col-
lect the maps from the atlas which fulfil the following quite natural restriction. We
are interested in all maps for which each country depicted in the map is topologically
connected. The graphs which arise from theses maps are so called planar graphs. Sur-
prisingly four colours are enough to colour each one of these maps. This is the famous
4-colour theorem, which was proven by Appel and Haken [2] in 1977. The more general
fact, that all maps with the special property are 4-colourable is clearly more useful than

just knowing x(Ggaren)-
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Like in the example often times it is not just a single graph that one wants to know
the chromatic number of, but rather a large collection of graphs which are of interest.
So given a family of graphs the aim is to find an upper bound to the chromatic number
of these graphs. Obviously there are different ways to obtain such a family of graphs.
Before we explain the graph families that we are interested in we need to introduce two
technical definitions. Firstly for two graphs G and H, an isomorphism between G and
H is a bijection between V(G) and V(H) such that for every two vertices u,v € V(G)
we have uv € E(G) if and only if f(u)f(v) € E(H). If there is an isomorphism between
G and H we write G is isomorphic to H or G = H. The second definition we need
is that of an induced subgraph. Given a non-empty set S C V(G), G[S] is the graph
with vertex set S and edge set E(G)N{s182: s1,52 € S}. We say that H is an induced
subgraph of G, denoted by H Ciq G, if there is some set S C V(G) of vertices such
that G[S] = H. So for example K, is an induced subgraph of every graph with an
edge, but Pj is not an induced subgraph of C's. Now we can define the graph families
that we are interested in. For a graph H we define the family For(H) of graphs by

For(H) = {G | H is not an induced subgraph of G'}.

Or in other words, we are interested in graph families which occur by forbidding a cer-
tain (often small) graph H as an induced subgraph. This family of graphs is denoted by
For(H), short for forbidden. In general a smaller forbidden subgraph H grants a smaller
family For(H). For example the family For(K>,) just consists of Ki,2K;,3Ky,....
One advantage of choosing the family of graphs in this way is that for every graph
G € For(H) and an induced subgraph G’ of G also G’ € For(H). This is the so called
hereditary property and for all graph families G which fulfil the hereditary property
there is a family of graphs H with For(#) = G (#H can be chosen to be the set of all
graphs not in G but all induced subgraphs of which are in G).

So imagine such a family of graphs. Quite clearly the chromatic number of these graphs
can be arbitrary large as long as the forbidden subgraph H is not a complete graph.
This is the case, since if H is not a complete graph the complete graph of any size is a
member of For(H). So it is a logical idea to divide the graphs into buckets depending
on the largest complete graph which they contain as an induced subgraph. Now the
aim is to find an upper bound on the chromatic number for each bucket. Or in other
word we try to find a function fy : Ny — Ny such that x(G) < fu(w(G)) for every
G € For(H), where w(G) denotes the cardinality of the largest set of pairwise adjacent
vertices in G. The function fy is called a x-binding function for For(H). Motivated by
the Strong Perfect Graph Conjecture of Berge [5], Gyarfas [31] first introduced these
functions. Often times is is quite difficult to figure out whether or not there is such a

function.

Let us first imagine there is an n € N, such that ), is an induced subgraph of H.
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It was first shown by Erdds [25] that in this setting there is no y-binding function
for For(H). This is the case since for every k,¢ € Ny, there is a graph Gj, with
X(Gg) > k and which shortest cycle has length at least £. So choosing ¢ as n + 1 the
infinite family {Gy, | k¥ € N5o} has clique number 2, unbounded chromatic number,
and is a subset of For(H). Since this result by Erdds the study of y-binding functions

for (hereditary) graph families is one of the central problems in chromatic graph theory.

So to have any chance of finding a x-binding function for For(H) we need that there is
no n € Nyy such that (), is an induced subgraph of H. The easiest graphs which fulfil
this condition are the paths. If the forbidden subgraph is a P, it was first shown by
Seinsche [65] that one can even choose fp,(w) = w as a binding function. Since x(G) >
w(G) for every graph G this function is the smallest non-trivial binding function. The
family For(Ps) contains so many more graphs than For(P,) that for example it is
still open whether or not there is a polynomial binding function for For(P5). So to
better understand this family many researchers forbid an additional graph. A lot of
results have been published in the last decades in this particular field and Chapter 2
is a collection of these results. We also refer the reader to surveys of Randerath and
Schiermeyer [59], and Scott and Seymour [63] for a great overview over the years of
research. Let us use this space to state that whenever we state a theorem, lemma or
corollary which is not our result there is a citation and name crediting the author. If

there is no name it is one of our results.

Like we saw in the example of For(FP,) it is a logical wish to find the smallest binding
function. Also like mentioned above to research the family For(H) one additionally
forbids a second subgraph and researches this smaller family. So after this introduction
we now formally define the following often used definition of an optimal y-binding
function. Given a set H of graphs, let f3,: Ng — Ny be the optimal x-binding function
for For(H), that is,

f(w) =max{x(G) : w(G) = w,G € For(H)}.

Finding x-binding functions is difficult which implies that it is especially difficult to find
optimal ones. For some subfamilies of Ps-free graphs we are able to determine optimal
x-binding functions through a combination of decompositions by homogeneous sets

and clique-separators. Others we determine by structural analysis.

This thesis is organised as follows: We continue in this chapter with a motivation and
summary of our results as well as an introduction into notation and terminology. In
Chapter 2 we outline the known results in this area. Then we prove the main techniques

in Chapter 3 that are used in later proofs.

In the then following chapters we discuss the different subfamilies and their y-binding
functions. We deal with the families For(Ps, hammer), For(Ps, banner), For(Ps, dart),
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Fig. 1: Most frequently used forbidden induced subgraphs

For(Ps, kite) and For(Ps, HVN) in Chapter 4, Chapter 5, Chapter 6, Chapter 8 and
Chapter 9, respectively. Since we find nice structural results for these families we also
get result for some of their subfamilies. All these results are collected in the then

following Chapter 7. There we discuss our results for For(Ps, Cy), For(Ps, gem), and
For(Ps, diamond).

We lastly characterise all graphs H for which there is a constant ¢(H), only depending
on H, with f{*P&H}(w) <w+ c(H), for all w € Ny, in Chapter 10.

1.1 Motivation and contribution

We consider standard notation and terminology, and note that each of the considered
graphs in this thesis is simple, finite and undirected unless otherwise stated. Some
particular graphs are depicted in Fig.1 and Fig.2, and we denote a path and a cycle
on n vertices by P, and C,,, respectively. Additionally, given graphs G, Hy, Hs, .. ., the
graph G is (Hy, Ho, ...)-free if G — S is non-isomorphic to H for each S C V(G) and
each H € {Hy, H,...}.

A function L: V(G) — Nsg is a (proper) colouring if L(u) # L(v) for each pair of
adjacent vertices u,v € V(G) and, for simplicity, we say that each k € {L(u) : u €
V(G)} is a colour. The smallest number of colours for which there is a proper colouring
of G is the chromatic number of G, denoted by x(G). It is well known that each clique,
which is a set of pairwise adjacent vertices, needs to be coloured by pairwise different
colours in a proper colouring. Thus, the clique number, which is the largest cardinality
of a clique in G and that is denoted by w(G), is a lower bound on x(G). Since the
beginnings of chromatic graph theory, researchers are interested in relating these two

invariants. For example, Erdds [25] showed that the difference could be arbitrarily
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large by proving that, for every two integers g,k > 3, there is a (Cs,Cy, ..., C,)-free
graph G with x(G) > k. In contrast, it attracted Berge [5] to study perfect graphs,
which are graphs, say G, that satisfy x(G — 5) = w(G — §) for each S C V(G). His
research resulted in two famous conjectures, the Weak and the Strong Perfect Graph
Conjecture. The first one, proven by Lovész [46], states that the complementary graph
of a perfect graph is perfect. In contrast to the Weak Perfect Graph Conjecture, the
Strong Perfect Graph Conjecture was open for a long time but is nowadays confirmed

and known as the Strong Perfect Graph Theorem.

The Strong Perfect Graph Theorem (Chudnovsky et al. [20]). A graph G is perfect
if and only if G and G are (Cs, C, . ..)-free.

To generalize the notation of perfect graphs, Gyarfas [31] introduced the definition of
a y-binding function as follows. A function f : Ny — Ny is a y-binding function for a
family of graphs G if and only if x(G’) < f(w(G")) holds for all induced subgraphs G’
of G € G. If there is a y-binding function for a graph family G, then there is obviously
a optimal (or smallest) x-binding function for G defined by

f*(x) = max{x(G) | G’ is an induced subgraph of G € G,w(G") = x}.

Gyarfas [31] also observed from the aforementioned result by Erdés [25] that the x-
binding function does not exist for the family of (Hy, Ha, ..., Hy)-free graphs whenever
each of the given graphs Hy, H, ..., H; contains an induced cycle. In other words,
to hope for x-binding functions for the family of (Hy, Ho, ..., Hy)-free graphs, at least
one of the graphs Hi, Hy, ..., Hy must be a forest. Furthermore, Gyarfas [31] and,
independently, Sumner [66] conjectured that there is such an upper bound on the

chromatic numbers of H-free graphs whenever H is a forest.

Given a set H of graphs, we use the notation of f3; for the optimal y-binding function for
the family of H-free graphs, which means, since this family is hereditary f;: Ny — Ny
is defined by

fr(w) =max{x(G) : w(G) = w, G is H-free}.

For example, the family of P,-free graphs for ¢ > 5 has a x-binding function (cf. The-
orem 12, [31]) although up until recently the best known upper bounds on ffPs} and
f{p, c;) were exponential in w [26, 22|. In 2021 Scott, Seymour, and Spirkl [64] proved
a quasi-polynomial bound for Ps-free graphs. For more details about their proof we
refer to Chapter 2. The right order of magnitude of f{*P5} is a long-standing and still
an open problem. Esperet (unpublished) even posed the difficult problem to decide
whether or not every y-bounded family admits a polynomial y-binding function? For
that reason, it is natural to ask whether there exists a polynomial y-binding function

for a y-bounded graph family G. To the best of our knowledge, it is also unknown
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whether there is a polynomial y-binding function for the family of (Cs, Cy,...)-free
graphs (which is a short notation for the family of graphs each of which is Cyyy5-free
for each k € Np) although an exponential one exists [62]. For various graph families,
x-binding functions have been established and surveyed by Gyarfas [31], Seymour and
Scott [63], and Randerath and Schiermeyer [55].

It is rather interesting that Pj-free graphs are perfect by the Strong Perfect Graph
Theorem but, for supersets such as Ps-free graphs and (Cs, Cy,...)-free graphs, the
best known y-binding functions are not even polynomial. Although it is unknown
whether ffPs} and ffc5,c7,...} are polynomially or not, there is a big difference in the
order of magnitude between f{*P4} on one hand, and ffPs} on the other hand. For this
reason we focus in this thesis on Ps-free graphs, as this family is the smallest — in
terms of the forbidden induced paths — for which the right order of magnitude of f{*PS}
is unknown. Note that Fouquet et al. [27] show among other things that there is no
linear y-binding function for the class of Ps-free graphs. By modifying a result of [14],
we obtain Lemma 42 which we prove in Chapter 3 and from which we especially deduce
that the families of Ps-free graphs and of (Cs, Cy, .. .)-free graphs do not have a linear

x-binding function.

Since the orders of magnitude of f{*PS} and f{*c5,c7,...} are unknown, it is of interest to
study subfamilies of Ps-free graphs and subfamilies of (Cs,CY,...)-free graphs. For
example, it has been proven

fipony(w) ifw<2, 3 fw=2,

® [Th pawy (W) = = (cf. [48, 54] or [59]),
(et w if w > 2 w o ifw#£2

° fEPs,diamond} (OJ) <w+1 (Cf [54])7
o Fip (@) Fim gy (@) < [5/4] (ch (15, 19)),
¢ fng),paraglider}(w) S [3&1/2—‘ (Cf [36])7 and

* ficscn buzz}(w)af{*P5,buzZ}(w) < (w;rl) (cf. [22]).

We refer the reader to the survey of Randerath and Schiermeyer [59] and Chapter 2
for additional results and further informations.

The research field of this thesis is the study of binding functions of (Ps, H)-free graphs
for H € {hammer, banner, dart, kite, HVN}. With our main technique which is stated
in Section 3.2 we find an approach which allows us determining optimal x-binding
functions for some of these families. As particular tools, we need the terminologies of
critical graphs as well as those of homogeneous sets and clique-separators. A graph G
is critical if x(G) > x(G—u) for each u € V(G). Additionally, in a connected graph G,
a set S is a homogeneous set if 1 < |S| < |V(G)| and each vertex outside S is adjacent

to each or none of the vertices of S, and S is a clique-separator if S is a clique and
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G — S is disconnected.

In its basic form, our approach for some subfamilies of For(F5) can be described as

follows:

Whenever there is a set H of graphs, it is reasonable to study the chromatic number
of critical H-free graphs only for determining f7; since each critical graph G — S with
X(G = S) = x(G) and S C V(G) satisfies w(G — S) < w(G). Assuming f3, to be

non-decreasing and GG to be not critical, we obtain by induction hypothesis

X(G) = x(G = 5) < fr(w(G = 9)) < fr(w(G)).

This observation leads to the following well-known lemma which we state here for later

reference.

Lemma 1 (Folklore). Let H be a set of graphs and Cy = {H € H | H is critical} and
f: Ng = Ny non-decreasing. If x(C) < f(w(C)) for all C € Cy then x(H) < f(w(H))
for all H € H.

This simplification particularly implies that we can restrict our attention to graphs
without clique-separators, which is reasoned by the fact that each graph G for which
there are two graphs G; and G such that V(Gp) \ V(G2),V(Gy) \ V(Gy) # 0,
E(G) = E(G1) U E(G,), and V(G) NV (Gy) is a clique-separator satisfies x(G) =
max{x(G1), x(G2)} (cf. Lemma 37), and so G is not critical.

Furthermore, let us assume that M is a homogeneous set for which there is no ho-
mogeneous set containing M properly. For the neighbours of M, it does not matter
how a proper colouring L: V(G) — Ny colours the vertices of M. It is only the set
of colours that L assigns to the vertices in M which is of interest. From this view, it
is reasonable to delete all but one vertex of M, assigning y(G[M]) as weight to the

remaining vertex, and to consider set-mappings as colourings.

By refining the concepts of critical graphs and clique-separators, we are in a position to
reduce the determination of optimal y-binding functions to the study of set-mappings
for graphs without clique-separators and homogeneous sets. We apply this approach
and our findings, and obtain several optimal x-binding functions. It is worth pointing
out that there are just a few graph families for which optimal x-binding functions are
known. As described above, mostly one can only determine a y-binding function, and
it is often a tough and challenging problem to determine the optimal one or its order of
magnitude. Our main results are collected in the following theorems. They are ordered
by their occurrence in this thesis. Note that by definition of f;; it is possible to state
these bounds in a compact form, but for example proving f{p s, (@) = [, (W)

requires roughly 30 pages.
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Theorem 2. If w € Ny, then

fEPg),hammer} (w) = f€2K2}(w)'
Theorem 3. If w € Ny, then
(1) ffps,banner} (w> = f«?SKl}(w) and
Theorem 4. If w € Ny, then
(1) f?Rg,dart} (W) = ff?)Kl}(w) and
Theorem 5. If w € Ny, then
(1) fip.cn(@) = fTp gemy (@) = (2] and
3 ifw=2,
w ifwF# 2.

(H) ffP5,diamond} (Cd) =

Theorem 6. If w € Ny, then

ETRPES

2w—2 ifw>4.

3w

{7J < f{*P5,kite} (w) = f{*2K2,K3uK1,C5uK1}(W) <

Theorem 7. If w € Ny, then

w+1 ifwé{l,3}
f{*P5,HVN}(W) =yw ifw=1,

w+2 ifw=3.

Last but not least, we aim for graphs F' such that

fips (W) Sw +c(F)

for some constant ¢(F') — depending on F only — and each w € Nyy. In particular,
we prove the following characterization, where F), denotes the complementary graph of
pK; U P; for each p € N

Theorem 8. Let I be a graph. There is a constant c(F') such that fp, py(w) < w+c(F)
for each w € Nsq if and only if either F' = Py or F is an induced subgraph of F, for

some p € Nxg.
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Aoy

(@ G1 (b) G2 (c) W;

Fig. 2: Used graphs in the characterisation of critical graphs

By results of Kim (cf. Corollary 27, [42]) and Wagon (cf. Lemma 30, [67]),

2

* w * w + 1 2
fisry(w) € © (m) and  fiop,y(w) < ( 9 > € O(w),
respectively. We note that, by using a result of Gaspers and Huang [29] and an inductive
proof, we reduce the upper bound on f{*2 K} for w > 3 in Chapter 2. Additionally, let us
note that Lemma 42 implies that the classes of (C5,3K)-free, 3K;-free and 2K,-free

graphs do not have a linear y-binding function.

On our way to optimal y-binding functions for some of these families, we charac-
terise in parallel critical graphs; all these results are collected in Theorem 9. For
this purpose, a ‘non-empty, 2K;-free’-expansion of a graph G’ is a graph G for which
there are a partition of V(G) into cliques Si,Ss, ..., Sy and a bijective function
f: {51, 8, ..., Sy} — V(G') such that each vertex of S; is adjacent to each vertex
of S; if f(9S;) is adjacent to f(S;) and each vertex of S; is non-adjacent to each vertex
of S; if f(S;) is non-adjacent to f(S;) for each distinct 4, j € [|[V(G’)|]. Now our second

main result reads as follows.
Theorem 9. Let G be a critical graph.

(i) If G is (Ps,banner)-free, then G is 3K -free.

(i) If G is (Ps,dart)-free and S is a non-empty set of vertices such that each vertex
in S is adjacent to each vertex of V(G)\ S and each homogeneous set M in G[S]
has a vertexr in S\ M that is non-adjacent to each vertex of M, then G — S is
critical, and G[S] is 3K;-free or a ‘non-empty, 2K;-free’-expansion of G' with
G e {Gl, GQ}

(iii) If G is (Ps, hammer)-free, then G is 2Ks-free.

(iv) If G is (C5,Ch, . ..)-free, and banner-free or dart-free, then G is (Cs, 3K)-free.

(v) If G is (Ps,Cy)-free, then G is a ‘non-empty, 2K -free’-expansion of a graph G’
with G’ € {05, W5,K1}.

(vi) If G is (Ps, gem)-free, then G is a ‘non-empty, 2K, -free’-expansion of a graph G’
with G' € {05, G, Kl}

(vii) If G is (Ps, diamond)-free, then G is complete or a cycle of length 5.
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Let us shortly state some extra thoughts on Theorem 9 (ii), since it is by far the
most challenging characterisation; for more information see the last page of Chapter 6.
We note that an inclusion-wise minimal set S. for which each vertex is adjacent to
each vertex of the possibly empty set V(G) \ S meets the assumptions on the set S in
Theorem 9 (ii). This observation together with Theorem 9 (ii) yields a characterisation

of the critical (Ps, dart)-free graphs.

An interesting open conjecture by Reed [56] is that x(G) can be bounded from above
by [(A(G) + w(G) + 1)/2], where A(G) denotes the mazimum degree of G, i.e.the
largest number of vertices that have a common adjacent vertex. For example, this

conjecture is proven for

e (C5,Cx,...)-free graphs [3],

3K -free graphs [43, 44|,

(Ps, gem)-free graphs [19],

graphs whose complementary graph is disconnected [53], and

graphs G with x(G) < [5w(G)/4] [37],

and, to the best of our knowledge, it is open for 2K,-free graphs. By using Theorem 9,

parts of its proof, and the above listed results, we obtain the following corollary:

Corollary 10. If G is (Ps,banner)-free or (Ps, dart)-free, then

AG)+w(G) +1
.t

X(G) < [

1.2 Notation and terminology

In this section, we introduce notation and terminology we use throughout this thesis.
Whenever a notation or definition is unclear the reader can come back to this section

and reread the relevant part.

Recall that we consider finite, simple, and undirected graphs if not otherwise stated.
For notation and terminology not defined herein, we refer to [8]. A graph G consists
of a non-empty vertex set V(G) and an edge set F(G), where each edge e € F(G) is
a two elementary subset of V(G). For notational simplicity, we write uv instead of
{u,v} to denote an edge of G. The complementary graph of G, denoted by G, has
vertex set V(G) and edge set {uv : u,v € V(G),u # v,uv ¢ E(G)}. We also use the
notation of co-H to talk about the complementary graph of the graph H, e.g.co-kite
and co-domino. Additionally, given two vertices u,v € V(G) and a set S C V(G), we
let Ng(u) denote the neighbours of u, Ng[u] = Ng(u) U {u}, Ng(S) be the set of all
vertices of V(G)\ S that have a neighbour in S, Ng[S] = Ng(S)US, and distg(u, v) be
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the distance of u and v in GG, which is the minimal length of a path connecting u and v
in G. Note that distg(u,u) = 0 and we define distg(u, S) = min{distg(u, s) | s € S}.
We also let N&(S) = {u : min{distg(u,s) : s € S} =i} for i > 1 and N2(S) = S.
Also for a subgraph H of G we define N;(H) = Ni(V(H)) and Ng[H| = N[V (H)].
For a graph G we call a tuple (v,w) € V(G) x V(G) a comparable vertex pair, if
v # w,vw ¢ E(G), and Ng(v) € Ng(w). A vertex u € V(G) is a universal vertex in G
if Ng(u) =V(G)\ {u}. Observe that A(G) = {|Ng(u)| : v € V(G)} is the mazimum
degree of G. Furthermore, a graph H with V(H) = V(G) and E(H) C E(G) is a
spanning subgraph of G. A vertex v € V(G) is a cutvertex of G if G|V (G) \ {v}]

consists of more connected components than G.

We use Ny = {0,1,2,3,...} and, for z € Ny, No, == {n € Ny | n > z}, and N5, =
{n € Ny | n>=x}. SoNyand N5y denote the set of non-negative integers and positive
integers, respectively. For some integer k € N.g we use [k] .= {x € Ny | 2 < k}. The
power set of set S we denote by 2°.

Additionally, for a function f whose range is a subset of Ny, we let
Argmin{f(s) : s € S} ={s: f(s) < f(¢') for each s’ € S}

and
Argmax{f(s):s € S} ={s: f(s) > f(s) for each s" € S},

and say that f: Ny — Ny is superadditive if f(s1)+ f(s2) < f(s1+$2) for each s, 55 € Ny
and f(1) # 0. For two non-empty sets S,T and two functions fi, fo : S — T, we
shortly write fi =t if fi(s) =t for each s € S, and f1 = fo, or fi < fo, or fi > fo if
fi(s) = fa(s), or fi(s) < fa(s), or fi(s) > fa(s), for each s € S, respectively.

Let G be a graph and ¢: V(G) — Ny be a function, which we also call vertez-weight
function. Given a non-empty set S of vertices of G, G[S] is the graph with vertex set
S and edge set E(G) N {s152 : s1,52 € S}. We say that G[S] is the graph induced by
S and S induces G[S] in G. Given an additional graph H, an isomorphism between
G and H is a bijection between the V(G) and V(H) such that for every two vertices
u,v € V(G) we have uv € FE(G) if and only if f(u)f(v) € E(H). If there is an
isomorphism between G and H we write G is isomorphic to H or G = H. We say that
H is an induced subgraph of G, denoted by H Ci,q G, if there is some set S C V(G) of
vertices such that G[S] = H, we also say that S induces a H in G, if S induces G[S] in
G and G[S] = H. If H Ci,q G we reversely say G contains H as an induced subgraph
or G contains an induced H.

For simplification purposes we often times use a fixed ordering on the vertices if we claim
that S induces a H, for most graphs H. To show the fixed ordering we use |. ..] instead
of {...}. Now the list of all relevant graphs and their orderings follows. We write

[v1, V2, V3, Vg, V5] induces a HVN in G, if and only if G[{vy, ve, v3, vy, v5}] is isomorphic
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to HVN and vy, v3 are universal vertices in G[{vy, va, v3, v4, v5}] and vivy, vivs € E(G).
We write [v1,vg,v3, 04, v5] induces a dart in G, if and only if G[{vy,vs,vs,v4,v5}] is
isomorphic to dart and v, is a universal vertex in G[{vy, vo, v, vy, v5}] and vsvy, v4vs €
E(G). We write [v1, va,v3,v4, 5] induces a Ps in G, if and only if v;v;1, € E(G), for
i € [4]. We write [v1,vs,...,vx] induces a Cy in G, if and only if v;v;41 € E(G), for
i € [k —1]. We write [vy, va, vs,v4] induces a 2K, in G, if and only if G[{vy, ve, vs, v4}]
is isomorphic to 2K, and vivy € E(G). Lastly we write [v1, v, v3,v4] induces a K1 UK3

in G, if and only if G[{vy, v2,v3,v4}] is isomorphic to K; U K3 and vyve, viv3 ¢ E(G).

An often used notation is that of G[g], which denotes the graph G[{u : ¢(u) > 1,u €
V(G)}]. Assuming H to be an induced subgraph of G, we further define
q(S) =) aq(s) and q(H)=q(V(H)).
ses
For simplicity in notation and terminology, we say that ¢ instead of the restriction of

q to V(H) is a vertex-weight function of H.

Given two graphs G, Gy with V(G1) N V(G3) = () and an integer £ > 1, we denote
by G1 U Gs the union of G; and Gy, that is, G; U G5 has vertex set V(G;) U V(G3)
and edge set F(G1) U E(G3), and by kG, a graph G} UG, U ... U G}, where G = G4
and V(G}) N V(G)) = 0 for each disjoint i,j € [k]. We denote by Gi + Gy the
join of Gy and Gs, that is, Gy + Go has vertex set V(G;) U V(G2) and edge set
E(Gy) U E(G2) U{vivg | vy € V(Gy),v2 € V(G2)}.

A family of graphs or a graph family is a set containing only graphs. A class of graphs
or a graph class is a family of graphs closed under isomorphism. Note that in this
thesis most of the regarded graph families are also graph classes. A family of graphs
where every induced subgraph of a graph is likewise a member of the family of graphs

is called hereditary.

In this thesis, we mainly work with forbidden induced subgraphs. Thus, given two
graphs G, H and a family H of graphs, we say that G is H-free if H is not an induced
subgraph of GG, and that G is H-free if G is H-free for each H € H. Recall that
(Hy, Hy, . ..)-free means H-free with H = {H;, Ha, ...} and we use For(#) to denote
the family of graphs consisting of all H-free graphs. A (Cs,Cy,Cs, ... )-free graph is

called a forest.

Let again G be a graph and ¢: V(G) — Ny be a vertex-weight function. Recall that
a clique of G is a set of vertices which are pairwise adjacent. The ¢-clique number
of G, denoted by w,(G) is the largest integer k for which there is a clique S of G
with ¢(S) = k. An independent set S of G is a set of vertices which is a clique in G,
that is, the vertices of S are pairwise non-adjacent in G. The g-independence number,

denoted by ,(G), equals w,(G). A g-colouring L: V(G) — 2M>° is a function for
which |L(u)| = ¢(u) for each u € V(G). We note that the integers of L(u) are also
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called colours of u for u € V(G), and we say that L colours the vertices of G. In view

of a simple notation, we let

L(S)=|JL(s) and L(H)= L(V(H))
ses
for each set S C V(@) and each induced graph H of G. The colouring L is proper
if each two adjacent vertices of GG receive disjoint sets of integers. The graph G is
k-colourable (with respect to ¢q) for some integer k € Ny if there is some proper ¢-
colouring L that uses at most £ different integers from N, for the assigned sets. The
smallest integer k for which G is k-colourable (with respect to q) is the g-chromatic
number of G, denoted by x,(G). For the vertex-weight function ¢ with ¢(u) = 1
for each u € V(G), we use the classical terminology of cliqgue number, independence
number, and chromatic number instead of ¢-clique number, g-independence number,
and g-chromatic number, and denote these graph invariants by w(G), o(G), and x(G),
respectively. Furthermore, recall that G is perfect if w(G') = x(G’) for each induced
subgraph G’ of G. Also for the vertex-weight function ¢ with ¢ = 1 a proper ¢-colouring
c of a graph G can simply be seen as a function ¢ : V(G) — Ny, with c(u) # ¢(v)
whenever uwv € E(G). Note that in this case for a subset S C V(G) we see ¢(S) C Nsy.

Given a class G of graphs, we recall that a function f: Ny — Ny is a y-binding function
if x(G") < f(w(G")) for each graph G € G and each induced subgraph G’ of G. Since we
are interested in graph classes defined by a set, say H, of forbidden induced subgraphs,
we let f3, denote the optimal x-binding function of the class of H-free graphs, that is,
f7;: Nog = Ny is defined by

w— max{x(G) : w(G) = w and G is H-free}.

As we consider the maximum of a subset of N, we note that max() = 0. Therefore,
we see that f7,(0) = 0 for all sets H. Also we see that f} (1) =1 if Ky ¢ H. Since the

function f{*PS} occurs often, we mostly write fp, instead of f{*PS}.

Let again G be a graph. For two disjoint sets A and B of vertices, we let Eg[A, B|
denote the set of all edges between A and B in G, that is Eg[A, B] = {uv € E(G) | u €
A,v € B}. Also we say Fg[A, B| is complete or anticomplete if |Eg|A, B]| = |A|-|B| or
|Eg|A, B]| = 0 respectively. Note that the empty set is both complete and anticomplete
to every other set. We say Eg[S1, S2] is mized if Eg[Si,S2] is neither complete nor

anticomplete.

A set M of vertices of G is a module if Eg[M, Ng(M)] is complete. We note that
a module M is a homogeneous set if 1 < |M| < |V(G)|. The graph G is prime
if there is no homogeneous set in G. A clique X of G is a clique-separator if the
number of components of G — X exceeds that of G. Let k£ > 1 be an integer, G1, G>
be two not necessarily connected induced subgraphs of G with G = G; U G5 and



1.2 Notation and terminology 25

V(G1)\V(G2),V(G2)\V(G1) # 0, k € Nog, and X1, X, ..., Xj be k pairwise vertex

disjoint modules in G. If
o E;[X;, X;] is complete in G for each distinct ¢, j € [£] and
e V(G1)NV(Gy) = X1 UXaU...UXy,

then X7 U Xy U...U X} is a clique-separator of modules in G.

Let ¢,¢': V(G) — Ny be two vertex-weight functions of a graph G. We write ¢’ <l§ q
if x4 (G) = x4(G), ¢(G) < q(G), and ¢'(u) < q(u) for each u € V(G). Additionally, ¢
is <1§—mz'm’mal if there is no vertex-weight function ¢’: V(G) — Ny with ¢ <1§ g and
g #Z 0. We note that a graph G is critical if ¢: V(G) — [1] is <1>Cj—minimal. Or simpler
a graph G is vertex-critical or short critical if x(G — v) < x(G) for every v € V(G).

Let G be a graph and P be a property that a graph can have. A P-expansion of
a vertex u in GG is a graph that can be obtained from G by replacing u by a graph
G’ that has property P and making each vertex of G' adjacent to each neighbour of
u. In this thesis, given a vertex ordering <, we associate < with a bijective function
f<: V(G) — [|[V(G)|] which is defined by the equivalence that u < v if and only if
f<(uw) < fx(v). A P-expansion of G is a graph G’ for which there is a vertex ordering
< of G and a finite series {Gi}‘i‘;(lG)Hl of graphs such that

o G = G1 and G’ = G\V(G)H—l; and

e Gy is a P-expansion of f21(i) in G; for each i € [|[V(G)]].
If ¢: V(G) — Ny is a vertex-weight function, then a g-expansion of G is a ‘complete
graph’-expansion of G in which each vertex u € V(G) is replaced by a clique of size
q(u). We note that, for a ‘non-empty, 2K;-free’-expansion G’ of G, there is a vertex-
weight function ¢: V(G) — Ny such that G’ is a g-expansion of G. Furthermore, a
buoy and a connected buoy are a ‘non-empty vertex set’-expansion and a ‘connected’-
expansion of a cycle of length 5, respectively. A mazimal connected buoy C in G is

an induced connected buoy in G for which there is no other induced connected buoy

(distinct from C) in G having C' as an induced subgraph.

Let C be a cycle of length 5 and ¢: V(G) — Ny be a vertex-weight function. If
L: V(G) — 2N>0 is a proper g-colouring of G and ¢y, ¢, € V(C) are two vertices, then

LY (¢;) ={k:k € L(cy), k ¢ L(c) for each c € V(C) \ {c1}}
and

L®(c1,¢5) = {k : k€ L(c1) N L(ca), k ¢ L(c) for each ¢ € V(C) \ {c1, c2}}.

In Fig.1 and Fig. 3, the most frequently used (forbidden) induced subgraphs of this
thesis are depicted. As usual, C,, K,,, and P, denote a cycle, a complete graph, and
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E@/\NH@

(@) 45 (b) 10,12 (c) QIF

Fig. 3: Some additional frequently used forbidden induced subgraphs

a path of order n, respectively, and K, ,, denotes a complete bipartite graph whose
partite sets have sizes n and m. Additionally, if P: ujusuguy is a path on 4 vertices
and F is an arbitrary graph that is vertex disjoint from P, then Q[F] is the ‘equals

F’-expansion of us in P.

When calculating y-binding function it is good practice to state a family of graphs
which grants a lower bound. For this situation the following notation is useful. For
disjoint graphs Hj, ... Hs we define the graph Cs[Hy, Hs, ..., Hs] to be the graph with
vertex set (J7_, V(H;) and edge set

UJE@E) U J{uv | v e V(H),v € V(Hi)} U{uw |ue V(Hs),v e V(H)}

i=1 i=1

Given a graph G and a vertex-weight function ¢: V(G) — Ny, let C5(G) be the set of
all induced cycles of length 5 in G and

C:(G, q) = Argmax{x,(C) : C € C5(G)}.

We often write C' : cicacgeacsey € Cs5(G) to shortly state, that C' € Cs5(G) and the
vertices of C' are labelled by ¢y, ..., cs5 with ¢;ciq € E(G) for 1 < i < 4. Additionally,
recall that G is (Cs, Cr, .. .)-free if G is Cyy5-free for each k € Nj.

We note that index calculations are always considered with respect to the modulo

operation. For example, all index calculations are considered modulo 5 whenever we

consider a C': ¢ycacscycsey € C5(G) or a buoy C': C1C,C5C,C5CY.

In what follows, we may assume that C' is a cycle of length 5. An orientation of C' is
an assignment of a direction to each edge. As the obtained graph is a directed graph,
we note that there are exactly two orientations of C' that are directed cycles. In view
of simplicity, whenever we work with such a cycle C, we implicitly fix one orientation
that leads to a directed cycle €. Furthermore, for each vertex ¢ € V(C), we write ¢
and ¢t for the vertices of C' such that (¢™,¢), (¢,¢) € E(C). In view of simplicity, we

write ¢ and ¢ for (¢7)~ and (¢T)T, respectively.

For the remainder of the thesis let the set G* be defined as follows. It consists of all con-
nected graphs G such that, taken an arbitrary cycle C': cjcacseqcsey € C5(G), we have
that V(G) — Ng[V(C)] is an independent set and that there is some integer i € [5] such
that Eq[{{ci, cito,cirs}, Na(V(C))} is complete and Eg[{{c;i1,cisa}, Na(V(C))}] is
anticomplete.
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A graph G is a matched co-bipartite graph if GG is partitionable into two cliques Cf,
Cy with |Cy| = |Cy] or |C1] = |Cs] 4+ 1 such that the edges between Cy and Cy are
a matching and at most one vertex in C; and Cs is not covered by the matching. A
graph G is called complete multipartite if there is an n € Nyg and aq, as, ..., a, € Nyg
such that G 2 K,, UK, U... K,,.

Let us use this space to define the Ramsey number R(m,n), for m,n € Nyy. The
number R(m,n) is the minimum number of vertices such that all graphs of order

R(m,n) contain an independent set of order m or a clique of order n.
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2 Ps-free universe

A classical result by Erdgs [25] in the field of chromatic graph theory shows that the
difference between chromatic and clique numbers of a graph can be arbitrarily large

even for graphs of large girth.

Theorem 11 (Erdds [25]). For any positive integers k,¢ > 3, there exists a graph G
with girth g(G) > € and chromatic number x(G) > k

However, on the positive side, in terms of forbidden induced subgraphs it is possible
to characterize graphs G whose each induced subgraph has equal clique and chromatic
number (cf. Strong Perfect Graph Theorem). Recall that such a graph G is called
perfect. A large collection of 120 graph classes, which are all perfect, has been surveyed
by Hougardy [35|. Naturally, the behaviour of the chromatic number of non-perfect

graphs is of wide interest.

A concept relating the chromatic and clique numbers of a graph and surrounding
the Strong Perfect Graph Conjecture is that of x-binding functions for graph classes.
Recall the definition introduced by Gyéarfas [31]. Given a class G of graphs, a function
f: Ng = Ny is a x-binding function for G if x(G — S) < f(w(G — S)) for each G € G
and each S C V(G). The function f*: Ny — Ny with

wi— max{x(G—-95):GeG,SCV(GQ),wG->5)=w}
is the optimal x-binding function of G.

By using Theorem 11 one can show that in general there is no y-binding function for
a family G of graphs. Another wellknown family to illustrate that fact is based on a
construction from Mycielski [47]. In general the Mycielski construction grants a way to
construct a graph u(G) with the following properties, if given a graph G with w(G) > 2.
Firstly x(u(G)) = x(G) + 1 but also w(u(G)) = w(G). The Mycielski-graph p(G) of a
graph G is defined as follows. Let V(G) = {v1,va,...,v,} and V; be a copy of V(G)
named {v],v},...,vl}, and u be a single vertex. Then the V(u(G)) = V(G)u Vi U{u}
and
E(u(G)) = E(G) U{vw; : viv; € E(G)} U{vju:Vj € [n]}.

We define the graph family M by M = {u*(K,) | k € Nxo}. Hence, we find w(G) = 2
for all G € M and x(u"?(K3)) = i, for i € N>y, Thus, the family M has no x-binding

function.



30 2 Ps-free universe

However, for some restricted classes of graphs such binding functions exist. Recall
that for brevity, given some graphs Hy, Ho, ..., we let fth o} denote the optimal
x-binding function of the class of (Hy, Hs, ...)-free graphs. In this chapter we collect
and discuss known results in the area of y-binding functions for subfamilies of Ps-free

graphs.

Let us first talk about the biggest family and superfamily of all later talked about
families: The family of Ps-free graphs. The first result is a bound by Gyarfas [31]:

Theorem 12 (Gyéarfas [31]). Forn € No; and w € Nog

R([n/2],w + 1) —
/2] — 1

The lower bound follows from the observation that an induced P, in a graph G con-

LS ) < (-1

tains an independent set of size [n/2] as follows. Let G be a graph with |V(G)| =
R([n/2],w + 1) — 1 with neither an independent set of size [n/2] nor a clique of size
w+ 1. Thus, a(G) = [n/2] — 1 and G is especially P,-free, and w(G) = w. Therefore,
X(G) > |V(G)|/a(G) = R([n/2],w+ 1) —1/(]n/2] — 1), where the first inequality is
true for every graph by definition of xy and «. This proves the lower bound. He also
mentions that the truth is probably close to the lower bound, and that the lower bound

is exact for n = 4 by a previously proven result from Seinsche [65].

Proving this upper bound is already nontrivial. The proof by Gyérfas is inductively
over w(G). In the induction step ¢ to ¢ + 1 he supposes for the sake of contradiction
that there is a graph G with w(G) =t + 1 and x(G) > (n — 1)’ In this graph he finds
an induced P, by defining nesting vertex-sets Vi, Va,...,V, with V; DV, D --- DV,

with special properties.

The first improvement to the upper bound uses online colourings. Let us not dive too
deep into online colourings, but the idea is, that the graph which we want to colour is
not completely known in the beginning but instead is presented vertex by vertex. In

this online setting Kierstead et al. [41] prove the following,.

Theorem 13 (Kierstead et al. [41]). There exists an on-line algorithm A such that
xa(G) < (4% —1)/3, for every Ps-free graph G.

Gravier et al. [30] improve on this bound. In their paper they especially prove the
following corollary. Note that their result is more general but we omit the more general

result here and state what is relevant for our purpose.

Corollary 14 (Gravier et al. [30]). For w € Nyg,n € Noo, f5 (w) < (n—2)*71.

The next improvement to this bound is by Esperet et al. [26] from 2013. By proving
that (Ps, K4)-free graphs are 5-colourable, they improve the bound of Gravier et al.
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for w = 3 and n = 5. They also state the graph C5[K7,Cs, K1, Cs, K], as defined in
Section 1.2, to prove the following equality.

Theorem 15 (Esperet et al. [26]).
f1,(3) = 5.

Combining their new bound and the proof from Gravier et al. [30] implies for w € N.3
that
fh(w) <537

Thus, f5, (w) < 3*7¢, where ¢ = 3 — log5/log 3 ~ 1.535.

In August 2021 Scott, Seymour and Spirkl [64] published a paper in which they prove,
for w € N3y,
fz% (w) < wlogz2(w)

This is the currently best known general bound for f7 . Bounds of this form are called
quasi-polynomial. Note that the previously stated bound is only smaller for w = 4.
The proof to this statement is quite short and analytical. The first claim in their paper
which they use multiple times proves an upper bound for x(G \ X) for every cutset X.
Note that for k& € [3] the exact values of f7, (k) are known. They define the function
f Ny — Nog by f(1) =1, f(2) =3, f(3) =5 and f(k) = k2 for k € N5, and
show that f(w —1) 4+ (w+2)- f(|Jw/2]) < f(w) for w > 5 and in an additional claim
they prove that a function fulfilling the just stated inequality and some other simple
properties is a binding function for every Ps-free graph. Note that their result can be
improved if one is able to find a function also fulfilling the stated inequality which is

smaller than f.

Let us now talk about the Strong Perfect Graph Theorem (SPGT) and its tight relation
with the research of y-binding functions for subfamilies of Ps-free graphs. The proof
of the SPGT is one of the biggest achievements in the last decades of graph theory. It
is one of the most challenging now proven conjectures in graph theory. During more
than four decades numerous attempts by different researchers were made to solve it.

The final concluding paper consists of over 100 pages and contains multiple ideas.

The Strong Perfect Graph Theorem (Chudnovsky et al. [20]). A graph G is perfect
if and only if G and G are (Cs, C, . ..)-free.

This question was introducted by Berge [5] and is therefore known as Berge’s conjecture.
The SPGT is useful in the research of y-binding functions for subfamilies of Ps-free
graphs. This is the case, since to find a y-binding function one only has to look at
the non-perfect graphs and the SPGT gives structural support for these. Since Ps-free
graphs are especially (Cy, Cy, . ..)-free and since C5 = Cj it can be assumed by SPGT,
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that G' contains an induced odd antihole. Many researches use this result to make a

structural analysis of the existing odd antihole and its neighbourhood.

On a side note let us shortly talk about Pj-free graphs. P,-free graphs are perfect, but
there is also the more general Observation by Randerath and Schiermeyer [55| which

states that for any subgraph T' C;,q P, the family For(T') is perfect.

Observation 16 (Randerath and Schiermeyer [55]|). Let G be a x-bounded family of
graphs defined in terms of only one forbidden induced subgraph T'. Then T is acyclic.
Furthermore, if T C;uq Py then G has the (smallest) x-binding function fr(w) = w, or

otherwise there exists no linear x-binding function f for G.

Note that f%, (2) = 0 but this is a trivial result. For that reason Gyarfas [31] in his
introductory paper already assumes that f(w) > w for every x-binding function f and
every w € Nyg. The same is true for [55] and this is the reason why the word "smallest"

in Observation 16 is in brackets.

2.1 (Ps, H)-free graphs

For the remainder of the chapter we at least forbid one additional graph, called H. For
the x-binding function it is important, whether or not a(H) > 3. Since in the case
a(H) > 3 the best possible x-binding function for the family of (Ps, H)-free graphs is
[, € ©(w?/log(w)) as we discuss in Section 2.2.1.

2.1.1 a(H) =2

Fouquet et al [27] prove for w € Nog, k € {j € Nog | Ji € Ny : j = 27}

N w+1
f{P5,house} (CU) < ( 9 )

and
klog2(5/2) ~ k’l'322 < fEPs,house}(k)'

Since the lower bound is discussed as a small side note in Section 4.1 of their paper,
we discuss how to achieve the bound by their recursive definition. They recursively
construct a family of (Ps, Ps)-free graphs whose chromatic number does increase non
linearly in the clique number. They start with Gqg = K; and Gy is the 'be G}’-
expansion of Cj for k € Ny. They note that w(Ggi1) = 2 - w(Gy) and prove that
X(Gri1) = [w-‘ for £ € Ny, which also follows from the more general result we

state in Corollary 46. Thus, the searched binding function f = f§ ;. has the
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following two properties

f(1) =1 and for k € Nog : f(2%) > Ef(?k_l)—‘ :

Therefore,

5 _ 5,5 _ 5 _ 5
) 2 f@N 2 SGFET)) = 2 () FRN =2 ()R
2 22 2 2
Note that using the exact bound and not omitting the ceiling function does grant the

5

same asymptotic lower bound, since Zf:_ol (3)" < (3)*. By substituting 2* by z one

=5
gets f(z) > x'°2205/2) ~ 51322 Also let us add, that the graph G is currently the graph
which grants the biggest known lower bound for f7, (4). Note that this graph family is

also bull-free.

We next want to talk about the upper bound. They extend a result by Blazsik [6], for
For(Cy, 2K,) to For(Ps, Ps). Note that by SPGT (Cs, P, P5)-free graphs are perfect.
So for a (Ps, Ps)-free graph G their idea is as follows. They choose a minimal subset T'
of V(G), such that every C5 € C5(G) contains a vertex which belongs to 7. A subset
fulfilling these properties is called a minimal transversal T of the C5’s. So the main

result of their paper is the following theorem.

Theorem 17 (Fouquet et al [27]). Every minimal transversal T of the Cs’s of a
(Ps, Ps)-free graph G is such that w(T) < w(G) — 1.

This shows that every (Ps, Ps)-free graph can be partitioned into two sets, called T
and V(G) \ T such that w(G[T]) < w(G) — 1 and x(G[V(G)\ T]) = w(G). Inductively

they now prove the quadratic upper bound.

We use a result by Brandstddt and Mosca [9] about prime (P, kite)-free graphs. In-
terestingly they are interested in these prime graphs for a different reason. Instead of
trying to y-bound this family they are looking for a polynomial algorithm to determine
the maximum weight independent set. In this algorithmic problem the aim is to find
the largest independent set in a given graph. Generally this problem is N'P-complete
even for Kj-free graphs [50]. They prove that for the family (P, kite)-free graphs this
problem is polynomially solvable. Since we make use of the following lemma, we shortly

want to talk about its proof.

Lemma 18 (Brandstddt and Mosca [9]). If a prime (Ps, kite)-free graph contains an
mduced 2Ky then it is a matched co-bipartite graph.

In the proof of this lemma they use the following result by Hoang and Reed [34|. The
graphs A and domino are depicted in Figure 4.

Lemma 19 (Hoang and Reed [34]). If a prime graph contains an induced 2K, then it

contains an induced Ps or A or co-domino.
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(a) A (b) domino

Fig. 4: Induced subgraphs used in the paper of Brandstiddt and Mosca [9]

Making use of the structural result of Hoang and Reed and noting that Ps and A are not
(Ps, kite)-free they assume that the researched graph contains an induced co-domino.
Now consequently researching the structure of the neighbourhood of the co-domino

they prove the statement.

Next we look at a paper by Brause et al. [14]. The main focus of this paper is to prove
x-binding functions for some subclasses of 2K5-free graphs. But in the last section of

their paper they consider (Ps, hammer)-free graphs and show that for w € N5g

w+1
f€P5,h(zmmer}<w) < ( 2 )

They discuss no lower bound. Note that we prove something stronger in Chapter 4 by
proving that f3xs = [5 pammer Many mathematicians research the family of 2Ks-free
graphs and that is why we talk about this family and what is known about fy, in the
upcoming Section 2.2.2. Just note that this new result currently only slightly improves

the bound, because not much is known about the general bound for fy, .

One of the first researched families is the family of (Ps, paw)-free graphs. Note that
this family is also important for our research of (P5, HVN)-free graphs, since HVN =
K; + paw. Let us first state the known results:

r w) ifw<2, 3 ifw=2,
ffPs,paw} (CU) = f{P57CS}( ) . N = . (Cf [48, 54] or [59])
w if w>2 w ifw#2

Forbidding paw is a huge restriction and these graphs are completely characterised by
Olariu [48].

Theorem 20 (Olariu [48]). G is a paw-free graph if and only if each component of G

18 K3-free or complete multipartite.

Since complete multipartite graphs are perfect, the graphs which are relevant to re-
search to achieve this bound are Kj-free graphs. We note that Randerath [54] charac-
terises all non-bipartite (Ps, K3)-free graphs which grants the bound.

Like we mention in the introductory chapter the following result is proven

Py gemy (W) < [5w/4] (cf. [19]).

This bound is best possible for w even. Clearly for example for w = 1 it is not best

possible. In that paper they use a theorem from [38], which concretely works with the
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function f : Nyy — N defined by f(w) = [bw/4], so it seems difficult to use the
papers result to get the best possible bound. We show in Chapter 7 as a conclusion of
other results that f7p .\ (w) = [(5w —1)/4], which is the best possible bound.

In a paper by Huang and Karthick [36] they prove

fz(Ps,paraglider}(E)) =8 and ’—3(,(}/21 -1< fE(Pg,,paraglider} (CU) < [3&)/21,

for w € Nog \ {5}. To get this strong result they do lots of structural analysis of the
neighbourhood of a given C5. After that they first assume that additionally to the
Cs there is a vertex which is adjacent to three non-consecutive vertices of the C5. By
proving that in this case the resulting graphs are off nice structure they assume from
now on that no C5 has such a vertex in its neighbourhood. This idea of assuming the
graph contains a certain induced subgraph and analysing the structure they do for two
more graphs. In these steps they obtain graph classes with certain structural properties
and in the last section they colour the graphs from these classes. For the case w equals
to 5 they find two (Ps, paraglider)-free graphs namely the complementary graph of the
Clebsch graph C and a subgraph of C with w(C) =5 and x(C) =8 = [3-5/2].

In a paper by Hoang and McDiarmid [33] they introduce the notation of 2-divisibility.
A graph G is said to be 2-divisible if for all (nonempty) induced subgraphs H of G,
V(H) can be partitioned into two sets A, B such that w(A) < w(H) and w(B) < w(H).
In a recent paper by Chudnovsky and Sivaraman [22] they prove by a short, inductive
proof that for every 2-divisible graph G x(G) < 2°(%~1. By now proving that every
(Ps, C5)-free graph is 2-divisible they conclude

fEP5,C5} (w) S 2"‘)_1.

This bound is probably far from optimal, but it is the currently best known bound at
least for w < 19. For w > 20 the quasi-polynomial bound for Ps-free graphs by Scott et
al. [64] is smaller. In their paper they do not mention a lower bound for this function.
The graph Cj is one of the few graphs H where the family of (Ps, H)-free graphs has
no known polynomial x-binding function. Just additionally forbidding C'5 seems to be
quite a small restriction. Also according to the Strong Perfect Graph Theorem one still

has to consider the cases that G contains an induced Cyyqq for every k > 3.

2.1.2 o(H) >3

Schiermeyer [57| considers the graph K + (K; U P), which is obtained from a gem
by adding a pendant edge to its vertex of degree 4. Therefore, it is called gem™ and
sometimes parachute. The following bound is sufficient to show Reed’s Conjecture for

this family as long as w(G) is not too large.
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Theorem 21 (Schiermeyer [57]). Let G be a (Ps,gem™)-free graph. Then x(G) <
w?(G).

This proof is a short and elegant proof by induction on w(G). It uses the fact that Ps-
free graphs contain a dominating clique or an induced dominating P3;. By subdividing
the neighbourhood of the dominating subgraph into perfect subgraphs this bound is
achieved. By proving a x-binding function for the large family of (Ps, gem™)-free graphs
they prove a y-binding function for all subfamilies. Subfamilies are for example the
(Ps, dart)-free graphs and (Ps, claw)-free graphs. This result does not grant an optimal
bound for the family of (Ps, dart)-free graphs as we show in Chapter 6 and no lower
bound is stated.

Karthick et al. [39] are interested in the Weighted Vertex Colouring (WVC) problem
and whether or not in can be solved in polynomial time. The WVC problem is explained
as follows: given a graph G and a weight function ¢ : V(G) — Ny, calculate x,(G).
They for example research the family of (Ps, dart)-free graphs. Note that they do not
give bounds on the weighted chromatic number y,(G) but instead figure out how fast
one can calculate this number. To answer this question it is also necessary to study
the structure of the prime graphs. This is the reason their result is stated here even

though they do not research x-binding functions in [39]. They prove:

Theorem 22 (Karthick et al. [39]). Let G be a prime (Ps, dart)-free graph that contains
an induced Cs. Then either |V (G)| < 18 or G is 3K -free.

They use Theorem 22 together with the also proven fact, that the WVC problem
is polynomial solvable for the family of (P, dart, Cs)-free graphs to prove their claim.
This suffices to show that for this family the WVC problem can be solved in polynomial
time, since for finite graphs and 3K;-free graphs it is known. To get the explicit bound
for f{*P&dart} one has to research the structure of all prime graphs according to our

Lemma 41. This is exactly what we do in Chapter 6.

Brause et al. [10] figure out a polynomial y-binding function for the family of (Ps, K5 4)-
free graph. Concretely they prove for £ € Ny, w € Ny

[l (W) < w' for a constant c;.

Note that this result is quite general and includes for ¢ = 2 the family of (Ps, Cy)-free

graphs. Therefore, it is not surprising, that the bound for ¢t = 2 is not optimal.

Hoang [32] introduces the notation of perfect divisibility. A graph G is said to be
perfectly divisible if for all induced subgraphs H of G, V(H) can be partitioned into
two sets A, B such that H[A] is perfect and w(H[B]) < w(H). In the previously
stated paper by Chudnovsky and Sivaraman [22]| they also prove inductively that the
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chromatic number x(G) is upper bounded by (w(c;2)+1)

, for every perfectly divisible
graph G. By now proving that every (Ps,bull)-free and every (bull,Cs, Cy, ... )-free

graph is perfectly divisible they conclude

N w+1
f{Pg,,buu}(W)affc5,c7,...,bull}(w) < ( 9 )v

for w € Nyg. This bound is the currently best known bound. There is no talk about a

lower bound to these functions.

For integers ny > ny > --- > n, > 2, the generalized windmill graph W(ny,na, ..., n,)
is defined by W(ny,ng, ..., n,) = K1+ (K, UK,,U---UK, ). Schiermeyer [58] proves
a polynomial y-binding function for the class of (Ps, W (ny,no, ..., n,))-free graphs. For

p > 2 and a constant ¢(nq,...,n,), which only depends on the integers

p—1_ .
ffp5,W(n1,n2,...,n,,)}(W) < c(na, ..., mp) Fwl T

It is clearly really difficult to find an optimal x-binding function for this large graph
family. So the first aim of this paper is not to find an optimal x-binding function but
instead it is to find a polynomial y-binding function for a large graph family. They
prove more general results which they then apply to get the bound for this graph family.
Note that in the following theorem we summarize results from Schiermeyer [58]. These
results help to get an estimation for the y-binding function of a larger graph class if the
forbidden subgraph can be build under certain construction rules by smaller graphs.
These bounds can be used generally to get a first approximation for the magnitude of

a x-binding function.

Theorem 23 (Schiermeyer [58]). Let ny € Ny, H be a graph such that there is a
constant ¢ € Ry with ff(w) < c¢-w' for some t € Nog and every w € Nog. Then there
are constants ¢(H),c(ny, H),¢(H) € Ry such that

Fieon (W) < c(H) - w**,

ffpk,KnluH} (w) < c(ny, H) - w™ ™, and

Fiesrrm (W) < E(H) - w'

IN

Note that they save a factor of w™ in their windmill bound by using a generalization

of the following result.

Theorem 24 (Schiermeyer [58]). Let ny,ny € Noy with ny > ny. Then

f{kPkaKnlLJKng} S C(nl) . (,{}nl7

for a constant c¢(ny).
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2.2 3K1 and 2K2

If one wants to colour the family of (Ps, H)-free graphs it is sometimes sufficient to
colour the family of (2K5, H) or (3K, H)-free graphs. Clearly both 2K, and 3K, are
subgraphs of Ps, but for certain graphs H the (Ps, H)-free graphs with high chromatic
number, relative to their clique number, are all even 3K, or 2K,-free. That is why it

is necessary to talk about the known y-binding functions of these families.

2.2.1 3K;-free universe

In this section we want to talk about the family of 3K;-free graph. Its chromatic
number is highly related to the Ramsey number R(3, k). For that reason we want to

state some known results regarding this specific Ramsey number.

Theorem 25 (Ajtai et al. [1]). R(3,k) € O(k?/logk)

Fifteen years later Kim proves the following theorem, which is considered to be a

landslide result in this area.

Theorem 26 (Kim [42]). R(3,k) € ©(k*/logk)

In the following lemma we introduce a concrete upper and a concrete lower bound of
f{*gKl}(w) only depending on w and R(3,w + 1), for every w € N5y. To achieve that we
use an upper bound on the chromatic number by Schiermeyer [60]. We do not know of

an article stating these bounds. For that reason, we shortly prove them.

Corollary 27. For w € Ny,

R(B,w+1)—1 . RBw+1)—2+w
o] <[22
and thus by Theorem 26
fik, (W) € O(w?/logw).

Proof. Note that x(G") - a(G") > |V(G")]| for every graph G”, which follows directly
from the fact that each colour class is an independent set. Let w € Nyg be fixed and
R = R(3,w+ 1) — 1. There is a 3K;-free graph G’, with w(G’) = w and |V (G")| = R.
Since a(G’') < 2, we obtain x(G') > R/a(G') > R/2. Thus, x(G') > [R/2], since
X(G’) is an integer, which proves the lower bound.

Schiermeyer [60] proves that x(G) < (|V(G)| +w(G) +1 — a(G))/2 for each connected

graph GG. We shortly prove that this bound is also true for a disconnected graph G. Let
k€ Noy and V3, V4, ..., Vi C V(G) be such that G[V;] induces a connected component
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of G, for i € [k], Uy Vi = V(G), and x(G) = x(G[VA]). We shortly write G instead
of G[V1]. Thus,
_ V(G +w(G) +1 — a(Gr) = Y, [VIGIVID] + 320, VGV
- 2
V(Q)| +w(G)+1—a(G)
5 ;

<

by the bound by Schiermeyer [60], w(G1) < w(G), and a(G1)+ X5, |[V(G[V])] > a(G).
Let G be an arbitrary 3K;-free graph. By the definition of the Ramsey number
R(3,w(G)+1), we know |V (G)| < R(3,w(G)+1)—1. If a(G) = 1, then x(G) = w(G).
Otherwise, a(G) = 2 and, thus,
V@ +w(@)+1-a(G) _ RBw(@)+1) -2+w(@)

2 - 2 '
Since R(3,w(G) + 1) — 2 > w(G), for each w(G) € Ny, we find x(G) < (R(3,w(G) +
1) — 24 w(G))/2 in both cases, which completes the proof by the arbitrariness of G

and since x(G) is an integer. O

X(G) <

So the asymptotic growth of the function fy (w) is completely solved, but the optimal
binding function is still widely open. For that reason for example Choudum et al. [16]
study some subfamilies of For(3K;) and prove bounds. In the introductory section
of their paper quite some subfamilies of For(3K;) and their x-binding functions are
stated. We also refer to an article by Pedersen [49] for a y-binding function for the
class of (3K, K1 U K,)-free graphs.

2.2.2 2K,5-free universe

In this section we talk about the known results regarding the function f{*2 K} Let us
first state the following useful structural result for 2K,-free graphs which Chung et
al. [24] prove.

Lemma 28 (Chung et al. [24]). If G is a connected 2K5-free graph with w(G) > 3,

then there is a clique of size w(G) that is dominating in G.

The lower bound to f{*2K2} is a result by Gyéarfas [31| using a theorem proven by
Chung [23] five years prior.
Theorem 29 (Gyarfas [31]). There exists an € > 0 s.t. for each w € Nxo,

w1+e .
e < [k (W)
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(%) colours | w colours

Fig. 5: Illustration to Wagon’s proof

The following result from 1978 is asymptotically still the best known general upper
bound for this family. For that reason we want to talk about its nice proof in a bit

more detail.

Theorem 30 (Wagon [67]). For w € Ny,
N w+1
[y (W) < ( 9 )

In Figure 5 the main idea of the proof is visualized. Let G be a 2Ks-free graph. Starting
with a clique W of size w(G) labelled with wy,ws, ..., W) in any 2K,-free graph one
can partition the remaining vertices in the following sets. For ¢ € [w(G)] the set A,, is
defined as the vertices x € V/(G) \ W with Ng(z) N W = W \ {w;}. Note that the set
{w;}UA,, is an independent set, for i € [w(G)], since otherwise there is a clique of size
w(G) + 1 in G which is a contradiction. For 4,j € [w(G)] with ¢ # j the set Ay, ., is
defined as the set of vertices x € V(G) with Ng(xz) "W C W\ {w;, w;}. The set Ay, .,
is also an independent set, for i, j € [w(G)] with i # j, otherwise G contains a 2K, as
an induced subgraph, again a contradiction. Let M = {(i,j) € [w(G)] x [w(G] | i < j}
and Az = U jyens Awiwys then V(G) = Ao UW U U,e gy Aw: and

)= U ) = X = 2 1= (7).

(i,j)eM (i,5)eM (4,5)eM

Since {w;} U A,, is an independent set, we find x(G — Ay) < w(G), which proves

Wagon’s bound as follows:
\6) £ X(EVE\ A+ e < (“F)) +wie) = ().

But for w(G) = 3 Wagon’s bound is already not best possible. Erdds first conjectured
in 1985, that ff, K2}<3) = 4, where the Wagon bound is 6. This Conjecture was proven
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by Nagy and Szentmiklossy but the proof was never officially published. So the first
official paper proving that result is from 2018 by Gasper and Huang [29]. The tightness
of the bound is achieved by the graph W5, the wheel on 6 vertices.

Theorem 31 (Gasper and Huang [29]). [, (3) = 4

Let us restate that in this thesis we for example prove in Chapter 4 that ffp, .00 =

For this

reason we use the stated result by Gasper and Huang [29] to make an improvement on

ffz Ko} Thus, every improvement to fo K,} 18 an improvement to ffPs’ hammer}-

the general bound by Wagon.

Corollary 32 ([11]). For w € Ny,

ot < (*31) -2[3]

Proof. We prove this by induction on w. For w < 3 this states f{*QKQ}(l) < (1;1) -0=1,
f{*QKQ}(2) < (2_51) —0 =3, and f{*2K2}(3) < (3;1) —2 = 4, where the first two inequalities
are true by Theorem 30 and the last inequality is true by Theorem 31. So we assume

there is an wy € N3 such that ffy,(w) < (“I) -2 | for each w € [wy).

So let G be a 2K,-free graph with w(G) = wp + 1. By the result by Chung et al. [24]
there is a dominating clique W of size w(G) in G. Fix vy, va,v3 € W. Now we define
the sets M and D as

M ={veV(G)\W | Eg[{v}, W\ {v1,v2,v3}] is complete} and
D ={v e V(G)\W | Eg[{v}, {vi,vs,v3}] is complete}.

For each vertex v in V(G) \ (WU DU M) there is a7 € [3] and a j € [w(G)]\ [3] with
v, vu; € E(G). So we define I = [3] x [w(G)] \ [3] and for (4, j) € I we define

Xujy ={veV(G)\(WUDUM) | vv,vv; ¢ E(G)}.

Note that for (i,j) € I the set X(;; is an independent set, since G is 2K,-free.
We obtain V(G) = {vi,v2,v3} UM U{vy,...,vue} UDUUg,, e Xij Note that
w(G[{v1,v2,v3} UM]) = 3 and w(G[{vs, ..., v} U D]) = w(G) — 3, since the largest
clique in G has size w(G). Thus, by induction hypotheses, we get x(G[{v1,v2,v3} U
M) < 4 and X(Gl{vs,. vy } U D)) < (405 3H) — 2| 292

Let for the following calculation w = w(G):

X(G) < x(Gl{wr,v9, 03} UM]) + x(Gl[{s, .. 0.} UD]) + (G X))

(4,9)€l
341 _3
g4+(w 2+ )—2L—”3 J+Z1
¥

i,J)EL
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Fig. 6: Icosahedron I

— 41 ("“’_2) —Q(FJ —1) +3(w — 3)

2 3
- (w;2)+3w—3—2{% :(“_2)(”_23”6“_6—2@
v —5w+26+6w—6_2{%J _ (wg_l)—QL%J.

So every finite 2 K5-free graph G is by induction ((“’(GQ)H) -2 LWTQJ )-colourable. [J

In a recent paper by Chudnovsky et al. [18] they study the class of (fork,C)-free
graphs. A valid question is why this family is discussed here. This family is relevant
for our research since the complementary graph of such a graph is (2K5, kite)-free and
so this seems like a fitting place. Their main work in their paper can be divided into
three big parts. They first prove a structure theorem for ( fork, Cy)-free graphs. From
this theorem, which we use in Chapter 8, they deduce the following corollary.

Corollary 33 (Chudnovsky et al. [18]). Let G be a connected (fork,Cy)-free graph.
Then G is Ky 3-free or G has a universal vertex or G' has a clique separator.
3w(G)

This corollary is used to show that to [T—‘ -colour a (fork,Cy)-free graph G it is

sufficient to [%G/)—‘ -colour every (K7 3,Cy)-free graph G'. In the second structure
theorem they characterise the structure of said graphs. Relevant graphs for this char-
acterisation are the icosahedron (cf. Figure 6) and the so called crown. Note that the
icosahedron I is completely triangulated and therefore Cy-free and K s-free, since for
every v € V(I) we have G[N;[v]] = Wj5. In their last section they colour the relevant
graphs. This bound is not known to be optimal but again by using the clique-expansion

of the icosahedron I they show that for w € 3Ny:

4w N 3w
EX < fforbcn (W) < [7-‘ :
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Note that quite a few subfamilies of 2K5-free graphs have been studied. For the inter-
ested reader we refer to the previously stated paper by Brause et al. [14], the paper by
Karthick and Mishra [40] and Prashant and Gokulnath [52].
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3 Techniques

To achieve our aim of determining y-binding functions different techniques are used. In
this Chapter we collect the techniques which are used multiple times in proofs of this
thesis. In Section 3.1 we start with techniques which are generally applicable. Where
the techniques of Section 3.2 are applicable for the large family of Q[P,]-free graphs.
In the following Section 3.3 we talk about some results for x-binding functions. Finally
the last quite technical Section 3.4 is later used to colour certain graphs which contain

an induced, weighted Cj.

3.1 General techniques

In chromatic graph theory, the private neighbourhood reduction is an important tool.
There is a similar reduction technique for vertex-weight functions of graphs, which is
implicitly defined in the next lemma. Note that for the unweighted version, Lemma 34
describes the private neighbourhood reduction. In particular, for ¢: V(G) — [1], we
have x(G) = x(G — uy) if there are two non-adjacent vertices uy,us € V(G) with
Ng(u1) € Ng(ug). Thus, the following lemma implies that a critical graph does not

contain a comparable vertex pair.

Lemma 34 ([12]). If ¢: V(G) — Ny is a <$-minimal vertez-weight function and S C
V(G), u e V(G)\ S with Eg[{u},S] is anticomplete, and q(u) > 0 and Ng(u) C Ng(s)
for each s € S, then q(u) > x,(G[S]).

Proof. For the sake of a contradiction, let us suppose q(u) < x,(G[S]). Additionally,
let ¢': V(G) — Ny be a vertex-weight function with

0 if v =,

q(v) if v #u.

V=

Note that ¢’ # 0 and for a proper ¢’-colouring L, : V(G) — 2l (] of G, one can find
a set L, such that L, C Ly(S) and |L,| = q(u) < x4(G[S]) < |Ly(S)|. Hence, from
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the proper g-colouring L,: V(G) — 2V>0 with

L, if v = u,

Ly(v) ifv#u,

V=

it follows x,(G) < xy(G). Thus, x4(G) = xy¢(G), which contradicts our assumption
that ¢ is <¥-minimal. Hence, q(u) > x4(G[S]). O

Since we often create weighted graphs the following lemma is used multiple times. It
is a central result in Lovéasz’ [67] proof of the Weak Perfect Graph Theorem.

Lemma 35 (Lovasz [46]). If G is a perfect graph, then each ‘perfect’-expansion of G
is perfect.

We continue by an observation concerning the chromatic and clique numbers of ¢-

expansions of a graph.

Observation 36 ([13|). If G is a graph, q: V(G) — Ny is a vertez-weight function,

and G’ is a q-expansion of G, then

X(G) =xq(G)  and  w(G) = wy(G).

Note that Observation 36 together with Lemma 35 implies x,(G) = w,(G) for each
perfect graph G and each vertex-weight function ¢: V(G) — Np.

We concentrate next on our combination of homogeneous sets and clique-separators,
namely the so-called clique-separators of modules. Note that each clique-separator is
a clique-separator of modules. Having this observation in mind, the following lemma
generalises the fact that critical graphs do not contain clique-separators since it implies
that G|g], for some <§-minimal vertex-weight function ¢: V(G) — Ny, does not contain

a clique-separator of modules.

Lemma 37 ([13|). If G, Gy, Gy are three graphs with G = G1 UG5 and V(G1) NV (Gs)
is a clique-separator of modules in G, and q: V(G) — Ny is a vertez-weight function,
then

Xq(G) = max{xy(G1), Xq(G2)}  and  wy(G) = max{w,(G1), wy(Ga)}-

Proof. Let k € Nyg and X, X7, Xy..., X, C V(G) be sets such that X = X; U Xy U
L UX, = V(G) NV(Gy) and Xy, Xy, ..., Xi are the modules of X. Furthermore,
for each n € [2], let L,: V(G,) — 2X¢(G)] be a g-colouring which minimises |L,, (X)|.
Since E¢[X;, X;] is complete for each distinct 4, j € [k] with ¢ < j, by renaming colours
if necessary, we may assume L, (X1) = [x,(Gr[X1])] and
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for each 5 € [k]\ {1}, that is, L,, colours the vertices of X; with subsets of [x,(G.[X1])],
the vertices of X, with sets that contain only colours of {x,(Gn[X1]) + 1, x4(Gn[X1]) +
2,...,xq(Gn[X1UXy))}, ..., and the vertices of X}, with sets that contain only colours
of {Xq(Gn[X1UXoU.. . UX; 1))+ 1, xo(Gn[X1UXoU. . .UXp1])+2,..., x(Gn(X))}.

We show next that we may assume that the two proper g-colourings L; and L, coincide
on X; with a proper g-colouring of G[Xj] for each j € [k]. If Lx,: X; — 2Ln(X5) is a
proper g-colouring of G[X;], then L' : V(G,) — 2Xa(G)] with

L,(v) ifveV(G,)\X;
LXj<U> ifve Xj

V=

is a proper g-colouring of G,, since X; a module. Thus, by our choice of L,,, L, uses

Xq(G[Xj]) colours for the vertices of X, and so,

Ln(X) = U L(X;) = Do(GIXA]) + xg(G1X2]) + -+ X (GIXR)] = [xg(GIXT)]-

Hence, we may assume L;i(v) = Lo(v) for each v € X. Thus,

Xq(G) < max{x,(G1), xq(Ga)} < x4(G),

since G; and G are induced subgraphs of G. Finally, w,(G) = max{w,(G1),w,(G2)}
since Eg[V(G1) \ X,V (G2) \ X] is anticomplete, which completes our proof. O

3.2 Techniques for Q[P,|-free graphs

Note that Q[P,] contains an induced banner, dart, gem and kite. We wish to establish
some results for Q[ Py]-free graphs but begin by considering modules of Q[F|-free graphs,

where F'is arbitrary and not necessarily related to Pj.

Lemma 38 ([13|). If F' is a graph and G is a Q|F|-free graph, then, for each module
M in G, G[M] is F-free or Ng(M) is a clique-separator of modules or NG (M) = (.

Proof. It M = V(G), then NZ(M) = (), and so let us assume that M is a module in G
such that [M| < |[V(G)|, and S C M with G[S] & F, and NA(M) # 0. We continue
by showing that Ng(M) is a clique-separator of modules. Let X, X5, ..., X, be the
sets of vertices which induce the components of G[Ng(M)]. Since Eg[M U X;, X;] is
complete for each distinct 4,7 € [(] and NZ(M) # 0, we may suppose, for the sake
of a contradiction, that there is some k € [(] and a vertex w € NZ(M) for which
X, N Ng(w) # 0 and X, \ Ng(w) # 0. Hence, by the connectivity of G[Xj], we
may assume that 27 € X N Ng(w) and o € X \ Ng(w) are non-adjacent. Thus,
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S U{w,zy, 22} induces a Q[F], which contradicts our assumption that G is Q[F]-free.
Thus, X is a module, and Ng(M) is a clique-separator of modules, which completes

our proof. O

Let us focus on Q[P,]-free graphs next. It is rather interesting that every vertex-weight

function for Q[Py]-free graphs can be nicely decomposed.

Lemma 39 ([13]). Let G be a Q[Py)-free graph. If q: V(G) — Ny is a vertex-
weight function with q % 0, then there exist an integer k € Nsg, k pairwise dis-
joint non-empty sets My, My, ..., My C V(Glq]), and k <1§—mim'mal vertex-weight
functions q1,qa, ..., qx: V(G) — Ny such that V(Glgi]) C M;, x4(G[M;]) = xq(G),
wWe(G[M;]) > wy,(G), and G[M;] is a ‘non-empty, 2K,-free’-expansion of G[q;| which
is a prime graph without clique-separators of modules for each i € [k], Eq[M;, M;] is
complete for each distinct i,j € [k], and

Xq(G) = Z Xq(G[M;]).

=1

Furthermore, wq(G[M;]) = wq,(G) for each i € [k] if q is <S-minimal.

Proof. For simplicity, if (G, ¢) is a pair for which G is a Q[P]-free graph and ¢: V(G) —
Ny is a vertex-weight function with ¢ # 0, and both satisfy the statement of the lemma,
then we say that (G, q) is decomposable. For the sake of a contradiction, let us suppose
that (G, q) is a minimal counterexample to our lemma, that is, ¢ # 0 and (G, q) is not
decomposable but each pair (G’,¢') with either G’ is an induced subgraph of G with
G'# Gand ¢ #0,or G =G and |V(G[¢])| < [V(G[g])| and ¢ # 0, or G' = G and
V(G[¢))| = [V(Glg])| and ¢' <f ¢ is decomposable.

If there is a vertex u € V(G) with ¢(u) = 0, then, since (G, ¢) is a minimal counterex-
ample and GJg| is an induced subgraph of G with G[q] # G, we have that (Gl[q],q) is
decomposable, which also implies that (G, q) is decomposable. The latter contradiction

on our supposition on (G, ¢) implies G = G|g|.

We show next that ¢ is <1§—m'1nimal by supposing, for the sake of a contradiction, the
contrary. Since g # 0, there is a ¢': V(G) — Ny which is <§-minimal with ¢’ < q.
Then (G,q’) is decomposable into pairwise disjoint non-empty sets M|, M, ..., M]
and vertex-weight functions ¢}, ¢, ..., q.: V(G[¢]) — Ny since ¢ is a minimal coun-
terexample. Clearly, V(G[¢]) € V(G[q]). Since ¢ < ¢, we have x4 (G) = xo(G).
Additionally, x,(G[M!]) > x¢(G[M]]) and w,(G[M]]) > wy (G[M]]) for each i € [k]. In
view of the desired result, it remains to prove x,(G[M]]) < x(G[M]]) for each i € [k].
Since Eg[M;, M;] is complete for each distinct 4, j € [k], we have

Xq(G[M]]) + Z Xq(G[MJI']) < X¢(G) = x¢(G)
Jelk\ i}
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k
=D o (GIM]) < xg (GIM]) + Y xo(GIM])),
i=1 Jek\{z}
and so x,(G[M/]) = x4y (G[M]]) for each i € [k]. Thus, (G, q) is decomposable into the
modules M7, M}, ... M, and the vertex-weight functions ¢;, ¢}, ..., q.: V(G[q]) — No,
which contradicts our supposition on (G, ¢). Therefore, we have that ¢ is <l§—minimal,

and so G = G[q] is connected.

Let M; be an inclusion-wise minimal module in G for which NZ(M;) = (. Note that
possibly M; = V/(G). Since ¢ is <$-minimal, G[M,] is connected. Let M be a module
in G[M:] with NZ, (M) = 0. Hence, Ng(M) = (M \ M)U(V(G)\ My) = V(G)\ M,
which implies M = M; by the minimality of |M].

We may assume first that M; # V(G). Thus, by the definition of M;, Eq[M;,V(G) \
M,] is complete. For S € {M;,V(G)\ M}, let ¢°: S — Ny be defined by

q(u) ifues,
u +—r
0 ifuégS.

Note that ¢, ¢V(E\M £ 0 since My, V(G) \ My # 0, x,(G[M;]) = X (G) and
Xq(G — My) = x v (G), and so

XQ<G) = X¢M (G) + X gV (@\M; (G)

Thus, since ¢ is <¢-minimal, ¢*" and ¢ @\t are <¢-minimal. Hence, since we know
that |V (G[¢™])], |V (G[¢VO\M1])| < |V(G]q])| and (G, q) is a minimal counterexample,
we have that (G[M],¢™) and (G[V(G)\ M|, q"©\M) are decomposable into pair-
wise disjoint non-empty sets My, My,..., M} and M, M} .o, ..., M ., as well as
qg—minimal vertex-weight functions ¢i,¢5,...,q,,: V(G) — No and ¢}, 1, @ 405 - -
G, oky - V(G) — No, respectively. Hence, the function ¢ is decomposable into the mod-
ules M7, M;, ..., M; ., and the vertex weight functions qi, g3, ..., q;, 4, V(G) — Ny.
Additionally, since ¢° is <l§-minimal, we have wy(G[M]]) = wys(G[M]]) = wy(G) for
each i € [k; + ko] and, depending on i, some S € {M;,V(G) \ M;}.

It remains to assume M; = V(G). Recall that ¢ is Qf—minimal, and so G has no clique-
separator of modules by Lemma 37. Furthermore, G is connected. If G is also prime,
then we see that (G, q) is decomposable by choosing £ = 1 and ¢; = ¢; a contradiction.
Thus, there is a homogeneous set in GG. Let us recall that for every homogeneous set
H in G = G[M,], by the choice of My, NZ(H) # 0. By Lemma 38, we see that G[H|
is Py-free, for every homogeneous set H. Let M, M3 be two homogeneous sets in G
with My N My # (). For the sake of a contradiction, let us suppose that My U Ms is
not a homogeneous set in G. Hence, My \ Mz, M3\ My # (), and we let mqy € My \ M3,
mg € M3\ My, and my € MyN Ms be arbitrary vertices. Since My and Mz are modules,
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we have
Na(ma) \ (My U M3) = Ng(my) \ (Mo U M3) = Ng(ms) \ (Mz U Mj),

and so V(G) = MsU M3 since MU Mj is not a homogeneous set in G. Clearly, MyN M;
is a module in G. Since G has no clique-separators of modules, M;N M3 is not a clique-
separator of modules, and so a vertex of My \ Mj is adjacent to a vertex of Ms \ Ms.
Hence, by the fact that M, and M;3 are modules, we have that each vertex of My N M3
is adjacent to each vertex of V(G) \ (My N Ms), and so NZ(M, N Ms) = 0, which
contradicts the choice of M;. Hence, there is some integer k € Nyy and k pairwise
disjoint homogeneous sets My, M, ..., M} of G with M C M for each homogeneous
set M in G and, depending on M, some i € [k]. Recall that G[M/] is Py-free for each
i € [k]. The Strong Perfect Graph Theorem implies that G[M]] is perfect, and so
Xq¢(G[M]]) = wy(G[M]]) by Lemma 35 and Observation 36 for each i € [k]. Since ¢ is
<§-minimal, we obtain that M/ is a clique, and we let u} be a vertex of M/ for each
i € [k]. Hence, let ¢1: V(G) — Ny be a vertex-weight function with

q(M]) if u = u] for some i € [k],
u— 490 if w e M]\ {u,} for some i € [k],
q(u) ifu g U, M.

Clearly, G[M;] is a ‘non-empty, 2K;-free’-expansion of G|q]. It is further easily seen
Xq(G) = Xq(G[Mi]) = x4, (G), we(G) = wy(G[M]) = w,,(G), and that ¢ is <]S"
minimal. Since G — (M7 UM, U ... U M)\ {u),ul, ..., u}) is prime, G[q] is prime
as well. For the sake of a contradiction, let us suppose that X is a clique-separator of

modules in G[q]. Since G[q] is prime, every module of X is of size 1. Let

{z} ifx ¢ {u),ub,... u},

X(z) =
M! if x = u; for some i € [k].

Since M, Mj, ..., M] are pairwise disjoint modules which are cliques and for which
uj € M for each i € [k], U,cx X () is a clique-separator of modules in G, which is a
contradiction to the fact that, by Lemma 37, such a set cannot exist. Hence, (G, q) is
decomposable into the module V(G) and the vertex-weight function ¢;, and our proof

is complete. O

We first note that Lemma 39 evokes a nice characterisation of critical Q[ Py]-free graphs.

Corollary 40 ([13]). If G is a critical Q[Py]-free graph, then there is some integer k €
N.g such that V(G) can be partitioned into sets My, M, ..., My such that Eq|[M;, M;]
is complete for distinct i,j € [k], and G[M;] is a ‘non-empty, 2K;-free’-expansion of a

prime graph without clique-separator of modules for each i € [k].
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Proof. Note that the vertex-weight function ¢: V(G) — [1] is <§-minimal since G is
critical. By Lemma 39, there exist an integer k € Ny, k pairwise disjoint non-empty
sets My, My, ..., M, C V(G), and k <1§—minimal vertex-weight functions ¢, ¢o, .. .,
qr: V(G) — Np such that V(G[g;]) € M; and G[M;] is a ‘non-empty, 2K;-free’-
expansion of GJg;] which is a prime graph without clique-separators of modules for
each i € [k], Eq[M;, M;] is complete for each distinct 4, j € [k], and

Since G is critical, we conclude from the latter equality that My, Ms, ..., M, is indeed
a partition of V(G), which completes the proof. O

Corollary 40 is important for the proof of Theorem 9. However, by Lemma 39, we
are now in a position to formulate our central lemma which reasons to study proper
g-colourings of prime graphs without clique-separators of modules whenever we are

interested in x-binding functions for subclasses of Q[Py]-free graphs.

Lemma 41 ([13]). Let G be a Q[Py]-free graph, q: V(G) — Ny be a vertez-weight
function, and f: Ng — Ny be a superadditive function. If x4 (G) < f(wy(G)) for each
<G-minimal vertez-weight function ¢': V(G) — No for which Gq'] is prime and has

no clique-separator of modules, then
Xq(G) < flwe(G)).

Proof. If ¢ = 0, then x,(G) = 0 = f(0) = f(w,(Q)), since f is superadditive. Thus,
we may assume ¢ # 0. By Lemma 39, there is an integer £ € N.g and there are k

<1§—minimal vertex-weight functions q1, o, ..., qr: V(G) — Ny such that

Xq(G) = ZX%(G) and  wy(G) > qu<G[Mi]> > qui(G)-

Furthermore, G|g;] is a prime graph without clique-separators of modules, and so
Xq: (G) < flwy (G)) for each i € [k]. The superadditivity of f implies

Xq(G) = ZX%(G) < Zf(wlh(G)) </ (Z qu(G>> < flwy(G)),

=1 =1 =1

which completes our proof. O

3.3 Binding functions

In this section we establish four lemmas concerning the general structure of y-binding

functions for certain graph classes.
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Lemma 42 ([13]). If H is a set of graphs and h is an integer such that each H € H
satisfies that its complementary graph H contains an induced cycle of length at most

h, then the class of H-free graphs has no linear x-binding function.

Proof. We may assume that f3 exists. Thus, H # 0 and we get h > 3, since the
precondition is fulfilled. By a result of Bollobas [7], for each two integers g, A > 3,
there is a (Cs, Cy, . .., Cy)-free graph G, A with A(Gya) = A and

a(Gya) - 2log(A)
|V(Gg A)| A .

)

Hence, there is a series {éh,i}g’i?) such that, for each i > 3, Gh,i is a graph whose
complementary graph is G, ;. We show next that Gy, ; is H-free, for i > 3. Suppose
not, then there is a H € H with H Cjq (_}h,i. By the definition of H, there is a
k€ [h]\ [2] with Cy Cing H. Thus, Cy, Cing H Cing Ghy, which is a contradiction to
the fact that the graph Gy ; is (Cs, Cy, . .., Cy)-free by definition. Since G},; is Cs-free,
it follows a(Gp;) = w(Gh;) < 2. Furthermore,

_ 21og(1 -
w(Ghy) < # V(Gri)l,
and so V(G V(G
i _ V(Gh; V(Gh =
—— w(Gy, J < — < x(Ghi).

Note that i/(4-log(7)) tends to +o00 as i tends to +oo. Thus, there is no linear x-binding
function for the class of H-free graphs. m

Lemma 41 has obviously huge impact on studying y-binding function. However, in view
of its application, we need that some optimal x-binding functions, ff3 K1} ffcs 3K} and

f{*2 K} in particular, are superadditive.

Lemma 43 ([13|). If H is a set of graphs such that each H € H does not contain a
complete bipartite spanning subgraph, then f;, is superadditive or the class of H-free

graphs has no x-binding function.

Proof. We may assume that f}, exists. Note that f(1) =1 # 0, since Ky ¢ H. Let
wy, wy > 1 be two integers, G be a H-free graph with w(G1) = wy and x(G1) = ff(w1),
and Gy be a H-free graph with w(G) = wq and x(G2) = f5,(w2) that is vertex disjoint
from G;. Note that Gy and G exist since K,,, € For(H) for i € [2] by the definition of
H.

Let G be the graph obtained from G; and G5 by adding all edges between the vertices
of G; and the vertices of Go. We prove first that G is H-free. For the sake of a

contradiction, let us suppose that there is some H € H for which G contains a set S
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of vertices inducing H. Since both Gy and Go are H-free, sy = [S NV (Gy)| > 0 and
sy = |SNV(Gy)| > 0. Therefore, the graph G[S] has a spanning subgraph that is a
isomorphic to K, s,. But now G[S]| = H gives a contradiction to our assumption that
H does not have a spanning subgraph which is a complete bipartite graph. Hence, G
is ‘H-free.

Clearly, w(G) = wy + we and x(G) = x(G1) + x(G2) = f5(w1) + ff;(w2), and so

fr(wr +w2) > Xx(G) = f7(w1) + f3(w2),

which completes our proof. O

Weakening the precondition of the previous lemma the following lemma grants no
longer a superadditive y-binding function but a sufficient condition for a graph family

‘H such that f7; is at least strictly increasing.

Lemma 44. If H is a set of graphs such that each H € H does not contain a universal
vertex, then f7, is strictly increasing or the class of H-free graphs has no x-binding

function.

Proof. We may assume that f} exists. We claim that f},(k) < f3(k + 1), for every
k € N-o. This claim we prove by induction on k as follows. Clearly f5(1) =1 <2 <
f3(2), since Ky, Ky € For(H). So let k € N5, such that f} (k') < f5, (kK + 1) for all
k" € Ny with &' < k. Since f3,(k) # 0, there is a H-free graph G with x(G) = f} (k)
and w(G) = k. We define the graph G’ as G’ := G + {v;} for v; ¢ V(G). For the sake
of a contradiction, let us suppose that there is some H € H for which G’ contains a
set S of vertices inducing H. Since H € H, the graph H does not contain a universal
vertex so vy ¢ S. Thus, H = G'[S] = G[S] which is a contradiction to the fact, that G
is H-free. Thus, the graph G’ is an H-free graph with w(G’) = k + 1. Therefore,

Fau(k) <X(G) +1=x(G) < f(k+1),

which completes our proof. ]

For example ff, ;. 1s strictly increasing according to Chapter 8 even though dart
contains a universal vertex. Thus, the reverse of Lemma 44 is not true. On the other
hand, we introduce in the following lemma another sufficient condition for a graph

family H such that the optimal y-binding function f3, is non-decreasing.

Lemma 45. If H is a set of graphs such that for all H € H every connected component
of H is non-isomorphic to a complete graph, then f3, is non-decreasing or the class of

H-free graphs has no x-binding function.
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Proof. We may assume that f, exists. We claim that f} (k) < f5,(k+1), for every k €
N-¢. This claim we prove by induction on k as follows. Clearly f3(1) =1 <2 < f3/(2),
since Ky, Ky € For(H). So let k € N.j such that f5 (k') < f3(k' + 1) for all &' € Nyq
with & < k. Since f};(k) # 0, there is a H-free graph G with x(G) = f3/(k) and
w(G) = k. We define the graph G’ as G’ := G U K. For the sake of a contradiction,
let us suppose that there is some H € H for which G’ contains a set S of vertices
inducing H. Since H € H, the graph H does not contain a connected component
which is isomorphic to a complete graph. Therefore, SN V(G) = SNV (G'). Thus,
H = G'[S] = G[S] which is a contradiction to the fact, that G is H-free. Thus, the
graph G’ is H-free graph with w(G’) = k + 1 and therefore

Fi(k) = x(G) < x(G") < fi(k+1),

which completes our proof. O

3.4 Techniques to colour graphs with weighted

cycles

We use the results of this section in our later proofs to colour certain graphs which
contain induced cycles of length 5. In particular, we frequently deal with cycles C' = Cj
and vertex-weight functions ¢: V(C) — Ny. This section is quite technical and we use
the results of it to colour the special graphs G4, Gy, G3, G4 which occur in Chapter 6.
We also use these results multiple times in other Chapters and, for that reason, we

state them here.

Following Narayanan and Shende [45], who proved

- [431]

for each ‘non-empty, 2K;-free’-expansion G of a cycle of length at least 4, we can

determine the g-chromatic number of a C5 by Observation 36.

Corollary 46 ([13]). Let w € Nog. If C is a cycle of length 5 and q: V(C') — Ny is a

vertez-weight function such that wy(C) = w, then

(€)= max fuy (), [ 10| | < |2l =1),

and this bound s tight.

Proof. In view of Observation 36, it remains to show

][
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and that this bound is tight. Renaming vertices if necessary, let us assume that
C': cicacseqesey is defined such that w,(C) = ¢({c1,c2}) and g(c1) > q(cg). Thus,
q({es, ca}) <wy(C) and g(cs) < |wy(C)/2]. Furthermore, for n,m € Ny with w,(C) =

4n 4+ m and m < 4, we have

[MWQ‘}(OH_@ _u(oy e o tmst
2 = 4 2 q Vil it
= w,(C) + _wq(C;)—lw _ [5%(?_1]

From this chain of inequalities it follows that the bound is tight if ¢(¢1) = ¢(c3) = [w/2]
and ¢(co) = q(cq) = q(c5) = |w/2], which completes our proof. O

Corollary 46 is important for our later considerations. However for some subclasses,
we also need the following stronger result. This result roughly states that if and only
if the largest weighted clique in a C5 is not too big, we can colour the weighted Cj
by using all colours twice except for some extra colours which we use on one special

vertex.

Corollary 47 ([12]). Let C': cieacseqcser be a cycle of length 5, q,q": V(C') — Ny be
two vertex-weight functions, and k € Ny be an integer such that q(C) — k = 0 mod 2,
q(c3) >k, and ¢’ is defined by

q(c;) — k ifi =3,

q(ci) if i # 3.

There is some proper q-colouring L: V(C) — 2Y>0 with |L™M (¢3)| = k and

C =

i=1

L(C) = LM (e3) U ( L(2)<Ci7ci+2)>
iof and only if
q(C)

5

wy (C) <
Proof. Let L': V(C') — 2V>0 be a proper ¢’-colouring, L'(C) = [¢], and L: V(G) — 28>0
be a proper g-colouring with

L )u{l+1,....,0+k} ifi=3,
L'(c;) if i # 3.

C—

If L(C) = LW (c3) U (U;_; LP(cy, civ2)) and |LY(e3)| = k, then

_ @) -k _ ()
2 2
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If wy (C) < ¢ (C)/2, then x(C) = ¢'(C)/2 by Corollary 46 and since k < ¢(c3). Thus,

assuming ¢ = y,(C'), we have
L'(C) = U(L' (¢i, Civo) U L3 (¢, cips)

and {x,(C) +1,...,xy(C) + k} = LO(c3), which completes our proof. O

In some of our proofs we use a minimal counterexample approach to properly g-colour
graphs. The next preliminary lemma helps us to gain some structural results for all
weighted graphs containing an induced Cj. It is necessary to determine the weighted
chromatic number of the special graphs Gi,Gs, G3, G4 (cf. Chapter 8) but is more
generally applicable and therefore stated here. Before we prove this lemma let us
shortly show one of its uses. If all these assumptions are fulfilled by some smartly
chosen I and f,, we often find that (ii) holds which grants that w,(G) = w,(G — I).
Thus, there is at least one w,(G)-Clique in G which consists of vertices of V(G) \ I
only. We choose different independent sets and, thus, obtain quite some structure for

the researched graphs.

Lemma 48 (|12]). Let G be a graph, I be a non-empty independent set in G, q,
q: V(G) — Ny be two vertex-weight functions such that ¢'(u) = q(u) — 1 if u € I and
¢ (u)=qu) ifugl, CeCiG,q) and C' € C:(G,q') be two cycles, and f,, fy € Ny
be two integers such that x,(G) > fy. If

Xq(G) > max{wy(G), xq(O), fo} and  x¢(G) < max{wy (G), xg(C"), for},
then at least one of following three statements holds:
() 1 <max{wy(G), xq(C), fo} < for,
(i) f <max{wy (G),xq(C)}, max{xq(C), fo} < we(G), and wy(G) = we(G — 1),
(i) fy < max{wy(G), xg(C")}, max{wy(G), fo} < xq(C), [V(C")NI| <1, and

Xl(@) — 1= xy(C) = x () = [q’“ﬂ _ [‘-’(C’ﬂ |

2 2
Proof. Clearly, we have x,(G) > {wy(G), x¢(C"), fy}, and so
X¢(G) =wy(G) or x¢(G) =xg(C"), or x¢(G)= fy.

Additionally, we note x,(G) < x4 (G )+ since [ is an independent set. Since g(u) > 1

X¢'
for each u € I, we have w,(G) > q(u)

| \/

If xy(G) = fy, then max{w,(G), x,(C), f,} < fy since x,(G) < xy(G)+ 1. Hence, we
may assume

max{wy (G), xg(C)} = x¢(G) > fy
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for the rest of our proof.

If x¢(G) = wy(G), then we obtain w,(G) = wy(G) from
We(G) +1 < xy(G) < xg(G)+ 1 =wy(G) +1 <w,(G) + 1.
Thus, each clique S with ¢'(S) = wy(G) does not intersect I, and so
We(G) = wy (G) =wy (G — 1) <wy(G—1) <wy(G).

Since x,(G) = wy(G) + 1, we additionally have max{x,(C), f,} < w,(G) by our as-
Sumption Xq(G) > max{wq(G), X(I(C)7 fq}

If x¢(G) > wy(G) and xy(G) = x¢(C”), then

X (C) = [@w

by Corollary 46. Furthermore,
Xq(C) +1 < xg(G) < xg(G) + 1= xg(C) +1 < xo(C) +1 < xo(C) + 1,

which implies

(€)= (@) = | L] < [LE] <) < )

and so [INV(C")| < 1. Since x,(G) = x4(C)+1, we additionally have max{w,(G), f,} <
Xq(C) by our assumption x,(G) > max{w,(G), x4(C), f,} O






59

4 (Ps, hammer)-free graphs

In this chapter, we prove ffp5 = fE2K2} which is Theorem 2 and that each

hammer}

critical (Ps, hammer)-free graph is 2Ks-free which is Theorem 9 (iii).

Since each 2K,-free graph is especially (Ps, hammer)-free we know that

f{*P5,hammer} ((.U) > f{*ZKg}(w)’ for w € N>0'

Note that, by Lemma 43, f{*P5 is superadditive and thus non-decreasing. By

Lemma 1 it now suffices to show that each critical (Ps, hammer)-free graph is 2K»-

hammer}

free to prove the desired results. So we show exactly that. We note that there are
(Ps, hammer)-free graphs that are not Q[Py]-free, for example the graph Q[P,] itself.

Hence, we cannot make use of Corollary 40 but Lemma 37 is still applicable.

For the sake of a contradiction, let us suppose that G is a critical (Ps, hammer)-free
graph that contains an induced 2K,. We clearly can assume that G is connected and
that ¢: V(G) — [1] is <¥-minimal. For two vertices u,v € V(G), we define the set
Xuw by Xy = Ng(u) N Ne(v).

Let wjuy be an arbitrary edge of G such that |E(G — Ng[{ui,us}])| > 1. If v €
Ng({u1,us2}), w € Ng(v) N NE({u1,usz}), and z € Ng(w) \ Ng[{u1,uz,v}], then, re-
naming vertices if necessary, we assume ujv € E(G). Thus, [z, w,v,u;, us] induces
a D5 if ugv ¢ E(G) and a hammer if usv € E(G), which is a contradiction to the
fact that G is (Ps, hammer)-free. Hence, N} ({u1,us}) = 0 for i > 3, and each vertex
subset of NZ({u1,us}) inducing a component of G[NZ({u1,us})] is a module. Since
|E(G — Ng[{u1,us2}])| > 1, there is some set W of vertices which induces a component

of G[NZ({u1,us2})] with at least one edge, say wjws.

Let us first show that deleting X, ., N Xy, v, disconnects the graph. Suppose not and
let P : p1,po,- - - pi be the shortest path in G = G—( Xy, up N Xy w,) starting in {uy, us}
and ending in {w;,wy}. By otherwise renaming the vertices we assume without loss of
generality that p; = u; and py = w;. Note that 3 < k < 4, since wy, wy € NE&({uy,uz})
and G’ is Ps-free. Since P is the shortest path we know that w;p; ¢ E(G’) for i €
2],7 € {3,4} N [k] and w;p; ¢ E(G) fori € [2|,j € {k—3,k—2}n[k]. If k =4,
PU{us} induces a hammer, if usps € E(G), and PU{us} induces a Ps, if usps ¢ E(G).
So k = 3 and since ps & Xy up N Xupy wp, We know poug ¢ E(G) or powy ¢ E(G). Again
by Symmetry we assume powy ¢ E(G). But now P U {ws} U {us} induces a hammer,
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if ugpy € E(G), and P U {we} U {us} induces a Ps, if usps ¢ E(G). So u; and w,
are not in the same component in G — (X, 4, N Xy w,) and deleting X, v, N Xy s

disconnects the graph.

Let X, X5, ..., X, be the sets of vertices which induce the components of G [ Xy up N
Xy, and i € [f]. We are going to show that X, is a module. For the sake of
a contradiction, let us suppose that there is a vertex y € V(G) \ (Xuyuo N Xy )
with X; N Ng(y) # 0 and X; \ Ng(y) # 0. Since G[X;] is connected, we may assume
that 1 € X; N Ng(y) and 3 € X; \ Ng(y) are non-adjacent. Let Y be the set of
vertices which induces the component of G — (X, u, N X, w,) that contains y. If
Y| = 1, then Ng(y) € Ng(up), which contradicts Lemma 34 since ¢: V(G) — [1]
is <¢-minimal. Thus, |Y| > 2 and there is a vertex y € Y N Ng(y). Since u; and
w; are not in the same component in G — (Xy; 4y N Xy wy), We have ug,us ¢ Y or
wi, we ¢ Y. Renaming vertices if necessary, we may assume uq, us ¢ Y. Since Y induces
a component of G — Ng[{u1,us}], it is a module. Thus, x1y' € E(G) but z9y' ¢ E(G),
and [z2,uy,x1,y,y’] induces a hammer; a contradiction. Hence, y does not exist, and
X; is a module. Let M; be set of vertices which are in the connected component of
up in G — (Xuyuy N Xy ) and Zy = My U (Xyy oy N Xy wy) and Zy = V(G) \ My
Clearly, Z1 N Zy = Xy uy N Xy wy, and G = G[Z1] U G[Zs]. Thus, Xy, uy N Xy w, 18 @

clique-separator of the modules X7, X5, ..., X, and we have

X(G) = max{x(G[Z1]), x(G[Z2])}

by Lemma 37. Since uj,us € Z; and wi,wy € Z,, we have that G is not critical,
which contradicts our assumption on G. Thus, every critical (Ps, hammer)-free graph

is 2K5-free, which completes our proof.
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5 (Ps, banner)-free graphs

This chapter is devoted to a proof of the statements of Theorem 3, Theorem 9 and
Corollary 10 concerning banner-free graphs. So we prove ffp e (w) = I Kl}(w),
each critical (Ps, banner)-free is 3K;-free, which is Theorem 9 (i), and that each critical
(banner, Cs, Cy, .. .)-free graph is (Cs, 3K )-free, which is Theorem 9 (iv). Lastly we
show one part of Corollary 10. That is, if G is (Ps, banner)-free, then

AG) +w(G) +1
S

X(G) < [

We note that instead of verifying f} (w) < f(w) for the corresponding y-binding func-
tion f: Nyg — Ny, we show the slightly stronger statement

Xq(G) < flwg(G))
for each H-free graph G and each vertex-weight function ¢: V(G) — No.

We note that each graph of {banner, C7,Cy, ..., Ps} contains at least one induced 3K7.

Consequently, for each w € Nyj, we have

Since neither C'5 nor 3K contains a spanning subgraph that is complete bipartite and

flesary (W) < [y (w) € O (w?/ log(w)),

it follows that f{*3 K1} and f{*c&:,) K.} are superadditive by Lemma 43, where the order
of magnitude of the function is subject of Corollary 27. Additionally, each banner-
free graph is Q[Py|-free. Thus, given a graph G, which is (C5, Cy, ..., banner)-free or
(Ps, banner)-free, by Lemma 41, we can focus on studying the g-chromatic number of
G for <$-minimal vertex-weight functions ¢: V(G) — Ny for which Glg] is prime and

has no clique-separator of modules.

For prime banner-free graphs, the following two results are known.

Theorem 49 (Hoang [32|). If G is a prime (Cs,Ch, ... banner)-free graph of inde-

pendence number at least 3, then G is perfect.



62 5 (Ps, banner)-free graphs

Theorem 50 (Karthick, Maffray, and Pastor [39]). If G is a prime (Ps, banner)-free
graph of independence number at least 3, then G is perfect.

If G is (C5,C%,. .. banner)-free or (Ps,banner)-free, and ¢: V(G) — Ny is a <$-
minimal vertex-weight function for which GJg| is prime and has no clique-separator
of modules, then Glg| is perfect or 3K;-free by Theorem 49 and Theorem 50. Addi-
tionally, a g-expansion G’ of G|[q| is perfect by Lemma 35 or 3K;-free by construction,
respectively. We obtain, by Observation 36,

Xa(G) = Xq(Glal) = X(C') < [l (W(G) = faxy (W (Gla))) = flagy (wq(G)).

Hence,

Using the previously stated theorems we next prove that every critical (Ps, banner)-free
graph and every critical (Cs, Cr, ..., banner)-free graph is 3K;-free. Let G be a critical
(Ps, banner)-free graph or a critical (Cs, Cy, ..., banner)-free graph. By Corollary 40,
the vertex set of G can be partitioned into k > 1 sets My, My, ..., My such that G[M;] is
a ‘non-empty, 2K;-free’-expansion of a prime graph G for each i € [k] and Eg[M;, M;]
is complete for each distinct 4, j € [k]. By Theorem 49 and Theorem 50, G? is either
3K -free or perfect for each ¢ € [k]. Thus, G[M;] is 3K;-free or, by Lemma 35, G[M;]
is perfect. In the latter case, G[M;] is complete since G is critical. Thus, in both
cases, G[M;] is 3K;-free. Since Eg[M;, M;] is complete for each distinct ¢, j € [k], G is

3K -free as well.

Let us lastly prove that Corollary 10 (Reed’s Conjecture) is true for (Ps, banner)-free
graphs. Let G be a (Ps, banner)-free graph and G’ be a critical graph with V(G’) C
V(G) and x(G") = x(G). By Theorem 9(i) we know that G’ is 3K;-free. Since Reed’s
conjecture is proven for 3K;-free graphs [43, 44| we get

X(G) = X(G) < [A(G')W(G’Hﬂ - [A(G)W(G)Hw

2 2

which proves one part of Corollary 10.
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6 (Ps, dart)-free graphs

This chapter is devoted to a proof of the statements of Theorem 4, Theorem 9 and
Corollary 10 concerning dart-free graphs. So we prove f{*P&dart}(w) = f{*gKl}(w),
cal (dart,Cs,Cy, .. .)-free graph is (Cs, 3K;)-free, which is one part of Theorem 9 (iv).

This chapter can conceptually also be found in [12].

We also fully characterise all critical (Ps, dart)-free graphs according to Theorem 9 (ii).
There we state that for each critical (Ps, dart)-free graph G and S a non-empty set of
vertices such that each vertex in S is adjacent to each vertex of V(G) \ S and each
homogeneous set M in G[S] has a vertex in S\ M that is non-adjacent to each vertex
of M, then G — S is critical, and G[S] is 3K;-free or a ‘non-empty, 2K;-free’-expansion
of G' with G' € {G1, G2}.

We also show one part of Corollary 10. That is, that if G is (Ps, dart)-free, then

V(G < [A(G)jL;u(G) + 1} '

Assuming Theorem 9 to be proven we firstly prove Corollary 10. Note that to prove
Reed’s Conjecture for all (Ps,dart)-free graphs it clearly suffices to prove it for all
critical graphs; of those we know the structure. Theorem 9 and the fact that Reed’s
conjecture is proven for 3K-free graphs [43, 44|, graphs whose complementary graphs
are disconnected [53|, and graphs G with x(G) < [5w(G)/4] [37] imply that is suffices
to show the latter inequality for each ‘non-empty, 2K -free’-expansion of Gy and of G,

in order to prove Corollary 10.

So it remains to show the statements of Theorem 4 and Theorem 9 that particularly
contain a proof of the inequality x,(G;) < [(bw,(G;) — 1)/4] for each i € [2] and each
vertex-weight function ¢: V(G;) — Ny. We note that instead of for example verifying
3 (w) < f(w) for the corresponding x-binding function f: N.y — N5, we show the
slightly stronger statement

Xq(G) < flwy(G))
for each H-free graph G and each vertex-weight function ¢: V(G) — No.

At the beginning, let us mention that we start our proof similarly to that of banner-

free graphs. Namely, each graph of {dart,C;,Cy, ..., Ps} contains at least one induced



64 6 (DPs,dart)-free graphs

3K, and so

for each w > 1.

Let us note that f{*3K1} and f{*05,3K1} are superadditive by Lemma 43 since neither Cj
nor 3K contains a spanning subgraph that is complete bipartite and f{*cs,s Kl}(w) <
[k (W) € O(w?/log(w)). Additionally, each dart-free graph is Q[P,]-free. Thus,
given a graph G, which is (Cs, Cy, ..., dart)-free or ( Ps, dart)-free, by Lemma 41, we can
focus on studying the ¢-chromatic number of G for <1§—minimal vertex-weight functions

q: V(G) — Ny for which G[g| is prime and has no clique-separator of modules.

-----

to divide our proof into smaller parts. First of all, we show that G is (C7, Cy, .. .)-free
whenever G is a prime dart-free graph of independence number at least 3 that is Ps-free

or Cs-free.

Lemma 51. If G is a prime dart-free graph with independence number at least 3,

which is Cs- or Ps-free, then the complementary graph G is (Cr,Cy, ... )-free.

Proof. For the sake of a contradiction, let us suppose that G is a prime dart-free graph
of independence number at least 3 which is C5- or Ps-free, and for which Cyyq is an
induced subgraph of G for some integer £ > 3, say C': cicy...Copr101 € C2k+1(é).
Clearly, G is connected, since G is prime and |V (G)| > 3. Let M be the set of vertices
of V(G)\ V(C) such that Eg[{m}, V(C)] is mixed if and only if m € M, and D be the
vertices of Ng(V(C)) such that Eg[{d},V(C)] is complete if and only if d € D.

Let m € M be an arbitrary vertex. If there is some ¢ € [2k + 1] such that ¢;m, ¢;ym ¢
E(G), then, renaming vertices if necessary, we may assume that c¢;;om € E(G).
Since [¢iy1, ¢, m, Ciya,¢;] does not induce a dart for each ¢ € {¢;y4,¢iv5}, we have
Civam, ciism & E(G). But now, [m, ¢iya, Civa, ¢, Civs] induces a dart; a contradiction.
Thus, ¢;m € E(G) or ¢;.ym € E(G) for each i € [2k + 1]. Since 2k + 1 is odd, there is
some t(m) € [2k+1] such that c;pnym ¢ E(G) but ¢ (m)—1Mm, Ciim) 1M, Comy+2m € E(G).

If u e Ng(V(C)) and v € V(G) \ Ng[V(C)] are two adjacent vertices, then we see
that [v,u,c3,c1,¢4] if w € D and [v,u, Cyuy415 Ciu)—1, Ce(u)+2) if v € M induces a dart;
a contradiction. Hence, Eg[Ng[V(C)],V(G) \ Ng[V(C)]] is anticomplete, and the
connectivity of G implies V(G) = N[V (C)].

Let I be an independent set of size 3 in G such that

> dista(a, V(C))

acl

is minimal.
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Since G[V(C)] is 3K;-free, and c;u € E(G) or ¢;y1u € E(G) for each w € DU M
and each i € [2k + 1], we have |[I N V(C)| < 1. Let ay,as be two vertices of I\
V(C). We assume first that there is some vertex ¢; € V(C) \ (Ng(a1) U Ng(a2))
for some j € [2k + 1]. Hence, a;c; € E(G) for each i € [2] and each j' € {j —
1,j + 1}. For each ¢ € {c¢ji2,cji3}, since [¢j, ¢, a1,cj_1,a2] does not induce a dart,
we have a;c ¢ E(G) or ase ¢ E(G). Furthermore, recall that a;cjio € E(G) or
a;cjrs € E(G) for each ¢ € [2]. Thus, renaming vertices if necessary, we may assume
a1Cj12, 2Ci+3 € E(G) and a1¢jy3, ascjyo ¢ E(G). Hence, a1, ¢jy0, ¢j, ¢jy3, ¢j41] induces
a Cs and [aq, ¢j12, ¢j, Cjy3, a) induces a Ps, which is a contradiction to the fact that G
is Cs- or Ps-free. Hence, INV(C) =0, and V(C) \ (Ng(a1) U Ng(az)) = 0 for each

distinct a1, a9 € 1.

Let I = {ay,as,a3} and, renaming vertices if necessary, let us assume

distaz(aq, V(C)) < distg(ag, V(C)), dista(as, V(C)).

We consider first the case where a; € M. Recall that by definition aicyq,) ¢ E(G) but
A1Ctar)—1> A1Ct(a1)+1, A1 Ct(ar)+2 € E(G) and ascy(q,), a3cia,) € E(G). Since (a1, Cyay)+2;
a2, Ce(ay), ag) does not induce a dart, we have ascyq,)+2 € E(G) or asciq,)+2 € E(G).
Thus, the fact V(C) \ (Ne(a2) U Ng(as)) = 0 implies that either ascyqy)12 ¢ E(G)
O A3Cyay)+2 € E(G). Renaming vertices if necessary, we may assume the latter case,
and 50 a3Cya4+1 € E(G). Since [as, Cya)—1, 1, Ci(ar)+2, 2] does not induce a dart,
we have some i € [3] such that a;cie,)-1 ¢ E(G). Clearly, i # 1 and, since the
set V(C) \ (Ng(az) U Ng(az)) is empty, the integer ¢ is uniquely determined. Thus,
(@1, C(ar)+15 O35 Ci(ar), Ce(ay)+2) induces a Cs and [ay, Cy(a,)—1, @5—i; C(ay), @) induces a P,
which contradicts our assumption that G is C5- or Ps-free. Thus, a; € D and, since

2 < distg(ar, V(C)) < dista(az, V(C)),distz(as, V(C)), we have I C D.

Let v € V(G) \ (Ngla1] U {ag,a3}). Since a; € D and V(G) = Ng[V(C)], it fol-
lows u ¢ V(C) and there is some j € [2k + 1] such that ¢; € Ng(u), respec-
tively. Furthermore, [aq,¢;, as,u,as] does not induce a dart, and so asu ¢ E(G) or
azu ¢ E(G). Renaming vertices if necessary, we may assume the latter case. By
the choice of I, we have distg(V(C),a2) < distg(V(C),u). Thus, dista(V(C),a1) <
distz(V(C), az) < distg(V(C),v) for each v € V(G) \ Nglai]. In particular, it follows
distg(V(C),a1) = oco. Let D' with I C D’ C D be the set of vertices inducing a com-
ponent of G. Since distz(V (C),a;) = oo, we have that Eg[D’,V(G) \ D'] is complete,
and so D’ is a homogeneous set, which contradicts the fact that GG is prime. Thus, our

proof is complete. O

Using the Lemma 51 it follows from the Strong Perfect Graph Theorem that every prime
(Cs,Cy, ..., dart)-free graph is perfect or 3K;-free. Similarly as we argue in Chapter 5
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Flg 7: Gl
g11 1,2
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g3,1 932
941  G42
Fig. 9: G5 Fig. 10: G4

for (Cs, C7, ..., banner)-free graphs, we prove next that each critical (Cs, Cr, . .., dart)-
free graph is 3K;-free by applying Corollary 40. Let G be a critical (Cs, Cx, . .., dart)-
free graph. By Corollary 40, the vertex set of G can be partitioned into k£ > 1 sets
My, My, ..., My such that G[M;] is a ‘non-empty, 2K;-free’-expansion of a prime graph
G? for each i € [k] and E¢[M;, M;] is complete for each distinct ¢, j € [k]. By Lemma 51
G? is 3K;-free or perfect for each i € [k]. Thus, G[M;] is 3K;-free or, by Lemma 35
and Observation 36, G[M,] is perfect. In the latter case, G[M;] is complete since G is
critical. Thus, in both cases, G[M;] is 3K;-free. Since Eg[M;, M;] is complete for each
distinct 4,5 € [k], G is 3K -free as well.

Since we characterized all critical graphs we know, by Lemma 1, that f{*05707’_“7 dart}) =
fios sy

In contrast to prime (Ps, banner)-free graphs which are perfect by Theorem 50 if the
independence number is at least 3, there exist prime (Ps, dart)-free graphs which are
not perfect although their independence number is at least 3, for example Gy, Gs, G,
and G4, depicted in Figs. 7-10. We note that, by a result of Karthick, Maffray, and
Pastor [39], each such graph contains at most 18 vertices. However, in order to apply

Lemma 41, we need a full characterisation of these graphs.

Lemma 52. If G is a prime (Ps,dart)-free graph of independence number at least 3,
then either G is Ws-free and G is As-free, or G = Gy.

Proof. Let G be a prime (Ps, dart)-free graph of independence number at least 3 with
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G % G;. Since G is prime, we immediately obtain that G is connected. We show first
that G contains an induced cycle of length 5. Clearly, G is (C7, Cy, .. .)-free, and from
Lemma 51 we deduce that G is (C7, Cy, . . .)-free as well. Hence, G contains an induced
cycle of length 5 or it is perfect by the Strong Perfect Graph Theorem. But in the
latter case, G is Ws-free and G is As-free.

For some C': ¢jcacseqcsey € C5(G), let M(C') be the set of vertices of V/(G)\ V(C') such
that Eg[{m}, V(C)] is mixed if and only if m € M(C), and let D(C) be the set of
vertices of Ng(V(C)) such that Eg[{d},V(C)] is complete if and only if d € D(C).
Furthermore, for some vertex u € Ng(V(C)), let ic(u) € [5] and jo(u), ke(u) € Ny be
such that

(1 Cic(u)W, Cic(u)+1Us - - - Cig(u)+jo(u) U € E(G) and Cic(uw)+jo(u)+1U ¢ E(G>a
(ii
(iii
(i

Since [m, Cig,(m), Cic:(m)—1> Ci(m)—2; Cip(m)—3] does not induce a Py, we have kc(m) < 2
for each m € M(C'). For each i € [5], let

Cic () =11 Cic(u)—2Us -+ Ci(w)—ke () & B(G) and Cig )~ (ko)1) € E(G),
with respect to (i) and (ii), jo(u) is minimum, and

)
)
1)
v)

with respect to (i), (ii), and (iii), ko (u) is maximum.

Ai(C)={a: Ng(a) NV (C) ={ci,ciya}} and

Bi(C)={b: Ng(b)nV(C) ={c;,ciyo,Ciz3}}
Clearly, A;(C)U B;(C) € M(C) and ic(u) =i if u € A;(C) U B;(C) for each i € [5].
With

X>o(C)={z:2 € Neg(V(C)),jc(x) > 2} and

X>3(C) ={z: 2 € Ne(V(C)), je(x) = 3},
we obtain

M(C) = (U A(C)U Bi(0)> U (X22(C) \ D(C))

by the fact that kc(m) < 2 for each m € M(C). Obviously, Eg[N&(V(C)), X>2(C)]
is anticomplete since [w, T, C;c.(u); Cic(u)+15 Cic (u)+2) does not induce a dart for each w €
N&(V(C)) and each x € Ng(w)NXso(C). Consequently, V(G) = D(C)UM(C)UV(C)
if M(C)\ X>2(C) = 0. Furthermore, let

Aio@)-2(C) \ Ne(z)  if v € X>5(C) \ D(0),

A(C,x) =
() 0 if x € D(C),
and
B(C.x) = Bio@)-1(C) \ Ne(z)  if v € X>5(C) \ D(C),
0 if z € D(C)
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for each z € X>3(C).

We continue by proving four claims from which we finally deduce our desired result.

Claim 52.1. ]f C: C1C9C3C4C5C1 € C5(G> with X23<C) 7é @, then M(C) \ XZQ(C) =
Nacxoyio) B(C x) and |[M(C) \ X55(C)| < 1.

Proof. For the sake of simplicity, we divide the proof of this claim into three parts and
prove step-by-step for each C' € C5(G):

(i) M(C)\ X22(C) = Nyexo gy (AC, ) UB(C, 7)),

(i) M(C)\ X>2(C) = Nyex o) B(C: ), and

(iii) [M(C)\ X=2(C)] < 1.
Note that (),cx. ) (A(C,2)UB(C,z)) € M(C)\ X>2(C), and (i) implies (ii) and (iii)
if D(C) # . Hence, for (ii) and (iii), we may assume D(C) = ().

For the sake of a contradiction, let us suppose that (i) is false. Let m € M(C)\ X>2(C)
and z € X>3(C) be two arbitrary vertices. Note that jo(m) = 0 and ¢, m)—1m,
Cig(m)+1m ¢ E(G). Furthermore, the maximality of ko (m) implies ¢;,(m)+om € E(G).
If z € D(C), then, redefining ic(x) if necessary, we may assume ic(m) = ic(x).
Hence, [m, Cic(a), Cic()-1, %, Cio (1] i ma @ E(G) and [¢ic(@)-1,, M, Cic (@) 42, Cie (@) 1]
if ma € E(G) induces a dart; a contradiction. Thus, xz ¢ D(C'), and so jo(z) = 3 and
ko(x) = 1. If ic(m) = ic(x), then

® [Cip(x)-1) Cic(x)s Cio(x)+1, &, m] if mx € E(G),
® [M, Cic(@)+2, Cio(2)+15 T, Cig(a)+3) i Cig(@)+3m, ma ¢ E(G), and
° [cic(x)_l, Cic (2) 435 T, Cigy () +25 x] if Cip(x)+3M € E(G) but ma ¢ E(Q)

induces a dart; a contradiction. Hence, ic(m) # ic(x). If ic(m) = ic(x) + 1, then
[Cic(2)> T, M, Cig(a) 43, Cic(a)r2) If mz € E(G) and [m, ¢ic(a)41, Cig(2), T, Cig(2)12] If mx ¢
E(G) induces a dart; a contradiction. Hence, ic(m) # ic(x)+ 1. fic(m) = ic(x) +2,
then

® [Cic(2)43: T, Cig(2)+15 Cic(w), M 1f Cimym, ma € E(G),

® [Cii(2), T, M, Cig(2)4+25 Cio(x)+3] I Cio@m & E(G) but ma € E(G), and

o [N, Cig(2)42: Cig()+1: T» Cic(a)43] if ma ¢ E(G)
induces a dart; a contradiction. Hence, ic(m) # ic(z) + 2. If ic(m) = ic(x) + 3,
then [Ciq(x)-1, Cic(2)+3> Cio(x)+2, T, m] if ma € E(G) and [¢i(2)-15 Cig(2), My Cig(a)41, X if
Cig(x)+1m € E(G) but ma ¢ E(G) induces a dart; a contradiction. Hence, ¢;.()+1m,

mx ¢ E(G), and so m € A(C,x). If ic(m) =ic(x) 4+ 4, then

® [Cic(2)43> T, Cig(a), Cie(x)+1, M| if ma € E(G) and
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o [m7 C’ic(a))-}—h C’ic(z‘); xz, Cic(a;)+2] if Cic(m)-‘er? mx ¢ E(G)

induces a dart; a contradiction. Hence, c;,z)+om € E(G) but mz ¢ E(G), and so

m € B(C,z), which completes our proof for (i).

For (ii), let us assume that z € X>3(C) \ D(C) is an arbitrary vertex, and, for the
sake of a contradiction, let us suppose that A(C,z) # 0. Let S be the set of ver-
tices of G such that ¢;.()$, Cic(2)135 € E(G) but ¢ (2)+15, Cip()+25, s ¢ E(G) if and
only if s € S. Note that A(C,z) U {cio@m+a} C S and G[A(C,z) U {Cio(x)+4}] is
connected. Hence, let A be the set of vertices that induces the component of G[S]
which contains all vertices of A(C,z) U {¢;,(x)+a}. We note that, for each a € A,
Cat Cig(2)Cic(2)+1Cic (2)+2Ci0 (2)+30Cio (z) 18 an induced Cs in G and Ng(z) N V(C,) =
Ne(z)NV(C). Since A is not a homogeneous set in G, there is some vertex u € V(G)\ A
that has a neighbour, say a;, and a non-neighbour, say a,, in A. Since G[A] is con-
nected, we can assume ajay ¢ E(G). Clearly, u ¢ AU V(C) U {z}. Note that
ay € A(Cqy,x). Thus, by (1), u ¢ X>3(Cqy). If u € X5o(Cy,) \ X53(Cy,), then
|Ne(u) NV (Cy,)| = 2 since ayu € E(G) but agu ¢ E(G). Thus, by (i), u € A(Cy,, x),
and so u € S. To be more precise, since ayu ¢ E(G), we have u € A by the choice of
A, which is a contradiction to the fact u € V(G) \ A. Consequently, by (i), it remains
to consider the case where u € A(C,,,z) U B(C,,, ), and so, since a;u € F(G), we
have u € B(C,,,z). Hence, k¢,,(u) = 3, which contradicts the fact that k¢,, (v) < 2
for each v € Ng(V(C,,)) as shown above. Consequently, A(C,z) = (), which proves
(ii).

We finally prove (iii) and assume that there exists some vertex x € X>3(C) \ D(C).
For the sake of a contradiction, let us suppose |M(C) \ X>2(C)| > 1. Recall that
EG[NE(V(C)), X>2(C)] is anticomplete. Therefore, since [z, ¢;c.(2)+3, Cic(x)44, b, w] does
not induce a P for each b € B(C,x) and each w € NZ(V(C)), we additionally have
Eq|B(C,z), N3(V(C))] is anticomplete. Thus, the connectivity of G and (ii) imply

V(G)=V({C)uDC)uM(C)=V(C)U ﬂ B(C,z) | UX>2(C).
2€X>3(C)
Since B(C,z) C M(C)\ X>2(C), (ii) implies B(C,z) = M(C)\ X>2(C). Additionally,
since B(C,z) is not a homogeneous set, there are vertices by,bs € B(C,x) and u €
V(G) \ B(C,z) such that u is adjacent to b; but not to by. Hence, u € X5o(C) by
(ii). By (ii) and the fact bju € E(G), it follows u ¢ X>3(C). Thus, u € X5o(C) \
X>3(C). In particular, jo(u) = kc(u) = 2. Furthermore, [¢;i,(2), Cig(2)+15 015 Cig (2)+25 b2]
does not induce a dart, and so bib, € E(G). Since [u,by, Cip(x)+1, b2, Cig(x)+4) and
[, b1, Cig()+25 D2, Cigs (2)+4) do not induce a dart in G, we have ¢ (z) 41U, Cig (2)+2u € E(G)
O Cip(x)4at € E(G). Let us consider first the case where ¢;,(z)+1U, Cip(2)+20 € E(G).
Since kc(u) = 2, it follows ¢;,mu ¢ E(G) or ¢i,w)+3u ¢ E(G). Renaming vertices

if necessary, we may assume ¢, yu ¢ E(G). Thus, [¢i,(2), Cig(2)41, U, b1, b2] induces a
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dart; a contradiction. Thus, let us consider the second case where ¢;, ()11t € E(G).

But now,
® [Cip(2), Cic(a)—1, U, b1, bo] if ¢ (myu € E(G),
® [Cip(2)+3> Cig(x)+4, U, D1, ba] if Ciay3u € E(G), and
® [b2, Cic(@)+4; Cic(@)+3, Us Cic(a)] 1 Cio @)U Cic@)+3u € E(G)

induces a dart; a contradiction. Hence, |M(C) \ X>2(C)| < 1, (iii) follows. and our
proof is complete. ©

Claim 52.2. [f C: C1C9C3C4C5C1 € C5(G) with ng(C) 7£ @ and M(C) \XZQ(C) 7é @,
then | X>3(C)| = 1.

Proof. Let x € X53(C). For the sake of a contradiction and by Claim 52.1, let us
suppose that there is a vertex b € B(C,z) but |X>3(C)| > 2. For each z;,z9 €
X>3(C), we have Ng(z1) NV(C) = Ng(za) NV(C) # V(C) by Claim 52.1, and
1172 € E(G) by the fact that [ci,(z,)-1, Cic(21)> T1, Cig(21)+1, T2] does not induce a dart.
Since X>3(C) is not a homogeneous set, there is some vertex u € V(G) \ X>3(C)
that is, renaming vertices if necessary, adjacent to x; but non-adjacent to z5. Re-
call that Eg[NZ(V(C)), X>2(C)] is anticomplete, and so u € Ng(V(C)). Hence,
by Claim 52.1, u € X5o(C) \ X>3(C), and so jo(u) = ke(u) = 2. Furthermore,
[U, 1, Cigy(21) T2 Cig(1)+3] does not induce a dart, which means ¢; v € E(G) or
Cig(e)+3u € E(G). Renaming vertices if necessary, we may assume ¢; (,,)u € E(G).
Since [Cig(21)-15 Cig(21), Us T1, T2] does not induce a dart, it follows ¢;,(z,)—1u € E(G).
From jeo(u) = kc(u) = 2, we obtain further that either ¢; . (z,)11u € E(G) OI € (a1)43u €
E(G). If ¢ (z)+1v € E(G), then [u, ¢ (z,)+1, b; Cig(2)+2, T2) induces a dart if bu ¢ E(G)
and [Cig(21)+3s Cig(1)+25 s Us Cig(2y)] induces a P if bu € E(G), which contradicts our
assumption that G is (Ps, dart)-free. Hence, ¢, (z)4+10 ¢ E(G) and ¢ (z)+3u € E(G).
But now, [b, Cic(z1)+45 Cic (21)+3: Us Cis(ar)) if bu & E(G) and [b, u, Cip(z1)s T1, Cig(er)+3] if
bu € E(G) induces a dart; the final contradiction. It implies |X>3(C)| < 1, which

completes our proof. =
Claim 52.3. If C': cicacseqcser € C5(G), then M(C) \ X»2(C) # 0.

Proof. For the sake of a contradiction, let us suppose M (C) \ X>2(C) = ). Note that
since Eg[NZ(V(C)), X>2(C)] is anticomplete, and, by the connectivity of G, it follows
V(G) =V(C)UX5(C). In view of Lemma 52, let {ay, as, a3} be a set of three pairwise
non-adjacent vertices, such that

(i) 32, distg(a;, V(C)) is minimum, and
(i) with respect to (i), distg(ar, V(C)) < distg(az, V(C)) < distg(as, V(C)).
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Since M(C) \ X>2(C) = 0, and so jo(z) > 2 for each z € Ng(V(C)), we have
{a1,as,a3} NV (C)| <1, and so dists(az, V(C)) > 1.

If distz(aq, V(C)) = oo, then the set, say S, of vertices inducing the component of
G that contains aj,as,as satisfies that Eg[S,V(G) \ S] is complete, and so, S is a
homogeneous set in G, which is contradiction to our assumption that GG is prime. Thus,
dista (a1, V(C)) < 0o. Hence, let P: pips...pe, £ > 1, be a shortest path connecting a,
and a vertex of C' in G, where a; = p; and p, € V(C). Renaming vertices if necessary,
we may assume py = c¢;. By the minimality of Z?Zl dista(aq, V(C)), we further have
aspa, asps € E(G).

If ¢ = 1, then a; = ¢;. Since ag,a3 ¢ V(C) and jo(as),jo(as) > 2, it follows
asCs, Aoy, azcs, azcy € E(G). Furthermore, [cq, cs,as,cs,as3] does not induce a dart,
and so ascs ¢ E(G) or ages ¢ E(G). Similarly, asc; ¢ E(G) or age; ¢ E(G). How-
ever, jo(az) = jo(az) = 2, and so, renaming vertices if necessary, we may assume
asce € E(G) and ages € E(G). Thus, [ag, ¢o, €1, ¢5, a3] induces a Ps, which is a contra-

diction to our assumption that G is Ps-free. Hence, ¢ > 2.

If ¢ > 3, then Eg[{ai,as,as}, V(C)] is complete. Since V(G) = V(C) U X>2(C), there
is some ¢ € [5] such that poc; € E(G), and so [ay, ¢;, ag, p2, as] induces a dart, which is

a contradiction to our assumption that G is dart-free. Thus, ¢ = 2.

Since ¢ = 2, we have a; ¢ D(C'). Hence, ai¢i,(a;)-1 € E(G) but a1¢;i (1), @1Cio(a1)+1
a1Cig(a)+2 € E(G). Recall that further ascip(a)-1,@3Cio(a)-1 € E(G) by the min-
imality of 337 | dista(a;, V(C)). The set [@1; Cic(a1)» A2 Cig(ar)—1, as) does not induce
a dart, and so there is some i € {2,3} such that a;ci (o,) ¢ E(G). Again, by
the minimality of "7, distg(as, V(C)), we have a5—iCic(a;) € E(G). Similarly, since
[y Cigy(ar) 41> Q15 Cig(ar), @5—i) does not induce a dart and a1¢;(a)+1 € E(G), we have
A2Cica)+1 ¢ E(G) or ascig)+1 ¢ E(G). Hence, there is some j € {2,3} such
that a;c;oy4+1 € E(G). Again, by the minimality of S22 dista(a;, V(C)), it fol-
lows as_;Ciy(a) € E(G). But now, [a1, Cig(ay)+1; @5—j, Ci(a1)—1, @;] induces a Ps, which
is a contradiction to our assumption that GG is Ps-free. The last contradiction completes

our proof. ©

Claim 52.4. G is G-free.

Proof. For the sake of a contradiction, let us suppose that S induces a G; and the
vertices of S are denoted as in Fig. 7. Furthermore, let 7" C V' (G) be the set of vertices
such that (Ng(t) N'S)\ {9} = {91,92,93} for each t € T. Note that ¢ € T and
(S\ {g}) U{t} induces a Gy for each t € T. If V(G) = SUT, then T' = {g} since G
is prime, and we conclude G = G, which is a contradiction to our assumption that
G 2 (1. Hence, by the connectivity of G, we may assume that there is some vertex

u € Ng(SUT). Renaming vertices if necessary, we may assume u € Ng(S).
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For each i,j, k with {7, 7, k} = [3], Clijy: 9991 94.419;9 € C5(G), g € M(Cyigy) \
X>9(Crijy)s and g 5y € X>3(Cf5y). From Claim 52.1 and Claim 52.2, we deduce

Ne(V(Cijy)) = M(Clijy) UD(Cligy) = {9k gpijy } U (X>2(Cpijy) \ X53(Cligy)-
Thus, u satisfies jc, , (u) = ke, ;, (u) = 2.

We assume first gu ¢ E(G). It follows g imu, grjmu € E(G), and either giu € E(G)
or gju € E(G) for each {3, j, k} = [3], where the latter observation cannot be satisfied
for all three triples {1,2},{1,3}, and {2,3}. Thus, gu € E(G).

If there are integers 4,7,k with {4, j,k} = [3] such that gu,g;u € E(G), then g pu,
gymu ¢ E(G) since jo, ,, (u) = ke, ,(u) = 2. Thus, either gru € E(G) or g;ju €
E(G). Since u ¢ T, we have gyu ¢ E(G) and ¢, ju € E(G), and so [gx, Gik, Gi, U, g

induces a Ps; a contradiction.

Finally, we consider the case that there is some i € [3] such that g;u € E(G) but
gju & E(G) for each j € [3]\ {¢}. But now, u ¢ X>o(Cg)\(i3), which is a contradiction

to the above observations. Hence, Ng(S U T) = (), which completes our proof. ©)

For each C': ¢icacscqcser € C5(G), we have M(C)\ X»2(C') # 0 by Claim 52.3. Further-
more, Claim 52.1 implies that V(C')U{m,z} induces a Gy in G if m € M(C)\ X>2(C)
and z € X>3(C). Thus, since G is Gi-free by Claim 52.4, X>3(C) = 0, and so G is

Wi-free and G is As-free, which completes our proof. n

By Lemma 51 and Lemma 52, it remains to study the g-chromatic number of GG; and
of prime (Ps, dart, W;s)-free graphs of independence number at least 3 whose comple-
mentary graphs are (As, Cr, Cy, . ..)-free. We study graphs of this type by proving the
next slightly stronger result. Note that the complementary graph of a dart-free graph
is Tp 1 o-free. 'We show this stronger result because in this form this lemma is also
applicable for (Ps, gem)-free graphs as we show in Chapter 7. For the definition of G*

we refer to page 23.

Lemma 53. If G is a prime (Ps, Ws)-free graph for which G is (As, C7,Co, ..., To12)-
free, then G is perfect or G € G* or G =2 G with

G' e {057 G, Gs, Gz —g, G3—94,17 G3—{g> 94,1}, G3—{92,2, 94,1}, G3—{9, 92,2, 5]4,1}7 G4}-

Proof. For some maximal connected buoy C': C,CoC3C4C5C in G and each i € [5], let

Ai(C)
B;

{a: Ng(a)NV(C)=C;UCi1o} and
(C)={b:

Ne(b)NV(C)=C;UCi2UCips}).
Furthermore, let

C5(G) = Argmax{|B1(C)U By(C) U ... U B5(C)| : C € C5(G)}.
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We introduce first five claims from which we finally deduce our desired result.

Claim 53.1. If C: C1C,C5C,C5CY is a maximal connected buoy, then Ng(V(C)) =
Uie[5] A;(C)U B;(C), and A;—1(C) U C; is independent for each j € [5].

Proof. Let v € Ng(V(C)) be an arbitrary vertex. Since G is Wi-free and G is As-free,
there are two integers iy, iy € [5] such that Eg[{v}, C;, U C,,] is anticomplete.

For the sake of a contradiction, let us suppose that, for each two integers ji, jo € [5]
with jo = ji + 2, one of the two sets Eg[{v}, C},], Ec[{v}, C},] is not complete. Since
v € Ng(C), there are some k € [5] and a vertex ¢ € C, N Ng(v). Since, for every triple
(Cra1, Chro, Chys) € Crair X Cria X Chrys, [V, Cr, Chi1, Clro, Ckrs] does not induce a P,
there is some ¢ € {k + 1,k + 2,k + 3} such that Eg[{v}, C/] is complete. Let ¢, € Cy.
By our supposition, there are some ¢p12 € Cpyo\ Ng(v) and cpy3 € Cpys \ Ng(v). Since
[v, o, Co—1, Coys, Coya] for each ¢p_1 € Cp_y and [v, ¢y, cpi1, Coia, cors) for each cpyq € Cpiq
do not induce copies of Ps, we have that Eg[{v},Cy_1 U Cpyq] is complete, which
contradicts our supposition. Thus, there are two integers j1, jo € [5] such that jo = j142
and Eg[{v}, C;, UC},] is complete.

If 19 = 4, + 1, then j; = is + 1 and jo = 7; — 1, and, by the maximality of C', we
have that Eq[{v},Cj_s] is anticomplete, and so v € A;, (C'). Thus, renaming vertices
if necessary, we may assume i, = 7; + 2, j1 = i1 + 1, and jo = iy + 1. For two
adjacent vertices ¢;, 1, ¢; _; € Cj,—1 with ¢;;,—; € Ng(v), we have ¢ _; € Ng(v) since
[}, 1, Ci—1,V, ¢y, Ciy] for some ¢;, € Cj, and some ¢;, € C, does not induce a P5. By the
connectedness of C;,_y, this observation implies v € A;,(C') U Bj,(C). Furthermore,
by the arbitrariness of v, it follows Ng(V(C)) = U5 4i(C) U Bi(C). Thus, Cj is

€[5
a module for each j € [5], and so |C;| = 1 since G is prime. In particular, each
connected buoy C": C1C5C5C,CLCY is indeed an induced cycle, and so A;_1(C')UC} is
an independent set for each j € [5]. o)

Claim 53.2. If C': ¢icaczcqcser € C5(G), then
(i) N&(V(C)) =0 and
(i) NA(V(C)) is an independent set.

Proof. Let W be a set of vertices inducing a component in G— N[V (C)] and let us sup-
pose, for the sake of a contradiction, that wy; € N&(V(C))NW and wy € [NE(V(C))U
NZ(V(C))] N W are two arbitrarily chosen adjacent vertices. By Claim 53.1, there
is some vertex in |J7_,(4;(C) U B;i(C)) that is adjacent to w;. Let v be an arbi-
trary neighbour of w; in Ng(V(C)). Renaming vertices if necessary, we may assume
v e A;(C)UB;(C). Since [¢;_1, ¢, v, w1, ws] does not induce a Ps, we have vw, € E(G),
and so wy € NZ(V(C)). Thus, since v is arbitrarily chosen, Ng(w;) N Ng(V(C)) C
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Ng(wq) N Ne(V(C)), and so, by the arbitrariness of w;, and wq, W is a homogeneous
set in G, which contradicts the fact that G is prime. Hence, (i) and (ii) follow. @

Claim 53.3. If C': ¢icaczeqcser € C5(G), then,

(i) for each j € [5] and each a; € A;(C), Egl{a;}, A;j—1(C)UA;11(C)U Bj1(C)] is
complete and Egl{a;}, A;(C)UB;(C)UB;2(C)UNA(V(C)\{a;}] is anticomplete.

(i) for each j € [5], each set B;(C) is a module in G[Ng[V (C)]],
(iii) there is some integer p(C') € [5] such that

(a) Bpc)+1(C) U Byc)+3(C) U Bycy+4(C) = 0,

(b) Eg| p(c)(C’),Bp(C)+2(C)] is anticomplete,

(¢) Eg|Bpc)(C) U Bycy+2(C), N&(V(C))] is complete if none of the three sets

By(c)(C), By(cy+2(C), and NE(V(C)) is empty,

(d) |Bpc)(C) U Bpcy12(C) U N&(V(C))| = 3 or at least one of the three sets
By (C), Bycy+2(C), NE(V(C)) is empty, and

(iv) Uy Ai(C) =0 or NZ(V(C)) = 0.

Proof. Let us assume a; € A;(C'). Note that Claim 53.1 implies that A;(C) is in-
dependent. By considering the cycle C' : ajcjiacjisciracia; € C5(G), the same claim

implies
Aj_l(C) U Aj+1<C) U Bj+1(C> Q Ng(aj) and Ng(aj) N [BJ(C> U Bj+2(C)] - Q)

Furthermore, since [w, a;, ¢j42, ¢j 13, ¢;j1+4] does not induce a Ps for some w € N&(V(C)),
we have that Eg[{a;}, N&(V(C))] is anticomplete. Thus, (i) follows.

Recall that N} (V(C)) = 0 for each ¢ > 3 by Claim 53.2. Hence, V(G) \ Ng[V(C)] =
NZ(V(C)). For simplicity, whenever there is some i € [5] and a vertex b;, we let
b; € B;(C). Since neither [¢;49,b;, ¢;, ¢i—1, bi1] induces a Ps in G if b;b;41 ¢ E(G) nor
{cit3, Civa, by, biv1, ci1,¢;} induces a Ty 5 in G, we have that B;(C) = () or B;1(C) = ()
for each ¢ € [5]. Thus, (a) is proven. Furthermore, we conclude (b) from the fact that

the set {bp((j)+2, Cp(C)—15 Cp(C)» bp(c), Cp(C)+25 Cp(C’)—H} does not induce a TO’LQ in G

Let us assume that w € NZ(V(C)) is an arbitrarily chosen vertex, and there are
two vertices bycy € Bp)(C) and bycyr2 € Bpey+2(C). Since w € NE(V(C)), (i)
implies that there is a vertex b € Bp)(C) U By)4+2(C) which is adjacent to w.
Renaming vertices if necessary, we may assume b € {byc), bpc)4+2}. Since neither
[, bp(C); Cp()-2: Ep()—15 bp(©) 2] OT [, by(C) 425 Ep@) 15 Ep()—2, by(ey] Induces a Py, we
have b,cyw, bycy+ow € E(G). Thus, by considering the cycle C”: wbycycpioy—2Cpc)-1
bpicy2w € C5(G), Claim 53.1 and (b) imply Byc)(C) U By)12(C) € Ng(w), and so
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(c) follows. Recall that, by (i), Eg[{a;}, N&(V(C))] is anticomplete. Hence, NZ(V (C'))

is a module, and (d) follows if (ii) holds since G is prime.

For the sake of a contradiction, let us suppose that B;(C') is not a module in graph
G[Ne[V(C)]]. Thus, there are two vertices b;, b, € B;(C) and a vertex v € Ng(V(C))\
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B;(C) such that bjv € E(G) but Vv & E(G). éy Claim 53.1, there is some i € [5] such
that v € A;(C)U B;(C). By (a), (b), and the fact v ¢ B;(C), we have v ¢ B;(C), and
so v € A;(C). Furthermore, (i) implies i = j + 1 or ¢ = j + 2. By the symmetry of the
cycle, we may assume i = j + 1. But now, {c;y3, b}, ¢ji2,bj,v,cj1} if b;b; ¢ E(G) and
{bj,v,¢543, 05, ¢, ¢jpa} if b0 € E(G) induces a Ty, 2 in G, which is a contradiction to

our assumption that G is Ty o-free. Thus, (ii) as well as (d) follow.

We finally show (iv). Let w € NZ(V(C)). By (i), by Claim 53.1, and by renam-
ing vertices if necessary, we may assume b; € B;(C) is adjacent to w. Note that
(i) implies that Eg[A5(C), B1(C)] is complete and Eg[A;(C) U A4(C), B1(C)] is anti-
complete. Furthermore, Eg[A;(C), Ni(V(C))] is anticomplete by (i) for each i € [5].
Since neither [w, by, c1, co, as] nor [w, by, ¢y, cs,a3] induces a Ps for each ay € Ay(C)
and each a3 € A3(C), we have that Eg[As(C) U A3(C),{b1}] is complete. Thus,
EqlA;(C) U{cis1}, {b1}] is either complete or anticomplete for each ¢ € [5]. For the
sake of a contradiction, let us suppose that there is some i € [5] such that A;(C) # 0.
The fact that A;(C') U {¢;41} is not a homogeneous set implies that there are vertices
a;, ¢, € Aj(CYU{cit1} and v ¢ A;(C)U{cis1} such that a;v ¢ E(G) but djv € E(G). We
let C": cicipaciyscivacic, € C5(G). For the sake of simplicity, let us rename the vertices
of C' such that C": ¢ cycscycic) € C5(G) and ¢4 = ;. Note that by the fact that
Eq[Ai(C)U{ciy1}, {b1}] is either complete or anticomplete, we have b € U?:1 B;(C").
Furthermore, since ciw ¢ E(G) by (i), it follows w € N&(V(C")). By Claim 53.1,

5
ve [J i @)yuB(c).

j=1
Since a;v ¢ E(G) and a; € A;—1(C"), (i) and (iii) imply v € Bycr)(C") U Bpcry42(C7).
Let j € {p(C"),p(C") + 2} such that v € B;(C"). If vw € E(G), then, similarly as for
by and C, we have that Fg[A,_1(C") U {c},{v}] is either complete or anticomplete,
which contradicts the fact that a; € A;—1(C") and a;v ¢ E(G) while cv € E(G). If
vw ¢ E(G), then by # v, and so, by (c), it follows b;,v € B;(C"). Since B;(C’)
is a module in G[Ng[V(C")]] by (ii), we have bic, € E(G) but a;b; ¢ E(G), which
contradicts the fact that Eg[A;(C) U {cit1},{b1}] is either complete or anticomplete.
Thus, |J7_, A/(C) = 0 and (iv) follows. @

Claim 53.4. If C: cicocseacser € C2(G) and \J7_, Ai(C) # 0, then

() there are two vertices by € Biy1(C) and by € B;13(C) such that {a;, a;12,b1,b9} U

V(C) induces a Gy if there exist an integer i € [5] and two adjacent vertices
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a; € AZ<C> and Q4o € Ai+2(0),
(ii) for each i € [5] and each a € A;(C), there is some b € B;3(C) U B;14(C) that is

non-adjacent to a,

(iii) for each i € {p(C),p(C) + 2} and each b € B;(C), there is at most one a €
A1 (C)U A 5(C) that is non-adjacent to b, and

(iv) for each i € {p(C),p(C) + 2}, [A;11(C) U Ai12(C)] < |Bi(C)] < 1.

Proof. Before we start, let us note that NZ(V(C)) = @ by Claim 53.3 (iv), and so
|B;(C)| <1 for each i € [5] by Claim 53.3 (ii) and since G is prime.

We focus first on verifying (i). Note that C': a;ciiaciiscivacia; € C5(G) but a0 €
Air2(C) N (Bpeny(C") U Bpery42(C")). Since C' € C2(G), there is some by € (By)(C) U
Byy2(C)\ (Byicry(C") U By a(C")). By Claim 53.1,

5
b e A0,
j=1

Thus, a;by ¢ E(G) but bic;yn € E(G). If by € Bi4(C), then a;19b; ¢ E(G) by
Claim 53.3 (i), and [by, ¢i+1, ¢, a;, ai12] induces a Ps. From this contradiction to our
assumption on G, we conclude by ¢ B;4(C). Since by € U?Zl A;(C") by Claim 53.1,
we have by € B;y3(C). Furthermore, a;10b; € E(G) by Claim 53.3 (i). Similarly,
considering C”: a;19¢;14CiCi11Ci120;,2 instead of C’; we obtain that there is some by €
Bi11(C) with a;bs € E(G) but a;42by ¢ E(G). By Claim 53.3 (b), b1by ¢ E(G), and so
GV (C)U{a;, aii2,b1,b2}] = Gy, which implies (i).

We continue by proving (ii). For the sake of a contradiction, let us suppose that
there is some i € [5] and some vertex a € A;(C) such that each b € B3 U B;y4 is
adjacent to a. Since G is prime, {a,c;;1} is not a homogeneous set. Thus, there is
some vertex v € V(G) such that either av € E(G) and ¢;11v ¢ E(G) or av € E(G)
and ¢;1v € E(G). Clearly, v € Ng(V(C)) and C": ciaciiaciiscivac; € C5(G). Thus,
from Claim 53.1 and Claim 53.3 we deduce

[Ai—2(C) U Ai12(C)] N [Bycn (C') U Bper12(C")] if av € E(G), cipav ¢ E(G),
(U7, Ai(C")] N [Biys(C) U Biya(O)] if av ¢ E(Q), ciqv € E(G).

NS

By our assumption on a, we conclude v ¢ B;3(C) U B;14(C), which means av € E(G)
and ¢;11v ¢ E(G). Hence, (i) implies that there is some b € B;3(C) U B;14(C) that is
non-adjacent to a. This conclusion is a contradiction to our supposition on a. Thus,

(ii) follows.

We focus next on a proof for (iii) and let b € B;(C). For the sake of a contradiction,
let us suppose that there are two integers j, k € {i+ 1,7+ 2}, which are not necessarily
distinct, and two vertices a; € A;(C) and ay € A(C) that are non-adjacent to b. If



77

j # k, then, renaming vertices if necessary, we may assume j =i+ 1 and k = 7 + 2.
By Claim 53.3 (i), ajas € E(G), and so [¢;, b, ¢k, ag, a1] induces a Ps; a contradiction.
Hence, 7 = k and, renaming vertices if necessary, we by symmetry may assume j =
k =i+ 1. Since G is prime, {a1, as} is not a homogeneous set. Thus, renaming vertices
if necessary, there is some vertex v € V(G) such that a;v € E(G) but ayv ¢ E(G).
Clearly, v € Ng(V(C)) \ {a1, as,b}. Considering the two cycles C' : a1¢;y3¢i14¢iCit1a4

and C” : as¢;y3¢;14¢iCiy1a9, Claim 53.1 implies

5

U AZ(C”)

i=1

v € [Bycr)(C") U Byen42(CN)] N

In particular, either ¢;11v € E(G) or ¢;43v € E(G). Note that further either Ng(v) N
V(C) = Ng(v)NV(C”") or Ng(v)NV(C) = (Ng(v)NV(C"))U{cita}. If ;v € E(Q),
then ¢;43v ¢ E(G). Hence, ¢;4v € E(G). By Claim 53.3 (iii) (a), cii2v ¢ E(G).
However, bv € F(G) by Claim 53.3 (i). Note that a; € A;1(C) and v € A;14(C) are
adjacent. By (i), there is some V' € B;,2(C) such that b'v ¢ E(G). By Claim 53.3 (i)
and (iii), a1b', axt € E(G) but bb' ¢ E(G). Recall that ajas ¢ E(G) since A;1(C) is
independent by Claim 53.1. Thus, [as, b, a1, v, b] induces a Ps; a contradiction. Hence,
¢iv1v ¢ E(G) but ¢i43v € E(G), and so ;v € E(Q). lf ¢;40v € E(G), then b,v € B;(C),
which contradicts the fact that |B;(C)| < 1. Thus, ¢;1ov ¢ E(G) and v € A;,3(C). By
Claim 53.3 (i), bv ¢ E(G). Hence, [ci12,b, ¢;, v, a1] induces a Ps; a contradiction. This

final contradiction completes our proof for (iii).

Let us finally consider (iv) and let us assume A;1(C) U A;1o(C) # (. By (ii) and
the fact that B;_1(C) U B;11(C) = 0, it follows that, for each a € A;11(C) U A;2(C),
there is a vertex in B;(C) that is non-adjacent to a. Since |B;(C)| < 1, the vertex
b € B;(C) is non-adjacent to all vertices of A;11(C) U A;12(C). By (iii), it follows
|A;i11(C) U A;12(C)] <1, and thus (iv) follows. @)

Claim 53.5. If C: cicacscqcsey € C5(G) and NA(V(C)) # 0, then
(i) G = Gy if none of the three sets Bycy(C'), Bycy+2(C), and N&(V(C)) is empty,

and

(ii) for each C' € C5(G), NZ(V(C")) # 0.

Proof. We focus on a short proof for (i) first. By Claim 53.1, Ng(V/(C)) = U>_, (A:(C)U
B;(C)). Furthermore, from Claim 53.3 (iii) (a) and (iv) as well as from the fact
NE(V(C)) # 0, we obtain Ng(V(C)) = By)(C) U Bycy+2(C). By Claim 53.3 (iii)
(d), [Byc) (O] = [ Bpiey42(C)] = [NG(V(C))| = 1. Additionally, V(G) = Ne[V(C)]U
NZ(V(C)) by Claim 53.2 and the result follows from Claim 53.3 (iii) (b) and (c).

Let us consider (ii). Clearly, by (i) and the fact that (ii) holds for G if G = G,, we

may assume either By)(C) = 0 or By)42(C) = 0. Renaming vertices if necessary,
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we may assume the latter case. Furthermore, we only need to consider some arbitrary

C" € C5(G)\{C}. Note that Claim 53.1 and Claim 53.3 (iii) and (iv) imply Ng(V (C)) =

Byc)(C). Thus, Eq[Byc)(C),{cpc), Cpc)+2: Co(c)+3, }] is complete. Since NEZ(V(C))
0.

is independent, we have V(C) NV (C") = (). Consequently,

diste(cp)-1, V(C")), dista (epcy 41, V(C)) > 2,

which completes our proof for (ii). =)

Now, the proof of the lemma can be completed as follows:

Let us assume that G is not perfect. Since G is Ps-free and G is (Cr, Cy, .. .)-free, the
Strong Perfect Graph Theorem implies C5(G) # ().

Let C': cieacseqcscy € C5(G) be an arbitrary cycle. Recall that, by Claim 53.1 and
Claim 53.2 (i),

5

V(G)=v(O)u (U(Ai(c> U Bi(C))> UNG(V(C)).
i=1
From Claim 53.3 (iii) (a), we have that there is some integer p(C') € [5] such that
By(c)+1(C) U By(cy43(C) U Bp(cy14(C) = 0.

If none of the three sets Bycy(C), Bpc)+2(C), N&(V(C)) is empty, then G = G, by
Claim 53.5 (i).

If Byoy2(C) = 0 but N2(V(C)) # 0, then [J)_, A;,(C) = 0 by Claim 53.3 (iv), and so
V(G) = V(C) U Bp(c)(C) U Né(V(C)) Additionally, Eg[{cp(c)+1, Cp(c)+4}, Ng(V(C))]
is anticomplete, Eg([{cy(c): cpc)t+2: Cpc)+3}, Na(V(C))] is complete, and NE(V(C)) is
independent, by Claim 53.2 (ii). By Claim 53.5 (ii), it follows NZ(V(C")) # () for each
C": dichcsdidid, € C5(G). Arguing in the exact same way for C' as we did for C' we
obtain that V(G) — Ng[V(C")] is independent and that there is some integer i € [5]
such that Eq[{c}, ¢/ s, Ciig}, Na(V(C'))] is complete and Eg[{c},, ¢4}, Na(V(C"))]
is anticomplete, since in this case G ¥ Gy and NZA(V(C")) # 0. Hence, G € G*.
Analogously, G € G* if By)(C) = 0 but NZ(V(C)) # 0. Thus, we may consider the
case where NZ(V(C)) = 0.

Let us assume for the rest of our proof that we additionally have C' € C2(G). By
Claim 53.3 (ii) and the fact that G is prime, |B;(C)| < 1 for each i € {p(C),p(C) + 2}.
Furthermore, by Claim 53.4 (iv),

|Apc)+1(C) U Apcy42(C)| < |Bpey(C)| <1 and
|Apc)+3(C) U Apcy44(C)| < |Bpoy2(C)| < 1.

Moreover, Claim 53.4 (ii) implies A,y (C) = 0. Thus, |V(G)] < 9.
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ap by ap by ap by ap by

\. | /

° ° °
Ap+2 byio ap+2 bp+2 ap+2 bpio (p+2 bpt2

(@) ap € Apc)11(C), (b) ap € Apc)11(C); (€) ap € Apc)12(C), (d) ap € Ayc)42(C),
apt2 € Apcy+3(C)  apr2 € Apoy4a(C)  ap2 € Apo)43(C)  apt2 € Apcy44(C)

Fig. 11: Tllustration of the adjacences in {by, byy2, ap, apyo}

bp+2

(a) Case Ayc)12(C) U Apcy14(C) =10 (b) Case Ap(c)11(C) U Ay 43(C) =10

Fig. 12: Tllustration of the symmetry between cases A,cy4+1(C) U Apc)43(C) = 0 and A,oy12(C) U
Ap(C)+4(C) =0

If there is a vertex a, € Ap)+1(C) U Apc)42(C), then there is also a vertex b, €
Bp)(C) with ayb, ¢ E(G) by Claim 53.4 (ii). Furthermore, by Claim 53.3 (i),
Ecl{ay}, Bpoy+2(C)] is complete if a, € A,)1+1(C) and anticomplete otherwise. Sim-
ilarly, if there is a vertex apo € Apc)+3(C) U Apcy44(C), then there is also a vertex
bpr2 € Bpoy2(C) with apiobpia ¢ E(G), and Egl{apia}, Bpey(C)] is complete if
apr2 € Apc)+4(C) and anticomplete otherwise. Recall that Eq[B,yc)(C), Bpcy12(C)]
is anticomplete by Claim 53.3 (iii) (b). So note that the adjacencies on the set
{ap, by, byi2} and on the set {api2,by,byro} are forced regardless of the existence of
ap+2 and a,, respectively. It is left to argue whether or not a,a,+2 € E(G) in those
four cases. A complete illustration can be seen in Figure 11. If a, € A,)+1(C) and
apt2 € Apcy14(C), then apayio € E(G) since [by, apia2, Cpc)+1, Gp, bpr2] does not induce
a D5, and so G = G4 by Claim 53.4 (i). If a, € Ay)+2(C) and apio € Apey43(C),
then a,a,+2 € E(G) by Claim 53.3 (i), and so

{Cp(C)—l-la Cp(C)» bp+27 Cp(C)+45 Ap, p4-2, Cp(C)+35 bpa Cp(C)+2}

induces a GG3, note that we counter-clockwise order the vertices as in Figure 9 starting
at g. Hence, Ap(c)+1(0) U Ap(c)+3(0) = 0 or Ap(c)+2(0) U Ap(c)+4(0) = (). Using
the symmetry of the cycle, which is illustrated in Figure 12, and renaming vertices

if necessary, we may assume the latter case. If the vertices a, € Ay)+1(C) and
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apr2 € Apc)+3(C) exist, then apapio ¢ E(G) since otherwise Claim 53.4 (i) implies
the existence of a vertex b € Byc)14(C'), which is not possible by Claim 53.3 (iii) (a).

Thus, {ap+2, p(C)s Cp(C)+4, bpt2, Ap, Cp(@)+15 Cp(C)+2, bp, Cp(c)+3} Induces a Gy if a, and
ap4+2 exist, and so we may assume that a, or a,o does not exist. Hence,

e G=Gy—g1=Gs—gorG=Gs—gy10or G=Gs— {922,941} if apy0 and byio

exist,

e G=Gy3—gor G=G3—{g,941} or G =G5 —{g,922,941} if a,42 does not but

byyo exists,

o G=G5—{g22,941} or G = G3—{g, 922,941} if V(G) # V(C), and neither a, o

nor b, exists, and
e G=(C5ifV(G)=V(C).

The last observation completes our proof. O

By Lemma 51, Lemma 52, and Lemma 53, all prime (Ps, dart)-free graphs of indepen-

dence number at least 3 are characterised. We continue by colouring these graphs.

Lemma 54. If G € G* is a (Ps, Q[Py])-free graph such that G is (Cr,Cy, . ..)-free, and
q: V(G) — Ny is a vertez-weight function, then

Xq(G) = max{w,(G), max{x,(C) : C € C5(G)}}.
Proof. Clearly,
Xq(G) > max{w,(G), max{x,(C) : C € C5(G)}}.

For the sake of a contradiction, let us suppose that ¢ is a minimal counterexample,
that is,

XQ(G) > max{wq<G)7 maX{Xq(C) :Ce C5(G)}} and
X¢ (G) < max{w, (G), max{x,(C) : C € C5(G)}}

for each vertex-weight function ¢': V(G) — Ny with ¢'(G) < ¢(G). We clearly may

assume that ¢ is Qg—minimal.

If G[q] is Cs-free, then it is perfect by the Strong Perfect Graph Theorem, and so

Xq(G) = Xq(Glq)) = wy(Glg]) = w,y(G)

by Lemma 35 and Observation 36. Hence, we may assume C%(Glq],q) # 0.

Let C': cieacgeqcse; € CE(Glgl,q) and, in view of an application of Lemma 48, ¢’ €
Cs(G) with V(C) # V(C'). Renaming vertices if necessary, we may assume that
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Eg[{c1,c3,ca}, Na(V(C))] is complete. Thus, |V(C") NV (C)| < 3. As an immediate
consequence, we obtain [V(C") N V(C)| < 1 from the latter fact since C” is (Cs, Cy)-
free. In particular, it follows |V (C") \ Ng[V(C)]| < 2 and |[V(C") N Ng(V(C))| > 2
since V(G) \ N¢[V(C)] is independent. Since Eg[{ci,c3,c4} NV(C"), Na(V(C))] is
complete, we have |[V(C") N V(C)| = 0 or that Ng(V(C)) N V(C’) is independent.
However, the latter case cannot occur since V(C") \ Ng[V(C)] is independent as well.
Thus, V(C") N V(C) = 0. Since {cs,c1,p1, D2, P3, Pa,ca} does not induce a copy of
Q[Py] for each four vertices p1, p2, p3, ps € Na(V(C)), G[Ng(V(C))] is Py-free. Hence,
[V(C")\ Ne[V(C)]] =2 and |V(C") N Ng(V(C))| = 3. As an interesting conclusion,
we have |V(C') N I| > 2 for each C' € C5(Glq]) if V(Gg]) \ Ng[V(C)] € I and
INnV(O)] > 2.

Let I = {c1, ca} U(V(Gla]) \ Na[V(O))), I = {ez, ca} U (V(Ga]) \ Na[V(C))), for =0,
and f, = wy(Glq]). By applying Lemma 48 on Glg], we conclude x,(C) < w,(Glq]) =
we(G),

G —1) =q({c2,c3}), and
(G — Ir) = max{q({c1, c5}),q({c1} U S)}

for some clique S in G[Ng(V(C))]. However, since ¢(cs) > 1, Lemma 34 implies
q(cs) > xq4(G[S]) = we(G[S]) = q(S). Thus, w,(G) = q({c1,¢5}), and so

£
2
KB
I
£ €

2wg(G) < q({c1, e5}) + q({c2, e3}) + qler) = q(C) < 2x4(C) < 2wy (G).
This contradiction proves our lemma. O

Lemma 55. If ¢: V(G,) — Ny is a vertex-weight function, then

Xq(G4) = max{w,(G4), max{x,(C) : C € C5(G4)}}.

Proof. Clearly, x,(G4) > max{w,(G4), max{x,(C) : C € C5(G4)}}. For the sake of a

contradiction, let us suppose that ¢ is a minimal counterexample, that is,
YolGa) > max{uy(G1), max{x,(C) : C € C5(G)}}

and
Xq (G1) < max {wy(Gy), max{xy (C) : C € C5(Ga)}}
for each vertex-weight function ¢': V(G4) — Ny with ¢/(G4) < ¢(Gy).

Let C € C5(G4). By the pigeonhole principle, there is an integer i € [9] such that
Gita, givs € V(C). Clearly, both vertices have distance 2 in G4, N, (gi+4) YNe, (givs) =

196, giv1, 9ivs}, Neay(giva) \ New(givs) = {gir7}, and Ng,(givs) \ Na(giva) = {gira}-
Since git19i+7, gir29i+s € E(G), we have C' = Cy,: gigit49i+79i+29i+59i- Hence,
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Note that G4 and Gy are (Cy,Cy, .. .)-free, and so x,(G4) = x4(Galq]) = w,(Galq]) =
wq(G4) by the Strong Perfect Graph Theorem, Lemma 35, and Observation 36 if
Cs5(G4lq]) = 0. From this contradiction to our supposition on ¢, we have Cs5(G4[q]) # 0,
and so ¢(g;) > 0 or q(gi+1) > 0 for each ¢ € [9]. Since 9 is odd, there is some integer
i € [9] such that q(git4),q(giz5) > 0. However, for the sake of a contradiction, let us
suppose that, for each j € [9], there is some k € {j,j + 1,7 + 2} such that ¢(gx) = 0.

Hence, q(gi+3) = q(gi+s) = 0, and 50 q(gi+2), q(gi+7) > 0. Since q(givs) = q(gi+6) = 0
and C5(Gylq]) # 0, we have C5(Gylq]) = {Cy,}, and so ¢(gi+1) = q(gi+s) = 0. Thus,

G4[q] = C5 which contradicts our supposition on q. Hence, there is some integer j € [9]
such that ¢(g;-1),q(9;), q(gj+1) > 0.
Let I ={g;j-1,9;,9j+1} and ¢': V(G4) — Ny be a vertex-weight function with

qu) —1 ifuel,
q(u) ifuél.

By applying Lemma 48 on G4 with f, = w,(G4) and f, = 0, we obtain

U —r

Xq(C) € wy(Ga) = wy(Gy — I) = max{q({gj+2, gj+6}), 4{gj+2, Gj+7}), 4({ 543, 9j+7})}

or

for each C' € C(Gy,q) and each C" € C5(G4,q).

We consider first the latter case. Since |V(C') N I| > 1, we have that ¢(C") is even,

and so
() <@ < T =y (0) < ()

by Corollary 46. For C,, € Argmax{q(C") : C" € C5(G4)} with some i € [9], it
follows Cy, € C:(G4, q). Renaming cycles if necessary, we may assume C' = C,,. Hence,
1¢(C)/2] > wy(G4). Let k € {0,1} be such that ¢(C) = k mod 2. If ¢(g;) < k, then
q(9;) = 0 and k = 1. Hence,

V(C)J _ q(C) -1 _ q({Gi+2, Giva, Givs, Girr}) — 1 < 2we(C) — 1

< G
2 2 2 2 wq(Ga),

which is a contradiction. Thus, we have ¢(g;) > k, and we let ¢": V(C) — Ny be a

vertex-weight function with

q(u) =k ifu=g,
q(u) if u# g;.

For simplicity, let C': cicacscqc5c1 where ¢3 = g; and ¢4 = g;44. Hence,

q//(2C) _ {Q(S)J > wW(Gy) > wy(C) > wer(O).
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By Corollary 47, there is some proper g-colouring Lg: V(C) — 2M>0 such that

5
IO =k and  Le(C) = LP(g) U (U Lé?)(ca,cm) -

=1
Note that, since ¢(C') > 2w, (Gy),
5
1 2
a(0) = |Le (9)| +2- D 1L (ex, carva)| = 2wy(Ga)-
=1
Using |Lg)(gz~)| < 1, this even implies wy(Gy) < 320_, |Lg)(cﬂ7 ¢irv2)|. The maximality
of ¢(C') additionally grants
(giss) < q(gisa) = | (gisa, givo) U LD (giss, g
q(gir3) < q(Ggira) ¢ \9i+4, Gi+2 c Gitss Jita)]
and
q(give) < q(girs) = |L(c2) (Gits, Giva) U L(CQ) (git7 Givs)|-
The sets {gi, gi+3, Gir6}, {9it1, Gira, Girr} and {gir2, girs, girs} are cliques and wy(Gy) <
S |L(c2) (¢, cirya)|, therefore
{gis3: givs}) < |2 (Gira, givo) U L2 (girss giva) U L (gis7, g;
q({9i+3, give}) < |Le" (Givas Gita & (Gitss Giva) c (Giv7s Givs)]
2
a(gir1) < |LE (gir2,9:)] and q(givs) < |LE (90, 9ivr)].

For cach @' € {i+ 1,i+3,i+6,i+8}, let L& C L% (g1, gs—1) such that

a . 2
L8 | = min{q(gy), ILE (g1, go—1)|}-

Furthermore, let LZHB, th% C L(CQ) (git+5, gi+a) be two disjoint sets such that

q(givs) = ILg |+ 1Ly .| and  qlgive) = LG |+ LY. I,

gi+3 gi+6 gi+6
which is possible by the previous restrictions on ¢(gi+3), ¢(giz6), and ¢({gi+3, gir6})-
Finally, let L2 = L% =(. Thus, L: V(G4) — 2">° with

gi+1 9i+8

Lo(u) ifueV(CO),
LeULt ifugV(O)

is a proper g-colouring of G4, and so x,(G4) < x4(C), which is a contradiction to our

supposition on ¢g. Hence,

Xq(C) < wg(Ga) = max{q({gj+2, 9j+6}) a({9542, gi+7}), a{gi43, 9547 1) }-

Renaming vertices if necessary, we may assume w,(G4) = ¢({gs, gs}). Note that

q(Cy,) < 2x4(Cy,) < 2x4(0) < 2wy (Gy)
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by Corollary 46 and the fact that C' € C(Gy, q) for each i € [9]. Let Ly, Ly C [wy(Gy)]
be disjoint sets such that |Lg,| = ¢(g3) and | Ly | = q(gs). Clearly, Ly, U Ly, = [wy(G4)].

Since ({92, 95,9s}),9({93, 96, 99}) < wy(Ga) = q({g3,9s}), there are pairwise disjoint
sets Lg,, Lg; © Lg, and Lgg, Lgy © Ly, such that [Lg, | 4 |Lg;| < [Lgy|, [Lg| + [Lg,| <

|Lgs|, and |L,| = ¢(u) for each u € {g2, 05,96, 90}. Since q({g4,9s}),9({93,97}) <

wq(Ga) = q(193, 9s}), we have ¢(g1) < q(g3) = |Lgs| and q(gr) < q(gs) = [Ly| Hence,
let L,, € Ly, and L,, € L, be such that L, € L, or L, C Ly, Ly € Ly, or

Lgs C Ly, and |Ly,| = q(g4) and |Lg.| = q(g7). Since q({g1,9a,97}) < w,(G4) and
4(Cy,),4(Cyy), a(Cyq) < 2wy(Ga) but wy(Ga) = q({g3, gs}), we have

Q(gl) < min{wq(G4) - |Lg4| - |Lg7|>WQ<G4) - |Lgs‘ - |L96|7
(")Q(G4) - |L95| - |L97|7WQ(G4) - |Lg4| - |L96|}’

Thus, for Ly, C [we(Ga)] \ ((Lg, U Lg) U (Lgs U Ly, )) with |L,,| = q(g1), it follows that
L: V(Gy) — 2M>0 with u +— L, is a proper g-colouring of G4, and so x,(G4) < w,(Gy).
However, the last observation contradicts the fact that ¢ is a minimal counterexample.

Thus, our proof is complete. O]

Lemma 56. If ¢: V(G3) — Ny is a vertex-weight function, then
Xq(G3) = max{w,(Gs), max{x,(C) : C € C5(G3)}}.

Proof. For some arbitrary vertex weight-function ¢’: V(G3) — No, let
Ry (G3) = max{wy(Gs), max{x,(C) : C € C5(G3)}}.

Note that

Rq/(Gg) = Imax {wq/(Gg), max { ’7(] (20)—‘ C e C5(G3)}}
by Corollary 46.
Clearly, x,(G3) > R,(G3) and it remains to prove x,(G3) < R,(G3). For the sake of

a contradiction, let us suppose that ¢ is a minimal counterexample, that is, x,(Gs) >
R,(G3) but x4 (G3) < Ry(G3) for each vertex-weight function ¢': V(G3) — Ny with
¢ (G3) < q(Gs). Note that ¢ is <§*-minimal.

Since G5 — g = G4 — ¢, it follows x,(Gs — g) = R,(G3 — g) by Lemma 55. Hence,
we may assume ¢(g) > 1. By Lemma 34, q(g21), 4(92.2) < q(9)- If q(g31) = q(g32) =
0, then {g, 921,922} is a module in Gs[g], and the <$3-minimality of ¢ implies that
4(92,1) = q(g22) = 0, and so x4(Gs) = xc(C) = Re(Gs) for C: gg1,19429119129 by
Corollary 46, which contradicts our supposition that ¢ is a minimal counterexample.

Hence, renaming vertices if necessary, we may assume ¢(gs2) > 0.

Recall that G5 is Ps-free. Furthermore, GG3 has four vertices of degree at least 4, and so
Gs is (C7,Cy, .. .)-free. Additionally, we note that Gs — g1, and Gz — g; 5 are Cs-free,
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and so both graphs are perfect by the Strong Perfect Graph Theorem. Lemma 35 and
Observation 36 imply x,(G3 — g1,;) = wy(G3 — ¢1,;) for each ¢ € [2]. By our supposition
on Gs, we conclude ¢(g11),4q(g12) > 1. Additionally, we let C' € C:(G3[ql, q)-

Let Iy = {911,912} Since G5 — g11 and G3 — g1 2 are Cs-free, |V(C") N I;| > 2 for each
C" € C5(Gslq]). By applying Lemma 48 on Gslq] with f = 0 and f;, = w,(Gslq]), we

obtain

we(Gs) = wy(Gsla]) = wy(Gslg] — 1)
= max{q({931,932}), ¢({93.1, 94.1}), ({932, 9a2}); ¢({ga,1, 9a2}) }-

For the sake of simplicity, let u € {g31, 942} and v € {g32, 941} such that w,(G3) =
q({u,v}). Since vg12 € E(G) and ugiy € E(G), q(u) > q(g12) > 0 and g(v) >
q(gm) > 0.

Let I = {911,932, 941} NV (G3]q]). By the above observations, we have ¢ 1, ¢32 € I
but q(gs1) = 0 or q(gs1) > 1. Since G5 — g11 and Gz — {g32,941} are Cs-free,
g11 € V(C") and |V(C") N {932,941} > 1 for each C" € C5(G3), respectively. Thus,
[V(C") N L] > 2 for each C" € C5(G3lq]), and, by applying Lemma 48 on G3[q] with
fy =0 and f;, = w,(Gslq]), we conclude x,(C) < w,(Gslq]) = wy(G3) and

wy(G3) = wy(Gslq]) = wy(Gslg] — 1) = max{q({g, 91.2}), ¢({91.2, 92.1})}

no matter whether ¢(gs1) = 0 or ¢(g41) > 1. Since q(g) > q(g2,1), we have w,(G3) =
q({g9,91.2}). With C": gg1 1uvgy 29 € C5(Gs|q]) we obtain

q(O/l)
2

2(C”) > 20,(Ca) + qlgrs) > 2(C) > 200(C) > 20(C7) > 2 [ ] > q(C"),

which is a contradiction. Hence, our proof is complete. O

Lemma 57. If q: V(G2) — Ny is a vertez-weight function, then

Xq(Gz2) = max {%(Gz)’max{xq(c) L C € C5(Ga)}, M?”H < [W’;ﬁw .

Proof. We start our proof by showing the second inequality first. For each i € [2]
and each j € {3,4}, the sets {¢;,9:,}, {915,925, 9;}, and {g3, 94} are cliques in Gj.
Therefore,

29(G2) = q({gs,91) + > (a{g1,915}) + {92, 92,5} + ¢({91, 925, 9;})) < Twy(Go)
je{3,4}

and so, for n,m € Ny with w,(G2) = 6n +m and m < 6,

7Wq(G2) wq(G2)
G n if m <1,
’Vq( 2)—‘ g \* 2 J = wq(GQ) + —\‘ > J = wq(Gg) +
3 3 3 n+1l ifm>2
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[ i)

Now, Corollary 46 completes the proof of the second inequality.
Clearly, x4(G2) > max{w,(G2), max{x,(C) : C € C5(G2)}} and

Xq(G2) = Xq(G2ld]) = [q(Gala]) /3] = [4(G2)/3]

since a(Galg]) < 3. It remains to prove

Xq(Ga) < max {wq(Gg),maX{Xq(C) L C € C5(Gy)}, [qfﬂ } .

We continue by supposing, for the sake of a contradiction, that ¢ is a minimal coun-

terexample, that is,

Xq(G2) > max {wq(Gg),maX{Xq(C’) 1 C € C5(Ga)}, {

s
—~
w| QY
no
SN—
_ 1
—

but

3
for each vertex-weight function ¢': V(G3) — Ny with ¢/(G2) < ¢(G3). Hence, we may

Xy (G2) = max {wq,(GQ), max{xy (C) : C € Cs(Ga)}. F'(Gﬂ }

assume that ¢ is <l§2—minimal.

Observe that C5(Ga) = {Cy,: 9391.39191.49493, Cyy : 9392392924929} Note that Gy —
gi; € G- and Gy — ¢; = Gy — {94, 97} for each i € [2] and j € {3,4}. Hence, by
Lemma 54 and Lemma 55, we may assume ¢(g;) > 1 and ¢(g;;) > 1 for each i € [2]
and j € {3,4}. Furthermore, Gy and Gy are (C7,Cy,...)-free, and Gy — g; is Cs-
free for each j € {3,4}. Hence, by the Strong Perfect Graph Theorem, Lemma 35,
Observation 36, and our supposition on G, we may assume Gs[q] = G5. In particular,

since ¢(g;) > 1, Lemma 34 implies

q(9i) > Xq(G[{g3-i3, g3-ia}]) = max{q(gs—i3), q(g3-i4)},

and so ¢({gi3, g3—-ia}) < wy(G2) for each i € [2].

For each ¢ € [2] and j € {3,4}, note that I, = {q1,¢.¢;} and [, ; = {4, ¢j, @3—i.7—;}
are independent sets in G,. Additionally |I; N V(Cy)| = |L;; N V(C,)| = 2 for each
g € {91, 92} By applying Lemma 48 on G, for each of the six independent sets with

fo=[10) gy =g (= [492] o= [1)

and since q({g1,3,924}),4({92,3, 91,4}) < we(G2), we obtain f; < wy(G2) as well as

Wq(G2) = Wq(Gz - Ij) = Q({Q3791,3792,3}) = C]({Q4791,4,92,4})
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and

we(G2) = we(Ga — I j) = q({q1, 91.3}) = a{a, 91.4}) = a({@2, 923}) = a({q2, 92.4})

for each ¢ € [2] and each j € {3,4}. Hence, there are some integers a, b, ¢ € N such
that

q(913) = q(g1.4) = a,q(g23) = q(g2.4) = b,q(g3) = q(94) = ¢,q(91) = b+c,q(g2) = a+c,

and so

a+b+c+1§a+b+c+[

| < Fﬁ@bﬂﬂ _ {q(?)

—‘ = fq Swe(Ga) =a+b+c.

This final contradiction completes our proof. O

Lemma 58. If q: V(G1) — Ny is a vertez-weight function, then

Yo(G1) = max {wq(Gl), ’VQ(GI) - min{;z(gz') i€ [3” | {Q(Gl) + q<{g{1§}’9{1’3}’9{2’3}%}
< [—5%(%) - 1} .

Proof. For simplicity, we let S = {gg1,93, 911,38}, 92,31} T = {91, 92, 93},

(G1) — min{2q’(gi) e [3]% 7 F'(Gl); Q’(S)w }

Ry (Gy) = max { [ql

for each vertex-weight function ¢': V(G1) — Ny, and f1, fo: Nog — Nog be two func-

tions with

4
respectively. Note that fo(w) > fi(w) = w for each w € Nyj. Additionally, renaming

[510—1-‘
wr—w and w— ,

vertices if necessary, we may assume q(g1) < q(g2) < q(g3).

Let L: V(G,) — 2Xa(@] be a proper g-colouring of G. Note that S is a clique in G1,
and so |L(S)| = ¢(5). Additionally, each colour of L(S) can be used at most twice by

L. Hence, since o(G1) = 3, we have

Xo(G1) = |L(S)| + |L(G1) \ L(S)| > q(S) + ’VQ<G1) — 2q(S)W _ ’VQ<G1) +q(5)w .

3 3
Furthermore, a(Gy — ¢;) = 2, which implies

Xq(G1) = xq(G1 — gi) > ’VM—‘

2
for each i € [3]. Thus, x,(G1) > max{w,(G1), R;(G1)} and, for the rest of our proof,

it suffices to show

Xq(G1) < max {fo(wy(G1)), Re(G1) +1 1},
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for each ¢ € [2]. For the sake of a contradiction, let us suppose that (g, ¢) is a minimal

counterexample, that is,
Xq(G1) > max{fi(wy(Gh)), Be(G1) +1 = €}

but
Xg(G1) < max { fp(wy (G1)), Ry (G1) + 1 — ('}

for each ¢’ € [2] if the vertex-weight function ¢': V(G1) — Ny satisfies ¢'(G1) < ¢(G),
and for each ¢’ € [( —1]if ¢ = ¢/. Recall fy(w,(G1)) > we(G1), and so x4(G1) > wy(Gh).

We first argue that g(u) > 0 for each u € V(Gy) \ {g1}. Observe that Gy — g,G; —
9,G1 — {91,921, G1 — {g1, 92}, are (Cs,Cy, .. .)-free. Thus, G; — g and Gy — {g1, 92}
are perfect by the Strong Perfect Graph Theorem. Since x,(G1) > wy(G1), we have
that Gilg| is not perfect by Lemma 35 and Observation 36, and so ¢(g) > 0 and

q(g93) = q(g2) > 0. If q(gp3)\(sy) = 0 for some ¢ € [3], then Gy — gpsp iy = Ga— {92, 94, 97}
and the combination of Corollary 46 and Lemma 55 implies

max { fr(wy(G1)), Rg(G1) + 1 — €} < x4(Gh)

R {wq(Gl)’ ’VQ<G1) - Q(ggivg[iﬂ\{i}})—‘ } < max { fu(wo(G)), Ro(G1)}

Hence, ¢ = 2. However, again by Corollary 46 and Lemma 55, f3(w,(G1)) > x4(Gh).
From this contradiction to our supposition on (g, ¢), we obtain that ¢(g1,2y), ¢(g1,33)
q(g(2,3y) > 0. Hence, u = g if u € V(G,) is a vertex with ¢(u) = 0. Additionally,
wq(G1> Z 3.

For each i € [3], we fix j(i), k(i) € [3] such that {i,5(¢),k(i)} = [3] and let ¢;: V(G;) —

Ny be the vertex-weight function with
q(u) =1 if u € {g, g0 ki 1
U — )
q(u) if u & {9, i) ki) }-
It follows ¢;(G1) < ¢(G1), Ry, (G1) = Ry(G1) — 1, wy,(G1) < wy(Gy), and so
Ry(Gh) + 1= £ <max {fi(wg(G1)), By(Gr) + 1= £} < xq(Gh) < xq,(G1) +1
< max { fo(wy,(G1)) + 1, Rg,(G1) +2 — £}

= max { fe(wy, (G1)) + 1, Ry(G1) +1 — £}
= fe(wg (G1)) +1 < folwg(Gr)) + 1 < xq(Gh)

by the minimality of (¢, ¢) and since {g, 9¢;()k)} } is an independent set in G;. Hence,
R,(G1) +1— 1< fi(wy(Gr)). Since fi(wy(G1) — 1) < fi(wy(Gh)), it follows further

we(G1) = we, (G1) = wo(G1 — {9, 956kt }) = 4196, 940560y I5ik()} )
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for each 7 € [3]. Note that this especially implies that q(g{233) < q(g1), since S is a
clique. Consequently,

[Q(Gﬁ +Q(S)-‘ _ {(Z?ﬂ Q<{gi;g{i,j(i)}ag{i,k(i)}})) +q(g)
3

Rq(Gl) >

3
= wy(G1) + {@w > wy(Gy) +1

Thus, since R, (G1) + 1 — 1 < fy(wy(Gy)), it follows ¢ = 2. In particular, we have

max{w,(G1) + 1, Ry(G1)} < fa(wy(Gh)) + 1 < xo(Gy)
< max{w,(G1), RBy(G1)} = Ry(Gh)

by the minimality of (g, ¢), which implies x,(G1) = R,(G1) = fa(wy(G1)) +1

Since ¢({g,9:}) < wy(G1) for each i € [3], we have

3q(9) < 3we(Gy (Zq {9i, 90,5603 940 }})> a(T') = 2q(5) < 2wy (Gh).

Hence, q(g) < 3 if 3 < w,(Gy) < 5, q(g9) < 51if 6 < wy,(Gy) < 8, and ¢(g)/3 <
(we(G1) — 1)/4 if wy(Gy) > 9, which implies

G, —
— hlen(G) + 1= Ry(Gr) = | 2],
Thus, since ¢(G1) — q(g1) — 4(9) + a(g2,31) = 2w,(G), it follows q(g) > q(g23). Let
q: V(G1) — Ny be a vertex-weight function defined by

0 if u S {9179{2,3}}7
ur 4q(9) — q(923) ifu=g,
q(u) if ug {9»91,9{2,3}}~

Clearly, Gi[¢] = C5 and w,(G1) 2 wy(G1) + q(9p233), since q(gg231) < q(g1). By
Corollary 46 and the fact that {g, gf231} is an independent set in Gj,

F](Gl) —q

fo(wy(Gh)) +1 = Ry(Gy) = . (91)—‘

< Xq(Gl - 91)

5wq/ (Gl) -1

=2 o) < ()

< xg(G1—q1) +a(9p23)) < [

which is a contradiction. Thus, (¢, /) is not a minimal counterexample and our proof

is complete. O
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We are finally in a position to show x4(G) < fl3x,,(we(G)) for each (P, dart)-free
graph G and each vertex weight function ¢: V(G) — Nj. Recall and observe that

f{*3 K} 18 superadditive and that it remains to prove

Xo(G) < fizryy (we(G))

for each vertex weight function ¢: V(G) — Ny of a prime (Ps, dart)-free graph G by
Lemma 41. The latter inequality follows immediately if G is 3K;-free. Hence, we may
assume a(G) > 3. By Lemma 51, we obtain that G is (Cy, Oy, ...)-free. Additionally,
Lemma 52 implies that either G is Ws-free and G is As-free, or G = G;. By Lemma 53,
and since G is (Cy,Cy, ...)-free and G is Ty o-free, we further have that G is perfect
or G =2 G for

G/ c {05,G17G27G37G47
Gs — g, Gs — 94,1, Gs — {9794,1}, Gs — {92,2, 94,1}, Gs — {9792,2;94,1}} ug.

If G is perfect, then x,(G) = w,(G) by Lemma 35 and Observation 36, and, if G = G’ for
some induced subgraph G’ of G € {G1, G3, G3, G4 }UG*, then Corollary 46, Lemma 54,
Lemma 55, Lemma 56, Lemma 57, and Lemma 58 imply

51y (G) — 1} |

Xq(G) < { 1

However, the ¢’-expansion of Cj is 3K-free for each vertex-weight function ¢': V(C5) —
Ny, and so Observation 36 and Corollary 46 imply
bwy(G) — 1 .
R ———
Hence, x4(G) < fix,(we(G)) for each (P5,dart)-free graph G, which particularly
implies fp, jory = fl3k13-
Let G be a critical (Ps, dart)-free graph, and S be a non-empty set of vertices such that

E¢[S,V(G)\ S] is complete and each homogeneous set M in G[S] satisfies Né[s](M) +
0.

Let us firstly argue that such a set S exists. Starting with Sy = V(G), we either
notice that Sy fulfils the second property as well or there is a homogeneous set H, in
G[Sp] with Né[so}(H0> = (). Now defining S; = Hy we see that Eg[S1, V(G) \ 4] is
complete and we either notice that S; fulfils the second property as well or there is
a homogeneous set H; in G[S;] with Né[sl](Hl) = (). So we get a strictly decreasing
sequence Sy 2 S; D ... of vertex sets and since |V(G)] is finite there exists a set S
with |S| > min{2, |V(G)|} fulfilling both properties.

Clearly, G[S] and G—S are critical. By Corollary 40, S can be partitioned into modules
My, Ms, ..., My such that Eg[M;, M;] is complete for distinct ¢, j € [k], and G[M;] is
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a ‘non-empty, 2K;-free’-expansion of a prime graph G¥ without clique-separator of

modules for each i € [k].

We consider first the case that S = M;. Hence, there is a vertex-weight function
gs: V(GY) — Ny such that G[S] is the gs-expansion of the prime graph GY. From
Lemma 51, Lemma 52, and Lemma 53, we obtain that GY is 3K;-free or GY is perfect

or G = G for

G' € {Cs5,G1, Gy, G3, Gy,
Gs—9,Gs —g11,Gs — {9,941}, Gs — {922,941}, Gz — {9, 922,921 } } U G*.

Note that gg is <1§€—minimal since G[S] is critical. Thus, Lemma 54, Lemma 55, and
Lemma 56 imply that G] is 3Kj-free or GY is perfect or G} = G’ for some G’ €
{Cs, K1, Ky, G1,Go}. If GY is perfect, then G[S] is perfect by Lemma 35, and so G|[S]
is a complete graph and especially 3K;-free since G[S] is critical. If G} = G’ for some
G' € {C5, Ky, Ky} or in general if GY is 3K;-free, then G[S] is 3K;-free, which gives
the desired result.

Hence, we may assume S \ M; # (. Clearly, M; and S \ M; are modules in G[S5],
and Eg[My,S \ M| is complete, by the partition of S. We obtain Né[s](Ml) =0
and Né[s}(S \ M;) = (), which implies |M;| = |S\ M;| = 1 by the definition of S.
Thus, |V(G[S])| = 2 and G[S] is 3K;-free, which completes our proof for the critical
(Ps, dart)-free graphs.
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7 Consequences for other graph

classes

In this chapter we obtain y-binding functions for (Ps, gem)- and (Ps, diamond)-free
graphs by applying Lemma 39 and the structural results we obtain in Chapter 6 con-
cerning (Ps, dart)-free graphs. Similarly we obtain a y-binding function for (Ps, Cy)-free
graphs from the structural results of Chapter 5, where we talk about (Ps, banner)-free

graphs.

Note that diamond is an induced subgraph of dart and Cj is an induced subgraph
of banner, so every banner-free graph is especially Cy-free. The same is not true for
gem-free graphs, but in Lemma 53 we look at graphs which are especially gem-free. So
we apply this lemma in the respective section. Hence, one can say that we obtain our
results on Cy-free graphs, gem-free graphs, and diamond-free graphs as by-products of

the previous results about (Ps, banner)- and (Ps, dart)-free graphs.

7.1 (P5, Cy)-free graphs

Sbw—1
4

Theorem 5(i) and that every critical (Ps, Cy)-free graph G is complete or a ‘non-empty,
2 K;-free’-expansion of a graph G’ with G’ € {C5, W5}, which is Theorem 9(v).

In this section we prove that ffPs 04}(w) = ( W , for w € Ny, which is one part of

Let G be a critical (Ps, Cy)-free. We first show Theorem 9(v) and use it to prove
f{*P5,c4}(W) = F"‘Jf‘:lw, for w € Ny.

By Corollary 40, there is some integer k € N.y such that V(G) can be partitioned
into sets My, My, ..., My, such that Eq[M;, M;] is complete for distinct 4, j € [k], and
G[M;] is a ‘non-empty, 2K;-free’-expansion of a prime graph without clique-separator
of modules for each ¢ € [k]. Let us assume o(G[M;]) > o(G[M;]) for each i € [k]. If
a(G[M,]) = 1, then G = G[M; U My U ...U M| is a complete graph. In view of the
desired result, it remains to assume a(G[M;]) > 2. Since G is Cy-free, we have that
V(G) \ M is a clique in G or V(G) \ M; = (). In the first case G — M; is complete
and a ‘non-empty, 2K;-free’-expansion of G|u] for some u € V(G) \ M;. We note that
since o(G[M;]) > 2 and G is critical, we have x(G[M;]) > w(G[M,]). Thus, G[M,] is
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not perfect. Let G, be the prime graph such that G[M;] is a ‘non-empty, 2K;-free’-
expansion of G,. By Lemma 35, the graph (), is not perfect. Additionally, G, is a
prime (P, Cy, banner)-free graph, and so G, is 3K;-free by Theorem 50. Hence, G, is
(2K, C3)-free and non-perfect, by the Strong Perfect Graph Theorem. By the Strong
Perfect Graph Theorem, the graph G, even contains an induced Cs and therefore is
non-bipartite. Randerath’s [54] characterisation of non-bipartite (Ps, C3)-free graphs
imply that the prime ones are copies of C5. Thus, we get G, = Cs, which implies
G)p = C5 and so G[M;] is a ‘non-empty, 2K;-free’-expansion of a Cs. Thus, combining
all the cases there exists a function ¢': V(G’) — Nyg such that G is a ¢’-expansion of
G’ € {C5, W5, K1}, which completes our claim.

Now onto the y-binding function. By Lemma 1 and Observation 36 to prove the upper
bound it now suffices to show that
Swy (G') — 1-‘

Xg(G') < { :

for each G’ € {C5, W5, K}, since the given function is non-decreasing. Which is trivial
for G’ = K;. By Corollary 46 this is true for G' = Cs. Additionally, we denote the
universal vertex in V' (W;) by u. Hence, we have

Xg (Ws) < xg (W5 —u) + xg (Ws[{u}])
Swy(Ws —u) —1 Swy (Ws) — 1
2l ) < | 2

by Corollary 46 and since W5 = C5 4+ Kj;.

<

Lastly every g-expansion of Cys with ¢: V(C5) — Ny with ¢ # 0 is (P5, Cy)-free. By
Observation 36 and Corollary 46, we have, for w € Ny,

N dw — 1
fimont) 2 | 22|,

which completes our proof.

7.2 (Ps,gem)-free graphs

In this section we prove that ffp, gem}(w) = (%W , for w € Ny, which is one part of
Theorem 5(i) and that every critical (Ps, gem)-free graph G is a ‘non-empty, 2K;-free’-
expansion of a graph G’ with G' € {K, C5, G5}, which is Theorem 9(vi). It is further
interesting to note that we obtain the structural result for the prime (Ps, gem)-free

graphs from our characterisation of (Ps, dart)-free graphs.

Firstly every g-expansion of Cy with ¢: V(C5) — Ny with ¢ #Z 0 is (P5, gem)-free. By
Observation 36 and Corollary 46, we have, for w € Ny,

N Sw—1
f{P5,gem}(w> = ’7 4 —‘ :
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Concerning (Ps, gem)-free graphs, we may assume that G is (Ps, gem)-free and that
q: V(G) = Ny is <$-minimal. Note that xo(G) = xq(Glq]), we(G) = wy(Glq]), Glq]
is (Ps, gem)-free, and so we may assume G = GJg]. We show that G is complete or
a ‘non-empty, 2K;-free’-expansion of a graph G’ with G’ € {C;,G5}. By Lemma 39,
there exist an integer k£ € Ny, k pairwise disjoint non-empty sets My, Ms, ..., My C
V(Glq]), and k <1§—minimal vertex-weight functions qi,¢qs,...,q: V(G) — Ny such
that V(Gla]) € M;, xo(G[Mi]) = x4:(G), we(G[M;]) = wy,(G), and G[M;] is a ‘non-
empty, 2K -free’-expansion of Gg;] which is a prime graph without clique-separators
of modules for each i € [k], Eg[M;, M;] is complete for each distinct 4, j € [k], and

(6 = Y (Gl

Note that V(@) = U, M;, since q is <¢-minimal. We first show that if & > 2, then
G is complete. In this case we have that G — M; is Py-free for each ¢ € [k], since G is
gem-free. By the Strong Perfect Graph Theorem, Lemma 35, Observation 36, and the
fact ¢ is QS_Mi—minimal, we have that G — M; is complete, for i € [k]. Hence, G is
complete if k£ > 2. Thus, we may assume k = 1 and G is not complete. Clearly, G is
(Ps, Ws)-free and G is (A5, Cy, Cy, . .., Ty 1 2)-free. Hence, G[q1] is perfect or Glq1] = G
with
G/ € {057 G27 G37 G47
Gs—9,G3 —941,G3 — {9,941}, G3 — {922,941}, G3 — {9, 2.2, ga1 } } U G”

by Lemma 53. Since ¢; is <1§—minimal, we obtain G’ € {C5, G5} similarly as for dart-
free graphs, by Lemma 54, Lemma 55, and Lemma 56. If we collect both cases, we
find that G is a ‘non-empty, 2K;-free’-expansion of a graph G’ with G’ € {K;, Cs5, G1}.
Thus, we obtain the desired characterisation of Theorem 9. Additionally, returning to

our <¢-minimal vertex-weight function g, for each vertex-weight function ¢~ : V(G) —

N with ¢ <1§ q~, we have

Yo (G) = x4(G) < [%W - {WW

by Corollary 46 and Lemma 57, which completes our proof for this part of Theorem 5(i).

7.3 (Ps,diamond)-free graphs

We note that Theorem 5 (ii), which is

fr () 3 ifw=2, ¢ N
Ps,diamond W) = , Ior w € >0,
s J w ifw#2,
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and Theorem 9 (vii), which characterizes the critical graphs, can be obtained from
Theorem 9 (vi), proven in Section 7.2, as follows.

Let G,G" be two (Ps, diamond)-free graphs that are not necessarily distinct but for
which x(G) = x(G'), w(G) > w(G’), and G’ is critical. Clearly, G’ is gem-free, and
so G’ is complete or a ‘non-empty, 2K;-free’-expansion of a graph G” € {Cs5, Gy} by
Theorem 9 (vi). In the latter case, since G’ is not G"-free but diamond-free, we have
G' = G". By Lemma 57, we see that x(G3) = w(Gy) = 3, and so G’ is complete or
G’ = (5, which proves Theorem 9 (vii). Additionally,

3 if w(G") =2, _ )3 if w(G) =2,
w(@) fw@)#£2 | |w(@) ifw(G) #£2.

From the fact that C5 and K, are (Ps, diamond)-free for each n > 1, we obtain Theo-

rem 5(ii).
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8 (P, kite)-free graphs

In this chapter we look at the family of (P, kite)-free graphs. This chapter can con-
ceptually also be found in [12]. Instead of finding a binding function for this graph
class directly we argue that f{*KluK& KiUCs 2Ks} = f{*P&km} and prove a linear bound
for f{*Klqu, K1UCs 25} in Theorem 63. To show that we prove Lemma 62 by using a

combination of known results and new ideas. Let us state the known results first.

Lemma 59 (Brandstéddt and Mosca [9]). If G is a prime (Ps, kite)-free graph, then G
15 a matched co-bipartite graph or 2Ks-free.

By Wagon [67] and followup research by Gaspers and Huang [29] we know the following

corollary.

Corollary 60 (Wagon [67], Gaspers et al. [29]). If G is (2K5, K4)-free, then x(G) <
o

There is also a recent paper by Chudnosky et al. [18] in which they research the family
of (co-kite, Cy)-free graphs. Another name commonly given to the graph co-kite is fork.
To understand this lemma we additionally need to define when we call a graph candled.
A graph H is called a candelabrum (with base Z) if its vertices can be partitioned into
non trivial disjoint sets Y, Z such that Y is an independent set, Z is a clique, and
Y and Z are matched. One can add a candelabrum to a graph G via the following
procedure: Let H be a candelabrum with base Z. Take the disjoint union of G and H,
then add edges to make Z complete to V(G). We refer to this construction procedure

as candling the graph G. We say that a graph G is candled if it can be constructed by
candling some induced subgraph G, C G.

Lemma 61 (Chudnovsky et al. [18|[17]). If G is a (co-kite, Cy)-free graph, then
(i) G is not connected or

(ii) G contains a universal vertex or

)
)
(iii) G contains a homogeneous clique or
(iv) G is candled or

)

(v) G is candled or
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(vi) G is K 3-free.

Using the above stated results we are able to show the following lemma.

Lemma 62. Let f: Nyg — Nyg be such that
(i) f(w) > |3w/2] for each w € Ny,
i

(i)
(iii) x(G) < f(w(Q)) for each connected, prime, (KU K3, K1 UC5,2Ks)-free graph G

whose complementary graph is a connected graph.

If G is a (Ps, kite)-free graph, then x(G) < f(w(G)).

wiy) + f(we) < f(wy + wa) for each wy, ws € Nug and

Proof. For the sake of a contradiction, let us suppose that G is a (Ps, kite)-free graph
with x(G) > f(w(G)). We may assume that G is a counterexample of minimum order,
that is, x(G') < f(w(G")) for each (Ps,kite)-free graph G' with |V(G")| < |[V(G)|.
It is easily seen that f is strictly increasing by (i) and (ii). Thus, the graph G is
connected, critical, and not perfect. Furthermore, Lemma 37 implies that G has no

clique separator of modules.

We prove next that G is 2Ks-free. Let M C V(G) be a module in G such that
V(G)\ M # (). Since G is critical and, thus, does not contain a clique separator
of modules, Lemma 34 and Lemma 38 imply |[M| = 1 or N3(M) = 0. Tt follows
Eq[M,V(G)\ M] is complete in the latter case, and so we obtain

fw(@) < x(G) = x(GIM]) + x(G = M) < f(w(G[M])) + f(w(G = M))
< f(W(GIM]) + w(G = M)) = f(w(G))

from the facts that G is a counterexample of minimum order and that f(w;)+ f(ws) <
f(wy 4+ we) for each wy,wy € N5y. By this contradiction, we obtain that each module
M is either of size 1 or of size |V(G)|. In other words, G is prime. Observe that
in contrast to G each induced subgraph, say G’, of a matched co-bipartite graph is
w(G")-colourable. Hence, each matched co-bipartite graph is perfect and, thus, since
G is not perfect, G is 2Ks-free by Lemma 59.

We proceed by showing that G is (K; U K3)-free. Note that G is (co-kite, Cy)-free.
Since G is connected, G has no universal vertex. Furthermore, since G is prime, G is
prime as well. Thus, G has no homogeneous set and is connected. By Lemma 37 and
the fact that G is critical, neither G nor G are candled. Lemma 61 implies that G is
K 5-free, and thus G is (K U K3)-free.

Our next goal is to prove that G is (K; U Cs)-free. Let us assume that C is an
arbitrary induced 5-cycle in G and C'is oriented, meaning that C' : ¢jcacscqcscy € C5(G)

and, recall Section 1.2, for ¢ € V(C') we denote by ¢t and ¢~ the neighbours of ¢ in
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V(C), depending on the orientation. Additionally, let A be the set of all vertices of
G — V(C) that have a neighbour and a non-neighbour in C', B be the set of vertices
of G — V(C) that are adjacent to all vertices of C, and D be the set of vertices that
have no neighbour in C. For the sake of a contradiction, let us suppose that D # (.
Since G is (2K,, K1 U K3)-free, every vertex a € A satisfies that either Ng(a) NV (C)
or V(C) \ Ng(a) is an independent set of size 2. Let Ay be the set of vertices of A
that have two neighbours in C' and A3z be the set of vertices that have three neighbours
in C. Since G is 2Ky-free, the set D is an independent set in G and Eg[As, D] = 0.
Furthermore, Fg[As U B, D] is complete since G is (K7 U K3)-free. Since G is prime,
it follows |D| = 1.

For the sake of contradiction let us suppose that there is some vertex a € A,, and
¢ € V(C) is such that ¢7,¢" € Ng(a). By Lemma 34, there is some u € Ng(a) that
is not a neighbour of c. Thus, u ¢ D. Since [a,u,c 2, ¢™?] does not induce a 2K,

2 or ¢™. By symmetry, we may assume that ¢?u € E(G). Since

u is adjacent to ¢~
[c™2 u,cT, c] does not induce a 2K5, it follows that ¢ctu € E(G). Since [d,c",a,u]
does not induce a K; U K3, it follows du € E(G). Furthermore, ¢™u ¢ E(G) but
c u € E(G) since u € As, and so [c™? a, ¢, u] induces a K; U K3, which contradicts

the fact that G is (K; U K3)-free. Hence, A; = () and A = Aj.
Observe that B is a module in G — A3 and G — (A3U B) is disconnected. By Lemma 37

and the fact that G is a counterexample of minimal order, we obtain Az # (). For each
a € As, let B, = B\ Ng(a). Since there is a vertex ¢ € V(C) \ Ng(a), and every
vertex of B is adjacent to every vertex of V(C), and G is (K7 U K3)-free, it follows
that {a} U B, is an independent set in G. Let, for each ¢ € V(C), As. be the set of
vertices of As that are adjacent to ¢72,¢, and ¢™2. Clearly, A3 = Ueev(c) Az Since
[c*, a1, as,d] does not induce a K7 U K3 for each aj,ay € Az, U Az +2, it follows that
As .U Az +2 is an independent set in G. Furthermore, for each ¢ € V(C), we have
B,, = By, if a1 € Az, and ay € Aj+2 since neither [a,as,b,¢”] nor [ag,ar,b, ¢
induces a K; U K3 for each b € B,, U B,,. Let ¢ € V(C') be chosen such that As. # ()
and, subject to this condition, |A3 .+2| is maximum. Since Az # ), we have Az, # 0. If
Az +2 =0, then Az . =0, and A3 .~ = 0 or A3 .+ = ). By symmetry, we may assume
Az =0, and so {c¢,c™} U Az o+, {¢} U A3, {¢2 ¢t d} is a partition of V(G — B)

into three independent sets. Thus,

X(G) < x(G[B]) + x(G — B) < f(w(G[B])) +3
< f(w(G[B])) + f(2) < f(w(G[B]) +2) < f(w(G)).

From this contradiction on our supposition on G, we obtain Az .+2 # (). Recall that
B, = B,, for each a; € As., each ay € Az 2. Thus, B, = B,, for each two
vertices aj, as € Az . UAj +2. Observe that {¢™?,c}UA;z .-, {¢7, ¢, d}, {c?}UAz .2 U
Az o+, Az e U A +2 U B, is a partition of V(G — (B \ B,,)) into four independent sets,
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and so x(G — (B \ By,)) < 4. For a; € As. and ay € Aj .+2, it follows

fw(G)) <X(G) < X(G[B\ Bq,]) +4 < f(w(G[B\ By,))) +4
< f(W(G[B\ Ba) + f(3) < f(w(G[B\ Byy]) +3)

by the facts that G is a counterexample of minimal order, that f(w) > |3w/2] for
each w € Ny, and that f(wy) + f(wy) < f(wy + wy) for each wy,wy € Ny. Therefore,
w(G) < w(G[B\ Ba,]) + 2 since f is non-decreasing. Hence,

w(G) <w(G[B\ By,]) +2 < w(G[B]) + 2 < w(G),

and so w(G[B\ B,,]) = w(G[B]) = w(G) — 2. On the other hand, for some clique W
of size w(G|[B]) in G[B \ B,,], we have that W U {a;,c™%,¢™} is a clique in G and
therefore w(G) > w(G[B]) + 3. This contradiction implies that D = (), and that G is
(K31 U Cs)-free by the arbitrariness of C.

Recall that G is connected, prime, (K; U K3, K; U Cs, 2K,)-free graph and G is con-
nected. Thus, x(G) < f(w(G)). From this final contradiction to our supposition, we
obtain x(G) < f(w(G)). O

Theorem 63.

f{ = It = It = It
{P5,k?ite} - {2K2,k’ite} - {2K27K1UK3} - {2K27K1UK3,K1U05}

and for w € Nyg

%] fw<s

3w
{7J < Jorarurrauen (@) < 2w —2 ifw> 4

Proof. Since f{*Ps,kz‘te} < fp, and by Theorem 12, we know that the class of (P, kite)-
free graphs has a y-binding function. Note that

f€P5,k’it€} Z fEQKQ,kite} 2 foKQ,KlUKS} 2 f€2K27K1UK3,K1UC5}7

since in each equality either another forbidden subgraph gets added or the forbidden
graph H is replaced by an induced subgraph of H.

Since each graph of {2K,, K3 U K3, K1 U C5} does not contain a complete bipartite
spanning subgraph, we conclude that f{*2 Ko, K1UKs, K1 UCs } 18 superadditive, by Lemma, 43.

Thus, this functions fulfils condition (ii) of Lemma 62

We show next that f%, xx, kiucs) @lso fulfils the condition (i) of Lemma 62. We
construct the family {G, | w € Ny} of (2K,, K1 U K3, Ky U C;)-free graphs. Let
G, = K, and for w € 2N, we define G, as the complete join of w/2 distinct Cj’s.
Also for w € Noy \ (2N5g) we define G, = G,_1 + K;. Note that w(G,) = w and



101

X(Gy) = [3w(G,)/2] for w € Nyy. Additionally, each graph of the family {G, |
w € Nyg} is (2K, Ky U K3, K1 U Cs)-free as follows. The complementary graph G,
consists of a disjoint union of C5’s with at most one isolated vertex, which is clearly a

(Cy, K13, Ws)-free graph. So flyx, kU, oy (W) = [3w/2] for each w € Nuo.

The function f7, Uk, kiucs) @lso fulfils condition (iii) of Lemma 62 by definition.
Therefore, Lemma 62 finally implies that ff&,kite} < f{*2 K KUK, K1UCs}> which proves

the first statement of the theorem.

We prove the second statement by induction on w(G). For this it suffices to prove
X(G) < 2w(G) — 2 for graphs G that are (K; U K3, Ky U Cs, 2K5)-free and that have
clique number at least 3, by Lemma 60. For w = 3 we get [3w/2]| = 2w —2, which is the
induction base. So let G be a graph with w(G) = k > 4 and {wy, wsy, ..., w} be a clique
of size w(G) in G. We define S C V(G) as the non-neighbours of w;. Since the graph is
(K1UK3, K1UCs, 2K5)-free G[S]| does not contain an odd cycle as an induced subgraph.
Thus, since a graph with no odd cycles is bipartite, we know that x(G[S U {w;}]) < 2.
Note that w(G— (SU{w1})) = w(G)—1, since Eg[{w:}, V(G —(SU{w:}))] is complete
and {wo,...,wr} C V(G — (SU{w;})). By induction hypothesis we now conclude

X(G) < x(G[SU{wi}]) + x(G = (SU{wi})) <24 2(w(G) —1) =2 =2w(G) — 2.

This inequality chain completes the proof of the theorem. O
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9 (P5,HVN)-free graphs

In this section we discuss the optimal x-binding function for (P5, HVN)-free graphs (cf.

Theorem 7). Let us repeat Theorem 7 which states

w+1 ifwé¢{1,3},
fipsavny(w) = S w fw=1,

w+2 ifw=23,

for w € Nyg. To prove this theorem we need Lemma 64 and Lemma 65, which we
prove in Section 9.2 and Section 9.3 respectively. Recall that a critical graph does not
contain a comparable vertex pair and does not contain a cutvertex, which follows from
Lemma 34 and Lemma 37 respectively. Assuming Lemma 64 and Lemma 65 to be

already proven, we prove the theorem in the remainder of this section.
Lemma 64. If G is a critical (Ps, HVN, Cs)-free graph then G is perfect or G = C.

Lemma 65. If G is a critical (Ps, HVN)-free graph with w(G) > 4 which contains an
induced Cs, then x(G) < w(G) + 1.

We first argue that for w < 3, the theorem is known. Every graph G with w(G) < 3
is clearly HVN-free, (Ps, K5)-free graphs are 1-colourable, (Ps, K3)-free graphs are 3-
colourable [66], and (Ps, K4)-free graphs are 5-colourable [26]. Also according to the

respective papers these bounds are best possible.

So we fix for the remainder of this paragraph w > 4. The following construction shows
f{*P&HVN}(w) > w+ 1. We define the graph G, by Cs5|Ky, K, 1, K1, K, _1, K1]. Note
that w(G,) = w and G, is (Ps, HVN)-free, so it remains to show that x(G,) = w + 1.
Let C be a C5 with vertex-weight function ¢ fulfilling w,(C') = w and ¢(C) =2 -w+ 1.
Note that the chromatic number of a weighted Cy only depends on the size of the
largest clique and the sum of the weights, thus, by Corollary 46,
C
X(Gy) = x4(C) = max {wq(C’), [%—‘ } =w+ 1.

Thus, it remains to show that f{p, vy (W) < w+1. Let G be an arbitrary (HVN, FP5)-
free graph with w(G) = w. Let G’ be a critical subgraph of G with x(G) = x(G’). If
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G' is Cs-free, we find, by Lemma 64,

w(G +1, if G =y
w(G), else.

Thus, x(G) < w+ 1, since w(G') < w(G) = w. If on the other hand the graph G’
contains an induced Cs, we distinguish two cases. If w(G’) > 4, then x(G) = x(G’) <
w(G") +1<w+1, by Lemma 65. Otherwise w(G’) < 3 and we find x(G) = x(G’) <
5 <w+ 1, since (Ps, K4)-free graphs are 5-colourable [26].

Thus, it remains to prove Lemma 64 and Lemma 65.

9.1 Results for (Ps, paw)-free graphs

Before we prove Lemma 64 and Lemma 65 we first need to better understand the
family of (Ps, paw)-free graphs. Note that paw + K; = HVN, so these families are
closely related. In this section we use known results to talk about the critical (Ps, K3)-
free graphs and the critical (Ps, paw)-free graphs. From that we deduce f{*Ps’paw} and

introduce a special colouring.

Lemma 66 (Sumner [66]). The critical (Ps, K3)-free graphs are Ky, Ky and Cs.

Proof. Let G be a critical (Ps, K3)-free graph. Clearly G is connected. If G is perfect,
G is isomorphic to K, or K. If G is not perfect, then G contains an induced Cj,
by the SPGT, because it is (Ps, K3)-free. Let C' : cicacseqcsey € C5(G). For the sake
of contradiction we suppose there is a © € Ng(C). Then there is an i € [5] with
Ne(z) NV(C) = {ci,civa}, since G is (Ps, K3)-free. We know that (x,c¢;41) is not
a comparable vertex pair, by Lemma 34, so there is a y € V(G) with yz € E(G)
and yc;11 ¢ E(G). Since G is Ps-free, y € Ng(C). Thus, there is a j € [5] with
Ne(y) N V(C) = {c¢j,cjra}. We see that j ¢ {i,i + 2}, otherwise {z,y,c;} induces
a Ks, and j # i + 3, otherwise {z,y,¢;} induces a K3. But now yc;y1 € E(G); a

contradiction. Thus, our supposition is false and G = Cs. O

Lemma 67 (Olariu [48]). The critical (Ps, paw)-free graphs are the complete graphs
and Cs.

Proof. Let G be a critical (Ps, paw)-free graph. Clearly G is connected. According to
Olariu (cf. Theorem 20, [48]), G is a complete multipartite graph or Kj-free. In the
second case G is K, Ky, or C5 according to Lemma 66. In the first case G is perfect

and, since critical, a complete graph. O
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Corollary 68. For w € Ny,

w if w# 2,

f*P aw (w):
{hspaw) wHl ifw=2

Proof. Since C5 and K, are (Ps, paw)-free graphs, for w € N.g, the stated bound is a
lower bound of ffp5,paw}- To prove the reverse direction let G' be an arbitrary (Ps, paw)-
free graph and G’ a critical induced subgraph of G with x(G) = x(G’). By Lemma 67
G' = K,y or G' = C5. In the first case we see x(G) = x(G') = w(G') < w(G) < x(G).
In the latter case we find 2 = w(G') < w(G) < x(G) = x(G') = 3. Thus, w(G) = 2
and x(G) = w(G) + 1 or w(G) = 3 = x(G). Thus, the proof is complete. O

In the later proofs we not only need that a (Ps, paw)-free graph G has small chro-
matic number, but also that it can be x(G)-coloured even if some vertices are already

precoloured.

Lemma 69. If G is a (Ps, paw)-free graph and Iy, Iy are vertex-disjoint independent
sets of G, then there is a colouring cr, 1, : V(G) — [max{x(G), 3}] with |cr, 1,(1LUL)| <
Loif I # 0 and |cr, 1,(I; U )| < 2 else.

Proof. Note that it suffices to show this result for a connected graph G, since proving it
for every connected graph and applying the result to each component of a disconnected
graph grants the result by renaming colours. By Olariu (cf. Theorem 20, [48]), the
graph G is complete multipartite or Ks-free. If G is complete multipartite the optimal
w(G)-colouring of G fulfils both bounds. If G is K3-free and x(G) < 2 the result is true
by simply colouring I; with an additional colour, if I, = (), or by optimally colouring
the graph which implies |cf, 1,({; U I3)| < 2 in the other case. The last remaining
case is that G is Ks-free and x(G) > 3. In this case we see that G is non-perfect.
Therefore, the graph G contains an induced Cs, since G is (Ps, K3)-free and by the
Strong Perfect Graph Theorem. Since G is K3-free, Randerath [54] proves that G is
isomorphic to Cs[ky- K1, ko Ko, . .., ks K5], for some kq, ko, ..., ks € Nyg. Let us denote
the vertices in the independent sets of this C5 in order by Vi, V5, V3, V), Vi respectively.
By otherwise renaming the vertices we may assume that Vs N (I; U I) = 0. Also we
assume [; C V3 UV3. We define the colouring ¢y, ;, which colours the vertices of V3 UV
with 1, the vertices of Vo, U V4 with 2 and the vertices of V5 with 3. This proves the

lemma. O

9.2 Proof of Lemma 64

If G is not perfect then G contains an induced C7, by the Strong Perfect Graph The-
orem, since HVN Cyq Copi1, for p > 4, and Ps Ciug Copy1, for p > 3. Let V(Cy7) = C
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and the vertices of the C; be labelled by cy,...,c; with ¢iei € E(G) for 1 < i < 7,

where all additions on the cycle are considered modulo 7.

(C1):

For every w € Ng(C), there exists an ¢ € [7] with we;, we; 41 € E(G): Suppose
not, then there is a w € Ng(C), such that for all i € [7] we; ¢ E(G) or weiq ¢
E(G). Now there exists a j € [7] with we; € E(G), wej_1, wejpr, wejo ¢ E(G),

since 7 is odd. But [w, ¢;, ¢j12,¢j_1, ¢j+1] induces a Pj; a contradiction.

(C2): If w € Ng(C) with we;, weipr, weio € E(G) then wepq, weiys ¢ E(G): Other-
wise we see that [c;11,w, ¢4, Civa, ¢;] OF [Civ1, W, Civs, Civa, ¢;] induces a HVN; a
contradiction.

We define

(C3):

W3 = {U) - Ng<C) | cn N(;(w) = {Ui,vi+luvi+2}}7
Wi = {w € Na(C) | C N Ne(w) = {vi, vis1, Vita, Vigs}},

W3 = U w2,
1€[7]

W=
1€[7)

Ng(C) = W3UW* If w € Ng(C), then there is an i € [7] with we;, weiyy €
E(G), by (C1). If we;oq,weine ¢ E(G), [w, ¢, Cita, i1, ¢ip1] induces a Cs; a
contradiction. Thus, we;_1 € E(G) or weire € E(G). By symmetry of the cycle
we assume the latter. By (C2), weiq, weiys ¢ E(G). fweiys, we;i—q € E(G), then
using (C2) with we;_y, we;, wegy € E(G) we get the contradiction we; 3 ¢ E(G).
Thus, w € W3 U W4,

: N3(C) = 0: For the sake of contradiction we suppose NZ(C) # (. Let ny €

NZ(C) then, by (C3), there is a w € W3 U W* with wny € E(G). There is an

i € [7] with w € W2UWZ. Now [ng, w, ¢;, ¢ita, Civg) induces a Ps; a contradiction.

: G is Ky-free: Suppose not, then there is an induced K, in G, which we call K,

with ne(K) = |V(K) N C|. Clearly nc(K) < 3. We next look at the remaining
cases one by one. By (C3), nc(K) < 3. Suppose ng(K) = 2, then there is an
i € [7] with V(K)NC = {¢;,ciua} or V(K)NC = {¢;,¢iy3}. Again by (C3),
V(K)U{cit5} induces a HVN; a contradiction.

Suppose ng(K) = 1 and V(K) N Ng(C) = {z,y,z}. For i € [7] we define
n; = |Eg[{ci}, {z,y, z}]| and by otherwise renaming the vertices in C' let n3 = 3.
We know that ns,n; < 1, since otherwise there is a induced K, in G, called K’,
with no(K') > 2; a contradiction to the previous case. Clearly ns,ny # 1, since
otherwise V(K) U {n,} or V(K) U {ns} induces a HVN. So n; = n; = 0. Since
|Ec[{z,y,2},C]| > 9, we find ny = 3,n4 = 3, by (C3). Thus, there is an induced
K, in G, called K’, with no(K’) > 2; a contradiction to the previous case.
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Suppose last no(K) = 0. Thus, V(K) N Ng(C) = 4, by (C4). This implies, by
(C3), |Eg|V(K),C]| > 12, so by the pigeonhole principle there is an i € [5] with
n; > 2. Clearly n; > 2, since the graph is HVN-free. So there is an induced Ky,

called K’, with nc(K’) = 1; the final contradiction to a previous case.

Chudnosky et al. [21] prove, that (K4, Cs, C7, Cy, ...)-free graphs are 4-colourable.
Since x(C7) = 4, C7 Cing G, and G is critical, we conclude G = Cf.

9.3 Proof of Lemma 65

For the remainder of the section we may suppose for the sake of contradiction that
the graph G is counterexample of minimum order to this lemma. So G is a connected,
critical (Ps, HVN)-free graph which contains an induced C5 and x(G) > w(G) +2 > 6.
Since w(G) > 4, we find G[Ng(v)] is a (Ps, paw)-free graph and thus x(G[Ng(v)]) <
w(G) — 1, by Corollary 68, for each v € V(G).

Let C' : cieacseqcseq € C5(G). We define, depending on C, the following sets:

A (C) ={w € Ng(C) | V(C)N Ng(w) = {ci, ciyat}, for i € [5],
Bi(C) ={w € Ng(C) | V(C)N Ng(w) = {ci, ¢iy1,ciyat}, for i € [5],
Yi(C) ={w € Ng(C) | V(C) N Ng(w) = {ci, civa, civs}}, fori e [5],
H;(C) ={w € Ng(C) | V(C) N Ng(w) = {¢;, Cit1, Civa, Civ3} }, for i € [5],
D(C) = {w € Ne(C) | V(C) N Ne(w) = V(CO)},
A€) = | Ai0),

1€[5]
B(C) = U Bi(C),

1€[5]
v(C) = | (e,

1€[5]
H(C):= | Hi(C)

1€[5]

Since G is Ps-free, Ng(C) = A(C)UB(C)UY (C)UH(C)UD(C). Note that, we often

omit the C' in these notations. For each C': ¢jcacscqcsc1 € C5(G) we define
np(C) = [{i € [5] | B;(C) # 0}|.

Also we define n5* := max{ng(C) | C € C5(G)}, which only depends on the minimal

counterexample G.

The remainder of the proof is now organized as follows. In the following Claim 69.1 we

analyse the structure of the neighbourhood of any given C5 in GG. The different results
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are labelled for later reference. (S4) for example directly implies that ng(C) < 2 for
any C' € C5(G). Thus, n}** < 2. Using the structure from Claim 69.1 we show in the
then following three claims, by means of a complete case distinction, that the minimal
counterexample GG does not exist. Note that the last subclaim in each of these three
claims is a clear contradiction to something previously assumed and the claims cover
all possible cases. So all that is left to do is to prove the following four claims. Let us

start with the structural results.

Claim 69.1. Let C : cicacseqcscy € C5(G) and i € [5]. We omit the C in the following

notations and write for example A; instead of A;(C).

(S1) EglA;, Biya U B3] is anticomplete.

(52) EglAi, Aipn UA4UBi 1 UBj 4 UYi UH; U H; 3] is complete.

(S3) Eg[AU B, NZ(C)] is anticomplete.

(S4) If B; # 0, then Biy1 = 0.

(S5) If Bi # 0, then Yiys U Yisa = 0.

(S6) If B; # 0, then H;U Hyy = 0.

(S7) Eg|B;,Y; UY; o] is anticomplete.

(S8) Eq[Bi,Yii1] is complete.

(S9) Eg[Bi, Hiv1 U Hiy 3 U D] is anticomplete.

(S10) Each X €{Y;|i € [5]}U{H; |7 € [5]} U{D} is an independent set.

(S11) H U D is an independent set.

(S12) Eg[H;,Y;y1 UYiia| is complete and Eg[H;,Y; UY; 3 U Y 4] is anticomplete.
(S13) EglY;, Yii1] is complete.

(S14) E¢[D,Y] is anticomplete.

(S15) There is no induced Ky in GIDUY UHUNZ(C)] with |V (K4)N(DUY UH)| > 2.

Proof. Proof of (S1): Suppose not then there is an a € A;, and a b € B; 15U By, 3 with
ab € E(G). If b = b5 € By then [ci41, ¢, a,b, ¢y 3] induces a Ps; a contradiction. If

b= b3 € Bi3 then [¢;y1,¢iy0,a,b, ¢y q] induces a Ps; a contradiction.

Proof of (S2): Suppose not then thereisana € A;,andab e A;;1UA; 1 ,UB; 1 1UB; 4U
Y;+1 U Hi—i—l U Hi+3 with ab ¢ E(G) Ifb= A1 c Ai—i—l U Bi—l—l then [(l, Ciy Cit+4,Cit3, ai+1]



9.3 Proof of Lemma 65 109

induces a P5, a contradiction. If b = Qirqa € Ai+4 U Bz’+4 then [Cli+4, Cit4,Cit3, Cit2, CL]
induces a Ps; a contradiction. If b = y;11 € Y1 U Hyyq then [a, ¢, ¢ivt, Yiv1, Civs]
induces a Ps; a contradiction. If b = h;y3 € H;y3 then [a, ¢;yo,Cit1, hits, ¢iyq] induces

a Ps; a contradiction.

Proof of (S3): Suppose not then there is an i € [5], a z € A; U B;, and an ny € NA(C)

with ane € E(G). But now [ng, x, ¢;12, Cit3, ¢i+a] induces a Ps; a contradiction.

Proof of (S4): Suppose not, so there is a b; € B; and a b1 € Biyq. If bibi1 ¢
E(G), then [b;y1,¢iv3,Cita, Ci, b;] induces a Ps; a contradiction. If ;b1 € F(G), then

[¢i, biy Cit1, Cia, biv1] induces a HVN; a contradiction.

Proof of (S5): Suppose not, so thereisab; € B;anday € Y; 3UY; 4. Ify = yi13 € Yiys,
then [b;, ¢it1, Yirs, Civs, Civa] induces a Ps if by;n3 ¢ FE(G), and [ciya, ¢iv1, biy Ciy Yirs]
induces a HVN if b;y;13 € E(G); a contradiction. Thus, y = y;44 € Y4 But
[bi, Ci1, Yita, Cita, Civs] induces a Ps if byy;14 ¢ E(G), and [¢;, ¢iy1, bi, Civa, Yira) induces
a HVN if by;14 € E(G); a contradiction.

Proof of (56): Suppose not, so there isa b; € B; and a h € H; U H; 4. If h = h; € H;,
then [b;, ¢iv1, hi, Civs, Cirq] induces a Ps if b;h; ¢ E(G), and [¢;13, Civa, hi, ¢iy1, b;] induces
a HVN if b;h; € E(G); a contradiction. If h = h; 4y € H;y 4, then [b;, ¢ii 1, hiya, Civa, Civs]
induces a Ps if bihiyy ¢ E(G), and [cii4, ¢, hiva, Ciy1,b;] induces a HVN if by €
E(G); a contradiction.

Proof of (S7): Suppose not, so thereisab; € B; and ay € Y;UY; 1 with by € E(G). If
y =vy; €Y, then [c;i1, b, yi, Civs, ¢iyq] induces a Ps; a contradiction. If y = ;10 € Yo,

then [c;y1, b, Ui, Civa, Civs) induces a Ps; a contradiction.

Proof of (S8): Suppose not, then thereisay; 11 € Y;4q and ab; € B; with y;.1b; ¢ E(G).

But now [¢;, b;, Cit2, Cits, Yir1) induces a Ps; a contradiction.

Proof of (59): Suppose not, so thereisa b, € B; and ax € H;,y UH; 53U D with bz €
E(G). If x = hjyq € H;yq, then [¢;, ¢iv1, i, Ciyo, hiv1] induces a HVN; a contradiction.

If x € Hi13U D, then [¢;y4, ¢i, @, ¢i11, b;] induces a HVN; a contradiction.

Proof of (510): Suppose not, then there are z, 2’ € X with 22’ € E(G). So there is an
i€ [5] with z,2" € Y; or z,2' € H; or z,2’ € D and [¢;, x,2', ¢;12, ¢4 3] induces a HVN;

a contradiction.

Proof of (S11): For ¢ € [5] H; and D are independent sets, by (S10). Suppose H U D
is not an independent set, then there is an i € [5], a j € [5]\ {¢} and a f; € H;UD and
a f; € H; with fif; € E(G). If j =i+ 1, then [¢;, f;, ¢it1, cito, f;] induces a HVN; a
contradiction. If j =i+ 2, then [¢;, fi, fj, Cit2, cits] induces a HVN; a contradiction. If
J =1+ 3, then [¢iys, fi, fj, i, cit1] induces a HVN; a contradiction. If j =i+ 4, then

[Cit3, fis Cita, Cit1, f;] induces a HVN; a contradiction.
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Proof of (S12): Suppose not, then there is a h; € H; and a y € Y1 U Y, o with
hiy ¢ E(G) or y € Y; UY; 3UY;y with hyy € E(G). Let us look at the first case: If
Y = Yis1 € Yii1, then [y;i1, Cira, ¢, hi, cipo] induces a Ps; a contradiction. If y = y;40 €
Yiio, then [yiio, ¢iva, ¢ivs, hi, ¢i11] induces a Ps; a contradiction. Let us now look at the
second case: If y = y; € Y}, then [¢;, y;, hi, Cito, ¢iva] induces a HVN; a contradiction.
If y = yiu3 € Yiys, then [cii3,Yits, hi, ¢, ¢iv1] induces a HVN; a contradiction. If

Y = Yira € Yiys, then [c;, by, civ1, Civa, Yira] induces a HVN; a contradiction.

Proof of (S13): Suppose not, then there is a y; € Y; and a y;11 € Yiy1 with yy;1 ¢

E(G). But now [y;, Civo,Cit1, Yir1, Civra] induces a Ps; a contradiction.

Proof of (S14): Suppose not, then there is an i € [5], a y; € Y}, and a d € D with
dy; € E(G). But now [c;, y;, d, ¢;12, ¢iv3] induces a HVN; a contradiction.

Proof of (S15): Suppose for the sake of contradiction there is such a K. If |V (K,)N(DU
Y U H)| =2, there is a j € [5] such that {c;} UV (K4) induces a HVN, by pigeonhole
principle; a contradiction. So we may assume |V(Ky4) N (DUY U H)| > 3. Since
E¢[D,YUH] is anticomplete and D is independent, by (S14) and (S11), |V (K,)ND| =0
Since H is independent, by (S11), |V(K4) N H| < 1. Recall that, for i € [5], V; is
independent, by (S10). Let us first look at the case |V (K4) N H| = 1. Let ¢ € [5] with
|V(K4)NH;| =1. By (S12) and (S10), [V(K,)N(YUH)| < 3. So |[V(Ky)N(YUH)| =
3, and there is a y;11 € Yign N V(KY),¥ite € Yio N V(Ky), and V(Ky) U {1}
induces a HVN; a contradiction. Let us lastly look at the case |V(Ky) N H| = 0. If
[V(Ky) NY| =4, there is an ¢ € [5] with y; € Yi,yiv1 € Yis1,Yir2 € Yito, Yirs € Yigs
and V(Ky) = {¥i, Yit2, Yi+s, Yita}, since for each j € [5] Y; is independent. But now
[Civ1s Yir1, Yits, Yiro, ¥;] induces a HVN; a contradiction. If |V (Ky) NY| = 3, there is
an ¢ € [5] with V(K,) NY = {yi, Yis1,Yira} or V(Ky) NY = {yi, Yit1, Yirs}. In the
first case V(Ky) U {ci12} and in the second case V(Ky) U {¢;y1} induces a HVN, a
contradiction. ]

Claim 69.2. Let n'§® = 2 in this case there is a C : cicacscacsey € Cs(G) with

np(C) = 2. We omit the C in the following notations and write for example A; instead
of Ai(C). By (S4), there is an i € [5] with B;, Biya # 0.

(C1) If Yo # 0, then Eg|B;, Biis] is anticomplete.

(C2) If Hy3UD # 0, then Eg[B;, Biys] is complete.

(C3) Na(C)=AUBUD or No(C) = AUBU Hyys or No(C) = AUBU Y.
(C4) If No(C)=AUBUD or Ng(C) =AU BU H,;3, then N4(C) = 0.

(C5) A1, Aiys, Airg are independent sets.

(C6) EglAiy1, Airs] is anticomplete.
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(C7) If No(C) = AUBUD or Ng(C) = AUBUY 9, then G is (w(G)+1)-colourable.
(C8) If Na(C) =AU BU H,ys, then G is (w(G) + 1)-colourable.

(C9) G is (w(G) + 1)-colourable.

Proof. Proof of (C'1): Suppose not, then thereisab; € B;, a b2 € Biyo, and ay € Yi o
with bibi+2 € E(G) By (87) biy,bzurgy ¢ E(G) and [Ci+1,bi, bi+2,Ci+4,y] induces a P5,

a contradiction.

Proof of (C2): Suppose not, then there is a b; € B;, a b2 € B9, and ax € H;y3UD
with b;b;10 ¢ E(G). By (S9) bz, biox ¢ E(G) and [b;, ¢;, z, ¢iy3, biyo] induces a Ps; a

contradiction.

Proof of (C3): By (S5) Y;UY;,1UY;,3UY;,4 = 0. By (S6) H;UH; 1 UH; o UH; 4y = 0.
So it remains to show that at most one of the three sets D, H;.3, Y; 2 is non empty. If
H; i 3UD # (), then Eg|[B;, B;yo] is complete by (C2). If Y15 # 0, then Eg|[B;, B;yo] is
anticomplete by (C1). Thus, Y;yo =0 or H;y3U D = (). In the latter case the claim is
shown so we may assume the the first case. For the sake of contradiction we suppose
hits € Hiys,d € D. By (S11) hiy3d ¢ E(G). For b; € B; [hits, Cita,d, ¢ivo,b;] induces
a Ps, by (S9); a contradiction.

Proof of (C4): Suppose not, then there is an ny € NA(C'). Since G is connected, there
isax € DU H,;, 3 with xny € E(G), by (S3). Now [ng, z, ¢;13, biyo, b;] induces a P, by
(C2) and (S9); a contradiction.

Proof of (C5): Suppose not, then thereisa j € {i+1,i+3,i+4} and a,d’ € A; with
ad' € E(G). If j =i+ 1, [¢;,bi, ¢iv1,a,ad] induces a HVN, by (S2); a contradiction. If
Jj =1+ 3, [¢ir,bito, Cit3,a,d'] induces a HVN, by (S2); a contradiction. If j =i + 4,
[Cita, b, Civ1, a, '] induces a HVN, by (S2); a contradiction.

Proof of (C6): Suppose not, then there is a b;1s € Bjio, an a;4; € A;yq, and an
a;+3 S Ai+3 with A;1+10543 € E(G) We know that (li+1bi+2,ai+3bi+2 € E(G), by (82)
Therefore, [¢;i9,Cit3,bite, @its, a;ir1] induces a HVN; a contradiction.

Proof of (C'T7): We colour Ng(c;12) with the colours 1,...,w(G) —1, in such a way that
c(Yii2) € {1}, which is possible by Corollary 68 and Lemma 69. By (C5) and (C6) we

proper colour G[A;11 U A3 U Ajrg U{cy, Civa, Ciya}] with 2 colours as follows:

w(G), for u € Ajy1 U Aips U {cito, Cival,
w(@)+ 1, forue AjgU{c}.

So N&(C) # 0 and Ng(C) = AU B UY;,, is the only remaining case, by (C4). Let
S1,...,Sk be the connected components of G[V(G) \ Ng[C]]. For each j € [k] there

is a y € Yo with [y, S;] is complete, since G is connected and Ps-free. So Ule S, is
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w(G) —1)-colourable, by Corollary 68. Using the colours {2,...,w} on S, admits
(w( y y 8 i=1
an (w(G) + 1)-colouring of G.

Proof of (C8): We know by (C4) that V(G) = Ng[C]. We colour G[A;41 U A;j13 U

Aiva U{c, Civa, ciya}] with 2 colours as follows (identical as in (C7)):

w(@), for u € Ajp1 U Aiys U {cito, Ciyal),

c(u) =
w(G)+1, forue A q4U{c}.

Thus, if we proper colour Ng(c;2)UH; 3 with at most w(G)—1 colours, then the claim
is proven. If H;,3 = () we colour Ng(c;42) with at most w(G)—1 colours, which is doable
by Corollary 68. So for the remainder of this claim let h; 3 € H;,3 # (). We show next
that for j € {i,i 4+ 2} Eg[A;, B;] is complete and Eg[A;, Biyo—(j—y) is anticomplete:
Suppose there is a j € {i,i + 2} with a;0; ¢ E(G), then [ci14—o(j—s), hits, @, Ciy2, b;]
induces a Ps, by (S2) and (S9); a contradiction. Suppose there is a j € {i,i + 2}
with a;biro—(j—) € E(G), if j = i, this is a contradiction to (S1), if j = i 4 2 then
[Cix1, Civa, biy biva, aiyo] induces a HVN, by (C2); a contradiction. We show next that A;
and A;;- are independent sets. Suppose not then thereis a j € {i,i+2} with a,a’ € A,
with aa’ € E(G). But now [¢y14(j—i), Cit2, bj, a,a’] induces a HVN; a contradiction.
Also B; and B, are independent sets. Suppose not then there is a j € {i,7 + 2} with
b,b' € B; with bb' € E(G). But now [ciya(j—i, bV, Cia, bito—(j—i)] induces a HVN, by
(C2); a contradiction. Now Ng(c;12) is 2-colourable, as follows:

1, forue A;UB; 2 U{cii1},

c(u) =

2, for u € Ai+2 U Bz U {Ci+3}.

So colouring H;,3 in 3 admits a 3-colouring of Ng(c;42) U H;y3. Since 3 < w(G) — 1

the claim is proven.

Proof of (C9): This follows directly from (C3), (C7) and (C8). O

Claim 69.3. Let n5®™ < 1 and x(G[B(C)]) <1, for each C € C5(G). In this case we
fix C : creacscqcser € C5(G) with |[D(C)] = min{|D(C")| : C" € C5(G)}. We omit the C
in the following notations and write for example A; instead of A;(C). In this setting

we show the following claims:

(C1) There is no C" € C5(G) with a vertex in N&(C), D and V(C)U AU B.
(C2) Fori€ [5], G[A;] is K3-free.

(C3) G[Ng|C]] is Ky-free.

(C4) NZ(C)=0.

(C5) G[NE(C)] is not Ks-free.
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By (C5) there is a component in N&(C) containing 3 pairwise adjacent vertices. We

call the component K and the pairwise adjacent vertices ki, ko, k3 € K.
(C6) Ifx e HUY, then Egl{z}, K| is complete or anticomplete.
(C7) Eg[D,N&(C)] is complete.

(C8) Thereis a C" € C5(G) with x(G[B(C")]) > 2.

Proof. Proof of (C1): This is true if D = (. If D # (), for such a cycle C' |D(C")| =0,
by (S3), (S11), and (S14), which is a contradiction to the choice of C.

Proof of (C2): Suppose not and a,d’,a € A; with ad’,aa,d'a € E(G). But now
[a, ¢iva, Civs, Civa, ¢;] induces a C, which we call C'; with o', a € B(C"); a contradiction
to x(G[B(C")]) < 1.

Proof of (C3): Suppose not, then there is a K, which we call K, with ng(K) =
[V(K)NV(C)|. Clearly ng(K) < 2. Suppose ng(K) =2 with z,y € V(K,) N Ng(C),
then there is an ¢ € [5] with ¢;, ¢;41 € V/(Ky). So x,y ¢ A, and since Eg[D, HUY U B]
is anticomplete and D is independent, by (S9),(S11),(S14), we know =,y ¢ D. Suppose
first y € Y;13. Since Y;,3 is independent, z € HUB. Since xy € E(G) x € H;y1UH; 15U
Bi o, by (512), (S7) and (S5), a contradiction to z¢;, x4 € E(G). So x,y ¢ Yiis and
{x,y} N B| =1, since H and B are independent sets. For the final contradiction in
this case we suppose x € B;U B; 4 and y € H. If x € B;, then y € H;, 5, by (S6) and
(S9), a contradiction to yc; 11 € E(G). If x € B;yy, then y € H;, 1, by (S6) and (S9); a
contradiction to y¢; € E(G).

Suppose ng(K) = 1, V(K,) N Ng(C) = {x,y,2}. For i € [5] we define the integer n;
by n; = |Eg[{c:}, {z,v, z}]| and let j € [5] with ¢; € V(K}), so n; = 3. We first argue
that, for ¢ € [5], if n; = 3, then n;.; = n;—; = 0. We know that n;;1,n;-; < 1, since
otherwise there is a Ky K’ with nc(K’) > 2; a contradiction to the previous case. Also
niv1,ni—1 7 1, since otherwise {¢;41,¢;, x,y, 2, } or {¢;_1,¢,x,y, 2z} induces a HVN; a
contradiction. Which proves the just stated claim and we know n;_; = n,y; = 0. Also
njro 7# 2 and n;_o # 2, since otherwise V (Ky) U{c1} or V(K,4) U {cs} induces a HVN.
Since Zle n; > 6, n;_o > 1orn;o > 1. Thus, by symmetry we may assume 19 = 3.
But now n;_s = njio11 =0, and z,y, z € As; a contradiction to (C2).

Suppose last ne(K) = 0. Since |Eg[V(K,),V(C)] > 8, there is an ¢ € [5] with
|Ecl{c:}, V(K4)]| > 2, by the pigeonhole principle. Since the graph is HVN-free, this
even implies |Eg[{c;}, V(K,)]| > 2. Thus, there is a Ky, called K', with nc(K') > 1;

a contradiction to the previous case.

Proof of (C4): Suppose not, then there is an nz € N3(C),ny € N&(C), and a d € D

with ngng, nod € E(G), since G is Ps-free. Since d is not a cutvertex, by Lemma 37,
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since G is critical, there is a d’ € D\ {d}. Since [n3, ns, d, c¢1,d’] does not induces a P,
d'ny € E(G). Since (d,d’) and (d’,d) are not comparable vertex pairs, by Lemma 34,
since G is critical, there is a pg, por € V(G) with pud, pad’ € E(G) and pyd, pad’ ¢ E(G).
Clearly pg,par & D. If pyr,ps € NE(C) then [pa,d, ci,d, pg) induces a Cs, since G is
Ps-free; a contradiction to (C1). Since Eg[D,H UY U B] is anticomplete, we may
assume, by otherwise renaming, p; € A. If also py € A, [pa,d’,na,d, pg] induces a Cs,
since G is Ps-free; a contradiction to (C1). So py € NZ(C) and there is an i € [5] with

pa € Ai, and [py, d’, ¢iv1,d, pg] induces a Ps; a contradiction.

Proof of (C5): This follows from the fact that w(G) > 4, from (S15), and G[Ng[C]] is
Ky-free, by (C3).

Proof of (C6): Suppose not, then there are k, k' € K, ani € [5], and a z € H;UY; with
zk € E(G) and k' ¢ E(G). By the connectivity of K we may assume kk' € E(G).
But now [/, k, h, ¢;, ¢;—1] induces a Ps; a contradiction.

Proof of (C'7): Suppose not, then thereisad € D and an ny € NZ(C) with dny ¢ E(G).
Since ny € NZ(C), there isa x € HUY UD with zny € E(G). If x € HUY | there is an
i € [5] with x € H;UY; and [c;14, d, ¢i12, T, n2] induces a Ps; a contradiction. So x € D.
Since (d,z) is not a comparable vertex pair, there is a p; € V(G) with pgd € E(G)
and pgr ¢ E(GQ). If pg € NA(C), then [pg, d, 1, z,ns) induces a Cs, since G is Ps-free;
a contradiction to (C1). So ps € AU B and there is an ¢ € [5] with p; € A; U B;, and

[ne, T, ¢iv1,d, pg) induces a Ps; the final contradiction.

Proof of (C8): Since the graph is connected, there is a x € DUY U H with Eg[{z}, K]
complete, by (C6) and (C7). Since x is not a cutvertex, by Lemma 37, there is a
y € DUY UH with x # y such that Fg[{y}, K] is complete. We see that zy ¢ E(G),
since xy € E(G) is a contradiction to (S15). Since (z,y) and (y, z) is not a comparable
vertex pair, there are p,, p, € V(G) with p,z, p,y € E(G) and p,y, pyx ¢ E(G). Clearly
Pey Py & K. Also Eg[{p.} U {p,}, K] is anticomplete, since otherwise E¢[{p.}, K] is
complete, for a z € {z,y}, and we end in a contradiction to (S15). Therefore, p,p, €
E(G), since G is Ps-free. But now C' : p,xkyyp,p. € C5(G) with ko, ks € B(C"). O

Claim 69.4. Let n5®™ = 1 and there be a C € C5(G) with x(G[B(C)]) > 2. We fix
C': creaescq050q € C5(G) with

X(G[B(C)]) = max{x(G[B(C")]) : C" € C5(G)} = 2.

Let i € [5] with B;(C) # 0. We omit the C in the following notations and write
for example A; instead of A;(C). Since there is an edge b € E(G[B;]) quite some

restrictions on Ng(C) follow:
(C1) Yiys, Yira, Hiy Hiya, Hia, His, D = 0.

(C2) A1, Aiyo, Airyg are independent sets.
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(CS) Eg[Y;‘Jrl, Ai+1 U Ai+4] 18 anticomplete.
(C4) A1 UA 4 UY 0 U{c, ¢} is an independent set.

(C5) G is (w(G) + 1)-colourable

Proof. Recall that, by (S13), Eg[Y;, Yiy1] is complete, by (S8), Eg[B;, Yi+1] is complete,
by (S7), Eq|[B;:, Y; UYi o] is anticomplete, by (S1), Eg[B;, Air2 U A;13] is anticomplete,
and, by (S2), Eg|[B;, Aiy1 U A;44] is complete.

Proof of (C1): Recall that, by (S5), Yiys, Yirs = 0 and, by (S6), H;, Hi14 = (0. By (S9),
Eg[B, H;s1 U H; 13U D] is anticomplete. We first show that D = ). Suppose not, then
there is a d € D with db,dV’ ¢ E(G), by (S9). But now [d, ¢;, ¢;11, b, 0] induces a HVN;
a contradiction. Suppose there is a j € {i + 1,7+ 3} with h € H;, then, also by (S9),
[h, Ciy3—(j—i), Ciy1, b, V'] induces a HVN; a contradiction.

Proof of (C2): Suppose not, then thereis a j € {i+ 1,9+ 2,7+ 4} with a,a’ € A; and
ad' € E(G). If j =i+ 1or j =1+4, then [¢;, b, ¢;11,a,d] induces a HVN, by (S2); a
contradiction. If j =i+ 2, then [a, ¢;14, ¢;, €41, Ciro] induces a C5 C” with ng(C”) > 2;

a contradiction to ng** = 1.

Proof of (C3): Suppose not, then there is a y;41 € Y;41 and a j € {i + 1,7 + 4} with
a € A; and y;11a € E(G). But now [¢;,b, ¢it1,¥it1,a] induces a HVN, by (S8); a

contradiction.

Proof of (C4): Suppose not, then there is a x € A; 41 U A g U Y U{c, ¢} and a
y € Aipn UA; 4 UY 1 U{e, o} with zy € E(G). Note that x,y ¢ {c¢;, ciio}. Also x
and y are not both in one of the 3 subsets, by (C2) and (S10). By (C3), z,y ¢ Yi1.

So x € Aj1,y € Airq but now [¢;, by, ¢i1, 2, y] induces a HVN; the final contradiction.

Proof of (C5): Recall that by (S12) Eg[Hiie, Yii2 UY;] is anticomplete. Thus, ¥; and
Yii2 U H; 1o are two independent sets by (S10). We colour Ng(c¢;) with colours from
[w(G) — 1] colours in such a way that |c(H;42 U Yo UY;)| < 2. Which is possible by
Lemma 69, since w(G) > 4. The remainder of G[Ng[C]] we colour as follows.

w(G), for ue A1 UA 4 UYi U{a, civat,
w(G)+1, forue A aU{cist,

which is a proper colouring by (C4). So G is (w(G) + 1)-colourable or NZ(C) # 0.
Clearly N2(C) = 0, since D = (). The trivial components in NZ(C) we colour with
colour w(G) + 1. So let Sy, ..., S be the non-trivial components of G[NZ(C)]. We
choose j € [k] arbitrary. Observe first that if x € Ng(95;), we know that Eg[{z}, S;] is
complete, since G is Ps-free and D = (). Thus, there is a y € Y U H with E¢[{y}, S;] is
complete, since G is connected. So x(G[S;]) < w(G)—1, by Corollary 68. To prove our
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claim it suffices to show that if x(G[S;]) = w(G)—1, then |c¢(Ng(S;)N(YUH))| < 2. If
E¢[Yit1, S;] is anticomplete the claim is proven, since |e(Y; U Yo U Hito)| < 2. Thus,
we may assume there is a y;41 € Y1y with Eg[{yi+1},S;] is complete by the previous
observation. But now Eg[Y; U Y 0, S;] is anticomplete, by (S15), since Eq[Y;, Y]
is complete for each j € [5], by (S13). So in this case Ng(S;) C Yiy1 U Hipo and
E¢[H;t2,Yis1] is anticomplete, by (S15). If Hiio N Ng(S;) = 0 we are done so we
suppose for the sake of contradiction, that there is a h;io € H;io with Eg[{hit2}, S}
is complete. Now C’ : ng, hita, Cita, Cit1, Yir1,n2 € C5(G) for every ny € S;. But
also ng(C") > 2, because b € B(C"), since by;y1,bci11,bciia € E(G), by (S8), and
nyy € Ng(ng) N NZ(C) is in B(C") with nhc;io ¢ E(G); the final contradiction. O
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10 Characterisation of graphs H
. *
with f{Pg),H}(w) <w+c(H)

Let us recall that f{p gyny(w) < w + 2 and fip (W) = fi(w) < w =w+0, for
every w € Ny and each H C;y Py (c.f. Theorem 7 and Observation 16). It is quite rare
to find a graph H such that the family of (Ps, H)-free graphs has a binding function
of that form.

In this section, we characterize all graphs H such that

f{*Pg),H}(w) <w+c(H)

for some constant ¢(H) — depending on H only — and each w € Nyy. To do that
we define the following special graph. For p € Ny the graph F), is defined as F), :=
(K1 U K3) + K,. Note that F, = HVN, | = paw, Fy, = K, U K, and F}, is the
complementary graph of pK; U P; for each p € Ny. So this section is dedicated to the
proof of Theorem 8 which states the following. For a graph H, there is a constant ¢(H)
such that f7p py(w) < w+c(H), for w € Nyo, if and only if either H = Py or H is an
induced subgraph of F), for some p € Nj.

One direction we order in the following three lemmas.

Lemma 70. Let p € Nyg and G be a (Ps, K,)-free graph. There ezists a ¢(K,) =
c(p) € Ny such that x(G) < c¢(p).

Proof. For p € N5y we define ¢(p) = f5 (p — 1) € Ny and G be a (P;, K,)-free graph.
Note that fp, is superadditive, by Lemma 43, and thus especially increasing. Since G
is Ps-free and w(G) < p — 1, we conclude x(G) < f5 (w(G)) < fa(p—1). O

We use the upcoming Section 10.1 to prove the following Lemma 71.

Lemma 71. Let p € Ny and G be a (Ps, F},)-free graph. There exists a c(F,) = c¢(p) €
Ny such that x(G) < w(G) + ¢(p).

Lemma 72. Letp € Ny and G be a (P5, 2K, + K,)-free graph. There exists a c1(2K; +
K,) = c1(p) € Ny such that x(G) < w(G) + c1(p).
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Proof. Let p € Ny be fixed. We define ¢;(p) == ¢(p) € Ny, where ¢ is the function from
Lemma 71. Let G be an arbitrary (Ps, 2K + Kp)—free graph. Since 2K + K, Cing Fy,
we find G is (P5, F))-free. Thus, we know that x(G) < w(G) +¢(p) = w(G) +c1(p), by
Lemma 71, which completes the proof. O

The following Lemma 73 states the reverse direction of Theorem 8. Note that in this

lemma we use our Lemma 42 from Section 3.3.

Lemma 73. Let H be a graph. If there exists a ¢(H) € Ny such that x(G) < w(G) +
c(H) for all (Ps, H)-free graphs G, then H € {F, | p € No} or H € {2K,+K,, | p € No}
or He {K,|peNyy} or H= P,.

Proof. We prove this lemma by contraposition, thus, it suffices to show that
wETw(ffPS,H}(W) —w) = +00

for each graph H which is neither isomorphic to P, nor an induced subgraph of F,
for some p € Ny. For all graphs H for which H is not a forest, we get that the class
of (Ps, H)-free graphs does not even have a linear y-binding function, by Lemma 42.
Thus, it remains to assume that H is a forest. For each t > 1, let G, be the graph which
is the complementary graph of ¢ pairwise vertex distinct cycles of length 5. Note that
G, has clique number 2t, chromatic number 3¢, and G is Ps-free and G, is (Ps, K 13)-
free. Consequently, if H contains an induced Ps or K 3, then each graph G, is H-free,
and so it follows that G is (P, H)-free and limg 1 oo(f{p, yw) —w) = +00. In view
of the desired result it remains to assume that H is (Ps, K 3)-free. In other words, H
is a linear forest each component of which is of order at most 4. Now, for each t > 1,
let Gy = Cs5[Ky, Ky, Ky, Ky, K], Tt is easily seen that Gy is of clique number 2¢ but
X(Gt) > 5t/2 as Gy is of independence number at most 2. Furthermore, G; is Ps-free.
As the complementary graph of G; contains of 5 independent sets of size k& and the
complementary graph of Cs is isomorphic to Cs, we find that G is (K; U Py, 2K5)-free.
Consequently, if H contains an induced K; U P, or 2K, then each graph G, is H-free,
and so it follows that G is (D5, H)-free and limy, 10 (f{p, gy (W) —w) = +o0. In view
of the desired result it remains to assume that H is (Ps, K 3, K1 U Py, 2K5)-free forest.
In other words, H is isomorphic to P, or an induced subgraph of (pK;) U P3 for some
p € No. Thus, H is either isomorphic to P, or an induced subgraph of [}, for some

p € Ny, which completes this proof. O

Note that one direction of Theorem 8 follows from Lemma 70, Lemma 71, Lemma 72
and the fact that ffp& Py = idy, by the Strong Perfect Graph Theorem. The reverse

direction follows from Lemma 73. Therefore, it remains to show Lemma 71.

For (Ps, F,)-free graphs we show quite a small x-binding function. For that reason

there is quite a bit of work to do.
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10.1 Proof of Lemma 71

At the beginning of this section, let us introduce additional notation and terminology
we specifically use in this section. A hole in a graph is an induced cycle of length at
least four, and an antihole is an induced subgraph whose complementary graph is a
hole in the complementary graph. Let for the following definitions G be connected
graph that contains an induced odd antihole C. We let A(C') be the set of vertices of
V(G) \ V(C) that have a neighbour and a non-neighbour in C'; B(C') be the vertices
of V(G) \ Ng[V(C)] that have a neighbour in A(C), and M (C) be the set of vertices
which are adjacent to all vertices of C. Furthermore, let X (C) := V(G) \ [A(C) U
B(C)UM(C)U V(C)], and Y(C) be the set of vertices of X(C) such that for each
y € Y(C') there exist two vertices m, € M(C) and z, € X(C) such that m,y ¢ E(G)
but myz,, z,y € E(G). In what follows, we may assume that C is in C5(G). For
the definition of the notation ¢~ and ¢* for a vertex ¢ of C' recheck Section 1.2. We
further say that C' eztends to a O[F] in G for some graph F' if there is a vertex set
U C V(G) and a vertex ¢ € V(C') such that G[U] is isomorphic to F', UNV(C) = {¢c},
Eq|U,{c™,c"}] is complete, and Eg[U, {c 2, c™}] is anticomplete. Moreover, U is the
extender of C' and G[U UV (()] is isomorphic to O[F].

For each imperfect graph G, let
©(G) := min{x(G[Ng[V(C)]]) : C is an odd antihole}
and, for p € Nxo,

U(p) = sup{p(G) : G is (P, F,, O[K,)])-free and imperfect}.

Before we prove Lemma 71, we show some preliminary results. We note that F)-free
graphs have been studied in [14] as well, using these results we f.e. show in the upcoming
Chapter 11 that f{*z Ko Py} is not non-decreasing, for some large p € Nyy. We show firstly
that f{*P& £ is non-decreasing, for each p € Ny. Note that each Fy-free graph is perfect,
and so each complete graph G is (P, Fp)-free and satisfies x(G) = f{p, ) (w(G)).

Lemma 74. If p > 1 and r > 0 are integers, then

x < f{*Ps,Fp}<5’3') < f{*P5,Fp}(9‘7 +1) and f{*Ps,Fp}(CU) +2r < f{*P5,Fp+T}(95 +7)

for each x > 1.

Proof. Since fp, exists, we find that f{*Ps’Fp} exists. We first show that = < ffP&Fp}(m).
Note that K, is a (Ps, F},)-free graph of clique number x and therefore x < fip,, Fp}(ac).
This shows that for every p > 1 and every « > 1 there is always a graph G’ € For(Ps, F},)
with w(G') =z and x(G') = f{p, £, (@).
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The claim that [, . (2) < f{p gy (2 + 1) follows directly from Lemma 45.

We prove the last inequality by induction on r. Trivially, we can assume r > 1. Let
G,-1 be a (Ps, F,;(_1))-free graph of clique number = 4 (r — 1) such that x(G,—1) =
f{*Ps,FpHrq)}@ + (r—1)). Let G, = Cs5|K1,G, 1, K1,G,1, K1]. We see that G, is
(Ps, Fyyr)-free and of clique number x + r. To figure out x(G,), we let C be a C5 with
vertex-weight function ¢ fulfilling w,(C) = x(G,—-1)+1 and ¢(C) = 2-x(G,_1)+3. Note
that the chromatic number of a weighted C5 only depends on the size of the largest
clique and the sum of the weights, thus, by Corollary 46,

X(G) =€) =max {un(©), [T v + 2.

Thus, we obtain

fipspy (@) +2r < fip gy (@4 (r=1)+2 = X(Gr—1)+2 = X(Gy) < f{p, 5,y (@+7)

by induction hypothesis. O]

In what follows is a series of lemmas culminating in the fact that f7, Fp}(:l:) < x+c(p)

for some constant ¢(p), and for each p > 0 and each x > 1.
Lemma 75. Let p > 1 and G be a connected (Ps, F),)-free graph.
(i) If C is an odd antihole in G, then Eq[X(C), A(C)U B(C)] is anticomplete.

(ii) If C is an odd antihole in G, then Eg|B, A(C) N Ng(B)] is complete for each set
B of vertices that induces a component of G[B(C)].

(iii) If C is an odd antihole in G with Y (C) = 0, then Eg[X, M(C) N Ng(X)] is
complete for each set X of vertices that induces a component of G| X (C)].

(iv) If C is an odd antihole in G, then V(C) \ Ng(a) is an independent set for every
vertex a € A(C') which has a neighbour in B(C).

(v) If S CV(QG) is a clique of size at most p, then

X(GI( Na(s)] < fipp, 3 @(G) —1) —2(|S| = 1).

seSs

(vi) If Sy S V(G) and Sy C (g, Na(s) are two sets of vertices, then G[S1] has clique
number at most p — 1 or G[Ss] is (K7 U Ky)-free.

Proof. We prove (i)-(iii) first. Let C be an odd antihole in G. By definition, no vertex of
A(C) has a neighbour in X (C'). We now suppose, for the sake of a contradiction, that a
vertex a € A(C) has a neighbour in b € B(C') which is adjacent to a vertex z of (B(C')\
Ng(a))UX(C). As a has a neighbour and a non-neighbour on C' and as C'is connected,
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we find two adjacent vertices ¢1,co € V/(C) such that ac; € E(G) but acy ¢ E(G). It
follows that [x,b, a, ¢1, ¢o] induces a Ps. By this contradiction to our assumption on G,
we find that our supposition is false. By the fact that Eq[X(C), A(C)] is anticomplete
and by the connectivity of G[B], (i) and (ii) follow, respectively. It remains to assume
that Y(C) = 0 for (iii). We now find that by the connectivity of G[X], each vertex
of X is adjacent to each vertex of M(C) N Ng(X) as otherwise Y (C') # 0. Thus, (iii)

follows.

We proceed with our proof for (iv). Let a € A(C) be a vertex with a neighbour
b € B(C). As C is connected, we find two non-adjacent vertices ¢, co € V(C) such
that ac; € V(C) and acy ¢ V(C). As [b,a,cq,c,co) does not induce a Ps, we find
ac € E(G) for each ¢ € V(C) N Ng(c1) N Ng(ca). Let ez € V(C) \ {c1, 2} such that
cies ¢ E(G) and ¢y € V(C) \ {c1, c2,c3} be such that czeqy ¢ E(G). We find that a is
adjacent to ¢4 as ¢4 € V(C)N Ng(c1) N Ng(ca). As [b,a, cq, c2, 3] does not induce a Ps,
it follows acs € E(G). Thus, V(C) \ Ng(a) consists of at most two vertices which, in
particular, are ¢y and possibly a vertex that is distinct from ¢; but non-adjacent to cs.
Thus, (iv) follows.

We continue and prove (v). As G[S U ([,cg Nea(s))] is an induced subgraph of G, we
have that G[S U ((,cq
Furthermore, Eg[S,(),cg Na(s)] is complete, and so

N¢(s))] is a (Ps, Fp)-free graph of clique number at most w(G).

W(G[[) Na(s))) + 18] = w(GI[ | Na(s)]) + w(GIS]) < w(@),
seS seS
Now, let us suppose for the sake of contradiction, that G[(),.4 N¢(s)] contains a vertex
set U that induces a Fj,_|s. We find that U U S induces a I}, in G as S is a clique S
and Eg[S,U] is complete. From this contradiction on our assumption on G, we find

that G[,cs Na(s)] is F,—|s)-free, and so

XGI ) Na()) < fipp, o3 @(G) =[S

seS

seSs

By Lemma 74, we have

Fton ) (@(G) = 151) + 2081 = 1) < fip gy 1y (@(G) = 1),
which completes our proof for (v).

Finally, we prove (vi). For the sake of a contradiction, let us suppose that G[S] contains
a clique W of size p and {uy, us, ug} C Sy induces a Ky U Ky. As Eg[{uy, uz, us}, W] is
complete, it follows that {u;,us,us} U W induces a F, in G. By this contradiction to
the fact that G is F)-free, (vi) follows. O

Lemma 76. Letp > 2 and G be a connected (Ps, F,)-free graph. If C'is an odd antihole
in G, then
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1) X(GIX(O)) < fip, oy (@(G) = 1) + fr(p = 1) or
(ii) there is a C" € C5(G) that extends to a O[K,] in G with |Y (C")| < |Y(C)|.

Proof. By definition and by Lemma 75 (i), we find that no vertex of A(C)UB(C)UV (C)
is adjacent to a vertex of X(C), that is, M(C) is a cut-set which disconnects X (C')
from V(G) \ (M(C) U X(C)). Let G* be a minimal induced subgraph of G[X(C)]
such that x(G[X(C)]) = x(G*) and such that there is a vertex m € M(C) for which
G[V(G*)U{m}] is connected. Clearly, G* is connected. We now partition V(G*). Let
S be the set of neighbours of m in G*, and let T} and T5 be the sets of vertices of
G* — S which are in components of G* — S with clique number at most p— 1 and clique

number at least p, respectively.

We first claim that any set, say, T of vertices that induces a component of G*[T; U T3]
is a homogeneous set in G* or consists of one vertex only. As G*[T] is a connected
graph, it suffices to prove that two arbitrarily chosen adjacent vertices of G*[T| have
the same neighbours in S. Let t; and t5 be two such vertices and ¢ € V(C). As neither
[t1,t2, S2,m, ] nor [ta, t1, 51, m, ¢] induces a Ps in G* for each s; € SN Ng« (1) and each
Sy € SN Ng«(t2), we find that ¢; and ¢, have the same neighbours in S, which shows

our claim.

We next claim that (ii) follows or the neighbours in S of the vertices of any component
of G*[Ty] form a clique. Let G’ be an arbitrary component of G*[Ty] and ¢t € V(G')
be a vertex that is in a clique W of size p in G'. First of all, let us assume that ¢t has
two non-adjacent neighbours, say, s; and sy in S. Let ¢ € [2]. If Ng«(s;) C Ng«(s3-:),
then x(G*) = x(G* — s;), by Lemma 34. Furthermore, as Ng+(s;) € Ng«(s3—;) and as
s3—; € Ng(m), we find that G[V(G* — s;) U {m}] is connected, which contradicts the
minimality of G*. Thus, for each i € [2], we find that s; has a neighbour, say, s; in
G* that is non-adjacent to s3_;. Let us suppose, for the sake of a contradiction, that
t is adjacent to some s;. As s, and s3_; are non-adjacent and as ¢ and its neighbours
in G*[T»] have the same neighbours in S, we find s, € S. By Lemma 75 (vi), we
find that the component of G*[T} U T5] which contains t is of clique number at most
p — 1. From this contradiction to the fact t € T5, we find that ¢ is adjacent to neither
sy nor s, in G*, and thus in G. As [s],s1,t, 59,5 does not induce a Ps, we find
that the same vertex set induces a Cj called C' in G. As the component of G*[13]
that contains ¢ is a homogeneous set, it follows that Eg[W, {s1,s2}] is complete and
Eq[W,{s}, s4}] is anticomplete, and so C” extends to a O[K,] in G. Thus, in order
to prove (ii), it remains to show that |Y(C")| < |Y(C)|. We find m € A(C") as m is
adjacent to s; and s, but non-adjacent to ¢. Furthermore, as neither [t, s;,m, ¢, a] for
each a € A(C) and each ¢ € Ng(a) N V(C), nor [t,s1,m,a,b] for each b € B(C) and
each a € A(C') N Ng(b) induces a Ps, it follows that all vertices of A(C') and B(C') are
adjacent to m, respectively. Thus, A(C)UB(C)U{m} C A(C")UB(C"). Furthermore,
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we find that any ¢ € V(C) is a vertex of A(C") U B(C") as ¢ is adjacent to m, and so
V(C) C A(C")UB(C"). By Lemma 75 (i), it follows that all vertices of M (C') are not in
X(C") as each of them is adjacent to a vertex ¢ € V(C') C A(C")UB(C"). Moreover, we
find X (C’) C X(C). We note that t € Y/(C) \ Y(C"). For the sake of a contradiction,
let us suppose that there is a vertex v’ € Y(C”) \ Y(C). In particular, we find two
vertices m' € M(C") and 2/ € X(C") such that m'y’ ¢ E(G) but m'2’, 2’y € E(G).
Note that z’,y" € X(C'), and so 2,y € X(C). Furthermore, note that m’ ¢ M(C)
as otherwise ' € Y (C). As m € A(C"), it follows by Lemma 75 (i) that 2’ and y' are
non-neighbours of m, and so [y, 2',m',m, ] for some ¢ € V(C) if mm’ € E(G) and
[y, 2',m/, s, m] if mm’ ¢ E(G) induces a P5. By this contradiction to our assumption
on G, we finally obtain that our supposition is false, and so |Y(C")| < |Y'(C)|. We find
that (ii) follows. In order to prove our claim, it remains to assume that SN Ng«(t) is a
clique. As the component G’ of G*[T3] that contains ¢ is a homogeneous set, it follows
that SN Ng«(V(G")) is a clique. By the arbitrariness of G’, the neighbours in S of the

vertices of any component of G*[T3] form a clique.

We proceed by assuming that (ii) does not hold and we colour the vertices of G*.
As G*[T1] is of clique number at most p — 1, we find x(G*[T1]) < fp(p — 1) and,
as fp(p — 1) > 1, it suffices to show that there is a colouring c: V(G* — T1) —
[f{p,.p, 1 (@(G) = 1)+ 1] of G* =T} that uses colour ffp 1 (w(G)—1)+1 on vertices
of Ty only. Let k = f{*PS,Fp,l}(W(G) — 1)+ 1. As all vertices of S are adjacent to m,
by Lemma 75 (v) there is a colouring c¢: S — [k — 1] of G*[S]. Let G’ be an arbitrary
component of G*[Tz] and S’ := Ng«(V(G'))NS. Note that |[S'| > 1 as G[V(G*) U{m}]
is connected. As S’ is a clique and as Ng«(t) NS = S’ for each t € V(G'), we find
that there is a vertex s’ € S that is adjacent to all vertices of (5" \ {¢'}) U V(G).
Thus, by Lemma 75 (v) there is a colouring ¢: V/((S"\ {s'}) UV(G")) — [k] \ {c(s)}
of G*[(S"\ {s'}) UV(G")] such that ¢(s) = /(s) for each s € S"\ {s'}. In particular,

d(v) = k implies v € T5. The arbitrariness of G’ completes our proof. O

We proceed by considering ¥(p) for p > 3. As Cs is (Ps, F},, O[K}])-free and imperfect,
we find ¥(p) > 3 but possibly J(p) = +00. We next show that the latter fact cannot

occur.

Lemma 77. If p > 3, then J(p) < max {10,2p +3} - fr(p —1).

Proof. Let G be an arbitrary imperfect (Ps, F,, O[K,])-free graph.

If G contains an induced C5 C, then we partition Ng [V (C)] into 10 sets of vertices,
each of which induces a graph of clique number at most p — 1. Let N be the vertices
of Ng(V(C)) each of which has an independent non-neighbourhood in C'. As there are
at most 5 independent sets Iy, I, ..., I5 of size 2 in C', we can partition the vertices of
N into at most 5 sets S1,Ss, ..., S5 of vertices such that Eg[S;, V(C) \ I;] is complete
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for each i € [5]. As V(C) \ I; induces a K; U K,, we find that G[S;] is K,-free
by Lemma 75 (vi). We now partition Ng[V(C)] \ N. By definition, each vertex of
Ne[V(C)] \ N has at most 3 neighbours on C. As G is Ps-free, we further find that
each such vertex, say, u has at least 2 neighbours on C' and there is a vertex ¢ € V(C)
such that u is adjacent to ¢ and ¢*2. As u ¢ N, we find

{c,c™} C Ng(u) C {c, ¢, ct?).

We define for ¢ € V(C) the set S’ as all vertices v € Ng[V (C)]\ N with Eg[v, {c,c™}]
is complete. Thus, J.cy () S is a partition of Ne[V(C)]\ N. As G is O[K,|-free, we
find that G[S]] is Kj-free for each ¢ € V(C). Consequently, we partition Ng[V (C)]
into 10 sets of vertices, each of which induces a graph of clique number at most p — 1,

and so
X(G[Ne[V(O)]]) <10 f5(p—1).

If G is Cs-free, then let C' be an odd antihole of order at least 7 in G. As G is F)-free,
C' contains at most 2p + 3 vertices. We first show that every vertex of Ng[V(C)] is
adjacent to two non-adjacent vertices of V(C'). For the sake of a contradiction, let
us suppose that u is a counterexample to this claim. Clearly, v ¢ V(C). By the
supposition on u and as C'is of odd order, u has at most (|V(C)| —1)/2 neighbours on
C'. This fact particularly implies that u is non-adjacent to an independent set {cy, o}
of C. Asu € Ng(V(C)), we may assume that a neighbour ¢z of u on C' is non-adjacent
to ¢o. By definition, c3 is adjacent to ¢;. Let ¢4 be the second non-neighbour of cs.
As u is adjacent to c3, we find that u is non-adjacent to ¢4 by our supposition on u,
and so [u, 3,1, ¢4, Co] induces a Ps, a contradiction. Thus, we find that each vertex
of Ng[V(C)] is adjacent to two non-adjacent vertices of V(C'). Let u be such a vertex
and ¢}, ¢, be the two non-adjacent neighbours. We let ¢ and ¢ be the second non-
neighbour of ¢ and ¢, respectively. As [u, ], c}, ¢, ¢4] does not induce a Cs, we find
that u is adjacent to three vertices of C' which induce a K7 U K5. As C' is an odd
antihole on at most 2p + 3 vertices, there are at most 2p + 3 sets Iy, Is, ..., I5,43 of
vertices in C' that induce copies of K7 U K. We can partition Ng [V (C)] into 2p+ 3 sets
S1, 52, ..., 943 such that Eg[S;, I;] is complete for each i € [2p+ 3. As G is F,-free,
we find that G[S;] is K,-free for each i € [2p + 3] by Lemma 75 (vi). Consequently, we
partition Ng[V(C')] into 2p + 3 sets of vertices, each of which induces a graph of clique

number at most p — 1, and so

X(GIN[V(ON]) < (2p+3) - fr,(p = 1). O

We are now in a position to prove our main preliminary result.

Lemma 78. Letp > 3. If G is a connected (Ps, F},)-free graph with w(G) > p+2, then

X(G) < max{d(p), fip, r, 1 (@(G) = 1) + o (0= D} + fr(p— 1),
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Proof. Let G* be the smallest induced connected subgraph of G such that x(G*) =
X(G) and w(G*) > p+2. We note that G* is (Ps, F},)-free, and the desired result follows
if

X(G7) <max{d(p), fip, k, y(W(G) =)+ [r(p -V} + [0 —1)
as f{p,, Fyoi} 18 non-decreasing by Lemma 74. We may assume, without loss of generality,
that G = G™.

We begin by showing that Ng(u) € Ng(v) and Ng(v) € Ng(u) for each two non-
adjacent vertices u,v € V(G). For the sake of a contradiction, let us suppose that u, v
is a pair with Ng(u) C Ng(v). We note that x(G) = x(G — u) as we can safely assign
the colour of v in a (G —u)-colouring to u. As G—u is connected and w(G) = w(G—u),
we find G # G*, a contradiction. Thus, Ng(u) € Ng(v) and Ng(v) € Ng(u) for each

two non-adjacent vertices u,v € V(G).

If G is a perfect graph, then

X(G) = w(G) < fip p,y(W(G) =)+ fp(p—1)
as fip g3 (W(G)—1) 2 w(G)—1by Lemma 74 and ff, (p—1) = 1 by definition. Thus,
we assume that G is imperfect. By the Strong Perfect Graph Theorem, G contains an
induced odd hole or induced odd antihole. As GG is Ps-free, each odd hole is a (5, and
so an odd antihole as well. We continue with four cases arguably covering all possible

situations.

Case 1: There is some odd antihole C' in G such that Y(C) # @) but there is no Cys C’
in G that extends to a O[K,] in G with |Y/(C")| < |Y(C)|.

We note that Lemma 76 immediately implies x(G[X(C)]) < fip 5 ,(W(G) = 1) +
fe.(p—1). Let y € Y(C) and m € M(C), x € X(C) be such that my ¢ E(G)
but mx,zy € E(G). By Lemma 75 (i), G — M(C) is disconnected and contains all
components of G[X(C)]. As [y, x,m,c,a] does not induce a Ps for each ¢ € V(C) and
a € A(C), it follows that m is adjacent to all vertices of A(C'). Similarly, as [y, z, m, a, b]
does not induce a Ps for each a € A(C) and b € B(C), it follows that m is adjacent
to all vertices of B(C'). By Lemma 75 (v), we find that x(G[A(C)U B(C)UV(C)]) <
X(G[Na(m)]) < fip, p, 3(@(G) —1). As M(C) is a cutset and, by Lemma 75 (vi), we
have x(M(C)) < fp.(p — 1), it follows

X(G) < x(GIM(C)]) + max{x(G[A(C) U B(C) UV(O)]), x(GIX(C)])}
< fipr, (W(G) =) + 2[5 (p = 1),

which completes our proof of Case 1. A

We may assume for the remaining cases that there is a C’ € C5(G) that extends to a
O[K,] in G with |Y(C")| < |Y/(C)] for each odd antihole C' in G with Y (C) # 0. In

other words,
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(a) there is a C" € C5(G) that extends to a O[K,] in G with Y (C") = or
(b) Y(C) = 0 for each odd antihole C' in G.

We consider situation (a) next. Let C(G) be the subset of C5(G), such that each cycle,
say C, of C(G) can be extended to a O[K,] in G and satisfies Y (C) = (). We now

distinguish two cases — Case 2 and Case 3 of this proof.

Case 2: C(G) # 0 and, for some C' € C(G), there is a connected graph F with
X(F) > 2fg (p — 1) such that C extends to a O[F] in G called H whose extender is a

homogeneous set in G.

Let us partition the vertices of A(C') U M (C)U V(C). Let U be the extender of C to
H. Recall that by definition, we have exactly two vertices, say, ¢; and ¢y in H with

Eg[{ci, e}, U] is complete. Furthermore, we may assume ¢, = c;>.

For each i € [2], we define two sets A; _ and A, ; such that

e A, _ contains all vertices of G that are adjacent to ¢; and c; 2 but non-adjacent

to ¢ and ¢,

e A, | contains all vertices of G' that are adjacent to ¢; and ¢? but non-adjacent

to ¢; and c; 2.

By definition, U C A, 4 and A; 4 = Ay . We now let
o(C) = max{w(G[As_]),w(G[As, 1)}

We may assume, without loss of generality, that C' maximizes o(-) among all cycles
C' € C(G) for which there is a connected graph F’ with x(F") > 2ff (p — 1) such that

C" extends to a O[F'] in G called H' whose extender is a homogeneous set in G.

We can now compare x(G[A; _]) and x(G[As+]). Again without loss generality, let us
assume X (G[A;_]) < x(G[Az.4]). As[a1_,c1,¢f, c2,a21] does not induce a Ps for each
a;— € Ay _ and each as 4 € Ay 4, it follows that Eg[A; - U{ca}, Ao 4] is complete. By
Lemma 75 (vi), G[A1 - U {2} is (K7 U Ky)-free or w(G[Az+]) < p+ 1. We conclude
X(G[A1-]) < fE(p— 1) in both cases.

Let Aj be the set of vertices which have a neighbour on C' but which are non-adjacent to
c1 and co. As G is Ps-free, it follows that Eq[AsU{c1, co}, U] is complete. As x(G[U]) >
f5,(p—1), there is a clique of size p in U. By Lemma 75 (vi), G[A3U{c1, 2 }] is (K1UK>)-
free. As Eg[{c1, 2}, As] is anticomplete, we find that Az, and so Az U {¢1, ¢}, is an

independent set in G.

We next show that all vertices of A(C) U M(C) U V(C') which are in none of the sets
Ay, As, A3 U {c1, co} are adjacent to ¢; and co. For the sake of a contradiction, let
us assume that a with a € A(C) UM (C)UV(C) and a ¢ Ay U Ay U A3 U {cy, 2}
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is a vertex which is not adjacent to ¢; for some i € [2]. We note that a ¢ U by
definition, and Eg[{a}, U] is complete or anticomplete as U is a homogeneous set. As
a¢ AsU{c1, e} but a € A(C)U M(C)UV(C), we find that a and c¢3_; are adjacent.
As {a, c1, o} UW does not induce a F), for some clique W C U of size p, it follows that
E¢l{a},U] is anticomplete. As [a, co,ci,c1,c]ifi=1o0r [a,c1, ¢l co, ] if i = 2 does
not induce a Ps, it follows that a is adjacent to ¢; or ¢5, and so a € Ay or a € Ay _.

From this contradiction to our assumption on a, we obtain the desired fact.

Let A" :=[A(C)UM(C)U{cf}]\ [A;_ U Ay U A;z]. Note that
A, == [A(C) U M(C) U V(C)] \ [AL— U A27+ U Ag U {Cl, CQ}].

We partition A" into sets A |, A}, and A5. Let a; € Ay and ay € Ay 4 be two vertices
which are in maximum cliques of G[A; ] and G[A2 ], respectively. Furthermore, let
A}, be the set of those vertices of A" which are non-adjacent to a; and ay, A} be the
set of those vertices of A" which are adjacent to ay but non-adjacent to a;, and A% be

the set of those vertices of A" which are adjacent to a;.

As a; and ay are adjacent, we find that [ci, cf, ¢, az,a1] induces a Cs, say, C'. Let
u € Ng(V(C))\V(C") and ¢ € V(C) be a neighbour of u. If ¢ ¢ V(C"), then ¢ € A(C")
and, as V(C") \ Ng(c) is not independent, we have v ¢ B(C") by Lemma 75 (iv), and
so u € Ng[V(C")] by definition. In other words, we conclude Ng[V(C)] C N[V (C")]
no matter whether or not ¢ € V(C”). Similarly, we find Ng[V (C")] C N[V (C)], and
so Ng[V(C)] = Ng[V(C")] and B(C)U X(C) = B(C") U X(C").

We now have to distinguish four subcases.
Case 2.1: o(C) > p

Let Wy be a clique of size p in G[A2 ] that contains as. As w(G[Az4]) > p, as
E¢[{c2}, Ai ] is anticomplete, and as Eg[As 1, A1 U{c2}] is complete, we obtain that
A, _ is independent by Lemma 75 (vi).

We first prove that Eg[As, B(C') U X (C)] is anticomplete. Recall that B(C)U X (C) =
B(C") U X(C"). For the sake of a contradiction, we suppose that as € Aj is adjacent
to a vertex u € B(C') U X(C"). By Lemma 75 (i) and (iv), we find u € B(C") and
Eql{as},{a1, a2} UU] is complete, respectively. As [wy, ag,as, ¢, ci] does not induce
a Ps for each wy € Wy, we find that Eg[{as}, W] is complete. Thus, {ai,as,co} U
W induces a F,. From this contradiction to our assumption on G, we find that
Eq[As, B(C) U X(C)] is anticomplete.

We next prove that w(G[A}]) < p — 2. Suppose, for the sake of a contradiction, that
w(G[A}]) > p—1. Let Wy be a clique of size p — 1 in G[A])]. As {a1, o, ws} UW; does
not induce a F, and as wy is adjacent to ag, we find that Eg[{ws}, Ws] is mixed for
cach wy € W,. Recall that the extender U is a homogeneous set in G and x(G[U]) > 2.
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Let uy,us € U be two adjacent vertices. We note that each wy € Wy is adjacent to
uy and uy as otherwise [u;, ¢, wy, as, ws] induces a Ps for some wy € Wy \ Ng(wy) and
some ¢ € [2]. Thus, {c2, a2, us,us} U W, induces a F),, a contradiction. We conclude
that w(G[A}]) < p—2 and

x(G[AY]) < f}*)g, (p—2) = f{*Pg,,Fp,g}(P —-2) < f{*P5,Fp,1}(p —-1)-2= f]é5 (p—1) -2
by Lemma 74.

We further have w(G[A5]) < p — 1 by Lemma 75 (vi), and so x(G[A3]) < f5(p —1).
By Lemma 75 (v), there is a colouring of G[Ng(c2)] with at most ffp, » 1 (w(G) — 1)
colours. We recall that A3 U {c1,co} and Ay _ are independent sets. Thus, we use one
additional colour for the vertices of A3 U {¢cq, 2}, one additional colour for the vertices
of A;_, and f (p— 1) — 2 additional colours for the vertices of A}. We use f5 (p—1)
additional colours for the vertices of AL. We obtain a colouring of G[Ng[V (C)]] with
at most f{p p |, (w(G) — 1)+ 2fp (p — 1) colours such that the vertices of A} U Aj
are coloured by at most 2f7 (p — 1) — 1 colours. By Lemma 75 (iv), all vertices of
A(C) U M(C) which have a neighbour in B(C) U X(C) are indeed vertices of Az U
Al U AL. However, we recall that Eg[As, B(C)U X (C)] is anticomplete. Furthermore,
by Lemma 75 (i), (ii) and (iii), each set X of vertices that induces a component of
G[B(C)UX(C)] has a vertex a € A(C)UM(C) with Eg[{a}, X] is complete. Thus, we
canreuse f{p, n 1 (w(G)—1) colours from Ne [V (C)]\ (A}UA5) to colour G—Ng[V(C)],
which completes the proof of this subcase.

Case 2.2: o(C) <p—1and fip 5 1 (W(G)—1) =2fF (p—1)

Note that Ng[V(C)] = Ng(c2) U Ay~ U (A3 U {c1,ca}). Recall that x(G[A;-]) <
fE,(p — 1) and A3 U {c1, o} is an independent set. By Lemma 75 (v), we also have
X(G[NG(C2)]) S fE(PS,Fp—l}(w(G) - 1) Thus,

X(GINa[V(O)]]) < X(G[Na(e2)]) + x(G[AL-]) + x(G[A3 U {e1, ca}])
< fipr, @G =)+ folp—-1)+ 1L

Consequently, we colour the vertices of Ng(cy) by fip, Fp,l}(W(G) — 1) colours, the
vertices of A;_ by fp (p — 1) additional colours, and the vertices of A3 U {c1,ca} by
again an additional colour. Let G’ be an arbitrary component of G[B(C)U X (C)]. By
Lemma 75 (iv), V(G’) has its neighbours in A3 U (Ng(c2) \ U). Hence, we can reuse
the colours of A; _ and f% (p — 1) — 1 additional ones if x(G") < 2fp.(p —1) — 1 to
colour the vertices of V(G"). Thus, we may assume x(G') > 2f5 (p—1). As Y(C) =0,
we obtain from Lemma 75 (i), (ii), (iii), and (v) that X(G) < f{p, 5 1 (W(G) = 1). As
Fimr, 3 @(G) — 1) = 2f3,(p — 1), we have x(G') = 2/}, (p — 1.

We now claim that Ng(V(G')) is coloured by at most fip, p ,(w(G) —1) colours. For

the sake of a contradiction, let us suppose that V(G’) has neighbours in all colours
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we assign to the vertices of Ng(c2) and Az U {c1,c2}. In particular, there is a vertex
az € As which has a neighbour in V(G’). By Lemma 75 (ii), Egl[{as}, V(G")] is
complete. Furthermore, there is a vertex a € Ng(cz) \ U which has a neighbour in
V(G"). Suppose for the sake of contradiction that a vertex a’ € Ng(c2) \ U exists with
Eg[{d'}, U] is complete, then

fipsr, 3 (W(G) = 1) = 2fp (p— 1) < Xx(G[U])
< X(G[Na(d) N Na(e2)l) < fip, p, 1y (@(G) = 1) =2

by Lemma 75 (v), a contradiction. Thus, as U is homogeneous, we find that Eq[Ng(c2)\
U,U] is anticomplete. In particular, Eg[{a}, U] is anticomplete, and so a € A(C).
Moreover, Eg[{a}, V(G')] is complete by Lemma 75 (ii). If aag € E(G), then {as} U
V(G") € Ng(a). It follows

fipep, yW(G) = 1) =2f5 (p— 1) = x(G)
< x(G[Ne(a) N Ne(as)l) < fip, g,y (W(G) = 1) =2

by Lemma 75 (v), a contradiction. We conclude aaz ¢ E(G). Furthermore, U C
Ng(as) \ Ng(a) and ¢; € Ng(a) \ Ng(az). Now [cf,as,v,a,cy] for some v € V(G')
induces a C5 C'. Furthermore, Eg[U, {as, c2}] is complete and E¢[U, {a, v}] is anticom-
plete. In other words, U is an extender of C” to a O[F]. Recall that Eg[Ng(c) \ U, U]
is anticomplete, and therefore M(C") = (. Thus, Y(C') = () and so C' € C(G).
As Eg[V(G'),{a,a3}] is complete and Eg[V(G'),{c], c2}] anticomplete, and G’ has a
clique of size p, it follows o(C’) > p. As o(C) < p — 1, we have a contradiction to our
choice of C'. We conclude that our supposition is false and Ng(V (G”)) is coloured by at
most f{p, p 3(w(G)—1) colours. Thus, we find that we can reuse f3 (p—1)+1 colours
from Ng[V(C)] and add new f7, (p—1)—1 colours to colour the vertices of B(C)UX(C).
We conclude that G is coloured by at most f{p, n 1 (w(G) — 1) +2f5 (p — 1) colours,

which complete the proof in this subcase.
Case 2.5: o(C) <p—1and fip p (w(G)—1)#2fp(p—1)

Note that ffP5,Fp_1}(W(G) —1) #2f5 (p—1) implies ffPs’Fp_l}(w(G) —1)>2fp(p—1)
as

fips,m, 1y (W(G) = 1) = X(G[Ne(e)]) = x(GIU]) = 25 (p — 1)

As U is a homogeneous set and Eg|c], Ay _ U Ay ] is anticomplete, we conclude that
Eq|U, Ay~ U Ay ] is anticomplete. In particular, we have ay,a2 ¢ Ng(U), and so
UC A .. Nowlet U C A}, \ U be the maximal set with Eg[U’,U] is complete and
Gy be the component of G[A] ] that contains the vertices of U.

We now claim that Eq[V(G1) \ U,V (G3)] is either complete or anticomplete for each
two components G of G[A] || and G of G[A; ] or G[A, ¢]. We prove this claim in two
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steps. For the sake of a contradiction, let us suppose that a vertex a} , € A}, \U" and
a component G’ of G[A; ] or G[A (] exist with Eg[{a] , }, V(G")] is mixed. We may
assume that V(G') C Ay ;. Recall that Eg[U, Ay ] is anticomplete. Thus, a} , ¢ U.
Asa) ¢ U', thereis avertex u € U that is non-adjacent to a; ,. As G’ is connected, we
find two vertices ap 4, a5, € Ay such that a} ,as a0 0a;, € E(G) but @) a), ¢
E(G). Recall that ay yu,ay ,u ¢ E(G). Thus, [u,c1,d) ,as4,05,] induces a Ps, a
contradiction. Consequently, for every vertex a} , € A}, \ U’ and every component
G’ of G[A1-] or G[Ay 1] we have Eg[{a) , },V(G")] is either complete or anticomplete.
For the sake of a contradiction, let us suppose that a vertex as € A;_ U Ay, —
by symmetry we may assume as; € Ay, — and a component G’ of G[A] ]| with
Eg[{as 4}, V(G')\ U'] is mixed. As Eg[{as}, A} ] is anticomplete, we have ay  # as.
Let @), € V(G') \ U be a neighbour of az,. As Eg[{a}_},V(G")] is complete,
where G” is the component of G[As .| that contains as ., it follows that ay ¢ V(G").
In particular, we find asas+ ¢ E(G). As Egl{az+},V(G') \ U] is mixed but G’
is connected, there are two vertices af ,,a{’, € V(G') such that af ,af' ,af ;as €
E(G) and ai’,as, ¢ E(G). Recall that af , and af’, as vertices of A}, are non-
adjacent to a; and ap. But now [ag, a4, a27+,a’1’7+,a’1’f+] induces a Ps, a contradiction.
Consequently, for every vertex as y € Ay _UAj ; and every component G’ of G[A] , | we
have Eg[{az+}, V(G')\ U'] is either complete or anticomplete. Moreover, we conclude

that Eg[V(G1)\U',V(G2)] is either complete or anticomplete for each two components
Gy of G[A] ] and Gy of G[A; ] or G[Ay].

We now colour the vertices of A; _, A}, and Ay . In particular, we define a ver-
tex colouring of G[A] ] such that, for each component G’ of G[A] ,] with x(G') <
f{ps.r, 1 (W(G) — 1) no vertex of G receives colour ffp p 1 (w(G) —1). To achieve
that let c¢y: V(Gy) — [x(Gy)] be a colouring of Gy such that ¢y uses all colours
of [X(G[U])] on U. As x(G[U]) > 2fp (p — 1), we find that cy uses all colours of
2fp(p —1)] on U. Recall that Eg[U, A;_ U Ay ] is anticomplete, and so we find
that Eq[V(Gy) \ U’, A1 _ U Ay 1] is anticomplete. As Eg[U’, U] are complete, we find
that all colours which are used by cy on the vertices of U’ are not in [2f% (p — 1)].
As o(C) < p — 1, we further find x(G[A1_]), x(G[A24]) < fp,(p —1). Thus, we can
extend the colouring ¢y to the vertices of Ay U Ay with colours from [x(Gy)] for
each component G of G[A; ] and from [fp (p — 1) + x(G2)] \ [f5,(p — 1)] for each
component Gy of G[As +].

It remains to colour the components of G[A] ]| that are distinct from Gy. Recall
that Eg[V(G),V(G2)] is either complete or anticomplete for such a component G’ of
G[A] ] and each component Gy of G[A; _] or G[Ay ;]. We now distinguish some simple
cases depending on the edges between V(G') and Ay - UAs ;. If E¢[V(G'), A1 UAs 4]

is anticomplete, then we colour G’ with colours from [x(G’)] which is a subset of
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[fip.p,y (@(G) = D] as
X(G') <x(G[Ne(e)]) < fip, 5,y (W(G) — 1)

by Lemma 75 (v). In what follows, we may assume that Eg[V(G’), V(G2)] is complete
to component Gy of G[A;_| or G[As4]. Let a € A;_ U Ay be an arbitrary vertex
with Eg[{a}, V(G")] is complete. As Eg[{a,c1, ¢}, V(G')] is complete and {a, ¢y, co}
induces a K7 U Ky, Lemma 75 (vi) implies that G’ has clique number at most p —
1. If Eg[V(G"), Ay ] is anticomplete, we can colour the vertices of G’ with colours
from [f (p —1)]. If Eg[V(G'), A24] is anticomplete, we can colour the vertices of
G' with colours from [2f% (p — 1)] \ [f,(p — 1)]. Thus, it remains to assume that
EclV(G"),V(G1) UV(Gy)] is complete, where G; and G5 are a component of G[A; ]
and of G[As ], respectively. We may assume that Gy and Go are chosen such that
their chromatic number is maximum subject to the completeness to V(G’). Recall that
Eq[V(G1),V(Gy)] is complete. If x(G[V(G")UV(G1)]) < fp,(p—1), then we can use the
colours of [f5, (p—1)]\[x(G1)] to colour the vertices of V/(G'). If x(G[V(G") UV (Gy)]) <
f5,(p— 1), then we can use the colours of [2f% (p — 1)] \ [x(G2) + f£ (p — 1)] to colour
the vertices of V(G’). Thus, we may assume that x(G[V(G") UV(G;)]) > fp(p — 1),
and so w(G[V(G")UV(G;)]) > p, for each i € [2]. As Eq[V(G")UV(G;), {c;i} UV (G5-;)]
is complete, Lemma 75 (vi) implies that {¢;} UV (G5_;) does not induce a K7 U Ks. As
Eql{ci}, V(Gs_;)] is anticomplete, we have that V(G3_;) is an independent set. Thus,
A - N Ng(V(G")) and As+ N Ne(V(G')) are independent sets. We can colour V(G')
by f5,(p—1) colours from [f% (p—1)+2]\ {1, f5,(p—1) +1}, which is a proper subset
of [fp 1 (@(G) = 1)) a5 fip 4 (@(G)—1) > 2f3,(p— 1) > fi,(p— 1) +2, since
p=3.

We next colour the vertices of A3 U {c1,c2}, A}, and AL. Firstly, let us colour the
vertices of the independent set Az U {c1,c2} by colour ffp p 1 (w(G) — 1) + 1. By
Lemma 75 (vi), we have x(G[A}]), x(G[A5]) < fp.(p—1). Let I be a (possibly empty)
independent set of G[A]] such that x(G[A}] —I) < fp,(p — 1). Furthermore, as

X(GIALN\ 1) U Ag]) < x(GIAY = 1) + x(G45]) < 2f5,(p— 1) — 1,

we can use colours from [f{p » 1 (w(G) —1)+2f5 (0 — DI\ [f{p g3 @(G)—1)+1]
to colour the vertices of (A} \ 1) U AL. At this point of our proof, let us note that
all vertices of G[Ng[V (C)]] \ I are coloured and there are no two adjacent ones which
are coloured alike. Finally, let us colour the vertices of the independent set I by
colour ffp n 1 (w(G) —1). For the sake of a contradiction, we suppose that a vertex
i € I is adjacent to a vertex, say, a’ of Ng[V(C)] \ I which is coloured by colour
fipsr, yW(G)=1). As fip o 1 (w(G) —1) > 2fF (p—1), we find that o’ € A} . Let
G’ be the component of G[A] .| that contains a’. As 4 has a neighbour in V(G’) and G’
is connected, we find that either Eg[{i}, V(G’)] is complete or there are two adjacent
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vertices ) , € V(G')NNg(i) and af , € V(G')\ Ng(i). As [a] |, a} ,,1,a2,a:] does not
induce a Ps, it follows indeed that Eg[{i}, V(G’)] is complete. Thus, Eg[{c2,i}, V(G')]

is complete, and so

X(G') < X(G[Na(e2) N Na(i)]) < fip, 5,y (W(G) —1) =2

by Lemma 75 (v). By our colouring of G[A] ,], no vertex of G’ is coloured by colour
fip,, Fp_l}(w(G) —1). From this contradiction to our supposition, we can safely assign
colour fip p 1 (w(G) — 1) to all vertices of I and obtain a colouring ¢: Ng[V(C)] —
ipp iy W(G) = 1) + 2f5 (p — 1)]. Furthermore, we easily see that the vertices of
Az U A} U A are coloured by at most 27, (p — 1) + 1 colours.

We proceed and colour the vertices of G[B(C)UX (C)]. By Lemma 75 (i), (ii), and (iii),
for each component G’ of G[B(C) U X(C)], there is a vertex a € Az U A}, U AL with
Eg[{a},V(G")] is complete. Thus, X(G') < fip, 5 1 (w(G) —1) by Lemma 75 (v). For
the sake of a contradiction, let us suppose that G’ is a component of G[B(C) U X (C)]
with x(G') = f{p, r,_,1(w(G) — 1) and the neighbours of V(G') in A3 U A} U A5 are
coloured by 27, (p—1) +1 colours. In other words, V' (G”) has a neighbour a3 € A3 and
a neighbour ay € Aj. Note that x(G') = f{p, 5, (w(G) — 1) and Eg[{as, a}}, V(G')]
is complete. It follows that aza) ¢ E(G) as otherwise

fips b,y (@(G) = 1) = X(G') < x(G[Ng(as) N Na(ay)]) < fip, g,y (w(G) —1) =2

by Lemma 75 (v). But now [cg,dl,v,a3,a:] for some v € V(G') induces a Ps, a
contradiction. Thus, our supposition is false and each component G’ of G[B(C)UX (C)]
satisfies X(G') < f{p, r_,1(w(G) — 1) or the neighbours of V(G') in A3 U A} U A5 are
coloured by at most 2f% (p — 1) colours. Thus, we can extend our colouring ¢ to a
colouring of G on ffp, p (W(G) —1) +2ff, (p—1) colours. This completes our proof
in this subcase. AN

Before we proceed with Case 3, we prove an auxiliary claim that we use in its proof as

well as in the proof of Case 4.

Claim 78.1. Let C' be an odd antihole with Y (C') = () and k,{ be integers with k >
fipr, WG =)+ 1 k> and 0= f5 (p—1). If en: Ne[V(C)] — [K] is a vertex
colouring such that all vertices in Ng(V(G')) are coloured by at most k — € colours for
each component G' of G — Ng[V(C)], then there is a vertex colouring c¢: V(G) — [k]
or we find a C" € C(G) that extends to a O[F] in G called H for some connected graph
F with x(F) > ¢+ 1 and the extender is a homogeneous set in G.

Proof. 1f, for each component G’ of G— Ng [V (C)], there is a colouring cor: V(G') — [k]
such that cgr(u1) # cn(uz) for each two adjacent vertices u; € V(G') and uy € Ng(C),

then there is a vertex colouring c¢: V(G) — [k]. In view of the desired result, let us
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assume that F' is a component of G — Ng[V (C)] that does not have such a colouring.
Let S be the set Ng(V(C)) N Ng(V(F)). Trivially, x(F) > £+ 1 as ¢y colours the
vertices of S by at most k — ¢ colours. In other words, F' contains a clique of size p.
Moreover, S is not a clique. We show this fact as follows: As Y (C') = 0, there is a
vertex s € S with Eg[{s}, V(F) U (S \ {s})] is complete, and so x(G[V(F)U S]) <
fipp, 3 (W(G)—=1)+1 < k by Lemma 75 (v). If S'is a clique, then there is a colouring
crus: V(F)US — [k] such that cn(s") = cpus(s’) for each s € S. We find that cpug
restricted to the vertices of F' gives a colouring, say, cg of F' such that cp(uy) # cn(usg)
for each two adjacent vertices uy € V(F) and us € Ng(C). Thus, S is not a clique,

and so there are two non-adjacent vertices s1, s, € S. We now distinguish three cases.

Case a: There is a set S" C A(C) U M(C) such that x(G[S']) < 2fp (p — 1) and
Ng(V(H)) € S for some component H of G — S" with V(H) C B(C)U X(C), and
there is a vertex s € S" with Eg[{s}, V(H)] is mixed.

By the connectivity of H, there are two adjacent vertices uy,us € V(H) such that
w s’ € E(G) but ugs’ ¢ E(G). Let G' be an arbitrary component of G — 5'.

If G’ is a component whose all vertices are in B(C')UX (C), then there is a vertex in s” €
S" with Eg[{s"}, V(G")] is complete as Y (C) = 0. Hence, x(G’) < fipsr, 1 (W(G) = 1)
by Lemma 75 (v). If G’ is a component that has a vertex which is not in B(C)U X (C),
then the vertices of C' are also vertices of . Furthermore, G’ has a vertex which
is adjacent to s’. Now all vertices of G’ are adjacent to s as [ug,us, s, vy, vs] does
not induce a Ps for each two vertices v; € Ng(s') N V(G') and vy € Ng(v1) NV (G').
Consequently, x(G') < fp, g ,,(w(G) — 1) by Lemma 75 (v).

We find X(G') < f{p, p,_,1(w(G) —1) for each component G’ of G —5’, and x(G[S']) <
2fp.(p — 1). Therefore, x(G) < f{*P&prl}(w(G) -1 +2f5(p—1).

Case b: V(F) is a homogeneous set.

Let u € V(F). As we assume Ng(s1) € Ng(s2) and Ng(s2) € Ng(s1), there are two
vertices s) € Ng(s1) \ Na(s2) and s € Ng(s2) \ Ng(s1). As V(F) is a homogeneous
set in G, as F has a clique of size p, and as {s1, s2, s} induces a K; U Ky for each
i € [2], we find that neither s} nor s, has a neighbour in V(F) by Lemma 75 (vi). As
G is Ps-free, [s, s1, u, 2, s4] induces a Cj, say, C’ that extends to a O[F] in G and the

extender V' (F) is a homogeneous set in G. It remains to show Y (C") = 0.

For the sake of a contradiction, let us suppose y' € Y(C”). Thus, there are vertices
m' € M(C') and 2’ € X(C') such that m'y’ ¢ E(G) but m'z’, 2"y’ € E(G). As
Eq[M(C"),V(C")] is complete, we find that M(C") € S\ V(C"). Thus, M(C") C
A(C)UM(C). Let X’ be the set of vertices that induces the component of G — M (C")
which contains = and y. Note that M(C’) separates V(C’) and X’ but does not
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separate V(C') and V(C”). Thus, every z-u-path contains a vertex of M (C") for every
u € V(C). As an immediate consequence, we find X’ C B(C) U X(C). Furthermore,
X(GIM(C')]) < fp(p — 1) by Lemma 75 (vi). As we are not in Case a, we find
that Eg[{m’}, X'] is complete. By this contradiction to the fact that m’ € M(C’) is
non-adjacent to y' € X', we obtain Y(C") = ().

Case c: V(F) is not a homogeneous set.

As V(F) is not a homogeneous set, there is a vertex in s € S with Eg[{s}, V(F)]
is mixed. Thus, as we are not in Case a, we find that x(G[S]) > 2fp(p —1). In
particular, x(G[A(C)NS]) > fp(p—1)as S C A(C)UM(C) and x(G[M(C)NS]) <
f5,(p — 1) by Lemma 75 (vi). Moreover, the fact x(G[A(C) N S]) > fp (p — 1) implies
w(G[A(C) N S]) > p.

Let My, My, My C M(C) with My U M; U My = M(C) such that for all mg € M,
we have Eg[{mo}, V(F)] is anticomplete, for all m; € M; we have Eg[{m}, V(F)]
is complete, and for all my € My we have Eg[{ms}, V(F)] is mixed. We next show
that Eg[Ms, A(C') N S] is complete. For the sake of a contradiction, let us suppose
that my € M, is non-adjacent to a € A(C)NS. As Eg[{a},V(C)] is mixed and as
Eg[{ms}, V(F)] is mixed, there are three pairwise non-adjacent vertices u;, us € V(C)
and v € V(F) such that aus € E(G) and auy,mev ¢ E(G). Thus, [v,a, us, ma, u]
induces a Ps, a contradiction. Consequently, Fg[Ms, A(C')NS] is complete. As there is
a clique of size p in G[A(C)N S|, GIM UV (F)] is (K, U K5)-free by Lemma 75 (vi), and
so complete multipartite. Let I be an independent set in F'. We note that Eg[(A(C)N
S) U M, V(F)] is complete. So, Ng(v1) = Ng(ve) for each two vertices in I. As
we assume Ng(vi) € Ng(ve), F' is a complete graph of order x(F'). In particular,
V(F)| > fa(p—1) +1. As p >3, it follows |V (F)| > p+ 1.

Let mg € M; be arbitrary. As Eg[{ms}, V(F')] is mixed, there is a vertex v € V(F') that
is non-adjacent to msy. For the sake of a contradiction, let us suppose that m; € M, is
non-adjacent to mq. As G[V(F)U{my}| is a complete multipartite graph, we find that
E¢[{ms,v}, W] is complete for a clique W C V(F') of size p. Hence, {my, ma,v} UW
induces a Fj,. From this contradiction, we find that Eg[{ms}, M;] is complete. Thus,
Ng(v) € Ng(ms), which is a contradiction to our assumption on non-adjacent vertices.

Thus, the claim is proven. @)

Next let us focus on what is left in situation (a). In particular, let us assume we are
not in Case 2. However, as we are still in situation (a), we find C(G) # ) and Y (C) =0
for each C' € C(G).

Case 3: C(G) # () and, for each C' € C(G), there is no connected graph F with
X(F) > 2fg (p — 1) such that C extends to a O[F] in G called H whose extender is a

homogeneous set in G.
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Let C € C(G). Similarly as in Case 2, we partition A(C) U M(C)U V(C). Let U
be the extender that extends C' to a O[K)] in G. We define the two vertices ¢; and
cy as well as the sets Ay _, Ay 1, Ay _, and Ay as in Case 2. In particular, we have
UCA ; =A,_,and that ¢; and ¢, are the neighbours of A; 4 on C'. We also assume
x(G[A1-]) < x(G[Az4]), which implies as in Case 2 that x(G[A1_]) < f5(p —1).
Let us define Aj as the set of vertices which have a neighbour on C' but which are
non-adjacent to ¢; and cp. As in Case 2, we find that Eg[As U {c1, ca}, U] is complete,

and so this set is independent.

We let A4 be the set of vertices of Ng(V(C)) which are non-adjacent to ¢o and which
do not belong to A; - U A3 UV (C). We show that Eg[A4, V(C) \ {c2}] is complete.
Let a € Ay be arbitrary. As a ¢ Az, we find that a is adjacent to ¢;. As {a,c1,c} UU
does not induce a F},, we find that there is a vertex u € U that is non-adjacent to a. As
la, c1,u, g, ¢ ] does not induce a Ps, we find that a is adjacent to ¢ . As a ¢ A;_, it
follows that a is a neighbour of ¢f. Observe that ¢j € U. As [u, ¢, a,c5, c5?] does not
induce a P, it follows that a is adjacent to cj?. Consequently, Eg[{a}, V(C)\ {c2}] is

complete, which proves that Fg[A4, V(C) \ {c2}] is complete by the arbitrariness of a.
We next show that x(G[A;,- U A4]) < 2f5 (p— 1) — 1, which implies

X(GING[V(O)]) < x(G[As U{er, ea}]) + x(G[Na(e2)]) + x(GlAL- U Ay])
< Jipp o W(G) =) +2f5(p—1)

as Az U {c1, 2} is an independent set and as x(G[Ne(c2)]) < fip, 3 (w(G) — 1) by
Lemma 75 (v). Let W C A, be a clique of size w(G[A4]). As {c1,¢2,a4} UU does
not induce a F, for some a; € Ay and as ascf € E(G), we get for each ay € Ay
that Fg[{as}, U] is mixed. Let w € W be arbitrary and v € U be a non-neighbour
of w. We show next that Eg[{w}, A;_ \ {c; }] is complete. We suppose for the sake
of contradiction, that there is an a € A;_ \ {¢; } with wa ¢ E(G). Firstly in this
case au € E(Q), since [u, ¢, w, 5, a] does not induces a Ps. But now [¢] ,u,a,cy,c;]
if ac; ¢ E(G), and [a,c],w,cf, o) if ac; € E(G) induces a Ps, a contradiction.
Therefore, Eq[{w}, A1 - \{c; }] and, thus, Eg[{w}, A; _] is complete. Now |W| < p—2
or w(G[A;_]) < 1 as otherwise {a1,as,c1,¢f } UW induces a F, for two adjacent
ap,as € Ay . If W] < p—2, then

X(G[A1- U Ay]) < f{*P5,Fp}<p —1)+ f{*P5,Fp}<p —2)
<fep-D+irp.,0-1)-2)=2f5@p—-1) -2

by Lemma 74. If w(G[A;-]) <1, then
VGl UA)) < 14 [ (p—1) < 2f5(p— 1) — 1

asp>3andso fr(p—1)>3.
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We now show that the neighbours of a component G’ of G — N[V (C)] are coloured by
at most fip p 1 (w(G) — 1) +1 colours. Let b € B(C)UX(C) and a € A(C)UM(C)
be adjacent. By Lemma 75 (iv), we find a ¢ A;_ U U. Recall that for each vertex
of ay € Ay we know that Eg[{as}, U] is mixed. Thus, it follows a ¢ A, as otherwise
[b,a,cq,co,u] induces a Ps for some u € U that is non-adjacent to a. We conclude
Ne(V(G")) € A3U Ng(cz), which gives the desired result as the vertices of A3U Ng(cz)
are coloured by at most f{p, » 1(w(G) — 1)+ 1 colours.

Finally, we apply Claim 78.1 with

k= fipp_y(w(G) =) +2fp(p—1) and (:=2fp(p—1)—1

As we are not in Case 2, we obtain a k-colouring of G and, thus, the proof of Case 3

is complete. A

It remains to assume that we are not in situation (a) but in situation (b). Recall that
the latter means Y (C') = () for each odd antihole C' in G. We immediately find that G
is O[K,]-free as otherwise we would be in situation (a) as we could find a C' € C5(G)
that extends to a O[K,] in G with Y(C) = 0.

Case 4: G is O[K]-free and Y (C') = ) for each odd antihole C' in G.

Let C be an odd antihole that satisfies x(C') < ¥(p), which exists by the definition of
Y. We colour N[V (C)] by at most ¥(p) colours, and apply Claim 78.1 with

k= max{d(p), f{p, , ,(W(G) =)+ fr(p—1)}+ fp,(p—1) and £:= fp(p—1).

As every C" € C(G) does not extend to a O[K,| called H, we obtain the desired result.
Thus, the proof of Case 4 and the proof of this Lemma are complete. O

We are now in a position to prove our main result, namely Lemma 71. Let ¢/: Ny — Ny

be a function with

0 if p<1,
p {4 ifp=2,
max{10,2p + 3} - f5(p) if p>3.

Note that 9" can be thought of as an upper bound to ¥, for p € Ns.

In view of simplicity let f7, (0) = f5 (—1) = 0. We first claim that each (P, F},)-free
graph G with x(G) > max{fg (p+1),9'(p) + f5,(p — 1)} satisfies

p—1

X(G) Sw(@)+ Y (2f56) — 1)

=1
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for each p € Ny. We prove this claim by induction hypothesis on p. Let G. be a
component of G with x(G.) = x(G). Note that G. is (P, F),)-free with x(G.) >
max{ 5 (p+1),9(p) + f5(p—1)}, and so w(G,) > p+2. In view of the desired result

it suffices to show that

X6 < (G + Y200~ 1)

as x(G¢.) = x(G) and w(G,) < w(G). For p = 0 this follows from Observation 16.
For p = 1 and p = 2 this follows from Corollary 68 of Chapter 9 and Theorem 7,

respectively.

So we may assume p > 3. Thus, ¥(p) < J'(p), by Lemma 77, and Lemma 78 implies

X(Ge) < flpr, y(W(Ge) = 1) +2fp(p — 1),

Now, let G’ be a (P, F,—1)-free graph with x(G') = f{p p ,}(W(Gc) — 1) and w(G') =
w(G.) — 1. The existence of G’ follows from Lemma 74. If

p—2

(@) < w(@)+ D _(2f30) = 1),
then
X(Ge) < x(G') +2f5(p—1)

< <w<Gc> 1Y @f0) - 1>) 20— 1) Sw(C) + 32030~ 1)

Thus, it remains to suppose, for the sake of a contradiction, that

X(@) > (@) + Y203 - )

As w(G.) > p+2, it follows w(G’) > p+ 1. By induction we find

X(G') <max{fp, (p),?(p—1)+ [p(p—2)}.

We consider first the case where x(G") <9'(p — 1) + f5,(p — 2). Thus,

P(p)+ fh,(p—1) <x(Ge) < X(G)+2fp(p—1) <V (p—- D)+ R0 +2f5(p— 1)
In other words,

V(p) <V (p—-D+folp—2)+ fH(p—1)
As fp (1) = 1 by definition, f% (2) = 3 by [66], f£(3) = 5 by Theorem 15, and as
fp,(4) = 7 by the facts f5.(3) = fip p,y(3); f5,(4) = f{p g, (4) and by Lemma 74,
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it follows by putting in the numbers that p > 5. Thus, by the definition of ¥'(p), it
follows

max{9, 2p+2}-fp, (p) < max{10, 2p+3}-f5, (p) = fp,(p—2) < max{11, 2p+2}-fp, (p—1).

As fp.(p) > fp,(p—1), we find 2p+ 2 < 11, which is a contradiction to the fact p > 5.
Thus, it remains to consider the case where x(G') > ¥'(p — 1) + fp, (p — 2), and so
X(G") < fp.(p). Now, the fact that x(G.) < x(G") +2fp (p — 1) implies

10 f3 (p) <¥'(p) + fr,(p — 1) < x(Ge)
<x(@)+2fp(p—1) < fa(p) +2f5(p—1) <3 f5(p),

a contradiction. Therefore, our supposition is false, and our claim follows. In particular,

we have
x(G) < max {w(G) + Z_:(?fa (1) = 1),9'(p) + fp,(p— 1), fr,(p+ 1)} (1)

for each (P, F},)-free graph G and each p > 0.
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11 Open questions and outlook

In this concluding chapter we talk about open questions related to our research field
and give an outlook for future research. This chapter is subdivided into two sections. In
Section 11.1 we talk in some detail about a question related to the not non-decreasing
x-binding functions. In Section 11.2 we talk about some of our y-binding functions

and closely related open questions.

11.1 Non-decreasing y-binding function

Let G be a family of graphs and we are interested in the optimal y-binding function
of G. If this x-binding function is known to be non-decreasing, it is sufficient to just
research the critical graphs of G, by Lemma 1. Since we are interested in Ps-free
graphs, this raises the question, for which subfamilies of For(P5) we know that their
optimal y-binding function is non-decreasing. Or reversely stated, we are interested in
a complete characterisation of subfamilies of For(Ps) with not non-decreasing optimal
x-binding functions. To partially answer this question, let I C Nyy with 1 € [ and
H = U,c;{Hi} be a family of forbidden graphs where Hy Ciq Ps. Let us also assume
that the graph H; is not an induced subgraph of H; for ¢,j5 € I with ¢ # j. Since
otherwise f3, = f?*{\ (H,} and the graph H; has no influence on the optimal x-binding
function. In this setting we know that f3 exists, since fp, exists (cf. Theorem 12, [31]).
Also note that if H; Cj,q Py this optimal y-binding function is easy to determine, since
f{*P4}(w) = w for w € Ny [66]. So from now on we may assume H; Ziq P;. We
now collect sufficient conditions on H such that f}; is non-decreasing and state some

examples of H such that f3; is not non-decreasing.

We prove a positive result for our current aim in Lemma 44 of Section 3.3. It states
that as long as each forbidden subgraph H € H does not contain a universal vertex,
the function f3; is strictly increasing. In the same section we also show in Lemma 45
the following positive result. As long as for all H € H each connected component
of H is non-isomorphic to a complete graph, we prove that the y-binding function is

non-decreasing.

So to find a family H such that f3, is not non-decreasing, there are minimal i, i, € 1
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such that H;, € H contains a universal vertex, and one component of H; € H is
isomorphic to a complete graph. Note that the complete graph is the only graph with
a universal vertex and a component which is a complete graph. Thus, if ¢, = i., there
is an n € Ny with K,, € H. For n = 1 the family of K ,-free graphs is empty and for
n > 1 we see that f5 (1) =1, f;;(n) = 0, since there is no graph of clique size n in
this family, which implies that the function f;; is not non-decreasing. So in this case

. . .
f7; = 0 or f3; is not non-decreasing.

So from now on we may assume that i, # i.. The case i, = 1 leads to a contradiction
to our assumption that Hy Ziq Pi, since Hy Ciq Ps. So in all interesting cases we

have either 7. = 1 < 4,, or without loss of generality 1 < 7, < i..

Let us firstly note that in the latter case H; = P, since 1 < i.. So the first open

question is for which graphs H,, , H;, the function f{*P5 My, .} 18 1O% non-decreasing. In

iy

this situation there is no easy way to show that this function is non-decreasing, but it
still could be as the following example shows. Let us choose H;, = dart and H;, = 4K;.
We know f{*P& dart) = f{*g Kib by Theorem 4. It follows f{*PS’ dart AKy ) S f{*P& dart} = ff3 K1)
and f{*P5,dart,4K1} > ffSKl}, since 3Ky Cinq Ps,dart,4K;. It becomes clear that the
function f{*PS’ dart, 4K1}(E ff3 Kl}) is non-decreasing even though both necessary condi-
tions are fulfilled. Thus, the stated necessary conditions are not sufficient to grant a

not non-decreasing x-binding function.

Let us now look at the first case: In this case H; = P; U Ky, Hy = 3K, or H; = 2K,.
In the next paragraph we argue that f{*3 KiuH = f{*PSU KiluH for each graph family H.
Proving this claim shows that it suffices to consider H; € {3K7,2K5} in this case.

Since 3K Cinq P3UK,, we find ffg KiJuH < ffpgu KiluH- To prove the other direction let
G be an arbitrary (P; U Ky, H)-free graph. Thus, the complementary graph G is paw-
free. Let I be a finite set and () # V; C V(G) for each i € I such that V(G) = U, Vi,
V; induces a connected component in G, V; and Vj, are pairwise disjoint, and Eg[V;, V4]
is anticomplete, for j # k. Thus, for each i € I the graph G[V;] is complete multipartite
or Kj-free, by Olariu (cf. Theorem 20, [48]). Let I; be the maximum subset of I with
G[Vi] is Ks-free, for each i € I; and I, = I\ I;. Note that G[,.,, Vi] is Ks-free if
I # 0. Thus, G[U,c;, Vi is 3K -free if I # ). Since G[Vj] is completely multipartite
for each j € I, we obtain G[V;] is a disjoint union of complete graphs. For j € I, let
V™ be a subset of V; such that G[V;"] is a complete graph and w(G[V}"]) = w(G[V}]).
Let us define the set V'’ and the graph G’ by

Vi=JvulJVy" and & =GV
i€l jel
Then, we find w(G’) = w(G) and x(G") = x(G). If I # 0 and I, # 0, we recall that
GlUier, Vil is 3K -free, G[Ujeb V"] is a complete graph, and Eg[U,c;, Vi, Ujel2 Vil is
complete. Thus, the graph G’ is 3K;-free. Otherwise, the graph G’ is also 3K;-free.
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Therefore, G’ is 3K;-free in both cases and as G’ C;,q G especially H-free. Thus,

X(G) =x(G") < fE3K1}U’H(w(G/)> = f{*gKl}uH(W(G))a
which completes the proof.

We lastly introduce two non-trivial examples of a set H with |H| = 2 such that f}; is
not non-decreasing. Firstly let us look at the set of (2K5, (K7 U Ky) 4+ K,)-free graphs
for some large p € N5y. To use the following Theorem 79 by Brause et al. [14] let
us introduce the following definition. A graph G is a multisplit graph if its vertex set
V(G) can be divided into two vertex disjoint sets S; and Sy such that S; induces a

complete multipartite graph and S5 is an independent set in G.

Theorem 79 (Brause et al. [14]). If G is a connected (2K, (K1 UK»)+ K,,)-free graph
with w(G) > 2p for some integer p > 2, then G is a multisplit graph.

Let us shortly argue that this statement is also true for the disconnected graphs G.
In a 2K5-free graph there is at most one connected component consisting of at least
two vertices. Additionally the disjoint union of a multisplit graph and a K; is still
a multisplit graph, by the definition of a multisplit graph. Thus, each graph G €
For(2K,, (K, U Ks) + K),) with w(G) > 2p is a multisplit graph, by Theorem 79. In
the same paper they also prove that multisplit graphs are perfect. On the other hand,
let us recall Theorem 29 by Gyéarfas [31], which states that there exists an € > 0 such
that % < f{*2K2}(w), for each w € Nyg. Let p = [6'/¢ + 2], then p > 2 and ’% > 2p.
So using these two results and the definition of p we find

1+e€
p

ff2K2,(K1uK2)+Kp}(p) = ffzKﬁ(p) > > 2p = f{*QKQ,(KluK2)+Kp}(2p)‘

Thus, this optimal y-binding function is not non-decreasing. Brause et al. [14] also
research the family of (2K5, 2K, + K, )-free graphs and prove a similar result as Theo-
rem 79 for this family. One can argue analogously to our previous argumentation that

for large p € N. the function f}f2 K21+ Ky} is not non-decreasing.

Let us shortly summarize some results of this section. We prove two necessary con-
ditions on a graph family H such that f3, is not non-decreasing. Additionally, we
introduce the graph family For(Ps, dart,4K7) fulfilling both conditions whose optimal
x-binding function is still non-decreasing. In the final part we state two families with
not non-decreasing x-binding function.

11.2 Improvable y-binding functions

In this thesis we have shown a y-binding function for the graph family of (Ps, H)-free

graphs (cf. Theorem 2-8), for several graphs H. Moreover, several of these binding
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functions are exact or achieve the right order of magnitude. For example from Theo-
rem 4 and Corollary 27, which uses the landslide result by Kim (cf. Theorem 26, [42]),

we obtain

w?
fEP5,da7"t}(w> - f€3K1}(w) €6 (1Og(w)) .

Achieving the right order of magnitude is generally a great achievement and there is
further research by Pontiveros et al. [51] improving the constants of Kim. Note that
asymptotically the functions fr : Ny — Ny defined by & — R(3,k + 1) and f{*3K1}
behave the same and for k& < 9 the Ramsey number R(3,k) is known but to the
best of our knowledge fngl}(k:) is unknown for k£ > 6. Pedersen just mentions the
following concrete upper bounds on f{*:),Kl} in the concluding remarks of [49]. They
claim that using data from the Ramsey numbers, they calculate that f{*3 Kl}(4> < 7 and
fi3i3(5) < 9. Note that by Corollary 27 this implies ffy,(4) = 7 and f,(5) =9,
since R(3,5) = 14 and R(3,6) = 18. Which raises the question, whether or not the

lower bound in Corollary 27 is always achieved with equality.

Question 1. For w € Ny,

{R(B,w—;l) - 1} — Fe (@),

Assuming this question to be answered positively, calculating for w € Nyg values of
f{3x,y (w) reduces to the problem of calculating R(3,w+1). Proving Ramsey numbers is
a widely considered computational problem which sharply increases in difficulty when
increasing the input. Recall that the Ramsey Number R(3, k) is known for k£ € [9].

Thus, proving the question grants multiple new values of the function f{*g K1}

We also prove ffp& fo K} I Theorem 4. As opposed to fngl} the asymp-

banner} —
totically behaviour of f{*:m} is unknown and the best known general bound is still by
Wagon (cf. Theorem 30, [67]). By using the result of Gasper and Huang (cf. Theo-
rem 31, [29]) we improve the bound by Wagon by a linear factor in Corollary 32. Note
that the asymptotic behaviour is not improved by this proof. This raises the open
question for the asymptotic behaviour of f{*2 Ko} This seems to be a difficult problem,

since there has been no significant improvement on the bound by Wagon from 1980.

In multiple cases we reduce the problem of finding a y-binding function for the graph
family G to the problem of finding a y-binding function for a real subfamily G’. Like
we argue previously to calculate ff3 K1} OF f{*2 K} is a challenging problem. Naturally
there are still open cases to solve and one question which arises from this thesis regards

the function f{*P5 kite} In Chapter 8 we show

* * 2
\‘EJ S f{P5,k’it€}(w) = f{2K2,K1UK3,K1U05}<w) S 2w . 2 lf w Z 5’
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for w € Nyg. Our guess is also that the lower bound is sharp, but it seems to be a
challenging problem to even show fz, ,;..(5) = [3-5/2] = 7. Therefore, we formulate

it as an open question.

Question 2. For w € Ny,

3
o) = | 2.

We prove the optimal y-binding function for (Ps, Fy)-free graphs (cf. Chapter 9). We
also put quite some effort in proving a small x-binding function for (P;, F,)-free graphs
and p € Noy (cf. Chapter 10). In the proof of Lemma 78 there are multiple cases in
which fip 1 (w(G)=1)+2f5 (p—1) colours are needed. Thus, to improve the bound
multiple new colourings are needed. Still, it is a interesting question to ask whether or

not these y-binding functions can be improved.

These are just a few questions which arise while working in this mathematical field.
Clearly just looking at the results of this research field collected in Chapter 2 creates a
lot of interesting open questions especially in regards to optimal y-binding functions.

However, the stated questions are the ones which are closest related to this thesis.
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