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This work deals with highly flexible laminated shell structures. The main focus is to pro-

vide an advanced model for the accurate prediction of the interlaminar three-dimensional (3D)

stress state of shells subjected to large displacements/rotations, buckling and snap-through

phenomena. In this context, a two-dimensional (2D) shell finite element based on the Car-

rera Unified Formulation (CUF) is formulated in an orthogonal curvilinear reference system.

Thanks to CUF, the governing equations are expressed in terms of fundamental nuclei, which

are invariant of the shell theory approximation order. Thus, classical theories of structures

to layerwise approaches can be implemented with ease and in a unified manner. The full

Green-Lagrange strain tensor is employed because far nonlinear regimes are investigated. Fur-

thermore, the geometrical nonlinear equations are written in a total Lagrangian framework

and solved with an opportune Newton-Raphson method along with a path-following approach

based on the arc-length constraint. The results demonstrate that classical theories may bring to

wrong and unconservative stress predictions, especially in nonlinear equilibrium states, where

the use of advanced and layerwise approaches shall be recommended.

Nomenclature

b = differential operator

C̃ = matrix of material elastic coefficients

�g , �B = thickness functions

K( = secant stiffness matrix
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K) = tangent stiffness matrix

#8 , # 9 = shape functions

p = loading vector

q = nodal unknowns

'U, 'V = radii of curvature

S = second Piola-Kirchhoff stress vector

u = displacement vector

X = virtual variation

& = Green-Lagrange strain vector

Subscripts

ext = external

int = internal

l = linear

nl = nonlinear

I. Introduction
Thin-walled structures are increasingly employed in a large number of engineering applications, such as aerospace,

marine, civil and automotive, among others. In particular, shells consist in curved lightweight constructions, and they

turn out to be very popular in structural engineering mainly for their characteristic of supporting external loads with

high efficiency. Their outstanding mechanical properties are due to the curvature, which generates coupling between the

membrane and the flexural behaviour, in both single and doubly curved geometries. Furthermore, shell models are

capable of undergoing large displacements and rotations when external loadings conditions become extreme. For the

same reason, the assumptions of linear geometrical relations hold for a narrow range of applications. Indeed, thin shells

exhibit large rotations even for moderate loadings and, therefore, geometrical nonlinear relations must be generally

considered [1].

The literature about theories of shells constructions is vast [2–5]. This topic was developed in many research works

to obtain efficient shell formulations to perform static and dynamic analyses. Lately, considerable importance was

focused on the development of accurate theories to implement the effects of shear deformation and normal transverse

stress in composite shells. The classical formulations are represented in literature from the studies by Poisson [6], Love

[7], Mindlin [8], Kirchhoff [9], Reissner [10] and Cauchy [11]. Commercial codes adopt these classical theories in

their two-dimensional (2D) elements. Recently, different higher-order 2D formulations were implemented to overcome

the assumptions made in classical studies. These improvements become fundamental when composite structures are
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analyzed, and whenever the through-the-thickness stresses need to be evaluated with a reliable accuracy.

As reported by Kapania [12], shell structures made of composite material are having a crucial use in different branches

of engineering, in particular in aerospace. Composite materials provide an attractive possibility to more traditional

construction types thanks to its resistance to corrosion, high strength-to-weight ratio, ease of formability, excellent

fatigue strength, and tailoring ability. However, the study of the behaviour of laminated models is not a simple task

because of the anisotropy nature of the material, and it turns to be a challenging issue for scientists and researchers. A

large number of higher-order shell theories were developed in history, and many of those are presented here. Reddy [13]

provided a refined through-the-thickness kinematic, including a higher-order shear deformation to study composite

shell structures. The same author reported the mechanics of laminated plate and shell structures in [14]. A refined

shear-deformation model based on finite-rotations formulation with seven independent displacement variables to

study arbitrary multilayered composite shells was implemented by Başar et al. [15]. Mashat et al. [16] provided an

assessment of the relevance of displacement variables in refined theories for isotropic and multilayered shells using an

axiomatic/asymptotic technique. A refined approach for analyzing the effect of shear deformation in thick laminated

anisotropic shell structures was described by Jing and Tzeng [17]. Shu [18] performed different refined analyses

to derive a refined formulation accounting for a higher-order transverse shear deformation to study composite shell

structures. The refined theories of shell models were unified by Carrera in his early works, e.g., [19]. Cinefra and

Carrera [20] provided several linear static analyses of composite structures adopting a finite shell model with different

through-the-thickness kinematics. Petrolo and Carrera [21] developed a useful review of methods and guidelines for the

selection of shell models. Other significant works on refined shell theories can be found in [22, 23].

In general, there are two main categories of theories for the study of the multilayered shells that differ from the through-

the-thickness variables expansion: the Equivalent Single Layer (ESL) [24–26] and the Layerwise (LW) approaches

[27, 28]. ESL formulations can be further divided into classical shell theories and high-order theories. According to the

ESL approach, the variables of the theory do not depend on the number of layers and are considered over the entire

thickness. Although this formulation simplifies the modelling and formulation procedure, they are only adequate for

evaluating the global responses of thin laminated shells. Moreover, they lack the ability to accurately calculate the

three-dimensional (3D) stress field, and to ensure the continuity of strain components between adjacent layers. On the

other hand, in LW formulations, each layer is formulated independently from each other, and the interlaminar continuity

is guaranteed. Compared to the former approach, the LW theory presents the drawback of a higher computational effort.

A few examples of the adoption of these theories are reported hereafter, for completeness purpose. Reddy [29] reported

an analysis of both theories for the investigation of composite laminates. An implementation of the LW mixed theory

for laminated plates analysis was carried out by Carrera [30]. Li et al. [31] used the same approach combined with

solid Finite Elements (FEs) for modelling the composite stiffened shell structure and the compatibility condition to

satisfy the continuity of displacements at the interface. A LW method in the isogeometric scheme to study the 3D stress
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distributions in composite structures was described by Guo et al. [32]. A review of LW theories for composite laminates

was provided by Liew et al. [33]. A variable kinematics composite shell element was presented by Carrera et al. [34].

Zappino et al. [35] performed several analyses on laminated plates adopting Node-Dependent Kinematic (NDK) FEs

employing both theories in a global-local sense. From the literature review, it can be understood that LW models are

more accurate than ESL models in many cases. At the same time, LW theories are more expensive than ESL in terms of

computational cost.

As reported by Liew et al. [33], laminated composite models show very complex behaviour if subjected to extreme

external loads, which induce large rotations. In most of the studies, the solution is obtained through approximated

computational methods [36, 37]. A large variety of studies has been performed on the nonlinear static and dynamic

analysis of laminated shells. As an example, Han et al. [38] presented a 2D model with a shear distribution of

a first-order type to perform geometrical nonlinear analyses of composite shell structures with large displacement

field, but with the limit of validity only in the case of small strains. Amabili and Reddy [39] formulated a theory of

first-order thickness stretching with higher-order shear strain using 6 independent parameters. All nonlinear terms are

considered in the middle plane, while those relating to rotations and deformations are neglected. Amabili and Reddy

[40] adopted a third-order thickness and shear deformation theory to perform both nonlinear static and dynamic analyses

of doubly-curve composite shell structures. A new third-order thickness and shear deformation theory, including

nonlinearities in rotation, by using 8 parameters was developed by Amabili [41]. This proposed theory, also considering

geometric imperfections, was used to investigate laminated shells’ static and dynamic behaviors. Rivera et al. [42]

implemented a new 12 independent parameters shell FE using third-order thickness stretch kinematics to analyze large

deflection of laminated shell structures. A detailed description of the nonlinear shell theories and more recent advances

on these composite structures and their nonlinear vibrations was presented by Amabili [43]. The same auhor [44]

discussed both the theoretical and experimental peculiarities of nonlinear vibrations and the stability of shells and

plates. Boutagouga and Djeghaba [45] proposed an investigation on the proper FE to use in linear and nonlinear static

and dynamic analyses. Moreover, the effects of the thickness on the geometrical nonlinear response of shells was

investigated by Chaudhuri and Hsia [46] and by Chaudhuri and Kim [47, 48]. Kim and Chaudhuri [49] presented a

fully nolinear FE analysis for postbuckling response of moderately thick imperfect rings under external pressure. The

same authors show as the additional terms also retained in the present nonlinear theory, but ignored by the von Kármán

theory, play crucial roles, especially in the advanced nonlinear regime. A 3D shell element for nonlinear analyses of

composites shell models was provided by Klinkel et al. [50]. A geometrical nonlinear shear deformation formulation for

the laminated shell was presented by Dennis and Palazotto [51]. Sze et al. [52] suggested different nonlinear benchmark

problems of shells. Librescu [53] proposed a nonlinear theory for anisotropic laminates shells.

The goal of this work is to accurately evaluate the 3D stress distributions of composite shells in the large

displacement/rotation field. The proposed model has its foundations on the Carrera Unified Formulation (CUF). The
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literature on the evaluation of the complete 3D stress field of laminated composite shells is limited. For this reason, this

paper has the goal to present stress benchmarks for future comparisons. As previously reported, the nonlinear analysis

proposed in the present manuscript is conducted in the domain of CUF. In CUF, any degree of refinement of a model

can be obtained, since the order of the adopted theory is treated as an input of the analysis. CUF was used for the first

time by Carrera [54]. It was adopted to obtain a class of 2D theories through a compact formulation, and it was then

extended to multilayered, composite plates and shell [19], and later for beam modelling [55]. Basically, the nonlinear

governing equations and the related FE arrays of any model is formulated by means of fundamental nuclei (FN). By an

opportune expansion of the FNs, any order of theory can be achieved. The expansions functions and their order over the

thickness direction can be an arbitrary choice. In the present research, both ESL models using Taylor expansions (TE)

and LW models adopting the Lagrange expansion (LE) are employed. Furthermore, note that the nonlinear procedure

adopted is an extension of the works of Pagani and Carrera [56] and Wu et al. [57].

This paper is structured as follows: (i) firstly, preliminary information about the 2D CUF model is illustrated in Section

II, including the Green-Lagrange nonlinear geometrical relations and a brief description of the two modelling approaches

used; (ii) then, in Section III the method used to perform geometrical nonlinear analyses is described; Finally, in Section

IV the numerical results considering the proposed CUF shell model are presented, and the conclusions are reported in

Section V.

II. Unified finite shell element

A. Preliminaries

A shell is a 2D structural element which thickness is negligible compared to the other dimensions. Let us suppose a

curvilinear reference system as depicted in Fig. 1, where U and V are the coordinates of the shell surface and, as a

consequence, I lays along the thickness ℎ direction.

Considering a multilayered shell structure in an orthogonal coordinate system, the square of an infinitesimal linear

segment in the layer 3B2
:
, the associate in-plane area 3Ω: and volume 3+ can be expressed as:

3B2
:
= �:2

U 3U
2
:
+ �:2

V
3V2

:
+ �:2

I 3I
2
:

3Ω: = �
:
U�

:
V
3U:3V:

3+ = �:
U�

:
V
�:

I 3U:3V:3I:

(1)
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Fig. 1 Geometry and reference system of a generic laminated doubly-curved shell.

where and �:
U, �:

V
and �:

I are:

�:
U = �

: (1 + I:/':
U), �:

V = �
: (1 + I:/':

V), �:
I = 1 (2)

In Eq. (2) : indicates the :-layer of the laminated shell, R:
U and R:

V
represent the radii of the middle surface of the layer

: , �: and �: are the coefficients related to Ω: . This paper considers only shells with constant curvatures, therefore

�:= �:= 1. The complete description of the shell formulation is not the purpose of this article, and more details can be

found in [14, 57, 58]. Also, note that geodesic curvature, which is important for modelling boundaries of doubly curved

panels and singly curved ones with cut-outs [59], is not considered in this work.

As far as the strain and stress definitions are concerned, the present study makes use of a total Lagrangian approach ([60]).

The advantage of using this formulation is that strains are formulated with respect to the the undeformed configuration.

In this domain, the Green-Lagrange strains & , and the Second Piola-Kirchhoff (PK2) stresses Y are considered. The

strain and stress components for each layer : can be written, with respect of the curvilinear system, in vectorial form as

follows:

& : = {n :UU, n
:
VV
, n :II , n

:
UI , n

:
VI
, n :

UV
})

Y: = {(:UU, (
:
VV
, (:II , (

:
UI , (

:
VI
, (:

UV
})

(3)

The strain vector & : is obtained via the displacement-strain relations:

& : = & :; + &
:
=; = (b; + b=;)u

: (4)
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where b; and b=; represent the linear and nonlinear differential operators. These differential operators in the case of 2D

models are reported in [61]. The stresses are computed from the constitutive equations as follows:

Y: = Ĩ:& : (5)

where Ĩ is the material elastic matrix ([62, 63]).

B. Carrera Unified Formulation (CUF)

In the literature, classical shell models provide reliable results for 2D homogeneous structures with thin thickness.

In contrast, when dealing with multilayered structures with thick thickness, more sophisticated formulations are needed

to obtain accurate results. In CUF domain, the refinement of the adopted theory is considered as an input of the analysis,

so low- to higher-order models can be built with ease and in a unified manner (i.e. no ad-hoc formulation are needed

to obtain any model). Basically, the 3D displacement field u(U,V,I) of a generic shell structure can be written as an

arbitrary through-the-thickness (along I) expansion of the in-plane (U and V) variables.

u: (U, V, I) = �:
g (I)u:

g (U, V) g = 0, 1, ...N (6)

where ug (U, V) indicates the generalized in-plane displacement vector, �g represents the through-the-thickness expansion

functions along coordinate I, g is the dummy index over which summation is carried out, : indicates the layer index

in laminated shells and N is the order of expansion. Readers are referred to [64] for further information about the

derivation of the shell FE formulations within CUF domain.

C. Modelling approaches

As previously reported, laminated composite structures lead to important challenges in the design process.

Nevertheless, these particular structures exhibit complex behaviour when subjected to external loads. Then, it is essential

to evaluate the stress and strain distributions correctly in composite structures. In the literature, ESL and LW theories

are typically adopted when dealing with composite materials. The selection of the modelling approaches is independent

of the polynomials adopted. Considering the ESL approach, the stiffness matrix is evaluated with the homogenization

technique of the properties of each layer by summing the contributions of each layer. Moreover, it allows obtaining a

model that considers a set of variables independent of the number of layers. The �g of the ESL technique are reported

in the following:

�0 = I
0 = 1, �1 = I

1 = I, �# = I# (7)

7



where # denotes the number of terms of the through-the-thickness expansion. ESL theories exhibit accurate results of

the global response (fundamental vibration frequency, transverse deflection), but they are often inaccurate for the 3D

stress distributions evaluation. For illustrative purposes, Fig. 2a shows the general behaviour of the primary variables in

the thickness direction of the shell.

ESL LW(a) (b)

Layer 1

Layer 2

Layer 3

Layer 1

Layer 2

Layer 3

N=1 N=2 N=3 LD1 LD2

Fig. 2 ESL (a) and LW (b) behaviour of the primary variables along the thickness of the shell.

On the contrary to the ESL approach, LW theories divide and expand the displacement field within each material layer.

The continuity of displacements is guaranteed at the interface level, to have an accurate evaluation of the deformation

and stress distributions. By doing so, the homogenization is carried out at the interface layer. By adopting LE in LW

models, the displacements on each interpolation are assumed as unknowns, and displacements at each interface obey

the compatibility conditions, as shown in Fig. 2b, where the adopted shell formulations are denoted by the acronym

LD# , which represent the LE of order # . In particular, the two-node linear (LD1), three-node quadratic (LD2), and the

four-node cubic (LD3) Lagrange expansion functions are assumed in the thickness direction in order to generate linear

to higher-order kinematics CUF shell models. Independently of the selected shell model kinematics, the finite element

method is adopted to discretize the in-plane generalized displacement vector, as follows:

u:
g (U, V) = #8 (U, V)q:g8 8 = 1, 2, ..., =4; (8)

where #8 (U, V) are the shape functions, qg8 represents the unknown nodal variables, =4; is the number of nodes per

element and the i indicates summation. In the following analyses, the classical 2D nine-node quadratic (Q9) FE will be

considered as the shape function. For the sake of completeness, Fig. 3 shows the approximations for a typical shell

structure, with the difference between an ESL and LW approach.
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Fig. 3 FE distretization and ESL/LW approaches in the modelling of shells.

III. Nonlinear governing equations and related FE approximation
When large displacements and rotation occur within the structure, nonlinear analyses are necessary. For the

formulation of the nonlinear FE equations, the principle of virtual work is used. Hence:

X!8=C = X!4GC (9)

where X!8=C and X!4GC are the virtual variation of the strain energy and the virtual variation of the work of external

loadings, respectively. After some mathematical steps, which are not reported here, but that can be found in [56], the

nonlinear equilibrium conditions and the related finite element arrays of the generic shell model are formulated as

follows:

Q8 9 gB

(
qg8 − pB 9 = 0 (10)

which is a set of three nonlinear algebraic equations, where Q8 9 gB

(
is the secant stiffness matrix and pB 9 represents the

nodal loading vector. Note that Q8 9 gB

(
is expressed by means of fundamental nuclei, which are 3 × 3 matrices that can be

expanded by using the indexes 8, 9 , g and B. The complete form of Q8 9 gB

(
and pB 9 is omitted here, see [56, 65] for its

derivation.

For the resolution of the nonlinear system, an iterative method is needed. In this work, an incremental linearized scheme,

the Newton-Raphson method [66–68] along with a path-following approach based on the arc-length constraint, is adopted

to compute the geometrical nonlinear systems. Consequently, the so-called tangent stiffness matrix K) =
d(K(q − p)

dq
is introduced. The explicit form of K) is not given here, but it is derived in a unified form in [56]. The complete

formulation and related mathematical passages are not the scopes of this article and the reader is referred to [69] for a

9



complete description. In the present work, the main attention is directed to the evaluation of the 3D stress distributions

in the thickness direction and to provide stress benchmark problems for geometric nonlinear analysis of shells. Different

shell structures, constraints and loadings are considered.

IV. Numerical results
This section discusses representative benchmark problems, and particular emphasis is given to the capabilities of

the proposed geometrical nonlinear approach to deal with 3D stress fields. Laminated composite shell structures are

analyzed. Both ESL and LW approaches are adopted and compared in a total Lagrangian scenario. In order to perform

several analyses to investigate the stress accuracy, different 2D CUF shell models are employed in the static analyses.

In particular, LD1, LD2, LD3 and TE functions are used in the numerical investigations. First, convergence analyses

are shown and, then, on the converged model, PK2 stresses are evaluated. The considered cases are inspired by Sze’s

well-known paper [52].

A. Pinched composite cylindrical shell

A clamped composite cylindrical shell subjected to a pinching force is considered as first analysis case. The vertical

displacement and the rotation around the V-axis are constrained along its longitudinal edges. The laminated cylindrical

shell model, considering stacking sequences [90◦, 0◦, 90◦] and [45◦, 0◦,−45◦], is reported in Fig. 4. The investigated

Fig. 4 Pinched cylindrical shell subjected to an end pinching force.

model has the following characteristics: != 3.048 m, 'U= 1.016 m, and ℎ=0.03 m. The material has an elastic modulus

�!= 2068.5×104 N/m2, �) = 517.125×104 N/m2, �!) = 795.6×104 N/m2 and Poisson’s ratio a!) =a)) = 0.3. The

subscripts ! and ) indicate the longitudinal and transverse (fiber) direction, respectively. This static analysis case was

presented by Wu et al. [57] and by Sze et al. [52]. Nevertheless, no through-the-thickness stress benchmarks were yet

described. In this article, a stress benchmark for the pinched composite cylindrical shell is provided as an addition to the

literature.

First, in order to perform an accurate static analysis, a convergence study on the in-plane finite element mesh is carried

out. Figure 5 shows the transverse deflection at the load point for different 2D shell models, and from 256Q9 to

10



1024Q9 FEs are adopted for the surface approximation, whereas one LD2 is used in each layer in the thickness direction.

Moreover, Table 1 shows the transverse displacement values for different models and loads, along with the total degrees

0

500

1000

1500

2000

0 0.5 1 1.5 2

P
, 
N

-uz, m

(a) (b)

0

500

1000

1500

2000

0 0.5 1 1.5 2

P
, 
N

-uz,m

16x16Q9+3LD2 90/0/90
32x32Q9+3LD2 90/0/90

Sze et al. 90/0/90

16x16Q9+3LD2 45/0/-45
        32x32Q9+3LD2 45/0/-45
2D Abaqus 32x32 S8R 45/0/-45

Fig. 5 Convergence analysis of nonlinear response curves for the pinched cylindrical shell at the load
point. Comparison of different in-plane mesh approximations. Lamination sequence: (a) [45◦, 0◦,−45◦],
(b) [90◦, 0◦, 90◦].

of freedom (DOFs). As evident from Fig. 5 and Table 1, the 32×32Q9 mesh is a reliable approximation for the

Table 1 Equilibrium points of nonlinear response curves of the pinched cylindrical shell for different in-plane
mesh approximations and loads at U= 1.596 m, V= 3.048 m and I= 0.015 m.

Model DOFs
-DI [m]

[45◦, 0◦,−45◦] [90◦, 0◦, 90◦]

500 N 1000 N 500 N 1000 N

16 x 16Q9 + 3LD2 22869 1.086 1.481 0.684 1.273
32 x 32Q9 + 3LD2 88725 1.267 1.632 0.807 1.394
Sze 4C 0;. [52] - - - 0.798 1.393

in-plane description. Then, to perform an accurate stress prediction, different expansion functions in the thickness

direction are compared. Both LE and TE functions are considered in this analysis. Figure 6 shows the 3D stress

distributions, including the circumferential normal stress (UU and the transverse shear stress (VI components, for

different through-the-thickness kinematic approximations. The corresponding stress values are reported in Table 2

for different 2D shell theories and loads. Clearly, the LW model kinematics should be exploited to accurately predict

the stress values, using at least the 3LD3 theory. The results suggest that the ESL model is sufficient to evaluate the

circumferential normal stress, whereas it is inadequate to accurately predict the transverse shear stress component.

Moreover, about the transverse shear distribution, TE3 and TE4 show a similar distrubution compared to the most
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Fig. 6 Convergence analysis of thepinched cylindrical shell under apoint load, %=1000N, for stresses evaluation
at U= 1.596 m and V= 1.524 m. Comparison of various orders of both Lagrange expansion functions in the
thickness direction and Taylor expansions. 32×32Q9 in-plane mesh model. Lamination sequence [90◦, 0◦, 90◦].

Table 2 Circumferential normal stress and transverse shear stress values of nonlinear response curves of the
pinched cylindrical shell (with 32×32Q9 in-plane mesh) for different theories and loads at U= 1.596 m and V=
1.524 m and I= 0.015 m (UU and I= 0 m for (VI .

Theory DOFs
[90◦, 0◦,−90◦]

(UU [Pa×105] (VI [Pa×103]

500 N 1000 N 500 N 1000 N

TE1 25350 -1.280 -8.356 -1.151 -22.658
TE2 38025 -1.291 -8.375 -1.110 -17.291
TE3 50700 -1.272 -8.298 -1.573 -12.760
TE4 63375 -1.282 -8.344 -1.657 -19.973
3LD1 50700 -1.309 -8.519 -1.622 -23.399
3LD2 88725 -1.289 -8.350 -1.600 -23.185
3LD3 126750 -1.289 -8.350 -1.776 -18.001
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accurate LD3. This aspect underlines the needs to take into account the cubic terms of the thickness expansion for

an accurate evaluation of the this through-the-thickness stress component. Figures 7 and 8 depict the circumferential

normal and transverse shear PK2 stresses in the thickness direction for different loads and for the two laminations using

both ESL and LW approaches to highlight the different capabilities. The linear interpolation (FSDT-like) provided
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Fig. 7 Through-the-thickness distribution of stresses for different loads at U= 1.596m and V= 1.524m. Pinched
cylindrical shell with 32×32Q9 model. Lamination sequence [90◦, 0◦, 90◦].

by the ESL model is, clearly, not enough to catch the transverse shear stress distribution of the laminated pinched

cylindrical shell, as shown in Figs. 7d and 8d.
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Fig. 8 Through-the-thickness distribution of stresses for different loads at U= 1.596m and V= 1.524m. Pinched
cylindrical shell with 32×32Q9 model. Lamination sequence [45◦, 0◦,−45◦].

14



B. Hinged composite cylindrical shell

As a second assessment, a hinged composite cylindrical shell under a central transverse force % is considered, as

illustrated in Fig. 9. This is a well-known nonlinear benchmark and especially popular for the snapping behaviour. The

Fig. 9 Hinged cylindrical shell under a central transverse force.

present model has the following geometrical characteristics, != 508 mm, 'U= 2540 mm, \= 0.1 rad. The material

properties of the laminated hinged cylindrical shell involves �!= 3300 MPa, �) = 1100 MPa, �!) = 660 MPa, �)) =

660 MPa and a!) =a)) = 0.25. The lamination sequence considered are [0◦, 90◦, 0◦], [90◦, 0◦, 90◦] and [45◦, 0◦,−45◦],

and the thickness equals 12.7 mm.

First, in order to perform an accurate static analysis, a convergence study on the in-plane 2D shell model is carried

out. Then, a stress evaluation is performed for different expansion orders. Figure 10 plots the transverse deflection

for different in-plane FE mesh, and the elements from 25Q9 to 225Q9 are used for the surface discretization, whereas

only one LD2 is adopted in each layer in the thickness direction. The nonlinear response curves are divided into the

regions A, B and C, as reported in Fig. 10c. In addition, transverse displacements values for the three laminations

for different in-plane mesh and loads are illustrated in Table 3, along with the number of DOFs. Consequently, the

Table 3 Equilibrium points of nonlinear response curves of the hinged composite cylindrical shell for different
in-plane mesh approximations and loads at U= 254.0 mm, V= 254.0 mm and I= 6.35 mm.

Model DOFs
-DI [mm]

[0◦, 90◦, 0◦] [90◦, 0◦, 90◦] [45◦, 0◦,−45◦]

500 N (A) 500 N (B) 500 N (C) 2000 N 500 N 2000 N 500 N (A) 500 N (B) 500 N (C) 2000 N

5 x 5Q9 + 3LD2 2541 2.521 14.629 24.601 29.821 2.125 27.069 2.620 18.074 22.097 29.296
10 x 10Q9 + 3LD2 9261 2.701 15.698 25.092 30.492 2.062 27.701 2.879 17.296 22.691 30.220
15 x 15Q9 + 3LD2 20181 2.702 15.700 25.092 30.495 2.066 27.709 2.883 17.307 22.706 30.221
Sze 4C 0;. [52] - 2.697 15.727 25.124 30.506 2.061 27.722 - - - -

10×10Q9 mesh will be taken as converged discretization and, therefore, it is used for the following stress evaluation.
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Fig. 10 Convergence analysis of nonlinear response curves for the hinged cylindrical shell subjected to the
transverse load. Comparison of different in-plane mesh numbers. Laminations sequence: (a) [45◦, 0◦,−45◦],
(b) [90◦, 0◦, 90◦], (c) [0◦, 90◦, 0◦].
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Then, to perform an accurate stress prediction, both ESL and LW models are adopted and compared using different

expansion functions in the thickness direction. Figure 11 shows the comparison for different kinematic theories for the

stress assessment. The corresponding stress values are reported in Table 4 for different shell theories. Clearly, the LW
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Fig. 11 Convergence analysis of the hinged cylindrical shell under apoint load, %=2000N, for stresses evaluation
at U= 254.0 mm and V= 127.0 mm. Comparison of various orders of both Lagrange expansion functions in the
thickness direction and Taylor expansions. 10×10Q9 in-plane mesh model. Lamination sequence [0◦, 90◦, 0◦].

Table 4 Circumferential normal stress and transverse shear stress values of nonlinear response curves of the
hinged cylindrical shell (with 10×10 Q9 in-plane mesh) for different theories and loads at U= 254.0 mm, V= 127.0
mm and I= 6.35 mm for (UU and I= 0 mm for (VI .

Theory DOFs
[0◦, 90◦, 0◦] [90◦, 0◦, 90◦] [45◦, 0◦,−45◦]

(UU [MPa] (VI [MPa×10−2] (UU [MPa] (VI [MPa×10−2] (UU [MPa] (VI [MPa×10−2]

2000 N 2000 N 2000 N 2000 N 1500 N 1500 N

TE1 2646 -7.563 -5.299 -21.264 -2.135 -11.840 -3.360
TE2 3969 -7.533 -5.802 -21.301 -2.530 -11.817 -3.607
TE3 5292 -7.510 -9.518 -21.214 -4.211 -11.796 -5.919
TE4 6615 -7.480 -9.069 -21.215 -4.231 -11.172 -6.260
4LD1 6615 -7.749 -9.899 -21.470 -3.861 -12.072 -5.932
3LD2 9261 -7.545 -9.635 -21.218 -3.998 -11.857 -5.943
4LD3 17199 -7.05 -9.192 -21.220 -4.157 -11.792 -5.949

model should be exploited to accurately predict the stress values. Results suggest that the ESL model with a low-order

model is sufficient to evaluate the circumferential normal stress, whereas it is inaccurate to predict the transverse shear

stress component. Figures 12, 13 and 14 depict the circumferential normal and transverse shear stresses in the thickness
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direction for different loads for the three laminations. As previously reported, the stresses obtained using both ESL and
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Fig. 12 Through-the-thickness distribution of stresses for different loads at U= 254.0 mm and V= 127.0 mm of
the hinged cylindrical shell with 10×10Q9 model. Lamination sequence [0◦, 90◦, 0◦].

LW models with 4LD3 are plotted to show the different capabilities of the two approaches. According to Fig. 12d, ESL

models are not able to accurately evaluate the transverse shear stresses.

In addition, another stress analysis is performed considering the hinged cylindrical shell with stacking sequence

[90◦, 0◦, 90◦] subjected to a line force in U= 254.0 mm, I= 6.35 mm. Figure 15 plots the equilibrium curve of the

hinged cylindrical shell subjected to the line force. Furthermore, Fig. 16 illustrates the circumferential normal and

transverse shear stresses in the thickness direction for the line load conditions.
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Fig. 13 Through-the-thickness distribution of stresses for different loads at U= 254.0 mm and V= 127.0 mm of
the hinged cylindrical shell with 10×10Q9 model. Lamination sequence [90◦, 0◦, 90◦].

19



-15

-10

-5

 0

 5

 10

 15

-0.5 -0.25  0  0.25  0.5

S
αα

, M
P

a 

z/h

P= 550 N, Present
P= 550 N, FSDT-like
P= 1500 N, Present

P= 1500 N, FSDT-like

(a)

-20

-15

-10

-5

 0

 5

 10

 15

 20

 25

-0.5 -0.25  0  0.25  0.5

S
ββ

 x
 1

0,
 M

P
a

z/h

P= 550 N, Present
P= 550 N, FSDT-like
P= 1500 N, Present

P= 1500 N, FSDT-like

(b)

-18

-16

-14

-12

-10

-8

-6

-4

-2

-0.5 -0.25  0  0.25  0.5

S
αz

 x
 1

02 , M
P

a

z/h

P= 550 N, Present
P= 550 N, FSDT-like
P= 1500 N, Present

P= 1500 N, FSDT-like

(c)

-6

-5

-4

-3

-2

-1

 0

 1

 2

 3

 4

-0.5 -0.25  0  0.25  0.5

S
βz

 x
 1

02 , M
P

a

z/h

P= 550 N, Present
P= 550 N, FSDT-like
P= 1500 N, Present

P= 1500 N, FSDT-like

(d)

Fig. 14 Through-the-thickness distribution of stresses for different loads at U= 254.0 mm and V= 127.0 mm of
the hinged cylindrical shell with 10×10Q9 model. Lamination sequence: [45◦, 0◦,−45◦].
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Fig. 15 Equilibrium curve of the hinged cylindrical shell subjected to the line force. Lamination sequence:
[90◦, 0◦, 90◦].

V. Conclusions
An advanced shell Finite Element (FE) for the geometrical nonlinear analysis of laminated structures has been

discussed in this work. To account for classical to high-order kinematics, we have used the Carrera Unified Formulation

(CUF) to express the FE arrays in a form that is independent of the structural theory order itself. No approximations

have been made on the shell geometry and on the strain measure. In fact, the full Green-Lagrange strain tensor is used in

a total Lagrangian description to obtain and discuss the through-the-thickness distribution of the Second Piola-Kirchhoff

(PK2) stresses for different shell models, which represents the main objective of the work.

The results suggest that:

• The Equivalent Single Layer (ESL), as well as the Layerwise (LW) shell elements proposed, is able to accurately

describe the nonlinear equilibrium curves of laminated composite structures in the case of moderate and large

displacements. The results are in agreement with those from the literature;

• The proposed CUF-based LW models can predict interlaminar stress distributions in both linear and nonlinear

equilibrium states with unprecedented accuracy. The results provided represent a benchmark for future studies;

• Classical theories, such as the first-order approximation, may bring to wrong and, eventually, unconservative stress

distributions, especially in the nonlinear field. On the other hand, higher-order approximations, e.g., TE3 or TE4,

may give good results in some circumstances.

Future works will investigate the extension to physical nonlinearities and advanced applications, such as structural

failures involving postbuckling, shear crippling/kink band, and compression fracture.
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Fig. 16 Through-the-thickness distribution of stresses for different loads at U= 127.0 mm and V= 245.0 mm.
Hinged cylindrical shell with 10×10Q9 model under a line load. Lamination sequence: [90◦, 0◦, 90◦].
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