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2Istituto Nazionale di Ottica (INO) del Consiglio Nazionale delle Ricerche (CNR), Sezione di Sesto Fiorentino, Via Nello Carrara,

1-50019 Sesto Fiorentino, Italy
(Received 7 February 2014; published 4 June 2014)

We study a quasi-one-dimensional attractive Bose gas confined in an optical lattice with a superimposed
harmonic potential by analyzing the one-dimensional Bose-Hubbard Hamiltonian of the system. Starting from
the three-dimensional many-body quantum Hamiltonian, we derive strong inequalities involving the transverse
degrees of freedom under which the one-dimensional Bose-Hubbard Hamiltonian can be safely used. To have
a reliable description of the one-dimensional ground state, which we call a quantum bright soliton, we use the
density-matrix-renormalization-group (DMRG) technique. By comparing DMRG results with mean-field (MF)
ones, we find that beyond-mean-field effects become relevant by increasing the attraction between bosons or by
decreasing the frequency of the harmonic confinement. In particular, we find that, contrary to the MF predictions
based on the discrete nonlinear Schrödinger equation, average density profiles of quantum bright solitons are not
shape-invariant. We also use the time-evolving-block-decimation method to investigate the dynamical properties
of bright solitons when the frequency of the harmonic potential is suddenly increased. This quantum quench
induces a breathing mode whose period crucially depends on the final strength of the superimposed harmonic
confinement.
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I. INTRODUCTION

Ultracold bosonic gases in reduced dimensionality are an
ideal platform for probing many-body phenomena where quan-
tum fluctuations play a fundamental role [1,2]. In particular,
the use of optical lattices has allowed the experimental real-
ization [3] of the well-known Bose-Hubbard Hamiltonian [4]
with dilute and ultracold alkali-metal atoms. This achievement
has had a tremendous impact on several communities [5]
since it is one of the first experimental realizations of a
model presenting a pure quantum phase transition, namely
the metal-Mott insulator transition. At the same time, new
experimental techniques, such as in situ imaging [6], are
now available to detect many-body correlations and density
profiles. Furthermore, these techniques offer the possibility
to observe intriguing many-body effects in regimes that are
far from equilibrium. In this context, the relaxation dynamics
regimes [7] and light-cone-like effects [8] in a one-dimensional
(1D) Bose gas loaded on an optical lattice have been recently
observed.

The 1D Bose-Hubbard Hamiltonian, which accurately de-
scribes dilute and ultracold atoms in a strictly 1D optical lattice,
is usually analyzed in the case of repulsive interaction strength,
which corresponds to a positive interatomic s-wave scattering
length [9]. Indeed, a negative s-wave scattering length implies
an attractive interaction strength, which may bring about a
collapse [10,11] due to the shrinking of the transverse width
of a realistic quasi-1D bosonic cloud. Moreover, in certain
regimes of interaction, the quasi-1D mean-field (MF) theory
predicts the existence of metastable configurations [12], which
are usually called discrete bright solitons. We remark that
continuous bright solitons have been observed in various
experiments [13–16] involving attractive bosons of 7Li and
85Rb vapors. Instead, discrete (gap) bright solitons in quasi-1D
optical lattices have been observed [17] only with repulsive
bosons made of 87Rb atoms.

In this paper, we first derive an effective 1D Bose-Hubbard
Hamiltonian that takes into account the transverse width of the
3D atomic cloud. In this way, we determine a strong inequality
under which the effective 1D Bose-Hubbard Hamiltonian
reduces to the familiar one and the collapse of discrete
bright solitons is fully avoided. We then work in this strictly
1D regime analyzing the 1D Bose-Hubbard Hamiltonian
by using the density-matrix-renormalization-group (DMRG)
technique [18]. We evaluate density profiles and quantum
fluctuations, finding that, for a fixed number of atoms,
there are regimes where the MF results (obtained with a
discrete nonlinear Schrödinger equation) strongly differ from
the DMRG ones. Finally, we impose a quantum quench
to the discrete bright solitons by suddenly increasing the
frequency of the harmonic potential. By using the time-
evolving-block-decimation (TEBD) method [19], we find that
this quantum quench induces a breathing oscillation in the
bosonic cloud. Also in this dynamical case, we find that the MF
predictions are not reliable when the on-site attractive energy is
large.

II. THE MODEL

We consider a dilute and ultracold gas of bosonic atoms
confined in the plane (x,y) by the transverse harmonic
potential

U (x,y) = m

2
ω2

⊥(x2 + y2). (1)

In addition, we suppose that the axial potential is a combination
of periodic and harmonic potentials, i.e.,

V (z) = V0 cos2 (2k0z) + 1
2ω2

zz
2. (2)

This potential models the quasi-1D optical lattice pro-
duced in experiments with Bose-Einstein condensates by
using counterpropagating laser beams [20]. We choose
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λ = ωz/ω⊥ � 1, which implies a weak axial harmonic con-
finement. The characteristic harmonic length of transverse
confinement is given by a⊥ = √

�/(mω⊥), and, for sim-
plicity, we choose a⊥ and �ω⊥ as length unit and energy
unit, respectively. In the rest of the paper, we use scaled
variables.

We assume that the system is well described by the
quantum-field-theory Hamiltonian (in scaled units)

H =
∫

d3r ψ+(r)

[
−1

2
∇2 + U (x,y) + V (z)

+πg ψ+(r)ψ(r)

]
ψ(r), (3)

where ψ(r) is the bosonic field operator and g = 2as/a⊥,
with as the s-wave scattering length of the interatomic
potential [21].

A. Discretization

We perform a discretization of the 3D Hamiltonian along
the z axis due to the presence on the periodic potential. In
particular, we use the decomposition [5]

ψ(r) =
∑

i

φi(x,y)wi(z), (4)

where wi(z) is the Wannier function maximally localized at
the ith minimum of the axial periodic potential. In this paper,
we consider the case of an even number L of sites zi = (2i −
L − 1)π/(4k0) with i = 1,2, . . . ,L.

This tight-binding ansatz is reliable in the case of a deep
optical lattice [22,23]. To further simplify the problem, we set
(field-theory extension of the mean-field approach developed
in [11])

φi(x,y)|GS〉 = 1

π1/2σi

exp

[
−

(
x2 + y2

2σ 2
i

)]
bi |GS〉, (5)

where |GS〉 is the many-body ground state, while σi and bi

account, respectively, for the adimensional on-site transverse
width (in units of a⊥) and the bosonic field operator. We insert
this ansatz into Eq. (3) and we easily obtain the effective 1D
Bose-Hubbard Hamiltonian

H =
∑

i

{[
1

2

(
1

σ 2
i

+ σ 2
i

)
+ εi

]
ni

− J b+
i (bi+1 + bi−1) + 1

2

U

σ 2
i

ni(ni − 1)

}
, (6)

where ni = b+
i bi is the on-site number operator,

εi =
∫

w∗
i (z)

[
−1

2

∂2

∂z2
+ V (z)

]
wi(z)dz (7)

is the on-site axial energy, which can be written as εi =
VS + VT (2i − L − 1)2 with VS the on-site energy due to the
periodic potential and VT the strength (harmonic constant)
of the superimposed harmonic potential, while J and U are
the familiar adimensional hopping (tunneling) energy and
adimensional on-site energy, which are experimentally tunable

via V0 and as [9]. J and U are given by

J = −
∫

w∗
i+1(z)

[
−1

2

∂2

∂z2
+ V (z)

]
wi(z) dz, (8)

U = g

∫
|wi(z)|4dz. (9)

Remember that now V (z) is in units of �ω⊥ and z is in units
of a⊥. Even if J and U actually depend on the site index i, the
choice of considering low VT allows us to keep them constant.

B. Dimensional reduction

Our Eq. (6) takes into account deviations with respect to
the strictly 1D case due to the transverse width σi of the
bosonic field. We call the Hamiltonian (6) quasi-1D because
it depends explicitly on a transverse width σi , which is not
equal to the characteristic length a⊥ of the transverse harmonic
confinement.

This on-site transverse width σi can be determined by
averaging the Hamiltonian (6) over a many-body quantum
state |GS〉 and minimizing the resulting energy function,

〈GS|H |GS〉 =
∑

i

{[
1

2

(
1

σ 2
i

+ σ 2
i

)
+ εi

]
〈ni〉

+ 1

2

U

σ 2
i

(〈
n2

i

〉 − 〈ni〉
)

− J (〈b+
i bi+1〉 + 〈b+

i bi−1〉)
}

(10)

with respect to σi . Notice that the hopping term is independent
of σi . In this way, by using the Hellmann-Feynman theorem,
one immediately gets

σ 4
i = 1 + U

〈
n2

i

〉 − 〈ni〉
〈ni〉 . (11)

Equations (6) and (11) must be solved self-consistently to
obtain the ground state of the system. Clearly, if U < 0,
the transverse width σi is smaller than 1 (i.e., σi < a⊥ in
dimensional units) and the collapse happens when σi goes
to zero [11]. At the critical strength Uc of the collapse, all
particles are accumulated in the two central sites (i = L/2 and
i = L/2 + 1) around the minimum of the harmonic potential,
and consequently Uc 	 −2/N [i.e., Uc/(�ω⊥) 	 −2/N in
dimensional units].

We stress that, from Eq. (11), the system is strictly 1D only
if the strong inequality

U

〈
n2

i

〉 − 〈ni〉
〈ni〉 � 1 (12)

is satisfied for any i, such that σi = 1 (i.e., σi = a⊥ in
dimensional units). Under the condition (12), the problem of
collapse is fully avoided.

III. NUMERICAL RESULTS

In the remaining part of the paper, we shall work in this
strictly 1D regime where the effective Hamiltonian of Eq. (6)
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becomes (neglecting the irrelevant constant transverse energy)

H = −J
∑

i

b
†
i (bi + 1 + bi−1) + U

2

∑
i

ni(ni − 1) +
∑

i

εini,

(13)

which is the familiar 1D Bose-Hubbard model [4]. We call the
Hamiltonian (13) strictly 1D because the transverse width σi

is equal to the characteristic length a⊥ of transverse harmonic
confinement.

A. Glauber coherent state and DNLSE

As already mentioned, in a 1D configuration, quantum
fluctuations, which are actually neglected in mean-field ap-
proaches, can play a relevant role. Thus, in our 1D problem,
it is relevant to compare MF predictions with DMRG ones in
order to observe in which regimes MF can give accurate and
reliable results. In particular, we use a MF approach based on
a Glauber coherent state,

|GCS〉 = |β1〉 ⊗ · · · ⊗ |βL〉, (14)

where |βi〉 is, by definition, such that bi |βi〉 = βi |βj 〉 [24].
By minimizing the energy 〈GCS|H |GCS〉 with respect to βi ,
one finds that the complex numbers βi satisfy the 1D discrete
nonlinear Schrödinger equation (DNLSE)

μβi = εiβi − J (βi+1 + βi−1) + U |βi |2βi, (15)

where μ is the chemical potential of the system fixed by the
total number of atoms: N = ∑

i |βi |2 = ∑
i〈GCS|ni |GCS〉.

By solving Eq. (15) with the Crank-Nicolson predictor-
corrector algorithm with imaginary time [25], it is possible
to show that in the attractive case (U < 0), discrete bright
solitons exist [11].

On general physical grounds, one expects that the MF
results obtained from the DNLSE of Eq. (15) are fully
reliable only when U → 0 and N → ∞, with UN taken
constant. Indeed, the Glauber coherent state |GCS〉 is the
exact ground state of the Bose-Hubbard Hamiltonian only
if U = 0 and N → ∞. Notice that the exact ground state
of the Bose-Hubbard Hamiltonian with U = 0 and a finite
number N of bosons is the atomic coherent state |ACS〉,
which reduces to the Glauber coherent state |GCS〉 only for
N → ∞ (see, for instance, [26]). In practice, one expects that
MF results are meaningful in the superfluid regime where
there is a quasicondensate, i.e., algebraic decay of phase
correlations [1,5,21]. Nevertheless, in general it is quite hard
to determine this superfluid regime. For this reason, working
with a small number N of bosons, it is important to compare
the Glauber MF theory with a quasiexact method.

B. DMRG approach

DMRG is able to take into account the full quantum
behavior of the system, and it has already given strong evidence
of solitonic waves in spin chains [27] and in bosonic models
with nearest-neighbor interaction [28]. A crucial point in order
to have accurate results by using DMRG involves the size
of the Hilbert space we set in our simulations. Clearly, for
system sizes and densities comparable with the experimental
ones, we cannot investigate the collapse phase where all the

bosons “collapse” in one site. Indeed, it requires a size of the
Hilbert space that is not approachable with our method. In
any case, as shown in Eq. (11), this phase does not happen
for sufficiently low density and on-site interaction U . For this
reason, and in order to fulfill Eq. (11), we consider regimes
that are sufficiently far from this scenario. More precisely, we
use a number N = 20 of bosons in L = 80 lattice sites and
interactions U � −0.1. Nevertheless, if we allow a too small
number of bosons per site, i.e., if we consider a too small
Hilbert space, even if we are far from the collapse, our results
might not be reliable since the shape of the density profile is
modified by this cutoff and not by physical reasons. To treat this
problem, we consider a maximum number of bosons in each
site, nmax = 8, and we checked that increasing this quantity
does not significantly affect our results. Moreover, we keep up
to 512 DMRG states and six fine size sweeps [18] to have a
truncation error lower than 10−10.

C. Comparing DMRG with DNLSE

In Fig. 1, we compare the density profiles given by DMRG
with the ones obtained by using the mean-field DNLSE for
different strengths of the harmonic potential and interaction.
For weak interactions U , the particles are substantially free and
the shape of the cloud is given only by the harmonic strength
VT . Of course when the particles are strongly confined in the
center of the system, as in panel (a) of Fig. 1, the interaction
U begins to play a role due to the relevant number of bosons
lying in the two central sites. More precisely, U tries to drop
quantum fluctuations induced by J , and it explains the small
but significant discrepancies we find.

When the interaction U is sufficiently strong [Figs. 1(g)–
1(i)], the MF results become insensitive to the superimposed
harmonic potential of strength VT since the shape of the cloud
remains practically unchanged giving rise to self-localized
profiles. Instead, DMRG results do not show this self-
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FIG. 1. (Color online) MF (squares) and DMRG (circles) density
profiles 〈ni〉 of the bright soliton with J = 0.5, L = 80, and N = 20.
On the horizontal axis there is the scaled axial coordinate z/z0, with
z0 = π/(4k0). The results of each panel are obtained with different
values of harmonic strength VT (columns) and interaction strength U

(rows).
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FIG. 2. (Color online) MF (squares) and DMRG (circles) quan-
tum fluctuations �ni =

√
〈n2

i 〉 − 〈ni〉2 of the bright soliton with
J = 0.5, L = 80, and N = 20. On the horizontal axis there is the
scaled axial coordinate z/z0, with z0 = π/(4k0). The results of each
panel are obtained with different values of harmonic strength VT

(columns) and interaction strength U (rows).

localization. In fact, quantum fluctuations try, in opposition
to U , to maximally delocalize the bosonic cloud.

To check if our interpretation is valid, we plot in Fig. 2 the
expectation value of quantum fluctuations,

�ni =
√〈

n2
i

〉 − 〈ni〉2. (16)

For the Glauber coherent state |GCS〉, one has �ni = √
ni . We

expect that �ni of the DMRG ground state |GS〉 can be quite
different from the MF prediction. More precisely, quantum
fluctuations are enhanced by the kinetic term J , which tries
to maximally spread the shape of the cloud. On the other
hand, the value of �ni is minimized both by the strong on-site
interaction (because the system gains energy having many
particles in the same site) and by the strong trapping potential
(which confines the bosons in the two central sites of the lattice
where VT is weaker). This behavior is clear in Fig. 2, where,
for large U and small VT , �ni presents strong deviations from
MF behavior, whereas mean-field DNLSE and DMRG are in
substantial agreement in the opposite regime.

D. Dynamical properties

Another relevant aspect of bright solitons is given by
its dynamical properties. In particular, it is predicted by
time-dependent DNLSE [12] that a discrete bright soliton can
give rise to a breathing mode. To study the time evolution of the
system, we use the time-evolving-block-decimation (TEBD)
algorithm [19], which is still a quasiexact method recently
used to study the appearance of a dark soliton [29] and its
entanglement properties [30,31]. We compare TEBD results
with time-dependent DNLSE ones, which are immediately
obtained from Eq. (15) with the position μ → id/dt . We
determine the ground state of the Bose system for a chosen
value V in

T of transverse confinement, and then we perform
the time evolution with a larger value V fin

T . In this way, we
mimic a sudden change in the strength VT of the superimposed
harmonic confinement [see panel (a) of Fig. 3].
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3

(a)

(b)

(c)

(d)

(e)

VT
in

VT
fin

FIG. 3. (Color online) (a) Illustration of the quench procedure. In
the other panels: MF (dotted lines) and TEBD (dashed lines) central
density 〈nL/2〉 vs time t with J = 0.5, L = 40, and N = 10. Panels
(b) and (c): quench from V in

T = 0.01 to V fin
T = 0.05 for, respectively,

U = −0.1,−0.01. Panels (d) and (e): quench from V in
T = 0.001 to

V fin
T = 0.005 for, respectively, U = −0.1,−0.01.

In Figs. 3(a)–3(d), we report the density of atoms in the two
central sites (where it takes the highest value since the effect
of VT is weaker) as a function of time t . The panels show
a periodic oscillation where the period τ of this breathing
mode strongly grows by reducing the harmonic strength VT .
Moreover, τ is slightly enhanced by a smaller |U |. Remarkably,
as in the static case, beyond-mean-field effects become relevant
for a strong |U | and they are instead less evident for high values
of VT . Indeed, in Fig. 3 the relative difference between TEBD
and MF in the period τ is below 1% in panels (c) and (e), while
it is around 8% in panel (b) and around 37% in panel (d).

IV. CONCLUSIONS

In this paper, we have obtained a strong inequality, Eq. (12),
under which the 3D system is reduced to a strictly-1D one and
the collapse is fully avoided. Moreover, we have compared
MF theory with the DMRG looking for beyond-mean-field
effects in the effective 1D system of bosons in a lattice.
From our results, we conclude that the self-localized discrete
bright solitons obtained by the MF nonlinear Schrödinger
equation are not found with the DMRG results (quantum
bright solitons). In other words, we have found that with
a small number N of bosons, the average of the quantum
density profile, which is experimentally obtained with repeated
measures of the atomic cloud, is not shape-invariant [32].
This remarkable effect can be explained by considering a
quantum bright soliton as a MF bright soliton with a center
of mass [33,34] that is randomly distributed due to quantum
fluctuations, which are suppressed only for large values of
N [35]. This is the same kind of reasoning adopted some years
ago to explain the distributed vorticity of superfluid liquid
4He [36], and, more recently, the Anderson localization of
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particles in a one-dimensional system [37] and the filling of a
dark soliton [29]. For the sake of completeness, we have also
analyzed the breathing mode of discrete bright solitons after
a sudden quench, finding that also in the dynamics beyond
mean-field effects become relevant for a strong interaction
strength U and for a small harmonic constant VT [38]. Our
paper presents strong evidence of the limits of MF theory in the
study of bright solitons, suggesting that DMRG calculations
must be used to simulate and analyze them.
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Nature (London) 415, 39 (2002).

[4] M. P. A. Fisher, P. B. Weichman, G. Grinstein, and D. S. Fisher,
Phys. Rev. B 40, 546 (1989).

[5] M. Lewenstein, A. Sanpera, and V. Ahufinger, Ultracold Atoms
in Optical Lattices: Simulating Quantum Many-Body Systems
(Oxford University Press, Oxford, 2012).

[6] M. Endres et al., Science 334, 200 (2011).
[7] J. P. Ronzheimer, M. Schreiber, S. Braun, S. S. Hodgman,

S. Langer, I. P. McCulloch, F. Heidrich-Meisner, I. Bloch, and
U. Schneider, Phys. Rev. Lett. 110, 205301 (2013).

[8] M. Cheneau et al., Nature (London) 481, 484 (2012).
[9] I. Bloch, J. Dalibard, and W. Zwerger, Rev. Mod. Phys. 80, 885

(2008).
[10] L. D. Carr and J. Brand, Phys. Rev. Lett. 92, 040401 (2004).
[11] A. Maluckov, L. Hadzievski, B. A. Malomed, and L. Salasnich,

Phys. Rev. A 78, 013616 (2008); G. Gligoric, A. Maluckov,
L. Salasnich, B. A. Malomed, and L. Hadzievski, Chaos 19,
043105 (2009).

[12] P. G. Kevrekidis, The Discrete Nonlinear Schrodinger Equation:
Mathematical Analysis, Numerical Computations and Physical
Perspectives (Springer, New York, 2009).

[13] L. Khaykovich, F. Schreck, G. Ferrari, T. Bourdel, J. Cubizolles,
L. D. Carr, Y. Castin, and C. Salomon, Science 296, 1290 (2002).

[14] K. E. Strecker, G. B. Partridge, A. G. Truscott, and R. G. Hulet,
Nature (London) 417, 150 (2002).

[15] S. L. Cornish, S. T. Thompson, and C. E. Wieman, Phys. Rev.
Lett. 96, 170401 (2006).

[16] A. L. Marchant, T. P. Billam, T. P. Wiles, M. M. H. Yu, S. A.
Gardiner, and S. L. Cornish, Nat. Commun. 4, 1865 (2013).

[17] B. Eiermann, Th. Anker, M. Albiez, M. Taglieber, P. Treutlein,
K.-P. Marzlin, and M. K. Oberthaler, Phys. Rev. Lett. 92, 230401
(2004).

[18] S. R. White, Phys. Rev. Lett. 69, 2863 (1992).
[19] G. Vidal, Phys. Rev. Lett. 93, 040502 (2004).
[20] O. Morsch and M. Oberthaler, Rev. Mod. Phys. 78, 179 (2006).
[21] A. J. Leggett, Quantum Liquids. Bose Condensation and Cooper

Pairing in Condensed-Matter Systems (Oxford University Press,
Oxford, 2006).

[22] A. Smerzi and A. Trombettoni, Phys. Rev. A 68, 023613 (2003).

[23] D. Jaksch and P. Zoller, Ann. Phys. (NY) 315, 52 (2005).
[24] L. Salasnich, Quantum Physics of Light and Matter. A Mod-

ern Introduction to Photons, Atoms and Many-Body Systems
(Springer, Berlin, 2014).

[25] E. Cerboneschi, R. Mannella, E. Arimondo, and L. Salasnich,
Phys. Lett. A 249, 495 (1998); G. Mazzarella and L. Salasnich,
ibid. 373, 4434 (2009).

[26] G. Mazzarella, L. Salasnich, A. Parola, and F. Toigo, Phys. Rev.
A 83, 053607 (2011).

[27] C. P. Rubbo, I. I. Satija, W. P. Reinhardt, R. Balakrishnan, A. M.
Rey, and S. R. Manmana, Phys. Rev. A 85, 053617 (2012).

[28] T. Mishra, R. V. Pai, S. Ramanan, M. S. Luthra, and B. P. Das,
Phys. Rev. A 80, 043614 (2009).

[29] D. Delande and K. Sacha, Phys. Rev. Lett. 112, 040402 (2014).
[30] R. V. Mishmash, I. Danshita, C. W. Clark, and L. D. Carr, Phys.

Rev. A 80, 053612 (2009).
[31] R. V. Mishmash and L. D. Carr, Phys. Rev. Lett. 103, 140403

(2009).
[32] N. Bartolo, D. J. Papoular, L. Barbiero, C. Menotti, and

A. Recati, Phys. Rev. A 88, 023603 (2013).
[33] F. Calogero and A. Degasperis, Phys. Rev. A 11, 265 (1975).
[34] Y. Castin and C. Herzog, C. R. Acad. Sci., Ser. IV, Phys. 2, 419

(2001).
[35] The axial width η of the quantum bright soliton can be

estimated as ηes = (η2
MF + η2

QF)1/2, where ηMF is the width
of the MF bright soliton and ηQF = (as/a⊥)az/N

1/4 is the
contribution due to quantum fluctuations of the center of mass,
with az the characteristic length of the superimposed harmonic
confinement, as is the s-wave scattering length, a⊥ is the
characteristic length of the transverse harmonic confinement,
and N is the number of atoms. We have verified that the estimated
width ηes gives a rough semiquantitative description of the axial
width η calculated with the DMRG approach.

[36] S. A. Vitiello, M. H. Kalos, and L. Reatto, in Condensed Matter
Theories, edited by V. C. Aguiles-Navarro (Plenum, New York,
1989).

[37] D. Delande, K. Sacha, M. Plodzien, S. K. Avazbaev, and
J. Zakrzewski, New J. Phys. 15, 045021 (2013).

[38] The spreading of quantum bright solitons over time was
investigated without harmonic trapping both in the continuum
[39] and on the lattice [40].

[39] Y. Lai and H. A. Haus, Phys. Rev. A 40, 854 (1989).
[40] A. C. Scott, J. C. Eilbeck, and H. Gilhoj, Physica D 78, 194

(1994).

063605-5

http://dx.doi.org/10.1103/RevModPhys.83.1405
http://dx.doi.org/10.1103/RevModPhys.83.1405
http://dx.doi.org/10.1103/RevModPhys.83.1405
http://dx.doi.org/10.1103/RevModPhys.83.1405
http://dx.doi.org/10.1038/415039a
http://dx.doi.org/10.1038/415039a
http://dx.doi.org/10.1038/415039a
http://dx.doi.org/10.1038/415039a
http://dx.doi.org/10.1103/PhysRevB.40.546
http://dx.doi.org/10.1103/PhysRevB.40.546
http://dx.doi.org/10.1103/PhysRevB.40.546
http://dx.doi.org/10.1103/PhysRevB.40.546
http://dx.doi.org/10.1126/science.1209284
http://dx.doi.org/10.1126/science.1209284
http://dx.doi.org/10.1126/science.1209284
http://dx.doi.org/10.1126/science.1209284
http://dx.doi.org/10.1103/PhysRevLett.110.205301
http://dx.doi.org/10.1103/PhysRevLett.110.205301
http://dx.doi.org/10.1103/PhysRevLett.110.205301
http://dx.doi.org/10.1103/PhysRevLett.110.205301
http://dx.doi.org/10.1038/nature10748
http://dx.doi.org/10.1038/nature10748
http://dx.doi.org/10.1038/nature10748
http://dx.doi.org/10.1038/nature10748
http://dx.doi.org/10.1103/RevModPhys.80.885
http://dx.doi.org/10.1103/RevModPhys.80.885
http://dx.doi.org/10.1103/RevModPhys.80.885
http://dx.doi.org/10.1103/RevModPhys.80.885
http://dx.doi.org/10.1103/PhysRevLett.92.040401
http://dx.doi.org/10.1103/PhysRevLett.92.040401
http://dx.doi.org/10.1103/PhysRevLett.92.040401
http://dx.doi.org/10.1103/PhysRevLett.92.040401
http://dx.doi.org/10.1103/PhysRevA.78.013616
http://dx.doi.org/10.1103/PhysRevA.78.013616
http://dx.doi.org/10.1103/PhysRevA.78.013616
http://dx.doi.org/10.1103/PhysRevA.78.013616
http://dx.doi.org/10.1063/1.3248269
http://dx.doi.org/10.1063/1.3248269
http://dx.doi.org/10.1063/1.3248269
http://dx.doi.org/10.1063/1.3248269
http://dx.doi.org/10.1126/science.1071021
http://dx.doi.org/10.1126/science.1071021
http://dx.doi.org/10.1126/science.1071021
http://dx.doi.org/10.1126/science.1071021
http://dx.doi.org/10.1038/nature747
http://dx.doi.org/10.1038/nature747
http://dx.doi.org/10.1038/nature747
http://dx.doi.org/10.1038/nature747
http://dx.doi.org/10.1103/PhysRevLett.96.170401
http://dx.doi.org/10.1103/PhysRevLett.96.170401
http://dx.doi.org/10.1103/PhysRevLett.96.170401
http://dx.doi.org/10.1103/PhysRevLett.96.170401
http://dx.doi.org/10.1038/ncomms2893
http://dx.doi.org/10.1038/ncomms2893
http://dx.doi.org/10.1038/ncomms2893
http://dx.doi.org/10.1038/ncomms2893
http://dx.doi.org/10.1103/PhysRevLett.92.230401
http://dx.doi.org/10.1103/PhysRevLett.92.230401
http://dx.doi.org/10.1103/PhysRevLett.92.230401
http://dx.doi.org/10.1103/PhysRevLett.92.230401
http://dx.doi.org/10.1103/PhysRevLett.69.2863
http://dx.doi.org/10.1103/PhysRevLett.69.2863
http://dx.doi.org/10.1103/PhysRevLett.69.2863
http://dx.doi.org/10.1103/PhysRevLett.69.2863
http://dx.doi.org/10.1103/PhysRevLett.93.040502
http://dx.doi.org/10.1103/PhysRevLett.93.040502
http://dx.doi.org/10.1103/PhysRevLett.93.040502
http://dx.doi.org/10.1103/PhysRevLett.93.040502
http://dx.doi.org/10.1103/RevModPhys.78.179
http://dx.doi.org/10.1103/RevModPhys.78.179
http://dx.doi.org/10.1103/RevModPhys.78.179
http://dx.doi.org/10.1103/RevModPhys.78.179
http://dx.doi.org/10.1103/PhysRevA.68.023613
http://dx.doi.org/10.1103/PhysRevA.68.023613
http://dx.doi.org/10.1103/PhysRevA.68.023613
http://dx.doi.org/10.1103/PhysRevA.68.023613
http://dx.doi.org/10.1016/j.aop.2004.09.010
http://dx.doi.org/10.1016/j.aop.2004.09.010
http://dx.doi.org/10.1016/j.aop.2004.09.010
http://dx.doi.org/10.1016/j.aop.2004.09.010
http://dx.doi.org/10.1016/S0375-9601(98)00732-4
http://dx.doi.org/10.1016/S0375-9601(98)00732-4
http://dx.doi.org/10.1016/S0375-9601(98)00732-4
http://dx.doi.org/10.1016/S0375-9601(98)00732-4
http://dx.doi.org/10.1016/j.physleta.2009.09.074
http://dx.doi.org/10.1016/j.physleta.2009.09.074
http://dx.doi.org/10.1016/j.physleta.2009.09.074
http://dx.doi.org/10.1016/j.physleta.2009.09.074
http://dx.doi.org/10.1103/PhysRevA.83.053607
http://dx.doi.org/10.1103/PhysRevA.83.053607
http://dx.doi.org/10.1103/PhysRevA.83.053607
http://dx.doi.org/10.1103/PhysRevA.83.053607
http://dx.doi.org/10.1103/PhysRevA.85.053617
http://dx.doi.org/10.1103/PhysRevA.85.053617
http://dx.doi.org/10.1103/PhysRevA.85.053617
http://dx.doi.org/10.1103/PhysRevA.85.053617
http://dx.doi.org/10.1103/PhysRevA.80.043614
http://dx.doi.org/10.1103/PhysRevA.80.043614
http://dx.doi.org/10.1103/PhysRevA.80.043614
http://dx.doi.org/10.1103/PhysRevA.80.043614
http://dx.doi.org/10.1103/PhysRevLett.112.040402
http://dx.doi.org/10.1103/PhysRevLett.112.040402
http://dx.doi.org/10.1103/PhysRevLett.112.040402
http://dx.doi.org/10.1103/PhysRevLett.112.040402
http://dx.doi.org/10.1103/PhysRevA.80.053612
http://dx.doi.org/10.1103/PhysRevA.80.053612
http://dx.doi.org/10.1103/PhysRevA.80.053612
http://dx.doi.org/10.1103/PhysRevA.80.053612
http://dx.doi.org/10.1103/PhysRevLett.103.140403
http://dx.doi.org/10.1103/PhysRevLett.103.140403
http://dx.doi.org/10.1103/PhysRevLett.103.140403
http://dx.doi.org/10.1103/PhysRevLett.103.140403
http://dx.doi.org/10.1103/PhysRevA.88.023603
http://dx.doi.org/10.1103/PhysRevA.88.023603
http://dx.doi.org/10.1103/PhysRevA.88.023603
http://dx.doi.org/10.1103/PhysRevA.88.023603
http://dx.doi.org/10.1103/PhysRevA.11.265
http://dx.doi.org/10.1103/PhysRevA.11.265
http://dx.doi.org/10.1103/PhysRevA.11.265
http://dx.doi.org/10.1103/PhysRevA.11.265
http://dx.doi.org/10.1016/S1296-2147(01)01183-0
http://dx.doi.org/10.1016/S1296-2147(01)01183-0
http://dx.doi.org/10.1016/S1296-2147(01)01183-0
http://dx.doi.org/10.1016/S1296-2147(01)01183-0
http://dx.doi.org/10.1088/1367-2630/15/4/045021
http://dx.doi.org/10.1088/1367-2630/15/4/045021
http://dx.doi.org/10.1088/1367-2630/15/4/045021
http://dx.doi.org/10.1088/1367-2630/15/4/045021
http://dx.doi.org/10.1103/PhysRevA.40.854
http://dx.doi.org/10.1103/PhysRevA.40.854
http://dx.doi.org/10.1103/PhysRevA.40.854
http://dx.doi.org/10.1103/PhysRevA.40.854
http://dx.doi.org/10.1016/0167-2789(94)90115-5
http://dx.doi.org/10.1016/0167-2789(94)90115-5
http://dx.doi.org/10.1016/0167-2789(94)90115-5
http://dx.doi.org/10.1016/0167-2789(94)90115-5

