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POINCARE AND HARDY INEQUALITIES ON HOMOGENEOUS TREES

ELVISE BERCHIO, FEDERICO SANTAGATI, AND MARIA VALLARINO

ABSTRACT. We study Hardy-type inequalities on infinite homogeneous trees. More precisely, we derive
optimal Hardy weights for the combinatorial Laplacian in this setting and we obtain, as a consequence,
optimal improvements for the Poincaré inequality.

1. INTRODUCTION

Given a linear, elliptic, second-order, symmetric nonnegative operator P on Q, where Q) is a (e.g. Eu-
clidean) domain, a Hardy weight is a nonnegative function W such that the following inequality holds

(1.1) q(u) > /QI/Vu2 dz Yue CF (),

where g(u) = (u, Pu) is the quadratic form associated to P. Clearly, the final (and most ambitious) goal
is to get weights W such that inequality (1.1) is not valid for V> W, V = W, i.e. the operator P — W is
critical in the sense of [18, Definition 2.1]. When P = —A is the Laplace-Beltrami operator on a Riemannian
manifold, the problem of the existence of Hardy weights has been widely studied in the literature, either in the
Euclidean setting, see e.g [4, 9, 10, 20, 27, 28, 29] or on general manifolds, see e.g. [11, 17, 18, 24, 26, 30, 35].
Recently, the attention has also been devoted to the discrete setting, see e.g. [3, 21, 22, 23] and references
therein.

The present paper is motivated by some recent results obtained in [5], see also [1] and [6], within the context
of Cartan-Hadamard manifolds M. In particular, when M is the hyperbolic space HY, i.e. the simplest
example of manifold with negative sectional curvature, the following Hardy weight has been determined
when P being the LaplaceBeltrami operator —Ag~ on HY with N > 3:

(N-1)? 1 (N-1H)(N-=3) 1
4 4r? 4 sinh? 7’

W(r) =

where r = d(0,r) > 0 denotes the geodesic distance of z from a fixed pole o € HY. Besides, it is proved
2

that the operator —Ag~ — W is critical in HY \ {o}. Tt is worth noticing that the number (Nzl) in W(r)

coincides with the bottom of the L2-spectrum of —Agn~. Hence, the existence of the above weight yields the

following improved Poincaré inequality:

N —1)?
/IHIN |V~ ul? dogy — (4)/HN u? dogn > . Ru? dvgny  Yu € C°(HY),

where the remainder term is

1 (N-1D(N-3 1 1
1.2 R(r)=-— ~— — 400
( ) (T) 472 4 sinh? r 472 asr ’

and, as a consequence of the criticality issue, all constants in (1.2) turn out to be sharp.
2010 Mathematics Subject Classification. 26D10, 39A12, 05C05.
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2 BERCHIO, SANTAGATI, AND VALLARINO

Let I' = (V, E)) denote a locally finite graph, where V' and E denote a countably infinite set of vertices
and the set of edges respectively. We recall that the combinatorial Laplacian A of a function f in the set
C(V) of real valued functions defined on V' is defined by

Af@) =Y (f(:c> - f(y)) @) @) - S f)  VeeV,

Yy~ Yyn~x

where m(x) is the degree of z, i.e. the number of neighbors of . The existence of Hardy weights for the
combinatorial Laplacian or for more general operators on graphs has been recently studied in literature (see
again [8, 21, 22, 23]).

We set our analysis on the case where the graph I' is the homogeneous tree Ty, i.e. a connected graph
with no loops such that every vertex has ¢ + 1 neighbours, and we focus on the transient case, namely we
always assume g > 2. T, has been the object of investigation of many papers either in the field of harmonic
analysis or of PDEs, see e.g. to [2, 3, 7, 12, 13, 14, 15, 16, 19, 31]. In particular, the homogeneous tree is in
many respects a discrete analogue of the hyperbolic plane; we refer the reader to [7] for a discussion on this
point. Therefore, since T, is the basic example of graph of exponential growth, as HY is the basic example
of Riemannian manifold with exponential growth, it is natural to investigate whether the above mentioned
results in HY have a counterpart in Tq+1: this will be the main goal of the paper.

In T,4; the operator A is bounded on ¢ and its ¢2-spectrum is given by [(¢'/2 — 1), (¢"/2 + 1)?] (see
[15]). Hence the following Poincaré inequality holds

3 L (v0-ew) 28 T 20)  woeColTyn)

z,y€Tq 41 z€Tq41
T~y

with A, == (¢'/% — 1)2.

1/2
By [23, Theorem 0.2] a Hardy weight for A on a transient graph I, is given by Wy, = Aﬁi‘;fz, where
Go(z) := G(x,0) is the positive minimal Green function and o is a fixed point. Furthermore, W,,; is optimal
in the sense of Definition 2.2 below and this implies, in particular, that the operator A — Wy, is critical.

If I' = Ty41, then the function G, can be written explicitly, see Proposition 2.3 below, and W, reads as
follows:

1/2 _ ,—1/2 _
(13) Wopt(x) — {Aq + q q lf |.’L'| 07

A, if ] > 1,
where, for each vertex z € T', |2| = d(x,0) and d is the usual discrete metric. By exploiting the super-
solutions technique, in the present paper we provide the following new family of Hardy weights for A on
Tyt
q+1—¢"(%+ ) if x| = 0,
Wi (@) = a+1—¢"72(2° +7) if |z =1,

g+ 121+ )P+ (1 )] i e > 2,

|]

where 0 < < log, ¢'/? and ¢~ V/2 < < ¢~V/2 4 ¢q'/2 — 28, Moreover, if § = 1/2 we prove that the weight
W12~ is optimal (see again Definition 2.2), hence the operator A — W5 . is critical. We notice that

B —p) 1
Ws(x) =A 2l ) o(—) as |xz| — oo,
5;"/( ) q+q |£U|2 + ‘.’[|2 | |

hence the slowest decay at infinity occurs exactly for 8 = 1/2.
It is readily seen that the quadratic form inequality associated to A — Wy, in (1.3) can be read as an
(optimal) local improvement of the Poincaré inequality on Ty41 at o. A direct inspection reveals that the
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weights W, satisfy W, > Ay on Tyyq for all 0 < 8 < log, (% — %) and % + i <~yv<2-— 28 . Hence, for
such values of § and -y, we derive the following family of global improved Poincaré inequalities:

1 5 X (v0-e) 2 X AP X R e e Gy,

ac7y€Tq+1 xe'[[‘q+1 xeTq+1
T~y
where
1/2(9 _ 1 _ 1 . _
a7 2= -57) if |z| = 0,
0< Ryfa) = { 177227 =) i ] = 1,

g\ (2 —(1+ ﬁ)ﬂ —(1- I;)l?) if || > 2.

It is worth noticing that the maximum of Rg - at o is reached by choosing v as large as possible, namely
by taking v = 2 — 2%, Since such value is maximum for 3 = 0, we conclude that, among the weights Wj_,,
improving the Poincaré inequality, the largest at o is Wy 1 = Wop:.

Even if (1.4) improves globally the Poincaré inequality, we do not know whether this improvement is sharp
on the whole Ty11. Nevertheless, a sharp improvement is provided by the critical weight W /5 , outside the
ball Bs(0). More precisely, there holds

DY (w(x)—w(y)) > Y AP@+ Y R@)g@), Vo€ ColTyrn \ Balo)),

z,y€Tq11 €T gy1 €T g1
r~y

- 1 1/2 1 1/2
R(x)qu/Q{z—(1+|x|> _(1_le) } if || > 2

and the constant ¢'/2 is sharp. Notice that

where

R(x) ~¢'/*

1
Tap? as |z| — +oo,
namely the decay of the remainder term is of the same order of that provided by (1.2) in HY, thereby
confirming the analogy between T,;; and HY.

Following the arguments used in the particular case of a homogeneous tree, in the last part of the paper
we find a class of Hardy weights for the combinatorial Laplacian on rapidly growing radial trees, i.e. trees
where the number of neighbours of a vertex x only depends on the distance of z from a fixed vertex o. This
is a first result which might shed light on future related investigations on more general graphs.

The paper is organized as follows. In Section 2 we introduce the notation and we state our main results,
namely Theorem 2.7, where we provide a family of optimal weights for A on Ty, and Theorem 2.11 where
we state the related improved Poincaré inequality. Section 3 is devoted to the proof of the statements of
Section 2. Finally, in Section 4 we present a generalization of our results in the context of radial trees.

2. NOTATION AND MAIN RESULTS

We consider a graph I' = (V| E), where V and E denote a countably infinite set of vertices and the set
of edges respectively, with the usual discrete metric d. If (z,y) € E we say that = and y are neighbors and
we write £ ~ y. We assume that I" is a connected graph, that is, for every z,y € V there exists a finite
sequence of vertices z1, ..., x, such that xo =z, z, =y and ; ~ ;41 for j =0,...,n—1. We also require
that (z,y) € E if and only if (y,x) € E. We use the notation m(x) to indicate the degree of x, that is the
number of edges that are attached to z and we assume that I' is locally finite, i.e. m(z) < oo for all x € V.
When a vertex o € V is fixed let = — |z| be the function which associates to each vertex x the distance
d(x,0) and define B,.(0) = {z s.t. |z| < r}. We denote by C(V') the set of real valued function defined on
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V and by Cy(V) the subspace consisting on finitely supported functions. Finally, we introduce the space of
square summable functions

CV)={feC(V)st. Y f*(x)<+oo}.
zeV

This is a Hilbert space with the inner product

(f,9) = fl@)g(=),

zeV

and the induced norm || f|| = \/(f, f). As shown in [33, 34]

1 2
@ede =3 ¥ (e0)-e)  Vec v,
z,yeV
Ty
More generally, we consider Schréodinger operators H = A 4+ @) where @ is any potential. A function f is
called H-(super)harmonic in V' if

Hf(x)=0 (Hf(x)>0) Vr e V.
By Hardy-type inequality for a positive Schrodinger operator H we mean an inequality of the form

(Hp,p) > (Wo, ) Ve Co(V),

where W #£ 0 is a nonnegative function in C'(V'). We write h(p) and W (p) in place of (Hp, ¢) and (W, ¢),
respectively. In particular we denote ha(p) = (Ap, @).

In [23] the authors introduce the notion of optimal weight for a Hardy-type inequality; we recall some
fundamental definitions that we need in the later discussion.

Definition 2.1. Let h be a quadratic form associated with a Schrodinger operator H, such that h > 0 on
Co(V). The form h is called subcritical in V if there is a nonnegative W € Co(V), W # 0, such that
h—W >0 on Cy(V). A positive form h which is not subcritical is called critical in V.

In [22, Theorem 5.3] it is shown that the criticality of h is equivalent to the existence of a unique positive
function which is H-harmonic. Such a function is called the ground state of h and we have the further
definition:

Definition 2.2. Let h be a quadratic form associated with a Schrodinger operator H. We say that a positive
function W : V' — [0,00) is an optimal Hardy weight for h in V if
e h— W is critical in V (criticality );
o h — W > AW fails to hold on Co(V \ K) for all A > 0 and all finite K C V (optimality near
infinity );
e the ground state of h — W, ¥ ¢ (3, (null-criticality ), namely

Z U2 ()W (z) = +o0.
zeV

In the following, for shortness, we will say that the operator H is critical if and only if its associated quadratic
form h is critical.

Finally, we recall that a function u : V' — R is named proper on V if u~!(K) is finite for all compact sets
K c u(V).
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2.1. Hardy-type inequalities on T, ;. In this subsection we shall state various Hardy-type inequalities
on the homogeneous tree Ty with ¢ > 2. We start with an optimal inequality for A obtained by combining
the explicit formula of the Green function and [23, Theorem 0.2].

Proposition 2.3. For all ¢ € Cy(Ty41) the following inequality holds:

2 L (s-ew) = 3 Wantoro

z,y€Tyq1 €T g1

where

A 12 . —1/2 -0
(2.1) Wopt () :{ ot @ =g il =0,

A, if |z| > 1.
Furthermore, the weight Wop, is optimal for A.

Remark 2.4. As a consequence of the results of [23, Theorem 0.2] it follows that G'/? is the ground state
of ha — Wopt. Furthermore, it is readily checked that

Z G(x)Wopt(x) = +00,

€T 1
namely G/? ¢ E%Vopt'

In the next theorem we state a family of Hardy-type inequalities depending on two parameters 3,7. The
weights W3 - provided can be seen as a generalization of Wy, Indeed, if we fix 8 = 0 and v = 1 in the
statement below, we obtain W,;.

Theorem 2.5. For all 0 < 8 <log, ¢"/? and q=*/? <~ < ¢*/? + ¢=/2 — 28 the following inequality holds

3 X (v o) = X Waee)  Vee T,

z,y€Tq41 €Tq41
r~Yy

where Wg o > 0 is defined as follows:

g+1-¢22+ 1) if x| = 0,
Ws o (2) =S g+1—¢"2(2° +7) if lz| =1,

g+ 1—g"?[(1+ )P+ (1= )% if o] > 2.

E]
Remark 2.6. Notice that
p(l—4 1
Wpq(z) =Ag + q"? ( ) + O(W) as [z] = oo.
Since

max f(1 — §) = 1/4,

which is reached for B = 1/2, Wy, ., is the largest among the W ., at infinity.

On the other hand, in order to mazimize the value of Ws~ at o, v has to be taken as large as possible,
namely v = ¢~ /% + ¢*/2 — 28, Since this quantity is mazimum for 8 = 0, the largest weight at o is
Wos with ¥ = ¢~ Y/2 + ¢*/? — 1. Notice that: Wo5 = Wop for |z| > 2, while Wy5(0) > Wopt(0) and
Wopt(|z] = 1) > Wy 5(|z| = 1), hence the two weights are not globally comparable.

The previous remark suggests that, in order to have the largest weight at infinity, one has to fix 8 = 1/2
in Theorem 2.5. This intuition is somehow confirmed by the statement below.
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Theorem 2.7. For all ¢~V/2 <~ < ¢~ V/2 4+ ¢"/2 — 21/2 the following inequality holds

2
1
3 X (p0-ew) 2 X Mas@@)  vee Gl
z,y€Tq 11 T€Ty41
Ty
where
qg+1—-¢"(3+ %) if 2] =0,
Wijoq(x) =< g+ 1—q"2(2Y2 + ) if lz] =1,

¢+ 1=q" 21+ )2+ (=g if fa] = 2.

-5
Furthermore, the weights Wy 5, are optimal Hardy weights for A in the sense of Definition 2.2.

Using the same argument it is also possible to show that the weights we obtained in Theorem 2.5 are
optimal near infinity, i.e. the constant is sharp in Ty4q \ K for every compact set K.

Corollary 2.8. For all 0 < < min{log, q'/?, 1} and g2 <y < V24 ¢V2 =28 the following inequality
holds

2
(2.2 3 X (v0-ew) 2 X Wa,@) Ve T,
%yxeNTﬂH z€Tq+41

Moreover, the constant 1 in front of the r.h.s. term is sharp at infinity, in the sense that inequality (2.2)
fails on Co(Tqy1 \ K) if we replace Wg  with CWpg o, for all C > 1 and all compact set K.

2.2. Improved Poincaré inequalities. We shall provide three examples of improved Poincaré inequalities
derived by the Hardy-type inequalities stated in the previous subsection. We recall that the Poincaré
inequality on Tg4 1 reads

(2.3 3 L (v0-ew) 28 T 20 e ColTyn)

z,y€Tq 1 €Tq+41
T~y

and the constant A, is sharp in the sense that the above inequality cannot hold with a constant A > A,.
The following improved Poincaré inequality is an immediate consequence of Theorem 2.3.

Proposition 2.9. The following inequality holds

2 3 X (v o) 20 X P+ T R e ColTp)

z,y€Tq41 €T y41 €T q41
T~y

where
¢'/? —q7 % if x| =0
R = ’
q(2) .
0 otherwise.
Furthermore, the operator A — Ay — Ry is critical, hence the inequality does not hold with any R > R,.

Notice that (2.4) improves (2.3) only locally, namely at o. The next statement provides a global improve-
ment of (2.3).

Theorem 2.10. For all 0 < 8 < log, (g - i) and % + 2%1 <~y <2-28 it holds

CEEEDS <90(x)so(y)> >4, S P@+ Y Rant@) Ve € ColTyn),

z,y€Tyq1 €T 1 €T 41
r~Yy
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where
1/2(9 _ 1 _ 1 ; _
0Pt =) i le] =0,
0 < Rgq(x)= q" (2_25_7) if lz| =1,

BREl

(2= B - - BP) iz

Notice that (2.5) improves globally (2.3) but it gives no information about the sharpness of Rg . A sharp
improvement is instead provided by the next theorem which holds for functions supported outside the ball

BQ(O).
Theorem 2.11. The following inequality holds

20 3 X (v o) 2 X A+ ¥ F@e)  Woe Colln \ o)),

z,y€Tq41 €T qy1 €T gy1

Ty
- 1 1/2 1 1/2
R(z) = q¢'/? [2— <1+|x|> - (1—|x> ] if |z| > 2.

1/2

where

Moreover, the constant g*/? is sharp in the sense that inequality (2.6) cannot hold if we replace the remainder

term R with C'|2 — (1 + ﬁ)l/Q —-(1- 1|)1/2} and C > ¢'/2.

|z

3. PROOFS OF THE RESULTS

We collect here the proofs of the results stated in Section 2.

3.1. Proofs of Hardy-type inequalities.

Proof of Proposition 2.3. Consider the function 4(z) = /G(z,0), where G is the Green function on Ty 1.
By [23, Theorem 0.2] we only need to show that
Ad(x)
=W, .
’&(33) pt (:E)
By the explicit formula for the Green function on T,4q given in [32, Lemma 1.24] we have

=)

For = # 0, we obtain that

For x = o we get
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Proof of Theorem 2.5. The statement follows from [3, Proposition 3.1] by providing a suitable positive super-
solution to the equation Au = Wpg u in Ty41. To this aim, we define the function:

Sal/2|418 i el > 1
q z|Pif x| > 1,

(3.1) ugy(x) = u : - _
0% if |z| = 0.

Now, by writing u = ug_, we have

Aulo —1/2 1 1
©) _ 41— (g+1)2 :q+1fq1/2(f+f),
u(o) Yy
which is nonnegative if v > ¢~ /2.
Next, for every = such that |z| = 1, we have
Au(z) q'2° g 1/2(o8

which is nonnegative if y < ¢*/2+¢~/2—28. The restriction 8 < 1/2log, ¢ comes out to make the inequality
consistent ¢=1/2 < v < ¢7V/2 4 ¢1/2 — 28,
Finally, for every z such that |z| > 2, we have

Au(z) 1 q*(|“3|+1)/2(|x| +1)# B qf(lw\fl)/2(|x| —1)8
w@) ¢ Tl /2 4| g 1e172[z|P
1\’ 1\”
(3.2) =q+1—q1/2{<1—|—> +(1—)}20.
|| |z|

If 8 <1, then the function f:R* — R defined by f(x) = 2 is concave. It follows that

1 1 1 1 1 1 1 1

—(1+— —(1—-— =f(1)>=f(1+ — —fl1—-—
1)+ () =g ) + (- )

that is equivalent to
1)” 1)’
2><1+> +(1—).
|| Ed

B B
Au(x):q+1—q1/2|:<1+l> +<1_1>:|>q+1_2q1/2:Aq>0 V|x\227
u(z) ] ]

which proves (3.2).
If log, ¢'/? > B > 1, notice that the function h : [2,+00) — R defined by h(z) = (1 4+ 1)7 + (1 — 1)f is
decreasing. Then h reaches its maximum at 2. Thus to show the validity of (3.2) it suffices to prove that

(3.3) h(z) < h(2) = @)ﬁ + (;)ﬁ <qgP4q 2

Then,

Notice that for every 5 > 1
Hence
/2

a/3\? /1\?
— [(2> + (2> ] =277(3%log(3/2) — log(2)) > 0.
log, q*
+ <1) ’ < 9log "% | g—logyq'/? _ g% +¢q7/2,

SRR

so that (3.3) holds and the proof is concluded. O

/2



POINCARE AND HARDY INEQUALITIES ON HOMOGENEOUS TREES 9
Remark 3.1. Note that the statement of Theorem 2.5 can be enriched by considering the family of radial
functions
() ¢*H|z)?if |z > 1,
Ua,BA\T) = -
gl if lz| =0,

with a € R and B and 7 as in Theorem 2.5. Indeed, a straightforward computation shows that for |x| > 2

Au 1\7? 1\%
Wa g (x) = m=q+l— <1+|) _q—a<1_|x) |
Newvertheless,
Wapy (@) =q+1—¢""—q % +o(1)  as|z| = +oo,
which is mazimum for « = —1/2. Therefore, the choice « = —1/2 turns out to be the best to get a weight as

large as possible at co.

We shall now prove our main result, i.e. Theorem 2.7.

Proof of Theorem 2.7. Consider the Schrodinger operator H := A + @, with

0 if |z| =0,
Q(z) =qd¢'? if |z =1,
—Ag if |z > 2.

Step 1. We construct an optimal Hardy weight for H. To this aim, we exploit [23, Theorem 1.1] that provides

an optimal Hardy weight for a Schrédinger operator H by using H-harmonic functions.

For the sake of completeness we start by briefly recalling the statement of [23, Theorem 1.1]:

given two positive H-superharmonic functions u, v which are H-harmonic outside a finite set, if the function
—~ 1/2

up := u/v is proper and sup,,., uo(z)/uo(y) < +oc, then W := % is an optimal weight for H.

Next we define
R if 2| =0,
u(@) = {q—|x/2 if |z > 1,

o(a) = {7 il =0,

lz|g~1=1/2if 2| > 1.

Now we show that wu, v satisfy the hypothesis of the above-mentioned theorem.

Indeed,
Hu(o) = (g + 1)(v — ¢~ **) + Q(o)y > 0,
Hv(o) = (q+1)(v — ¢ ") + Q(o)y > 0.
If |x| = 1, then
Hu(z) = (g+1)g? —qq7 ' =y +q7V2¢"2 = ¢1/? 4 ¢71/2 — 4 > 212,
Ho(z) = (¢+1)g % —2¢7 ¢ — v+ Q(z)q~'/?

Zq1/2+q_1/2—2—q_1/2—q1/2+21/2+1221/2+1—2>0.
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If |z| > 2, then
Hu(z) = (¢ + 1)(flﬂc|/2 —qq = D/2 _ o= zl=1)/2 _ Aq(f\ﬁrl/2
Hov(z) = (¢ + 1)|$|(flﬂt’\/2 — (|| + 1)qq7(\z|+1)/2 — (|Jz| - 1)q7(|:r\71)/2 _ Aqq*‘“”'/Q
= |x‘q_|$|/2(q + 1 _ 2q1/2 _ Aq) = 0.

Define now

o) = u(x) _ {1 if |z| =0,

ﬁ otherwise.

The function ug is proper because lim;| o uo(|2[) = 0 and ug(|z[) > ue(|z| + 1) > 0 for all |z| > 1, thus
uy ' (K) is finite for all compact set K C (0,00).
Now consider x ~ y and compute
1 if |z| =0,
uo(x) /v ifly[=0and |z[| =1,

uoly) |1+ if [yl = Jo] + 1 and |z > 1,
L= if l[y| = || — 1 and |z| > 2.
Thus sup ZEE‘Z; < 400. Hence, from [23, Theorem 1.1] we conclude that the weight
z,y€Tq41
Ty
= H((uv)'?|(x) _ A(uv)'/*(z)
Wix): = =
D= Ty 2w~ (w @ O
(¢+ 1)1 - =5) if 2] = 0,
= (@+1) =g 222 +4) +4¢' if |z = 1,
(q+1) = 21+ )2 4 (1= 5V~ A, iffa] > 2

is an optimal weight for H.

Step 2. We derive an optimal Hardy weight for A. To this aim we prove that the three conditions of
Definition 2.2 are satisfied by the operator A — Wy 5, where Wy, , := W — Q.

e Criticality: the optimal Hardy inequality, obtained considering the quadratic form h associated with H,
namely

X () - o) + 3 e )zZ( g )t

is equivalent to the Hardy inequality associated to A

2 uv 1/2(1:
3 X (vo-ew) = ¥ B0 weama,

z,y€Tq 11 r€Ty41
T~y
Moreover,
+1-g¢?(t+ L if || = 0,
A(uv)l/Q(x) ! q1/2(V1/2 m) . o
Wiz () = w2 () q+1—q/2(2Y%+7) if || = 1,

g+1—¢"Pl(L+ )2+ (=gt if fa] > 2,

xT
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is nonnegative. The optimality of W for H implies that it does not exist a nonnegative function f # 0 such
that

2
3 X (v o) - T Wime = X s,

z,y€Tq 11 z€Tq 11 z€Tq 41

or, equivalently, A — W 5  is critical.

1/2

o Null-criticality of A — W s, with respect to Wy 9 : the function z = (uv)'/* is the ground state of

ha —Wi/a,. Notice that
Wijon(@) > Wope(a) i Jz] > 2,
2(z) > GY*(x) if |x| > 2,
where W, is defined by (2.1) and G is the Green function. Then by Remark 2.4

Z 22 ()W /g4 (z) = +00.

EETq+1

e Optimality near infinity : suppose by contradiction that there exist A > 0 and a compact set K C Tgtr1
such that

(3.4 3 Y (f0-e) - X Wi @@ 2R X Wias)ea)

z,y€Tq11 €T gy1 €T 11
r~y

for all ¢ € Cp(Tg41 \ K). Then, (3.4) holds true on Co(Tg41 \ (K U Bz(0))). Notice that Wop® < Wi /o 2
for all ¢ € Co(Ty4+1 \ (K U By(0))). It follows that

2 2
1 1
3 X (v o) - X W@z X (v -v) - X Masde
z,y€Tq11 €T 41 z,y€Tq41 €T 41
T~y Yy
>X Y Wipa@)eP(@) =X Y Wop()e® (@),
€T gy1 €T g1
for all ¢ € Cy(Tq+1 \ (K U Bz(0))). This is a contradiction because W, is optimal for A. We checked the
three conditions given in Definition 2.2. Hence W5, is optimal for A. O

Proof of Corollary 2.8. For f < min{1/2logq,1} we have that W3, > Wy, on Bs(0)¢. Then, the thesis
follows by repeating the same argument used for proving (3.4). O

3.2. Proof of improved Poincaré inequalities.

Proof of Theorem 2.10. Given Wg , = AUZB’”, where ug , is defined by (3.1), it is easy to check that Wpg , is
il

larger than A, on B(0) choosing the parameters 0 < § < log, (% — ziq) and % + i <y<2-2°0.
Indeed,

q+1—(q+1)g )y >q+1-2¢"?
is equivalent to % + ﬁ <7, and
qg+1—q"722P +7) > q+1—2¢"2

is equivalent to v < 2 — 28, Notice that for this choice of v and f3 it follows that 3 < logQ(%) < 1, and we
already proved in Theorem 2.5 that Ws ., > A, on Ba(0)® for all 0 < 8 < 1. O
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Proof of Theorem 2.11. We know from Theorem 2.7 that the optimal weight W, . is larger than A, for
|z| > 2. Then we can define

R(x) = Wi j2,4(x) = Ay Vo € Tyyq \ Ba(o),
1/2

and (2.6) follows. The sharpness of ¢'/* is consequence of the optimality of W for H where W and H are
chosen such as in the proof of Theorem 2.7. O

4. HARDY-TYPE INEQUALITIES ON RAPIDLY GROWING RADIAL TREES

In view of the results obtained on the homogeneous tree, here we attempt to generalise the family of
Hardy inequalities given in Theorem 2.7 on a more general context, namely on radial trees. This could pave
the way to future investigations on more general nonradial trees, by means of suitable comparison theorems,
as in the Riemannian setting.

Let T = (V, E) be an infinite tree. We call T' a radial tree if the degree m depends only on |z| (see e.g.
[8, 34]). In the following we set 2 = m — 1 to lighten the notation. For future purposes, we also note that
the volume of the ball B,,(0) is given by

#Bi(o) =1,
#Bs(0) =24+ m(0),
#B3(0) = 2 +m(0) + (m(0) + 1)m(1),

#B,(0) = 1+ (M(0) + 1)[1 + (1) + m(L)(2) + ... + m(1)m(2)m(3) ... m(n — 2)].

If particular, if 7' = T,41, then = ¢ and we have that #B,,(0) ~ ¢"~* as n — +o0.

Next, recalling that the proof of Theorem 2.5 relies on the exploitation of the superharmonic functions
Uq,p and that u, 5(r) = |2|?¢®1®! for all |z| > 1, by analogy, we consider on T the family of positive and
radial functions:

(4.1) Uap(z) := |2[PT*(|2|) if |z] > 1.

Regarding the choice of the function W, since in T,y; the function ¢'*! is related to #DB|z)+1(0) and since

% ~ q=m as |z| — +oo, we assume that it satisfies the following condition

(4.2) U(|z| + 1) = m(|z))T(|jz]) for all ] > 1.

Clearly, if T = T, 1, then (4.2) holds by taking ¥(|z|) = ¢!*|. We note that, conversely, for a given positive
U, condition (4.2) characterizes the tree we are dealing with through its degree, see Remark 4.2 below.
By showing that the function u_ /5 g is superharmonic on 7', we obtain the following result.
W(s+1) .
szS(s) 18
nondecreasing and let T be a radial tree with degree T + 1 satisfying condition (4.2). Then, for all § < 1

Proposition 4.1. Let ¥ : (0,400) — R be a positive function such that the map (0,+00) > s —

and \Iﬂ%(l) <~v< W (m(l) +1-— m1/2(1)23> the following inequality holds

32 (P9 -0) 2T Watla)  Woe G,

z,yeT zeT
T~y
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where Wg - is the positive weight

m(0) +1— L if 2] =0,
W (x) = { T(1) + 1 —m/2(1)2° — w!/2(1)y if x| =1,

mfel) + 1 -2l (1 + ﬁ)ﬂ — 2 (je) - 1) (1 - ﬁ)ﬂ if || > 2.

Remark 4.2. It is readily seen that, by taking ¥(s) = ¢° in Proposition 4.1, we get T = Tqi1 and we
re-obtain Theorem 2.7; however, Proposition /.1 gives no information about the criticality of the operator
A —Wpg, onT. We also note that condition (4.2) yields rapidly growing trees, such as those generated, for
instance, by the maps W,(s) = e** with a > 1.

Proof. The proof follows the same lines of the proof of Theorem 2.5, namely we show that the function u, g
in (4.1), with @« = —1/2 and 8 < 1, is superharmonic in T\ B2(0) and that it can be properly extended
to o in order to get a superharmonic function on the whole 7. Hence the statement follows by invoking [8,
Proposition 3.1].

If 8 <1 and |z| > 2 we have

By p(@) = (llal) + 1)l W2 ) — 2l ] + 1702 )+
= (|| = 1)Pm! 2 (|a] — 1))
= U128 (m("”') 1wt el) (14 o) = el =) (1- )6>.

Since by hypothesis the function 7 is nondecreasing, we get
__ 2 1\7% 1\5
Btsj2la) = w-sy ) (el = 1)+ 2 (2 (14 ) = (1))
1\8
+ (72 (al) = 7 2(2 - D) (1= =) > >0,

||
for all |z| > 2.
Then we choose 7 := u_j 2 g(0) such that Au_; /5 g is nonnegative in By(0). By a direct computation we
have

Au_yyz.5(0) = (M(0) + 1)(y = T~/2(1)) > 0,
for v > W~1/2(1). Furthermore, for |z| = 1 we get
Au_y o g(x) = (M(1) + 1)~ Y2(1) —m(1)2° T~ /2(2) — 4 > 0,

for v < U=1/2(1) (m(l) +1-— m1/2(1)2ﬂ>. This concludes the proof. O

Acknowledgments. We thank Y. Pinchover for let us know that the property ”optimality near infinity”
can be derived from the criticality of H — W and the null-criticality of the operator H — W with respect to
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