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Abstract

We show that sweeping processes with possibly non-convex prox-regular constraints
generate a strongly continuous input-output mapping in the space of absolutely contin-
uous functions. Under additional smoothness assumptions on the constraint we prove
the local Lipschitz continuity of the input-output mapping. Using the Banach contrac-
tion principle, we subsequently prove that also the solution mapping associated with
the state-dependent problem is locally Lipschitz continuous.
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Introduction

The present paper is a continuation of [ 16], where we have studied a class of constrained
evolution problems, called sweeping processes, in the framework of areal Hilbert space
X endowed with scalar product {x, y) and norm |x| = 1/(x, x). In order to describe
the processes studied in [16], we assume that we are given right-continuous functions
u:[0,T] > Xandw : [0, T] — W, where W is areal Banach space and we suppose
that # and w are regulated, i. e. they admit left limits at every point ¢ € (0, T']. We also
assume that a not necessarily convex moving constraint Z(w(¢)) C X is given and
that Z(w(t)) is r-prox-regular, i.e. Z(w(t)) is a closed sets having a neighborhood of
radius r > 0 where the metric projection exists and is unique.

Assuming that the sets Z(w(#)) satisfy a suitable uniform non-empty interior con-
dition, we have proved in [16] that for every initial condition xg € Z(w(0)) there
exists a right-continuous function £ : [0, T] — X of bounded variation (BV') such
that the variational inequality

T 1 T
fo (x(0) — 200), ds<r>>+5/0 () — 2P AVE @) = 0, x(0) = xo,
0.1)

is satisfied for every regulated test function z : [0, T] — X such that z(t) € Z(w(z))
forallt € [0, T], withx(f) := u(t) —&(¢t) and V (§)(¢) := Var[o, &, the variation of &
over [0, t]fort € [0, T]. The two integrals in (0.1) can be interpreted in the sense of the
Kurzweil integral introduced in [20]: In the first integral we are integrating X -valued
functions, while the second integral corresponds to the standard case of real-valued
functions.

Since the normal cone Nz (x) ofaclosed Z C H atx € Z is defined by the formula

Nz(X)={S€X2 (E,X—Z)Jr%IX—zlzzO VzeZ}, 0.2)
the variational inequality (0.1) can be formally interpreted as a BV integral formulation
of the differential inclusion

£(t) € =Ncn(§(1)), £(0) = u(0) —xo 0.3)

with C(t) = u(t) — Z(w(t)),t € [0, T].

In [16, Section 5], we have shown under some technical assumptions, but dropping
the uniform non-empty interior condition for Z(w(t)), that if the inputs u, w are
absolutely continuous, then the output £ is absolutely continuous and satisfies the
pointwise variational inequality

(x)—z. E@)+ %u(r) —22 >0, x()+E@0) =u@), x(0)=xo

0.4)
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fora.e.t € (0, T) and all z € Z(w(¢)). The existence and uniqueness result for (0.4)
was stated and proved in [16, Corollary 5.3] and we recall the precise statement below
in Proposition 2.3.

A detailed survey of the literature related to non-convex sweeping processes was
given in [16] and we do not repeat it here. Instead, we pursue further the study of (0.4)
in the space of absolutely continuous functions. Let us mention only the publications
that have particularly motivated our research, namely the pioneering paper [24] where
the concept of sweeping process was elaborated, the detailed studies [7,25] of prox-
regular sets, and a deep investigation of prox-regular sweeping processes carried out
in [8,26].

It turns out that it is convenient in this context to represent the sets Z(w) = {x € X :
G(x,w) < 1} as sublevel sets of a function G : X x W — [0, co) satisfying suitable
technical assumptions. A detailed comparison of different continuity criteria has been
done in the convex case in [5]. In the nonconvex case treated in the present paper we
prove as our main result that the input-output mapping (u, w) — & is strongly contin-
uous with respect to the W' !-norms if G is continuously differentiable with respect
to both x and w, and Lipschitz continuous if both gradients V, G, V,,G are Lipschitz
continuous. As a consequence of the Lipschitz input-output dependence, we apply
the Banach contraction principle to prove the unique solvability of an implicit state
dependent problem with w of the form w(¢) = g(¢, u(¢), £(¢)) with a given smooth
function g : [0, 7] x X x X — W. The authors are not aware of any result of this kind
in the literature on prox-regular sweeping processes. Implicit problems in the convex
case have been solved under suitable additional compactness assumptions in [18,19]
and without compactness in [5]. The non-convex case has been considered for exam-
plein [1,2,12,13,21], but to our knowledge, in all existing publications, the sweeping
process is regularized by some kind of compactification or viscous regularization. In
our case, no compactification or other kind of regularization comes into play.

The paper is structured as follows. In Sect. 1, we identify sufficient conditions on
the function G (-, w) which guarantee that the sublevel set Z(w) is r-prox-regular
for every w € W. Section 2 is devoted to finding additional hypotheses on the w-
dependence of G which guarantee the validity of the existence and uniqueness result
for Problem (0.4) in [16, Corollary 5.3]. The strong continuity of the (u, w) +— &
input-output mapping with respect to the W'-!-norm is proved in Sect. 3, and the local
Lipschitz continuity of the mapping u +— & in the implicit case w(t) = g(t, u(t), £(¢))
is proved in Sect. 4.

1 Prox-Regular Sets of Class C’
Let us start by recalling the definition of prox-regular set, in agreement with [25, items

(a) and (g) of Theorem 4.1].

Definition 1.1 Let X be a real Hilbert space endowed with scalar product (-, -) and
norm |x| = +/{x,x), let Z C X be a closed connected set, and let dist(x, Z) :=
inf{|x — z| : z € Z} denote the distance of a point x € X from the set Z. Letr > 0
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be given. We say that Z is r-prox-regular if the following condition hold.
VyeX: dist(y,Z)=de(0,r) IxeZ: dist(x n 2@ —x), z)
Sy — x| (11
= — — X| =7r. .
d y

We have the following characterization of prox-regular sets (see, e. g., [16,25]).

Lemma 1.2 A set Z C X is r-prox-regular if and only if for every y € X such that
d = dist(y, Z) < r there exists a unique x € Z such that |y — x| = d and

ly — x|
2r

(y—x,x—2)+ x—z>>0 VzeZ. (1.2)
We represent the sets Z as the sublevel sets of a function G : X — [0, 00) in the
form

Z={ze€eX:G(z) <1}. (1.3)

We define the gradient VG (x) € X of G at a point x € X by the formula
1
(VG(x),y) = ling) ;(G(x +ty) — G(x)) VyeX. 1.4)
t—

The following hypothesis is assumed to hold.

Hypothesis 1.3 Let X be a real Hilbert space endowed with scalar product (-, -) and
norm |x| = +/{(x, x). We assume that (1.3) holds for a function G : X — [0, 00),
VG (x) exists for every x € X, and there exist positive constants A, ¢ and a continuous
increasing function | : [0, 0c0) — [0, 00) such that (1(0) = 0, limg_, 0o (s) = 00,
and

1) Gx)=1 = |VGx)| >c>0forallx € X;
(i) [VG(x) = VG| = u(lx —y|) forallx,y € Z;
(iii) (VG(x) —VG(z),x —2) = —Alx —z|? forallx € 3Z and z € Z.

Throughout the paper, for a set S C X, the symbols 9.5, Int S, and S will denote
respectively the boundary, the interior, and the closure of S. It is easy to check that
under Hypothesis 1.3 we have 0Z = {x € X : G(x) = 1}, so that an element x € X
belongs to Int Z if and only if G(x) < 1. Indeed, if G(x) = 1, then

lim l(G(x +1VG(x) — G(x)) = [VGW)* > c* >0
t—0t N - '

Forn € Nputx, :=x+ %VG(x). We have G (x,,) > 1 for n sufficiently large, hence
Xxn ¢ Z. Since x,, converge to x as n — 00, we conclude that x € 9Z.

In the convex case, we can choose G to be the Minkowski functional Mz (or gauge)
associated with Z defined as Mz (x) = inf{s > 0 : lx e Z}. Then condition (iii) of

N
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Hypothesis 1.3 is automatically satisfied, since VM7 is monotone, and (ii) is just the
uniform continuity condition of VM. For non-convex sets Z, condition (iii) excludes
sharp concavities of 0 Z.

We now prove the following result.

Proposition 1.4 Let Hypothesis 1.3 hold and let r = c/X\. Then for every y € X such
that d = dist(y, Z) € (0, r) there exists a unique x € dZ such that

VG(x)
=x+d———,
Y VG ()]
and
VG(x) A 5
—_ X — —|x — >0 Vv Z. 1.5
<|VG(x)| X z>+2clx z|© > 7 € (1.5)

In particular, Z is r-prox-regular.

The statement of Proposition 1.4 is not new. The finite-dimensional case was already
solved in [28]. The fact that the conditions of Hypothesis 1.3 are sufficient for a set
given by (1.3) to be prox-regular also in the infinite-dimensional case was shown in [4,
Theorem 9.1] (see also [3]). The proof there refers to a number of deep concepts from
non-smooth analysis along the lines, e. g., of [6, Chapter 2]. Here we present instead
an elementary self-contained proof using no other analytical tools but the properties of
the scalar product, and the argument is split into several steps including two auxiliary
Lemmas.

Lemma 1.5 Let Hypothesis 1.3 hold and let r = c/A. Then for allx € 0Z and z € Z
we have

n VG ()|

—z>>0.
> lx —z|” >

(VG(x),x —z2)

Proofof Lemma 1.5 For x € 9Z and z € Z we have

1
0<Gx)—G(2) = i/ G(z+t(x—z))de
dt Jo
1
= / (VG(z+1t(x —2)),x —z) dt
0
1
= (VG(x),x —z7) — / (VG(x) = VG(x — (1-1)(x —2)),x — z) dt
0
A 2
<(VG(x),x —z) + §|x —z]%

and the assertion follows.
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To + t(y - ya> Yy

Lo

7 Yo

Fig. 1 Illustration to Lemma 1.6

Lemma 1.6 Let Hypothesis 1.3 hold, let V- C X be the set of all y € X for which there
exists x € Z such that |y — x| = dist(y, Z), and let U, :={y € Z : dist(y, Z) < r}.
Then the set V N\ U, is dense in U,.

A highly involved proof of Lemma 1.6 can be found in a much more general setting,
e.g., in [6, Theorem 3.1, p. 39]. For the reader’s convenience, we show that in our
special case, it can be proved in an elementary way.

Proof of Lemma 1.6 We prove that for a given y € U, and every ¢ > 0 there exists
y* € VN U, such that

ly =yl <e. (1.6)

Let y € X be arbitrarily chosen such that d := dist(y, Z) < r.Forany « € (0,r —d)
we find x, € 0Z such that |y — x| = d + « and put (see Fig. 1)

VG(xy)
Yo i=xg +(d +)ng, Vo =|VG(xo)|, ng:= e
o
_ — X _
My 1= }c)l—i——o(:’ Go = (Ng, Mg . (1.7)

Using Lemma 1.5 we check that y, € V, |yy — xo| = d + o = dist(yy, Z). We
have by (1.7) that y — yy = (d 4+ o) (ny — ng), hence,

1y = Yeol? = (d + @)*(2 = 2 (g, ng)) = 2(d + @)*(1 — qa). (1.8)

This implies that —1 < g4 < 1.Indeed, if g, = 1,theny = y, and dist(y, Z) = d+«
which is a contradiction. Furthermore,

1
lim —(G(xa +1(y = ) = G(xa))

t—0+

=(VG(xa), Y — Ya) = Va(d + ) (ng, N — Ng)
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=va(d+a)(ge—1) <O0. (1.9)
We have G(xy) = 1, hence G(xy + (¥ — yo)) < 1 1in a right neighborhood of 0. Put

T, :==inf{t > 0 : G(xq +1t(y — yy)) > 1}. Then T,, > 0, and for every 7, € (0, Ty,),
by hypothesis that dist(y, Z) = d and by (1.7), (1.8) we find

d* < |y = (o + 1y = Ya)) P = (1 = 1) (¥ — Xa) + toa (Yo — Xa)|*
— (d + )2 (1 = 1)t + toyng|?
= (d + o) ((1 = 1) + 12 + 216 (1 — 14)q0)
= (d+a)*(1 = 2 (1 = 1)(1 — qa))
=(d+ o) —to(1 — t)|y — yal*

so that

ta(1 = 1)y — yol* < (d + @)* — d*
=Qd+a)a Vi, € (0,T,), Ya € (0,r — d). (1.10)

If lim supy o 7o > 1/2, then for all & such that 7, > 1/2 we can take 7, = 1/2 in
(1.10) and obtain that

ly = yol* < 4a(2d + ),
and (1.6) is satisfied provided we choose y* = y,, for a sufficiently small @ such that
T, > 1/2.

Itremains to consider the case lim sup,\ o 7o < 1/2. Wehave G (xq+To(y—yqo)) =
1, thus, by Hypothesis 1.3 and (1.8), we find

T,
0=Gxg +To(y — yo)) — G(xq) = /0 (VG (xg +1(y = Ya))» ¥y — Yo) dt
T,
=Tu (VG (Xa), ¥y — Ya) +/0 (VG(xg +1(y — Ya)) — VG (xq), y — yo) dt

T,
< —TaYe(d +o)(1 — qq) +/0 wtly — yaDIy — yaldt

T — 2 Tyly—Yel
_ _ Ta¥aly = ol +/ (o) do.
2(d +a) 0

For p > 0 put

P
M(p) = /0 u(o)do.

The function M : [0,00) — [0, 0c0) is increasing and convex, and the function
M(p) = M(p)/p is increasing, unbounded, and M(0+) = u(0) = 0. From the
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above computations we conclude that
N c
M(Toly = yal) Z 721y = Yal. (111

where c is the constant from Hypothesis 1.3 (i).
Putt, = T, /2. Then t, < 1/2 for « sufficiently small. Using (1.11) and (1.10) we
infer that

(g — < Ty — v l2 =26 1y — o |2
[y — yal 2r|y Yal) < Taly — yal|™ = 2ta|y — Yol

<2(1 —t) 'Qd + 0)a < 42d + @),  (1.12)

hence, putting py := M‘l(c/(Zr)|y — Ya|), we obtain
N 2c
M(po) = paM(pa) < T(Zd +o)a

and we obtz}in (1.6) for y* = y, and @ > O sufficiently small from the continuity of
w, M and M at 0.

We are now ready to prove Proposition 1.4.

Proof of Proposition 1.4 To prove that Z is r-prox-regular, consider any d € (0, r) and
put

Fr=0Z={yeX:G@ly) =1},
'y ={yeX:dist(y, Z) =d}.

Let f : ' — X be the mapping defined by the formula

VG (x)

f(X)=X+dm

(1.13)

Then f is continuous and f(I") C I'y. Indeed, we have | f (x) — x| = d and, choosing
an arbitrary z € Z,

|f(x)_Z|2=|x—z|2+d2+2d< VG(x) —Z>

— X
IVG(x)]

d
> <1——)|x—z|2—i-dzza'2
r

by virtue of Lemma 1.5. Furthermore, by Lemma 1.6, for y from a dense subset of [y
there exists x € I" and a unit vector n(x) such that y = x +dn(x) and |y — z| > d
for all z € Z. We consequently have |x +tn(x) —z| > |x +dn(x) —z| —(d —1t) > ¢
forall ¢ € (0, d]. Put

VG(x)

"0 = 96000
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We have forallz € (0, d) thatx+tn(x)—tn(x) ¢ Int Z, hence G(x+tn(x)—tn(x)) >
1, and

0< tliI(I)lJr; (G(x + tn(x) — th(x)) — G(x)) = (VG (x), n(x) — i(x)),

and we conclude that n(x) = 7i(x). The range f(I') of the mapping f defined by
(1.13) is therefore dense in I'y. Assume that there exists y € I'y \ f(I'). We find a
sequence of elements y; € f(I'), j € N, which converges to y, y; = f(x;). For
J, k € N we have in particular

VG(xj) VG(xk))

/ ! VG| VGl

By Lemma 1.5 we have

<< VG()) VG(Xk)) x__Xk>>_l|x,_xk|2
VGapl VGl ) = T

hence,

5 r
lxj —xk]” < m()’j — Yk, Xj = Xk}

We conclude that {x;} is a Cauchy sequence in X, hence it converges to some x € I'
and the continuity of f yields y = f(x). We have thus proved that for each y € I'y
there exists a unique x € I' such that y = f(x), and the assertion follows from
Lemma 1.6.

2 Absolutely Continuous Inputs

We now consider a family of sets {Z(w) : w € W} parameterized by elements w of a
Banach space W with norm | - |y and defined as the sublevel sets

Zw)={ze X:G(x,w) <1} 2.1)

of a locally Lipschitz continuous function G : X x W — [0, 0co). Similarly as in
(1.4), we define the partial gradients V,G(x, w) € X, V,G(x,w) € W forx € X
and w € W by the identities

(ViG(x,w),y) = }%;(G(x +ty,w) — G(x,w)) VyeX, (2.2)

(VG (x, w), v) = }%%(G(x, w4 1) - Gx,w)) YweW,  (23)
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where W’ is the dual of W, and (-, -)) is the duality W — W’. We assume the following
hypothesis to hold.

Hypothesis 2.1 Let X be a real Hilbert space endowed with scalar product (-, -) and
norm |x| = /{x, x) and let W be a real Banach space with norm | - |w. We assume
that (2.1) holds for a locally Lipschitz continuous function G : X x W — [0, o0) for
which VG (z, w) exists for every (z, w) € Z x W and there exist positive constants
A, ¢, L and functions 1 : W x [0, 00) — [0, 00), u2 : [0, 00) — [0, 00) such that
w1(w,0) = u2(0) =0, limg_, o0 1 (w, s) = limg_, o0 2 (s) = 00 for every w € W,
and

1) Gx,w)=1 = |V,G(x,w)|>c>0forallx € X andw € W;
) |ViG(x,w) — Vi Gy, w)| < pur1(w, |x —y|) forallx,y € Z(w) and w € W;
(iii) (VoG (x, w) — VG (z, w), x —2z) > —Alx —z|? forallx € 3Z(w), z € Z(w),
andw € W;
(iv) |G(x,w) — G(x,w)| < Llw—w'|w forallx € X and w,w' € W;
V) Vo>0Vwe WVx e X:

dist(x, Z(w)) > p = G(x,w) — 1 > pa(p). 24
The property (v) in Hypothesis 2.1 is a kind of uniform coercivity of the function
G which will play a role in the next Lemma. Let us observe that Hypothesis 2.1 and

Proposition 1.4 imply that the set Z(w) given by (2.1) is r-prox-regular for every
weWw.

Lemma 2.2 Let Hypothesis 2.1 hold. Then for every K > 0 there exists a constant
Ck > 0 such that

max{|wi|w, lw2lw} < K = dy(Z(wy), Z(w2)) < Cklwy — w2|lw, (2.5)

for every wi, wa € W, where dg denotes the Hausdorff distance

di(Z(wy), Z(wn)) ::max[ sup dist(z, Z(wa)), sup dist(z, Z(wl))}.

z€Z(wy) ZeZ(wy)
Proof Let K > 0 be given and let max{|w;|w, lw2|w} < K. We first check that
dy(Z(wr), Z(wn)) < Dg = ;' QKL). 2.6)

Indeed, if this was not true, we can assume that there exists x € Z(w;) such that
dist(x, Z(w2)) = Dk + « for some o > 0. By Hypotheses 2.1 (iv)-(v) we then have

Llwy —wa2|lw = G(x,w2) — G(x, wy) > G(x, w2) — 1 > ua2(Dg + @) > 2K L,
which is a contradiction.

We now consider the cases dy(Z(w1), Z(wy)) > r or dg(Z(wy), Z(w2)) < r
separately. Let us start with the case
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A.du(Z(w1), Z(wy)) > r.
Then for x € Z(w1) we have by Hypotheses 2.1 (iv)-(v) that

Liw; —wa|lw = G(x,w2) — G(x,wy) = G(x,wz) — 1 = pa(r),

and (2.6) yields

DgL
dy(Z(wy), Z(wn)) < Dx < ——|w; — wyw. 2.7
na(r)

In the case
B.dy(Z(wy), Z(w2)) <r

we proceed as follows. For every ¢ > 0 there exists x; € Z(w) be such that d; :=
dist(xe, Z(w2)) € (0, r) and dy (Z(w1), Z(w2)) —& < de < dg(Z(wy), Z(w2)). By

Proposition 1.4, there exists x, € dZ(wy) such that x, = x, + d.n,, where

, ViG (L, wo)

ng = —————"—H—. 2.8
* T VGGl wo) =9

We have G(x}, wz) = 1, G(xg, wz) > 1, and by (2.8), Hypotheses 2.1 (i) and 2.1
(>iii),
1
G(xe, wp) — G(x,, wa) = f (ViG(x] + tden),, w2), den’) dt
0
= (ViG(x}, w2), den})

1
+ / (ViG(x] + tden),, w) — Vi G (x}, w2), dgnl) dt
0

zcdg—%dzzgdg(Z—d—s>Z%~
r

On the other hand, we have G(x,, w;) < 1 = G(x/, w2), hence, by Hypothe-
sis 2.1 (iv),

2
dy(Z(wy), Z(w2)) — & <d; < E(G(xs» wy) — G(x;, w2))
2 2L
< ;(G(xe, w2) — G(xg, wy)) < lel —walw, (2.9)
and combining (2.7) with (2.9) and with the arbitrariness of ¢ we complete the proof.

We cite without proof the following result.

Proposition 2.3 Let {Z(w); w € W} be a family of r-prox-regular sets and let (2.5)
hold for every K > 0 and every wy, w, € W. Then for every u € W-1(0, T; X),
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w e WH(0, T; W), and every initial condition xo € Z(w(0)) there exists a unique
solution & € W10, T; X) such that

x(t) :=u(t) —&@) € Z(w(t)) foreveryt €[0,T], (2.10)
<x(t) -z, é‘(t)) + %M(r) — 2> >0 Vze Z(w®)), foraete(0,T),

(2.11)

x(0) = xg. (2.12)

The statement was proved in [16, Corollary 5.3] under the assumption that the
constant Cg in (2.5) can be chosen independently of K. This is indeed not a real
restriction, since the input values w(#) belong to an a priori bounded set. We obtain
global Lipschitz continuity under the hypotheses of Proposition 2.3 by choosing K >
SUP; (0, 7] |w(?)|w in (2.5) and modifying the function G for |w|wy > K for instance
as G(x,w) = G(x, f(wlw)w), where f : [0, 00) — [0, c0) is a smooth function
such that f(s) = 1fors € [0, K]and sf(s) < K fors > K.

The above developments have shown that the assumptions of Proposition 2.3 are
fulfilled if Hypothesis 2.1 holds. The existence and uniqueness of solutions to (0.4)
is therefore guaranteed for all u € Wl*l(O, T;X), w € WI’I(O, T; W), and every
initial condition xo € Z(w(0)). We now prove the following identity which plays a
substantial role in our arguments.

Lemma 2.4 Let Hypothesis 2.1 hold and let u, w, &, x be as in Proposition 2.3. Let
VuwG : X x W — W' be continuous. Then

E®.x@) +sm)=0 (2.13)
for almost all t € (0, T) with the choice

_ VG (x(1), w(t))
~ dist(x (1), 0Z(w (@) + |V G(x (1), w(D))|?

s(1) (w@), VG (x (@), w®)))) .

(2.14)

Proof We first check that the denominator in (2.14) is bounded away from zero. Indeed,
thanks to Hypothesis 2.1(ii) we find §. > 0 such that the implication

c
ler —xa] <de = [VaGx1, w(®)) = VoGl wt))| < 5 V2 €[0, 7]

holds for all x;, x, € Z(w(¢)). Then we have

dist(x (1), 0Z(w (1)) < 8 = 3% € IZ(wW®)) : 1% — x ()|
<8 = VoG x(), w))| > %
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With this choice of X, we have
2
dist(x (1), dZ(w (1)) + |Vy G (x (1), w(r))[* > min {&, Z} (2.15)

forall t € [0, T]. For a. e. t € (0, T) one of the following two cases occurs:

(1) £&(n) =0,
() ) #0.

Let B =1{t € (0,7) : é(t) # 0}. For t € B we have x(t) € 9Z(w(t)), that is,
G(x(t), w(t)) = 1. Hence, for a. e. t € B we have

(x(0), VxG(x(0), w(0)) + (w(®), Vi G(x (1), w(1)))) = 0. (2.16)

Moreover, fort € B, the vector 5 () points in the direction of the unit outward normal
vector n(x(t), w(t)) to Z(w(t)) at the point x(¢), that is,

o HG]
§0 = S Gam vy FEEO o). (2.17)

From (2.16)—(2.17) we obtain for ¢ € B the identity

ViG(x (1), w(t))
VLG (x(2), w(r))]?

Em,xm)+ <é<t>, (1), Vi G (x (1), w(r)>>>> =0,

(2.18)
which is of the desired form
Em. i) +350))=0 (2.19)
with
S = SO LO) ) 9,60, we)) (220)

Ve G (x (), w(t))[?

which holds for a. e. t € B by the above argument. Since dist(x(¢), dZ(w(z))) = 0
fort € B, we obtain (2.13) directly from (2.19). For t € (0, T) \ B, identity (2.13) is
trivial since £(t) =0a.e.ont € (0,7T) \ B.

Under Hypothesis 2.1, the mapping (x, w) +— dist(x, Z(w)) is locally Lipschitz
continuous. This can be easily proved as follows. Let x, x’ € X, w, w’ € W be given.
Put d = dist(x, Z(w)), d’ = dist(x’, Z(w")), and assume for instance that d > d’.
For an arbitrary ¢ > 0 we find 7’ € Z(w’) such that |[x’ — 7’| <d’' +¢,and z € Z(w)
such that |z — 7| < dy(Z(w), Z(w")) + €. Then
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d<lx—zl<Ix=x|+Ix =2+ -zl < |x—x|+d
+du(Z(w), Z(w')) + 2¢ (2.21)

and the assertion follows from (2.5). Moreover the following statement holds true.

Lemma 2.5 Let Hypothesis 2.1 hold, andlet K > 0 be given. Then there existsmg > 0
such that for all w, w' € W satisfying the inequalities

max{lw|w, |w'w} < K, |w—w|yw <mg (2.22)
and forall x,x' € X, x € Z(w), x' € Z(w') we have
\dist(x, 9Z(w)) — dist(x’, IZw))| < |x — x'| + d (Z(w), Z(w')).

Proof Putd = dist(x, 0Z(w)), d' = dist(x’, dZ(w’)), and assume d > d’. For every
& > 0wefindz € 0Z(w') such that |[x' — 7’| < d' + ¢, and z € 9Z(w) such that
|7/ —z| <dg(3Z(w), dZ(w")) + . We argue as in (2.21) and obtain

d<|x—z|<|x—X|+]x =+ =zl <|x=x|+d
+dy(3Zw), dZW')) + 2e.

The proof will be complete if we prove that for a suitable value of m g and for w, w’
satisfying (2.22) we have

dy(AZ(w), dZ(w") < dp(Z(w), Z(w")). (2.23)
We claim that the right choice of mg is

d*
mg = —
K Cx
with Cg from Lemma 2.2 and any d* < r with r as in Proposition 1.4.
Indeed, from Lemma 2.2 it follows that p := dy(Z(w), Z(w')) < d*. Consider
any z € 0Z(w) and assume that z ¢ dZ(w’). We distinguish two cases: z € Int Z(w’)
and z ¢ Z(w"). For z € Int Z(w’) and t > 0 we put

ViG(z, w)
z2(t) =z —i—tlva(Z’ -
Then for ¢ < r we have dist(z(t), Z(w)) = |z(t) —z| = . Since dy (Z(w), Z(w')) =
o < d* < r, there exists necessarily t < p such that z() € Z(w’), and we conclude
that dist(z, 3Z(w’)) < p. In the case z ¢ Z(w’) we use Proposition 1.4 and find
7 € 9Z(w’) such that dist(z, Z(w’)) = dist(z, dZ(w’)) = |z — 2’| < p and (2.23)
follows.
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It is easy to see that a counterpart of inequality (2.23) does not hold for general
sets. It suffices to consider Ry > Ry > Oand Z| = Bg,(0), Z> = Z; \ Bg,(0), where
for x € X and R > 0 we denote by Br(x) the open ball {y € X : |x — y| < R}.
Then dy(Z1, Z3) = Ry, dy(0Z1,9Z>) = R — Ry, so that (2.23) is violated for
Ry < Ry/2.

The solution mapping of (2.10)—(2.12) is continuous in the following sense.

Theorem 2.6 Let Hypothesis 2.1 hold and let V,G : X x W — W' be continuous.
Letu € WH(0,T; X) and w € WH1(0, T; W) be given, and let {u,;n € N} C
WL, T; X) and {w,;n € N} ¢ WHL(0, T; W) be sequences such that u, (0) —
u(0), w,(0) - w(0) asn — oo, and

T
lim (Jity (1) — ()| + |wp (t) — w(t)|w) dt =0 (2.24)
0

n—oo

asn — oo. Let&,, &€ € WH1(0, T'; X) be the solutions to (2.10)—(2.12) corresponding
to the inputs u,, wy, u, w, respectively, with initial conditions x,? € Z(w,(0)), xg €
Z(w(0)) such that |x,9 —xo| = 0asn — oo. Then

T
lim 1€, (1) — E(1)|dr = 0. (2.25)

n—o00 0

The proof of Theorem 2.6 relies on the following general property of functions in
L'(0, T; X) proved in [14].

Lemma2.7 Let {v,;n € NU{0}} € L0, T; X), {go:n € NU{0}} € L1(0, T; R)
be given sequences such that
@ limysoo fy (va(1). (D) dr = [} (v(1), (1)) dr Vg € C((a, b]; X),

(if) limy—oo fy 184 (1) = go()] di =0,
(i) vy ()| < gu(1) a.e. Vn €N,
(i) [vo(1)| = go(?) a.e.
Then 1m0 [ [0a(t) — vo(t)| d = 0.

Notice that Lemma 2.7 does not follow from the Lebesgue Dominated Convergence

Theorem, since we do not assume the pointwise convergence. The proof is elementary
and we repeat it here for the reader’s convenience.

Proof of Lemma 2.7 We first prove that property (i) holds for every ¢ € L>°(0, T; X).
For a fixed ¢ € L®°(0,T; X) and § > 0 we use Lusin’s Theorem to find a function
Y € C([0,T]; X) and a set Ms C [0, T] such that meas(Ms) < § and ¥ (¢) = ¢(t)
forallr € [0, T]\ Ms, |[¥]l < ll¢ll. We then have

=

T
fo (on (1) — vo(0), ¥ (1)) dr

T
+2|oll </ |g,,(t)—g0(t)|dt+2/ go(f)dl>-
0 Mg
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Since § can be chosen arbitrarily small and go € L! (0, T'), the integral of gg over M
can be made arbitrarily small and we obtain

T T
lim | (v.(0), o)) dt:/ (vo(1), p(t)) dt Y € L0, T; X). (2.26)
0 0

n—o0

Let us note that the transition from (i) to (2.26) is related to the Dunford-Pettis Theorem,
see [10]. To prove Lemma 2.7 we put for ¢ € [0, T']

o0 ::[o if vo(t) =0,

Z,g—g; it vo(r) # 0.

Then ¢ € L*°(0, T; X) and the inequality

[ (£) — vo (1) > < g2(t) — 2 (v (1), vo (1)) + g3 (1)
= 1gn (1) — 20> +280(1) (gn (1) — g0(1) + (V0 (1), 9(1)) — (Vu (1), (1)) )

holds for a.e. ¢ € [0, T']. By Holder’s inequality we have

T T T
/0 Ivn(t)—vo(t)ldtifo Ign(t)—go(t)ldt+(/0 2go(t)dt)

1/2

T
(/0 (g2 (1) = go(1) + (vo (1), (1)) — (va (1), 9(1)) )dt) ,

1/2

and the assertion follows from (2.26).
We are now ready to prove one of our main results, namely Theorem 2.6.

Proof of Theorem 2.6 By Lemma 2.4 we check that s, given by the formula

Vi G (xn (1), wa (1))

B @), IZm ) + V2 G a0, e e VG (®: wne)) (2.27)

sp(t) =
satisfy a.e. the identity

(En (@), (1) + 50(1)) = 0. (2.28)

Theorem 4.4 of [16] states that x,, — x uniformly in C ([0, T]; X). Using Lemma 2.5

and formulas (2.15), (2.24) we conclude that Sp converge strqngly to s in Ll.(O, T; X).

Paty, =u,+s, — 26, =x,+5, —&,y=u+s—2 =x+s5 — & Fora.e.
t € (0, T) we have by (2.13), (2.28) that

1n (D1 = 1in(6) + 50 (1) — En(O)]* = i (£) + 50 (1) + &1 (1)
= [itn (1) + s,(D)]%, (2.29)
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and similarly |y(r)|> = |it(t) + s@)|>. Put v,(t) = y, (1), vo(t) = y(1), ga(t) =
lit,, (1) 4 sp(2)|, go(t) = |u(t) + s(z)|. We see that hypotheses (ii)—(iv) of Lemma 2.7
are satisfied. The assertion of Theorem 2.6 will follow from Lemma 2.7 provided we
check that

T
lim (yn(@) —y(@), @) dt =0 Vo e C(0,TI; X). (2.30)

n— o0 0

This will certainly be true if we prove that

T
lim (En() —E@®), o)) dt =0 Vg € C([0, T]; X). (2.31)

n—o0 0

Let ¢ € C([0, T]; X) be given. For an arbitrary ¢ > 0 we find ¢ € cl(o, T1; X)
such that ||y — ¢|| < e. There exists a constant C > 0 independent of n and ¢ such
that

< Ce,

T
VO (En) —E@®), o) — Y (1)) dt

hence,

T T
' /0 (Ent) —E@), (1)) dr /O ) —E@®), v (@) dt

=

+Ce,  (232)

where we can integrate by parts and obtain

T
/ (En() —E@), v (@) dt = (E(T) = &(T), Y(T)) — (£(0) — £(0), ¥(0))
0 (2.33)

T
- /0 {Ea () = &), ¥ (1)) dr.

By [16, Theorem 4.4], the right-hand side of (2.33) converges to 0 as n — oo. Since
€ in (2.32) can be chosen arbitrarily small, we obtain (2.30) from (2.32) and (2.33).
Using Lemma 2.7 we conclude that

T
lim lyn(t) — y(@)|dr =0

n—o0 0

and the assertion of Theorem 2.6 easily follows.

3 Local Lipschitz Continuity

We have proved in the previous section that the solution mapping (u, w) +— & of
Problem (2.10)—(2.12) is strongly continuous with respect to the W!-!-norm provided
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Hypothesis 2.1 holds and V,,G is a continuous function. Here we show that if V, G,
VwG are Lipschitz continuous, then the solution mapping of Problem (2.10)—(2.12)
is locally Lipschitz continuous with respect to the W' !-norm. Here are the precise
assumptions.

Hypothesis 3.1 Let Hypothesis 2.1 hold. Assume that the partial derivatives V, G (x, w)
€ X, Vy G(x, w) € W exist for every (x, w) € X x W and there exist positive con-
stants Kg, K1, Co, C1 such that

(1) [V:G(x, w)| < Ko, |VuGx,w)lw < K1 V(x,w)e X x W,
(i) for every (x, w), (x’, w’) € X x W we have

IViG(x, w) = ViG(x', w)| < Co(lx —x'| +Jw —w'lw), (3.1
IVuG(x, w) = Vi G, w)lwr < Cr(lx = x|+ Jw —w'lw). (3.2)

In the following two lemmas we derive some useful formulas.
Lemma3.2 Let Hypothesis 3.1(i) hold, and let (u, w) €

WL, T; X) x Wb, T; W), x° € Z(w(0)), and ¢ € WE1(0, T; X) satisfy
(2.10)—(2.12) with x(t) = u(t) — &(t). Fort € (0, T) set

Alu, w(t) = (E(1), Vo G(x (1), w(1)))
Blu, wl(t) = (1), Vo G(x(1), w(r))) + (w(1), Vi G(x (1), w(r))) ,

Then for a.e. t € (0, T) we have either

() £(t) =0, $G(x (1), w(t)) = Blu, w](),

or
(i1) é(z) = 0, x(t) € 0Z(w()), Alu,wl(r) = Blu,wl) > 0O,
maxce(0,71 G(x (1), w(r)) = G(x (1), w()) =1, %G(x(t), w(t)) =0, and

s Alu, w](t)

§() = V. GGm). w2 ViG(x(1), w(1)). (3.3)
Moreover, for a.e. t € (0, T) we have that

|Blu, w](t)] < [V2G(x(@), w®))| [u()] + Ki|w(®)|w, 34
. K
1E@)] < lu(@®)| + Tllu')(l)IW, (3.5)

with ¢ from Hypothesis 2.1 (i).

Proof Let L C (0, T) be the set of Lebesgue points of all functions u, w, S Then L
has full measure in [0, T'], and for ¢t € L we have

d
3, Cx @0, w®) = (x(0), VxG(x (1), w(0)) + (w@), Vu G(x (1), w(®))) . (3.0)
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If £(r) = 0, then %(t) = u(r), and (i) follows from (3.6). If £(t) # O, then
x() € 0Z(w(t)), hence G(x(t), w(r)) = 1 = max;¢o,7] G(x(7), w(r)) and
%G(x(t), w(t)) = 0, so that (3.3) follows from (2.17). Furthermore, (3.6) yields
(xX(0), Vi G(x(1), w(1))) = — {w (1), VuG(x(7), w(1)))), hence

(E@), ViG(x (1), w(®))) = (i(1), VoG (x (1), w(1)) — (i (1), VoG (x (1), w(1)))
= (1), Vx G (x(1), w(®))) + (w(t), Vu G (x(1), w(®)))) ,

We are left to prove (3.4)—(3.5). Formula (3.4) fo}lows from Hypothesis 3.1 (i). Formula
(3.5) is trivial if £ () = 0; otherwise we have |£(¢)| = Alu, w](?)/|V. G (x(t), w(t))|
= Blu, w](#)/|V:G(x(t), w(t))|, x(t) € dZ(w(t)), and (3.5) follows.

Lemma 3.3 Let Hypothesis 3.1 (i) hold, let (u;, w;) € WH1(0, T; X)x Wh1(0, T ; W)
and xl.o € Z(w;(0)) be given fori = 1,2, let & € WLN0, T; X) be the respective
solutions to (2.10)—(2.12) with x; = u; — &; fori = 1,2. Then fora.e. t € (0, T) we
have

d
|Aflur, wil(t)—Aluz, w2](2)| + EIG(M(I), w1 (1)) — G(x2(1), wa(r))]
< [Bluy, wi](t) — Bluz, w2](1)], (3.7

. . 1
61() = &2(0] = — |Alur, wil() — Aluz, w2]()]

/. K .
+ - (Iul(l)l + 7|w1(t)lw) VG (x1(2), w1 (1))
=V G(x2(t), wa(1))]. (3.8)

where A and B are defined as in Lemma 3.2.

Proof The assertion follows directly from Lemma 3.2 if £1(t) = & (1) = 0. Assume
now )

e 51(1) #0,5(0) #0.

Then (3.7) is again an immediate consequence of Lemma 3.2. To prove (3.8), we
use (3.3) and the elementary vector identity
z Z

B —— |z —7| for z,7 € X\ {0},

lz]12’|

to obtain

Lo VoG 0, w1 @) ViGna), wa(0)
t) — Nl <A R (f —
810 =8O8 = 1Al w0l G 0 o1 VG0, w20 2

1
G0, w )|
_ |Bluy. wi]0)]
V2 GG (0, wi )] V5 G2 (0, w2 ()]

[Aluy, wil(t) — Alug, wal(0)]

[VxG(xy (1), w1 (1)) — VG (x2(1), wa (1))

+ AR [Alur, wil(®) — Alug, w2](@0)].
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By Hypothesis 2.1 (i) we have |V, G (x;(t), w;(t))| > c fori = 1, 2, and combining
the above inequalities with (3.4) we obtain the assertion.

th us consid_er now the case

e &1(1) #0,5(01) =0.

Then |Alur, wi](#) — Aluz, wa](@®)| = Aluy, wil(#), G(x1(1), wi(#)) — G(x2(2),
wy (1)) =1 — G(x2(t), wa(z)) > 0, hence

d
[Alur, wil(t) — Aluz, wal(t)| + E|G(x1(t), wi(1)) — G(x2(8), wa(t))|
d
= Afup, wilt) — EG(Xz(t), wa (1))

= Bluy, wi](t) — Blua, wy](¢),

hence (3.7) is fulfilled. We further have similarly as above that

. . . 1 1
151(1) — &2(0] = [51(1)] < ;A[vl, urlt) = - |Afur, wil(®) — Aluz, w2](0)],

hence (3.8) holds. The remaining case

e £1(1) =0,6(1) #0

is analogous, and Lemma 3.3 is proved.

We are now ready to prove the following main result.
Theorem 3.4 Let Hypothesis 3.1 hold, let (u;, w;) € W10, T; X) x W10, T ; W)
and x? € Z(w;(0)) be given fori = 1,2, let & € WL, T; X) be the respective

solutions to (2.10)—(2.12) with x; = u; — &; fori = 1,2. Then fora.e. t € (0, T) we
have

. . 1 d
61() = &2 + — GG (0), wi (@) = Gx2(1), w2 (1))

1
< ;(Koml(t) — ()| + K1y (1) — w2 (1) w)
1 . CoK,y .
+ - (2C0|u1(l)| + (C1 + " ) le(t)|W> (lwi()—wa () w
+ |x1(0)—x2(0)1). (3.9)

Proof By Lemma 3.3, we have

. . 1 d
1§1(1) — &) + - q G ®), wi() = Gla), wa ()]

1
< ZIB[IH, wi](t) — Bluz, w2](1)]

1 K
+ 2 <|L'tl(t)| + Tllwl(t)lw) IVaG(x1(0), wi (7)) — Vi G (x2(1), wa (1))l
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where Bu, w] is defined as in Lemma 3.2. Hence (3.9) follows since from Hypothe-
sis 3.1 and the triangle inequality applied to B[u, w] we infer that

|Blur, wil(t) — Bluz, wal(0)] = Koluy (1) — u2()| + Ki|w (1) — wa(0)|w
+ (Colir (0] + Calib1 (O)]) (1x1 (1) — 220 + [wr (1) — wa ()] w).
Corollary 3.5 For every R > 0 there exists a constant C(R) > 0 such that for
every (Ui, w;) € lel(O, T:X) x W0, T: W) and every x? e Z(w;(0)) for

i = 1,2 such that max{fOT i1 (1) dt, fOT [y (t)|w dt} < R, the respective solutions
& € WHL(0, T: X) 1o (2.10)~(2.12) satisfy the inequality

T T
/0 1§1(1) — &()]dr < C(R)</0 (i1 (1) — w2 ()] + |wy (t) — wa(?)|w) dt
+ |wi (0) —wz(0>|w+|x?—x8|). (3.10)
Proof In the situation of Theorem 3.4 put K, = max{Ky, K1}/c, and

L. . 1
Aé(t)=/0 Iél(f)—éz(f)ldf-l-;IG(X1(t),w1(t))—G(X2(t), w2 (1)1,
D(t) = [y (1) — ua(D)] + w1 () — w2 () |w,

1 CoK
m() = - <2Co|m(r>| + (a + OC 1) Iu')l(t)lw> :

Then from (3.9) it follows that
%Aé(r) < KaD(t) + m (1) (Jwi (1) — wa () |w + |x1(t) — x2(2)])
< KyD() + M(t)</0t (I1(r) — w2(D)lw + X1 (x) — X2(0)]) dT
+ [w1(0) — wa(0)|w + |x} — x?l) < K2D(1)

t
+m(r>(As<t>+f D(7) dt + |w (0)—w (0)|w + |x?—x8|).
0
(3.11)

We now use Gronwall’s argument and put M (t) = fol m(t)dr. It follows from (3.11)
that

3 (e mosco)

t
< e M) (KQDm + m(r)(/ D(t)dt + w1 (0)—w2(0)|w + |x?—x§|)>.
0
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Integrating from O to 7 we obtain the assertion.

Remark 3.6 The local Lipschitz continuity of the input-output mapping cannot be
expected if V, G is not Lipschitz even if G is convex. A counterexample is constructed
in [15, Theorem 2.2]. On the other hand, the global W!:!-Lipschitz continuity of the
sweeping process holds if Z(w) is a convex polyhedron. This is shown for instance in
[9] for Z independent of w, and it is generalized in [17] to the case of non-orthogonal
projections to the convex polyhedron, i.e. when the time derivative of & lies in a
prescribed cone of admissible directions.

4 Implicit Sweeping Processes
In this section we consider the state dependent problem corresponding to (2.10)—

(2.12), where it is assumed that there exists a function g : [0, T] x X x X — W such
that

w(r) = g(t, u(t),§(1)). 4.1

More specifically,, given u € W“(O,T;X) and xo € X such that xo €
Z(g(0, u(0), u(0) — xo)), one has to find & € Wh1(0, T; X) such that

x(t):=u(t)—&@) e Z(g(t,u(t),&(t))) foreveryt e [0,T], “4.2)
(x(t) -z, $(t)>+—|§( )|| (t)— Z|2>O Vz e Z(g(t,u(t),&())) fora.e.t € (0, T),

4.3)
x(0) = xo. 4.4)

Using the Banach contraction principle, we prove that (4.2)—(4.4) is uniquely solvable
in WH1(0, T; X) under the following assumptions on the function g.

Hypothesis 4.1 A continuous function g : [0, T] x X x X — W is given such that its
partial derivatives 0,8, 0,8, 0z g exist and satisfy the inequalities

[0gg(t,u, &)l cxwy < v, 4.5)
[0ug(t, u, &)l ox,w) <o, (4.6)

|0 g(t,u, &)lw < a(t), 4.7)

|0gg(t, u, &) — e g(t, v, Mlex,wy < Ce (lu — v+ 1§ —nl), (4.8)
[0ug(t,u, &) — 0ugt, v, Mcx.wy < Cu(lu —v[+ & —nl), 4.9)
[0:g(t,u, &) — dg(t,v,M|w < b@) (lu—v|+ 1§ —n)) (4.10)

foreveryu,v,£,n € X anda.e. t € (0, T) with given functions a,b € L' (0, T) and
given constants y, w, Cg¢, C, > 0 such that

K
5= 1, 4.11)
C
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where ¢, K| are as in Hypotheses 2.1 (i) and 3.1.
Let us start our analysis with two auxiliary results.

Lemma 4.2 Let Hypotheses 3.1 and 4.1 hold and let &€ € W1(0,T; X) satisfy
(4.2)~(4.4) with some u € W10, T; X) and some xoy € X such that xo €
Z(g(0, u(0), u(0) — xo)). Then we have

HOES % ((1 + w71<1) 1i(t)| + §a(z)> fora. et e (0,T). (4.12)

Proof We set w(t) = g(t, u(t), &(t)) fort € [0, T]. From Hypothesis 4.1 follows that
w e W10, T; W), thus u, w, £ and xo satisfy (2.10)—(2.11) and Lemma 3.2 applies.
In particular inequality (4.12) is an easy consequence of (3.5). Indeed, using (4.5),
(4.6) we obtain |w(t)|w < a(t) +owlu(t)|+y |€ ()] so that (4.12) follows from (4.11).

Motivated by (4.12), we define for any u € W-1(0, T; X) the set

Q) = {,7 cwi. 73 - O 1 (1<) a1+ a0) a. e.}
1(0) = u(0) —xo

(4.13)

and prove the following statement.

Lemma4.3 Forallu € W10, T; X) and n € Q2 (u), the solution € € W10, T; X)
of (2.10)—(2.12) with w(t) = g(t, u(t), n(t)) belongs to Q2 (u). Moreover, there exist
constants mg > 0, m; > 0 such that for every uj,uy € wll, T; X) and every
ni € Qu;), i = 1,2, the solutions & € W1(0, T; X) of (2.10)—(2.12) with w; (1) =
g(t, ui (1), i (1)) and x{, € X with x}y € Z(g(0,u; (0),u; (0) — x{)) i = 1,2, satisfy
fora.e. t € (0, T) the inequality

. . 1 d
151(1) = &2(0)| + . EIG(xl(t), wi (1)) — G(x2(1), wa(r))]

<myluy(t) — ()| + 81 (t) — n2(1)]

+mo (@(t) + b(t) + [ (D)) (Jur (1) — ua ()| + 1E1(0) — EO)] + Im (1) — n2(0)]).
(4.14)

Proof u € W1(0, T; X) and € Q(u) be given. By (3.5), (4.1)~(4.7) and (4.11),
we have for a.e. r € (0, T') that
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€(1)]

IA

oK\ . K :
(1 N T) O] + = @) + y I

5 (1455 won+ o)
— 1+ —)|u@®)|+—a) ],
1-6 c c

hence & € Q(u). To prove (4.14), we notice that the inequalities

IA

[y (1) — w2 () |lw < wlir(t) — w2()] + yn1(t) — n2(0)]
+ (b(1) + Culin ()] + Celi () (u1 (1) — uz ()| + 01 (1) — n2(0)))
w1 () — wa (@) |lw < wlur(t) —uza()| + yIn1 () — n2(@)|,
lwi(lw < at) + wli ()] + yn(0)]

- (1+ 2 )a<t>+<w+L(1+“’—’“>> i (1)
- 1—38 1-36 c ’

hold for a.e. t € (0, T') By virtue of Hypothesis 4.1. We now apply Theorem 3.4 and
insert the above estimates into (3.9). The estimate (4.14) now follows with constants
mo > 0, m; > 0 depending only on ¢, Cyp, C1, Ko, K1, y, w, C¢, and C,.

We now prove the main result of this section.

Theorem 4.4 Let Hypotheses 3.1 and 4.1 hold, and let u € WI’I(O, T; X)andxg € X
be given such that xo € Z(g(0, u(0),u(0) — xo)). Then there exists a unique solution
&£ € Qu) to (4.2)-(4.4).

Proof We proceed by the Banach Contraction Principle. For an arbitrarily given
u € WH(0, T; X) and each n € Q(u) we use Lemma 4.3 to find the solution
&£ e W0, T; X) of (2.10)=(2.12) with w(t) = g(t, u(r), n(r)). It suffices to prove
that the mapping S : Q(u) — Q(u) : n — & is a contraction on 2 (u).

Let 1, n2 € Q(u) be given. From (4.14) with u; = u> = u it follows that

. . 1 d
161) = 201 + — G (1 (), wi (1) =G (x2(1), w2 (1))
< 8l (@) — m(O)] +m@) (& (1) — &0 + [ (1) — n2(0)]) (4.15)

with m(t) = mo(a(t) + b(t) + |it(t)]). We have m € L'(0, T), and we may put for
tel0,T]

! 1
M) =/ m(t)dr, M. (t) =e MO,
0

where ¢ € (0, 1) is chosen in such a way that

_6+8
T l-—c¢

5% < 1. (4.16)
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We multiply (4.15) by M, (¢) and integrate from O to 7". For simplicity, put
1
@) = Z|G(X1(f)a w1 (1)) — Gx2(r), wa (). (4.17)
We have
T . 1 T
/ M. (O)(t)dt =T (T)M(T) + —/ mt)M.(t)I'(t)dr = 0,
0 €Jo

hence,

T
/0 MOl () — B0 di
T
58/ Me(0) i1 (1) — #a(1)] di
—e/ M(r)(f £ (D) — éz(r)|+|m<r)—ﬁz(r>|)dr) &, (4.18)
We use the fact that
T . .
M.(T) (/O (1€1(2) — b (D) + i (1) — ﬁz(f)l)df> >0,

and integrating by parts in the right-hand side of (4.18) we obtain

T T
a- 8)/0 Me(0)|61(1) — E2(0) dr < (8 + 8)/(; M ()71 (1) — n2(r)| dr. (4.19)

Hence, by virtue of (4.16), the mapping S : Q(u) — Q(u) : n — £ is a contraction
with respect to the complete metric induced on 2 (x) by the norm

T
e :=f0 M. Ol (1)) dt,

and we infer the existence of a solution & € Q (u) to (4.2)—(4.4).

Corollary 4.5 Let Hypotheses 3.1 and 4.1 hold. Then the mapping which with u €
WL, T; X) and xq € Z(g(0,u(0), u(0) — xq)) associates the solution & € Q(u)
of (4.2)—(4.4) is locally Lipschitz continuous in the sense that for every R >
2mo [ (a(t) + b(1)) dr there exists K(R) > O such that if u1, u € W-1(0, T; X)
are given and

T R T
/ i (1) dt < — —/ (a(t) + b(r)) dt, (4.20)
0 2myg 0
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then the solutions & € W1(0, T;X), i = 1,2 to (4.2)~(4.4) associated with the
inputs u; and initial conditions x € X, xj € Z(g(0, u; (0), u; (0) — x)) fori = 1,2
satisfy the inequality

T . .
/0 (1) — B0 di

T
< K(R) <|x5 — x3| + |u1(0) — uz(0)| + / |1 (1) — ti2(2)] dr) L4201
0
Proof By virtue of (4.14) with n; = & we have fora.e. t € (0, T') that

. . 1 d
(I =9)151(1) — &)+ - EIG(M(I), wi (1)) — G(x2(1), w2 (1))

< mqli(t) — uz(t)|
+ 2mo(a(t) + b(t) + iy O (lur (1) — ua ()] + 1E1() — £0)]).  (4.22)

We proceed as in the proof of Theorem 4.4 choosing ¢ € (0, 1 — §) and putting for
te[0,T]

m(t) = 2mo(a(t) + b(t) + |u(1)]),
t
M) :/ m(t)dr,
0

M. (1) = e M®

Note that by (4.20) we have
R T
M(T) = / 2mo(a(t) + b(t) + i1 (¢)])dt < R.
0

Multiplying (4.22) by M, (1) and using the notation (4.17) we obtain after integrating
from O to 7T that

T 1 25 . . T 1 2
(1_5>/ e—zM<’>|sl<t)—sz<r>|drsr(0)+m1f M0 3y (1) — in (1)) di
0 0
T d ~
- s/o L) (11 O =0 + 16 0)-£0)) di

T d -~ t . .
e f () (/ |u1(r>—az<r>|+|sl<r)—sz<r>|dr> dr. 4.23)
0 t 0

On the right-hand side of (4.23) we integrate by parts and obtain

@ Springer



Applied Mathematics & Optimization (2021) 84 (Suppl 2):S1477-S1504 S1503

T ~
(1—8— e)/ e HHO1E (1) — (1)) dt
0

T A
<o) [ IO @) — i@l i+ € (10 O 01 + 15 -531)
(4.24)

with a constant C > 0 independent of R. Thus, as 0 < M (T) < R we obtain the final
estimate

T . .
/0 |&1(2) — &2(2)| dt

T

SCGR/g(Ixé—x§|+|u1(0)—u2(0)|+ f |u1<t)—uz<r>|dr) (4.25)
0

with a constant C > 0 independent of R, which we wanted to prove.

Remark 4.6 The smallness of dgg in (4.5) is indeed a necessary condition for the
existence of a solution of the implicit problem even in 1D with Z(¢) = [—r(¢), r (t)],
r(t) = g(&(t)). It is easy to see that we have existence and uniqueness if |g’(§)| < 1,
and non-existence if g’(§) < —1. Furthermore, even in the convex case, the Lipschitz
regularity of Vg is a necessary condition for uniqueness in the implicit problem. An
example of nonuniqueness is provided in [5, Section 8] when the C'-!-condition for
g is violated.

Remark 4.7 Similar result to Theorem 4.4 is obtained if (4.1) is replaced with

t
w(t) =g, u), Ve(®)), Ve@) = /(; |€(7) dr. (4.26)

In application to elastoplasticity, Ve (¢) corresponds to dissipated energy during the
time interval [0, #], which can be considered as a measure of accumulated cyclic
fatigue. For example, in [11], the Gurson model for fatigue is based on the assumption
that set Z(¢) of admissible stresses shrinks as Vg (¢) increases.
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