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Highlights

A hybrid integro-differential model for the early development of the
zebrafish posterior lateral line

Annachiara Colombi, Marco Scianna, Luigi Preziosi

• A mathematical model for the early development of zebrafish PLL is pro-
posed.

• We propose an integro-differential mathematical model based on a hybrid
approach.

• A microscopic/discrete particle-based description is used for cell dynamics.

• A continuous description is used for the distribution of chemicals (SDF1a
and FGF10).

• Boolean variables are used for molecular receptors (Cxcr4 /Cxcr7 and
fgfr1 ).

• Cell phenotypic transitions and proliferation are included as well.

• Our results capture the normal evolution of embryos and experimental
manipulations.

• All the included features are fundamental for the correct development of
the embryo.
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Abstract

The aim of this work is to provide a mathematical model to describe the early
stages of the embryonic development of zebrafish posterior lateral line (PLL).
In particular, we focus on evolution of PLL proto-organ (said primordium),
from its formation to the beginning of the cyclical behavior that amounts in
the assembly of immature proto-neuromasts towards its caudal edge accompa-
nied by the deposition of mature proto-neuromasts at its rostral region. Our
approach has an hybrid integro-differential nature, since it integrates a micro-
scopic/discrete particle-based description for cell dynamics and a continuous
description for the evolution of the spatial distribution of chemical substances
(i.e., the stromal-derived factor SDF1a and the fibroblast growth factor FGF10).
Boolean variables instead implement the expression of molecular receptors (i.e.,
Cxcr4 /Cxcr7 and fgfr1 ). Cell phenotypic transitions and proliferation are in-
cluded as well. The resulting numerical simulations show that the model is
able to qualitatively and quantitatively capture the evolution of the wild-type
(i.e., normal) embryos as well as the effect of known experimental manipula-
tions. In particular, it is shown that cell proliferation, intercellular adhesion,
FGF10-driven dynamics, and a polarized expression of SDF1a receptors are all
fundamental for the correct development of the zebrafish posterior lateral line.

Keywords: coordinated cell migration, proto-neuromasts formation and
deposition, cell phenotypic differentiation, non-local interactions, non-local
chemotaxis
2020 MSC: 34K34, 37N25, 45J05, 92C17

1. Introduction

The lateral line is a sensory organ that is present in both fishes and am-
phibians, and has the function to detect water displacements [28]. It is there-
fore involved in several fundamental activities for animal life such as prey and
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predator detection, obstacle avoidance, collective swimming and courtship [15].
In general, the lateral line consists of (i) a set of mechanosensory elements,
named neuromasts, arranged in a species-specific pattern over the surface of
animal’s body, and (ii) a network of afferent neurons that carry information
from the brain to the neuromasts and viceversa [15]. The posterior lateral line
(PLL) is the portion of the lateral line located over the trunk and tail; the rest
of the organ, comprising the neuromasts over the head of the animal, is instead
referred to as anterior lateral line [15].

The development of PLL in zebrafish (Danio rerio) embryos is a benchmark
process widely analyzed by biologists to study coordinated cell organization
and collective migration [14, 19, 24, 30]. It is indeed a good predictive model
to shed lights both on physiological organogenesis and on selected disorders in
growth/repair mechanisms in humans, as nearly 70% of our genes are found also
in zebrafish.

In particular, the development of zebrafish PLL begins around 19 hours post
egg fertilization (hpf) with the formation of a small placode of about 100 epithe-
lial cells, named primordium (PLLp), located within the horizontal myoseptum
of the animal, just caudal to the otic vesicle, as shown in the top left panel of
Fig. 1 [20, 28]. The entire PLL system then assembles in two phases [15, 23].
Over the following 24-28 hours, the primordium migrates towards the tail of the
animal depositing six-to-eight neuromast progenitors, termed proto-neuromasts
(or rosettes, due to their characteristic shape), which result distributed along
the flanks of the embryo, as sketched by the red dots in the bottom left panel of
Fig. 1. Trails of interneuromastic cells are possibly located between consecutive
rosettes. Successively, during post-embryonic growth, cells within the proto-
neuromasts differentiate into hair and supporting individuals, giving rise to fully
developed neuromasts. To complete the PLL system, additional mechanosen-
sory organs are provided by the proliferation of interneuromastic cells and by
the development of additional primordia, while a proper neuronal network forms
connecting them to the brain.

We here propose a hybrid multiscale model able to reproduce and analyze
selected aspects of the previously-described first phases of zebrafish PLL devel-
opment, i.e., from primordium formation to the deposition of the first mature
proto-neuromast and assembly of the fifth one (which in wild-type embryos oc-
curs around 30 hpf, according to empirical evidences in [24], see the central
left panel of Fig. 1). In particular, within our theoretical framework, cells are
described as microscopic/discrete pointwise particles whereas diffusive chem-
icals and relative receptors are represented with a continuous approach, i.e.,
through concentrations or Boolean binary variables. The overall system evolu-
tion is therefore determined by the coupling between a set of ordinary differential
equations (ODEs) for cell dynamics and reaction-diffusion (RD) laws for molec-
ular kinetics. Proper rules for cell phenotypic transitions and mitotic processes
are introduced as well.

The contents presented in the rest of the paper are organized as follows. Sec-
tion 2 is devoted to a detailed description of the main mechanisms regulating
the early development of PLL. A review of the pertinent theoretical literature is
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Figure 1: Top left panel: Initial position (i.e., at 19 hpf) of the progenitor primordium within
the zebrafish embryonic body. It is located just behind the otic vesicle at the rostral extremum
of the horizontal myoseptum. Central left panel: Characteristic primordium configuration at
the assembly of the fifth rosette (L5) occurring around 30 hpf according to empirical evidence
in [24]). Bottom left panel: Characteristic pattern of the deposited proto-neuromasts (labeled
by L1-L8) at the end of zebrafish embryogenesis, i.e., about 24 − 28 hpf. Right panel: Cell
phenotypes with relative molecular state and possible transitions. The primordium is initially
constituted by pseudo-mesenchymal (“PM”) cells. Each PM individual can undergo two
distinct fates. It can either activate, becoming an activated pseudo-mesenchymal (“aPM”)
cell, i.e., PM→aPM, or be deactivated by a surrounding individual, thereby becoming a
deactivated pseudo-mesenchymal (“dPM”), i.e., PM→dPM. In this second case, it is then
subjected by a multi-step epithelialization, it first assume a partially epithelial state (“pE”)
and then a fully epithelial (“E”) phenotype, i.e., dPM→pE→E. A detailed description of cell
types and phenotypic transitions is provided in Assumption (A2) in Section 2.

provided in Section 3. The hybrid mathematical model, based on the assump-
tions in Section 2, is introduced in Section 4. In Section 5, different numerical
simulations will be reported. In particular, we will first deal with the repro-
duction of the normal PLL development, i.e., as observed in wild-type embryos.
Then, selected manipulations of the system will be investigated highlighting
the consistency between our numerical results and empirical evidences (when
available). Some considerations on possible developments of the work will be
discussed in Section 6. Finally, in Appendix A, we will give details on the esti-
mate of the model parameters, both by clarifying which values have been taken
from the literature and by justifying the choice of the others.

2. Biological background

We here summarize the main mechanisms underlying the early development
of the zebrafish PLL, as observed both in in vivo and in in vitro experiments:
they will constitute the simplified assumptions at the basis of the proposed
mathematical model.

(A1) Initial configuration. The posterior lateral line primordium (PLLp)
originates around 19 hpf as a homotypic placode composed of about 100
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epithelial cells with mesenchymal characteristics (as specified in assump-
tion (A2) below). They have an almost round morphology with a mean
diameter of nearly 7 µm [20, 28]. The primordium is initially placed just
behind the otic vesicle, at the rostral edge of the horizontal myoseptum,
and presents an elliptical shape, i.e., elongated in the head-to-tail direc-
tion of the embryo (see Fig. 1, top left panel). In particular, as captured
by experimental images in [17], the main axis of the placode at the onset
of migration is 20-25 cell-long, whereas the secondary axis is 4-5 cell-wide.

(A2) Cell types and phenotypic transitions. The default/initial state of
the cells forming the primordium is pseudo-mesenchymal (“PM”) [22].
Regardless of their epithelial genotype, they in fact display an increased
number of dynamic filopodia (resulting in high levels of motility) and a
reduced expression of membrane junction proteins (resulting in low levels
of adhesiveness). Moreover, PM cells produce chemical fibroblast growth
factor 10 (FGF10) [24], while expressing the migratory-related receptor of
the stromal-derived factor 1a (SDF1a), named Cxcr4 [9].

These progenitor PM individuals may either maintain their state for the
entire period of observation or undergo two distinct fates. Few of them
singularly (i.e., at different time instants) activate and become the center
of rosette-like structures that progressively form and mature (see assump-
tions (A4) and (A5) below). Such cells, hereafter denoted as activated
pseudo-mesenchymal (“aPM”), are observed to maintain high levels of
motility, the basal FGF10 secretion rate and the expression of SDF1a
receptor Cxcr4, while increasing their adhesive ability.

Each aPM then induces a phenotypic transition, i.e., a sort of deactivation,
of a cluster of PM cells in its surrounding, which will form the body of
a rosette. These deactivated pseudo-mesenchymal individuals (hereafter
identified by “dPM”) are no longer able to produce FGF10, rather they
start to express its receptor fgfr1.

dPM cells are further characterized by two sequential state changes. First,
they undergo a partial epithelialization (and are labeled by “pE”), which
involves the expression of the SDF1a non migratory-related receptor Cxcr7.
Then, a complete epithelialization occurs (leading to fully epithelial cells,
hereafter identified by the acronym “E”), which amounts in a dramatic
drop of the individual migratory ability. Experimental studies further
show that strong contact interactions between the over-adhesive aPM cells
and the surrounding dPM, pE, and E agents are responsible for rosette
stabilization [22, 24].

It is finally useful to remark that all the proposed phenotypic transitions,
summarized in the scheme in Fig. 1 (right panel), do not involve significant
morphological variations.

(A3) Molecular substance and receptors. The embryonic development of
the zebrafish PLL is mainly regulated by the activity of two diffusive
chemicals.
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The fibroblast growth factor 10 (FGF10) is a placode endogenous sub-
stance constantly produced by PM and aPM cells (refer again to Fig. 1,
right panel): it provides short-range signals within the primordium body,
in particular towards fgfr1 expressing cells (i.e., dPM, pE, and E individ-
uals, see [8, 22]).

The stromal-derived factor 1a (SDF1a) is instead produced from about 20
hpf by a narrow stripe (i.e., nearly 3 cell-wide, see [15]) of the myoseptum
substrate [10]. SDF1a represents an exogenous chemotactic cue for Cxcr4
expressing individuals (i.e., PM, aPM, and dPM agents, see [9, 31]). In
this respect, the non migratory-related receptor Cxcr7 has an antagonistic
effect against Cxcr4, since it temporarily masks a larger amount of the
exogenous substance due to its ten-times higher affinity, as quantified in
[9]. Cxcr7 -expressing cells therefore affect the directional locomotion of
the surrounding Cxcr4 -expressing individuals by locally modifying the
pattern of available SDF1a, see [9, 12, 16].

(A4) Primordium segmentation and patterning. As shown in [24], right
after primordium formation, a first rosette (named L1) appears at ante-
rior/rostral edge of the PLL primordium. Over the next hours, additional
proto-neuromasts sequentially form just caudally one to each other. Once
two to three rosettes have formed, as we will see in (A6), the placoid
cluster begins to migrate along the stripe of SDF1a. The formation of a
fourth caudal rosette (said L4) then correlates with the deposition of the
firstly formed proto-neuromast (i.e., L1), which slows down and detaches
from the trailing edge of the primordium. The subsequent assembly of the
fifth rosette eventually gives rise to the cyclical behavior characteristic
of the placode cluster, which amounts in the formation of a new proto-
neuromast towards the caudal edge accompanied by the deposition of the
most rostral one. This process is active until the primordium reaches the
tip of embryo’s tail and stops (i.e., until about 24 hours after the onset of
migration): it eventually results in the deposition of 6-8 proto-neuromasts
(named L1, L2, . . . , L8), organized in a quite regular pattern along the
trunk of the developing zebrafish (as sketched in Fig. 1, bottom left panel)
[17, 24].

We here remark that this work is specifically focused on the description
of the development of zebrafish PLL from primordium formation to the
assembly of rosette L5. A sketch of PLLp configuration at this stage is
reported in Fig. 1 (central left panel), according to empirical evidences in
[24].

(A5) Rosette structure and assembly. Each rosette emerges just caudally
to the previous one (except from the first one, that arises at the rostral
edge of the placoid) according to the following simplified set of processes
(refer again to Fig. 1, right panel). A single PM individual activates
(PM → aPM) and initiates a sort of lateral inhibition mechanism that
culminates in the complete three-step epithelialization (PM → dPM →
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pE → E) of a group of approximatively 25 cells in its surrounding, see
[17, 22]. Such a phenotypic transition scheme is here assumed taking into
account empirical evidences also relative to (i) the characteristic rosette
morphology [9, 24], (ii) the characteristic proto-neuromasts pattern within
the placode [8, 17], and (iii) the spatio-temporal evolution of SDF1a and
FGF10 receptors within the body of the primordium.

(A6) Primordium directional migration. As already said, after the as-
sembly of the first two/three rostral rosettes, the primordium begins to
migrate along the stripe of SDF1a. Such a directional locomotion is deter-
mined by the localization and the competing activity of receptors Cxcr4
and Cxcr7. A role in placode motile behavior is played also by cell-cell
direct interactions (adhesion and repulsion) and by the FGF10 signaling
activity, as it will be revealed by the forthcoming numerical simulations.

(A7) Cell proliferation. Rosette deposition reduces the number of cells form-
ing the migrating primordium. Recalling that the placoid cluster is ini-
tially composed of nearly 100 cells and that each proto-neuromast as-
sembly involves nearly 25 individuals, the presence of cell proliferation is
therefore fundamental to have a sufficient cell mass for the formation of
the physiological number (i.e., 6-8) of rosettes. In particular, according
to [17], the rate of cell duplication is estimated in 2-4 mitoses/h. The
same authors also observe that mitotic events are mainly located at the
leading region of the PLL primordium and that they actually involve PM
individuals.

3. Modeling background

Despite the importance of the biological phenomenon, probably due to the
high complexity of the underlying mechanisms, only recently few mathematical
models have been proposed to describe PLL embryonic development.

In [29], primordium component cells are described as 2D lattice polygons
able to move towards greater concentrations of SDF1a as they express the mi-
gratory receptor Cxcr4. The chemical substance and its receptor are described
through continuous functions, whose evolution is given by differential equations.
Although the model is proposed in a 2D framework, the authors also provide
and study a 1D approximation of the system. This leads to a law for the re-
lationship between primordium speed/length and receptor dynamics and to a
connection between cell proliferation (when included), placode extension and
the deposition of discrete cell groups. These elegant analytic insights however
derive from a necessary simplification of the biological process. For instance,
critical factors as the second SDF1a-receptor Cxcr7 and the endogenous dif-
fusive chemicals FGF are neglected, as well as proto-neuromast differentiation
and maturation.

In [7] and [8], an agent-based computational model, built in the framework
of Netlogo programming environment, includes both SDF1a receptors Cxcr4
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and Cxcr7. In this case, cells are represented by mobile agents, said “turtles”,
mutually connected by visco-elastic links, while the substrate and the source
of SDF1a are described by non motile agents called “patches”. The authors
explore the role of SDF1a-degradation by Cxcr4 and Cxcr7 -expressing cells in
regulating primordium locomotion and numerically reproduce several in vivo
experiments. Their results indicate (i) that cell migration over the stripe of
the exogenous chemokine is related to SDF1a concentration rather than to its
gradient steepness and (ii) that there exists an additional SDF1a-independent
mechanism that regulates the motion of trailing cells. This aspect is instead
included in our model, which accounts for the activity of FGF10, whose signals
chemotactically attract cells in the trailing region of the primordium toward
those at its leading edge (which actually secrete such diffusive chemicals).

A model that takes into account the role of both SDF1a- and FGFs-related
signalling pathways in regulating primordium locomotion is proposed in [1].
Therein, the cell aggregate is represented as an elliptic continuum element with
embedded discrete motile individuals, that are assumed to be viscoelastic and
able to undergo large deformations. At the molecular level, a system of coupled
reaction-diffusion equations describes intracellular biochemical cascades involv-
ing Cxcr4 and Cxcr7 and the FGFs-dependent Wnt/β-catenin.

A two-dimensional hybrid model including molecular kinetics as well as
rosette formation and deposition, is presented in [11]. Cells are represented as
discrete entities whose motion is defined by second order-dynamic equations ac-
counting for interagent interactions (alignment, attraction, repulsion), chemical-
dependent dynamics, and damping effects. A continuous approach is conversely
employed for FGFs and SDF1a signals: their spatio-temporal evolutions are in
fact described by proper reaction-diffusion equations including chemokine cell
internalization. The authors further consider two cell phenotypes: leader mes-
enchymal cells secreting FGFs and expressing Cxcr4, and follower epithelial cells
expressing Cxcr7 and a FGF receptor. Proper rules for leader-to-follower (i.e.,
mesenchymal-to-epithelial) phenotypic transition relate the process of proto-
neuromast formation to the local level of the chemical substances and to lateral
inhibition mechanisms. Due to the inclusion of cell transitions, the model is able
to capture normal PLL development. However, this approach neglects both cell
proliferation and the fact that the expression of the SDF1a-receptor Cxcr4 is
not limited to the leading cells secreting FGFs [2, 3].

Finally, a 3D hybrid model based on similar assumptions is provided in [21]:
leader cells (which produce FGFs and express Wnt receptors) are there assumed
to sense gradients of SDF1a, while trailing cells (which produce Wnt and express
FGFs receptors) are set to be affected by gradients of FGFs. Cells are described
as deformable ellipsoids of finite volume with mechano-chemical interactions
(i.e., adhesion, volume exclusion, and chemokine-related active motion). The
actual phenotype of a cell is then determined by the amount of Wnt/FGFs
receptors expressed on its body surface. In this respect, the authors model the
Wnt/FGFs signalling network, responsible for primordium separation into the
leading and the trailing zone (i.e., for cell differentiation). Cell proliferation
has been included as well, assuming that each individual constantly grows and
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that it undergoes division after doubling its volume, thereby giving rise to two
daughter cells with the same phenotype of the mother individual. Interestingly,
this model is able to reproduce primordium locomotion of wild type embryos,
as well as different behaviors observed in laser ablation experiments. However,
the Wnt/FGFs subdivision is here assumed to coincide with the Cxcr7 /Cxcr4
partition of the primordium, a model limitation also presented in [11]. The lack
of proto-neuromast formation is neglected as well.

Summing up, only in [11] the authors take into account both of primordium
locomotion and of rosette formation; while all the others works focus only on
different aspects of PLLp migration.

According to the assumptions introduced in Section 2, the aim of this work
is conversely to provide a model (as specified in the next section) that include
all the following features: the formation, maturation and deposition of proto-
neuromasts; cell proliferation; both SDF1a and FGF10 signaling affecting cell
motion; both SDF1a-receptors Cxcr4 and Cxcr7.

4. Mathematical model

Based on the assumptions listed in the previous section, our modeling ap-
proach spans different scales. At the cellular level, a microscopic/discrete de-
scription is used for the individuals composing the primordium: it allows to
reproduce their behavior, mutual interactions, and response to environmental
signals. At the subcellular level, diffusive substances are described by spatial
concentrations while chemical receptors by Boolean binary variables. The over-
all mathematical framework indeed amounts to a system of integro-differential
equations for cell dynamics coupled with reaction-diffusion (RD) laws for chem-
ical kinetics. The model is further integrated by a specific set of rules that
implement cell phenotypic transitions and mitotic processes.

4.1. System representation

The substantial thinness of zebrafish embryonic body allows to deal with
a bidimensional bounded domain Ω ⊂ R2, which schematically represents the
portion of the myoseptum involved in primordium migration and patterning.
In particular the left border of the domain Ω represents the rostral edge of the
myoseptum (close to the otic vesicle), whereas the right border of Ω indicates
its caudal front (close to the tail of the embryo). Hereafter, we will focus on
primordium development from its formation, occurring at t0 = 19 hpf (see
assumption (A1) in Section 2), to the formation of the fifth proto-neuromast,
denoted by L5, occurring at tF ≈ 30 hpf in wild-type embryos (see assumption
(A4) in Section 2).

Each cell composing the placode is represented by a pointwise agent and
labeled by an integer i ∈ {1, . . . , N(t)}, where N(t) is the total number of
individuals that may vary in time due to proliferation. The generic i-th par-
ticle is characterized by the state variable τi(t) ∈ {PM, aPM, dPM, pE, E},
which denotes its present phenotype (see Fig. 1, right panel). Its position in
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Figure 2: Left panel: Schematic representation of the morphology of the generic i-th cell, with
its characteristic dimensions and sensing region Si(t), as defined in Eq. (1). In particular, dc
denotes cell mean diameter, da is the maximal extension of plasmamembrane protrusions, and
ddupl a sort of perinuclear region. We also remark that phenotypic transitions does not impact
on cell shapes and measures. Right panel: Plot of the repulsive kernel Krep (solid line) and

of the adhesive kernel K
τi(t)τj(t)

adh (dashed line), as defined in Eqs. (11) and (12), respectively.

space and velocity are instead indicated by vectors xi(t) and vi(t), respectively.
The dimensions of the placode component cells are then taken into account
by introducing three parameters: dc, which is a measure of their mean diam-
eter, da, which instead identifies the maximal extension of their plasmamem-
brane protrusions, and ddupl, which is a sort of perinuclear diameter (obviously,
ddupl < dc < da, see Fig. 2, left panel). In this respect, for each agent i, da also
defines the diameter of its actual sensing region:

Si(t) = {y ∈ Ω : ‖xi(t)− y‖ ≤ da/2} , (1)

i.e., a bounded round area where i is able to sense the presence of other indi-
viduals or of molecular substances, where ‖ · ‖ is the Euclidean norm in R2.

The diffusive chemicals SDF1a and FGF10 are then described by spatial con-
centration variables, i.e., σ(t,x), ϕ(t,x) : [t0, tF]× Ω 7−→ R+, respectively.

Finally, the intracellular presence of the specific molecular receptors is quanti-
fied, for the sake of simplicity, by Boolean variables. In particular, cτi(t) defines
if agent i, with actual phenotype τi(t), expresses SDF1a receptor Cxcr4, where

cτi(t)(t) =

{
1, if τi(t) ∈ {PM, aPM, dPM};

0, if τi(t) ∈ {pE, E}.
(2)

It is useful to explicitly notice that cτi(t) = 0 implies that agent i does not express
the migratory-related Cxcr4 but rather the non migratory-related counterpart
Cxcr7 (see the right panel in Fig. 1 and the assumption (A2) in Section 2).

Coherently, fτi(t) defines if agent i expresses FGF10 receptor fgfr1 and reads
as

fτi(t)(t) =

{
0, if τi(t) ∈ {PM, aPM};

1, if τi(t) ∈ {dPM, pE, E}.
(3)

We recall that if cell i does not express fgfr1 (i.e., if fτi(t) = 0), it produces
FGF10 (see again the right panel in Fig. 1 and the assumption (A2) in Section 2).
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4.2. Cell phenotypic transitions

As previously explained, the formation and stabilization of proto-neuromast
structures are assumed to result from cyclical multi-step pseudo-mesenchymal-
to-epithelial transitions (PM → dPM → pE → E) of localized clusters of pro-
genitor cells, triggered by the activation of a PM individual (PM → aPM), see
again Fig. 1 (right panel).

In particular, the first activation of a PM cell is set to occur at t1 ≈ 19.1
hpf (consistently with assumption (A4) in Section 2) and involves the agent,
say i1, located almost along the main (horizontal) axis of the primordium at a
characteristic distance lPM→aPM (empirically evaluated) from the rostral edge
of the aggregate.

The following cyclical activations are delayed one from the other of a time
lapse ∆tPM→aPM

k and involve the progenitor PMs positioned along the hori-
zontal axis of the placode with a relative distance equal to 2 lPM→aPM from
the previously-activated individual. For instance, the generic ik-th PM cell
undergoes such a phenotypic transition at tk = tk−1 + ∆tPM→aPM

k , where
||xik(tk) − xik−1

(tk)|| = 2 lPM→aPM and k = 2, . . . , 5. All these activations
actually require a change in the cell state variable, i.e., τik(tk) = aPM for
k = 1, . . . , 5.

Each aPM ik triggers (simultaneously to its state transition) the three step
epithelialization of the cluster of PM cells falling within its neighborhood of
radius da, defined by the set

Nik(tk) = {j ∈ {1, . . . , N(tk)}, j 6= ik : τik = PM, ‖xik(tk)− xj(tk)‖ ≤ da}.
(4)

All agents j belonging to Nik are indeed subjected to the following phenotypic
changes: (i) at tk, their state variable switches to dPM (i.e., τj(tk) = dPM);

(ii) then, after a characteristic time equal to ∆tdPM→pE
k , they assume a partial

epithelial fate (i.e., τj(tk + ∆tdPM→pE
k ) = pE); (iii) after another delay equal to

∆tpE→E
k , they finally acquire a fully epithelial fate (i.e., τj(tk + ∆tdPM→pE

k +

∆tpE→E
k ) = E). In particular the time lapse characteristic of each phenotypic

transition is assumed to have a stochastic law, which accounts both for experi-
mental measures and for the typical randomness of biological systems.

4.3. Cell proliferation

According to the assumption (A7) in Section 2, cell proliferation is relevant
mainly for progenitor PM cells. Without including all details relative to the
mitotic cycle, we take into account (i) of a minimum period of time between
successive duplications of the same individual and (ii) of a contact-inhibition of
growth in the case of high local cell density.

In this respect, starting from t0, every ∆tdupl = 1/γdupl, where γdupl a
mitotic rate experimentally quantified by 2-4 mitosis/h, a PM cell is randomly
selected and set to undergo duplication if it is sufficiently far from other agents,
i.e., if

di,min(t) := min
j=1,...,N(t)

j 6=i

‖xi(t)− xj(t)‖ > ddupl, (5)
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where, as seen, ddupl < dc is a sort of cell perinuclear region. A newborn agent,
labeled by the identity integer N(t) + 1, is then added to the system close to
the parent position, i.e.,

xN(t)+1(t) = xi(t) +
dc
2

(
cos(ηi(t))

sin(ηi(t))

)
, (6)

where ηi(t) is a random angle uniformly distributed over [0, 2π). The daughter
cell then inherits the phenotype of its progenitor (i.e., τN(t)+1(t) = τi(t) = PM),
while its dynamics will be completely autonomous.

4.4. Cell dynamics

Cell spatial distribution evolves in time according to a set of first-order
integro-differential equations, where the velocity of each individual, and not
its acceleration, is assumed proportional to the acting forces. Such a relation,
called overdamped force-velocity response, is at the basis of several discrete/IBM
models (see [6, 13, 27] and references therein for further comments) and derives
from the observation that cells move in extremely viscous environments char-
acterized by a very small Reynolds number. Moreover, dealing with a planar
domain, we can further neglect possible cell-cell friction contributions, as indi-
vidual plasmamembranes are mainly in contact with the extracellular substrate.
According to these assumptions, we can write the following law for cell motion:

dxi
dt

(t) = µτi(t)(t) vi(t), i = 1, . . . , N(t), (7)

where µτi(t) is a dimensionless motility coefficient that depends on the individual
phenotype and takes into account also of cell-substrate friction mechanisms. In
particular, we set

µτi(t) =

{
1, if τi(t) ∈ {PM, aPM, dPM, pE};

0.1, if τi(t) ∈ {E},
(8)

since, as explained in the assumption (A2) in Section 2, fully epithelial individ-
uals are shown to have partially inhibited migratory ability.

The dynamics of each agent i can be then described by coupling Eq. (7) with
a direct phenomenological postulation of its velocity vi, which can be assumed
to result from the superposition of different contributions:

vi(t) = vint
i (t) + vfgf

i (t) + vsdf
i (t) + vrand

i (t), i = 1, . . . , N(t). (9)

Specifically, in Eq. (9), vint
i is the individual velocity component resulting from

intercellular direct interactions (i.e., repulsive/adhesive stimuli); vfgf
i and vsdf

i

instead implement cell response either to the endogenous or to the exogenous
chemical, i.e., FGF10 and SDF1a, respectively, as mediated by the correspond-
ing receptors (when expressed). Finally, vrand

i describes the random crawling
typical of biological individuals.
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Cell-cell interactions, vint
i . Cell-cell direct interactions include either repulsive

or adhesive dynamics that are set to depend on the relative interindividual
distance. Specifically, two cells tend to repel each other when they fall too
close, i.e., in order to maintain a sufficient vital space. On the other hand, cell-
cell adhesion arises from the activity of transmembrane molecules (cadherins):
two cells can indeed form contact junctions only when their relative distance is
lower than the maximal extension of their membrane protrusions. Further, we
assume that both repulsive and adhesive effects on cell dynamics result from
the superimposition of binary (pairwise) contributions, each aligned to the line
ideally connecting the pair of interacting individuals.

In mathematical terms, we therefore have:

vint
i (t) =

N(t)∑
j=1
j 6=i

(
vrep
ij (t) + vadh

ij (t)
)

=

N(t)∑
j=1
j 6=i

(
Krep (‖rij(t)‖) +K

τi(t)τj(t)
adh (‖rij(t)‖)

) rij(t)

‖rij(t)‖
,

(10)

where rij(t) := (xj(t) − xi(t)). Kernels Krep : R+ 7−→ R− and K
τi(t)τj(t)
adh :

R+ 7−→ R+ model the strength of the repulsive and adhesive pairwise stimuli,
respectively. Specifically, the repulsive contributions are hypothesized to be
independent from the specific pair of individuals involved: biological evidence
in fact does not show variations in cell repelling behavior during PLL embryonic
development. On the opposite, the adhesive velocity contributions are strongly
correlated to the phenotype of the interacting agents (see below). There is a
wide range of kernels that satisfy the proposed model assumptions: among the
possible choices, we opt for a hyperbolic-like repulsive behavior, i.e.,

Krep (z) =

 vrep

(
1− dc

z

)
, if z ∈ (0, dc);

0, otherwise,
(11)

and parabolic-like attractive dynamics, i.e.,

K
τi(t)τj(t)
adh (z) =

 v
τi(t)τj(t)
adh

(
1− z2

d2
a

)
, if z ∈ (0, da);

0, otherwise,
(12)

see Fig. 2 (right panel). In Eqs. (11)-(12), the positive coefficients vrep and

v
τi(t)τj(t)
adh have speed units: in particular, vrep is related to cell stiffness, while

v
τi(t)τj(t)
adh to the level (and the activity) of cell membrane adhesive proteins

actually expressed by the pair of interacting individuals. In this respect, in
accordance with the biological considerations listed in the previous section, we
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set

v
τi(t)τj(t)
adh =

{
Vadh, if τi(t) = aPM and τj(t) ∈ {dPM, pE, E}, or viceversa;

vadh, otherwise,
(13)

where Vadh > vadh. aPM particles are in fact demonstrated to form stronger
transmembrane connections to stabilize rosette bodies [25]).

FGF-dependent chemotactic velocity component, vfgf
i . The velocity component

vfgf
i implements the chemical-induced migratory signals transmitted from FGF10-

producing cells (aPMs and PMs) to fgfr1 -expressing individuals (dPMs, pEs,
and Es). The intensity of such a stimulus is then assumed to depend on the
amount of molecular substance perceived by agent i in its sensing region Si:

vfgf
i (t) = fτi(t)(t)

χfgf

ϕmaxA(Si(t))

∫
Si(t)

ϕ(t,y) (y− xi(t)) dy, (14)

where fτi(t) is the Boolean variable introduced in Eq. (3) and χfgf denotes the
cell sensitivity to FGF10, whose concentration, as seen, is defined by ϕ. In
Eq. (14), the quantity ϕmaxA(Si(t)) measures the maximal amount of FGF10
that agent i can perceive within its sensing region, where A(Si(t)) is the actual
extension of Si(t) and ϕmax the maximal chemical concentration experimentally
found.

SDF-dependent chemotactic velocity component, vsdf
i . The velocity component

vsdf
i models the effective chemotactic locomotion along the stripe of SDF1a of

Cxcr4 -expressing cells (i.e., PMs, aPMs, and dPMs). It is set as

vsdf
i (t) = cτi(t)(t) χsdf

wsdf
i (t)

||wsdf
i (t)||

, (15)

where cτi(t) is the binary variable introduced in Eq. (2) and χsdf denotes the

strength of the cell chemotactic response. Finally, wsdf
i defines the individual

direction of movement, established by the actual SDF1a profile, i.e.,

wsdf
i (t) =

∫
Si(t)

W sdf
i (t,y)σ(t,y) (y− xi(t)) dy, (16)

where σ is the local chemical concentration. The weight function W sdf
i finally

takes into account the competing effect of Cxcr4 - and Cxcr7 -expressing cells,
since each of them sequesters a fraction of SDF1a:

W sdf
i (t,y) =

(
1 +

N(t)∑
j=1,
j 6=i

αsdf
4 cτj(t)(t) 1Sj(t)(y)+

+

N(t)∑
j=1,
j 6=i

αsdf
7

(
1− cτj(t)(t)

)
1Sj(t)(y)

)−1

,

(17)
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where 1( · ) is the indicator function and αsdf
4 , αsdf

7 ∈ (0, 1]. In particular, αsdf
4 �

αsdf
7 since, as previously commented, the non migratory-related receptor Cxcr7

has a much higher affinity with the ligand than its migratory-related counterpart
Cxcr4. Specifically, we set αsdf

7 = 10αsdf
4 consistently with assumption (A3)

listed in Section 2.

Random crawling, vrand
i . The typical isotropic wandering of biological indi-

viduals in the proximity of their position is finally implemented by Brownian
fluctuations given, for each generic agent i, by

vrand
i (t) = vrand

(
cos (θi(t))

sin (θi(t))

)
, (18)

where θi(t) is a random angle uniformly distributed over [0, 2π) and vrand is the
mean speed of the primordium during migration, as measured by experimental
assays.

Summing up, the phenotypic-dependent law that regulates the behavior of the
i-th cell composing the primordium reads as

dxi
dt

(t) = µτi(t)(t)

[
N(t)∑
j=1
j 6=i

(
Krep (‖xj(t)− xi(t)‖) +

+ K
τi(t)τj(t)
adh (‖xj(t)− xi(t)‖)

) xj(t)− xi(t)

‖xj(t)− xi(t)‖
+

+ fτi(t)(t)
χfgf

ϕmaxA(Si(t))

∫
Si(t)

ϕ(t,y) (y− xi(t)) dy +

+ cτi(t)(t) χsdf
wsdf
i (t)

||wsdf
i (t)||

+ vrand
i (t)

]
.

(19)

From Eq. (19), it is indeed clear the integro-differential nature of the proposed
model, that derives from the specific form assigned to the chemotactic velocity
terms.

4.5. Chemical kinetics

According to assumption (A3) listed in Section 2, FGF10 is secreted both
by progenitor PM cells and by aPM individuals at the center of each rosette-
like cluster. It then diffuses in the surrounding environment and degrades at a
constant rate. FGF10 kinetics are therefore described by the following reaction-
diffusion equation:

∂ϕ

∂t
(x, t) = Dϕ ∆ϕ(x, t) +

(
1− ϕ(x, t)

ϕmax

)N(t)∑
i=1

γϕ
(
1− fτi(t)(t)

)
1Si(t)(x, t)

− δϕ ϕ(x, t),
(20)
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where Dϕ and δϕ are constant diffusion and decay coefficients, respectively.
The source term implements the fact that PM and aPM cells (characterized by
fτi(t)(t) = 0) produce FGF10 within their entire sensing region Si. The local
production of the chemical has a threshold value that accounts for its present
amount as well as for the maximal concentration ϕmax.

The stromal derived factor SDF1a is instead secreted at a constant rate over
a narrow stripe H ⊂ Ω of the horizontal myoseptum [15]. It then poorly diffuses
and decays within the surrounding environment, quickly stabilizing in a quasi-
homogeneous pattern. Its kinetics can be indeed described by the following
reaction-diffusion equation:

∂σ

∂t
(x, t) = Dσ ∆σ(x, t)+

(
1− σ(x, t)

σmax

)
γσ 1H(x, t)H(t−tsdf)−δσ σ(x, t), (21)

where Dσ is the diffusion coefficient, while γσ and δσ are the constant production
and decay rates, respectively. In the source term in Eq. (21), the Heaviside func-
tion H is introduced to account for the experimental observation that SDF1a is
detected only from tsdf = 20 hpf (see again assumption (A3)). Also in this case,
a limit over the chemical production is included. It is finally worth to notice
that, in the proposed model, the evolution in time of the SDF1a distribution is
completely independent from cell dynamics.

5. Numerical results

This section will first give details relative to the computational setting (e.g.,
the initial and the boundary conditions used for all forthcoming numerical tests)
and to the definition of the critical measures used to quantify and compare model
outcomes. We will then present and comment simulations that (i) describe the
physiological (i.e., normal/wild type) development of the zebrafish PLL and
(ii) reproduce several manipulations of the embryonic process, i.e., obtained by
switching off selected model components.

5.1. Simulation details and quantification

As seen in the previous section, the period of observation of each simulation
is given by the time interval [t0 = 19, tF = 30] hpf: consistently with empirical
evidence in [24], in wild-type embryos, it approximatively goes from primordium
formation to the assembly of the fifth rosette L5 in wild-type embryos (see the
assumptions (A1) and (A4) in Section 2). Referring to the top panel of Fig. 3,
the computational domain Ω is a rectangular area of 2000 × 100 µm2 that
represents a section of the embryo’s myoseptum where zebrafish PLL develops
[10, 14, 17]. In this respect, we recall that the left and the right border of
Ω computationally define the rostral and the caudal edge of the myoseptum,
respectively, with the former close to the otic vesicle and the latter to the tail of
the animal. The subregion H reproduces instead the stripe of the domain where
the SDF1a is produced by the substrate: it extends over the region [0, 2000] µm×
[40, 60] µm, in accordance with experimental measurements [10, 15].
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Par. Descr. Val. Ref.

[t0, tF ] period of observation [19, 30] hpf [24]

Ω spatial domain [0, 2000] µm× [0, 100] µm [10, 14, 17]

H subregion where SDF1a is produced [0, 2000] µm× [40, 60] µm [10, 15]

da maximal extension of
cell membrane protrusions 20 µm [11]

dc mean diameter of cell body 7 µm [17]

ddupl mean diameter of
cell perinuclear region 6 µm [17]

γdupl PM cell proliferation rate 4 mitoses/h [17]

∆tdupl time lapse between
successive cell duplications 15 min [17]

lPM→aPM distance of first aPM from
primordium rostral edge 16.5 µm [24]

t1 instant time of the first
activation of a PM 19.1 hpf [24]

∆tPM→aPM
k time lapse between successive

activations of PMs N (3.07 h, 1.44 h) [18, 22, 24]

∆tdPM→pE
k time lapse between PM deactivation

and its partial epithelialization N (4.2 h, 1.12 h) [18, 22, 24]

∆tpE→E
k time lapse between partial and

full epithelialization of a cell N (4 h, 1.17 h) [18, 22, 24]

Dϕ diffusion coefficient of FGF10 10 µm2 s [21]

ϕmax maximal concentration of FGF10 1.5 nM [21]

δϕ FGF10 decay rate 0.0025 s−1 [21]

γϕ FGF10 secretion rate 0.0083 nM s−1 [21]

Dσ diffusion coefficient of SDF1a 0.333 µm2 s−1 [21]

σmax maximal concentration of SDF1a 0.5 nM [21]

δσ SDF1a decay rate 0.0033 s−1 [21]

γσ SDF1a secretion rate 0.0033 nM s−1 [21]

tsdf instant time of SDF1a onset 20 hpf [21]

vrand mean speed of the primordium 0.019 µm s−1 [22]

vrep strength of repulsive interactions 10 µm s−1 data fitting

vadh strength of adhesive interactions

(vadh/vrep = 0.005 [4, 5, 6, 26]) 0.05 µm s−1 data fitting

Vadh strength of overadhesive interactions

(Vadh = 2vadh [21]) 0.1 µm s−1 data fitting

χfgf level of activity of FGF10 receptor fgfr1 0.1 µm2 s−1 data fitting

χsdf level of activity of SDF1a receptor Cxcr4 0.1 µm2 s−1 data fitting

αsdf
4 affinity of receptor Cxcr4 for its ligand SDF1a 0.05 data fitting

αsdf
7 affinity of receptor Cxcr7 for its ligand SDF1a

(αsdf
7 = 10αsdf

4 [9]) 0.5 data fitting

Table 1: List of model parameters. N (µ, s) denotes a Gaussian distribution characterized by
mean µ and variance s.
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Figure 3: Simulation setting. Top panel: Plot of the computational domain Ω used in all numerical
simulations. The grey area denotes the subregion H where the SDF1a is produced. Bottom panel:
Initial configuration of the placode aggregate, i.e., at t0 = 19 hpf, which will be the same for
all realizations. In particular, the yellow disks, which have a diameter equal to dc, represent the
N(t0) = 100 PM component individuals.

The domain boundary ∂Ω is then assumed to be a physical barrier for the
computational system since it reproduces the wall of somites that encloses the
myoseptum of the animal. Since this type of cells has the capacity to internal-
ize FGF10 but not SDF1a, we provide Eq. (20) with a homogeneous Dirichlet
condition, i.e., ϕ(x) = 0 on ∂Ω, and Eq. (21) with a no-flux Neumann law,
i.e., ∂n(x)σ(x) = 0 on ∂Ω, where n(x) the outgoing unit vector applied at the
domain border point x. Finally, Eq. (7) is equipped by proper algorithmic rules
that prevents cell bodies from crossing the edge of Ω.

We finally assume that at the initial time instant t0 = 19 hpf, there are no
chemicals in the system, i.e., ϕ(x, t0) = σ(x, t0) = 0 for any x ∈ Ω, while the
primordium is an ellipsoidal cluster (with horizontal axis ≈ 135 µm) constituted
by N(t0) = 100 PM individuals located at the rostral (left) edge of the domain,
see Fig. 3 (bottom panel). Such an initial placode morphology is consistent with
the empirical images reported, among others, in [17].

The development of the primordium is hereafter quantified by evaluating (i)
its horizontal extension at the onset of the effective migration which is calculated
as

EPLL := max
i,j=1,...,N( t̃ )

i6=j

∣∣(xi)1( t̃ )− (xj)1( t̃ )
∣∣ , (22)

where, according to assumption (A6) in Section 2, t̃ is the instant time of the
partial epithelialization of the first-formed rosette L1 (i.e., of the dPM → pE
transition that leads to the earliest expression of the receptor Cxcr7 ); and (ii)
its mean directional speed, which is measured as the mean velocity of the caudal
edge during the effective migration, as

vPLL :=
1

(tF − t̃ )

∣∣∣∣ max
i=1,...,N(tF)

(xi)1(tF)− max
i=1,...,N( t̃ )

(xi)1( t̃ )

∣∣∣∣ . (23)

In Eqs. (22)-(23), (xi)1 denotes the horizontal coordinate of the cell actual po-
sition. These two measures have been used for parameter estimate, as discussed
in details in Appendix A. The complete list of model coefficients is finally given
in Tables 1.
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Figure 4: Reference simulation. Time-lapse images of the evolution of the computational pri-
mordium from its formation at t0 = 19 hpf to tF = 30 hpf, i.e., which approximately coin-
cides with the formation of the fifth rosette in wild-type embryos. In all panels, cells are rep-
resented as rigid disks with diameter equal to dc whose color denotes their actual phenotype.
The distribution of FGF10 is instead represented through contour level curves (corresponding to
ϕ = 0.05, 0.15, 0.25, 0.5, respectively), while the local amount of SDF1a is plotted in grey. For
visualization purposes, in each panel, we only show the subregion of the domain that fully contains
the primordium.

5.2. Reference simulation

The reference simulation is based on the full model introduced in Section 4.
It qualitatively and quantitatively reproduces the physiological early develop-
ment of the zebrafish PLL and plays also the role of benchmark test for the
parametric estimate described in Appendix A.

A representative realization of the evolution of the wild-type primordium
is given in Fig. 4, where in each panel we show the portion of the domain
actually containing the cell aggregate. At t1 = 19.1 hpf, see Fig. 4 (a), a PM
individual in the rostral part of the placode cluster differentiates and induces
the deactivation of the cells in its surrounding, which in turn form the proto-
neuromast named L1. The primordium then slightly shifts towards the embryo’s
tail, see Fig. 4 (b), consistently with empirical results in [24]. This phenomenon
is mainly due to the fact that fgfr1 -expressing dPM cells forming the rosette
L1, located at the rostral edge of the aggregate, are chemotactically attracted
towards FGF10-producing PM individuals and push them forward (i.e., towards
the caudal edge of myoseptum).

At tsdf = 20 hpf, the exogenous SDF1a starts to be produced by the sub-
strate and the placode elongates accordingly, see Fig. 4 (c). This phenomenol-
ogy, experimentally observed in [9, 24], is due to the fact that both the dPM
individuals forming the rosette at the trailing edge of the proto-organ, and the
PM agents constituting the rest of the placode, express the migratory-related
receptor Cxcr4. As a consequence, the rostral and the caudal areas of the pri-
mordium concomitantly tend to extend along the SDF1a stripe in opposite di-
rections: such competing forces impede an effective locomotion of the aggregate
as well.

At t2 = 22 hpf a second rosette (L2) assemblies just caudally to the first
one, see again Fig. 4 (c), which in turn undergoes partial epithelialization at
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t̃ = 22.75 hpf, see Fig. 4 (d). As a consequence, the primordium begins to ac-
tively migrate: the cells forming proto-neuromast L1 in fact acquire a pE phe-
notype and no longer express the SDF1a-receptor Cxcr4 but the non-migratory
counterpart Cxcr7. Only the caudal part of the primordium therefore remains
subjected to the SDF1a-induced velocity contribution: it is indeed free to ad-
vance within the myoseptum where it is also able to drag the rest of the placode
(consistently with the assumption (A6) in Section 2).

During migration, further additional rosettes sequentially form towards the
caudal region of the aggregate, see Fig. 4 (e)-(f). After the assembly of the
fourth proto-neuromast (named L4), the pE particles forming the most rostral
rosette L1 undergo full epithelialization (since the time-lapse needed for the
corresponding phenotypic transitions has passed by), see Fig. 4 (g). This results
in a drop of their migratory ability and causes the arrest of the entire proto-
neuromast, which separates form the rest of the placode and is then deposited
within the myoseptum, see Fig. 4 (h). This process is also promoted by the
intrinsic compactness of the rosettes due to the enhanced adhesiveness of the
central aPM agent and to FGF10-signaling.

After the deposition of proto-neuromast L1, the placode aggregate, that now
comprises rosettes L2, L3 and L4, as well as the remaining group of PM agents,
continues to actively migrate towards the embryo’s tail. At tF = 30 hpf, we
finally observe the formation of the fifth rosette (L5), see Fig. 4 (i). The cyclical
dynamics characteristic of the proto-organ, will then start and amount in a
sequence of proto-neuromast depositions from the rostral edge of the migrating
placode and rosette assemblies at its caudal area. However, we will not focus
on this second phase.

The effective directional movement of the primordium is the result of two
mechanisms:

• on one hand, Cxcr4 -expressing cells, mainly located at the caudal region
of the placode, drag by adhesion Cxcr7 -expressing individuals which, as
seen, are mainly located at the rostral area of the aggregate being the
components of the (partially or fully) epithelialized rosettes;

• on the other hand, fgfr1 -expressing cells (i.e., dPM, pE and E agents),
that compose proto-neuromast bodies and therefore are mainly located at
the rostral region of the placode, are chemotactically attracted towards
FGF10-producing individuals, mainly present at the caudal region of the
aggregate, and therefore push them forward along the myoseptum also
thank to repulsive responses.

From this analysis, we can affirm that FGF10 not only has a stabilizing effect
(in addition to adhesive interactions) within each rosette structure, but also
sustains the coordinated directional migration of the aggregate.

It is useful to notice that the model ability to qualitatively reproduce the
PLL embryonic development relies both on the accurate estimate (in terms
of mean and variance) of the characteristic times of progenitor cell activation
and individual epithelialization and on the inclusion of duplication mechanisms
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Figure 5: Effect on primordium evolution of disruption of cell-cell adhesion, i.e., obtained by setting

v
τi(t)τj(t)

adh = 0 µm s−1 for any i, j = 1, . . . , N(t) and t ∈ [t0, tF] in Eq. (13). For visualization
purposes, each panel shows only the subregion of the domain that fully contains the primordium.
For comparison purposes, at each considered time instant, a dashed black line denotes the position
of primordium caudal edge observed in the reference simulation.

(needed to maintain a sufficient amount of cells). We finally remark that, thanks
to a proper parameter estimate, the results of the simulations are also quan-
titatively coherent with the corresponding experimental evidences, in terms of
both placode elongation at the onset of migration (triggered by the partial ep-
ithelialization of the first formed rosette occurring at t̃ = 22.75 hpf) and mean
speed, since EPLL = 158 ∈ [140, 175] µm (as stated in assumption (A2)), and
vPLL = 0.019 ∈ [0.018, 0.019] µm s−1 (as estimated in [22]), see the Appendix
for further details.

5.3. Experimental manipulations and corresponding numerical analysis

We now turn to present several simulations that will reproduce selected ex-
perimental manipulations of the normal PLL development. Specifically, in each
case, we will start from the initial condition of the reference setting introduced
in Sections 5.1 and give details on the model modifications. Table 2 will then
summarize, for comparison purposes, the values of the primordium elongation
at the onset of migration, i.e., EPLL and of mean speed, i.e., vPLL obtained
either in the reference simulation or in the case of model perturbations. In this
perspective, for comparison purposes, all the forthcoming simulations will be
performed by fixing both the period of observation [t0, tF] and the time lapses

between subsequent differentiations, i.e., ∆tPM→aPM
k , ∆tdPM→pE

k and ∆tpE→E
k

with k = 1, . . . , 5, as in reference simulation described in Section 5.2 and re-
ported in Fig. 4.

Inhibition of cell-cell adhesion. In order to analyze the role played by cell-cell

adhesive contributions, we assume v
τi(t)τj(t)
adh = 0 µm s−1 in Eq. (13), for any

pair of agents i, j = 1, . . . , N(t) and for any t ∈ [t0, tF], so that cell dynamics
are only regulated by repulsive interactions, chemical signals and randomness.

Before SDF1a enters the picture, this knock-out results in an horizontal com-
pression/vertical enlargement of the aggregate, see Fig. 5 (a). The underlying
rationale relies on the following mechanism: the fgfr1 -expressing cells compos-
ing the rostral rosette L1 are chemotactically attracted towards the FGF10-
secreting PM individuals located at the caudal region of the primordium; such
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Figure 6: Effect on primordium evolution of disruption of the activity of FGF10-receptor fgfr1, i.e.,
obtained by setting χfgf = 0 µm2s−1 in Eq. (14). For visualization purposes, each panel shows only
the subregion that actually contains the primordium. For comparison purposes, at each considered
time instant, a dashed black line denotes the position of primordium caudal edge observed in the
reference simulation. Analogous system behavior is observed by setting γϕ = 0 nM s−1 in Eq. (20),
i.e., by inhibiting FGF10 production.

PMs are only subjected to repulsive interactions and random motility: there-
fore, they scatter and engulf the proto-neuromast, rather than be compactly
pushed forward as in the reference case.

As soon as the stripe of SDF1a is formed, the primordium morphology com-
pletely changes, see Fig. 5 (b): we observe in fact a substantial horizontal stretch
and a vertical contraction of the placode (that finally result in EPLL = 210 µm,
see Fig. 5 (c)). This phenomenon is due to the fact that, in the absence of inter-
cellular adhesions, the Cxcr4 expressing individuals at both the caudal and the
rostral edges of the aggregate are more free to move along the stripe of SDF1a.
This somewhat dispersed elongation in turn leaves enough space for the cells
located at the upper and at the bottom regions of the primordium, that also
have Cxcr4, to crawl towards the central SDF1a-producing domain stripe.

The absence of intercellular adhesion also affects the subsequent evolution
of the primordium. In fact, proto-neuromast assembly and maturation are dis-
rupted, since a trail of isolated cells or of small groups of cells emerges at rostral
edge of the migrating primordium. Specifically, in the lack of adhesive inter-
actions, partially epithelialized rosettes detach from the rest of placode and
progressively disassembly (see the firstly-formed rosette in Fig. 5 (c)-(d) and
rosette L2 in Fig. 5 (e)-(f)). The overall directional velocity is significantly re-
duced as well, as vPLL = 0.007 µm s−1. This is probably due to the fact that, in
the absence of direct adhesion forces, the leader Cxcr4 -expressing individuals
can drag the remaining cell mass only by FGF10 signaling, see Fig. 5 (f).

From such a simulation setting, we can conclude that, in our model, cell-
cell adhesion is crucial to preserve the normal compact morphology of proto-
neuromasts and of the primordium at different stages of its early development,
contributing also to promote its efficient migration.

Disruption of FGF10 signaling pathways. In order to investigate the role of
FGF10 signaling in primordium dynamics, we first set χfgf = 0 µm2s−1 in
Eq. (14), which experimentally corresponds to the inhibition of the activity
of receptor fgfr1. Cell dynamics are therefore regulated by cell-cell repul-
sive/adhesive interactions and by the SDF1a-related velocity component, in
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conjunction with random motility.
As shown in Fig. 6 (a), the model perturbation prevents the initial (i.e.,

occurring before SDF1a production) displacement of the primordium observed
in the reference case, thereby confirming that this phenomenon is regulated by
FGF10-signaling, cf. with Fig. 4 (a)-(b). After the appearance of the exogenous
chemical, see Fig. 6 (b), the placode excessively stretches along the horizon-
tal axis (as quantified by EPLL = 178 µm, see Fig. 6 (c)), probably as the
consequence of the lack of the stabilizing effect of FGF10.

The aggregate then starts to crawl towards the caudal region of the myosep-
tum as soon as the first rosette (L1) undergoes partial epithelialization, see
Fig. 6 (c). However, its migration is dramatically altered, being characterized
by a decreased directional motility (as vPLL = 0.015 µm s−1), see Fig. 6 (d)-
(f). This is due to the fact that, in the absence of FGF10-signaling cues, the
fgfr1 -expressing cells composing the rosettes are no longer chemotactically at-
tracted by the PM individuals at the leading/caudal region of the PLL. pE and
E particles can be indeed only passively dragged via adhesive interactions, since
they express the non-migratory receptor Cxcr7, thereby slowing down the entire
primordium.

Such an abnormal movement also affects proto-neuromast patterning. As
shown in Fig. 6 (e)-(f), the immature rosette L2 is in fact not able to follow the
locomotion of the leading part of the aggregate along the SDF1a stripe but it
rather remains anchored to the fully epithelial proto-neuromast L1.

However, we do not observe alteration in rosette compactness, w.r.t the
reference simulation. In this respect, we can speculate that in our model FGF10
activity is mainly implicated in primordium migration and patterning rather
than in proto-neuromast organization. Intercellular adhesion (characterizing,
in particular, the central aPM) seems to be in fact sufficient to maintain the
stabilization of the assembled rosettes.

An analogous phenomenology is observed if we block FGF10 production,
i.e., by setting γϕ = 0 nM s−1 in Eq. (20), so that ϕ(x, t) = 0 for any x ∈ Ω and
t ∈ [t0, tF ] (not shown).

A drop in primordium directional velocity upon disruption in FGF10-related
pathways has been reported also in [22, 24], where experimental manipulations
affected either the normal production of the chemical or the activity of its cell
surface receptors. However, in these empirical assays, the authors observed also
the inhibition of rosette assembly and the disaggregation of the already formed
immature proto-neuromasts. Such a discrepancy with the proposed model re-
sults may be due to the fact that FGF10 signaling cascades are somehow impli-
cated in cell phenotypic transitions as well, an aspect not included in the present
version of our approach and that needs further experimental investigation.

Disruption of SDF1a migratory signaling pathways. In order to analyze the role
played by SDF1a in PLL embryonic evolution, we first inhibit the activity of the
migratory related receptor Cxcr4, by setting χsdf = 0 µm2s−1 in Eq. (16). Cell
dynamics are indeed regulated by repulsive/adhesive intercellular interactions,
FGF10 signals, and randomness.
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Figure 7: Effect on primordium evolution of disruption of the activity of SDF1a-receptor Cxcr7,
i.e., obtained by setting χsdf = 0 µm2s−1 in Eq. (16). For visualization purposes, each panel
shows only the subregion that actually contains the primordium. For comparison purposes, at each
considered time instant, a dashed black line denotes the position of primordium caudal edge in the
reference simulation. An analogous behavior of the placode results by setting γσ = 0 nM s−1, in
Eq. (21) by inhibiting SDF1a production.

As shown in Fig. 7, the consequence of the proposed model manipulation is
the complete disruption of the normal primordium development. First, the pla-
code aggregate normally moves forward driven by FGF10 signals, cf. Fig. 7 (a)
with Fig. 4 (a)-(b), but it then does not stretch along the stripe of SDF1a
w.r.t. the reference case (as quantified by EPLL = 133 µm), since its individuals
are insensitive to the exogenous chemical only, see Fig. 7 (b)-(c). Then the
placode only slightly moves from its initial position due to randomness and to
the pushing forces that fgfr1 -expressing cells, which form the rosettes in the
rostral region of the aggregate, exert on the FGF10-secreting PM individuals
located at the caudal area, as quantified by vPLL = 0.001 µm s−1 and shown in
Fig. 7 (d)-(f). Finally, the absence of the SDF1a-driven chemotactic migration
does not allow a correct proto-neuromast formation and deposition as well: the
mature rosette L1 in fact remains attached to the rest of the aggregate body,
see Fig. 7 (e), and the lack of PM individuals, due to the fact that their normal
proliferation is inhibited by an extreme compactness of the placode, avoids the
assembly of the fifth rosette, see Fig. 7 (f).

This simulation setting highlights that FGF10 signals are implicated in pri-
mordium migration (consistently with the outcomes of the previous numerical
simulation), but they are not able, in the absence of SDF1a signals, to sustain
the normal displacement of the primordium. Moreover, it emerges that, in our
model, SDF1a signals are involved in the initial stretching of the placode and in
the maintenance of its typical elongated morphology, which is crucial to allow
normal proto-neuromasts formation and deposition.

Almost the same behavior, with some differences due to randomness in cell
dynamics and proliferation, is observed in the case of inhibition of SDF1a pro-
duction by the substrate, i.e., obtained by setting γσ = 0 nM s−1, in Eq. (21),
so that σ(x, t) = 0 for any x ∈ Ω and t ∈ [t0, tF ] (not shown).

The absence of SDF1a signaling, obtained by inhibiting either Cxcr4 expres-
sion/activity or ligand production, has been shown to results in a rounder and
more compact morphology of the primordium, accompanied to a dramatic drop
its directional movement also experimentally, see [15, 18].
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Figure 8: Evolution of primordium evolution in the case of inhibited activity both of cell-cell

adhesive molecules and of fgfr1 receptors, computationally obtained by assuming v
τi(t)τj(t)

adh =

0 µm s−1 for any i, j = 1, . . . , N(t) at any t ∈ [t0, tF] in Eq. (13), and χfgf = 0 µm2s−1 in Eq. (14).
For visualization purposes, only a subregion that actually contains the primordium is shown. For
comparison purposes, at each considered time instant, a dashed black line denotes the position of
primordium caudal edge in the reference simulation.

Simultaneous inhibition of cell-cell adhesion and of FGF10 signaling pathways.
We then turn to analyze primordium behavior obtained by simultaneously ne-

glecting cell-cell adhesion and FGF10-signaling, i.e., by setting v
τi(t)τj(t)
adh =

0 µm s−1 for any i, j = 1, . . . , N(t) and t ∈ [t0, tF] in Eq. (13), and χfgf =
0 µm2s−1 in Eq. (14). Cell dynamics result indeed regulated only by repulsive
interactions, SDF1a-related chemotaxis and randomness.

As shown in Fig. 8, the primordium initially does not move forward due
to FGF10 signaling, see Fig. 8 (a), and is more elongated than its wild type
counterpart, see Fig. 8 (b)-(c) (specifically, we have EPLL = 209 µm). Its
directional speed is then dramatically reduced, as vPLL = 0.002 µm s−1, see
Fig. 8 (d)-(f). This behavior is due to the redundant effects of the two model
manipulations: both have been in fact shown to have the same consequences on
primordium development, cf. Figs. 5 and 6 and see Table 2.

Figure 8 also shows that rosette-like structures form and mature but are
characterized by a low inner compactness. Such a phenomenology mainly relies
on the absence of intercellular adhesion since we have previously observed that
the inhibition of FGF10 signaling does not significantly impact on the morphol-
ogy of the single proto-neuromasts (and therefore of the entire aggregate).

Summing up, this simulation setting allows to claim that the SDF1a-related
velocity contribution is responsible for primordium initial stretching (according
to the previous simulation), but is not sufficient to dictate a directional displace-
ment of the primordium. In this respect, we can speculate that SDF1a signaling
has to be accompanied at least by the activity of cell-cell adhesion molecules to
drive a coordinated migration of the aggregate, cf. Figs. 6 and 8.

Simultaneous inhibition of cell-cell adhesion and of SDF1a migratory signaling
pathways. The disruption in intercellular adhesiveness is now coupled with the
inhibition of SDF1a signaling, here obtained by interfering with the activity of
its migratory related receptor Cxcr4, computationally implemented by setting
χsdf = 0 µm2s−1 in Eq. (16). Cell dynamics are indeed established by repulsive
interactions, FGF10-dependent chemical cues and random crawling.
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Figure 9: Evolution of primordium in the case of disruptions both in cell-cell adhesion and in activ-

ity of Cxcr4 receptors, i.e., obtained by assuming v
τi(t)τj(t)

adh = 0 µm s−1 for any i, j = 1, . . . , N(t)

and t ∈ [t0, tF] in Eq. (13), and χsdf = 0 µm2s−1 in Eq. (16), respectively. For visualization pur-
poses, only a subregion that actually contains the primordium is shown. For comparison purposes,
at each considered time instant, a dashed black line denotes the position of primordium caudal edge
in the reference simulation.

As shown in Fig. 9, the primordium quickly acquires a rounded configuration
(characterized by EPLL = 116 µm), where the two assembled proto-neuromasts
stabilize as a central bulk surrounded by a incomplete ring of with PM individ-
uals. The underlying rationale is that fgfr1 -expressing cells forming the body of
the rosettes are chemotactically attracted both by the aPM at the center of each
cluster and by the PM agents that are initially located at the caudal region of
the placode, see Fig. 9 (a)-(c). Therefore, only an engulfed configuration is able
to maximize such competing stimuli. In fact, PM individuals, which are neither
subjected to adhesion nor to SDF1a signals, are free to scatter and relocate
above or below proto-neuromast bodies which in turn are kept somehow more
compact by FGF10 signals, transmitted by the central aPM to the surrounding
individuals.

The placode eventually crawls around its initial position (as quantified by
vPLL = 1.4 ·10−4 µm s−1 and shown in Fig. 9 (d)-(f)). Primordium pathological
morphology and movement also inhibit the formation of the correct number of
rosettes, see again Fig. 9.

This simulation setting allows us to observe that also the FGF10-related
velocity contributions are not sufficient to drive a compact displacement of the
primordium. They conversely have to be coupled with a feature that is able to
preserve a minimal cohesion of the placode (i.e., the activity of cell-cell adhesion
molecules, cf. Fig. 5 and 9, or SDF1a-dependent cell dynamics, cf. Figs. 5 and 7)
to result in a coordinated migration of the aggregate.

Inhibition of cell proliferation. As stated in the assumption (A7), the loss of cell
mass due to rosette deposition is partially compensated by mitotic processes [17].
In order to highlight the crucial role of cell proliferation in PLL development,
we indeed analyze the model outcomes in the absence of duplication of PM
individuals, obtained by assuming γdupl = 0 mitoses/h.

As expected, and shown in Fig. 10, the inhibition of mitotic events dis-
rupts the normal formation of rosettes. After the assembly of the fourth proto-
neuromast, the placode in fact remains completely deprived of PM individuals
and the fifth rosette can no longer form, see Fig. 10 (d).
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Figure 10: Primordium development in the absence of cell proliferation, i.e., obtained by setting
γdupl = 0 mitoses/h. For visualization purposes, each panel shows only the subregion of the domain
that fully contains the primordium. For comparison purposes, at each considered time instant, a
dashed black line denotes the position of primordium caudal edge in the reference simulation.

Simulation setting EPLL vPLL

References simulation 158 µm 0.019 µm s−1

Inhibition of cell-cell adhesion 210 µm 0.007 µm s−1

Disruption of FGF10 signaling pathways 178 µm 0.015 µm s−1

Disruption of SDF1a signaling pathways 133 µm 0.001 µm s−1

Simultaneous inhibition of cell-cell adhesion

and of the activity of receptor fgfr1 209 µm 0.002 µm s−1

Simultaneous inhibition of cell-cell adhesion

and of the activity of receptor Cxcr4 116 µm 1.35 · 10−4 µm s−1

Inhibition of cell proliferation 143 µm 0.018 µm s−1

Table 2: Values of the initial elongation of the primordium, EPLL, and of its directional mean speed,
vPLL, defined in Eqs. (22) and (23), respectively, as obtained either in the reference simulation in
Section 5.2 or in the cases of the model manipulations proposed in Section 5.3. We remark that
admissible values are given by the ranges EPLL ∈ [140, 175] µm and vPLL ∈ [0.018, 0.019] µm s−1,
in accordance to the empirical measures provided in [17, 22].

The absence of cell proliferation also results in an abnormal fragmentation
of the migrating placode, see Fig. 10 (e)-(f): the immature rosette L2 in fact
remains attached to the mature proto-neuromast L1 and separates from the
rest of the aggregate. This is probably due to the decreased number of FGF10-
producing PM individuals at the caudal region of the placode, which are insuf-
ficient to chemotactically drag the trailing rosette L2. Such an hypothesis is
supported by the fact that an analogous behavior has been obtained in case of
disruption in the FGF10-related signaling pathways, cf. with Fig. 6 (e)-(f).

Interestingly, disruption of cell duplication does not have a significant effect
on the initial elongation of the primordium and on its mean directional speed,
since the corresponding values still fall within the range of the physiological
measures (i.e., EPLL = 143 µm and vPLL = 0.018 µm s−1).

6. Conclusions

In this work, we have proposed a model able to capture normal and abnormal
early development of zebrafish PLL. The cell aggregate has been described as
a set of interacting particles whose behavior has been then assumed to depend
on their actual phenotype. Each cell has been characterized also by a region

26



of perception and by the expression of specific receptors, in turn described by
Boolean binary variables. The diffusive chemicals (SDF1a and FGFs) have
been finally represented through proper spatial distributions. This has lead to a
hybrid model. Cell dynamics have been in fact regulated by first-order integro-
differential equations where non-local differential terms reproduce cell-cell direct
interactions (adhesion/repulsion), while integral velocity components implement
FGF10- and SDF1a-related dynamics. Specifically, proper weight functions have
been included in the integrals in order to take into account that a local fraction
of chemical substances can be temporarily not available for a given cell since it
may be actually sequestered by surrounding individuals. Finally, proper rules
have been included to implement cell duplication and phenotypic transitions.

The proposed approach has been able to capture both qualitatively and
quantitatively the wild-type development of PLL, in terms of morphology, mi-
gratory characteristics, and dynamics of proto-neuromast assembly and depo-
sition. Moreover, several manipulations of the system have been investigated
in order to analyze the consistency of the model with empirical considerations
reported in Section 2 and to reproduce or even predict experimental outcomes.
In more details, the reported numerical simulations have analyzed the effect on
the normal PLL evolution of disruptions in cell proliferation, intercellular ad-
hesion, FGF10 signaling, and SDF1a-driven dynamics. We have also dealt with
coupled system perturbations, an aspect not already addressed in the empirical
literature, at least to our knowledge.

It is however worth to notice that some refinements are necessary to improve
the realism and the potential of the proposed model. First, it has been observed
that FGF10-signaling pathways also regulate cell differentiation, which is at the
basis of proto-neuromast assembly. However, as far as we know, this process is
actually poorly understood. A deeper empirical investigation of the mechanisms
defining the exact timing and pattern of PM activation would be fundamental
as well.

Another aspect that requires more attention is the influence of the surround-
ing environment, i.e., it would useful to investigate if the embryonic development
of nearby organs and tissues affects, or even regulates, PLL formation. Finally,
the identification of a functional relation between the numerically estimated pa-
rameters and some measurable quantities would largely improve the predictive
potential of the proposed model.

Appendices
A. Parameter estimate

This section will be first devoted to a detailed description of how the model
coefficients, listed in Tables 1, have been estimated. Then, we will focus on
variations of selected model coefficients in order to further justify the considered
parameter setting.
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Cell dimensions, proliferation rate and characteristic times of phenotypic transi-
tions. Each cell, regardless of its type, has been set to have a mean diameter dc

equal to 7 µm, with a 6 µm-large perinuclear region ddupl, in agreement with the
measurements reported in [17]. The common maximal extension of membrane
protrusions has been then fixed to da = 20 µm, consistently with [6, 11] and
references therein. The cell proliferation rate γcell has been set to 4 mitoses/h
[17], so that ∆tdupl = 15 min.

The characteristic times of cell phenotypic changes have been evaluated tak-
ing advantage of experimental videos relative to the physiological development
of the zebrafish primordium [22, 24]. In particular, the activation of the first
progenitor PM cell (located at a distance lPM→aPM = 16.5 µm from the rostral
edge of the cluster) has been set to occur at t1 = 19.1 hpf. Further PM activa-
tions have been then assumed to take place after a delay of ∆tPM→aPM, which
has been here hypothesized to be described by a stochastic variable normally
distributed, with mean equal to 3.07 h and variance equal to 1.44 h. Also the
time-lapses ∆tdPM→pE and ∆tpE→E, regulating the epithelialization of the cells
composing the body of the rosettes, have been set to follow a Gaussian law, the
former with mean equal to 4.2 h and variance equal to 1.12 h, the latter with
mean equal to 4 h and variance to 1.17 h.

Parameters relative to chemical kinetics. The model parameters characterizing
FGF10 and SDF1a kinetics have been mainly estimated according to the exper-
imental literature. In particular, in Eq. (20), the diffusion coefficient of FGF10,
Dϕ, has been set equal to 10 µm2s−1, its possible maximal concentration ϕmax to
1.5 nM, while its decay rate δϕ to 0.0025 s−1, as in [21]. The secretion rate of the
chemical, γϕ, has been finally assumed to be 0.0083 nM s−1, see [8]. In Eq. (21),
the diffusion coefficient of SDF1a, Dσ, has been set equal to 0.333 µm2s−1, and
its maximal possible local amount has been fixed to 0.5 nM, see [21]. The SDF1a
decay and secretion rates, δσ and γσ, have been then assumed to be equal to
0.0033 s−1 and 0.0033 nM s−1, respectively, with tsdf = 20 hpf, in agreement
with the empirical quantification reported in [21].

Parameters relative to cell velocity components. Cell dynamics are characterized
by the following set of parameters:(

vrand, vrep, vadh, Vadh, χsdf, χfgf, α
sdf
4 , αsdf

7

)
∈ R6

+ × (0, 1]2.

First, we have reasonably fixed the random velocity coefficient vrand equal to
0.019 µm s−1, i.e., equal to the mean speed of the primordium [22].

Further simplifications have been obtained by other empirical observations.
For instance, experimental evidence has widely shown that during PLL develop-
ment the component cells form adhesive junctions while remaining well-spaced,
i.e., they do not undergo significant compression. The proposed model, and
in particular the intercellular interaction velocity components (and relative pa-
rameters), has indeed to assure that the computational individuals maintain a
sufficient mutual distance over time without scattering. We have indeed looked
for the values of vadh, Vadh, and vrep that resulted in dc = 7 µm ≈ dmin >
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Figure 11: Preliminary simulation run for the estimate of the adhesive/repulsive parameters. Rep-

resentative configurations taken at t̃, i.e., at the onset of primordium migration induced by the
partial epithelialization of the rosette L1. The initial condition is the same as in the case of the
reference setting shown in Fig. 3. However, the cells composing the placode are here subjected
only to repulsion, adhesion, differentiation, proliferation and random crawling (i.e., we neglect the
chemotactic velocity components). It is possible to see that cell spacing is regulated by the ratio
vadh/vrep (or Vadh/vrep, where Vadh = 2vadh): if vadh/vrep ≤ 0.005, realistic configurations where
ddupl < dmin ≈ dc are observed (first and second panels); conversely if vadh/vrep > 0.005, cells
undergo excessive compression and collapse (third panel), i.e., dmin � ddupl < dc.

ddupl = 6 µm, where dmin := min
t,i

di,min(t) with di,min defined in Eq. (5). In

this perspective, we have run a series of preliminary simulations where the pri-
mordium had the same initial configuration as in the reference case (shown in
Fig. 3)) but was only subjected to adhesion, repulsion, proliferation, differentia-
tion and random movement. Such computational realization have been stopped
at t̃, i.e., at the onset of placode migration induced by the partial epithelial-
ization of the firstly-formed rosette L1. In particular, we have neglected the
chemical-dependent velocity components (by setting vfgf = vsdf = 0 in Eq. (9)),
since their characteristic coefficients have been estimated later on. For the sake
of simplicity, we have also assumed that Vadh = 2vadh: in the absence of specific
empirical measurements, we have hypothesized a two-fold increment in the ad-
hesiveness due to the corresponding state transitions (as done, for instance, in
[21]). Cell spacing has been observed to be established by the ratio vadh/vrep,
rather than by the specific values of vrep and vadh, see Fig. 11. In particular,
the conditions on the interparticle distance have been shown to be satisfied if
vadh/vrep ≤ 0.005 (i.e., if Vadh/vrep ≤ 0.01): in this respect, we have arbitrarily
fixed vadh/vrep = 0.005 (i.e., Vadh/vrep = 0.01).

Experimental assays have then demonstrated that the affinity between SDF1a
and Cxcr7 is nearly ten times higher than the affinity between SDF1a itself and
Cxcr4 [9]. Therefore, in Eq. (17), we have fixed αsdf

7 = 10αsdf
4 . In particular,

having assumed that αsdf
4 , αsdf

7 ∈ (0, 1], we have established that αsdf
4 falls within

the range (0, 0.1].
Summing up, all these considerations have allowed us to reduce the set of

free parameters to(
vrep (or vadh), χsdf, χfgf, α

sdf
4 (or αsdf

7 )
)
∈ R3

+ × (0, 0.1] (or× (0, 1]). (24)

In the absence of further proper biological considerations or available experi-
mental data, we have finally opted for a simultaneous estimate of the remaining
coefficients. In this respect, we have run the complete model (i.e., the so-called
reference simulation) and varied the parameters listed in Eq. (24) until a remark-
able reproduction of the empirically-observed evolution of wild-type primordia
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Figure 12: Effect of variation in the reference parameter setting on the critical quantities
EPLL (top panel) and vPLL (bottom panel), used to quantify primordium development. In both
cases, the grey region denotes the range of admissible values, i.e., [140, 175] µm (top panel) and

[0.018, 0.019] µm s−1 (bottom panel). The control case (black columns) refers to the reference sim-
ulation described in Section 5.2. The blue and red columns represent model outcomes obtained
by respectively decreasing or increasing one parameter (usually of one order of magnitude or as
specified in Section A.1.

has been obtained. In particular, we have selected the values (listed in Table 1)
that have allowed to obtain EPLL = 158 µm and vPLL = 0.019 µm s−1, which fall
within the range of their empirically measured counterparts, i.e., [140, 175] µm
and [0.018, 0.019] µm s−1, respectively (see [17, 22, 24]). We finally remark that
the chosen parameter setting has also permitted to consistently preserve the
plausible intercellular distance dmin ≈ dc, which has been firstly obtained in the
case of cell dynamics that not accounting for chemotactic contributions.

A.1. Variations in the reference parameter setting

In this section, we analyze the effect on the normal evolution of the com-
putational primordium of variations in the reference parameter setting given,
as seen, in Table 1. Such a study also represents a further justification for the
employed estimate of the model free coefficients. In particular, in each of the
following families of numerical realizations, we decrease/increase the value of
one parameter of the group listed in Eq. (24), while maintaining fixed the oth-
ers (for comparison purposes, the initial condition of the system, the period of
observation, the time lapses regulating proto-neuromasts formation and matura-
tion remain unaltered and are set as in the representative reference simulation
reported in Fig. 4). The discrepancy of the model outcomes with respect to
the reference case in Fig. 4 will be highlighted both qualitatively, i.e., in terms
of primordium morphology and migratory behavior, and quantitatively, i.e., in
terms of the critical quantities EPLL and vPLL given in Eqs. (22)-(23). In this
respect, a summary of the values of EPLL and vPLL resulting from parametric
changes is provided in Fig. 12.

Variations of repulsive/adhesive interaction coefficients. We start by varying
the intercellular interaction coefficients, however preserving the ratio vadh/vrep =
0.005 needed to maintain a plausible cell spacing. We also recall that Vadh =
2vadh.
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Figure 13: Evolution of the primordium in the case of too low and too high values of the adhe-
sive/repulsive strengths: i.e., vrep = 1 µm s−1 and vadh = 0.005 µm s−1 in panels (a)-(f); while

vrep = 20 µm s−1 and vadh = 0.1 µm s−1 in panels (g)-(l). For visualization purposes, each panel
shows only the subregion of the domain that fully contains the primordium. For comparison pur-
poses, at each considered time instant, a dashed black line denotes the position of primordium
caudal edge in the reference simulation.

On the one hand, too low values of adhesive/repulsive strengths (for instance
obtained by a drop of one order of magnitude, i.e., to vrep = 1 µm s−1 and vadh =
0.005 µm s−1) affect the normal evolution of both primordium morphology and
migration, see Fig. 12. In fact, an excessive initial elongation of the placode
(quantified by EPLL = 180 µm) is followed by an extremely reduced speed of its
migration (as vPLL = 0.002 µm s−1) and an unrealistical placode fragmentation,
see Fig. 13 (a)-(f).

On the other hand, a high enough increment of both interaction parame-
ters (obtained for instance by doubling both coefficients, i.e., by fixing vrep =
20 µm s−1 and vadh = 0.1 µm s−1) results in an implausibly compressed and
rounded primordium which is not able to normally migrate along the myoseptum
(where EPLL = 138 µm and vPLL = 0.008 µm s−1), see Figs. 12 and 13 (g)-(l). In
more details, too high interaction parameters substantially increase the intensity
of the corresponding velocities, which overcome both SDF1a and FGF10-related
dynamics. This, in turn, enhances the placode compactness: the resulting higher
cell density finally impedes the normal proliferation of PM individuals as well
the formation of the fifth rosette, see Fig. 13 (j)-(l). The over-adhesive intercel-
lular stimuli do not allow the deposition of the mature proto-neuromast as well,
which rather remains anchored to the rest of the aggregate and further slows
down the entire placode, see Fig. 13 (k)-(l).

Variations of chemical sensitivity parameters. We now vary the cell chemical
sensitivity parameters, χfgf and χsdf. We recall that the former quantity refers
to the level of activity of the FGF10 receptor fgfr1, expressed by dPM, pE,
and E individuals; the latter is instead relative to the SDF1a migratory related

31



PM aPM dPM pE E
0                1.5 nM

FGF10
0                0.5 nM

SDF1a

100

0

(g) tsdf =20 hpf

(h) t2 = 22 hpf
100

0
0 100 200 300

(b) t2 = 22 hpf
100

0
0 100 200 300

100

0

(a) tsdf =20 hpf

(j) t4 = 24 hpf

0 100 200 300 400 0 100 200 300 400 500 600 700 800

(l) tF = 30 hpf

(i) t = 22.75 hpf˜ (k) t = 25 hpf

(d) t4 = 24 hpf

0 100 200 300 400

(f) tF = 30 hpf

1000 200 300 400 500 600 700 800

˜(c) t = 22.75 hpf (e) t = 25 hpf
 t

o
o
 l
o
w

  

�

fg
f

to
o
 h

ig
h
  

�

fg
f

Figure 14: Evolution of the primordium in the case of too low and too high levels of activity of
FGF10 receptor fgfr1, i.e., χfgf = 0.01 µm2 s−1 in panels (a)-(f); and χfgf = 0.2 µm2 s−1 in panels
(g)-(l). For visualization purposes, each panel shows only the subregion of the domain that fully
contains the primordium. For comparison purposes, at each considered time instant, a dashed black
line denotes the position of primordium caudal edge in the reference simulation.

receptor Cxcr4, present in PM, aPM, and dPM particles.
Entering in more details, too low values of χfgf result in a normal initial

stretch of the primordium morphology, followed by a substantially low direc-
tional speed: for instance, a drop of one order of magnitude, i.e., down to
χfgf = 0.01 µm2 s−1, leads to EPLL = 160 µm s−1 and vPLL = 0.014 µm s−1, see
Figs. 12 and 14 (a)-(f).

Also too high values of χfgf do not affect initial placode elongation (e.g.,
χfgf = 0.2 µm2 s−1 leads to EPLL = 156 µm). However, they impact on its
migratory determinants, see Figs. 12 and 14 (g)-(l). Cell over-sensitivity to
FGF10 in fact results in a high intensity of the corresponding velocity compo-
nent which overcomes the other contributions. Consequently, dPM individuals
forming rosettes body are significantly attracted by and push forward with an
enhanced force FGF10-producing PM cells located at the caudal region of the
aggregate. This mechanism enhances both the initial primordium speed and the
compactness of the aggregate w.r.t. the reference simulation, see Fig. 14 (g)-(i).
Such a latter consequence in turn causes the disruption of normal proliferation
processes which results in a lack of PM agents after the formation of the fourth
rosette and therefore in a slowing down of primordium migration (leading to an
overall mean speed of vPLL = 0.015 µm s−1), see Fig. 14 (i)-(l).

Too low values of χsdf instead determine a substantial decrement in the in-
tensity of the corresponding chemotactic stimulus, which is overcome by the
other velocity terms. This results in a more compressed and round primordium
morphology (e.g., a drop of one order of magnitude of χsdf, i.e., down to
0.01 µm2 s−1, leads to EPLL = 138 µm) that, in turn, causes abnormal cell pro-
liferation, eventually, preventing the formation of the fifth rosette, see Figs. 12
and 15 (a)-(f). We observe a substantial drop in the directional speed of the
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Figure 15: Evolution of the primordium in the case of too low and too high levels of activ-
ity of migratory related SDF1a receptor Cxcr4, i.e., χsdf = 0.01 µm2 s−1 in panels (a)-(d) and

χsdf = 2 µm2 s−1 in panels (e)-(h). For visualization purposes, each panel shows only the subregion
of the domain that fully contains the primordium. For comparison purposes, at each considered
time instant, a dashed black line denotes the position of primordium caudal edge in the reference
simulation.

embryonic organ as well, as quantified by vPLL = 0.003 µm s−1 and shown in
Figs. 12 and 15 (d)-(f).

Conversely, as shown in Fig. 15 (g)-(k) and summarized in Fig. 12, too high
values of χsdf first result in an excessive initial elongation of the primordium (for
instance χsdf = 0.2 µm2 s−1 leads to EPLL = 201 µm), and then in an abnor-
mally fast migration of the aggregate (as quantified by vPLL = 0.02 µm2 s−1).
The high intensity of SDF1a-related velocity component in fact overcomes the
other contributions so that Cxcr4 -expressing cells are more free to move along
the stripe of the chemical.

Variations of the affinity between SDF1a and its receptors. We finally test vari-
ations in the affinity of both SDF1a receptors Cxcr4 and Cxcr7 for their ligand,
i.e., of αsdf

4 , αsdf
7 ∈ (0, 1]. In this respect, we recall that Cxcr7 has been ex-

perimentally estimated to have an affinity ten times higher than Cxcr4, which
implies αsdf

7 = 10αsdf
4 in terms of modeling coefficients, with αsdf

4 ∈ (0, 0.1].
On one hand, as shown in Fig. 12, a drop of both parameters does not sig-

nificantly affect primordium morphology but causes a substantial slow down
of its migration (e.g., by setting αsdf

4 = 0.01 and αsdf
7 = 0.1 we obtain to

EPLL = 146 µm and vPLL = 0.003 µm s−1), see also Fig. 16 (a)-(f). In this
respect, it is useful to notice that an almost negligible affinity of both recep-
tors Cxcr7 /Cxcr4 to SDF1a does not result in the absence of the SDF1a-driven
chemotactic migration (as obtained for instance by full or partial inhibition of
the activity of receptor Cxcr4, i.e., by decrements in χsdf). It rather implies
that the corresponding velocity component only depends on the distribution of
the chemical and not on the cell distribution, because the amount of ligand se-
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Figure 16: Evolution of the primordium in the case of too low and too high affinity of both SDF1a

receptors Cxcr4 and Cxcr7 for their ligand, i.e., αsdf
4 = 0.01 and αsdf

7 = 0.1 in panels (a)-(d); and

αsdf
4 = 0.09 and αsdf

7 = 0.9 in panels (e)-(h). For visualization purposes, each panel shows only
the subregion of the domain that fully contains the primordium. For comparison purposes, at each
considered time instant, a dashed black line denotes the position of primordium caudal edge in the
reference simulation.

questered is almost negligible. Referring to Eqs. (16) and (17), in mathematical
terms we have in fact that W sdf

i ≈ 1 for any i. Accordingly, the movement of all
Cxcr4 -expressing individuals is substantially aligned towards the central region
of the domain H (i.e., towards the source of the exogenous chemical).

On the other hand, as reported in Fig. 12, too large values of the affinity
of both receptors Cxcr4 and Cxcr7 for the exogenous chemical enhance both
the initial stretching of the primordium and its mean directional speed (e.g.,
αsdf

4 = 0.09 and αsdf
7 = 0.9 leads to EPLL = 194 µm and vPLL = 0.02 µm s−1),

see also Fig. 16 (g)-(l). This is probably due to the fact that Cxcr4 -expressing
cells perceive a steeper chemical gradient (and therefore experience an increased
chemotactic stimulus) since surrounding individuals are able to sequester a
higher fraction of the diffusive molecular substance.
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[4] Cañizo, J., Carrillo, J.A., Patacchini, F.S., 2015. Existence of compactly
supported global minimisers for the interaction energy. Archive for Rational
Mechanics and Analysis 217, 1197 – 1217. doi:10.1007/s00205-015-0852-3.
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