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Abstract Inthis paper, we present two novel non-relativistic

superalgebras which correspond to supersymmetric exten-
sions of the enlarged extended Bargmann algebra. The
three-dimensional non-relativistic Chern—Simons supergrav-
ity actions invariant under the aforementioned superalgebras
are constructed. The new non-relativistic superalgebras allow
to accommodate a cosmological constant in a non-relativistic
supergravity theory. Interestingly, we show that one of the
non-relativistic supergravity theories presented here leads to
the recently introduced Maxwellian exotic Bargmann super-
gravity when the flat limit £ — oo is considered. Besides,
we show that both descriptions can be written in terms of
a supersymmetric extension of the Nappi—Witten algebra or
the extended Newton—Hooke superalgebra.
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1 Introduction

Non-relativistic (NR) supergravity theories have recently
been studied and their construction has only been approached
in three spacetime dimensions [1-6]. In this way, to for-
mulate a NR (super)gravity theory invariant under a cer-
tain NR (super)symmetry remains as a challenging but at
the same time interesting problem. At the bosonic level, the
NR theories have been of particular interest due to their rela-
tion to condensed matter systems [7-17] and NR effective
field theories [18-22]. In presence of supersymmetry, mov-
ing toward this kind of theories can be useful, for instance,
to approach supersymmetric field theories on non-relativistic
curved backgrounds via localization [23-25]. Also from the
purely theoretical point of view, NR supergravity is an attrac-
tive topic that deserves to be developed. The construction of
NR (super)algebras and the formulation of NR (super)gravity
theories are of special interest for the present work. As it hap-
pens in NR gravity theories, the suitable construction of a NR
supergravity action has been shown to require the introduc-
tion of extra bosonic and fermionic generators. In particular,
working in three spacetime dimensions, the appropriate con-
struction of a Chern—Simons (CS) action is possible due to
the presence of additional generators which allow to have a
non-degenerate invariant tensor. The non-degeneracy of the
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invariant tensor is a fundamental ingredient to get a well-
defined CS (super)gravity action [26-28].

Recently, the NR version of a three-dimensional CS grav-
ity theory invariant under a particular enlargement of the
extended Bargmann algebra [29-35] was presented in [36].
Such algebra, called as enlarged extended Bargmann (EEB)
algebra by the authors, was obtained by considering the NR
contraction of the [AdS-Lorentz] @ u; @ u; @ u; algebra.
Such novel NR symmetry offers us an alternative way to
accomodate a cosmological constant to a three-dimensional
NR gravity theory different from those studied in [37-45].
Interestingly, as was shown in [36], the Maxwellian exotic
Bargmann (MEB) algebra recently introduced in [46] can
be obtained from the EEB gravity theory when the flat limit
¢ — ooisconsidered (where ¢ is the length parameter related
to the cosmological constant through A :i:zlz; the limit
£ — oo corresponds to A — 0).

The AdS-Lorentz (AdS-£) (super)symmetry has been
introduced in [47-49] and has been useful in three and higher
dimensions in diverse (super)gravity contexts. On the grav-
ity side, this symmetry and its generalizations were used to
recover (pure) Lovelock gravities from CS and Born—Infeld
theories in different odd an even dimensions, respectively
[50-52]. Subsequently, in the case of a three-dimensional
gravity theory invariant under the AdS-L algebra, it has been
shown that the asymptotic symmetry of conserved charges
at null infinity is given by a semi-simple enlargement of
bms3[53]. On the other hand, the supersymmetric exten-
sion of the AdS-L algebra allowed to introduce a general-
ized supersymmetric cosmological constant term in a four-
dimensional supergravity theory [54-58]. In three space-
time dimensions, the construction of the N/ -extended AdS-£
supergravity theory was presented in [59,60].

As pointed outin [36], an open problem was to extend their
results at the supersymmetric level. Very recently, a NR ver-
sion of the Maxwell CS supergravity theory was presented in
[6] while the construction of a possible EEB supergravity the-
ory remained unexplored till now. In this work, we approach
the aforesaid problem, and present two different supersym-
metric extensions of the EEB algebra by expanding different
relativistic A/ = 2 AdS-L superalgebras. In particular, the
Lie algebra expansion method [61-64] has resulted to be a
powerful tool in NR symmetries [36,65—75]. Here, we show
that the semigroup expansion method [64] allows us to obtain
not only new NR superalgebras but also provides with the
non-vanishing components of the invariant tensor allowing
to construct the corresponding NR CS supergravity actions.
We show that, although both supersymmetric descriptions
allow us to introduce a cosmological constant to a NR super-
gravity action, only one supersymmetric extension contains
a well-defined vanishing cosmological constant limit.

The paper is organized as follows: in Sect. 2, a brief review
of the EEB algebra and the corresponding formulation of

@ Springer

the three-dimensional CS gravity action are presented. Sec-
tions 3 and 4 contain the main results of the work. First, a
supersymmetric extension of the EEB is presented. Then,
a NR CS supergravity action based on the EEB superalge-
bra is constructed. The supersymmetry transformation laws
are also provided. In Sect. 4, we provide with an alternative
supersymmetric extension of the EEB algebra which we call
non-standard EEB superalgebra. The construction of the CS
supergravity action is also studied. Section 5 concludes our
work with discussions and some possible future approaches.

2 Enlarged extended Bargmann gravity

In this section, we briefly review the enlarged extended
Bargmann algebra considered in [36] and the associated CS
gravity theory constructed in the same paper in three space-
time dimensions. The particular enlargement of the Extended
Bargmann algebra presented in [36] was denoted as EEB
algebra and its non-trivial commutation relations read

I:Glh ~b:| = _eabMv I:(;av Zb:l = _Eabf,

I:I:Ia Za:l = Z_zeabes
[ ~a Ga] = eahI;ba |:~i9 Za:| = €abZ}h
I:Zaa Zb] = - 2€ab’fa
|:~7 ﬁa:l = Ellbﬁb’ I:I:L ﬁa] :eabzbv
|:~ava = - zeabMa
[ ~’ Ga = eahéha I:ﬁaa ﬁb] - _eah’f"
~ o~ 1 ~
I:Zv a_ = g_zéabpb’
I:Gav Gb:l = _5ab§, I:Z’ Ga:l = eabzb,
<~ 1 ~
|2.2.) = Zews. @.1)

wherea = 1,2, €, = €0ap and €2 = €9%% and where £ is a

length parameter. Such algebra turns out to be the NR version
of the relativistic [AdS-L] @& u(1) ®u(1) ®u(l) algebra. The
AdS-L algebra reads

[Ja, J] = €apcJC,
[Ja, Zg] = €apc ZC,

[Ja, Pg] = €apc PC,
[Pa, Pyl = €apcZC,

1 c
[Pa, ZBl = —5€apcP™,

1 c
[Za,ZB] = —e€apcZ™, 7
2.2)

52

with A = 0, 1, 2, where J4 are the Lorentz generators, P4 the
spacetime translation generators, and Z4 are extra Abelian
charges. The aforementioned U (1)-enlargement (given in
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terms of the U (1) generators Y7, Y2, and Y3) of the rela-
tivistic AdS-£ symmetry is necessary to assure a finite and
non-degenerate invariant tensor allowing to construct a well-
defined NR CS gravity theory in three spacetime dimensions.
As it was shown in [36], the EEB algebra (2.1) appears as a
contraction of the relativistic algebra (2.2). Indeed, the NR
algebra is obtained considering the limit £ — oo in the fol-
lowing redefinition of the [AdS-L£] & u(1) du(1) du(l) gen-
erators:

.i 2 ~ j 2
J0:5+§S, Jo =§8Gyg, Y2=E—§S,
P—H+5M P, =P Y—H EM
0—2%_ 5 a — Iqg, l—25 )
Z—Z+T Z—Z” Y 4 T
0_252 £ a_E, 3—252 )

(2.3)

together with the rescaling of the length parameter £ — &£¢.
Furthermore, as in the case of its relativistic counterpart, a
vanishing cosmological constant limit £ — oo can be applied
to the EEB algebra (2.1), leading to the Maxwellian Extended
Bargmann (MEB) algebra of [46].

The EEB algebra admits the following non-vanishing
components of the invariant tensor:

<j§ — _an, (m) —
<H§> = —&, (iT) = s,
<ﬁ]l7l> = &, (§2> = —a,
~ o~ 5[2 5o~ 5(1
<Zazb>: ZZ(Sabv <Za b>: 52 Sab’
~ ~ 5[1 ~ o~ 5[1
(zi)=-7.  (TH)=-%
- &
<ZT> --3 (2.4)

where &, @1, and @, are arbitrary constants which are related
to the relativistic parameters as

a =af’, o =&k w=a. 2.5)
Such rescaling of the coupling constants reproduces the
most general NR non-degenerate invariant tensor in the limit
& — oo. Let us note that the non-degeneracy of the invariant
tensor is related to the Physical requirement that the CS action
involves a kinematical term for each field and the equation of
motions imply that all curvatures vanish. On the other hand,

one can see that the limit £ — oo applied to the components

of the invariant tensor written in (2.4) leads to the invariant
tensor of the MEB algebra [46].

The CS form for a connection A constructed with the
invariant non-degenerate bilinear form defines an action for
the relativistic gauge theory based on the symmetry under
consideration as

Ics =/(AAdA—i—%A/\A/\A):/(A/\dA—i—%A/\[A,A]).
(2.6)

In terms of the NR generators and fields of the EEB algebra,
the gauge connection one-form of [36], A = AATy, where
Ta=1{J.Ga,H, Py, Z,Z4, M, S, T}, is given by
A=wJ+aGyu+T1H+e"Py+kZ+k*Z+mM+sS+tT .
2.7

The EEB curvature two-form is then

F = R(w)J + R*(0®)Gy + R(x)H + R%(e") P,
+R(K)Z + R (k") Zy + R(m)M

+R(s)S+ R(T, (2.8)

with!

R(w) = dw,
R0’ = do® + €“wow,,

R(t) =dr,

. 1 1

R(e?) = de® + €™ we, + €“Tw, + K—ze"ckec + ﬁGaCch,

Rk) = dk,

1

R (k") = dk® + €“wk, + €““Te. + €k, + E—ze“ckkc,

. 1 .
R(m) = dm + €““e . + Z—ze‘“eakc,

|
R(s) =ds + Ee“‘wawc,

. 1 1
R(t) = dt + €*““wske + =€“eqec + —5€“kake .

3 TE (2.9)

Then, the NR three-dimensional CS action based on the
EEB algebra [36], up to boundary terms, is obtained con-
sidering the gauge connection one-form (2.7) and the non-
vanishing components of the invariant tensor (2.4) in the
general expression of the CS action (2.6). The NR CS graviy
action reads

J—— / o [wu R (@)~ 25R(@)|

+é [ea R (") + w, R(e") — 2mR(w) — 2ds

! In the sequel, we will omit the wedge product A between differential
forms.

@ Springer
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1 1 2
+ g—zeaR“(kb) + K—ZkaR“(eb) — E—ztdt

2 -
—g—sz(k)} +as [ea R (€?) + kR (0?)
1
+ wa R (kD) + E—zkaR“(kb)

—25R(k) — 2mR (1) — 2tR(w) — Z%tR(k)] .
(2.10)

The CS gravity theory based on the EEB symmetry can be
seen as an alternative NR gravity model in presence of a
cosmological constant. The NR CS action (2.10) contains
three sectors proportional to different arbitrary constants &,
a1, and &;. The first contribution, proportional to &g, is the
CS action for the NR Exotic Gravity. The second and third
term, proportional, respectively, to ¢&; and &, reproduce the
enlarged extended Bargmann gravity with the explicit pres-
ence of the k, gauge field. Observe that the limit £ — oo
taken in the term proportional to ¢&; reproduces the CS action
for the Extended Bargmann algebra [3]. On the other hand,
the limit £ — oo in the sector proportional to &, leads to
the CS action for the NR Maxwell algebra [46]. Let us note
that the term proportional to ¢ is not the extended Newton—
Hooke gravity Lagrangian, although it leads to the extended
Bargmann gravity Lagrangian in the £ — oo limit. In partic-
ular, the additional gauge fields related to the EEB algebra
appearing in the & term vanish in the flat (¢ — oo) limit.

3 Three-dimensional supergravity based on a
supersymmetric extension of the Enlarged Extended
Bargmann algebra

Here, we present a supersymmetric extension of the EEB
algebra which allows us to construct a NR supergravity
action. Consequently, we develop the aforementioned NR
supergravity action by exploiting the CS construction in three
dimensions. In order to have a proper NR CS supergravity
action based on a supersymmetric extension of the EEB alge-
bra, one requires to find a NR superalgebra which not only
contains the EEB algebra as a subalgebra but also admits an
invariant supertrace. Such task can be properly accomplished
by considering the S-expansion procedure [64] (see also
[76,77] for recent developments on the same method; more
details on the S-expansion procedure are given in Appendix
A). Indeed, an EEB superalgebra can be obtained by apply-
ing the S-expansion to the ' = 2 AdS-L superalgebra [60]
with a suitable semigroup S.

@ Springer

3.1 Supersymmetric extension of the Enlarged Extended
Bargmann algebra

The relativistic N/ = 2 AdS-L superalgebra is charac-
terized by the presence of the AdS-L£ bosonic generators
{Ja, Pa, Z4}, the fermionic spinor charges {Qfx, Eé}, and
three s0(2) generators 7, U, and B. Such generators satisfy
the following non-vanishing commutation relations [60]:

[Ja, JB] = €apcJC, [Ja, Ppl = €apc PE,

[Ja, Zp] = €apcZ€,

1
[Pa, Ppl = €apcZC, [Za, Zp]l = —€apcZC,

32
1 c
[Pa, Zp] = ﬁfABCP ,
1 . . 1 4
[7a: L] = =5 wnd Q. [4a %] = =5 o =5

1 .
= _5 (VA)aﬂ EI@’

__L( )ﬂQi 7 Qi __L( )ﬂQi
- 2£2 )/Aot ﬁs A oal| — 2£2 VAa ﬂa

1. . A 1.
= EGU 0, [T, E;] = 56” 27,

1. .
= —e’%/,

]
]
]
Zaxi] = —Zlﬁmxf =5,
]
]=3
]

i Ui i U ijni
[w.si] = 5570l [B.oL]=5p<" Qi
i U jsi
[5.%;] = s B 3.1)
along with the following anti-commutators,
(0L 04} = =i (v*C)  Pa = Cupe'lU,
af
(0L, =4y = =8 (y*C)  Za — Cupe'B.
ap
S Sii 1 y
i Jy _ _ 4 A _ ij
(= = = -3 ()/ C)aﬂ Pa = 55 Cape U, (3.2)

where A, B,C = 0,1,2 are the Lorentz indices which
are raised and lowered with the Minkoswki metric nap =
-1,1,D,a =1, 2.2 and i, j = 1,2 label the number of
supercharges. Here, y4 are Dirac matrices in three spacetime
dimensions and C is the charge conjugation matrix,

0-1
— B —
Coyp=C —<10>,

which satisfies CT = —C and Cy4 = (Cy*)T. As it was
discussed in [60], the presence of so(2) symmetry genera-
tors is not arbitrary and assures the non-degeneracy of the

(3.3)

2 In the following, we will frequently omit these spinorial indices in
order to lighten the notation.
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invariant tensor. In particular, the NV = 2 AdS-L superal-  One can see that such decomposition satisfies

ebra admits the following non-vanishing components of an
c £ & comp [Vo. Vol C Voo [Vo.ViIIC Vi, Vi.ViIC Voo (B7)

invariant tensor,

(JaPB) = ainap, (JAZB) = axnag,

(JaJB) = aonasp,

(PaPp) = aanag, (PAZB>:Z_;77AB, (ZAZB)=—§77AB,
)
Uy =

14

(TT) = (TU) = 061, (TB) = 012,
) = o, UB) = 5. (BB) = 5.
(00} = a1Capd™,  (QL3}) = arCapd™,

(ZTp) = £—2Caﬁ5U .

One can notice that the flat limit £ — oo leads to the N =
2 Maxwell supergravity theory [60] in which the internal
symmetry generator 3 becomes a central charge.

A supersymmetric extension of the EEB algebra can be
obtained by expanding the ' = 2 AdS-L superalgebra (3.1)
and (3.2). Indeed, as we shall see, the S-expansion of a rel-
ativistic superalgebra considering § g) as the relevant semi-
group reproduces a NR contraction. This is due to the fact
that the S-expansion method can be seen as a generaliza-
tion of the Inonii-Wigner contraction process [78], when the
semigroup under consideration belongs to the S(EN) family.
In particular, it would be interesting to analyze which kind of
superalgebras can be found by considering SI(YN) for N > 2.
Here, we shall focus on the semigroup S(z), which allows us
to obtain not only a well-defined EEB superalgebra but also
its non-degenerate invariant tensor.

Let S‘(Ez) = {0, A1, A2, A3} be the relevant semigroup
whose elements satisfy the following multiplication law:

(3.5)

Here A3 =
such that OsA;y = 0. Before applying the S-expansion

Os is the zero element of the semigroup

to the NV = 2 AdS-L superalgebra we will consider a
particular subspace decomposition of the Lie superalge-
bra. Let Vo = {Jo, Po, Zo,T,U, B, Q:{, Z;{_} and V| =
{Jas Pu, Z4, Q , X, } be the subspaces decomposition of the
N = 2 superalgebra (3.1) and (3.2), where we have split the
Lorentz index as A = {0, a} with a = 1,2 and where we
have defined

1 1
0; = (G tean)). == (Titwz)).

(3.6)

(3.4)

Let us consider now S 1(52) = So US| as the semigroup decom-
position where

So = {Xo, A2, A3},
S1 = {A1, Az},

Then, the decomposition (3.8) is said to be resonant since it
satisfies the same structure than the subspaces, that is

(3.8)

So - So C So, So-S1 C Sy, S1-851CS. 3.9)
Following the definitions of [64], after extracting a resonant
subalgebra of the Sg)-expansion of the NV = 2 AdS-L super-
algebra and applying a O;-reduction, one finds a novel NR

expanded superalgebra spanned by the set of generators:
{(J,Ga, S, H, Pyy M, Z, 2,4, T, Yy, Y2, Uy, Ua, By, By,
0F. 00 Ra. 5. 55 Wa). (3.10)
The NR generators are related to the relativistic ones through
the semigroup elements as

J = roJo, S = M Jo, Ga = MJa,s

H=2xP), M=»MmPy, Py=h1Pa

Z =2, T=»1Zo Zq=hIZa,

05 =204, Ra=120)., 0 =10,
;——)\.OE WaZ)\zE;, ig:/\@;,

?] = A7, 01 = AU, B] = M8,

?2 =17, 02 = AU, Bz =MmB. (3.11)

The NR generators satisfy the bosonic subalgebra (2.1) along
with the following commutation relations:

[7.05] = S ow &5, [T &)=~ o0 Ry,
[7.05] = -3 wd 55,

[7.55) =3 omd 85 [7W] =5 omd W,
[4.52] = 55 0 05,

[~, Qoiz:l - —2%2()/0)0’,3 0y [ﬁ ﬁa] === (0 Wg,
[2.82] = 5 0 55,

[5.05] = 5 0wl Re. [, 05] = 5 0w W,
[f QOT] = —222 ()4 Rg,

[S’ i;] = _%(”O)f We. [M i;] = 2132 )
[~,ii] = %2 (o) Wg,

@ Springer
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7. W] = 2£2 00f Re. 2R = 2132 () R
[2.W.] = —@ )& We.
[Ga 0] = —5 008 0. [ G2 ] = —5 0l Ry,
(70 05] = 5 0 55
(G 52) = 5 0l 55, [Ga 5] = —5 0w W,
[P0 02 ] = —5 0w Wy

[20.58] =~ 00f 05 [20. 08 = 35 00 B
(2002 = 552 00 s

[P 20 = w G0l Ry [2088] = 503 0k 55,
(2052 = 55 008 Ws. (3.12)

while the additional bosonic generators {Y71, Y», Uy, U3,
B1, B}, which are expansions of so(2) internal symmetry
generators, satisfy the following commutators:

S 1 - I 1 .
[71.05] = 3 00 050 [0 05 | = =5 W)ap O

- 1 -

[Yl,R = E(yo)aﬂ Rg,

o 1 . . 1 -
[P S5 ] =3 00 550 [P 57] = =5 00 55

-~ 1 -
(71 W] = 5 00)ap W,

o1 o1 -
[ 25 Q(x = 2 (yo)aﬁ Rﬁ7 [U17 Qa:I = _5 (yo)o(ﬁ 2/3 )

-~ 1 -~

+] — +

[ I,Qa —E(VO)aﬁZB»

= ey 1 - .~ 1 ~
(7285 ] =3 00as W [0 Re] = 5 ) W

~ = 1 -
(02,05 ] = 5 (o) W

. 1 [ e 1 .
[ ﬁ(yo)aﬁ Qﬁ7 I:Ulvza] =—ﬁ()/0)a,3 Q;;,

~ o~ 1 ~
I:Bl’Ra =ﬁ(V0)aﬁRﬁy
-7 1 e Ts Al 1 -
108 ] = 55 s 0F [B12 07| = =555 00)ap O
1 -
Tez(yo)aﬁ Wg,
1 <y s e 1 .
5 Wap £F [B1E7] = 55 0y 5.
1 ~
:ﬁ(VO)aﬁRﬂ’
=+] 1 ~ = 7 1 ~
2 55| = 555 0ap Ree [ B2 03] = 555 0ap R
1 -
ﬁ(VO)aﬁWﬂ'
(3.13)

@ Springer

On the other hand, the fermionic generators satisfy the fol-
lowing anti-commutation relations:

0. 551 =— OC) 7 (Oc) B,
Qy: 2 7°C) s + (v o D2
O+, Sh = — OC) Z—( Oc) B,
Qy. 2 7€) s rC) B
|02 Ro} =~ (°€) i1~ (),
off off
(025} == (%), 7 - ('),
B ap
0 -
c) B,
{ op (V op 2

=

(3.14)

The superalgebra given by (2.1), (3.12), (3.13), and (3.14)
will be denoted as the enlarged Extended Bargmann super-
algebra and, as we can see, it properly contains the EEB
algebra [53] as bosonic subalgebra. Let us note that the pres-
ence of the R and W generators is similar to what happens
in the Extended Bargmann superalgebra presented in [3] and
the Extended Newtonian superalgebra of [5] in which a R
generator is considered. One can see that the supersymmet-
ric extension of the EEB algebra requires the presence of
six additional bosonic generators )% 1, Yz, U 1 Uz, Bl, and
Bz which act non-trivially on the fermionic charges Q

E Ra, and W Interestingly, both B 1 and B2 become cen-
tral in the vanishing cosmological constant limit. Indeed, the
flat limit £ — oo of the EEB superalgebra reproduces the
Maxwellian version of the extended Bargmann superalgebra
introduced in [6], and corresponds to the supersymmetric
extension of the MEB algebra first presented in [46]. Let
us stress that the EEB superalgebra obtained here has been
obtained through an Sg)-expansion of a relativistic super-
algebra. As we shall see in the next section, the supersym-
metric extension of the EEB algebra presented here allowing
the construction a well-defined CS supergravity action is not
unique. Indeed, a different supersymmetric extension of the
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AdS-L algebra can be expanded with the same semigroup
Sg) to get a different EEB superalgebra.

Before studying the construction of a NR CS supergrav-
ity action invariant under the novel NR superalgebra, we will
show that the present NR structure can be rewritten in a differ-
ent way. Indeed, the Nappi—Witten symmetry [79,80], which
can be seen as a central extension of the homogeneous part
of the Galilei algebra, appears considering an appropriate
redefinition of the generators. In particular, the EEB superal-
gebra can be written as three copies of the Nappi—Witten
algebra, two of which are augmented by supersymmetry,
endowed with u(1) generators. Indeed, the aforesaid struc-
ture is revealed by considering the following redefinition:

Go = % (zzza +e },) . Gi= % (zzza —zﬁa) :
Ga=Go— 02,4,
J:%(£2Z+£ﬁ) J*:%(ezz_m),
J=J-0Z
s %(EZT—FZM), S*:%(ZZT—ZM),
§=58—¢T,

~ 1 -
=3 (EZBZ + wz) , I =3 (z232 - wz) ,
fg = ?2 — 6232,
or = 1 (£1/2Q+ + z3/223) . Q (zl/ZQ* +e3/22*) :

i ~ ~ _ i
=3 (EWQ(‘{ _ 53/22;)7 G =

_Lans 300
We = 3 (z Ro—¢ Wa) . (3.15)
One can notice that set of generators {éa, J , S , YA], f“z} sat-
isfies the Nappi—Witten algebra [79] endowed with u(1) gen-

erators f"l and T»,
I:fs éa:l = Eabébs
[éa, éh] — —ew$. (3.16)

On the other hand, the set of generators {G,, J, S, T1,
T3, ng, Q. . Ry} satisfies a novel supersymmetric extension
of the Nappi—Witten algebra,

[/, Gul = €a Gy, [Gu, Gyl = —€up S,
1 1
[71.07]=—5 0 Q. Rl =5 0 Ry,
1 1
[Ga. Qi) = =3 000 Q. [Ga Qu] = =5 )d Rp.

[5. Q01 ==5 & R, [T, Q] = i% (0)ap
(. Qf ] = (VO)aﬂ Rg. [T1, Ral = % (Y0)ap R
[of 05} =~ (r"0),4 Gu
{or. of} == (°0),p 7 = (4°C),, T,
[Q; QE] = = (17C) 4 5+ (°C) 4 T2
[OF Rp} = — (yOC)aﬂ S — (yOC)aﬁ 7. (3.17)

Furthermore, one can see that the generators {G}, J*
,S* T, T, Q(;“ , Gy » We} satisty an additional copy of a
Nappi—Witten superalgebra (3.17). The present supersym-
metric extension of the Nappi—Witten algebra contains addi-
tional bosonic generators {77, 7>} which are required to
assure the Jacobi identities. Furthermore, as in the case of the
extended Bargmann superalgebra [3] and the extended New-
tonian superalgebra [5], the Nappi—Witten superalgebra has
three fermionic charges given by QF, Q. ', and R,,. Such fea-
ture could be useful to establish some Lie algebra expansion
between the Nappi—Witten superalgebra (3.17) and known
NR superalgebras, similarly as in the bosonic case [36,67].
Interestingly, the EEB superalgebra inherits the same struc-
ture than its relativistic version, in which case the AdS-L
superalgebra can be rewritten as the direct sum of the Lorentz
algebra and two super-Lorentz.

Let us note that the Nappi—Witten algebra (3.16) endowed
with u(1) generators along with the Nappi—Witten superal-
gebra (3.17) can be rewritten as an extended Newton—-Hooke
superalgebra [5]. Indeed, such structure can be obtained by
considering the following redefinition of the generators of

(3.16) and (3.17):
A T
+Ga). 0} —\/;Qa,

v A v

1
Ga:Ga_GaaPa:Z(Ga

) N R -
J=J+J H= Z(J J Qa: 20,
3 N 3 2
S= SM:Z( R()C: ERO”
T\=T—T,U = (T1+T)

Tz =T — f"z, l72 <T2 + Tz) (3.18)

One can see that the set of generators {Ga, Pa, J
H S M Tl T2,U1 U2 Qa, Qa,R } satisfies an extended
Newton—Hooke superalgebra,

I:j7 éa] = Gabéb, [éa» éb] = _Eab§7 I:j9 ﬁa] = Eal713b7

N N v " o 1

I:Ha Ga:l = €4 Pp, [Gaa Ph] = —€xpM, I:H» Pa] ezeath»
. . R Y

|: as b:l = _6_266117*5" I:Jv Qa] = _5 ()/O)a Qﬂ’
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N 1 v
.05 | = -5, )k 5.
v oy 1 B s N 1 P
JoRa] = =5 0 R, [H. Ra] = =25 00 By,
A 1 .
[Ga 0] = =5 )l G
.. 1 e s 1 .
[P 0| = =55 0l 05 [Ga 03] = =35 0l Bs.
N 1 8 X
[P 0| = —5; 0wl By,
v v ] 1 v v v l v
(3. 05 ] = —3 0wl Rs. 1.0 ] = —5; )l R
vy T 1 v
T, Oy | = +5 (0)ap 0y
CovlT 1 v v 1 -
01, 0F | = £5; 0ap OF . [T 0F | = 5 0dus R
v 1 v
25 Qa_ = ﬂ (VO)aﬂ R/S,
v v 1 . N 1
[T Ra] = 5 00 R [Ur Ba] = 55 00)ap R
L 1 . .
{Q;_y Q } = _Z (VHC)aﬂ Ga - (Vac)aﬂ Paa
v v 1 v M
+ +1 _ _° 0 _ 0
Qa ’ Qﬂ - ¥4 (7/ C)aﬂ 4 ()/ C>a/3 H
1/ o .
- C) —( 0C> U,
b4 (7/ off ! Y af !
(07.35) =L (), 5 (°c),, i
« B V4 off af
—i—l ()/OC) Vz + (yOC) Us,
V4 off
v v 1 v v
{Q‘j’ Rﬁ} - _Z (yoc)aﬂ S- (yoc)aﬁ M
1/ o .
- c) —( Oc) U,
b4 (7/ off 2 Y off 2

which involves two more generators (Tl and fz, which act
non-trivially on the fermionic generators OF and R) with
respect to the extended Newton—Hooke superalgebra of [5].
As we can see, in (3.19) both U 1 and Uz act non-trivially on
the fermionic generators OF and R in the presence of the
length parameter £. In particular, both of these NR genera-
tors become central in the flat limit £ — oo which reproduces
a central extension of the extended Bargmann superalgebra
[3] endowed with two additional generators T1 and T2 Let
us note that the extended Newton—Hooke superalgebra (3.19)
can be seen as the NR counterpart of the ' = 2 AdS super-
algebra [81],

[Ja, Psl = €apc PC,
i 1 B i
[ 4. Q4] = =5 ) 04

[Ja, Jg] = €ancJC,

1
[Pa, Pp]l = *GABCJ

(P10l =5, omf @l [1.0)] =3¢l

@ Springer

[v.0i] = 55€7 0L
2(2
) - )

/1
_Caﬁeu <ZT+U) .

(0L, 04} =

(3.20)

Indeed, the extended Newton—Hooke superalgebra (3.19)
can alternatively be obtained after applying a resonant S Ez ).
expansion of the N' = 2 AdS superlalgebra and performing
a Oy-reduction.

Thus, the EEB superalgebra can alternatively be rewritten
as the direct sum of the extended Newton—-Hooke superal-
gebra (3.19) and the super Nappi—Witten one (3.17). Such
feature is inherited from its relativistic version, in which case
the NV = 2 AdS-L superalgebra can be written as the direct
sum of the super AdS algebra and the super-Lorentz one.

3.2 Non-relativistic Chern—Simons supergravity action

We now construct a NR CS supergravity action based on the
EEB superalgebra given by (2.1), (3.12), (3.13), and (3.14).
Although the superalgebra seems simpler written as copies
of the Nappi—Witten (super)algebra, the motivation to con-
sider the EEB structure given by (2.1), (3.12), (3.13), and
(3.14) is twofold. First, as we shall see, it directly offers us
an alternative NR supergravity theory in presence of a cos-
mological constant. Second, it allows to establish a flat limit
leading in a manifest way to the Maxwellian version of the
extended Bargmann supergravity [6].

As we have already mentioned, a crucial ingredient to
construct a CS action is the invariant tensor. Interestingly, the
same semigroup allowing to obtain the new NR superalgebra

(3-1n be used to find the non-vanishing components of the

EEB invariant tensor (for further details see Appendix A).
Indeed, the invariant tensor for the EEB superalgebra can
be obtained in terms of the invariant tensor for the NV = 2
AdS-L superalgabra given by (3.4). One can then show that
the non-vanishing components of the invariant tensor for the
EEB superalgebra are given by (2.4) along with

<Y1 I?2> = ao, <5~’1 f]z) =aj,
(01 ~2) = ai,
<f11§2> = ay, <171(72>_&2,
<1§1 ~2) = ay,
E)-5 (a5
(3ui) = .
<Q; Q;) = 2a1Cyp, (Q+1§5> = 2a1Cyp,
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- 2d

< o Wg = 2 Cap-

o~ o~ 24

< aE,g)— 2 Cag, (3.21)

where the NR generators are related to the relativistic ones
through the semigroup elements as in (3.11). Here, the NR
constants ¢; are related to the relativistic parameters appear-
ing in (3.4) as

oy = A, a = Moy, a) = ray. (3.22)

On the other hand, the gauge connection one-form A for the

EEB superalgebra reads

A=w]+0"Gy+TH+e" P+ kZ +k'Zy +mM
+58+1tT + y1Y1 + y2 Y2 + b1 By
+baBy + Uy +u2Us + QT + 970
+EYST 4 ES T+ PR+ (W, (3.23)

The corresponding curvature two-form F =dA+AANA =
dA+ 5 L [A, A] written in terms of the generators is given by
F = Fw)J + F'(") Gy + F(t)H + F° (eb) B,
+F (k) Z + F° (kb) Za+ FmM
+F$)S+FOT +F ()Y
+F (y2) Y2+ F (b)) Bi + F (b2) By + F (u)) U,
+F ) U+ VY 0T + vy~ Q0 +VETET
+VE ST+ VPR +VIW. (3.24)

In particular, the bosonic curvature two-forms are given by

F(w) = R(w),
Fa(wb) — Ra <C()b> ,
R (D) + %Jﬁy‘)w +

1 -
F(r) = @swﬁ

_ 1 -

Fieh) = RY () + 0y y™ + s,

F (k)= R(k) + ¥ Ty%™",
Fa(kb) — Ra (kb> +1ﬁ+)/a§7 _i_&fya%nl*,

1o 0, 740 -
F(m)zR(m)Jriw Yy v +vyTy p+2£2$ 3
1 -
+£—2$+7/0X,
F(s) = R(s),

FO)=R@®+v y% +yty % +8Ty%, (325

where R(w), R4 ("), R(7), R%(e"), R (k), R*(k"), R(m),
R(s), and R(t) are the EEB curvatures defined in (2.9),
together with

F (y1) = dy1,

F (y2) = dys,

F (b)) = dby + ¢ Ty%™,

F(by) =dby— vy y% + 1/7+)/°X +ETy%,

1.
_ + 0+ 4 L F+ Opt
F(ul)—dul+§1ﬂ Y v %25 Y&,

1. _ 1 -
Fu2) = dus = 597y v+ 9Ty — TARAE

1.
+£—2§+y0x ) (3.26)

Let us observe that, if we restrict ourselves to the purely
bosonic sector and excluding the extra bosonic gauge field
{v1, 2, u1,un, by, br}, we properly recover the two-form
curvatures associated with the EEB algebra introduced in
[36]. On the other hand, the covariant derivatives of the spinor
1-form fields read

1 1 1
vyt =dyt+ *wJ/oilfJr - Eyl)/ollf+ t32 Ty "

1
—biyyt,

1 L1
kv — sFuinE” 2

2(2 202

_ _ 1 _ 1 1 _
Vy© =dy + Sony + 50T+ Sy +

2 2 222 ZC

1 1
+27E29 YaET + @ka%tﬂﬁ

1
+— biyoy~,

1
uryos toz

1
k
ny- + EYE

202

1 1 1
VET = dET + Ewyoé + Erymﬁ - Eyn/oé+

1 1
—suyy " toa kyos ™ — —biwE™,

2 262

1 1
STV + zeyayt

1
VET =dE + ~opE”
& §+2wV0§ + 5

1 1 _ 1 _
+§waya§+ + E)’lVOf + Eul)follf

1
——biwé,

L
202

202

1 1 a — 1 + 1 +
Vp =dp+ F@N0p + 7 Ya¥~ + Esyow - Eymw
1

1 _
—3Viv0p + 2726“7415

1
—skvé +

+
kK va& 2£2

1
*myoﬁ + =

26 VX

1
+72ka7/a1/f7 +

2¢ 262

1 +
+7 ny ~—kyop

262

uyox — =20kt

1
22 232
1

Y bayoyr ™,

biyop — 2122

1 | L
Vx =dx+ F@NX + 7@ Va6~ + € Ya¥

USRS RS
=T ) -m
) Yop ) Yo ) Yo
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1 | 1
—=ynEtT = —yivox — suanovrt

2 2 2
! + 1k“ £ 4 L poEt 4k
_ -
2 1Y0P 25 Ya 202 Yo 2@2 YoX
—b —b 3.27
2152 10X — ZEQ 208" (3.27)

Notice that taking the £ — oo limit of the curvature two-
forms (3.25), (3.26), and (3.27) one recovers the curvatures
associated with the MEB superalgebra of [6].

A CS supergravity action based on the EEB superalgebra
given by (2.1), (3.12), (3.13), and (3.14) can be constructed
by combining the non-zero components of the invariant ten-
sor (2.4) and (3.21) with the gauge connection one-form A
(3.23). The NR CS supergravity action reads, up to boundary
terms, as follows:

INrR = aolo+ 0111 + a2 1, (3.28)
where
Io = f 0uR? (") — 25R (@) + 2y1dy».
I = /eaR"(a)b) +waR“(eb) —2mR(w) — 2tds
1
ZzeuR”(kb) + k R%(e”)
2 2 2
—Z—Z‘Edl‘ B mR(k) + 2y1dus + 2u1dyr + 7 uldbz

2 7.+
+pb1du2 —2¢y"Vp

Tt Fg— _ 2t
—20VYT =29 VY = 78TV

2 o2
EZXV$ 625 VET,
L= /egR“(eb)~|—k,lR“ (a)b> + wa R (k")

+22k 2R (k") — 25R(k) — 2mR (1)

2
—2tR(w) — Z‘R(k) + 2y1dby + 2u1duy + 2y>db,

2 _
+zbidby = 29 VE”

—2ETVY T =2tV — 25 VYT —2ETVp —25VET .

(3.29)

The CS action (3.28) obtained here describes the so-called
Enlarged Extended Bargmann supergravity theory. Let us
note that the NR CS supergravity action (3.28) contains three
independent sectors proportional to &g, &1, and &;. In par-
ticular, Iy corresponds to the CS action for the NR exotic
gravity coupled to the extra gauge fields y; and y,. The CS
actions /1 and I, describe the EEB CS supergravity in pres-
ence of the cosmological constant and the gauge field k.
We observe that taking the flat limit £ — oo of (3.28) we

@ Springer

recover the CS MEB supergravity action of [6].% In particu-
lar, the vanishing cosmological constant limit applied to the
CS action I reproduces the extended Bargmann supergrav-
ity CS action coupled to the additional gauge fields yi, y2, u1,
and u». The new NR CS supergravity action (3.28) general-
izes the extended Newton—-Hooke supergravity theory [5] in
the sense that it not only reproduces the extended Bargmann
supergravity in the flat limit, but also the Maxwellian version
proportional to /5.

It is important to emphasize that in order to obtain the
CS supergravity action through the S-expansion method we
have restricted ourselves exclusively to the CS terms related
to the A element of the semigroup S 1(52). Indeed, all the NR
parameter &, &1, and & are defined as in (3.22) in terms of
the relativistic parameters and the A, element. On the other
hand, it is possible to obtain diverse exotic-like contributions
to the CS action which are proportional to the Ao element.
Nevertheless, since we are interested in the supersymmetric
extension of the EEB gravity theory [36], we shall omit such
exotic-like terms which would imply that the bosonic sector
is no more EEB gravity. It would be interesting to study the
Physical implications of such additional contributions.

Let us note that the CS supergravity action (3.28) can
alternatively be obtained by expanding directly the relativis-
tic A/ = 2 AdS-L CS supergravity action [60],

1
Ig = /ao |:a)Ada)A + geABchcquC + tdti|

2
eAFA

1
+o 2eAR + —€aBpce AeBeC +€2

362

. A 1= «.
— 'V — £—2$’V“§’ +udt +udbj|

2 1
+a2[20'ARA+eATA+K—zeAFA—i-ZZEABceAO'BeC

. . . A 1
— ' VE' —E'VY' +bdt +udu + Z_zbdb] , (3.30)

where

1
A ot 4 EEABCwaC’

ABCCUBEC,

ABC

A—det +¢

ABC

. P | y 1 o
Vil =dy + zwAJ/A U+ tellgd + aoe
1

+ezuel]§j,

1
VE =dE + a)VAE+

A—dot +e wpoc + —

1
¢ Ayad’ + teVE) fuel gl

1
—i—e—zbe”éf . (3.31)

3 This also fixes a sign misprint appearing in [6].
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Indeed, we can express the NR gauge fields in terms of the
relativistic ones and the semigroup elements as

® = Aoy, s = lawo, Wq = Mg,
T = Apeo, m = Azep, eq = Aegy,
k = Aooo, t = loo, ky = Aoy,
v =000, pe =0V, Ve =Yy,
EX =008 xa=MEl. & =ME
Y1 =Aot, up = Aou, b1 = Aob,
Y2 = A2t, uy = AU, by = b, (3.32)

where we have split the Lorentz index as A = {0, a} with
a = 1, 2 and where we have defined

id = (Bt enif). B == ().
(3.33)

Then, the EEB supergravity action is obtained considering
the expanded gauge fields (3.32), the expanded parameters
(3.22), the multiplication law (3.5), and the Og-reduction
property.

As an ending remark let us note that, since the invariant
tensor is non-degenerate, the field equations from the NR CS
supergravity action (3.28) imply the vanishing of the curva-
ture two-forms (3.25), (3.26), and (3.27) associated with the
EEB superalgebra. The aforementioned curvatures transform
covariantly with respect to the supersymmetry transforma-
tion laws given in Appendix B.

4 Three-dimensional non-standard enlarged extended
Bargmann supergravity

Let us focus now on an alternative supersymmetric extension
of the EEB algebra which we call as non-standard EEB super-
algebra. The new structure appears as an S-expansion of a
different NV = 2 AdS-L superalgebra and, unlike the EEB
superalgebra presented in the previous section, contains only
three fermionic charges. The construction of a CS supergrav-
ity action based on the aforementioned superalgebra is also
discussed.

4.1 Non-standard enlarged extended Bargmann
superalgebra

An alternative supersymmetric extension of the EEB alge-
bra can be defined by expanding a N = 2 extension of the
relativistic non-standard AdS-£L superalgebra [59,82]. The
aforesaid N = 2 non-standard supersymmetric extension
of the AdS-L algebra is spanned by the set of generators

{Jas Pa, Za, U, T, B, Q!,} which satisfy the following (anti-
)commutation relations:

[Ja, PBl = €apc PC,
[Pa, Ppl = €apcZC,

[Ja, Jp]l = €apcJC,

[Ja. Z] = €apcZC,
1 c 1 c
[Za, ZB] = EGABCZ ) [Pa, Zp] = TZGABCP ,

[0 0] = -3 0w @) [Pa 0L] =55 v €

[zA,Qz,]:—ﬁ(yA)aﬂQg, [7.0.] =53¢0},
.01 = 55z 0}
14

N 1
—Caﬂélj (Z/[ + zB) ,

. . FIR
(0 0 = ==L (v*C) Pa=s;(rC) Za
ap ap

A.1)

where, as usual, i = 1, 2 denotes the number of supercharges
and A, B, ... = 0,1, 2 are the Lorentz indices. Let us note
that B is a central charge, while ¢/ and 7 are s0(2) internal
symmetry generators. The presence of the central charge and
internal symmetry generators are required to guarantee the
non-degeneracy of the invariant tensor. In particular, the non-
vanishing components of a non-degenerate invariant tensor
of the superalgebra (4.1) are given by

(JaPp) = ainas,
(PaPp) = aanag,

(JaJB) = agnas,
(JaZB) = aanas,

o 0%
(PaZp) = E_ZIYIABv (ZaZp) = K—inAB,
(TT) = o, (TU) = a2,
1
uu) = 72 (TB) =ay,
1 1
uB) = 2o (BB) = —7on

(Qg Qlfg> =2 (% + az) Cap 87 . (4.2)
Although such superalgebra is well-defined since it allows us
to reproduce a proper three-dimensional N' = 2 CS super-
gravity action in presence of a cosmological constant, its flat
limit £ — oo is problematic. Indeed, the vanishing cosmo-
logical constant limit reproduces an A/ = 2 exotic Maxwell
supersymmetric CS action due to the behavior of the Py
generator which is no more expressed as a bilinear expres-
sion of the fermionic generators Q. Such feature is respon-
sible of the label “non-standard” in the Maxwell superal-
gebra [47,83]. A dual version of the non-standard super-
Maxwell algebra being the supersymmetric extension of the
Hietarinta—Maxwell algebra [84,85] could overcome such
difficulty by interchanging the role of the P4 and Z4 gen-
erators. Nevertheless, such approach will not be considered
here.

@ Springer



1105 Page 12 of 19

Here, we shall see that a new and consistent NR super-
algebra is obtained by considering an S-expansion of the
non-standard superalgebra (4.1). Let us consider Sg) =
{Xo0, A1, A2, A3} as the relevant abelian semigroup whose ele-
ments satisfy the multiplication law (3.5) with A3 = Og being

the zero element of the semigroup. Let Sé = SoU S bea
semigroup decomposition where
So = {ro, A2, A3},

= {1, 23} 4.3)

The decomposition (4.3) is said to be resonant since it
satisfies the same structure than the subspaces V) =
{Jo, Po, Zo, T, U, B, 0} and Vi = {Jy, Py, Za, O} of
the A/ = 2 superalgebra (4.1) with @ = 1, 2 and where we
have defined

0F = % (Q}x + €qp Q%) . “.4)

A new NR superalgebra is obtained after applying a reso-
nant Sg)-expansion of (4.1) and performing a Og-reduction.
In particular, the expanded generators are related to the
N = 2 super AdS-L ones through the semigroup elements
as

J = 20J0, S = M Jo, Ga = Mg,

H =Py, M=xPy, Py=xrP,

Z =xZo, T=xZy Zi=rZa,

DF =208, Ra=m0}, 0, =10,

)71—)\07, Uy = AU, Elz)\.oB,

)72 = M7, 02 = MU, Bz =MmB 4.5)

The commutators of the expanded NR superalgebra are given
by the bosonic EEB algebra (2.1) along with the following
commutation relations:

[7.05]= 3wl 05, [T ] =5 008 Ry,
1 A
—5; W& 0p,

~ ~ ~ 1 ~
Ra]= <yo)f R [2.0%] =55 wd 0f.

262

-3 L 05, [Ga 07 ] = —% (va)d Rp.

[
_ﬂ (Va)a Qﬂ»

1 ~ ~ = 1 ~_
_ﬂ(ya)aﬁ Rﬁa I:Za’ Q;—:I :_ﬁ()’a)a}? Q/_Lp

]
]
J=-
]
[7.05] = 57 W& Ry,
]
]
]
]

1
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[71.05] = 3 0as O [71.02] = 5 G0 05
(71, 8] = 5 0ot By
72,05 = %(mﬁ Ry, [01.05] = 553 0as O
[01.0,] = 262 ()ap O

[01. 8] = 553 00ap R [02.05] = 557 (01 By (46)

while the fermionic generators satisfy the following anti-
commutation relations:

(o2 03} =—; (e),, A~ ("), 2
e, (018

[05.05) = — (C)yy Pu— (C) 5 2

{02 Rs} = —% (»°c),, 1~ (v’c),, T
(VO (Uz + €B2>

[00.05) =~ (v°c),, 11~ ("), T

+ (yOC) (172 n 11?2) . @7
[753 l

The expanded NR superalgebra corresponds to an alter-
native non-standard supersymmetric extension of the EEB
algebra introduced in [36]. Unlike the previous EEB super-
algebra obtained in this work, the NR centrally extended
superalgebra (4.6) and (4.7) does not contain additional
fermionic generators, reducing considerably the number of
(anti-)commutators. One can notice that B and B, are central
charges, while {Y1, Y»} and {Uy, U,} correspond to expan-
sions of the relativistic R-symmetry generators 7 and U,
respectively. Interestingly, both supersymmetric descriptions
of the EEB algebra can be contracted through a vanishing
cosmological constant limit { — oo0. As we have shown,
the flat limit applied to the EEB superalgebra given by (2.1),
(3.12), (3.13), and (3.14) reproduces the MEB superalge-
bra [6] allowing to construct a consistent NR supergravity
which generalizes the extended Bargmann supergravity [3].
On the other hand, although a flat limit can be done at the
level of the non-standard EEB superalgebra (4.6) and (4.7),
the resulting NR superalgebra does not guarantee the proper
construction of a NR supergravity action. Similarly to the
non-standard relativistic Maxwell superalgebra, the absence
of the P, generators in the anti-commutator after consider-
ing £ — oo would reproduce an exotic NR supersymmetric
CS action. It would be interesting to avoid such difficulty by
exploring a NR version of the non-standard Maxwell algebra
using the Hietarinta basis [86].
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One can notice that the EEB superalgebra (4.6) and (4.7)
can be written alternatively as the direct sum of three copies
of the Nappi—Witten algebra [79,80] where one copy is super-
symmetric. Indeed, one can consider the following redefini-
tion of the generators,

Ga:Ga+Ga+G2,15a:%(Ga—GZ),
Zu= 5 (Ga+GY).
=545+ 0= (55,
f:eiz(SJrS*),
f:f+]+]*,ﬁ=%(]—J*),
Z:Eiz(JvLJ*),
fl=f1+T1+T1*,1§1=%(T1—T1*),
U‘Zeiz(T‘JrTl*)’
)72=f2+T2+T2*,1§2=%(Tz—Tz*),
U2=Ei2(T2+T2*),

0; = Yar 6, - oy
ﬁa=§7€a, (4.8)

and see that both subsets spanned by {Ga, S , J } and
{G}, S*, J*} define a Nappi—Witten algebra (3.16) cou-
pled to u(1) generators {f"l, f"z} and {T*, T;'}, respectively.
On the other hand, the set of generators {G,, S, J, T1, T3,
Ql‘;, Q. . Ra} satisfy a supersymmetric extension of the
Nappi—Witten algebra whose (anti-)commutation relations
are given by (3.17). It is interesting to point out that, although
the non-standard EEB superalgebra seems to be quite differ-
ent to the “standard” one studied previously, they actually
differ just on the amount of supersymmetric copies of the
Nappi—Witten algebra.

An alternative change of basis allows us to rewrite the EEB
superlalgebra (4.6) and (4.7) as the direct sum of the extended
Newton—Hooke superalgebra and the Nappi—Witten algebra.
Such structure can be obtained by considering the following
redefinition of the generators:

~ N - ~ 1
Ga:Ga+Ga» Pa:Pav Zazz_zGaa
— . '
S=8"+§, M=M, ng_zs’
- R - ~ 1
J=J"+J, H=H, Z=K—2J,

- . ~ - 1
W=17 + T, B, = By, U1=£—2T1,
- . ~ ~ 1
Yo=1T; + 17, By = By, Uy = Z_QTZ’
~ 1. - | - 1
Qa = ZQa’ Qa = ZQO!’ ROI = ZRO!'
4.9)
The subset spanned by {G,, P;,,S.M,J, H, Ty,

Ty, Q:{, Q,, Ry} corresponds to the extended Newton—
Hooke superalgebra (3.19) (with, in this case, Uy = U = 0)
now endowed with a central extension given by B; and B».
On the other hand, the set of generators {G},, S*, J*, T}", T;'}
satisfies the Nappi—Witten algebra (3.16) coupled to the u(1)
generators 77 and T2* . Here, we shall focus on the EEB
superalgebra written as in (4.6) and (4.7) which, as we shall
see, offers us an alternative way to introduce a cosmolog-
ical constant in NR supergravity theory different from the
one presented in the previous section and from the extended
Newton—Hooke one [5].

4.2 Non-standard non-relativistic extended supergravity
action

We can now construct a NR CS supergravity action based on
the non-standard EEB superalgebra previously introduced.
To this aim, let us start by writing the non-vanishing com-
ponents of the invariant tensor for the non-standard EEB
superalgebra, which can be determined by exploiting the
S-expansion on (4.2) (see Appendix A). In particular, the
non-standard EEB superalgebra admits the bosonic invariant
tensor (2.4) along with the following non-vanishing compo-
nents of the invariant tensor

(Ylf’2>—0to, <Y1l§2>=&1, <~21§1>=5¢1,
110,) = as, Y>Uy) = @, 018\ =21,
N I R
o)== (o)-%
(Q;Q;)zz(% +&z> Cap:
<Q2_jéﬂ> =2 (% +a2> Cap, (4.10)

where ¢, &1 and @, are arbitrary constants which are related
to the relativistic ones through (3.22).

The gauge connection one-form A for the non-standard
EEB superalgebra is

A=wJ+ "Gy +tH+e" Py +kZ+kZy +mM
+sS +1T +y1Y1 +y2172
+b1§1 +b2é2 + I/l101 + uzﬁz + 1Z+Q+

+¥ 0" +pR, (4.11)
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and the corresponding curvature two-form is given by
F = Fw)J + FA (") Gy + F(t)H + F° (eb) B,
+F (k) Z + F° (kb> Za + F(mM

+FO)S+FOT +F )Y+ F(n) Y
+F (b)) By + F (by) By + F (u)) Uy

+F u2) U + VYT QT + VY~ Q™ + VR, (4.12)
where
F(w) = R(w),
F% ") = R® <a)b> ,
1 -
F(t) =R (1) + ﬂvﬁy‘)w,
1-
F(") = R (e”) + VY
1-
F (k) = R(k) + Ewow,
Fa(kh) — Ra (kb> + 1/_/+yaw—,
1- 1 -
F(m) = R (m) + Zvﬁy% + ﬂw‘yovf‘,
F(s) =R (s),
_ SN
Ft)=R®)+vy J/p+2w vy, (4.13)

being R(w), R*(®”), R(1), R%(e"), R(k), R*(kP), R(m),
R(s), and R(¢) the bosonic EEB curvatures defined in (2.9),
together with
F(y1) = dyi,
F (y2) = dys,

1 -
F b =dbi+ 0y T,

F (by) = dby + lll_erVO/O — i,,—,—yow—
l 20 ’
1-
F (u1) = duy + 51//+y01//+,
_ 1 -
Fu)=duy+ 9y — Ew—yow— : (4.14)

On the other hand, the covariant derivatives of the spinor
1-form fields read

1
*T you™

1 1
vyt = dlﬁ + onWJr - *yn/olfr

1
%2 2Ezun/ol/f

1 1 1 1
=dy + wyow +2w Ya¥ +2y1)/ow +2—€ryolﬂ

1
Va‘/’+ + ngkayal/ﬁ_

—kyy ™t
vy~

Ry
ze

1
uryoy .

—k
Yoy~ +55

2E2

@ Springer

1 1 a - 1 +
Vp =dp+ Ewyoer 7@ YoV~ + §SV0¢
1 ot 1 N 1, .

2yzyo FY1v0p + 55 eVa

+ L kgt imyow
202 20

b Tyop + e tpovt +
57 TP T 5 2112
1 1
ZEZHIVOP 262

~—skyop
— oyt

A CS supergravity action based on the non-standard (NS)
EEB superalgebra (4.6) and (4.7) can be constructed by com-
bining the non-zero components of the invariant tensor (2.4)
and (4.10) with the gauge connection one-form A (4.11). One
can see that the explicit CS supergravity action can be split
in three independent sectors:

NS = aolo + a1y + ax 1, (4.16)
where

Iy = / w0 R (") = 25 R(w) + 2y1dya,

I = /eaR“(a)b) + wa R () — 2mR(w) — 21ds

2 2 1
z —mR(k) — rdt + Z—zeaR“(kb)

+E—2kaR“(eb) +2b1dy; + 2bidys
2 2 2 2__
Ezuldb2+ —uydby — Eb]dbz—zl// Vi
. 2

—Zytvp - Zpvyt,

Ew p= 3P 4

13

- / 0 RAUEP) + ko R (@) + e R (")

—2sR(k) — 2tR(w) — 2mR(t) + KizkaR(k”)

—E%IR(/() + 2uordyy + 2uidyr + %ulduz

20 VYT =2yt —2pVy T,
The CS action (4.17) obtained here describes a non-standard
Enlarged Extended Bargmann supergravity model whose
field equations are given by the vanishing of the curvature
2-form (4.12). Although it contains the bosonic EEB grav-
ity theory, the non-standard version of the EEB superalge-
bra leads to a CS action diverse from the “standard” one
(3.28) discussed in the previous section. Both supersymmet-
ric descriptions contain the exotic NR gravity action Ip = Iy
as particular subcase. However, I, and I> are quite different
from the /1 and I, contributions appearing in the standard
case. Indeed, the fact that the non-standard EEB superalge-
bra contains only three different spinor generators reduces
considerably the CS expression. Furthermore, the vanishing

4.17)

(4.15)
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cosmological constant limit £ — oo in the non-standard
case reproduces an exotic supersymmetric theory. In partic-
ular, the flat limit applied to the I; contribution does not
reproduce a supergravity theory anymore, but leads us to
the extended Bargmann gravity [3] coupled to extra gen-
erators {yi, y2, b1, ba}. Such peculiar behavior is inherited
from the relativistic counterpart and is responsible of the
label “non-standard”. However, a different interpretation of
the gauge field could overcome such difficulty to repro-
duce a supergravity theory in the flat limit by using the
Hietarinta—Maxwell interpretation [85]. It would be interest-
ing to explore the Physical implications of considering the
Hietarinta basis at both the relativistic and the NR levels.

On the other hand, as in the “standard” case, the CS super-
gravity action presented here is restricted exclusively to the
CS terms related to the A, element of the semigroup Sg).
The exotic-like terms produced due to the A9 element has
been omitted intentionally. Indeed, such terms would mod-
ify the CS bosonic sector, meaning that one would have a
supersymmetric extension of a diverse CS gravity theory.

An alternative procedure to recover the non-standard EEB
supergravity action (4.17) can be performed by considering
an S E)—expansion of the relativistic N' = 2 non-standard
AdS-L CS supergravity action,*

1
I]I{\Is = /ao |:a)Ada)A + géAgca)Aa)Ba)c +tdt:|

i 1 2
+a _ZeARA + @eAgceAeBeC + e—zeAFA
251V +tdb + ~udb + ~bdb
Y4 2 Y4

2 1
o ZGARA +€ATA + EBAFA + EGABceAGBEC

(4.18)

X oA 1
=2y V' +tdu + [sz“] ,

where R4, T4, and FA are defined as in (3.31), while the
covariant derivative of the fermionic gauge field is given by
VP = df 4 S0ty eyl oty
2 2¢ 202
coA 1 oA
+e Yl + E—zue”w/ . (4.19)

In fact, the NR gauge fields can be written in terms of the
relativistic ones and the semigroup elements as

w = Agwg, s = Ao, Wq = AWy,

T = Ageo, m = Azeo, e, = Aieg,

k = Apoo, t = A0, kqa = M0y,
Vo =hovd . pe =2V, Yy =My

4 Therelativistic CS action appears considering the non-vanishing com-
ponents of the invariant tensor for the A" = 2 AdS-L superalgebra (4.2).

by = Ab,
by = Aab,

y1 = Aot, up = Aou,

y2 = Mot Uy = AU, (4.20)

where we have performed the split A = {0, a} witha = 1, 2
and where 1]/;‘ is defined as in (3.33). Thus, the non-standard
EEB supergravity action can be obtained by considering
the expanded gauge fields (4.20), the expanded parameters
(3.22), the multiplication law (3.5), together with the Os-
reduction property.

5 Discussion

In this work we have presented two diverse supersymmet-
ric extensions of the enlarged extended Bargmann gravity in
three spacetime dimensions introduced in [36]. The new NR
superalgebras we have introduced differ on the number of
fermionic generators and have been obtained from two dif-
ferent relativistic NV = 2 AdS-L superalgebras considering
the semigroup expansion procedure [64]. We have shown that
both EEB superalgebras allows us to introduce a cosmologi-
cal constant to a NR supergravity different from the extended
Newton—-Hooke one[5]. Nevertheless, only the “standard”
description reproduces a consistent vanishing cosmologi-
cal constant limit £ — oo leading to the Maxwellian ver-
sion of the extended Bargmann supergravity presented in
[6]. Indeed, the flat limit of the non-standard version of the
EEB supergravity leads us to an exotic supersymmetric the-
ory since {Q, Q} ~ Z,.One way to overcome such difficulty
could be performed by interchanging the role of the P, and
Z, generators as in the relativistic Hietarinta—Maxwell grav-
ity theory [85]. Motivated by the fact that both topological
and minimal massive gravity theories [87,88] appear as par-
ticular cases of a generalized minimal massive gravity arising
from a spontaneous breaking of the Hietarinta—Maxwell in a
CS theory, it would be worth it to explore the Physical impli-
cations of a possible NR version of the three-dimensional
Hietarianta—Maxwell CS (super)gravity.

On the other hand, both EEB superalgebras can be written
in terms of three copies of the Nappi—Witten algebra where
one or two copies are augmented by supersymmetry depend-
ing on the case. An alternative redefinition of the generators
reveals that the (non-)standard EEB superalgebra can also
be written as the direct sum of the extended Newton—Hooke
superalgebra[5] and the Nappi—Witten (super)algebra. Such
structures are inherited from their relativistic counterparts, in
which case the AdS-L superalgebra are isomorphic to three
copies of the Lorentz (super)algebra and to the the direct
sum of the AdS superalgebra and the (super) Lorentz one. It
would be interesting to explore if the supersymmetric exten-
sion of the Nappi—Witten algebra obtained here can be used
to obtain novel superalgebras through the S-expansion proce-
dure [89]. In particular, one could extend the results obtained
in [36,67,73] to the supersymmetric case.

@ Springer



1105 Page 16 of 19

Eur. Phys. J. C (2020) 80:1105

The S-expansion method used here is a powerful tool to
obtain new NR superalgebras and to construct the respective
NR CS supergravity theories. Consequently, the procedure
performed here could serve as a starting point for diverse
further studies. In particular, we have shown that the S-
expansion of a relativistic N” = 2 AdS-L superalgebra using
51(52) as the relevant semigroup reproduces its NR counterpart.
It would be interesting to first check if known NR superal-
gebras appears from A/ = 2 superalgebras considering the
same approach. Then, one could go further and study which
kind of superalgebras can be obtained by considering SEN)-
expansions for N > 2 to diverse relativistic superalgebras.
On the other hand, one could apply our method to four and
higher spacetime dimensions and construct NR supergravity
models.

Another aspect that deserves further developments is the
study of the asymptotic symmetry of the EEB (super)gravity
theory. At the relativistic level, a semi-simple enlargement of
the bmss algebra results to describe the boundary dynamics
of the three-dimensional AdS-L gravity [53]. Interestingly,
such asymptotic structure can be written as three copies of the
Virasoro algebra or as the direct sum of the conformal sym-
metry and the Virasoro one [90,91]. A future development
could consist on the study of consistent boundary conditions
for the EEB gauge field to unveil the asymptotic symmetry
of the theory. One could expect to obtain a canonical real-
ization of a new infinite-dimensional symmetry which could
be written as three copies of the NR version of the Virasoro
algebra.

Besides, since these NR supersymmetry algebras share the
presence of extra fermionic generators, it could be intriguing
to study higher-dimensional cases and, in particular, to carry
on an analysis on their possible hidden gauge structure in
higher dimensions, on the same lines of [92-94]. This could
give new insights in the NR regime of supergravity theories.
In correspondence with the present results, it would be worth
to analyze the NR counterpart of [94] in the presence of a
cosmological constant.

Concerning other possible future developments, it would
also be interesting to extend the study to the ultra-relativistic
regime, where some results in the context of supergravity
have been recently presented in [95,96] [work in progress].
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Appendix A: Invariant tensor and semigroup expansion
method

The semigroup expansion method, introduced in [64] and
latter studied in [97-99], consists in combining the ele-
ments of a semigroup S with the structure constant of a Lie
(super)algebra g. The new Lie (super)algebra & = § x g
is said to be an S-expanded (super)algebra whose structure
constants are related to the structure constant of the original
Lie (super)algebra g as

(C,y) VYo~ C
C == KO(,B CA37

(A.0)(B.F) (A.D)

where K, ¥ is the 2-selector which encodes the information
from the multiplication law of the semigroup S and satisfy

(A2)

K’ — 1 wheny = p(a, B),
ap 0 otherwise.

Interestingly, the S-expansion procedure allows us to
obtain the invariant tensor of the expanded Lie (super)algebra
®. The invariant tensor is a crucial ingredient for the
construction of a CS action based on the expanded Lie
(super)algebra.

According to [64], letus consider g being a Lie (super)algebra

spanned by {74} and let S be an abelian semigroup. If
the original Lie (super)algebra g admits (TAl ---TAn> as
the invariant tensor, then the expanded Lie (super)algebra
® = § x g admits the following invariant tensor,
(TAlsal T TAmD‘n) = ayKCY]“*O(J; <TA1 T TAn) ’ (A3)
where the o,’s are arbitrary constants. Here Ky, ...q, is the
n-selector for the semigroup S which is defined as

> On) (A.4)

K7 _ 1 wheny = p(aq, ...
1eCn 0 otherwise.
The possibility to find the invariant tensor for an expanded
Lie (super)algebra is an additional advantage of the S-
expansion method. Furthermore, the S-expansion procedure
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allows us to obtain new expanded Lie (super)algebras which
cannot be obtained through other Lie (super)algebra expan-
sion methods. Indeed, an S-expansion performed by using
the particular semigroup S EZN) reproduces the expanded Lie
(super)algebras derived through the Maurer-Cartan forms
power series expansion [62,63]. A different choice of the
semigroup would lead to other expanded Lie (super)algebras
which cannot be obtained through the Maurer-Cartan formal-
ism.

Appendix B: Gauge transformations

The supersymmetry transformation laws of the EEB super-
algebra read

do=0, S =0, 8t =—&ty'y*

— 29T,
a st~z +_ L~ o apt
de = —€Ty YT —e Y fpyé ngpy&,

Sk = ety — Ty T,
Sk = —etylET —eyEt — Ty YT — @ vy T,

__ _ _ I __ qo,._
om ==&y YT =&yl — iyt — 567y
1 -
-+ 0 Og+
AR x—ezﬁ/ £,
és =0,
st =—& % —g vy — &y x
-yt =gy — iy et
dy1 =0,
Sy, =0,
by = =&yt — gty y T,
Sy = y% + ¢y —etylx — oyt
—¢+)/OP - fn/oéﬂ
Suy = —&tylyt — Kzso Tyl
__ _ _ I __ o,._
Suy =&y — &y — iyt + 7% 3
1 1
-+_0 0+
P X gbrvE
Syt =det + la)yoﬁ - 1yn/oe+ 4 ty09" + ket
2 2 202 2@2
L1
Y 22217”’06
— — 1 - 1 a + 1 - 1
Sy~ =de” + F@Y0e + Ew Ya€ ' + 5 Y1voe + 302 Ve
1
+ ay
+3perae’ + 272k
1 o1 1
ke + Samne + by
1 1 1
ST =doT + Ea))/o(p+ + ETVOGJr - 5}’1)/0</?+
! T+ —k —b
——u € )
U170 2132 L 2132 1™

_ _ 1 1 o1,
3T =do + zwye” + ZTye +§e Ya€

2 2
+Lotyet 4 X 4 Sy
7@ Va® 2y1)/o<p 110
+@k“mﬂ+ + 2@2]”’“0 + zezblyow :
1 1
8p = dn+ soyon + S0vee” + 5%6*
1 1
_ + _ - a —
S Y200€T = Syvn + 53¢ Vag
+Lk“ e‘+im 4+ lr ¢
22K Va 2£ e+ 55 TH
1
+@l)/06Jr + %zk)/oﬂ
1 1 L1 1
o ng = Sz UaYeeT — @bl)fon 222172)/06
1 1, 1, _ 1
Sx =di + S0l + S0TYap + Sevae + oTH0N
1 1
+§syoga+ + Emyoe+
1 L1 1
52709 2)’1]/04“ 1421/06 — Uyon
1 1 Lo
+@ Va9 + Sy + 2ezk)/of
1 1
vt - Mzbzyow , (B.1)

where €%, o*, 7, and ¢ are the fermionic gauge parameters
related to OF, %, R, and W, respectively. Let us observe
that by taking the ﬂat limit £ — oo of one recovers the
supersymmetry transformations under which the curvatures
associated with the MEB superalgebra transform in a covari-
ant way (see [6]).
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