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Manifolds endowed with torsion and nonmetricity are interesting both from the physical and the
mathematical points of view. In this paper, we generalize some results presented in the literature. We study
Einstein manifolds (i.e., manifolds whose symmetrized Ricci tensor is proportional to the metric) in d
dimensions with nonvanishing torsion that has both a trace and a traceless part, and analyze invariance
under extended conformal transformations of the corresponding field equations. Then, we compare our
results to the case of Einstein manifolds with zero torsion and nonvanishing nonmetricity, where the latter is
given in terms of the Weyl vector (Einstein-Weyl spaces). We find that the trace part of the torsion can
alternatively be interpreted as the trace part of the nonmetricity. The analysis is subsequently extended to
Einstein spaces with both torsion and nonmetricity, where we also discuss the general setting in which the
nonmetricity tensor has both a trace and a traceless part. Moreover, we consider and investigate actions
involving scalar curvatures obtained from torsionful or nonmetric connections, analyzing their relations
with other gravitational theories that appeared previously in the literature. In particular, we show that the
Einstein-Cartan action and the scale invariant gravity (also known as conformal gravity) action describe the
same dynamics. Then, we consider the Einstein-Hilbert action coupled to a three-form field strength and
show that its equations of motion imply that the manifold is Einstein with totally antisymmetric torsion.

DOI: 10.1103/PhysRevD.101.044011

I. INTRODUCTION

In the 19th century, the branches of mathematics and
physics experienced an extraordinary progress with the
emergence of non-Euclidean geometry. In particular, the
development of Riemannian geometry led to many impor-
tant results, among which is the rigorous mathematical
formulation of Einstein’s general relativity.

In spite of the success and predictive power of general
relativity, there are still some open problems and questions,
whose understanding and solution may need the formu-
lation of a new theoretical framework as well as general-
izations and extensions of Riemannian geometry. One
possible way of generalizing Riemannian geometry con-
sists in allowing for nonvanishing torsion and nonmetricity
(metric affine gravity) [1] (see also [2—8] and the recent
work [9]). There are several physical (and mathematical)
reasons which motivate the introduction of torsion or
nonmetricity in the context of gravitational theories (see
[1] for details). For instance, nonmetricity is a measure for
the violation of local Lorentz invariance, which has been
attracting some interest recently. Furthermore, nonmetricity
and torsion find applications in the theory of defects in
crystals, where, in particular, nonmetricity describes the
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density of point defects, while torsion is interpreted as
density in line defects [10]. Moreover, as shown in [11],
incorporating torsion and nonmetricity may allow to
explore new physics associated with defects in a hypo-
thetical spacetime microstructure. Recently, in [12—14] the
authors discussed the propagation of matter fields in
theories with torsion and nonmetricity. Further applications
include quantum gravity [15] and cosmology [16-18].

Moreover, torsion is related to the translation group and
to the energy-momentum tensor of matter, while non-
metricity is related to the group GL(4,R)/SO(3,1) (in
four dimensions) and to the hypermomentum current (see
Refs. [5,6,8], where, in particular in the latter, equations of
motion in metric affine manifolds were studied); the trace
of the nonmetricity (the Weyl vector) is related to the scale
group and to the dilation (or scale) current. In particular, in
matter the shear and dilation currents couple to nonme-
tricity, and they are its sources. It is to the dilation current
that the Weyl vector is coupled.

Historically, a remarkable generalization of Riemannian
geometry was first proposed in 1918 by Weyl (cf. e.g.,
[19-22] for an introduction), who introduced an additional
symmetry in an attempt of unifying electromagnetism with
gravity geometrically [23,24]. In Weyl’s theory, both the
direction and the length of vectors are allowed to vary under
parallel transport. However, Weyl’s attempt to identify the
trace part of the connection associated with stretching and
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contraction with the vector potential of electromagnetism
failed, due to observational inconsistencies (see e.g., [25]
for details). Subsequently, there were many attempts to
adjust the theory. Finally, following [26], Weyl showed
that a satisfactory theory of electromagnetism can be
achieved if the scale factor is replaced by a complex phase.
This was the origin of what is now well known as the U(1)
gauge theory.1

The trace part of the connection introduced by Weyl is
known as the Weyl vector. When it is given by the gradient
of a function, there exists a scale transformation (dilatation)
that sets the vector to zero. In this case, Weyl geometry is
said to be integrable (parallel transported vectors along
closed paths return with unaltered lengths) and there
exists a subclass of global gauges in which the geometry
is Riemannian.

Although Weyl’s theory of electromagnetism fails, there
has been a renewed interest in it [28,29]. Indeed, there are
motivations for seeking a deeper understanding of general
relativity formulated within the framework of Weyl geom-
etry (and especially of integrable Weyl geometry), in
particular concerning scale invariant general relativity
and higher symmetry approaches to gravity involving
conformal invariance [25]. Always in Weyl’s perspective,
conformal (higher curvature) gravity theories were con-
structed and studied in detail in [30-32]. Furthermore, in
[33] an observational constraint to the nonintegrability of
lengths in the original Weyl theory was placed for the
first time.

A Weyl manifold is a conformal manifold equipped with
a torsionless but nonmetric connection, called Weyl con-
nection, preserving the conformal structure. Then, it is said
to be Einstein-Weyl if the symmetric, trace-free part of the
Ricci tensor of this connection vanishes (and the symmetric
part of the Ricci tensor of the Weyl connection is propor-
tional to the metric). Thus, Einstein-Weyl manifolds
represent the analog of Einstein spaces in Weyl geometry
and are less trivial than the latter, which have necessarily
constant curvature in three dimensions.

Einstein-Weyl spaces were studied in [34—46], and they
are also relevant in the context of (fake) supersymmetric
supergravity solutions [47-52]. Einstein-Weyl geometry is
particularly rich in three dimensions [34,35], where it has
an equivalent formulation in twistor theory [53], which
provides a tool for constructing self-dual four-dimensional
geometries. Self-dual conformal four-manifolds play a
central role in low-dimensional differential geometry,
and a key tool in this context is provided by the so-called
Jones-Tod correspondence [54], in which the reduction of
the self-duality equation by a conformal vector field is
given by the Einstein-Weyl equation together with the
linear equation for an Abelian monopole (in other words,

ISee [27] and references therein for interesting details on “the
dawning of gauge theory.”

the Jones-Tod correspondence is a correspondence between
a self-dual space with symmetry and an Einstein-Weyl
space with a monopole). Einstein-Weyl structures are also
related to certain integrable systems, like the SU(c0) Toda
field equations [55] or the dispersionless Kadomtsev-
Petviashvili equation [56].

On the other hand, as already mentioned, another
generalization of Riemannian geometry is given by the
introduction of a nonvanishing torsion, which is the case for
the Einstein-Cartan theory [57-61], where the geometrical
structure of the manifold is modified by allowing for an
antisymmetric part of the affine connection (see also [62]
for a recent review on torsional constructions and metric
affine gauge theories). Cartan suggested that spacetime
torsion is related to the intrinsic angular momentum, before
the concept of spin was introduced. Cartan’s theory was
then reinterpreted as a theory of gravitation with spin and
torsion [63-65]. Subsequently, the introduction of a non-
vanishing torsion has been widely analyzed in general
relativity and in the setting of teleparallel gravities [66—72],
as well as in other contexts. In particular, in [73,74] the
torsion tensor was related to the Kalb-Ramond field [75].
Furthermore, the relation between torsion and conformal
symmetry was studied by several authors, and it turned out
that torsion plays an important role in conformal invariance
of the action and behaves like an effective gauge field
[76,77]. Subsequently it was shown that in the nonmini-
mally coupled metric-scalar-torsion theory, for some spe-
cial choice of the action, torsion acts as a compensating
field and the full theory is conformally equivalent to
general relativity at a classical level [78,79]. More recently,
in [80] the metric-torsional conformal curvature of four-
dimensional spacetime was constructed, and in [81] differ-
ent types of torsion were investigated, together with their
effect on the dynamics and conformal properties of fields.
Conformal invariance was also analyzed in generalizations
of Einstein-Cartan spaces including nonmetricity [82-85],
and in [86] an exhaustive classification of metric affine
theories according to their scale symmetries was presented
(see also [87]). Finally, in a cosmological context, it was
proposed in [88,89] that a nonvanishing torsion can serve as
an origin for dark energy. Let us also mention, here, that a
generic theory (without matter) involving terms quadratic
in torsion and nonmetricity will be classically equivalent at
low energy to Einstein’s theory, as discussed in [90] and
references therein. From a mathematical point of view,
Einstein manifolds with skew-symmetric torsion (i.e.,
totally antisymmetric torsion) were analyzed in [91,92].

Motivated by the fact that nonmetric and torsionful
connections are interesting both from the physical and
the mathematical point of view, in this paper we generalize
some results presented previously in the literature. In
particular, we study Einstein manifolds in d dimensions
with nonvanishing torsion that has both a trace and a
traceless part, and we analyze invariance under extended
conformal transformations (see Refs. [78,82], where these
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transformations are defined for metric affine spaces) in
this context. Then, we compare our results to the case of
Einstein spaces with zero torsion and nonvanishing non-
metricity, where the latter is given in terms of the Weyl
vector. We find that the trace part of the torsion can
alternatively be interpreted as the trace part of the non-
metricity. Subsequently, we extend our analysis to the case of
Einstein manifolds with both torsion and nonmetricity
(Einstein-Cartan-Weyl spaces), where we allow for both a
trace and a traceless part of the nonmetricity tensor. Finally,
we construct and investigate actions involving scalar curva-
tures obtained from torsionful or nonmetric connections, and
analyze their relations with other gravitational theories
known in the literature. In particular, we consider the
Einstein-Cartan action and discuss its relationship with scale
invariant gravity (also known as conformal gravity, which is
invariant under Weyl transformations) [93-102], showing
that they describe the same dynamics. Then, we study the
Einstein-Hilbert action coupled to a three-form H,,, and
show that its equations of motion imply that the manifold is
Einstein with skew-symmetric torsion. Furthermore, it turns
out that the equations of motion of Einstein gravity coupled
to a three-form may also be retrieved from a constrained
action that contains the scalar curvature of a connection with
torsion. Let us specify that in this work we will focus on the
vacuum, without considering matter.

The remainder of this paper is organized as follows: In
Sec. II, we consider Einstein spaces with torsion that has
both a trace and a traceless part. In particular, we find
the field equations satisfied by an Einstein-Cartan space.
Then, the invariance under extended conformal (Weyl)
transformations of the latter is studied and the results are
compared to the case of Einstein-Weyl manifolds, which
have nonvanishing nonmetricity but zero torsion. In
Sec. III, we extend the analysis to Einstein-Cartan-Weyl
manifolds, and add thereby also a traceless part to the
nonmetricity tensor. In Sec. IV, the Weyl invariant Einstein-
Cartan action is studied and shown to be equivalent to scale
invariant gravity (i.e., conformal gravity), which involves
the presence of a scalar field ¢p. Subsequently, in Sec. V we
consider the Einstein-Hilbert action coupled to a three-
form, and show that the resulting field equations imply that
the space is Einstein with torsion, where the latter is
proportional to H,,,. We conclude our work with some
comments and possible future developments. In the
Appendix we collect some technical details.

I1. EINSTEIN MANIFOLDS WITH TORSION

We first consider a d-dimensional Einstein manifold with
metric g,, and nonvanishing torsion (i.e., a so-called

Einstein-Cartan manifold).” The connection F’lﬂu can be
decomposed as

Our convention for the metric signature is (—, +,+, -+, +).

r, =1, +nN (2.1)

Hv

where F’IW are the connection coefficients of the Levi-

Civita connection (i.e., the Christoffel symbols) and N* w18
called the distortion. Here, the latter can be written as’

Nl/w = (Tyl;t - T/Iz/ﬂ - T;u/i)v (22)

1
2
where I'* w = e,/ T? w18 the torsion,” antisymmetric in the
last two indices,

r -

, =T (2.3)

u v v
Let us also introduce the contorsion (or contortion),

antisymmetric in the first two indices,

1

Kzzﬂ/,t = E (Tviy - Tﬂuy - T/,wl)' (24)

Observe that the distortion (2.2) can then be written as

Nl/w = Kv/l;r (25)
In [91,92], Einstein manifolds with skew-symmetric tor-
sion were analyzed. Below, we shall consider a general
decomposition of the torsion tensor, which can be decom-
posed in a traceless and a trace part as

5 1
r, =1,+-—T1,-8,T,).

— (2.6)

In particular, we have T”ﬂ,, =0and T, =T",,. Notice that
ZNXW] = T’lm. The distortion (2.5) becomes then

N/i/w = (Tv/lu - T/lu;t - T/wl) = Kvﬂ;l

9]

o 9 1
(Tv/l/,t - T/qu - T;wi) + m (g;wTﬂ - g[M.Tl/)’
(2.7)

N — N —

and thus (2.1) reads

3As we will see in Sec. 111, in the case of torsionful, nonmetric
connections the distortion is generally defined as N, =
%(Tl//l/l - T/lbu - T/w/l) + % (Q/l/w + Q/lu;t - Q;Ulv)’ where Qﬂ/ux is
the nonmetricity tensor (we will introduce and define it later).
In the present section we first restrict ourselves to the case
of vanishing nonmetricity, namely we consider a metric,
torsionful connection. The nonmetric torsion-free case [where
Ny = 3(Qsu + Qi — 0u)1 will be discussed at the end of
the current section when we will explore Einstein-Weyl spaces.

e, denotes the inverse vielbein and early latin indices a, b, ...
refer to the tangent space. The torsion two-form is defined as
T = de® + o), A e’.
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v Lo

[um—

+ j (gm,T'1 - @/Ty). (28)

The explicit expression for the Riemann tensor R* o =

l j’ . .

oI, -or, +1,1°, —1,I°, of the Einstein-
Cartan connection 1“’1 w 18 given in the Appendix [see
Eq. (A1)]. There as well as in the following, V denotes
the covariant derivative of the Levi-Civita connection. The
corresponding Ricci tensor R, = R, is given by (A2).
In particular, one gets

pHY

d—=2 | VI 1 v Let us now define an Einstein space with torsion by
Ry =57Vl =5 Tua[qul" 71 " T
2—-d
+mT pr/) + V T vp+ (29) R(PD) = ﬂgpv (214)
Note that if we set the traceless part of the torsion to zero, ~ for some function 1. Using (A2), this becomes
T’lw =0, we are left with
d-2 d 2 d—-2 R/”/ +-— [gﬂl’v "+ (d Z)V (v /)) (d 3)T T(/w) ]
R, =—V,T 8 —F d—1
o] — d—1 wtp] = [v /7] ( 1) vp»
2—-d)g,,T,T" d-2)T,T
(2'10) + (d_ 1)2 [( )g/)l/ + ( ) 12 /)]
T 1o o .
where + Z Tp” Tv;w - 5 T/w(pTu) -V T( - ﬂgpw (215)
Fup =0T, =0,T,. (2.11) whose trace yields
In general, one has thus
- d-2 1o o 1o o
) | | R+2v, v - =—Z1,10 4~ 1T, — =TT, = id,
Ry =5y Fup =5 Tt Tt = 7= " T a1 ! ’
2(d-1) 2 d-1 (2.16)
2—-d y | B
+—71T,,+=-V, 1", (2.12)
2(d-1) w2 and thus
|
1/ d-2 UVURSR N
/1:2 (R"‘ZV”T” —HT”T” +ZTMP TﬂPG_ET}p prl). (217)
Hence, in terms of Riemannian data, (2.14) becomes
~ 1 .
Ro+5— [(d=2)V Ty +(d—=3)T'T )] + -y [(d-2)T,T,)
a1
+7 Tﬂ Tv/w ) T/w(p V
1 - d=2 d-2 1. 1o o
=— R+—V,T# r,m™ T’”"T s—=T"T 1, 2.18
a9 [Nt g T 2t (2.18)

One can also construct another Ricci tensor by contracting
the second and the third index of the Riemann tensor.
However, the Ricci tensor obtained in this way coincides
with (A2), since R;,,, = —R,;,, 1s still valid (while it fails
to be for nonmetric connections).

The Ricci scalar reads

S (d-2)(1-d
Rzg””pr=R+—( i 5 )T,,Tﬂ+2v,,Tﬂ
(d-1)
1. Tuvp Tuvp
+ g T T =5 T T (2.13)

which is a set of nonlinear partial differential equations characterizing an Einstein manifold with torsion, henceforth termed

Einstein-Cartan space.
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A. Extended conformal invariance
in Einstein-Cartan manifolds

We will now show that (2.14) is invariant under extended
conformal transformations discussed in [78]. Thus, let us
consider the extended conformal (Weyl) transformations

G > G = € Gy
T, T, =T, +85,0,0-8,0,0  (2.19)
where @ = w(x) is an arbitrary scalar field. Therefore, we
have

T,—~T,=T,+(d-1)0

A A/ )
L@, r,e=1",=T1T",.

(2.20)

Moreover, (2.19) leads to the following transformation for
the connection:

", =1, =17, +&,0,0, (2.21)
which is called, specifically, a special projective transfor-
mation of the connection (see, for instance, Refs. [86,87]),
also known as A transformation. Let us observe that,
actually, the combination of the conformal metric trans-
formation in (2.19) plus the special projective transforma-
tion (2.21) of the affine connection is called a frame
rescaling (see Refs. [86,87], where frame rescalings have
been considered in metric affine spaces, also including
Einstein-Cartan ones).

For the Riemann tensor, the Ricci tensor and the scalar
curvature, we get respectively

Ry~ R”,,, =R

Lo} lo}
puY puve

/ —
R/,V — R o = R[,y,

R+ R = e 2R, (2.22)

Now, (2.14) implies R = Ad, so that (2.14) is equivalent to
1

R(/w) = ng/Jl/’ (223)

which is obviously invariant under extended conformal
transformations given by (2.19).

B. Comparison with Einstein-Weyl spaces
A Weyl structure on a manifold X consists of a conformal
structure [g] = {fg|f:Z — R*}, and a torsion-free con-
nection V fulfilling

N

vvg/ly = 2®vgi;4 ’ (224)

for some one-form ® on X (the Weyl vector). The condition
(2.24) is invariant under the transformation

G P G = €94, 0,0, =0,+J,0. (2.25)

One can then define the nonmetricity tensor, which reads

A

Q,m = —vyg,lﬂ = —2®y9/1y- (2-26)
In this case the distortion is given by
N, = %(Qﬂm/ + Qi — Quiw)
=-8§,0,-5,0,+0,,. (2.27)

A Weyl structure is said to be Einstein-Weyl [20] if the
symmetrized Ricci tensor W, of V is proportional to some
metric g € [g],

1
W) == 9u W,

y (2.28)

where W is the scalar curvature of the Weyl connection V.
It is given by5
W=R+(d-2)(1-d)®,0"+2(d—1)V,0". (2.29)

The condition (2.28) can be rewritten in terms of
Riemannian data as

R, +(d-2)0,0,+ (d—2)V,0,

1 -
=—gu[R+(d-2)V,0" + (d-2)0,0"].

y (2.30)

The scope of this subsection is to compare the field
equations for Einstein manifolds with torsion, (2.18), with
the Einstein-Weyl equations (2.30). To this end, let us
define

_ T

A, =
Fod-17

(2.31)

such that, under the first transformation in (2.20), we have

Ay A=A, + 0,0, (2.32)

Using (2.31) in (2.18), one gets

R, +(d=2)AA, + (d=2)V,A,) + (d=3)A"T ),

| - le s 0 .
+ 4 T T e = 2 Tyuo(oT0)" = VMT(PD)”

1 -
=9 R+ (d—-2)V,A* + (d—2)A,A"

Lo Lo
o T g =5 10T

i (2.33)

Tou | -

3See also the results of sec. IIT in the case of zero torsion.
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Thus, for T’lﬂy =0, (2.33) exactly coincides with (2.30) if
we identify A, with ©,, ie., T, = (d—-1)0,. This is
actually not surprising, since for Tﬁw =0 the torsion
two-form is given by

.1
wed—1
=—(e"NA), =T =ANe"

(e?, T, —e,T,) =e" A, —e" A,
(2.34)
Then, the first Cartan structure equation gives

de? + w'y A e’ = A A e =de + (0%, — 55A) A eb
—0. (2.35)

We can then define a new connection &’ as

o = 0 — n*A, (2.36)
which is torsion-free
de’ + &%y N e’ =0, (2.37)

but nonmetric, since @“?) # 0. The trace part of the torsion
can thus always be shuffled into a Weyl vector and vice
versa. In the latter case, a Weyl structure gets translated into
a conformal structure [g] together with a torsionful con-
nection D which is compatible with [g],
D,g,,=0. (2.38)
The torsion of D has only a trace part 7, and (2.38) is
invariant under the transformation (2.19), (2.20).
Finally, note that a duality between torsion and non-
metricity has also been discussed in [103] in a slightly
different context.

II1. EINSTEIN MANIFOLDS WITH TORSION
AND NONMETRICITY

Let us now consider Einstein spaces with both torsion
and nonmetricity (we will call these Einstein-Cartan-Weyl
manifolds), and study the Weyl invariance of the corre-
sponding field equations.

With respect to Sec. II, we will in addition allow for a
nonmetricity tensor of the form (2.26), where V has also
torsion. We are thus considering only the trace part of the
nonmetricity. The consequences of adding a traceless part
will be analyzed at the end of this section. The connection
ffw of the Einstein-Cartan-Weyl manifold is given by

I, =T, + N, (3.1)

where the f“’lm are the Christoffel symbols, and the
distortion N*,, reads

1 1
Nllpw = 5 (sz/lﬂ - leu - T;wi) + E (Q/l,uu + Qﬂuu - Q;Mu)’
(3.2)
that is, in the present context,
1 . . M
N/i;w = 5 (Twl;l - T/lu;t - Tﬂbl)
1
+ ﬁ (g;wTﬂ - g;MTD) + G)ﬂg/,w - G)ygﬂy - ®ug/1/,t'
(3.3)

The Ricci tensor of @, that is R v = R puv» 18 given in the
Appendix [see Eq. (A3)]. Note that one can also construct
another Ricci tensor R, = R upv (commonly referred to as
the homothetic curvature), since for nonmetric connections
the Riemann tensor is not necessarily antisymmetric in the
first two indices. In our case we have

R, =dV,0,-V,0,), (3.4)
and thus the Ricci scalar associated with the homothetic
curvature is identically zero. On the other hand, the
nonvanishing Ricci scalar is given by

R=g"R,

=R+ WQW +2V,1*

+ % T,.,T"" - % T, 1" +(d-2)(1-d)©,0"

+2(d-1)V,0" +2(2-d)e'T,. (3.5)
Observe that, if we define

T,=T,+(d-1)©,. (3.6)

the Ricci scalar (3.5) becomes
S e Gl : dzz(i); Db, 10 4 20,10 4 L1, 10

ST, (3.7)

which corresponds to the Ricci scalar of a metric con-
nection with torsion [cf. Eq. (2.13)], whose trace part is
given by Tﬂ.
We define an Einstein-Cartan-Weyl space by
R(py) = ﬂgpy (38)
for some function 4. Using (A3), this can be rewritten in the
equivalent form,
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[ d- - IOV S
L) il v L R 7 N L
a9 g gy e g e =
2d -2
+(d=2)V,0" + (d—2)0,0" + %@ﬂﬂ, , (3.9)

which is a system of nonlinear partial differential equations
characterizing an Einstein-Cartan-Weyl manifold.

A. Extended conformal invariance of the
Einstein-Cartan-Weyl equations

Let us now discuss the extended conformal invariance of
(3.8). In an affine manifold such as an Einstein-Cartan-
Weyl one, the most general extended conformal (Weyl)
transformations involving an arbitrary scalar field @ =
®(x) which leave the curvature tensor invariant are given
by (see [82])

G > €7 Gy
TAW [ad TAW + 2(1 - 5)5'1[”8”](1),
Q' > 04 — 280,08, (3.10)
where £ denotes an arbitrary parameter that we are free to

include [82,85].% In particular, for the one-forms ® and T
and for 7*,, we find

0, 0, + &),0,
T, T, + (1-&)(d-1)d,0,

T, — T, (3.11)

and the connection I transforms according to
7,17, +(1-§85,0,. (3.12)

This ensures the invariance of the curvature tensor due
to its special projective invariance (see, for instance,
Refs. [86,87]).

Thus, for the Riemann tensor, the Ricci tensor and the
scalar curvature, one obtains respectively
R e 2R, (3.13)

v > pr,

®Note that (3.10) implies that @”g,,p =20,9,, transforms
covariantly.

|
Equation (3.8) implies R = Ad, so that (3.8) is equivalent to

1

pv) = ERng, (314)

R
which is clearly invariant under the extended conformal
transformations written above.

Let us finally make some comments on two particular
cases, namely £ = 1 and £ = 0.
(1) For £ =1 one has

T,—T, 0, 0, +0,0. (3.15)
Observe that (3.15) corresponds to the transforma-
tion (2.32), for A, = ©,, discussed in Sec. Il in the
context of a Weyl structure (that is with nonmetricity
and zero torsion). Moreover, note that this is the only
case in which the connection is also invariant,
v, > I7,,. In fact, setting & =1 into (3.10) and
(3.11) leads to a conformal transformation of the
metric in an affine space, namely a transformation
under which the metric tensor picks up a conformal
factor ¢2” while the affine connection is left un-
changed (see Refs. [86,87]).

(i) For £ =0 we get the extended conformal trans-
formation discussed in [78] in the context of a
torsion theory which leads to a special projective
transformation for the connection. In particular, in
this case we have

= 0,

T, T,+(d-1)0,0, C) (3.16)

H H

which reproduces exactly the transformation in
(2.20) for T, discussed in Sec. II for manifolds
with torsion and vanishing nonmetricity, together
with

£, =1, +&,0,, (3.17)

which is a special projective transformation (3.17)
for the connection. On the other hand, let us observe
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that the combination of the conformal metric trans-
formation in (3.10) plus the special projective trans-
formation (3.17) is called, according to [86,87], a
frame rescaling.
We can conclude that there are two unique transformations
which single out torsion or nonmetricity. This is in agree-
ment with [82]. Note that the same results could have been
obtained by considering (3.7), together with the definition
(3.6), that is by reabsorbing the nonmetricity and exploiting
the transformations of Sec. II for an FEinstein-Cartan
manifold with torsion and vanishing nonmetricity.

1

M o 9 1
Nllpw =5 (Tznlﬂ - T/lvﬂ - T;wﬁ) + m

2

B. Adding a traceless part to the nonmetricity tensor

In the following we extend the above analysis to include
a traceless part of the nonmetricity as well. Interestingly, in
the case where the latter is totally symmetric, it can be
viewed as representing a massless spin-3 field [104,105].
Thus, we decompose

Qlﬂv = _2®ﬂgyﬂ + Qlﬂw (318)

where Q”W =0. Using (2.6) and (3.18) in (3.2), the
distortion becomes

(g;w Tﬂ - gﬂﬂ Tv)

1, 9 o
+ ®ﬂg;w - G)yg}u/ - ®bg/1;4 + 5 (Qﬂm/ =+ Qllw - Q/Mz/)

9 1 o
= Kul;t + (g/le - g;dTv) + G)Ag;w - ®yg/1v - ®ug/1;4 + Mi;w

d—1
- Kl/l}t—i_M/l;w’ (319)
where we defined the so-called disformation (also known as deflection tensor)
1
M/lulx = 5 (Q/Iyu =+ Q/h/,u - Q;Mz/)
| o o
= G)Ag;w - 91491111 - ®vg/1/4 + 5 (Q/Imz + inﬂ - Q/Ml/)
= ®/19;w - ®ygﬁy - ®L/gﬂﬂ + M/lﬂw (320)
which is symmetric in the last two indices. IM('MM and MM” are respectively the traceless part of K,;, and M,
g 1. . o v 1. . o o
KIM.[! = 5 (Tv/l/,t - Tﬂuﬂ - T;wi)’ Mbﬂﬂ = E (Qﬂ/w + Qﬂuy - Q;Mv)' (321)
From (3.1) one obtains for the connection
2 A [ A 2 1 A 2
r uv :Fﬂb+§(TD U =T vu _Tuzz )+m(g/wT _5;4 Tv)
| R o o
+ Gig/w - ®y51v - ®1/5/1;4 + 5 (Q/I;w + Qﬁu,u - Qyﬁv)' (322)

The explicit expression for the Ricci tensor va of V is given in the Appendix [see (A4)], and it contains extra
contributions from the traceless tensor Q - The homothetic curvature is still given by (3.4), while the Ricci scalar is

R=ry =20 —d) zdzz(i); 9) T,T" +2V,T*
+(d=2)(1 - d)®,0" +2(d — 1)V,0" +2(2 - d)®"T,
b (197 = 20,000 1 0,0, 00) = 3 (1,190 4 1, 0% + 0,,,0). (323)
Observe that, by defining
T,=T,+d-10,. T,,=T,,-0u, (3.24)
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where wa = 0, and using the fact that the symmetries of TW, and Q/wp imply

Tb/m QHU,D =0, ™ Qy/)y =1 Qﬂ/)l/v

one can show that the Ricci scalar (3.23) can be written as

. S O Do
PR A L P L P

N

Reppd=20-4d)

(@17

(3.25)

(3.26)

which corresponds to the Ricci scalar of a metric connection with nonvanishing torsion, whose trace and traceless parts are
now respectively given by 7, and T, This is analogous to the case in which one does not include a traceless contribution

for the nonmetricity, cf. Eq. (3.7).

As before, we define an Einstein-Cartan-Weyl space by Eq. (3.8), which becomes in the present context:

) | .
Ry + = [(d=2)V(T)) + (d = 3)T'T ()] +
LTy = S F i T =V, T

+1 p oo T 5 Tpelptu) T Vot (o)

+(d=2)0,0,+ (d-2)V,0, +

+ﬂTﬂQ +ﬂ
d—1" =) T ag )
[ w 1
_ZQW)GQ v +2V Qy(v/))_
1 = d—2 d-2
=— R+—V,T* T,T*
a9 Nt T gy et

1 o . ooy 1 o o oy .y
=+ Z (TMTO_TW[O' + Q”T”Q;rm) - E (TﬂTGT‘my + Qﬂm-Qnm) - Tﬂ‘mQﬂm—] s

which represents a system of nonlinear partial differential
equations characterizing an Einstein-Cartan-Weyl manifold
with the most general form of torsion and nonmetricity.
Finally, we can consider the transformations (3.10). In
particular, we have
Qlﬂu = QA;UJ' (328)
For the curvature tensors one still has the transformation
laws given in (3.13), so that the Einstein-Cartan-Weyl

equations (3.8) are again invariant under extended con-
formal transformations for arbitrary parameter &.

IV. EINSTEIN-CARTAN ACTION AND SCALE
INVARIANT GRAVITY

Let us consider the action

s= [amapR-xpt). @D

where R is the Ricci scalar (2.13) of a torsionful but metric
connection, ¢ denotes a scalar field, and «x is a constant.

2(d —2)
d—1

(d=2)V,0" +(d-2)0,0 +

1
@=17 [(d=-2)T,T,]

0.7, + (d-3)0'T,,

4

o o d o
r,0,/, - (d— 2)®MQﬂ(W) +—5—6,0",

2

7 1. ¥ 1 o/ 7 c 7
ivu Qv”ﬂ + D) Ty Qﬂv)ﬂ + 2 U (p Qv)fw - T(/)ﬂ Qv)lw

e,

2(d-2)
d

(3.27)

I
Along the same lines of [85], (4.1) can be rewritten as

- d=2
S:/ddx\/—g¢2<R—cl_1T”T”+2V”T”

1o o 1. &
+ Z ”upTﬂyp - E pr”Tﬂl/p - K¢ﬁ> s (42)

with R the scalar curvature of the Levi-Civita connection.
One easily shows that (4.2) is invariant under

2-d
G > €7 P> e,

T,—>T,+(d-1)0,w, ™,—T,. (43)

Using the traceless part of the contorsion defined in (3.21),
the action (4.2) becomes

S = / dlxy/=g¢?

L d=2 .
x (R = T+ 2V, T = K, K — z«;&dfz),

(4.4)
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and its variation with respect to 7, and I?,W yields
respectively

2(d-1)V,¢ .
) %’ Kyupp) = 0.

(4.5)

Notice that 7', can be eliminated by an extended conformal
transformation and is thus pure gauge. Using the definition
(3.21) and the fact that the traceless part of the torsion is
antisymmetric in the last two indices, we get TMW, =
2K ulp) = 0, and therefore also K wp = 0, In agreement
with [79,85].

Varying the action (4.4) with respect to g, and ¢ leads to

- 1 . 2d
¢2 <Ryv - Eg;wR> + m vy¢vy¢ - 2¢vuvy¢
2 1
+ 2gﬂy¢vpvp¢ d— Zg;n/ p¢v ¢ +3 gﬂyK¢d 2 =0,

(4.6a)
PR — %VPVM _d qu‘f:i% =0,  (4.6b)
|

24 VVh VNV, ]
R + d D) ¢2 -2 ¢ = Eglw<

Using also (4.6b), this can be cast into the form

W

_ 24 VoV YV
R””+d—2 4)2 -2 7

On the other hand, consider the system (2.18) character-
izing an Einstein-Cartan manifold, and use the result (4.5)
for the trace part of the torsion as well as TW, = 0. Then
(2.18) boils down precisely to (4.9).

Let us also observe that, as already mentioned i in [85]
conformal (Weyl) invariance allows to rescale ¢ — ¢ “’q[)
One can use this freedom to gauge fix ¢ = 1/(4v/zG),
where G is Newton’s constant. Then the action (4.7)
becomes

1 4 -
= v—g(R —2A
167[G/dx 9 )

(4.10)

where we chose k = 2A(162G)*(@=2). The Einstein-
Hilbert action with cosmological constant can thus be
viewed as a gauge fixed version of the action (4.7).

Finally, let us recall that the trace part of the torsion can
also be interpreted as the trace part of the nonmetricity
(cf. Sec. II B). If we set the traceless part of the torsion to
zero, this leads to the action

1
d

where we have used the expression for T, in (4.5) as well as
K,,, = 0. Observe that the trace of (4.6a) implies (4.6b),
which can be understood as a consequence of ¢ being
pure gauge.
Let us now consider the action

4(d )

/ dx\/=g [qﬁzR + V,pVEp — Kb

(4.7)

which is called scale invariant (also known as conformal
gravity). It turns out that the equations of motion following
from (4.7) are precisely (4.6a) and (4.6b) obtained from
(4.4) after having used the expressions for the torsion. The
actions (4.1) and (4.7) describe thus the same dynamics.
Notice also that, plugging T, [cf. (4 5)] and K, = 0 into
(4.4), one gets, up to a surface term,’ the conformal gravity
action (4.7) (see also [85]).

One can also show that the action (4.1) implies that the
spacetime is Einstein with torsion, which is a completely
new result. To see this, observe that Eq. (4.6a) can be
rewritten as

V, Vi

- 2d V (;SV/’qb d
—R-2 — — K- 4,
R 7 K07 ) (48)
- V. Vr¢ 2d V,p\V’P¢
5V P
G <R 2 7 2 > (4.9)
I
S = /ddxw /=g*(W — k=), (4.11)
which is invariant under
G P> G, P T, 0,0, + 0.
(4.12)
The variation of (4.11) with respect to ©, yields
2 qub
= 4.1
O T d-2 ¢ (4.13)

Again, one can easily show that the actions (4.11) and (4.7)
describe the same dynamics. Equation (4.11) implies that
the spacetime is Einstein-Weyl, where the Weyl vector is
given by (4.13), and is thus pure gauge. Notice in this
context that there is no known action principle that leads to
the Einstein-Weyl equations with nonexact Weyl vector.
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V. EINSTEIN-HILBERT ACTION
COUPLED TO A THREE-FORM AS
EINSTEIN-CARTAN GRAVITY

The Einstein-Hilbert action coupled to a three-form field
strength reads

S|
S, = / ddx,/_—g<R—12HWHﬂ”ﬂ), (5.1)

where H,,, is given in terms of a gauge potential B,,,

H,,=0,B,+ 0,8, +0,B,, B, =-B,. (52)

The variation of (5.1) with respect to B, leads to
V¢H,,, =0, (5.3)

while varying ¢?* gives

- 1 . 1 1

R, — EngR + ﬁgp,,H,mH/”" - ZHP/MHWU =0. (54)

On the other hand, consider the system (2.18) satisfied by
an Einstein manifold with torsion. Assume that 7, = 0 and

take 7,

down to

to be completely antisymmetric. Then (2.18) boils

I DV U U TV
Rpl./ - Z T/AO'UT/)” = agpy <R - Z T+ Tﬂ.m.) . (55)

We would like to compare this with (5.4). To this end, take
the trace of (5.4), which leads to

- d—=6
R=——+——H H>=H, H". (5.6
12(d —2) pee (56)
Now subtract its trace part from (5.4) to obtain
~ | | o 1 ’
R/)u - EQPDR - Z P Hulm =+ ﬂg/wH = 0’ (57)

which coincides precisely with (5.5) if we identify H ,,, =
T,,. The equations of motion following from (5.1) can
thus be interpreted as implying that the spacetime is
Einstein with skew-symmetric torsion H,, satisfying
(5.3). Notice however that the equations (5.4) are more
restrictive than (5.5), since they contain in addition the trace
part (5.6), while (5.5) is traceless. This is somehow
reminiscent of hyper Cauchy-Riemann (hyper-CR, or
Gauduchon-Tod) spaces [106], where on top of the
(trace-free) Einstein-Weyl equations there is a constraint
on the scalar curvature.

Quite remarkably, the equations [(5.3) and (5.4)] can also
be retrieved from the constrained action,

o

S; = / dx\/—g [R + AP (Tﬂl/ﬂ -—=(9,B,, +0,B,, + 8/,3”,,))}

V3

1

- d=2 1o o U
— d
/d x\/—g[R—ﬁTﬂT”-FZVﬂT”-f—Z MD/’TW/)_ETV/JMTWP

1

it

where R denotes the scalar curvature of a torsionful but
metric connection [cf. (2.13)], #* is a Lagrange multiplier,
and B,, is antisymmetric. The variation of (5.8) with

respect to T, B,,, ¥ T,, and ¢ gives respectively

a7
T,=0, V=0, (5.9)
T.,= \/% (8,B,, + 9,B,, +9,B,,).  (5.10)
e = % (Twor + Trw — Ter), (5.11)
T L L o
R =5 9uR+ g0 TopeT™" =3 1,%Tey =0, (5.12)

(0,B,, + 0,B,, + @BM)] ,

(5.8)

|

where we already used 7, = 0 in (5.12). Equation (5.10)
implies that the traceless part of the torsion is completely
antisymmetric, and thus (5.11) reduces to

QP — ETMV/)‘

(5.13)

Plugging this into the last equation of (5.9) leads to

v, T = 0. (5.14)
Finally, using (5.10) in (5.14) and (5.12), one gets precisely
(5.3) and (5.4). The actions S, and S, describe therefore the
same dynamics.
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VI. DISCUSSION

Motivated by the interest in connections with torsion and
nonmetricity both from the physical and the mathematical
point of view, we first generalized here some results that
appeared previously in the literature. In particular, we
considered Einstein spaces with nonvanishing torsion that
has both a trace and a traceless part (Einstein-Cartan
manifolds), and showed that the resulting field equations
are invariant under extended conformal transformations.
We then compared our results to Einstein manifolds with
zero torsion but nonvanishing nonmetricity, where the latter
is given in terms of the Weyl vector ©, (Einstein-Weyl
spaces). We saw that, if the traceless part of the torsion is set
to zero, then the system of partial differential equations
characterizing Finstein-Cartan spaces exactly coincides
with the Einstein-Weyl equations if the torsion trace T,
is replaced by (d — 1)©,. Subsequently, we extended our
analysis to the case of Einstein manifolds with both torsion
and nonmetricity (Einstein-Cartan-Weyl spaces), allowing
for both a trace and a traceless part of the nonmetricity
tensor.

Moreover, we considered actions involving scalar cur-
vatures obtained from torsionful or nonmetric connections,
and investigated their relations with other gravitational
theories, obtaining completely new results in this context.
In particular, we analyzed a conformally (Weyl) invariant
action with torsion and its relation with scale invariant
gravity, which involves a scalar ¢, and found that they
reproduce the same dynamics. Furthermore, we have
shown that the action (4.1) implies that the spacetime is
Einstein with torsion. Then, the Einstein-Hilbert action
coupled to a three-form field strength H,,, was considered,
and it was shown that its equations of motion imply that
the manifold is Einstein with skew-symmetric torsion.
Furthermore, it turned out that the equations of motion
of Einstein gravity coupled to a three-form may also be
retrieved from a constrained action that contains the scalar
curvature of a connection with torsion. Let us stress that in
this paper we concentrated on the vacuum, without con-
sidering the presence of matter.

Among the solutions to Einstein’s field equations,
Einstein spaces are of particular relevance in physics,
think for instance of the Kerr-(A)dS solution or of string
compactifications on e.g., Sasaki-Einstein manifolds. Since
nature could accommodate for torsion and nonmetricity, it
seems reasonable to generalize the concept of Einstein
spaces to torsionful and nonmetric connections.

The manifolds analyzed in this paper may also have
applications in the classification and physical study of
(fake) supersymmetric supergravity solutions in the same
way as Einstein-Weyl manifolds provide the base space for
fake supersymmetric solutions in de Sitter supergravity
[47-52]. Under the physical point of view, this analysis is
particularly relevant in higher dimensions, since, in d > 4,
it is highly nontrivial to determine whether a given near-

horizon geometry can be extended to a full black hole
solution (due to the fact that the strong uniqueness
theorems that hold in four dimensions [107-112] break
down and there exist different black holes with the same
asymptotic charges and different black hole solutions with
the same near-horizon geometry). Progress in classifying
near-horizon geometries can help to face this problem, as it
was proven in [51], where the authors, after having showed
that a class of solutions of minimal supergravity in five
dimensions is given by lifts of three-dimensional Einstein-
Weyl structures of hyper-CR type, considered the task of
reconstructing all supersymmetric solutions from such
near-horizon geometry, demonstrating that the moduli
space of infinitesimal supersymmetric transverse deforma-
tions of the near-horizon data is finite dimensional if the
spatial section of the horizon is compact.

Always in this context, a new result has recently been
obtained in [113], where it has been shown that the horizon
geometry for supersymmetric black hole solutions of min-
imal five-dimensional gauged supergravity is that of a
particular Einstein-Cartan-Weyl structure in three dimen-
sions, involving the trace and traceless part of both torsion
and nonmetricity, and obeying some precise constraint;
in the limit of zero cosmological constant, the set of
nonlinear partial differential equations characterizing this
Einstein-Cartan-Weyl structure reduces to that of a hyper-CR
Einstein-Wey] structure in the Gauduchon gauge, which was
shown in [51] to be the horizon geometry in the ungauged
BPS (Bogomol'nyi-Prasad-Sommefield) case.

The analysis of this paper might also be extended in
other directions. In particular, it would be interesting to
generalize the construction of [88] concerning the Chern-
Simons formulation of three-dimensional gravity involving
torsion and nonmetricity, and the recent results presented in
[114] in the context of double field theory. One could also
investigate possible generalizations of [104,105].

On the other hand, a future development of our work
may consist in possible generalizations of the Jones-Tod
correspondence [54] between self-dual conformal four-
manifolds with a conformal vector field and Abelian
monopoles on Einstein-Weyl spaces in three dimensions.
Especially one could ask whether Einstein-Cartan-Weyl
manifolds can arise in a similar way by symmetry reduction
from higher dimensions.

Finally, a further direction for future research would be a
geometrical investigation of the results on unconventional
supersymmetry presented recently in [115], where torsion
plays a fundamental role, under the perspective devel-
oped here.
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APPENDIX: RIEMANN AND RICCI TENSORS
The Riemann tensor of the Einstein-Cartan connection Fﬁ,w introduced in Sec. II reads

Rl/’ﬂl/ = aurlvp - avrl/w +T llwratw - Iﬂwraﬂp

~ 1
= Rl/);w + m [gpyvﬂT/1 - g/);tvzle1 + 6ﬂﬂvqu - (SyivﬂTp]

9]

1 1 Ao (_F T 1 Ao (_F T 7
+—— _5zz T (_Tayp + Ty/)a - Tpﬂa) + 55/4 r (_Taup + le/m + T/)ba)

d-—1|2
+ ﬁ [T°T,,, —T,T,,]
+ ﬁ {% 190y (T + Tho + 10 ) = 9up (T + Thi6 + T/,,)]}
+ ﬁ 909 TuT* = 9o T T + (90" = 900, )T, T° + T,(8,/T, = 6,'T},)]
I T (07 4 20) = T (17 T4 1) 4 (7 4 10T,
AT =T (7 4 T 4 T (17, + 17 4 1,)
(LR JOTC I JO0)
TR CPRE S RORE % A% P % A 5

(A1)

where R* o and V denote respectively the Riemann tensor and the covariant derivative of the Levi-Civita connection. The

first line of (A1) follows from the definition [D,, D, |w, + T°,,D,0, = —R*
coefficients I". The corresponding Ricci tensor is given by

pUY

~ 1
Rpu = Rﬂp/w = Rpu + m [gpuvuT” + (d - 2)vqu} +

(d_l 1)? [(2-d)g,T,T"+ (d=2)T,T)]

272 TIJ/)M) + (d - 4)Tpl/ﬂ]}
(Tﬂwvﬂw + vﬂTﬂlJp - VMTV/J” -V, ”)-

utpv

On the other hand, the Ricci tensor of the Einstein-Cartan-Weyl connection I”W introduced in Sec. III is

N o - 1 1
pr = Rﬂpﬂl/ = v —|— m [ngV”T” —|— (d - Z)VDT/J + m [(2 - d)gl/pTﬂT'u —|— (d - Z)TDTp]
1 1 o . .
+ ﬁ {2 TM[(Z - d)(T;w/) - Tv/)y) + (d - 4)T/)uu]}
(OO O y y
+ 1 T/ T+ 3 (T/wan” + VﬂT"W - V”T,,p” - Vﬂpr”)
+ (d - 2)®y®p + (2 - d)®u®ﬂgu/) + gy/)vyGﬂ + (d - ])vy®/) - v/}®u
1
+ -1 [(d— 2)0,T, + (d - 2)0,T, + 2(2 - d)gypG)”Tﬂ]
d-2 9 . d—4 .
+ TG”( uvp prﬂ) + T@”pr,

where V denotes again the Levi-Civita connection.
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Finally, adding a traceless part to the nonmetricity tensor, we have that the Ricci tensor of V reads, explicitly,

R 1
d—1

U

-1

[\

9]

. 1 . 9
+ - TuﬂgT +5 (Tmm'T/)/w + vﬂ Tﬂu/)

N

=R, =R, +——1[9,V,T"+(d-2)V,T,] +

-V, T

ﬁ [(2- d)gupT#Tﬂ +(d- 2)T”Tp]

L {1 TH(2 = d) (T = Top) + (d = DT, 0}

H_V.T )

vp ut pv

+(d-2)0,0,+(2-d)0,0'g,, +¢9,,V,0'+ (d-1)V,0,-V,0,

1

+——[(d=2)0,T, + (d—2)0,T, +2

vip

d—1

(2 - d)gw)®ﬂ Tﬂ]

+ L {% T[(2 - d)(Q,M, + vaﬂ) +(d - 4)Qﬂﬂ”]}

d—-1

d-2 o o d—4 .
- TG)”(QMD/) + QI/[),M) + TQMQp;w

1. . 1. . oy 9 9 o
- Z Qﬂpo—Q#bo— + 5 (Qy””Qpﬂ(; - Ql//mQ/mﬂ - v[l leﬂp + vﬂ Qup” + vﬂ pr”)

9]

(U VS DUV BUR
+§Tﬂp Q;um _ETP” Qu;w _ETI.I” Q/);w_"ETﬂu (Q/nw - Qp;m)’ (A4)

which, indeed, now contains extra contributions from the traceless tensor Q.
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