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ABSTRACT. In this paper we present an individual-based mechanical model that describes the dynamics
of two contiguous cell populations with different proliferative and mechanical characteristics. An off-
lattice modelling approach is considered whereby: (i) every cell is identified by the position of its
centre; (ii) mechanical interactions between cells are described via generic nonlinear force laws; and
(iii) cell proliferation is contact inhibited. We formally show that the continuum counterpart of this
discrete model is given by a free-boundary problem for the cell densities. The results of the derivation
demonstrate how the parameters of continuum mechanical models of multicellular systems can be
related to biophysical cell properties. We prove an existence result for the free-boundary problem and
construct travelling-wave solutions. Numerical simulations are performed in the case where the cellular
interaction forces are described by the celebrated Johnson-Kendall-Roberts model of elastic contact,
which has been previously used to model cell-cell interactions. The results obtained indicate excellent
agreement between the simulation results for the individual-based model, the numerical solutions of
the corresponding free-boundary problem and the travelling-wave analysis.

1. INTRODUCTION

Continuum mechanical models of multicellular systems have been increasingly used to achieve
a deeper understanding of the underpinnings of tissue development, wound healing and tumour
growth [T 2] 3] 6, &, 10, 13} 15 26} B2] 40l 44, 46, 52, 53]. These models are formulated in terms of
nonlinear partial differential equations for cell densities (or cell volume fractions) and, as such, are
amenable to both numerical and analytical approaches that enable insight to be gained into the biolog-
ical system under study. From a mathematical perspective, over the past few years particular attention
has been paid to the existence of travelling-wave solutions with composite shapes [, 12, 31} [43], [48] and
to the convergence to free-boundary problems in the asymptotic limit whereby cells are represented
as an incompressible fluid [7, 30}, B3] [41], [42].

Whilst continuum mechanical models of multicellular systems are usually defined on the basis of
tissue-scale phenomenological considerations, off-lattice individual-based models enable representation
of cell mechanics at the level of individual cells [I8, 49]. However, as the numerical exploration of such
individual-based models requires large computational times for biologically relevant cell numbers and
the models are not analytically tractable, it is desirable to derive continuum models in an appropriate
limit [4}, 9l 17, 18], 25] 28] 29, 34 35| 36}, 37, [47]. Although mechanical interactions between interfacing
cell populations with different characteristics arise in many biological contexts (e.g. tumour growth,
development), relatively little prior work has explored the connection between off-lattice individual-
based models and continuum models in such situations.

In this paper we propose an individual-based mechanical model for the dynamics of two contiguous
cell populations with different proliferative and mechanical characteristics. In our model: (i) every
cell is identified by the position of its centre; (ii) mechanical interactions between cells are described
via generic nonlinear force laws; and (iii) cell proliferation is contact inhibited. Formally deriving a
continuum counterpart of the discrete model, we obtain a free-boundary problem with nonstandard
transmission conditions that governs the dynamics of the cell densities. Our derivation extends a
previous method developed for the case of a single cell population [36] 37].

To prove an existence result for the free-boundary problem, a novel extension of methods previously
developed for related free-boundary problems [21] 22] 23], [51] is required due to the specific structure
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of our boundary and transmission conditions. In particular, the jump in the density and in the
flux across the moving interface between the two cell populations, along with the fact that there are
no conditions of Dirichlet type, prevent us from using existing ideas which are partially based on
continuity arguments [22], 23] and from applying the enthalpy method [16] [51].

Moreover, building on a recently presented method for a related system of nonlinear partial differ-
ential equations [12] 3], we also construct travelling-wave solutions for the free-boundary problem. In
this respect, the novelty of our work lies in the fact that we consider a free-boundary problem subject
to biomechanical transmission conditions which are different from those considered in [12} 31]. This
requires a different approach when studying the properties of the solution at the interface between
the two cell populations and introduces a significant difference in the qualitative properties of the
travelling wave.

Numerical simulations are performed in the case where the cellular interaction forces are described
by the celebrated Johnson-Kendall-Roberts (JKR) model of elastic contact [27], which has been shown
to be experimentally accurate in some cases [14], and has been previously used to approximate mechani-
cal interactions between cells [19} 20]. The results obtained support the findings of the travelling-wave
analysis, and demonstrate excellent agreement between the individual-based model and the corre-
sponding free-boundary problem.

The paper is organised as follows. In Section 2] we present our individual-based mechanical model
and formally derive the corresponding free-boundary problem. In Section Bl we prove the existence
result for the free-boundary problem. In Section [ we develop the travelling-wave analysis. In
Section Bl we compare simulation results for the individual-based model and numerical solutions of
the free-boundary problem. Section [6] concludes the paper and provides a brief overview of possible
research perspectives.

2. FORMULATION OF THE INDIVIDUAL-BASED MODEL AND DERIVATION OF THE CORRESPONDING
FREE-BOUNDARY PROBLEM

2.1. Formulation of the individual-based model. We consider a one-dimensional multicellular
system that consists of two populations of cells that are arranged along the real line R and characterised
by different proliferative and mechanical properties. We label the two cell populations by the letters A
and B and make the assumption that, during the considered time interval, the cells in population A can
proliferate, whereas the cells in population B cannot. We denote the number of cells in population
B by M > 0. Moreover, at time 7 > 0 we let the function m(7) represent the number of cells in
population A and compute the total number of cells inside the system as n(7) = m(7) + M.

We adopt a discrete off-lattice modelling approach whereby every cell is identified by the position
of its centre [49]. Building upon the ideas presented in [36] [37], we model the two cell populations as
a chain of masses and springs with the masses corresponding to the cell centres, and assume the cell
order to be fixed. We label each cell by an index i = 1,...,n(7) and describe the position of the i
cell’s centre at time 7 by means of the function r;(7). Without loss of generality, we let the cells of
population A be on the left of the cells of population B.

We assume that the centre of the first cell of population A is pinned at a point sy € R, i.e.

(2.1) ri(1t) =sg, forall 7>0.

We describe the effect of cell proliferation and mechanical interactions between cells on the dynamics
of the multicellular system using the modelling strategies and the assumptions described hereafter.
Mathematical modelling of cell proliferation. We assume that cell proliferation is contact dependent
such that the proliferation rate g of the j*" cell in population A depends on the position of neighbouring
cells, i.e. g = g (rj(7) —rj—1(7)) with j = 2,...,m(7)—1. Hence in a time interval A7 the proliferation
of cells in population A will result in a reindexing Ai of the i*" cell by an amount

(2.2) (Ai); = Zg(rj —rj—1)Atr| for i=2,...,m—1
j=2

such that

(2.3) ri(T+ AT) = ri_(ap),(7)  for i=2,...,m—1,

where m = m(7).
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Mathematical modelling of mechanical interactions between cells. We make the assumption that me-
chanical interactions between nearest neighbour cells depend on the distance between their centres. We
denote the force exerted on the i cell of population [ by its left and right neighbours by Fj(r; —r;_1)
and Fj(r;+1—r;), respectively, and introduce the parameter 77; > 0 to model the damping coefficient of
cells in population I, where [ = A, B. With this notation and neglecting cell-cell friction, the dynamics
of the positions of the cell centres are described via the following system of differential equations

dri 1 .
— (FA( —T’Z',l)—FA(T‘Z'Jrl—’I“i)), z=2,...,m—1,
' dr; 1 ,
d_TZ = 77_B (FB(T‘Z' —71i—1) — Fp(rita —ri)), t=m+1,...,n—1,
where m = m(7) and n = n(7). We complete system (2.4]) with the following differential equations
d?”l
1 _ 0
dr ’
dr 1 1
(25) d—;n = n_AFA(Tm - Tmfl) - n_BFB(Tm+1 - Tm),
dr 1
d—: = n—BFB(’I"n—T'nfl).

2.2. Derivation of the corresponding free-boundary problem. In order to formally derive a
continuum version of our individual-based mechanical model (2.4]) and (2.5]), considering the scenario
where the number of cells in both populations is large, we introduce the continuous variable y € R so
that, for some § > 0 sufficiently small,

ri(7) =r(r,y;) with y; =44,
and
rix1(7) = 17(7,yix1) = 7(7, 4 £0), i, (T) = 7(T, yimaiy,) = (7 ¥ — (Ad); 5).
Moreover, we use the notation
(2.6) r(T,y1) = S0, 7T(T,ym) = s1(7), 7r(7,yn) = s2(7), for 7> 0.

We assume the function r(7,y) to be continuously differentiable with respect to the variable 7 and
twice continuously differentiable with respect to the variable y. Under these assumptions, letting A7
and ¢ be sufficiently small, and using the Taylor expansions

e+ A ) = rir) + 208 Az ofar)
r(r,y; — (Ai); 0) = r(7,y;) — %@;Z) (Ai); 6 + 0(9),

along with the approximation

Yi or(r,y) > , AT
g(rj —rj-1) %/ g<75 dy’ —,
Z a " oy’ 1)
from (2.3]) we obtain
or(7,y:) /yi or(r,y') 2\ Or(T,vi) ,
2. — " - —2245)d —7 =2,... — 1.
(2.7) 5, ( 5 g oy Y oy or ¢ )

Moreover, using the Taylor expansions

or(r,yi) . 10%*(1,y:)

T(Ta Yi + 6) = T(T7 yl) + ay o + 3 9 ay 52 (62)’
or(r,y; 1 0%r(r,
=) = r(rs) - P g SO 2y o),
and making the additional assumption that the functions Fy and Fp are twice continuously differen-
tiable, we approximate the force terms in (Z4]) for i =2,...,n — 1 as

(2.8) Fi(ri —ri—1) — Fy(riy1 — 1) =~ —F] <g7“5> g T(52 l=AB.
Y
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Using the approximations (2.7) and (2.8]), and combining proliferation (2.3)) and mechanical inte-
raction (2.4)) processes, we obtain

or 1 or 0?r Y or or
2, o_ Lp (& : / oy .
(29) or <3y 5) oy ( <3y 5>d >3y or ¥ € tim),
and
or or o°r
2.10 —=—-—_F ) 52 fi s Un,
(2.10) o= (508) S8 tor v ()
Similarly, mechanical interaction processes (2Z.5]) for ¢ = 1, i = m and i = n yield, respectively,
87— - a y - yl?
or 1 or 1 I or \ 0’r
(2.11) E_UA[ <3y5>_§A<a 5>8y5}
1 or or 0?r
F §)+=F 5 5 t Y= Ym,
UB[B(ay)JF B<a >8y } wv=y
and
or 1 or or 0?r
2.12 — =—|F ) ——F ) 52 t oy = yn.
(2.12) or nB[B<<9y> B<0y>0y } ne

Based on the ideas presented in [30, [37] and according to the considerations given in Remark 2.1} we
define the cell number densities of populations A and B as

or \ ! or \ !
(2.13) pa(my) = 5-9) for y€lyi,yml, pp(r,y) =(5-0) for y € [ym,ynl.

Ay dy
Remark 2.1. The definitions of the cell densities given by (ZI3)) are based on the observation that,
at any time T, the quotient of the number of cells in a generic interval [ry,r;], with j > i, and the
length of the interval is

j—i B j—i
ri(r) =ri(r)  r(ry;) —r(Ty)

From the above relation, choosing j =i+ 1 and using the fact that 6 is small, we obtain the following
approximate expression for the cell density

(2.14) pi(T,Yi) =

1 1

1
riva(t)—ri(r) 6 Orlra)

The change of coordinates (7,y) — (t,7), with t = 7 and r = r(7,y) yields [30]
or or Oy 11 9y
or  oyot  bp ot
Substituting this relation along with the expressions
or 11 Pr 10 (1) or 11 9p
5w i) o Fwen

p
(o (20) o) 2~ ([ st ) -

into equations (Z9) and ([2I0]) yields

110y  Fu(1/pa) Opa /T ) 1
(2:15) dpa Ot napy o s0 9(1/p4) pa pA
and

119y  Fg(1/pp) 9pp /31 ) 1
2.16 ———:—7 + 1 dr’'—.
(2.16) 55 01 v g(1/pa) pa o

Multiplying equations (2158 and (2I6) by pa and pp, respectively, differentiating with respect to r,

using the fact that
O (1oy\ _ 0 (1oy\ _ 0 (or \™'_op
or\é6ot) ot\sor) 0t \dy ot
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) r o s1
8_/ g(1/pa) padr' =G (pa)pa and —/ 9(1/pa) padr’ =0,
T Jso or s0

with the growth rate G of population A defined as

(2.17) G (pa) = 9(1/pa),

and renaming r to z, we obtain the following equations for the cell densities p4(t,z) and pp(t,x)
(2.18) Opa = 0x(Da(pa)Ozpa) +G(pa)pa for x € (so,s1(t)), t>0,

(2.19) Opp = 0.(Dp(pB)d.pB) for z € (s1(t), s2(t)), t > 0,

where

F/(1
71( /2[71) for | = A, B.
UINY

Similarly, the evolution equations for the positions of the free boundaries s1(t) and s,(t) are obtained
from equations (2.I1]) and (ZI2]), respectively, yielding

(2.20) Di(p) = —

d 1 1 1 171D D
ﬂ:_pA<_>__F (— >——[M5$pA+M8mPB at o = s1(t),
(2.21) dt  na pPA nB PB 2L pa PB
' dsa 1 1 1 Dg(pB)
—Z = —Fp(—) - =222, t = sa(t).
dt  np B(PB) 2 pB e e

In order to obtain the boundary conditions (i.e. the conditions at so and s2(t)) and the transmission
conditions (i.e. the conditions at s1(t)), that are needed to complete the problem, we consider the

mass balance equations
/51(t) Clon)pud d (/81(t) p s2(t) ; >
PA)PAAT = — PA l’+/ pBax |,
dt S0 Sl(t)

50
S1 (t)

sl(t) d
/ G(pa)pade = a ). padz.
S0 i

d
Using the fact that % = 0, together with equations (2.18]) and (2.19)), yields

dSO
t —
pA( 550) dt

S0 t

1) s1(0) ds,
| Glonpads = [ oupads+ paeos)
s0

s2(t) ds ds
+/ dippdz + pp(t,s3)—= — pp(t,s1) dtl

@ dt
s1(t) dsq
- Gpa)pads + Da(pa)epal,_, — Da(pa)dzpal,_,, +pat.s1)—=
S0
dso dsy
+ Dp(p) 0app|,_,, = DB(pp)d2ps|,_,, + Bt 52) == = pplt 1) ==
and
s1(t) s1(t) dsq dsg dsy
G(pa)padz = / Opadr + pa(t,s1)—— — palt,s0)—- = pa(t,s1)—~
~/80 S0 dt dt dt
Sl(t)
+ G(pa)padx + Da(pa) @gPA\x:SI — Da(pa) 896914‘93:80'
S0
Hence
ds
0 = dtl (pA(t 51) ,OB(t, 51)) + (DA(/)A) Oxpa — DB(IOB) 833/)3) |m:s1
dss
+ =2 pp(t,52) + Dp(p5) Daps ., — Dapa) opal,_,,
and
ds
0 = d_tlpA(t, 51) + DA(PA)apr|a::s1 - DA(pA)apr|$:50'
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The above equations along with equations (2.21]) give

D4(pa)Ozpa =0 at x = s,

1 1 1 1

=) = —Fp(— at r = s1(t),

nA A(PA) B B(ps) 1)

ds

d—tlpA = —Da(pa)Ozpa at x = s1(1),
(2.22) ds,

E(M —pB) = — (Da(pa)Owpa — Dp(pB)0zpB) at x = s1(t),

dsy 1 1 11

e ) e \ t 2 = sa(t),

dt — np B(ma) 2 py 2 \P8)0p at @ = sa(t)

ds

d—thB = —Dp(pp)0spB at © = so(t).

We complement the free-boundary problem (2Z.I8), (2.19) and (2.22) with the following initial condi-
tions for the moving boundaries s1(t) and s9(t), and the cell densities p(t,z) and pp(t, z):

51(0) = s, s2(0) = s5,
(2.23) pa(0,z) = ph(x)  for x € (so,57),
pp(0,2) = fy(x)  for w e (s1,53),

where sy < s} < s5. Letting p; > 0 denote the equilibrium cell density (i.e. the density below which
intercellular forces are zero) and p™M > py a critical cell density above which cells stop dividing due
to contact inhibition, throughout the rest of the paper we will make the following assumptions:

(2.24) pu(x) > p5t for all x € (sg,57), phz) > p for all z € (s}, s3),

(2.25) F(1/p) =0, F{(1/p) =0 for p <pi%, F(1/p) >0, F(1/p) <0 for p > p,
where [ = A, B, and

Assumptions (228 and ([2.20)), together with notations [2.I7) and (220)), imply that the nonlinear
diffusion coefficient D;(p;) and the growth rate G(pa) are such that

(2.27) Dy(p) =0 for p <p  Di(p) >0 for p>p*,  1=ADB,
and
(228) G() >0 in (O’pM)’ G() =0 in [pM’OO)’ G/() <0 in (OapM]

3. AN EXISTENCE RESULT FOR THE FREE-BOUNDARY PROBLEM

Due to the specific structure of our boundary and transmission conditions, the existing well-
posedness results for one-dimensional free-boundary problems, such as those presented in [21, 22|
23, [51], are not directly applicable to our problem. Therefore, in this section we prove an existence

result for the free-boundary problem (2.18]), (Z19), (222]) and (2.23]).

Assumption 3.1. We make the following assumptions on the force terms Fy and Fp, the diffusion
coefficients D4 and Dpg, the growth rate G, and the initial conditions p% and p%.
(i) The force terms F, € H'(0,00) N C3(p}%, 00), with | = A, B, and satisfy Z25).
(ii) The diffusion coefficients D; € C*(p;?,00) N L>=(0,R), for any R > 0, with | = A, B, are
, . eq
defined by 2.20)), satisfy assumptions 227), and Di(§) > dy > 0 for &> p;.
(iii) The growth rate G € C3(R) and satisfies assumptions (Z25)).
(iv) The initial conditions p%, p% € C3(R) and satisfy assumptions (2.24)).

Throughout this section we use the notation

Qa(t) = (so0,51(t)) and  Qp(t) = (s1(2), s2(t)),
for t € [0,T], with T' > 0, and consider solutions in the sense specified by the following definition.
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Definition 3.2. A solution of the free-boundary problem (ZI8), 219), 222), 223) is given by
functions s1,s2 € WH3(0,T) and p, € H'(0,T; L*((t))) N L*(0,T; H2((t))), with p; > p;* and
pr € L>®(0,T; L>(Q(t))) forl = A, B, that satisfy equations 2ZI8)) and (2Z19)), the following boundary

and transmission conditions

1
3xFA<_> —0 at x = s,
PA
1 1 1 1
—FA<_> :—FB(—) atx:s1(t),
3.1) BEA(1pa) _ 0Fs(1)
(3. 8J:FA(1/pA) (%CFB(l/PB)
— at v = s1(t),
NAPA BPB
9. F5(1 2 1
O:Fp(1/pp) _ ~ZEp(=) e =),
NBPB B \PB

the equations for the free boundaries

dsi _ 9uFa(1/pa)

— =——""" atxz=s5(1),

dt NAPA 1(¢)
(3.2) J 5 )

82

e Oy to = st

dt  np B(PB) at @ = s(t),

and the initial conditions (2.23)).

Theorem 3.3. Under Assumptions [31l there exists a solution of the free-boundary problem (218,

RI19), @22) and [223).

Proof. In order to prove the existence of a solution of the free-boundary problem (2I8]), (2.19), ([2.22])
we consider iterations over successive time intervals and use a fixed point argument. In particular, we
first show the existence of a solution on a time interval [0,77] such that

* *

s and |sa(t) — s3] < %2 ; 81, for te[0,T1].

(3.3) [s1(t) — 57| <

Subsequently, the boundedness of s} and s}, shown at the end of the proof, will allow iteration over
successive time intervals in order to obtain an existence result for ¢ € (0, 7.
We begin by making the change of variables

(3.4) (t,z) = (ty),  with  z=y+((y)(s1(t) = s7) +&(y)(s2(t) — s3),

with ¢, ¢ € C2(R) such that ((y) = 1 for |y — s%| < a and ((y) = 0 for |y — s3| > 2a, while £(y) = 1 for
ly — s3] < aand &(y) = 0 for |y — s5| > 2a, where a = min{(s} — s0)/4, (s3 — s7)/4}. The change of
variables (34 transforms the time-dependent domains Q4(t) = (so, s1(t)) and Qp(t) = (s1(t), s2(t))
into the fixed intervals % = (so,s]) and Q7 = (s7,s3), respectively. A similar change of variables
was considered in [2I]. Notice that, for s;1(t) and sy(t) satisfying conditions ([B3)), such a change of
variables defines a diffeomorphism from [0, +00) into [0, +00). Hence we obtain

pi(t, ) = pi(t,y + C(y) (s1(t) — s7) + £(y)(s2(t) — 83)) = wi(t,y) for 1= A, B,
where wy and wp satisfy the reaction-diffusion-convection equations
Ja(s1)0wa — 9y (R (s1)Da(wa)dywa) — Qa(s1)dywa — Ja(s1)Ga(wa) =0,
JB(s1,52)0wp — Oy (R2B(51, SQ)DB(wB)awa) — QB(S/l, 8'2)(9wa =0,

complemented with the nonlinear transmission and boundary conditions

(3.5)

OyFa(wa) =0 at y = so,
FA(U}A):FB(U}B) aty:s’f,
(3.6) ByFA(wA) _ 0yFB(wB) at y = 5>1k=
wA wp
Oy Fg(w
= 27 5(wp) = —2Fp(wp) at y = s5,

wp
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and the equations for the velocities s} and s}

—wA:—ayFA(wA) at y = s7,
dt
(3.7) ds
—2uwp = —0yFp(wp) aty=s.
dt
Notice that for ease of notation we denote
1 1 F/'(1
Fi(w) == F(1/w) and F/(w)=—- l(iéwl), l=A,B,
m . w

Ga(wa) = G(wa)wa, and the functions D;(w;) are defined in terms of Fj(w;) according to (2.20)).
In equations ([B.3]), since {(y) = 0 for y < s5 — 2 and s1(t) < s5 — 2« for t € [0,T1], we have

dy 1

Ra(s1) = A 1+ 00 =) for sop <x < s7,

_dy _ 1 . .
Bo(s1m2) = G = T 000 — ) 1 O (mal) ) 7 SIS T
Ja(s1) = 1+ C(y)(s1(t) — 87) for s << s,

Jp(s1,82) =1+
Qa(sy) = Cly) s1(t
dy _ Qal(s})
dt N JA(Sl)

() (s1(t) = s7) + &' () (s2(t) — s3) for s7 <z < s,
), Q@B(sh,s2) = ((y)s1(t) +&(y)sa(t),

* dy QB S,,S/
for so <x <7, E:ﬁ

for s <z < s5.

The assumptions on F; and D;, for [ = A, B, ensure that

(3 S DA(wA)RA(Sl)ﬁywA =0 for 0 <wy < pi;l,
8) Dp(wg)RpB(s1,52)0ywp =0 for 0 < wp < p%F.

Notice that, without loss of generality, we can focus on the case where p? > ptforl = A, B. In fact,
if p? = p'fq the growth term in the equation for w4 would result into wa(t,y) > p%' and Fa(wa) > 0,
thus ensuring that wp(t,y) > p due to the transmission conditions at s} and the convection term
in the equation for wg. In the case where ,010 > ,oleq for [ = A, B, using the maximum principle and
relations (B8) we obtain that wy(t,z) > p;® for (¢t,z) € (0,T) x Q. Therefore, we conclude that
system (B.6), (3.7)), or equivalently system (ZI8]), (2.19]), is nondegenerate. Notice also that assuming
sj(t) € H*(0,T) with s5(t) > 0 for t € [0,7] and j = 1,2, and considering Fj(w), ajﬁtFl(wl) and 92w
as test functions in equations ([B.6]) and (B.7)), one can prove that w; is continuous in ﬁzT, while Oywy;
and 9; Fi(w;) are continuous in (0,7T') x € for | = A, B, which is the regularity required to apply the
maximum principle. A similar approach was previously used in the analysis of the porous medium
equation [50].

The assumptions on Fp imply that

Dp(wp)dywp = —2wpFp(wp) <0 at y=s3, t>0,

and, applying the maximum principle to the equation for wg, we find that wp has a minimum at s3
and a maximum at sj. Hence, d,wp(t,y) < 0 at y = s} for t > 0 and, therefore, 0, Fa(wa) < 0 at
y = s;. Applying the comparison principle and using the fact that F/y(wa) = 0 for 0 < wa(t,y) < p%,
along with the assumptions on G and on the initial conditions, we obtain

(3.9) PR Swalty) <pi in [so,s7], £20,
where p = max{pM, H[laX | p%(z)}. Moreover, applying the maximum principle to the equation for
x€[s0,s]

wp and using the assumptions on Fp and on the initial data, along with the boundedness of w4 and
the transmission conditions at y = s7, yield

(3.10) py <wp(t,y) < pp in [s}, s3], t>0,
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where pY = max{F5" (Fa(pY)), Em%x*} p%(x)}. Using these results along with the change of variables
T€[s7,55
given by equation (3.4]) we conclude that
P < palt,x) < pif for x € [sg, s1(t)], t >0,

P < pp(t,z) < pY for x € [s1(t), s2(t)], ¢t > 0.
If wp is nonconstant in (sf,s3) and wp(t,s}) # pp for j = 1,2 and t > 0, the maximum principle

yields dywp(t,s3) < 0 and Jywg(t,si) < 0. This along with the assumptions on Fp ensures the
monotonicity of the free boundaries {x = s1(¢)} and {x = s2(t)}, i.e.

dsy(t st
S;t( ) >0 if wp(t,s3) > pj, S;t( ) =0 if wp(t,s3)=py, ¢>0,
Sclhf ) >0 if wp(t,s]) > p?7 sclbf ) — 0 if we(t,s?) :p‘fg‘;‘, £ 0.

To prove the existence of a solution of problem (B.5])-(B.7) we use a fixed point argument. Let

1

(3.11) syl = ———0 FA(i*) sy = ———0,Fp (7*>
! Poma " TNPY () 2 pGns " T \p%(s3)

which are both well-defined quantities due to the assumptions on F; and p?, for [ = A, B. Moreover,
consider

W, ={uce LSO, To; WHHQ)) = pf < w(t,x) < p)t for (t,2) € Y HatuHLz(Q;Tl) < pu},
W = {(81782) S W1’3(0,T1)2 : ”89 — 8;’1“113(077«1) <1, for j= 1,2},

for | = A, B, some constant p > 0, and 7} > 0. Notice that for (s1,s2) € W, we have

T\ ds; 2 2 .l ,
sup [s;(t) — sj| < /0 d—tj‘dt <TPs;(Ollsom) < TP+ s som)),  7=12

(Ole)

Therefore, choosing

3 3 3
2 2

Ty = min { (s = 50)/8)* (1+ 57" | za0.m) 2 (53— 51)/8) 2 (1 + 15 o)) ™2 )

we find that s; satisfies the conditions ([B.3), for j = 1,2, and the change of coordinates (3.4)) is
well-defined for all (s1,s2) € W.

For some given (§1,382) € W5 and w; € W, with | = A, B, we first consider the problem given by
the following equations for w4 and wp

JA(§1)8twA — 8y(R124(§1)({“)yFA(wA)) — QA(é’l)aywA = JA(§1)GA({EA) in QZ, t>0,
JB(§1,§2)8,5U}B — 3y(R%(§1,§2)3yFB(wB)) — QB(§'1,§’2)6wa =0 in Q*B, t> O,

OyFa(wa) =0 at y = s, t >0,
8yFA(wA) N ByFB(wB) N o
(3.12) . = @y Falwa)=Fplwp) at y=si,t>0,
Oy F
’ g;wB) = —2Fp (wp) at y = s3, t >0,
wa(0) = pi in (so, s7),
wp(0) = pj in (s1,s3).

For (51, 382) € W5 and w; € L*(0,T1; H' (7)), with [ = A, B, applying the Rothe-Galerkin method and
using the a priori estimates obtained by considering Fj(w;)/w; as a test function in the equations for wy,
we obtain the existence of a weak solution Fj(w;) € L*(0,Ty; H'(Q})), with dpw, € L*(0,Tv; H~1(Q})),
of problem (3.12). Notice that for 51,5, € H2(0,T1), in the same way as below, we can show that the
solutions of ([B.12) satisfy the regularity properties required by the maximum principle, and obtain that
the solutions are bounded and satisfy (3.9]) and (3.10]), and the equations in (3.12]) are nondegenerate.
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To derive a priori estimates for 0yw 4 and dywp, we consider ¢ = O, Fq(wa)/wa and ¢ = O Fp(wp)/wp
as test functions for the equations in problem (B.I2]). In this way, we obtain

3 // (5 D’w’ SRS RO Sy [Pyt + = /jt Ri(3)° 10, (wy) 2 dyt
* w

I=A,B
22
/ / (3" 9 Fl( )&gwl + (s ) Oy F1(wy) 0y Fy (wy) 0, wl] dydt
* w

(3.13) [ / * “%l 0, Fitun) Povin — P g, g2y
/ / Ta(51)Ga (i 4) 2EA0A) A( 4) g dt+2/ Fy( wB)atFB(wB)‘ysgdt
:/ [8 FA(?UA)aF (wa) - 8yF§(wB)atFB(wB)} dt,

0 wA wpR y=s}

for T € (O,Tl], where JA(§) = JA(§1), JB(§) = JB(§1,§2), RA(g) = RA(§1), RB(§) = RB(§1,§2),
Qa(5) = Qa(5)), and QB(5') = QB(5], 5).

The transmission conditions in problem (B.12)) ensure that the integral at y = s} is equal to zero,
while for the integral at y = s5 we have

2 /O " Fa(wp)0Fs(wp)| dt = |F(wp(r, 53) — |F(wp(0, 53)) %

y=s5
From the equation for w4 in problem (B.12]) we obtain
IRAG, Fa(wa)llz (s, ) < 12Ra0yRaOy Fa(wa)llz oy, ) + 174 (51)0wall T s, )
HIQAEO A, )+ ITAGHG A e, -

Using the definition of @ 4 and Holder inequality, the third term on the right-hand side is estimated
as

HQA(gﬁ)aywA”%%Q;, ) S Cl/ \5/1’2|’3ywAH%2(Q;)dtSC&/ ‘5/1,3dt+5/ HaywA”%%Q*A)dt’
™ 0 0 0

for any fixed § > 0. The assumptions on G4 and Fjy, the boundedness of J4(51), Ra, and 0y R4, and
the fact that R%(51) > 4/9 and F/y(wa) = Da(wa) > da > 0 for wa > p%, imply

HajFA(wA)H%%QKT) <G [HatwAH%%ngﬁ) + HayFA(wA)H%%Q;LT)} + CéH§/1”?i3(o,T)
48 [0, Fa(wa) Sy dt + Car,
0

for 7 € (0,71]. Notice that for s} € L>(0,71) we would have the L?*norm of ,F4(wa) on the
right-hand side of the last inequality. A similar inequality for ||(9§F B(wB)H%Q(Q*B ) follows from the

equation for wp in problem (B.I2]). The Gagliardo-Nirenberg inequality gives
(3.14) 10y Fr(wi) 1720 < C (105 Fi(wi)lI 2 I1E (wi) | o0 ey + 1 E (w172 0r))
and, using the fact that w; is uniformly bounded and choosing § > 0 sufficiently small, we obtain

(3.15) ”%Fl(wl)”%%ﬂl*ﬁ) < Cl\@thllé(g;ﬁ) + C2H5y}‘1l(wl)”%2(ﬂ;}) + C5ll8'173(0.r) + Ca,

for 7 € (0,T1], where |§'| = |8}| if | = A and |§'| = |8}| + |8| if | = B. In a similar way, we also obtain
the following pointwise in the time variable estimate

(3.16)  12Ewi(0)]32gr) < ol (t)a g, + Colldy lwn(D)Ba g + 513 (OF + Cs
for a.e. t € [0,71]. Additionally, using the Gagliardo-Nirenberg inequality we have
HayFl(wl)Hiéi(Q;) < C(”%Fl(wl)”%%ﬂ;) Fl(wl)”%oo(sz;) + ”Fl(wl)HiQ(Q;‘))7

19y F ()l < CUIGZE )| |19y () + IE1(w) (e

(3.17)
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We shall estimate each term in equation (B.13) separately. Using estimates (8.14]) and (3.15) yields

[ foin®

+@uum@ﬂs&@mmﬂmJ+W%ﬂmwmmmy+%wum@ﬂ+0r

5 wl‘dydt < 5/ 18y Fy (wp) |52 @n T ”atwl”L2(Q* dt

Notice that assuming the boundedness of 53», with j = 1,2, we would have the L?(0, T} LQ(QZ“))—norm

instead of the L°(0, T; L*(2}))-norm of 9, F;(w;) in the last inequality. Using the results in (.I5) and
BI7), along with the boundedness of w; and w;, we estimate the next term in ([BI3) as

R
/’\Q)aﬂmmmwwhw@ﬁ<WWEwwwm F10Ei ) ;)]
3 !

+ C&Hayleb(Q;T) < 5[Hayﬂ(wl)||%2(g;’7) + H@MH%(Q;J] + C’1H§’||%3(07T) + CéHay@lH%Al(Q;T)-
For the fourth integral in (B:E{I) we have

s

< Ca||§'\|?iS(o,T) +/0 [Cl||<9sz(wz)H%4(g;)H&e@zllmmg) + 5||3yﬂ(wl)||3i2(gg)}dt

1R2 |a E(wl” 3th w

18, Fy (wy) |2 ‘dydt

- ’ 4 1in ~
< G518 1330, + Cé/o HayFl(wl)”%Q(QZ‘) 3tle22(g;«)dt + Cor2 |0y 20y )
+o {10y Fr(w)llZ2 o ) + 100w T2 q; )] + CaT,
for 7 € (0,77] and any fixed 6 > 0. Here we used the following estimate

AR
0

T 4 _
< 5\\5511‘11(“}1)”%2(9;7) + Cé/o [H@yﬂ(wz)llim;)Hat@z\@(g;) + ”atleLQ(Q;‘)]dta

1 3 B
yﬂ(wl)H;ﬁ(Q?‘)Hayﬂ(wl)”;?(ﬂl*) + 1]”atleL2(Q;‘)dt

along with estimate (B.I5). Using ([B.I7) and the boundedness of w; we also obtain
T
/OHayﬂ(wl)H%4(9;)Hat@l”B(Q;)dt < 5”355(“}!)“%2(9;77) + Céuat@l”%%ﬂfﬁ) + O

The boundedness of w4, along with the assumptions on G 4, implies

/ ‘JA (81)Ga(wa)

for 7 € (0,71] and any ﬁxed d>0.
Thus for dyw; € L2((0,T1) x ) and d,w; € L5(0,T1; L*(Q})), combining the estimates from above,
choosing § > 0 sufficiently small, and applying the Gronwall inequality yields

Z [Hatwl\|%2(n;<jl) + HayFl(wl)H%‘X’(O,TULQ(QI*))} < Ci(l+ H51||3iS(O,TI) + H%H%B(O,Tl))
I=A,B

(3.18) +£zggﬁwaMMMﬁpmw+Tuawmz ) 0D (T 10l oy )]

Fa(
M(d dt < Cs7 + 3l10wallzz oy ),

In a similar way we also obtain

Z [Hatle%%Q;iTl) + ||8yFl(wl)H%OO(O,Tl;L?(Ql*))} <Ci(1+ H51||?i3(o,T1) + H5,2||?i3(0,T1))
I=A,B

(3.19) %{ﬂg;[m¢mmm;mhﬂ+uamﬁawﬁﬁ
=A,B

Thus using (BI8) and (3.19), along with (B.I5]) and (3I7), and considering 7} sufficiently small, we
find that the map K : W4 x Wp — W4 X Wg, where (wa,wp) = K(wa,wp) is defined as a solution
of problem (B.12)) for a given (51, 52) € W, is continuous.
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Considering w; in equation (3.13]) instead of w; and using the boundedness of w; yield

/ :
T

/ [ Ta31)Gaa)
@,

o\ Oy Fi(w; 4 ~
() T(a wn|dydt < / 10, B3 wn) 52 ) + 10022 | + Col13 350,

< o[l Fiwn) 3oy + 100en 220 ]+ Colls s,

O F
L‘dydt < Cst+ (5”atwA”L2(Q* )

and

1Rl( 5) Ry(3)0. R (5) ) .
/z; 2 w? |0y Fy(wn) [ Opwr + T\ayﬂ(wl)\ ‘dydtSC(gHs 150

5[”51511)1”%2(9;7) + HayFl(wl)”%%Q;’T) +1] +/0 Hayﬂ(wl)|]%4(9;)

< Csugluiswﬁ) + 5[”(92&101”%2(9;}) + ||3yﬂ(wl)”%2(n;}) +1] + 56/0 ||8yﬂ(wl)”(z2(g;<)dt

for 7 € (0,71]. Choosing 6 > 0 sufficiently small, applying the Gronwall inequality, and considering
Ti such that
Yl

1= AB805pl (110y Fl(l//’z)Hp(Q +1)°

we obtain the following estimates for w4 and wp

(3.20) > [H@thHLz ki 18y Fy (wi) 1700 (0.7 L2(Q; ))} < C+Cs[l31 25 0m) + 13201250/
I=A.B

Ty < m

The estimate for ||0;9ywil|r2(0,1y;m-1(0p)) In terms of [0y Fi(wi)|[pa(oy,. ) and |G| z2(q; , ) follows
41 s41

directly from differentiating the equation for w; with respect to y and using the boundedness of

||a§wl||L2(QiTl) and |0y Fi(wy)]| oo (0,11;22(07))» Which is ensured by (.18) and (B.I5). Using (3.20) and

(BI5) and differentiating the equation for w; in (B.12]) with respect to y, while considering w; instead
of w;, gives

(3.21) Z [H@t@ywlH%Q(O,Tl;H_l(Qm + Haile%Q(Q?Tl)] <C+ C(S[Hg/ln?i?’(O,Tl) + ||§2||%3(0,T1)]'
I=A,B ’

Thus for a sufficiently small T}, or small initial data, (wa,wp) = K(wa,wp) is uniformly bounded in
Wa x Wp and Oyw; in V, for | = A, B, where

={ue L*0,Ty; H'(Q})) N L>®(0,Ty; L*(})), O € L*(0,T; H ()}, 1= A, B,

The Aubin-Lions lemma, along with the Sobolev embedding theorem, ensures that V; is a compact
subset of Lz(Qle) and of L2(0,Ty;C(Q})), for I = A, B. Using inequality (3I7) we also obtain that
the embedding V; C L%(0, Ty; L4(Qf)) is compact. Thus applying the Schauder fixed point theorem,
see e.g. [45], gives that for a given pair (s, s2) € Ws there exists a solution of problem (3.5]) and (3.6)
for ¢t € (0,71], with an appropriate choice of 77 > 0.
To complete the proof we shall show that M : L3(0,71)? — L3(0,T1)? given by
Mirnr) = (- SFalt D) _ O Fafun(usy)y

wA wp

where s;(t) = s + fo rj(T)dr for j = 1,2, maps W, = {(r1,r2) € L3(0,T1)% : |75 — s;’lﬂLs(QTl) <1}
into itself and i 1s precompact. Considering (r1,72) € W, we have

T1
| M) - sy < Y / 023w 2
0

1=A,B

+ Z T C(S SUP 10y Fl(wl)HL?(Q +C] <1
I1=A,B 0.1)
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for an appropriate choice of § > 0 and 77 > 0. To show that M : L3(0,T1)? — L3(0,Ty)? is precompact
we consider two sequences {r7} and {r%} bounded in L3(0,7}) and obtain

10y Fr(wi) | Loe 0,11;22020)) + 105 Fr(wi)l| 220,00y x2p)

(3.22) n n
Howwr' 2oz, ) + 109y Fr(wi)ll 20,1150 -10)) < C

for | = A, B, with a constant C' independent of n. Using the fact that the embedding H'(Q}) C cQ))
is compact and applying the Aubin-Lions lemma we obtain the strong convergence w;' — wj; in

LP(0,Ty; C())), for any 1 < p < oo, and 9, Fi(w}) — 8, Fi(w;) in L*(0,Ty;C(Q;)) as n — oo. This
combined with the estimate (3.22]) ensures that

/Tl Ay Fi(wp) 8Fz (wy) H
0

dt
w]
Ty
(3.23) Gy / 10, By [
0

T
. dt < 01/0 |0y Fr(wi') — 0, Fi(

wi HLoo(Q *)

dt

wl”Loo(Q )
Th 1 T 19 1
< 03[/0 |0y Fi(wp) = Oy B || | +c4{/0 [ —wl\\m(w)dt} f 0,
as n — 0o, where we used the fact that
Ty T
[ 10, ) =0y Rwle gyt < [ [103R R ager

+ 1105 Fy(wn) 17207

3yFl(wln)H%2(Qy)

(wl)\\;(gg)}dt <C.

The convergence in (3.23) implies the strong convergence M(r},r%) — M(ry,r9) in L3(0,T})?
n — oo. Hence, we have proved the existence of a solution of problem [B.5)-([@B.7) in (0,7) x € with
T = min{Ty, Ty}, where

T = mm{[( = 50)/8) 2 (1+ [ Leory) 2], [((s5 — 57)/8)

T, — m
1= AB 8C’5pl (102 Fl(l/Pl)HB ) + 1)

3
2

(1 + I3 2 0m) 2]

Now we show that s/ (t) and s5(t) are uniformly bounded, which will allow us to iterate over successive
time intervals and obtain that 7' < T5. The uniform boundedness of pp, the assumptions on Fp, and
equations (B.2)) ensure that s5(¢) is uniformly bounded. To show the boundedness of s (t), we consider

the original problem (ZI8), (219), [222]), and ([2.23]) and apply the comparison principle to the
following problem for v = 1 Fa(1/pa):

O = Da(v)020 + Da(v)Ca(v) in (so,1(1), t>0,

Ov(t,x) =0 for x = s, t>0,

(3.24) v(t,z) = —FB<L> forx = s1(t), ¢>0,
PB
1 . N

v(0,2) = —FA(E) in (sg,s7),

where G 4(v) = Ga([F; " (nav)] ™) and Da(v) = Da([F " (nav)] ™).
Consider the mterval (s1(t) — 0,s1(t)), with ¢t > 0, and the function
B 1 1372 1 )
w(t,x) = U_BFB<PB> UAFA(PA ) [S(sl(t) —x)— 6—2(31(t) —x)7,

for some § > 0. A similar idea was used in [2I]. Since F4 and Fp are monotonically decreasing
functions, we obtain

w(t,s1(t)) = W_BFB<P2> > WLBFB (m) = v(t, s1(t)),
1 1 1 1
w(t, s1(t) — 6) = n_BFB(pB) + 77AFA<pA) > n—AFA(m> — u(t, s1(t) — 9).
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For the derivatives of w, since s} (t) > 0, we have

NA
Opw(t,x) = %iFA<LM> {Sl(t)T_x - 1}, Dw(t,r) = —ELFA (i%)

Oyw(t,x) = S—FA<pA> sh(t) {1—81(26)7_:6} >0 foraxe[si(t)—9,s1(t)], t >0,

na \ph %na " \p
Using the assumptions on G 4, for § > 0 sufficiently small we obtain
. - 21 1 ~
Bi(w — v) — Da(0)P2(w — v) > Da(v) {52 FA< ) - GA(U)] >0,
NA PA

Since Fy4 is continuous and 1,  Fa(1/p%) = ng' Fp(1/p%) at x = s¥, there exists a sufficiently small
0 > 0 such that
w(0,2) >v(0,2) for = € [s] —4,s]]
Then applying the comparison principle for parabolic equations gives
w(t,z) >v(t,x) forte (0,T) and = € [s1(t) — 9, s1(t)].

Hence we have

1
—) <0 atxz=s(t)
PA

and for some sufficiently small fixed § > 0

dsq(t 2 1 1
0 S 51( ) < FA(_M) in (O,T)
dt oy ma T \pl

Therefore, provided that 9,Fj(1/p;) is uniformly bounded in L®(0,T; L?(4(t))), for | = A, B, the
uniform boundedness of s) and s}, allows us to iterate over successive time intervals and prove the
existence of a global solution of the free-boundary problem (Z.I8)), (219), (Z22]) and (223]).

Thus, as next we prove the uniform boundedness of |0, F}(1/p1)|| 1< (0,7:12(0,)))» O equivalently of
10y Fi(wi)|| o< (0,1;12(027)), for | = A, B. First we show higher regularity of the solutions of problem (B.5)-
B7) by differentiating the equations in ([B.5]) with respect to the time variable and considering ¢ =
O?Fa(wa)/wa and ¢ = 0} Fp(wp)/wp as test functions, respectively,

Z {/*T(JlDz,az wi? + [JD" | +8JD18—]82wl+3tJDlg)dydt

1=A,B
1 Td R?(S) 9 8t2F1l(wl)
2/0 dt/? " |0y 0 Fi(wi)["dy . Oy (R10, R0y Fy(wy)) o
1/R} R} (s) R?()
Fi(wy)* 5 ( 50wy — === ) — = F F dydt
+/QZT[|8yat 1 (wy)| Q(M?&wz ” ) w7 0y 0 Fy(wy) 02 Fy(wy)dy wl] y
OFF, O2F
+ [ 01110, i) LD i} — [ 0, a(a0) AL gy
e wi @, wa

_ /TatayFA(wA) T (9,5(9 FB(U}B) 2 sgdt
0

O2Fa(w ‘ dt—i—/ =2 2 9P Fe(w
wa t A( A) — 0 wg t B( B)

The second term in the equation above can be estimated as

.
51

/* |Opwr| |07 wy|dydt < 5||3t2wl||%2(9;’7) + Cé||3twl||i4(g;’f)

< APy + Cs | (1000, ity vl oy + vl ey
for 7 € (0,T). For the third and fourth terms we have

/Q el 1107 ewr] + 10l dydt < 5[10Dywnll3aier ) + 152wl 3o )|

l,T

5
G515 1B om0t 220z ) + 10001] 2 181500
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Moreover,

| (oam ]

LT

R2(s) By — O RZ(s)

R2(s
( | B
w; wy

2
w;

0,00 Fi(100)0y |03y (wn) )yt

T 4 2 8
< Cs [ 10,010 sy 1001 + 10y oy W0kl oo + 19y g
+s'| + 1] dt + 8107 Fy(wn) [ 72 q; -

We estimate the next terms as

| [1oumam, B+ lor@uts)0,Fitwn)|

LT

O2F(w
Li—lﬁ—Qldydt5;5Hafﬁimm)H%%Q*:
’U)l T

+Ca/o ' + Is" M0y B (w12 gy + 1817 (105 Fr(wi) 72 gy + 11040 i (wi) 172 gz ) dt.
The reaction term is estimated by
S0 Fatwa) ey, + Cs [ [1817 + (14 s Orwal ey .
’ 0

For the non-zero contributions from the boundary terms we have

T Qw9 Oywy(t, s7) 9|7
0, F(w) 2L 2 ‘ dt = LS5V 5 By (t, s*
[ v Storru| _ ar= S g s)e|

1 [T10y0iw;  OywiOpwy 9
2/0[ il LTI

dt=Ji+ ]
51

for [ = A, B, where

1] < 5[|’3tayﬂ(wl(7'))”%2(ﬂf) + HQ?WH%(QZT)] + Cé[”aywl”ioo(omﬂ(ﬂf)) ‘@wl”(ﬁm(ﬂ%) + 1]7

|2 < 5Hat2Fl(wl)H%2(Q;"T) + Cslloywill oo 0,r; 2201 [||3twl||%2(9;’7) + Hayle%%Q;iT) +1]
T 4
+ C/O 10,0 Fu(wi) |72 10 Fy (wi) 22y + 3110 Fy(wn) 72 it

and
T gﬁyFB(wB)
0 875 wp

Y=S$3

@sQFB(wB)‘ (At = —|0Fp(wp(7,s3))] + |0:Fp (wp (0, 53))
Hence, applying the Gronwall inequality and using the estimates ([3.20) and (3.21]) yields

(3.25) I§B Hafwlllm(g;j) 10y OeFr(wi) | oo (0, 75120ry) < €1

8
+C2ZZA: [HS/IIHL2(O,T) + H5/21||L2(07T)] exp(Cg[l + ||8ywl|| Boo(O’T;LQ(Q;)) + Hatle%Q(Q;‘T)])’
—A,B ’

with constants Cj, for j =1,2,3, depending on |51 ;g 7y and |15 (g 7)-

Using the Gagliardo-Nirenberg inequality and boundedness of 0y Fa(wa(t, s7)) we obtain
157122 0,0) < Cit (1000 Fa (@) 1320 51 ) + 10000122 01,00 () 100 P (w0 G s 20,1 |
< Co[10:0, Fatwa) e, 102w (o) + 1900y Falurn) B, + 1004 2o, )]

< 5|’at8§FA(wA)H%2(Qj‘4J) + CéHatayFA(wA)”%%Q;M) + CSHBWAH%%Q;’T)-

15

Differentiating (3.5]) with respect to the time variable and using definition of J4, R4, and Q4 yields

HatagFA(wA)H%%Q;’T) <C HatzwAH%Q(Q’A’T) + [[(s1l + Sﬁ)atayFA(wA)H%?(Q;LT) + HSQWAH%%Q;;J)

sl + 50)0wal 2+ 151102 Falwa)] + 10, Falwa)) ay+ Is10walas, -
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The last term is estimated by
Is{0ywallzay ) < 10ywallZo 0,712 I51IE20.0) < Ol Fa(wa)l T2y,
+Cs [HaywA”iDO(O,T;LQ(Q;‘)) + HaywA”%DO(O,T;LQ(Q;‘))] [”atayFA(wA)H%%Q;’T) + ”atwAH%?(Qj;’T)]'

Similar estimates, using the boundedness of 9,Fp(wp(t,s})), hold for 8,07 Fp(wp) and sj. Thus
choosing ¢ > 0 sufficiently small and using the boundedness of s] and s, we obtain

Hf‘)t@Zﬂ(wz)Hiz(gm < |:H8t2wl”%2(ﬂl*ﬁ) + Hayle%oo(o,T;m(Q;))] + Cor
+ C3(1 + 10y will e (0, rs12(0 ) U|atayf‘jl(wl)||%2(g;’f) + Hatle%?(Q;T)]
and, considering the same calculations as in the derivation of (320, conclude

(3.26) Z Haz?wl”ﬂ(ﬂl*j) + HayatFl(wl)”Loo(oj“;m(ﬂl*)) <C,

I=A.B
where the constant C' depends on ||8ywl||L°°(O,T;L2(QZ‘))’ ||8twl||L2(Q;:T) for | = A, B, and HS;'HLOO(O,T)
for j =1,2.

Hence estimates (B.2I) and (326]) imply that 0y Fj(w;) € C(ﬁZTA). Since 0y Fa(wal(t,sy)) and
Oy Fp(wp(t,s})), for j = 1,2, are bounded, then 0, F4(wa) is bounded in [s] — 4, s7] and 0, Fp(wg) is
bounded in [s%, st + 0] and [s5 — 6, s3], for t € [0,7] and for a sufficiently small § > 0. Taking F}(w;)
as test function in (B.5) and using boundedness of 9, Fa(wa(t, s7)) and 9, Fp(wp(t, s})), for j = 1,2,
yield

Z |:le||LOO(07T;L2(Ql*)) + ||ayﬂ(wl)”L2(Q;Tﬂ)] <C.
I=A.B
Considering a cut-off function ¢; € C2%();), such that Ca(y) = 1 for y € [so, st — 0/2] and Ca(y) = 0
for y € [s7 —0d/4,s7] and (p(y) =1 for y € [s] +9/2,s5 — /2] and (g(y) =0 for y € [s}, s7 + /4] and
y € [s5 — /4, s3] and taking 9, F(w;)¢? as test function in () gives

lZA:B [HatwlCle(Q;T) + ”ayFl(wl)ClHLoo(07T;L2(Q?<))} < Ci(1 +lZA:B IE (i) 2o 751 ) < Co-

Therefore, [|0yFa(wa)ll (o TL2(%) and ||0y Fp(ws)l| g iL2()) A€ uniformly bounded and 7' can

be chosen independently of the initial data. Then iterating over T', we can conclude that there exists

a global solution of problem (Z218)), (Z19)), (222), (223).
O

4. TRAVELLING-WAVE SOLUTIONS OF THE FREE-BOUNDARY PROBLEM

In this section, we carry out a travelling-wave analysis for the free-boundary problem (2I8]), (Z.19)

and (2.22]).

We begin by noting that under assumptions (220), ([2:27) and (228]), the free-boundary problem
21]), (Z19) and ([222]) can be written in terms of the cell pressures P4 and Pp defined according to
the following barotropic relation

dP(p1) _ Di(p)

(4.1) Pi(p) =0 for py < p;* and for p > py?, l=A,B.
dpi P
Under assumptions (2.27)), the barotropic relation (£IJ) is such that
dP,
(4.2) % >0 for p > p9, l=A,B.
Pl

The monotonicity conditions (£2]) allow one to write both the force terms Fj(1/p;) and the growth
rate G(p4) as functions of the cell pressure F'4(Py4), Fp(Pp) and G(P4). Moreover, with the notation

(4.3) P=P(p") >0 and PM=Py(p™M) > Py,
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the monotonicity conditions (£2]) make it possible to reformulate assumptions (2.25]) and (2.28]) on
the functions F; and G as

(4.4) F(P)=0 for P(p) < P, df;fl) >0 for P, > P, l=AB
l
and
~ . My A M dG() . M
(4.5) G(-)>0 in (0,P"), G(-)=0 in [P, 00), <0 in (0,P™].

dPy

Hence, under assumptions (2.29)), (2.27)) and ([2Z.28)), using the barotropic relation (4.1]), we can rewrite
the free-boundary problem (2I8]), (219) and (2.:22]) in the following alternative form:

Opa — 0x(pa0xPa) = G(Pa)pa for x € (so,51(t)), t>0,
Opp — Ox(pB 0 PB) =0 for x € (s1(t), s2(t)), t >0,
0Py =0 at x = so,
1 - 1 =
— F4 (P4y) = — Fp (PB) at z = s1(t),
nA B
(4.6) % = —0,Px at x = s1(t),
d$1
—p(Pa—pB) = —=(pa0:Pa—ppd:Pp) at z=s(0),
dSQ 1 - 1
452 _ 2 fy(Pg) — =0,P —
dt . B( B) 23x B at « Sg(t),
d
% = —9,Pp at x = so(t).

Having rewritten the problem in this form allows us to construct travelling-wave solutions using an
approach that builds on the method of proof recently presented in [12] 31]. For the sake of brevity, in
this section we drop the tildes from all the quantities in problem (Z.0).

We construct travelling-wave solutions of the free-boundary problem (4.6 such that both the po-
sition of the inner free boundary, s1(¢), and the position of the outer free boundary, so(t), move at
a given constant speed ¢ > 0. Without loss of generality, we let sg go to —oo and consider the case
where

(4.7 s1(t) = (c+o(1))t and sa(t) =€+ (c+o(1))t,
for some £ > 0, so that

d d
51(0) =871 =0, s2(0)=s5=/ and %:%:c.
We make the following travelling-wave ansatz for the cell densities p4 and pp
(4.8) pa(t,z) = pa(z) and pp(t,x) = pp(z) with z =z — ct,

which are related to the cell pressures P4(z) and Pp(z) through the barotropic relation (dJ]). In this
framework, substituting the travelling-wave ansatz (4.8]) into problem (6] we find

—cply=(paPy) +G(Pa) pa in —o0<2<0,

—cp'B:(pBPfg)l in0<z<d,
1 1
—FA(PA) = —FB(PB) at z =20,
nA B

(4.9) P = —c at z =0,

c(pa—pB)=—paPy+ppPp at z2=0,

1 1
—FB(PB):C—F—P]{; at z =1/,
nB 2

Pp=—c at z =14,
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where p] and P/ denote the derivatives of p; and P, with respect to the variable z, with | = A, B. We
consider the case where the following condition holds

(4.10) pa(z) —— oM,
Z—r—00
which implies Py(z) —— PM. Moreover, we note that the principle of mass conservation ensures
Z—r—00
that
¢

(4.11) / p(2) dz =M,

0

for some M > 0. The results of our travelling-wave analysis are summarised in the following theorem.

Theorem 4.1. Under Assumptions [31)(i)-(iii), for any M > 0 given there exist ¢ > 0 and ¢ >
0 such that the travelling-wave problem defined by system (A9), complemented with the asymptotic
condition ([LI0), admits a solution whereby:

(i) pa(z) is decreasing in (—o0,0) and satisfies the condition
(4.12) P < pa(0) < pa(z) < pM for all z € (—o0,0);
(ii) pp(z) is decreasing in (0,¢) and satisfies the condition
(4.13) % < pel) < pp(2) < pp(0) for all z € (0,0)
along with the condition (4I1).
Moreover, in the case where Fy(-) = Fg(+), the following jump condition holds:
(4.14) sgn (pa(0) = pp(0)) = sgn (4 — 1)
Proof. We prove Theorem 1] in five steps.

Step 1: existence of a solution of problem ([A9). For ¢ > 0 given, we have the following problem
for Pg(z)
—cp'B:(pBPfg)/ n0<z<dl,

Py =—c at z=0,
1 c
— g (Pp) = = at z=24¢.
nB 5 (Pp) 2

Integrating the equation for Pg over (0, z), with z < ¢, and using the condition at z = 0 we obtain an
ordinary differential equation with final condition at z = ¢, that 1is,

ps P = —cpp in0<z<{,
1 c
— Fg(Pg)== at z=1/,
nB 5 (Ps) 2

B

which can be solved explicitly giving Pp(z) =c({ — z) + F]_;l( 5 c>. Notice that since ¢ > 0 we have
Pp(0) > Pg! and Fg is invertible. Knowing Pp(z), we have the following problem for Pa(z)
_cp;‘:(pAPA),—{—G(PA)pA m —oo < z<0,
1 1
— F4(P4) = — Fp(Pp) at z =20,
nA B
Py = —c at z = 0.

Integrating the equation for Py over (z,0), with z < 0, and using the second condition at z = 0 we
obtain an ordinary differential equation with final condition at z = 0, that is,

0

PAPAZ—CPAJr/ G(Pa) padé in —oo<z<0,
z

1 1

— Fy(Py) = — Fp(Pg) at z=0.

na B

Under Assumptions[31)(i), (iii) on the functions Fy, Fp and G, the above problem admits a solution.
Hence, for a given ¢ > 0 there exists a solution of problem (4.9).
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Step 2: monotonicity of pp in (0,£) and proof of the condition ([AI3]). Integrating (4.9); between
a generic point z € [0,/) and ¢, and using the boundary condition (£9])7, we find

(4.15) Pp(z) = —c < 0 for all z € [0,4].

Moreover, integrating (£I5]) between a generic point z € [0,£) and ¢ gives

(4.16) Pp(z) =c({ —=z)+ Pp(f) for z €0,/

Therefore,

(4.17) Pp(0) — Pg(f) =ct, Pgp(¢) < Pp(z) < Pg(0) for all ze€ (0,¢).
Furthermore, note that (dI5]) allows us to rewrite the boundary condition (£9)g as
(4.18) Fg (P5(0)) = 15 % > 0.

Since under assumptions ([@4]) we have that Fp (Pg(¢)) > 0 if and only if Pg(¢) > Pj', we conclude
that

(4.19) Pp(l) > qu.

Finally, since the function F (Pg) is monotone for Pg > P!, cf. ([#&4), the value of Pg(¢) is uniquely
determined by (4.I8).

Using the results (£I5), (£I7) and (£I9) along with the fact that, under assumptions ([@I]) and
@2), Pg > 0 if and only if pp > p%' and Pp is a monotonically increasing and continuous function
of pp for pp > pl5, we conclude that the function pp is continuous in (0, ¢) and satisfies the following
conditions

(4.20) pp(2) <0 forall z € (0,0)
and
(4.21) pE < pa(l) < pp(z) < pp(0) for all z € (0,7).

Step 3: identification of £. For M > 0 given, since the value of pp(z) is uniquely determined for all
z € [0, /], the value of ¢ is uniquely defined by the integral identity (Z.IT).

dP
Step 4: monotonicity of pa in (—oo, 0] and proof of the condition (LI2]). Recalling that % >0
pA

dP
for pa > p%', we multiply both sides of ([Z9); by d—A and use assumption (LI0) to obtain the

PA
following boundary-value problem for P4

dPy dPy .
4.22 — Py (c+Py) —Plps—==G(P4) pa—= in (—00,0
( ) A( A) AP dpa (Pa) p dpa ( ]
(4.23) Pa(z) —— PM and  P4(0) = P.
z——00

Let z* € (—00,0) be a critical point of P4. Using (£.22]) we conclude that
Pj(z") = =G (Pa(z")) -

Therefore, under the conditions (Z35) and (&23)), the strong maximum principle ensures that Py < PM
in (—o0,0] and that P4 cannot have a local minimum in (—o0,0), i.e.

(4.24) P)(z) <0 for all z € (—o0,0).
Hence the solution P4 of (4.22]), (4.23) is a continuous and nonincreasing function that satisfies
(4.25) P < P4(0) < Pa(z) < PM for all z € (—o0,0).

Using the results ([4.24]) and (£.25]) along with the fact that, under assumptions ([@.1]) and ({.2]), P4 > 0
if and only if p4 > p° and P4 is a monotonically increasing and continuous function of p4 for p4 > p®4,
we conclude that the function p4 is continuous in (—oo,0) and satisfies the following conditions

(4.26) pa(z) <0 for all z € (—00,0)
and

(4.27) P < pa(0) < pa(z) < pM for all z € (—o0,0),
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with pM being related to PM by (@&3).

Step 5: proof of the jump condition ([AI4]). The transmission conditions (494 and (@95 give
(4.28) P4(0) = —c = P5(0).

Furthermore, due to the uniqueness of the value of Pg(0) > Pj*, under the monotonicity assumptions
(@A), the transmission condition ()3 allows one to uniquely determine the value of P4(0) > P4
In particular, in the case where F4(-) = Fp(-) = F(-), the transmission condition (£9)3 gives

F(Pa(0)) _ma
F(Pg(0))  nB

from which, using the monotonicity assumptions (£1]) and (4.4]), one finds the jump condition (A.I4]).
]

= sgu(F'(Pa(0)) — F(Pp(0)) = sgn (na —15),

5. NUMERICAL SOLUTIONS OF THE FREE-BOUNDARY PROBLEM AND COMPUTATIONAL SIMULATIONS
FOR THE INDIVIDUAL-BASED MODEL

In this section, we illustrate the results established in Theorem H.I] by presenting a sample of
numerical solutions of the free-boundary problem (2.I8]), (2.I9) and ([2:22]). Moreover, we compare
numerical solutions of the continuum model with computational simulations for the individual-based
model ([2.3)-(2Z5). We focus on the case where the force terms Fs(d;;) and Fpg(d;;) are both given by
the following cubic approximation of the JKR force law [27]

(5.1) F(dw) = al(dij — deq) + az(dij — deq)Z + ag(dij — deq)3 for dz‘j < d*,

where d;; = |r; — ;| and d°? stands for the equilibrium intercellular distance, which is the distance
between cell centres above which cells do not exert any force upon one another (i.e. F(d;;) = 0 for all
d;j > d°1). The equilibrium distance d°? and the coefficients a1, as and a3 depend on the biophysical
characteristics of the cells and are defined as

1 2/3 1/3 5
d®9 = 2R — 5%, a; = —§(3RE)2/3(7T’)/)1/3deq,
(5.2) . -
F4/3 1/3 209 E2
ay = BE ORI (rayp gy = 202 (ras,
125 (my)1/3 3125 7y

In the formulas (B.2]), R is the cell radius, the parameter v measures the strength of cell-cell adhesion
and F is an effective Young’s modulus defined as

E

(5.3) E = S

with E and v being, respectively, the Young’s modulus and the Poisson’s ratio of the cells. We refer
the interested reader to Appendix [Al for a detailed derivation of the approximate representation of the
JKR force law given by (5.1])-(5.3).
Using the formal relations between the intercellular distance and the cell density ([2.13]) and (2.14)),
we compute the cell densities and the equilibrium cell density as
1 .
pa(t,r)) = ——— for i=1,...,m,
(5.4) 7“2‘+11— Ti
pp(t,rj))=——— for i=m+1,...,n,
Titl — 1
and p5! = pH = p®1 = 1/d°1. The approximation of the JKR force law (E.II) can be rewritten in terms
of the cell densities p; and p®? as follows

11 1 1)\? 1 1)\°
P = (2= L) v (2o L) e (Ao 1Y
(5.5) (1/p1) o o e Pl
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FIGURE 1. Representations of the JKR model. Left panel. The force between neigh-
bouring cells F', defined by (5.5), is plotted against the intercellular distance d;;. Cen-
tral panel. The nonlinear diffusion coefficient D, defined by (5.6), is plotted against
the cell density p;. Right panel. The cell pressure P}, defined by (5.7)), is plotted against
the cell density p;. The parameter values are as in (5.9) and 1, = 0.5 x 1072 kgs™ .
The values of d;; and p; are nondimensionalised by d*? and p®l, respectively.

Inserting the latter expression for F' (1/p;) into the definition (2.20]) of the nonlinear diffusion coefficient
Di(pr) yields

~ Bag (p°1 = p1)? + 2az (p°L = py) pr P + a1 (p1 p°)°
(5.6) Dy(p1) = m (p°)* pf

0 if py < p*,

if pr > p,

from which, using ([@.J]), we obtain the following barotropic relation for the cell pressure P
1 (651 20&2 30[3 .
o (G e ) Rz
(5.7) Pip) = { M P
0 if o < pta.

In (5.7), the term P! is an integration constant such that P;(p®4) = 0 and
(5.8) o1 =ay (p°? = 2a2p°d + 3as,  az = ag (p°9)* — 3azp, g = as (p°)?.

Numerical simulations were performed using parameter values chosen in agreement with those used
in [20], that is,

(5.9) E =300Pa, v=04, ~=C(CkgT, R=7.5x10%m,

where ¢ = 10" m? is the density of cell-cell adhesion molecules in the cell membrane, kp is the
Boltzmann constant and 7" = 298 K is an absolute temperature. Figure [I displays the plots of the
force ' between neighbouring cells, the nonlinear diffusion coefficient D;, and the cell pressure P,
obtained using the parameter values given by (5.9]).

We let the cell damping coefficients of population A be n4 = 0.5 x 1072kgs™!, and considered
the cases where n4 = np or ngp = 214 or ng = 0.5n4. Moreover, for the cell proliferation term we
assumed

) ) , 4, 1
9(1/pa) = H(1/pa =1/p") and Glpa) = aH(p" = pa), with pM=2p" and a=,

1

where H is a smooth approximation to the Heaviside function.

To construct numerical solutions, the free-boundary problem (ZI8), (219) and (2.22]) was trans-
formed to a Lagrangian reference frame and the method of lines was employed to solve the resultant
equations. The resulting system of ordinary differential equations, as well as the ordinary differential
equations (2.4) and (Z.3) of the individual-based model, were numerically solved using the MATLAB
routine ODE15S.

The plots in Figures show sample dynamics of the cell density p defined as

pa(t,x), ifx<si(t),

(5.10) p(t,x) =
pp(t,x), if z > s1(t),



22 T. LORENZI, P.J. MURRAY, M. PTASHNYK

t=0 t=9 t =18
2.00 2.00 2.00
1.75 1175 1175
1.50 1 150 | 150
QL QL Q 1
1,25 s—— 1125 '\ | T 1.25 ""\
1.00 1 1.00 1 1.00
0.75 ! 075 | 075
0 60 120 0 60 120 0 60 120
X X X
t =27 t =36 t =45
2.00 2.00 2.00
1.75 1175 1175
1.50 1 150 | 150
QL 1 QU 1 Q ]
1.25 —"—'\ 1 7125 ™ 1 7125 ~
1.00 1 1.00 1 1.00
0.75 ! 075 | 075
0 60 120 0 60 120 0 60 120
Xz X X

FIGURE 2. Comparison between the free-boundary problem and the individual-based
model for ng = np. The cell density, p(t,x), given by (BEI0) is plotted against z for
increasing values of t. The cell densities p4 and pp are either numerical solutions of
the free-boundary problem (black lines) or approximate cell densities computed from
simulation results for the individual-based model using (5.4]) (red markers). The values
of x are nondimensionalised by d°?, while the values of p are nondimensionalised by

pea.

with p4 and pp being either numerical solutions of the free-boundary problem (2.I8]), (2.19]), (222
(black lines) or approximate cell densities computed from numerical solutions of the individual-based
model (23)-(2Z5) using (5.4) (red markers). In agreement with the results established in Theorem [A.T]
we observe the emergence of travelling-wave solutions, whereby the positions of the inner free boundary
s1(t) and the outer free boundary so(t) move at the same constant speed, and the cell densities p4
and pp are monotonically decreasing.

Moreover, p is continuous at s; if n4 = np, cf. the plots in Figure Bl whereas it has a jump
discontinuity at s; both for n4 < np and for n4 > np. The sign of the jump p(s]) — p(s]) satisfies
condition (AI4]), cf. the plots in Figures Bl and [ and, once that the travelling-wave is formed, the
size of the jump is constant and such that the transmission condition ([£9)3 is met, see Supplementary
Figure[B.I(a). As shown by these plots, there is an excellent match between the numerical solutions of
the free-boundary problem and the computational simulation results for the individual-based model.

6. DISCUSSION

We presented an off-lattice individual-based model that describes the dynamics of two contiguous
cell populations with different proliferative and mechanical characteristics.

We formally showed that this discrete model can be represented in the continuum limit as a free-
boundary problem for the cell densities. We proved an existence result for the free-boundary problem
and constructed travelling-wave solutions. We performed numerical simulations in the case where
the cellular interaction forces are described by the celebrated JKR model of elastic contact, and
we found excellent agreement between the computational simulation results for the individual-based
model, the numerical solutions of the corresponding free-boundary problem and the travelling-wave
analysis. Taken together, the results of numerical simulations demonstrate that the solutions of the
free-boundary problem faithfully capture the qualitative and quantitative properties of the outcomes
of the off-lattice individual-based model.

In this paper, we focussed on a one-dimensional scenario where the two cell populations do not
mix. It would be interesting to extend the individual-based mechanical model presented here, and the
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FI1GURE 3. Comparison between the free-boundary problem and the individual-based
model for na < np. The cell density, p(t,z), given by (B.I0), is plotted against z for
increasing values of t. The cell densities p4 and pp are either numerical solutions of
the free-boundary problem (black lines) or approximate cell densities computed from
simulation results for the individual-based model using (5.4)) (red markers). The values
of x are nondimensionalised by d°?, while the values of p are nondimensionalised by

pea.

FiGURE 4. Comparison between the free-boundary problem and the individual-based
model for n4a > np. The cell density p(t,x), given by (5.10), is plotted against z for
increasing values of t. The cell densities p4 and pp are either numerical solutions of
the free-boundary problem (black lines) or approximate cell densities computed from
simulation results for the individual-based model using (5.4)) (red markers). The values
of z are nondimensionalised by d®?, while the values of p are nondimensionalised by

poe.
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related formal method of derivation of the corresponding continuum model as well, to more realistic
two-dimensional cases whereby spatial mixing between the two cell populations can occur. In this
regard, an additional development of our study would be to formulate probabilistic discrete mechanical
models of interacting cell populations and, using asymptotic methods analogous to those employed,
for instance, in [11) 24] [38, 9], to perform a rigorous derivation of their continuum counterparts.
These are all lines of research that we will be pursuing in the near future.
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APPENDIX A. APPROXIMATE REPRESENTATION OF THE JKR FORCE LAW

The nonlinear function F/X%(d;;) that gives the JKR force law between the it" cell and the j*
cell, with centres at distance d;;, is implicitly defined by the following formulas [20]

@
0ij = R.:
(A.1) i
3R;;
aj; = af; (FRT) = Ez], {F{]]'KR + 3TV Ri; + \/ Gy R K + (37T7Rij)2J :

where
R'=R7'+R;', dij=Ri+Rj—0; and Ej'=(1-v))E "+ (1-v})E; "

In the formulas (A.]]), the parameter v models the strength of cell-cell adhesion, R; stands for the
radius of the i** cell, E; is the Young’s modulus of the it" cell, and v; denotes the Poisson’s ratio of
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the " cell. Analogous considerations hold for the parameters of the j* cell. Moreover, 0;; is the sum
of the deformations undergone by the i*" cell and the j** cell.

As the computational cost of numerical simulations carried out by solving implicitly for F/K R(dw)
is prohibitive, we derive an approximate representation of this function based on a third degree poly-
nomial of the form

(A.2) FIRR(dy) m F(dij) = o (dij — d5)° + a¥f (di; — &) + af (diy — d59),
with

1
(A.3) af = F(d) d o = SF/(d5) (@)%, af = 6F”’(deq) (d)°*.

In the above equations, di ; denotes the equilibrium distance between the centres of cell ¢ and cell j
(i.e. the distance d;; such that F'(d;;) = 0 for all d;; > df]q)

With this goal in mind, we look for explicit expressions of dj}', F'(d;}), F"(d;}') and F"(d;}') in
terms of the cell radii and the mechanical parameters of the cells. In the rest of this appendix we will
use the abridged notation Fj; for F(d;;).

Expression for deq The equilibrium distance deq can be directly computed from the formulas (A.T]).

In fact, choosing dzj = dy and using the fact that F(d}') = 0, from the second formula in (A.) we
obtain

2
a‘?’»(O = %
Substituting this expression into the first formula in (AJ]) yields
e _ 31/3(9777)2/3 31/321/3(777)2/331,1]/3 1 (77)2/3 (6 R;) /3
j 22/3Ei2j/3 EZ/B 9 EZ2]/3

and noting that dqu =R+ Rj — 55]9 we find the equilibrium distance dqu.
Expression for F’ (df]q) We substitute the second formula in (A.J]) into the first formula to obtain
2/3 1/2 1/6
() merm—dg = () - () (BB e,
where
[(Fij) =Fj +a+ V2a Fij +a/2 with o= 371yR.
Differentiating f with respect to Fj; yields

V2« 1 V2« 1

/ E — 1 + , " F@ — _
) 2 Fij+al2 FE) 4 (Fij + f2)3/?
and
3V 2« 1
f,”(Fij) = 52
8 (Fij+a/2)
Hence, for d;; = df? we have
(A5) O =2 =6mR [O) =2 [(0) =~ =~ () = S = —
’ ’ ’ a 3myRi;’ a?  (3myRij)?
Differentiating both sides of (A.4]) with respect to d;; we find

2

L= (A -

SUEN ] 7))

where

oL <3Rij>2/3 3 1 B (2777)1/2 <3Rij>1/6 _ (6Ry)S ()"
R \ 4E;; 2 (6R,;)1/3 Eizj/_s’ E;; 4E;; B3

v

Rearranging terms in the latter equation yields

2 B

Fly =~ (f'(Fy)) " [A§<f<ﬂj)>1/3 - g<f<ﬂj>>5/ﬂ

-1
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and, therefore, for d;; = d?f we have

P = = (o)™ 43000 - Z o)

Finally, noting that

2 B _ B 6
AZTO)0 — E0) | = Bory B
we find
o 3
(A.6) F'(d7) = —g(GRz‘jEij)2/3-

Expression for F"” (dqu) Differentiating twice both sides of (A.4]) with respect to d;; yields

0 = [AGUE) T = G ) (F) + FF)

2 5B

+ a2+ )] (EE)*

Rearranging terms in the latter equation gives
-1 2 2 31,2 _ b _
= —(f'(Fy)  1"(Fy) (F;)" = (F(Fy)” (F)) [A§f(Fij) 48 B%f(Fij) 11/6} .
Hence, choosing d;; = d;;' and using the fact that F'(d;;)) = 0 along with the expressions (A.H) for
1/(0) and f”(0), we find

(A7) F”(dfj‘) % <F’(deq)) —4 (F/(d?]g)>3 [Agf(o)_4/3 _ B;—ﬁf(O)_H/G} ‘

Noting that [cf. the expression of f(0) in (A5)]

7 1

36 (6R; .)5/3Ez?j/3(ﬂ7)4/3
and inserting the expression (AG) of F'(d;}) into (A1) yields

2 n=4/3 0 pn_11/6
A9f(0) B36f(0) =

4/3 \1/3
9 27 7 66 ;" (61;;)

F'd) = = +4=—— ) (6R;; E;;)*/? 23 L 66 By BHy) T

(i) (25Jr 12536>( i) ) Ry = 125 (7)1/3

Expression for F"(d;}'). Differentiating thrice both sides of (A.4) with respect to d;; yields

S 1) | [£708) (F5)° + 31 (o) o + 1)

0 = [AGsE e
L R R P LA TG AR

8 _ 59 / /
+ [A2—7f(sz) i — Boa /()" 17/6} (f'(Fy)F)°.

Rearranging terms in the latter equation we obtain
24 4+ BB _u 2
ry = {35t = SR8 By [ () + 1) )
8A 7 5B _ar 2 3 2 1
- (5ot = S ¥ () () [ a3sm) -
-1
— (1"(Fy) (F) + 3" (Fy) Pl ) (' (Fy)
Hence, choosing d;; = d;j and using the fact that F(d;}') = 0, along with the expression (A7) for
F"(d;') and the expressmns (AR for £/(0), f”(0) and f” (0), we find

3

(A.8) P = 803 (F(@)) + (8(]2 - gcl> () - s s (Pan)’
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where
2 5B 7 1
G = [A—f(or“/?’——f(or“/ﬁ]=— :
9 36 36 EZ/3(6R1']’)5/3(7T’7)4/3
48 73 99 L 176
Co = Ag-f(0) Byref0)

= L (6Rym) T 8 <§>2/3 55 (6Rij)"/6 () '/2
27 "

R;j/3Efj/3 8 E2/3(6R ) 1/2

41 1

216 —2/3 :

216 Eij/ (6Ry;)8/3(mv)7/3

Finally, inserting the expression (A.6]) for F’ ’(dqu) into (A.8) we obtain

1254 E};
3125 1y

F/// (deq)

Expressions for d alj , a2 and a3 Taken together the results from above give

1 () (6Fy) "
eq _ p. R J
4 = Ri+ By — g
ij

3 e € 3 ©
af = dij F'(di})) = _E(GRijEz‘j)Q/g(m)l/g dij,

A9
(4.9) 33 E4/3(6Rij)1/3

L (di})?
125 (my)1/3 i)
209 E
6 3125 7y

Approximate representation of F/X R(dij) used to perform numerical simulations. To perform numer-
ical simulations, we assumed that all cells have the same radius R, Young’s modulus F and Poisson’s
ratio v, i.e.

a’2 - F”(deq) (dz] )2 =

F///(deq) (deq) (deq)?,.

a3:

Ri=R, E;=F and vyy=v foralli=1,...,n
Under these assumptions, we have that

R ~ E .
RZ]ZE and EZ]:E:m forallz,]:L...,n,

and the approximate representation of the JKR force law given by (A2]) and (A.9) reads as
(AlO) FJKR(dij) ~ ag(dij — deq)3 + ag(dij — deq)Z + al(dij - deq) for all ’L',j = 1, B N
with

1 2/3(3R)L/3 3 5

ded — 9R _ _w’ a1 = —2(3RE)/3(my)/3d°1,

2 E2/3 )

(A.11)

33 EY3(3R)Y/3 209 E?

_ e = A\ eq )2 3
@ =155 s @) 8= g (@
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APPENDIX B. SUPPLEMENTARY FIGURE
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F1GURE B.1. (a) Plot of pa(t,s1(t)) — pp(t,s1(t)) against ¢ in the case where ng < np

(orange line), which corresponds to Figure Bl and in the case where n4 > np (blue

line), which corresponds to Figure d (b) Plot of max(|0,pal) (blue) and max(|0,pg|)
xT x

(orange) against t in the case where ng < np, which corresponds to Figure Bl (¢) Plot
of max(|0;p4|) (blue) and max(|0,pp|) (orange) against ¢ in the case where ng > np,
xT x

which corresponds to Figure dl See Figures [Bl and @ for further details.



