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SHARP [? ESTIMATES FOR SCHRODINGER GROUPS ON
SPACES OF HOMOGENEOUS TYPE

THE ANH BUI, PIERO D’ANCONA, AND FABIO NICOLA

ABSTRACT. We prove an LP estimate

le™ (L) fllp S (L +1ED*Nflles  tER,  s=n

2 p
for the Schrodinger group generated by a semibounded, selfadjoint oper-
ator L on a metric measure space X of homogeneous type (where n is the

1 1 ‘

doubling dimension of X). The assumptions on L are a mild L — LPo
smoothing estimate and a mild L? — L? off-diagonal estimate for the
corresponding heat kernel e “*F. The estimate is uniform for ¢ varying in
bounded sets of .(R), or more generally of a suitable weighted Sobolev
space.

We also prove, under slightly stronger assumptions on L, that the
estimate extends to

le™  oOL) flly S L+ 07 [t fllo,  0>0, tER,

with uniformity also for 6 varying in bounded subsets of (0, +o0). For
nonnegative operators uniformity holds for all 8 > 0.

1. INTRODUCTION

Bounds in L? for the Schrodinger group e®® have applications in har-
monic analysis and to nonlinear dispersive equations. The group itself is
not bounded in LP for p # 2, but (1 — A)~*e*2 is LP bounded for s suffi-
ciently large. A sharp estimate can be written if one introduces a frequency
cutoff p € CX(R™): forall 1 <p < oo, k€ Z,t R, we have

(1) e (=) flee S L+ 22Xt o, s=n

see [4], [27], [19].

This result can be regarded as an elementary example of LP estimates
with loss of derivatives for FIOs, in the spirit of [25]. However, our goal here
is to extend (1) in a different direction, namely, to Schrédinger groups e
generated by a semibounded, selfadjoint operator L on a metric measure
space X endowed with a doubling measure. This framework covers a large
variety of situations which go far beyond the classical FIO setting.

Many properties of L and functions of L can be deduced from suitable
estimates on the corresponding heat kernel e **. A common assumption in
the euclidean case (see [16], [14]) is the Gaussian upper estimate

e ()l ST exp (= b(E e —y) 7). 4> 0, 2y € R
1



2 THE ANH BUI, PIERO D’ANCONA, AND FABIO NICOLA

for some b > 0, m > 1. This includes Schrodinger operators perturbed with
an electromagnetic potential (in this case m = 2: see [5], [6] for some appli-
cations), and fractional Laplacians (—A)™/2 with m even. Note that these
operators are already outside the reach of the classical theory of singular
operators.

In order to include more general operators, one can weaken the assump-
tions on the heat kernel. In [12] we proposed, in the euclidean case, to
replace the Gaussian upper estimate with a weak LP0 — LPo smoothing es-
timate on dyadic cubes, and an even weaker off-diagonal L? — L? algebraic
decay (see (4), (5) below). These conditions are much more inclusive, as
discussed in Remark 1.1 below, but they still allow to recover the estimate
(1) at least in the restricted range p € [po, pj)-

Here we study the more general situation of metric measure spaces of
homogeneous type. More precisely, in the following we shall assume that
(X,d, ) is a metric space with distance d, equipped with a nonnegative
Borel measure p which satisfies the doubling property: there exists a constant
c1 > 0 such that

(2) w(B(z,2r)) < cip(B(z,r))

for all z € X and r > 0, where B(x,r) is the open ball of radius r and center
x. We recall that the doubling property (2) implies the existence of C' > 0
and n > 0 such that

w(B(z, Ar)) < CX"u(B(z, 1)), VA > 0.

We shall also assume that X satisfies a reverse doubling condition: there
exist k € [0,n] and C' > 0 such that for all x € X, 0 < r < diam(X)/2 and
1 < X < diam(X)/(2r), one has

3) CA"u(B(z, 7)) < u(B(z, Ar))

where diam(X) = sup, ,ex d(7,y). Note that the reverse doubling condition
is always satisfied with x = 0, thus (3) is restrictive only when x € (0,n].

It was proved in [8] that it is always possible, for each v € Z, to define
an almost covering D, of open sets, with diameter ~ 27 which are called
dyadic cubes and enjoy properties very similar to the standard dyadic cubes
in R™; see Lemma 2.1 below for precise definitions and more details.

In this setting, we consider an operator L on L?(X) satisfying the following
assumption, where 1¢ denotes the characteristic function of the cube Q:

Assumption (Lo): L is a selfadjoint operator on L?(X) with L + My > 0
for some constant My > 0, satisfying the following estimate. There exist
po € [1,2), mi,mg > 0 and C > 0 such that for all ¢t > 0 and v € Z with
either 277 < t1/m <« 277+l <t < 1lor 277 < tV/m2 < 277+l ¢ > 1 we
have

£ g

(4)

D ge™ 1gillpsa + Y [oe™ 1gillamy < CeM™U (I} +127)2 w
QeD, QeD,
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for all Q/ € D,, where t~1 =1 1(17+OO)<LL) and t<1=1- 1(_0071} (t), and
(5)

sup > (1+2dist(Q, Q)Y [1ge Flg oz < CeMt, N = [n/2]+1.
Q€D e,

Remark 1.1. The previous assumptions include of course the typical Gauss-
ian upper estimates for Schrodinger operators on R™. Indeed, in the particu-
lar case m1 = mgy = m, condition (5) is a direct consequence of the following
estimate

(6) o
S S ) (me1

110 tmye g m gy < CEMO (Bl £1/m))70 56 excp (AT 0 Y,
for all ¢ > 0, and all z,y € X. Note that the presence of an exponentially
growing factor eMo? allows to include some interesting cases like non—positive
Schrodinger operators —A + V(x), see [26].

However, the converse implication may be false. An example is given by
the fractional Laplacian L = (—A)% « > 0. It was proved in [12] that for
a > |n/2] 4+ 1, L satisfies (4) and (5) for po = 1 and m = 2a, but not (6).

Moreover, the estimate (6) does not imply the condition (4). However, if
we assume in addition that (X, d, ) satisfies the non-collapsing condition

(7) u(B(z,1)) 2 1, Ve eX,
then (4) is a consequence of (6).

Then we can prove:

Theorem 1.1. Assume L satisfies (Lg). Let p € [po,py] and s =n ‘% - %‘
Then the estimate

le™ (L) fllp S X+ [ED°Nfllp,  teR
holds uniformly for ¢ in bounded subsets of .7 (R).
Remark 1.2. The previous result is still valid for functions ¢ of Sobolev

regularity. More precisely, the estimate is true and uniform in ¢ provided
the following norm

(8) > D ()| .

j<n+1
remains bounded. This condition is not sharp; see Remark 2.2 for further
details.

We now examine a few directions in which one can relax the assumptions
of Theorem 1.1. In order to do this we introduce some definitions. The
amalgam space Xi’p, with 1 < p < oo and v € Z, is the space of measurable
functions on X such that the following norm is finite:

9) 1£llxe = > Il
QeD,

Moreover, we say that w : X x X — R is a weight function if it is equivalent
to the distance function, in the sense that

(10) Kq'ld(z,y) < |w(z,y)| < Kod(z,y)
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for some constant Ky > 0. Denoting by w, the multiplication operator
by the function w(x,-), for any linear operator 7' on L?(X), we define its
commutators of order k with the weight w as follows:

AT =1, AdNT) = [w,,T),  AdE(T) = fw,, AdS(T)]

In view of the applications, we shall also consider a more general kind of

vector valued weight functions w = (wy, ..., we) : X x X — R, defined again
by condition (10) (where now |w| = (w?+---+w2)/2). In the vector valued
case Adg(T) will denote the /—tuple of commutators with w1, ..., wy, that
is to say we define for j =1,...,¢

Ad) (T) =1, Ad; ,(T) = [wj, TY, Adjf;l(T) = [w; 4, AdX(T)].

(where w; , is multiplication by w;(z, -)) and Ad%(T) := (Ad'fvm(T), Cee Adlzx (1)).
Note that the simplest choice of a weight satisfying (10) is given by the dis-
tance function itself, with £ = 1.

We can now state our second set of assumptions on L:

Assumption (L): L is a selfadjoint operator on L?(X) with L + My > 0
for some constant My > 0, satisfying the following estimates. There exist
po € [1,2), mi,mg > 0 and C' > 0 such that for all ¢ > 0 and v € Z with
either 277 < t1/m < 27"+l <t < 1or 277 < tV/m2 < 27l ¢ > 1 we
have

1

n_ K
—tL —tL M, Sl
(A1) e oy + e 0 ys gy < CMHI] +225)7
v v

where t51 =t - 1(1 4o)(t) and t<1 =t - 1_ )(t). Moreover, there exists
a weight function w(z,y) and a constant M; > M such that the resolvent
R(2) = (L + z)~! satisfies, for all z € X,

(12) JAQSR(M)) 202 < C 0< k< [n/j2] +1.

Remark 1.3. The reason why condition (12) is interesting, besides being
much weaker than (5), is that it is very easy to check directly for differ-
ential operators, and even some pseudodifferential ones, in the euclidean
setting. Indeed, by elementary computations one can write Ad*(R) as a
linear combination of terms

(13) RAdY(L) R Ad¥(L) ...RAd™V(L) R
with & > k;, N > 1 and k1 + --- + ky = k. Then, if we choose as weight
function w(z,y) = x —y : R?® — R" (with the choice £ = n) and L is a
magnetic Schrodinger operator
L= (iV+A()?+V(x),
with magnetic potential A = (Ay,...,A,) and electric potential V(x), we
have
AdL(D) =2V +2i4,  Adi(L) = (2,...,2)
and '
AdJ(L) =0 for j > 2.
The vector of operators Ad%(L)R is obviously bounded on L?; since R is
also bounded from L?(R") to H'(R"), if the magnetic potential satisfies

IAfllL2 S [[f g



SHARP LP ESTIMATES FOR SCHRODINGER GROUPS 5

then also AdL(L)R is bounded on L? and condition (L) is satisfied. For
instance, in dimension n > 3 it is sufficient to assume that |A] < C+C|z|™,
thanks to Hardy’s inequality.

Then we can prove:

Theorem 1.2. Assume L satisfies (L). Let p € [po,pp] and let s = n‘%f%‘
Then the estimate

le™ (L) fllp S A+ DI fllps  tER
holds uniformly for ¢ in bounded subsets of .7 (R).

Remark 1.4. Comparing the two sets of assumptions we see that
Assumption (Lp) == Assumption (L).
Indeed, the implication
condition (4) = condition (11)
is obviously true. On the other hand, one has
condition (5) = condition (12), with w(z,y) = d(z,y),

but this is more delicate and will be proved in Propositions 2.4 and 2.5
below.

One notices that estimate (1) for the standard Laplacian is uniform also
for rescaling in frequency ~ 2%, k € Z. This is a direct consequence of the
scaling properties of R"™ and its Lebesgue measure, which are not available
on a general metric measure space X. Uniformity in frequency is an impor-
tant property, especially useful when doing dyadic analysis on Sobolev or
Besov spaces generated by the operator L. We can recover uniformity under
slightly stronger assumptions on the operator L:

Assumption (L;): L is a selfadjoint operator on L?(X), with L+ My > 0

for some constant My > 0, satisfying condition (11) with m; = mg =m > 0.

Moreover, there exists a weight function w(z,y) such that the resolvent

R(2) = (L + z)7! satisfies, for all 0 < j < |n/2]| + 1,

(14)  JAZ(R(M))|lams2 < C(M — Mo)™ ", YM > My, z € X.

Remark 1.5. Note that when m; = mo the following implication holds:
Assumption (Lp) == Assumption (L;) (with w(z,y) = d(z,v))

(compare with Remark 1.4). This is proved in Propositions 2.4 and 2.5
below.

Under this assumption we can prove:

Theorem 1.3. Assume L satisfies Assumption (L1). Let p € [po,p}) and

letSZn‘% - %‘ Then we have

e 0L flly S L+ 071l ¢ ER

and the estimate is uniform for ¢ in bounded subsets of ./ (R) and 6 in
bounded subsets of (0,+00). In the special case when k =n and My = 0 the
estimate is uniform for all 6 > 0.
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Remark 1.6. Like for Theorems 1.1 and 1.2, the previous estimate is valid
and uniform in the more general case of functions ¢ varying in any bounded
subset for the weighted Sobolev norm (8).

As an intermediate step in the proof of the previous Theorems, we obtain
uniform LP estimates for operators of the form ¢(L) which are of indepen-
dent interest, see Theorem 2.12. (This result can be recovered from the
statement of Theorem 1.3 choosing t = 0).

Our results are based on a commutator argument and a reduction to amal-
gam spaces, following the methods of Jensen-Nakamura [17]. The adapta-
tion of the argument from [17] to a multi-scale setting was introduced in
[12] and was inspired by the ideas of [29]. Moreover, our approach can be
adapted to study the LP-boundedness for Schrodinger group on an open
subset of the space of homoegeneous type X.

We finally consider a selfadjoint operator L on L?(Q), where €2 is an open
subset of X. This case can not be reduced to the previous results since {2 may
not satisfy the doubling condition. However, if we assume that L 4+ My > 0
for some My > 0 and the kernel p;(z,y) of heat semigroup e~ satisfies the
following estimate: 3C' > 0, m > 1 such that

CeMot d(zc’y)m/(m—l))

(15) Ipt(z,y)| < 2(B(x, i1/my) &P ( T /e

for all t > 0 and x,y € €, then we can prove:

Theorem 1.4. Let L be a nonnegative self-adjoint operator on L*(§)), where

Q is an open subset of X. Assume that L satisfies (15). Let p € [1,00] and

let s = n‘l - %‘ Then we have

2
e (O F i) S L+ 0D Fliny, tER

and the estimate is uniform for ¢ in bounded subsets of ./ (R) and 0 in
bounded subsets of (0,4+00). In the special case k = n and My = 0 the
estimate is uniform for all 8 > 0.

The proofs of the Theorems, and some additional estimates, are given in
the next section. The third, and final, section of the paper is devoted to
an extensive list of applications: we consider Laplace—Beltrami operators
on Riemannian manifolds with or without Gaussian heat kernel bounds;
the operator associated to the Sierpinski gasket; Hormander type opera-
tors generated by vector fields on homogeneous groups; Bessel operators;
Schrodinger operators with potentials on manifolds; euclidean Schrodinger
operators with singular potentials of inverse square type; the sub-Laplacian
on Heisenberg groups; and Dirichlet Laplacian on Lipschitz domains. The
list is not exhaustive and is intended to show the variety of possible appli-
cations and the generality of Assumption (L).

2. PROOF OF THE THEOREMS

With the notation V' (z,7) = u(B(x,r)), the doubling property (2) implies
the existence of C' > 0 and n > 0 such that

(16) V(z,Ar) < CAN"V(x,r), YA>0, zeX,
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and

17 V(er) < 0(1 +

d n
(:L’,y)) V(y,r), Vr >0, z,y € X.
r
As a consequence of (17), we have V(x,r) ~ V(y,r) when d(z,y) <r.
We recall the fundamental covering lemma from [8]:

Lemma 2.1. There exists a collection of open sets {QF C X : k € Z, 1 € I},
where Iy, denotes certain (possibly finite) index sets depending on k, and
constants p € (0,1) ¢ € (0,1] and Cp,Cy € (0,00) such that

(i) w(X\ Uy QF) =0 for all k € Z;

(i) if ¢ > k and T € Iy, B € Iy, then either Q% C Qg or Q4 N Qg =0;
(i11) for k € Z, 7 € I, and each £ < k, there exists a unique 7" € Iy such

that Q% C Q%;
(iv) the diameters of the sets satisfy diam (QF) < CypF;
(v) for k € Z, T € Ij; there exists Tor € X such that

B(xQﬁv Copk) C Qf— - B(xQﬁ’ Cﬁpk)

Remark 2.1. (a) The constants p, ¢y and C are inessential for our purposes,
thus, without loss of generality, we may assume that p = a9 = 1/2 and
Co = 1. We then fix a collection of open sets in Lemma 2.1 and denote this
collection by D. We call these open sets the dyadic cubes in X and Tk the
center of the cube QF. We also write D, := {QY : 7 € I,)} for each v € Z.
We have then (¢ := diam @) ~ 27" for all Q € D,,.

(b) From the doubling property (16), there exists a constant C' such that
for any # € X and k € N there are at most C2*" dyadic cubes in Dy which
cover the ball B(z,2%).

2.1. Amalgam spaces. For 1 < p,q < oo and v € Z, we define the space
XD? as the vector space of all measurable functions f : X — C such that
the following norm is finite:

/
(18) 1 fllxge = ( > ”Jt”lﬂz(cz))1 !
QeD,

with the usual modification when p = co. We also write XP7 = X9,
The following embedding holds:

Proposition 2.2. For 1 <p <g <00 and v € Z we have
Cun(i_1
1 lxna < C (1427670 1) xpa

where C' depends only on the constant ¢y in the doubling property (2).

Proof. The proof of this proposition is elementary and we leave it to the
reader. O

Recall that AdZ(T) denotes the j-th order commutator of an operator T
with the weight function w,(-) = w(x,-), w: X x X — R, satisfying (10).
Theorem 2.3. Let T be a bounded operator on L?(X). Assume that for
some constant By > 1 one has

|Ad¥(T)|ae < BY  forall 0<k<|n/2]+1 andall zcX.
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Then for 1 < p <2 we have

1T | xp2s xp2 < CBYHP7YP
where C is a constant depending only on n, ||T|2—2 and Ky (from (10)).
Proof. We first note that the L?-boundedness of T implies

HT||X3(’)2—>X362 <.

Hence, by interpolation it suffices to prove that

1T x12x12 < 033/2.

To prove this, let w = (wy,...,w;) be the weight function and recall that
Adﬁz(T) denotes the commutator of order k& with multiplication by w; , :=
w;(z,-). We use a combinatorial identity from [17, Lemma 3.1] and we write

m
(19) wi T =Y empAdi (DwF,  j=1,....¢
k=0
where ¢, ) are appropriate constants. Denote also by d. the multiplication

operator by d(z,-). Then, we have for every zg with @ € Dy and N,m € N
with 0 <m < N < [n/2] +1,

m
g " TIL + dag] NIz < D ekl A} o (T)llzs2 w5 F L+ dag] |22

1:XQ
k=0
< CBy'

since |w;| is dominated by d. Summing over j = 1,..., ¢ and recalling (10)
we obtain, for 0 < N < |n/2] 4+ 1,
(20 00+ VT + g, < OB
This implies
(21) ‘ d;VQTlQH < CBY, vQ e Dy.

2—2

Let f € X12. For each cube Q, write fo = f1g. Then we have
ITfllxrz= " IoTfla< D> Y leTlole
Q'€Do QeDy Q'€Do

Let now o > 1 be a constant which will be precised later. For each Q € Dy
we can write

(22) S o Tiqle=1+11
Q'eDo
where
I= Y d(mg ) Vd(zg,x) N lg T foll2,

Q"d(zq.xgr)>a
= % |1eTfels
Q"d(zq,rgr)<a
On the other hand, by Remark 2.1 we get

(23) #H{Q" € Do : d(zg,zg) < a} S a™
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This, in combination with Holder’s inequality, implies that

m<( > 1)1/2( >, ||1QfoQH%)1/2

Q"d(zq,zgr)<a Q"d(zq,zgr)<a
S a"||T fqllz
< a"||T |22 folla:

Similarly,

/ /
1< ( Z d(CCQ,:CQ/)sz)l 2( Z d(l’Q:xQ’)QNHlQ’Tang)l i

Q":d(zg ,mQ/)za Q’:d(mQ,zQ/)Za

o\ 1/2
S0 dagag)™) Tlde.a) Tl
Q"d(zq,zgr) >

which along with (21) and (23) yields
IS a 2By fql)2

provided that N > n/2.
Inserting the estimates of I and 17 into (22) and taking o = By, we obtain

> g Tfolle S (L+1T]2-2) - BE I fqlla-
Q'€Do

Therefore,

ITfllxr2 S (L + T ll2—2) - B 1 fll e
On the other hand, since T is bounded on L?, we have

ITflix22 S (I Tll2-2ll fllx22-

Interpolating between the two estimates we get the claim. O

We conclude this section by proving that assumption (5) implies (12) and
(14), as stated in the Introduction.

Proposition 2.4. Let the weight function be w(zx,y) = d(z,y). Assume that
L is a self-adjoint operator in L*(X) with L + My > 0 for some My € R,
satisfying the following condition: there exist py € [1,2), mi,mg > 0 and
C > 0 such that for allt > 0 and v € Z with either 27" < tl/m < 2—vFl 0 <
t<1or2" <tt/m2 <2 v+l ¢+ > 1 we have
(24)

sup Z (1+27dist(Q, @)V [ 1ge g |lase < CeMt, N = |n/2] +1.
Q'€Dv gen,
Then there exist Ch > 0 such that for all t and v as above we have
(25) [AdE(e7 ) ||ame < CreMole 0 <k < |n/2]+1, wzeX.

Proof. By considering the nonnegative operator L = L + M, instead of L,
we see that we can assume My = 0. If py(z,y) is the kernel of the heat
semigroup e *£ we obtain the representation

A (et f(z) = / (da (@) — da () pe(e, 9) f (9)duly)

X
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and our goal is to prove that the operator

Af(x) = 2 /x (da(2) — da () pele, 9) £ (9) duly)

for 0 <t <1and 2% < ¢/m < 27v+L or for ¢ > 1 and 277 < tV/m2 <
27vFL satisfies ||Alj2—2 < C with C independent of v.
We shall now prove the estimate

(26) sup Y [[1gALgflase < Cy
QIEDV Q€®y
with constants independent of v. This implies the dual estimate
sup Z ”1Q’A1QH2—>2 < Cl
Q'€Dv gen,
and by the Schur test for sequences the two estimates together imply that
A is bounded on XP? with norm not larger than Cq, for all p € [1,00] and

all v € Z. Since L2 = XE’Q for all v € Z, this concludes the proof.
It remains to prove (26). We write the kernel of 19 Al as

1gAlg (z,y) = 2"%(d.(z) — d-(y)) "1 (2)pi(z, y) 10 (y)
and we use the estimate
|d.(z) — d.(y)| < d(zq,zq) + d(z,2q) +d(y,zq), € Q, y€ Q'
where @ C B(zg,27") and Q' C B(zg,27") according to Remark 2.1. We

now expand

[1oAlg (z,y)| < w; . e (2d(zq, 1)) (2" d(w, )1 (@)pi (2, y) g () (27 d(y, z))"-

We have trivially
(2 d(x,29)) 1glla—2 < C [[(2d(y, z¢1)) 1glla—2 < C,
and recalling assumption (24) we see that the proof is concluded. O

From condition (25) it is fairly easy to deduce (12), thus concluding the
proof of the implication (5) = (12), (14).

Proposition 2.5. Let the weight function be w(x,y) = d(x,y). Assume L
satisfies (25) and L+ Moy > 0. Then for all M > My we have, for all z € X
and 0 < k < |n/2| +1,

_k_ T
27)  JAQE(L 4+ M) Y[lame S (M — M) ™m0 + (M — Mp) ™ 2

with a constant independent of z, M .
Proof. By spectral calculus we can represent R = (M + L)~! in the form
—tL
R=(M+L)"'=["e Mte—tLqy
which implies
AdS(R) = ;7 e MAdL (e7tE)at.

By assumption (25), since 277 o~ £ fort < LTand 2% ~ /™ for t > 1,
we obtain

”Adk( o2 S fo —M)tik/m2qy 4 f+°° e(Mo—M)tk/m1 gt

and the claim follows easily. O



SHARP LP ESTIMATES FOR SCHRODINGER GROUPS 11

2.2. Estimates for the heat semigroup. The following result gives an
estimate for the semigroups e~** on almagam spaces which plays an impor-
tant role in the sequel.

Proposition 2.6. For every t > 0 we have

_n_ _1
” 7thHLPO~>Xp02 <C€Mot(t ml(po 2)—|—t mo (po 2))

where C depends only on the constants C in assumption (11) and ¢ in (2).

Proof. By redefining L=L+ My, we see that it is not restrictive to assume
My = 0. Now fix v € Z and t > 0 such that either 277 < t¥/™ < 27v+1 o <
t<lor2¥ <tl/m < 27v+l ¢ > 1. By assumption (11), using duality we

have
)

vr(+—

e oo, yor < C (25072

(k-

m\»—t
[N

+ 2"
and interpolating with (11) we have, for all 1 < p < co
+

1 1 _1
e llgmn_, xp < €252 ot )

»PO

We choose p = py and notice that X°"° = LPo; thus we have proved

11 11
He_tLHLpo—»(Po,z < C(2w(p0 2) 49 2))
By the embedding in Proposition 2.2 this implies

1 1 1 1 1 1
e 2R )

and recalling the conditions on ¢, we obtain the claim. O
As a consequence we obtain the following result.

Proposition 2.7. Let M > My and v = —(p% %) + €, with e > 0. Then

I + L) fllxa < O+ (M = M) 5 ™) | £,
where C' depends only on the constants C' in assumption (11) and c¢1 in (2).

Proof. 1t is sufficient to apply Minkowski’s inequality and Proposition 2.6
to the standard representation

1> dt
28 M+ L)™7 = / e M=t 2
=) W= 10 ) t

O

2.3. Estimate of ¢(L). We shall now prove that if ¢ is in a suitable
weighted Sobolev space then (L) is bounded on LP. The proof will be
achieved through a series of Lemmas, some of which are of independent
interest.

In the following, L is an operator satisfying Assumption (L), and we can
take R as the resolvent operator

R= (M +L)™!
with My > My as in (L).
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Lemma 2.8. We have the estimate
le™ B £l xpo2 < c(n)C(1+ [€))" /P12 £

where C' is the constant in assumption (12) and c(n) depends only on n.

Proof. From

. : 3 : .
e Ry, (el —w, (1) = / Ds(e B, (Ve ) ds
0

we obtain the formula

EeR

xP0s2”

, & .
Ad, (e %8y = —i/ e BRAL(R)e™ 69 s
0

and by (12) we get '
1AL (e ) [la—2 < Ce],

Using repeatedly this identity and proceeding by induction we obtain
IAdE (e M) 2o < CA+ €Y, k=0,...,[n/2] +1
uniformly in z € X, and by Theorem 2.3 we obtain the claim. (]

Lemma 2.9. For any sufficiently smooth function b on R we have the
estimate

(29)  [[(R)fllxro < e(n)C(L+ NP2 oo | fl] 002
with ¢(n),C as in Lemma 2.8.

Proof. 1t is sufficient to use the identity
wlB) = (2n) ! [ RG(e)

and apply the previous result. O

We introduce a seminorm for functions ¢ : R — C, depending on the
constant M; > 0 and on the integer N > 0:

Il = 1022 o0) + 350 IO+ M)TN PG 2ty o)
Lemma 2.10. Let N = |n/po] +1 and ¢ : R — C. Then we have

(30) (L + M)*$(L) fll xro2 < (Ol lN - [1f ] xro2
with ¢(n),C' as in Lemma 2.8.

Proof. Define p(§) := 0 for £ <0, and
p(&) = €2 bt — M) for €50

and note that (A + Mj)%p(A\) = p((M7 + A)~!) for A in the spectrum of L,
so that (L + M)y (L) = p(R). By the previous result we get

(L + M)*$(L) fllxp02 < e(m)CN(L+ [EN P2BEN | Lallf | xvo 2-

It remains to estimate the norm of p. We proceed as follows:

11+ D" AP DB [ S N+ 1DVl = loll v @)
We note the elementary identity for £ > 0, k> 0

(&) = 5o ik - (¢ — M) - €U HEF2)
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(for suitable constants c; ). This gives

10 pll 220,00y < (1) 5o 1N + Mr)YT*DIW(N) [ 12— aty o)-

Using the last estimate for £k = 0 and k£ = N we obtain

ol ey < D)2 (a1 00y +(m) 70 A+ M)TFNITGN) L2~ 1, 00)
and we obtain the claim. O
Lemma 2.11. Let N = [n/po| + 1, 8 > 0 with 5+ 2 > mil(p% — 3) and
¢ : R — C. Then for p € [po,py] we have the estimate

(31) (L) flle S A1 e-

The norm of (L) : LP — LP can be estimated by

n-owk( 1l 1
(82)  CO+ (= Mp) R BT (4 M) eVl
where C' depends on c1 in the doubling property (2), on supgeq, #(Q) and
on the constants in Assumption (L), but is independent of My, My 1).
Proof. We apply the previous Lemma to the function 1;()\) = (A M)PT2p(N):

IO(L) fllxmo2 = (L + Mi)*$(L)(L + M1)’ £ xvo2
< e(n)CIA+ M) PIN IS | v 2.

Since (L) = ¢(L)RP*2, we can write, using Proposition 2.7,

1LY fllxroz < 9L xp02 o xro2 | RPF? Fllxcwo2 S 1L xro-2x00.2 L fl| 20

where the implicit constant has the form
n—kc1l 1
C(1+ (M — M) T2 G —2))
with C' depending on ¢; in the doubling property (2) and on the constants
in Assumption (L), but independent of Mg, M;. Since XP0-2 is continu-

1 1
ously embedded in LP° with embedding norm < supgeq, #(Q)?0 2, we have
proved that (L) is bounded on LP° with the same norm. By duality and
interpolation we condlude the proof. O

Remark 2.2. The dependence on v of the norm of 1)(L) is particularly inter-
esting. The quantity ||(A+M7)?(\)|| v is uniformly bounded if ¢ varies in a
bounded subset of C°(R) or of .#(R), and M; is bounded. More generally,
we can write

IOA+MD)PeN) v S INYOA=M) | 2y + 3250 IN NI P(A=M1) (V)| 2@+

and we see that the quantity is uniform for ¢ varying in any bounded subset
of a suitable weighted Sobolev space, provided M; is bounded (which is
always the case in our applications). For instance, we can take the weighted
Sobolev space with norm

(33) > IErE gD )| .

j<n+1
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Theorem 2.12. Under Assumption (L) the following estimate holds: for
all p € [po, py);
(L) fllze < C|Ifllze
and the estimate is uniform for ¢ in bounded subsets of #(R) (or, more
generally, in bounded subsets for the norm (33)).
If the stronger Assumption (Ly) holds, then for all 8 > 0 we have

le(0L) fllre < C| fllLe

and the estimate is uniform for ¢ in bounded subsets of #(R) (or, more
generally, in bounded subsets for the norm (33)) and 0 in bounded subsets
of (0,400). If in addition we assume k =n and My = 0, then the estimate
s uniform for all 0 > 0.

Proof. The first claim is just a special case of the previous Lemma. Thus
we assume that (L;) holds and we focus on the second claim. Clearly it is
sufficient to prove the result for all 8 > 0 of the form

0 =2""7 for some ~v€Z.

Thus we fix a § = 27™7 > 0 and define a new metric measure space (X, d, 77
by multiplying d and p by fixed constants, as follows:

X=X, d=2d, n=2"p.
Note the relation "
lull o amy = 27 1wl e, dp)-
Writing
51/ = Du—&-'y
we see that the D, form a collection of dyadic cubes for the space X, and
with respect to the new distance d we have diam Q) ~ 27 for all Q € D,,.

Then if we define the amalgam spaces X as in (18) but with D, instead
of D, and with the L(Q) norms computed in the measure 1, we get

ny
[ fllxze =27 | fllxpe -

Next, we denote by L the operator L, which is selfadjoint on L*(X) and
satisfies L+ My > 0 with Mo = 6 M. To prove the claim, it will be sufficient
to prove that the operator L satisfies the conditions of Assumption (L), with
constants independent of 6 in the prescribed range. By the first part of the
Theorem, the claim will follow.

Fix at > 0 and v € Z as in condition (11) with m; = ma = m, i.e.,

27V < 7fl/m < 271/+1‘
Consider the first term in (11) (the second one is handled in a similar way):
g g1 = lle 2",

v

e

0t)L
<-1,po ) HXLPO X1,2
Xu - V+’Y_) vy

using assumption (11) (with m; = mgy = m), since 2= < (9r)V/™ =

277t < 27 (ENH e get

1

< CMoO) (gp)i A (91)5)3

[=}
[=}

. 2”7(%_pi)

— Ceﬂot(t% At - Q(H—R)*Y)% 0

1
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Thus we see that the operator L also satisfies condition (11) with my =
mo = m. Note that the estimate is uniform in v provided v > = for some
fixed 70, or equivalently, provided 6 is bounded from above; moreover, Mg
is also uniformly bounded from above. It is also clear that if x = n and
My = 0 the condition is uniform for all v € Z, i.e., for all § > 0.

It remains to check condition (12); we choose as weight function

w(z,y) = 2Tw(z,y).
Writing M; for the commutators with the new weight function w, we have
AT+ M)™Y) = 2m27Ad (L + 2™ M) ™).
By (14) we have then
AL ((T + M) ™[l < C2™277(2™ M — Mp) ™'

provided 2™ M > Mjy. Now, if v > = is bounded from below, we can
choose M = My = 27™(Mp + 1) and we get

< sz’YQjV(zm(’Y*’YO))*l*% <’
for some constant independent of . Note that if My = 0 we have
[AQL (T + M) Y)|lase < C2M207 (2™ M) " = CM '~

for all M > 0, thus we can pick simply M; = 1 without restrictions on
~v € Z. The proof is concluded. (]

2.4. Proof of Theorems 1.2, 1.3 and 1.4. We keep using the notation
Ady(A) = [ws, 4], AdG(A) = [ws, Ady(A)]
for a generic operator A and a R’ valued weight function w,(-) = w(z, -).
Lemma 2.13. For any k > 1 and z € X the following identities hold:
Ad, (R?eitL) =

k k
— Z RaAdZ(R)e—itLRQk;—Oc—l + Z RQk—a—le—itLAdZ(R)Ra+
a=0

a=0

t
+i / e L RFIAdL(R)RF el D Eas,
0

AdZ(RQk-‘rle—itL) —

k k+1
=Y R*Ad.(R)e ™R+ 3" R* e P Ad,(R)R*+
a=0 a=0

t
+ z/ e L RFTIA,L (R)RFe 5D s,
0
Proof. The first identity is proved by induction on k. From

t
efithz(.)eitL . wz() — / as(efistz(')eisL)dS
0
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we obtain the formula
Ad,(e7®) = —j /t e*iSLAdZ(L)ei(s*t)Lds.
Since RAd,(L)R = —Ad,(R), we get
Ad,(Re " R) = Ad.(R)e "*Rie "' RAd,(R)+i /Ot e LAd,(R)e! DL ds

which is the first formula for £ = 1. To prove the step kK — k& + 1 we write
Ad.(R- (R*e ). R) = Ad.(R)e "L R ! L R¥*H1e=#LAd (R) + 1
where .
I=R-Ad,(R*e7 ). R
and using the inductive assumption for the case k we easily obtain the claim.
The second formula is deduced from the first one writing

Ad,(R*e7) . R) = Ad,(R®*e "IYR + R*e "L Ad,(R).

Lemma 2.14. For0 </ <k and 1<k < |n/2] + 1 we have
|AdS (R e ™) [lase < C(1 + 1))
with C independent of z € X and t € R.

Proof. We proceed by induction on k = 1,...,[n/2] + 1. When k = 1,
recalling the formulas from the previous Lemma and assumption (12), we
obtain the claim immediately. Assume now the result is true for a certain
k and let us prove it for k + 1. If £ = 1 the estimate follows again from the
first identity in the previous Lemma. If the estimate is true for some ¢ < k,
we prove it for £ + 1 writing

Ad£+1(R2kefitL) _ Adﬁ (AdZ(RlefitL))’
expanding the term Ad,(R*e~ ") via the first identity of the previous
Lemma, and distributing the adjoint via the formula

| . .
AdS(Ar.. A= > L,,Adﬂ;(Al) . AdI(Ay).

jll---]n

It is easy to check that all the terms obtained are bounded operators on L?,
either using the inductive assumption or (12). The proof is concluded. O

Lemma 2.15. Let k = [n/2| + 1. Then we have the estimates

IR |y, o < C(L+ )" /Po=1/2)

1 1

and, for all p € [po, p}] and 5 > mll(p—O -1,

|RP+Be=itl)| 11y < O(1 + |t|)n|1/p—1/2\.

Proof. The first result is a direct application of Lemma 2.14 and Theorem

2.3. Moreover, by Proposition 2.7 we have

IR0 oo S I oy o 2l B 2y S (L] 0/ 172
and by the embedding X702 C LP° we obtain

\]R2k+ﬁe_itLHLpo_>Lpo <(1+ ’t’>n(1/po—1/2)_

~
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Finally, by duality and interpolation, we obtain the second claim. U

We can now conclude the proof of our main results (Theorems 1.2 and
1.3):

Theorem 2.16. Assume that L satisfies (L). Let p € [po,py] and s =

n ’% — %) Then we have the following estimate

le™ oL fllp S L+ )1 F e te R,

uniformly for ¢ in bounded subsets of #(R) (or, more generally, in bounded
subsets for the norm (33)).
If Assumption (Ly) holds, we have

le™ o(0L) fllp S (L+ 67 D(Ifllp,  6>0, teR,

and the estimate is uniform for 6 in bounded subsets of (0,+00) and ¢ in
bounded subsets of Z(R) (or, more generally, in bounded subsets for the
norm (33)). If in addition we assume k = n and My = 0, the estimate is
uniform also for all 6 > 0.

Proof. For the first claim it is sufficient to write
eTMho(L) = (I + LRt (1 4 L) (L)

and use the previous Lemma and Lemma 2.11. The second claim is proved
by a rescaling argument exactly as in the proof of Theorem 2.12. O

Proof of Theorem 1.4: Since the proof is quite similar to that of Theorem
1.3, we just sketch the main steps.

Denote by pg(x,y) the kernel of 1ge *F1q, regarded as an operator on
functions defined on the entire space X. Then it is easy to see that

pt\T,Y), lf z,y € Qv
P (,y) = {20 .
0, otherwise.

This, along with (15), implies

CeMot d(ﬂ?,y)m/(m_l)>

X = —
(34) ‘pt (‘T’ y)‘ < M(B($7t1/m)) eXp ( ctl/(m=1)

forall t > 0 and z,y € X.

As a consequence, the assumption (4) and (5) hold true with m; = mg =
m and 1oe *F1q taking place of e L.

Arguing similarly to the proof of Proposition 2.4, v € Z with 277 <
t1/m < 277+ there exist C' > 0 such that for all ¢ and v as above we have
(35)

|AdY (1ge 1) |lase < CeMoto=hv 0 <k < |n/2]+1, zeX.

We then argue as in the proof of Proposition 2.5 to find that for all M > M,
we have, for all z € X and 0 < k < |n/2] + 1,

(36) IAdE (1o(L + M)™M10)[laa S (M — M)~

with a constant independent of z, M, where w(z,y) = d(z,y).
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The argument used in the proof of Proposition 2.7 allows us to obtain
that for M > My and v = 5~ + ¢, with € > 0. Then

n—

Ia(M + L) Mo f|x1e < Ot + (M = Mo)™* "2 )| £l

Fix My > My and set R = (M; + L)™', Then we can verify that

. 3 4 .
Ad,(1ge #F1g) = —i/ loe RAd, (1gR1q)e ¢~ 1 ds.
0

Hence, similarly to Lemma 2.8, we obtain
Iloe 1o fllxi2 < CA+ N fl02r  EER
This, along with the identity

Lo (R)lg = (27)"! / Lo R 103 (€)de,
implies that
(37) Itaw(R)Lafllxre < O+ [EN™2(E) ] 1 ]| fllxr2

for any sufficiently smooth funtion v on R.
Arguing similarly as in Theorem 2.12, for all § > 0 we have

[1ow(0L)1ofllzr < C||fllLr

and the estimate is uniform for ¢ in bounded subsets of .(R). Moreover,
if kK = n, then the estimate is uniform for all 8 > 0.

As this stage, arguing, mutatis mutandis, as in the proof of Theorem 1.3
we obtain that for any p € [1,00] and s = n‘l — %‘,

Iloe " o(0L)1afll, S L+ 01| flp,  tER,

and the estimate is uniform for ¢ in bounded subsets of .7 (R) and 0 < 0 <
0o, for any fixed 0y > 0. If, in addition, kK = n and My, then the estimate is
uniform for all # > 0. This completes our proof.

O

3. APPLICATIONS

Our framework is sufficiently general to include a large variety of appli-
cations; in this section we survey a few of the most interesting cases.

3.1. Laplace-Beltrami operators with a Gaussian heat kernel bound.
Let X be a complete connected non-compact n-dimensional Riemannian
manifold. The geodesic distance and the Riemannian measure are denoted
by d and pu, respectively. The Laplace-Beltrami operator L = —A on X is
nonnegative and self-adjoint.

We assume that the Riemannian measure p satisfies the volume doubling
property (2) and the non-collapsing condition

(38) w(B(z,1)) > ¢

for all x € X and for some fixed constant ¢ > 0.
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It is well-known (see [21]) that if the Ricci curvature of X is non-negative,
then the heat kernel of the heat semigroup e *% satisfies the estimate

p(_ d(w,y)Z)‘

ct

—tL < 1

(39 ©EIS BV ™
It can be verified that the Gaussian upper bound (39) implies (5). Moreover,
the upper bound (39) also yields that for v € Z and 277 < t/2 < 277+1 we
have

D e g0 < Cu(@) 7Y, for all Q' € D,

QeD,
This, in combination with the non-collapsing condition and (16), implies
that

> ge g ime < C(L+2"), for all Q' € D,

QED,
and this proves (4) and (5).

Hence, Assumption (Lg) is satisfied with m; = ma = 2 and pp = 1.

3.2. Laplace-Beltrami operators without Gaussian heat kernel bound.
Let X be a complete connected non-compact Riemannian manifold. The
geodesic distance and the Riemannian measure are denoted by d and p, re-
spectively. We assume that the Riemannian measure p satisfies the volume
doubling property (2) and the mnon-collapsing condition (7).

Let L = —A be the non-negative Laplace-Beltrami operator on X. We
assume that the kernel e 7*/(x, 3) of the semigroup e~ satisfies the following
sub-Gaussian heat kernel upper estimate with exponent m > 0

c d(x,y)?
exp < , 0<t<1
(40) ez, y) < { HBEVD) dc(t Jm/(m—1)
__Cc exp (AW ") ¢t>1
(Bt 7)) ot/

for all z,y € X.

Typical examples that satisfy (2), (7) and (40) include certain fractal
manifolds and infinite connected locally finite graphs. For further details,
we refer to [3, 7].

By a similar argument as in Subsection 3.1 one can prove that L satisfies
Assumption (Lg) with m; =2, mg = m and py = 1.

3.3. Sierpinski gasket SG in R"™. Let X be the unbounded Sierpinski
gasket SG in R™. Let d be the induces metric on SG and p be the Hausdorff
measure on SG of dimension o = logy(n + 1). It is well-known that the
Hausdorff measure p satisfies the doubling property (2); moreover,

(41) p(B(z, 7)) S

for all x € X and r > 0.

It was also proved in [2] that SG admits a local Dirichlet form € which gen-
erates a nonnegative self-adjoint operator L; moreover, the kernel e~**(z, 7))
of et satisfies the sub-Gaussian estimate

d(z, y)™ tm—
(_ ctl/(m=1) )

where m = logy(n + 3) is called the walk dimension.

ez, y) S

~ ta/m
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Note that the assumption (5) is a direct consequence of the kernel upper
bound above whereas the assumption (4) is a consequence of the same kernel
upper bound, the doubling property (2) and (41). Theorefore, L satisfies
Assumption (Lg) with m; = mg = m and py = 1.

3.4. Homogeneous groups. Let G be a Lie group of polynomial growth
and let X1, ..., X} be a system of left-invariant vector fields on G satisfying
the Hérmander condition. We define the Laplace operator L on L?(G) by

k
(42) L=-) X}
=1

Denote by d the distance associated with the system Xi,..., X, and let
B(z,r) be the corresponding balls. Then (see [31]) there exist positive num-
bers d, D > 0 such that

d
r r<1

43 B(z,r)) ~ X -
(43) H(B.7) {rD’ =t
Hence (G, d, 11) satisfies the doubling property (2).

G is called a homogeneous group (see [15]) if there exists a family of
dilations (0¢)¢>0 on G, that is to say, a one-parameter group (d; 0 6y = J¢s)
of automorphisms of G determined by

(44) 6Y; = 1Y},

where Y7,...,Y, is a linear basis of the Lie algebra of G and d; > 1 for
1 < j < 4. We say that the operator L defined by (42) is homogeneous if
0:X; = tY; for 1 < ¢ < k. It well known that the heat kernel of the heat
semigroup et~ satisfies the estimate

e iz, y) < ;ex
) S B VD)

This upper bound together with (43) implies that L satisfies (4) and (5)
with m; = mg = 2 and pp = 1, and hence L satisfies Assumption (Lg) with
m1=mo =2 and pg = 1.

p<_ d(:v,y)z)

ct

3.5. Bessel operators. Let X = ((0,00)™, du(x)) where du(z) = dui(x1) ..
and dpy, = x3*dxy, ap > —1, for k = 1,...,m (dz; being the one dimen-
sional Lebesgue measure). We endow X with the distance d defined for
x=(x1,...,2y) and y = (Y1,...,Ym) € X as

m 2\ 1/2
da,y) = o=yl = (D law —wl?)
k=1
Then it is clear that
m
(45) p(B(z, 1)) ~r™ [ [ (x + 7).
k=1

Note that this estimate implies the doubling property (2) with n = m+aq +
...+ a, and the non-collapsing condition (7).

- dpin ()
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For an element z € R™, unless specified otherwise, we shall write x; for
the k-th component of z, Kk = 1,...,m. Moreover, for A € R, we write
A2 =(A2,...,02).

We consider the second order Bessel differential operator

whose system of eigenvectors is defined by
E\(z) := H EAk(ka)a Ey, (rg) == (xk)\k)_(ak_l)/QJ(ak_l)/g(aﬁk)\k), AxrxeX
k=1

where Ji,, _1)/2 is the Bessel function of the first kind of order (ay — 1)/2
(see [20]). It is known that L(E)) = |[A]*E\. Moreover, the functions Ej,
are eigenfunctions of the one-dimension Bessel operators
0? a0

0zr?2 1z Oxg
and indeed Ly (Ey,) = \2E,, for k=1,...,m.

It is well known that L is nonnegative and self-adjoint; moreover, the
kernel et (z,y) of e7" satisfies the Gaussian estimate

1 d 2
() O P N N )
w(B(w, VD) ct
Hence, the Gaussian upper bound (46), along with the doubling and the
non-collapsing properties imply Assumption (Lg) with m; = mg = m and
Po = 1.

Ly=—

3.6. Schrodinger operators with real potentials on manifolds. Let X
be a complete connected non-compact Riemannian manifold. The geodesic
distance and the Riemannian measure are denoted by d and pu, respectively.
We assume that the Riemannian measure p satisfies the doubling property
(2) and the non-collapsing condition (7). We also assume that the heat
kernel pi(z,y) of the Laplace-Beltrami operator —A satisfies the standard
Gaussian upper bound

(47) pe(z,y) <

(_ dZ(w,y))

ct

S .
u(B(z, V1))
We now consider the Schrédinger operator L = —A +V, V € L (X). If

loc
the potential V' is nonnegative, then the kernel of the semigroup {e*tL H=0
generated by L satisfies the same Gaussian bound (47); in the general case,
we must impose some conditions on the negative part of V. Denote by V'

and V'~ the positive and negative parts of V', respectively. We define

Q(u,v) :/Vqudu+/V+uvdu—/V_uvdu
X X X
with domain

D(Q) = {u € WH(X) : / VTuldp < oo}
X
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Then we assume that the positive part VT € LllOC and the negative part V'~
satisfy the following condition

(48) /V‘quu < a[/ |Vu|2du+/ V+u2d,u},Vu € D(Q),
x x x

for some « € (0,1).
It was proved in [1, Theorem 3.4] that for any (

exist C,c¢ > 0 and 8 > 0 such that

2
1—vV1—«a

) < po < 2 there

1 1

1), B(y,r))?

B 141 r S B dist(B(z
HlB(x,r)e SLlB(yJ‘)Hpoﬁp’ < Cu(B(z,r)) ™ *o (max (77£>> exp (_ (B(
0 \/g r
for all r,s > 0 and z,y € X.
This, in combination with the volume doubling property (2) and the non-
collapsing condition (7), implies that Assumption (L) is satisfied with m; =

my = 2 and any (1_\/2@)’ <po < 2.

3.7. Schrodinger operators with inverse-square potentials. Consider
the following Schrodinger operators with inverse square potential on R™,

n > 3:
(49) La:—A+# with az—(”_Q)Q.
Set

J:ZHQQ—% (n—2)? + 4a.

The Schrodinger operator £, is understood as the Friedrichs extension of
2
~A + % defined initially on C3°(R™\{0}). The condition a > —(nT—Q)
guarantees that £, is nonnegative. It is well-known that £, is self-adjoint
2

further details, we refer the readers to [18, 24, 30]. For the corresponding
heat kernel, we have the following result:

2 2
and the extension may not be unique as —(”—_2> <a<l1l- ("T_Q) . For

2
two positive constants C' and ¢ such that for allt > 0 and x,y € R™\{0},

pila,y) <C(1+ ﬁ)”(l + ﬂ)”tn/zelzcg?_

] [l

Set n, = njo if ¢ > 0 and n, = oo if 0 < 0. From Theorem 3.1 and
Theorem 3.1 in [10], for any n) < p < g < n, there exist C,c > 0 such that
for every t > 0, any measurable subsets E, F' C R", and all f € LP(E), we
have:

2
Theorem 3.1 ([23, 22]). Assumen > 3 anda > — (”—_2) . Then there exist

_ d(B,F)?

(50) e fl| gy < Ct 2005 fll oy,

Hence, with the standard dyadic systems in R"™, this implies that Assumption
(Lo) is satisfied with m; = mg = 2 and any n, < py < 2. Moreover, in this
situation the reverse doubling condition (3) is valid with x = n.

ct

)
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3.8. Sub-Laplacian operators on Heisenberg groups. Let H? be a
(2d + 1)-dimensional Heisenberg group. Recall that a (2d + 1)-dimensional
Heisenberg group is a connected and simply connected nilpotent Lie group
with the underlying manifold R?¢ x R. The group structure is defined by

d
(z,8)(y,t) = (z+y,s+t+2 Z(fﬁdﬂ'yj = ZjYd+j))
j=1
The homogeneous norm on H? is defined by

(2, )] = (|z]* + [¢)*)/* for all (z,t) € H?

See for example [28].

This norm satisfies the the triangle inequality and hence induces a left-
invariant metric d((z,t), (y,s)) = |(—x, —t)(y, s)|. Moreover, there exists a
positive constant C' such that |B((x,t),r)| = C’r”, where n = 2d + 2 is the
homogeneous dimension of H? and |B((z,t),r)| is the Lebesgue measure of
the ball B((z,t),r). Obviously, the triplet (H?, d,dz) satisfies the doubling
condition (2), the reverse doubling condition (3) with x = n, and the non-
collapsing condition (7).

A basis for the Lie algebra of left-invariant vector fields on H¢ is given by

0 0 0 0 d

X ==, X;j=—+2 i—, Xgpi=—— 20—, j=1,...,d.
2d+1 = G0 8$j+ $d+jat7 d+j O :E]atv J

The sub-Laplacian Apa is defined by

2d
j=1

Furthermore, it is well-known that the sub-Laplacian Apa satisfies the Gauss-
ian upper bound:

—tApd <
e~ Rud (2, ), (v, 5)) < m/2 exp(

In H¢, we consider the standard dyadic system consists of the cubes

k0,107 +j) x47F(0, 1]+ 0),kez, jerz¥ e

JEONTDRY

ct

Hence, the Gaussian upper bound yields the assumption (Lg) with m; =
mo =2 and pg = 1.

3.9. Dirichlet Laplacians on Lipchitz domains. Let X = (R",| - |, dx).
Then X is a space of homogeneous type satisfying (3) with x = n and the
non-collapsing condition (7).

Let Q be a connected open subset of R™. Note that 2 may not satisfy
the doubling condition. Let L = Aq be Dirichlet Laplacian on the domain
Q. It is well known that the semigroup kernel p;(x,7) of e~ satisfies the
Gaussian upper bound

1 |z —yl?
< - _
pe(z, y)(@,y) < Gty 72 eXP( m )

for all t > 0 and all x,y € Q.



24 THE ANH BUI, PIERO D’ANCONA, AND FABIO NICOLA

Hence, all assumptions in Theorem 1.4 are satisfied with X = (R", ||, dz),
L =Aq and kK = n.

3.10. Schrodinger operators with singular potentials. For our last
example, we recall the definition of the Kato class K, of potentials. The
measurable function V' : R” — R belongs to K, if the following conditions
are satisfied:

(1) If n >3,
limg o sup,, f|m—y|§a |z —y[2~"V (z)dz = 0.
2) Ifn=2,
limg, o sup, f|x—y\§a log(|z — y|~H)V (x)dz = 0.
(3) If n=1,
sup, f\a;—y|§1 V(x)dz < cc.
Moreover, we say that V' € K, ;. if 13V € K, for all balls B.
We consider a Schrodinger operator of the form L = —A + V(z) on
R™, n > 1. We assume that the positive part Vi of V' is in K, j,. while
the negative part V_ is in K,. Then the results of [26] (see in particular

Proposition B.6.7) imply that L can be realized as a semibounded selfadjoint
operator in L?(R"™), and that the heat kernel e~*% satisfies

lz—y|?

(51) e (z,y)| < CE2eMote™

with C,c¢ > 0. Thus Assumption (L;) is satisfied, with My > 0. If in
addition we assume that the negative part satisfies

(52) sup, [ |z —y[*"V_(y)dy < 212 /T (n/2 — 1)

in dimension n > 3 (or V_ = 0 in dimensions 1,2) then in [13] it is proved
that one can take My = 0, so that the uniform estimates of Theorem 1.3
apply.

Moreover, one can consider the same operator L with Dirichlet boundary
conditions on L?(€2), for an open subset ) of R”. If we assume for simplicity
V > 0, then by the maximum principle we obtain that the heat kernel
is nonnegative and satisfies again the upper Gaussian estimate (51), with
My = 0 i.e. all the assumptions of the second part of Theorem 1.4 are
satisfied.

Similar results can be proved for the magnetic Schrédinger operators of
the form (iV + A(x))?+V (x), using the heat kernel estimates proved in [11],
and for elliptic operators with fully variable coefficients on exterior domains,
via the results of [6]. We omit the details.
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