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Summary

Wireless sensor networks find extensive applications, such as environmental and
smart citymonitoring, structural health, and target location. To be useful, most sensor
data must be localized. We propose a node localization technique based on bilatera-
tion comparison (BACL) for dense networks, which considers two reference nodes to
determine the unknown position of a third node. The mirror positions resulted from
bilateration are resolved by comparing their coordinates with the coordinates of the
reference nodes. Additionally, we use network clustering to further refine the loca-
tion of the nodes. We show that BACL has several advantages over Energy Aware
Co-operative Localization (EACL) and Underwater Recursive Position Estimation
(URPE): (1) BACL uses bilateration (needs only two reference nodes) instead of
trilateration (that needs three reference nodes), (2) BACL needs reference (anchor)
nodes only on the field periphery, and (3) BACL needs substantially less communica-
tion and computation. Through simulationwe show that BACL localization accuracy,
as root mean square error, improves by 53% that of URPE and by 40% that of EACL.
We also explore the BACL localization error when the anchor nodes are placed on
one or multiple sides of a rectangular field, as a trade-off between localization accu-
racy and network deployment effort. Best accuracy is achieved using anchors on all
field sides, but we show that localization refinement using node clustering and anchor
nodes only on one side of the field has comparable localization accuracy with anchor
nodes on two sides but without clustering.

Keywords: Bilateration Localization, Trilateration, Wireless sensor network, Received signal strength indicator, Outdoor
localization, Cluster formation

1 INTRODUCTION

Wireless sensor networks (WSNs) connect many sensor nodes that are spatially distributed in the field of interest for various
applications, such as environmental monitoring [1], target tracking [2], event detection [3], structural health monitoring [4] and
solid waste management [5]. Many WSN applications rely on the location of the sensor nodes to make sense of the collected
data. Global Positioning System (GPS) can be used for node localization during deployment [6], yet its accuracy can be limited
by several factors, e.g., tree canopy, canyons, or tunnels and indoor environments. Moreover, GPS energy consumption is often
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too high for the energy reserves on-board the WSN nodes to be used during WSN normal operation, and the relatively high cost
of GPS devices can be another limiting factor.
Several other techniques can be used for WSN node localization that provide adequate accuracy with lower cost and energy

consumption. The nodes whose locations are known beforehand are called “anchor nodes”. The sensor nodes whose locations
are unknown are referred to as “unknown sensor nodes” or just “sensor nodes” in this article. The unknown sensor nodes can be
localized by stationary anchor nodes or moving anchor nodes. In former method, the positions of the unknown sensor nodes can
be found by measuring the distances to the anchor nodes [7, 8, 9, 10, 11, 12] or by counting the number of nodes between the
anchor nodes and the unknown sensor nodes [13, 14, 15, 16]. In the latter method, the anchor nodes move between the unknown
sensor nodes along a fixed trajectory [17, 18, 19] for the localization process.
To localize an unknown node using measurements of distances to anchors, trilateration needs three non-collinear anchor

nodes. The major concern is that the location of the unknown sensor node is not consistent, if the group of reference anchor
nodes varies. So, finding a suitable group of anchor nodes and using them for localizing most network nodes may require
significant battery energy from these reference nodes. In the proposed method, BACL, the anchor nodes are placed at an edge
of the network. These anchor nodes become reference nodes to localize the unknown sensor nodes during bilateration process.
Localization starts from the anchors on one edge of the network and progresses until it reaches the opposite edge of the network,
in one direction only. The mirror nodes obtained during bilateration process are filtered by comparing their coordinates with
those of the participating reference nodes. The newly localized nodes then become reference nodes for further localization of
unknown nodes. This recursive process continues until all nodes are localized.
The major contributions of the proposed method are:

• The proposedmethod considers only two nodes for the localization process instead of three. The error variation in choosing
three reference nodes is larger, compared to two reference nodes, as we discuss in Section 5.

• We eliminate the bilaterationmirror nodes by incrementally localizing the nodes in the field and comparing the coordinates
of the localized node with those of the reference nodes.

• Using bilateration for one-hop neighbors, we significantly reduce the number of beacon messages, hence the communi-
cation overhead.

• We make use of the underlying node clustering (where available, at protocol or application level) to reduce error
accumulation and refine the localization of the whole field, thus requiring less anchor nodes.

• We localize all nodes in two passes, one for coarse localization and one for refinement, which can be faster and less
resource demanding than recursive methods that need several localization iterations.

• We assess the performance of the proposed method by varying the topology of anchor nodes.

The rest of the article is organized as follows. Section 2 discusses most relevant related work. Section 3 introduces the local-
ization problem. Section 4 presents the proposed localization method. Section 5 presents and discusses the experimental results.
Section 6 concludes the article.

2 RELATEDWORKS

The localization methods can be broadly classified based on the position of the anchor nodes. The anchor nodes can be stationary
or mobile.
The methods that have stationary anchor nodes, can be further classified into:
A. Range based methods, wherein the unknown sensor nodes calculate the Euclidean distance from anchor nodes.
B. Range free methods, estimate the distance by counting the number of nodes between the unknown sensor node and anchor
nodes.
The Range free methods can be further classified based on:

• Received Signal Strength Indicator (RSSI): The distance to the anchor node is estimated by the signal strength received
at the sensor node location.
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• Time of Arrival (ToA): distance is determined by measuring the time taken by the signal to travel between the anchor
node and the unknown sensor node

• Time Distance of Arrival (TDoA):uses the difference between the time of arrival of ultrasonic signals and radio frequency
signals at the receiver.

• Angle of Arrival (AoA):determines the node position from the angle of arrival of the signal

In the first method in Range based algorithms is RSSI based localization technique, once a sensor node estimates the distance to
the anchor nodes, it takes three anchor nodes to locate a sensor node by trilateration [7, 20]. However, bilateration method can
be employed to locate the sensor nodes by having only two reference anchor nodes as in the proposed method. Some of the most
relevant works to the proposed method are discussed in RSSI based methods. In the Underwater Recursive Position Estimation
(URPE) method [20], the anchor nodes broadcast their positions to all neighboring sensor nodes. Once the neighboring nodes
estimate their positions from these broadcasts, they become anchor nodes and broadcast their positions. But, as more nodes
estimate their positions and start broadcasting, the broadcast messages increase the communication overhead. So, not all the
nodes are allowed to become reference nodes. To curtail the reference nodes, a confidence value is calculated based on position
error, and a node can become reference only if its confidence is above a threshold. A high threshold may prevent the localization
of all sensor nodes, because there may be too few reference nodes, while a low threshold increases the position error in the
network. So, there is a trade-off between accuracy, localization coverage, and communication overhead. If accuracy increases,
the communication overhead also increases, which drains the batteries and reduces the localization coverage.
Another method, Energy Aware Co-operative Localization (EACL) [21] has a separate refinement phase for the poorly local-

ized nodes, with high position error and low confidence. It also takes into account the energy spent by the sensor nodes to
calculate the confidence threshold to uniform energy consumption among nodes. But nearby reference nodes connected to many
other nodes may not be always available. Unknown sensor nodes may need to look farther for nodes for localization, which may
increase localization error.
A variation of this is in the ERL strategy [22]. Instead of considering the energy of the nodes to compute the confidence

value, it simply limits the reference nodes depending on the distance between them. The spacing between the reference nodes
is maintained at r∕2 and r∕3, where r is the cell radius, so that at least one reference node is present per cell. Hence, there is a
trade off between energy consumption, availability of nodes, and error propagation.
Another method which uses the shortest path between the anchor and unknown sensor nodes is RSPA [12]. It also uses

trilateration to localize the sensor nodes, but takes the average of the shortest paths (minimum number of connecting nodes) to
the anchor nodes to reduce the communication overhead. This method works best in a uniformly distributed network, but the
accuracy decreases in irregular networks.
All above methods rely on a trade-off between the selection of the anchor (reference) nodes, communication overhead, and

localization errors. Another problem these methods face is the accumulation of errors. When a node has high localization error,
it propagates to other nodes and starts accumulating. To reduce this error, the reference nodes should be selected to have the
least error. But again, node selection has factors to be considered, as listed above.
The second method is TOA. The OToA [23] is a centralized algorithmwith asynchronous network, the packets from the nodes

are time stamped and passed on to the centralized node, that calculates the relative distances. The technique is simple but the
accuracy is not very high as this method is dependent on precise time synchronization. The third method of TDoA, utilizes the
difference of time of arrival of ultrasonic and radio frequency signal at the receiver to localize the unknown sensor nodes. Once
the initial estimates are obtained, they are refined using Semi Definite Programming (SDP) [24]. Though it does not depend
on precise time synchronization, every node should have additional circuitry to generate and detect two different signals. The
fourth method is Angle of arrival, WCSL [25] uses the angle of arrival information at 2 node array of sensors to estimate the
distance between nodes, but this method requires a highly accurate directional antenna with a narrow beam.
The second type of algorithms use Range Free techniques. As in KRR ML [13], a ‘small hop count matrix’ among anchor

nodes is determined in the offline phase and in online phase, the sensor node locations are mapped. This method is suitable
for larger networks but the accumulative error is high. For a medium network, the HDV HOP [14], anchor nodes are present
at the perimeter of the network. Through anchor node broadcast the neighboring sensor nodes know their locations. The range
free algorithms can also be centralized. In RARL [15], there is a hierarchy. The first level consists of anchor nodes, the second
level consists of multipoint relays(MPRS) and the next level onwards unknown sensor nodes are present. 3 anchors nodes which
are one hop away are considered for calculating the location of sensor nodes. These anchor nodes can be one-hop neighbor or
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TABLE 1 Description of notations

Notation Description

N Total number of sensor nodes in the network
(xi, yi) x Coordinate and y coordinate of sensor node
Vi Vertex identifier with the two attributes xi and yi
Eij Edge between two sensor nodes Vi and Vj
ri Radio range of sensor node with vertex Vi
Tp token at level p, p = 1… l
"rmse Root mean square error
�ri RSSI measurement error
� Coordinate measurement error
Malgoritℎm Communication overhead of the algorithm
Md Measurement packet
Mcal Resultant coordinate packet
Mdtoken Token packet
Mt Packet containing threshold value
Manch Packet from anchor node
p General representation of a packet
Ialgoritℎm Computation overhead of the algorithm
Ix Computation of x coordinate
Iy Computation of y coordinate
Iavg Average calculation
Ith Threshold calculation
c General representation unit of a computation

multi-hop neighbor. An improvement to this is the SDVH [16], wherein, the best of 3 anchors are selected to calculate the hop
distance. The range free techniques though are simple but the accuracy is lesser than the range based methods.
The above methods have stationary anchor nodes. The next set of methods have mobile anchor nodes that move along a

predetermined trajectory to map the unknown nodes. In LMADA [17], an anchor node moving along the network has a compass
and 4 directional antennas. 2 directional antennas pointing horizontally and 2 pointing vertically. The positions of the unknown
sensor nodes at the periphery has higher error. Instead of having one anchor node, there are 3 anchor nodes which form a
triangle and move along the network as in GSCAN [18]. More the number of moving anchor nodes the better the accuracy. The
coverage is better in IMAPP [19], as the anchor nodes move in hexagonal shape around the cluster of nodes which have highest
connectivity. At each vertex of the hexagon, a beacon message is generated which helps in locating the unknown sensor nodes.
In these methods the requirement of anchor nodes is less, but the corner nodes and the peripheral nodes have less accuracy.

3 SYSTEMMODEL AND PRELIMINARIES

We discuss and compare several methods that can be used to determine the unknown position of a node (localize a node) using
the known positions of other nodes and their distances to the node to be localized. Specifically, we discuss the unilateration,
bilateration, and trilateration methods.
We assume that every node is equipped with an omnidirectional antenna and the radio frequency propagation in the environ-

ment is isotropic.We define one-hop neighbors as those nodes that are in radio range of each other and can communicate directly.
Moreover, we assume that each node can measure the intensity of the radio communication (RSSI) it receives from its neigh-
boring nodes, and that there is a direct relationship between the RSSI and the Euclidean distance between the communicating
nodes. The main notations that we use in the rest of the article are summarized in Table 1.
In unilateration, we consider an unknown node V with coordinates (x, y), which is one-hop neighbor of a reference node,

with coordinates (x1, y1) and radio range r as in Fig. 1.
This unilateration solution is given by

(x − x1)2 + (y − y1)2 = r2, (1)
and can be anywhere on the circumference of the circle with radius r, as shown in Fig. 1. Hence, unilateration cannot uniquely
define the position of a node and is poorly suited for localization.
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V(x,y)

(x1, y1)

Known Anchor Co-ordinates: (x1, y1)

FIGURE 1 Unilateration of node V position. (x1, y1) are the coordinates of the known position (anchor) node and r is the
measured distance between nodes

r

r

Radii: r and l

Unknown Node: V

Mirror Node: V* 

t

t

(x1,y1)

(x2, y2)

V*(x*,y*)

Known Anchor Co-ordinates: (x1, y1) and (x2, y2)

V(x,y)

FIGURE 2 Bilateration of node V position, with (x1, y1) and (x2, y2) the coordinates of the known position (anchor) nodes, and
r and t are the respectively measured radii and V ∗ is the equally likely mirror node position

Bilateration, shown in Fig. 2, refines the unknown position of the sensor node V using an additional reference node, with
coordinates (x2, y2), measuring a distance t from V .
The possible positions of the node to be localized, V and V ∗, are obtained by solving

(x − x1)2 + (y − y1)2 = r2, (2)
(x − x2)2 + (y − y2)2 = t2, (3)

where V ∗ is the mirror location (flip ambiguity).
V ∗ can be eliminated by comparing the reference node coordinates, as mentioned in Section 4, or by trilateration (shown in

Fig. 3), which uses a third non-collinear reference node. If we assume that it has coordinates (e, f ) and measures a distance ℎ
to node V , it is described by

(x − x1)2 + (y − y1)2 = r2, (4)
(x − x2)2 + (y − y2)2 = t2, (5)
(x − x3)2 + (y − y3)2 = ℎ2. (6)

Subrata et al. [26] solved (4), (5), and (6) using the notations
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V*
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Radii: r, t and h

V(x,y)

(x3,y3)

(x2,y2)

(x*,y*)

Known Anchor Co-ordinates: (x1,x2), (x2,y2) and (x3,y3)

(x1,y1)

FIGURE 3 T
rilateration of node V position. (x1, y1), (x2, y2), and (x3, y3)are the coordinates of the known position (anchor) nodes, and r, t,

and ℎ are the respectively measured radii. V ∗ is the position of one mirror, discarded by the algorithm

x21 + y
2
1 − r

2 = g2, (7)
x22 + y

2
2 − t

2 = k2, (8)
x23 + y

2
3 − ℎ

2 = j2, (9)

and solving to obtain the coordinates (x, y) of node V

x =

(

g2 − j2
) (

y2 − y1
)

−
(

g2 − k2
) (

y3 − y1
)

2
[(

x2 − x1
) (

y3 − y1
)

−
(

x3 − x1
) (

y2 − y1
)] , (10)

y =

(

g2 − j2
) (

x2 − x1
)

−
(

g2 − k2
) (

x3 − x1
)

2
[(

y2 − y1
) (

x3 − x1
)

−
(

x2 − x1
) (

y3 − y1
)] . (11)

If the coordinates of the reference nodes are afflicted by errors, then the location of the unknown node will be also afflicted by
errors [27], which would result in an accumulation of localization errors across the field. Moreover, there can be flip ambiguity
when the mirror coordinates may be selected instead of the real coordinates [28]. The flip ambiguity is overcome in the proposed
method as described in Section 4.
Due to the ease of selection of the participating nodes and the reduced complexity of the bilateration process, we have chosen

bilateration process over trilateration.

4 PROPOSED BILATERATION AND COMPARISON LOCALIZATION (BACL) METHOD

We consider a network ofN sensor nodes, represented by a graph G = (V ,E). The set of vertices V represents the location of
the sensor nodes in the network, as shown in Fig. 4. A sensor node with vertex Vi ∈ V , i = 1, 2,… , N , has coordinates (xi, yi).
E represents the set of edges between the sensor nodes. An edgeEij exists between sensor node Vi and Vj if they are within radio
range of each other, hence one-hop neighbors.
The proposed algorithm can be divided in two steps: (1) localization by bilateration process and (2) refinement by cluster

formation. In Fig. 4, we can see how the localization by bilateration starts using the anchor nodes present at the edge of the
network.We have anchor nodes V1, V2, and V3 lined up along the x axis at known locations. We use them in pairs as anchor nodes
to localize an unknown node that they can detect within one-hop radio range. This way, they localize nodes V4, V5, and V6, but
for each we obtain also mirror nodes, V ∗

4 , V
∗
5 , and V

∗
6 (see Fig. 4). We filter the mirror nodes as follows. When reference nodes
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Anchor/Reference node

FIGURE 4 Network model of BACL with anchor nodes at the edge

V1 and V2 participate in bilateration to localize V6, we select the true location between V6 and V ∗
6 as the one whose y coordinate

is greater than the y coordinates of the reference nodes (which, at the beginning, are at the edge of the field). Similarly, reference
nodes V2 and V3 will localize V4 and V5, respectively.
We use tokens to differentiate the reference nodes from the nodes to be localized. Initially, the anchor nodes at the edge of

the network generate their own tokens with a value of zero. When the anchor nodes participate in bilateration, they pass an
incremented token to the newly localized node. Hence, the first layer of nodes that are localized directly by the anchors (located
at the edge of the network) will have tokens with values equal to one. Similarly, when the nodes on this layer start localizing
by bilateration, they will pass to the localized nodes their token incremented by one (hence with a value of two). Since only
the nodes that have a token can participate in localizations, we enforce this way a layered localization progression, from anchor
nodes towards the rest of the field.
We can see this process unfolding in Fig. 5. Nodes V1, V4, V5, and V6 become the reference nodes to localize V7, V8, and V9,

discarding mirror nodes based on their y coordinates. V7, V8, and V9 will receive a token with value of two. Note that V1, an
anchor, passes to V9 a token with value one, but V6 passes a token with value two. V9 selects the highest token value, two. V8 is
one hop neighbor of V5, V2 and V6. It chooses V6 and V5 for bilateration because the token values of V5 and V6 are higher than
V2. The process continues along the Y axis until all nodes in the field are localized and have a token.

4.1 Localization by Bilateration
To show the operation of the bilateration process, we consider two reference nodes, Vi with coordinates (xi, yi) and Vj with
coordinates (xj , yj), and a node of unknown position, Vk, with coordinates (xk, yk) to be determined. We assume that Vk is
within one-hop radio range to reference nodes Vi and Vj , which sense Vk at radio ranges ri and rj , respectively (see Fig. 6). The
coordinates of the unknown node Vk are obtained from the intersection of Vi and Vj nodes

(xk − xi)2 + (yk − yi)2 = ri
2, (12)

(xk − xj)2 + (yk − yj)2 = rj
2. (13)

Subtracting (13) from (12) we obtain

(xk − xi)2 + (yk − yi)2 − ri2 − [(xk − xj)2 + (yk − yj)2 − rj2] = 0, (14)
(xk − xi)2 + (yk − yi)2 − ri2 − (xk − xj)2 − (yk − yj)2 + rj2 = 0. (15)
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Grouping the xk and yk terms together we obtain

2xk(xj − xi) + 2yk(yj − yi) + rj2 − ri2 + x2i − x
2
j + y

2
i − y

2
j = 0, (16)

xk =
xj2 − xi2 + yj2 − yi2 + ri2 − rj2

2(xj − xi)
+ yk

yi − yj
xj − xi

. (17)

With
dij =

yi − yj
xj − xi

(18)

and

eij =
xj2 − xi2 + yj2 − yi2 + ri2 − rj2

2(xj − xi)
, (19)

we get
xk = ykdij + eij. (20)

Substituting (20) in (12), we obtain
(yk − yi)2 + (ykdij + eij − xi)2 = ri

2. (21)
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FIGURE 7 Error due to RSSI measurement uncertainties

We replace (eij − xi) with cij
(yk − yi)2 + (ykdij + cij)2 = ri

2, (22)
y2k − 2ykyi + y2i + y

2
kd

2
ij + 2ykdijcij + c2ij − r

2
i = 0, (23)

y2k(1 + d
2
ij) + yk(2dijcij − 2yi) + (c2ij − r

2
i + y

2
i ) = 0. (24)

To solve for yk, let
(1 + d2ij) = p2 (25)

and

yk =
−(dijcij − yi) ±

√

(dijcij − yi)2 − (p2)(yi2 + cij2 − ri2)

p2
. (26)

From (26), we observe that there are two values of yk with different magnitudes. Among these two coordinates, one is the real
node and the other is a mirror node. To eliminate the mirror node, the y coordinate of Vk is compared with the y coordinates
of Vi and Vj , i.e., yk is compared with yi and yj . The position with the largest yk compared to yi and yj is selected for the
node coordinate, as shown in Fig. 6. The other value is the mirror node, which is discarded. We use a token to ensure that the
localization happens only in the positive y direction as the algorithm proceeds. The token Tp is passed by the reference nodes to
the newly mapped sensor node. The sensor node that has acquired this token can proceed to localize its one-hop neighbors and
act as reference node. By means of the token, the localization progresses monotonically along the Y axis.
For a relatively dense network, we can assume that all nodes are connected. New nodes entering the networkwill be surrounded

by nodes already localized. In this case, any two neighboring nodes that are one hop away with the highest token numbers are
chosen as reference nodes for the bilateration process.

4.2 Refinement Phase of Proposed Method (BACL)
The localization error propagates through the network, as the localization errors of the reference nodes compound with the
localizations of new nodes. BACL refinement phase aims to reduce the accumulated error. The error is due to RSSI measurement
uncertainties, as shown in Fig. 7. The measured radii ri and rj may vary between [ri(min), ri(max)] and [rj(min), rj(max)],
respectively. The actual position of Vk may differ and lie in the region of the intersection between [ri(min), ri(max)] and [rj(min),
rj(max)]. Due to this there can be variation in the position calculated using bilateration.
This error can be minimized by applying multiple bilaterations and averaging the results. To have multiple bilaterations for a

single node, we use clusters and use the positions of the cluster member nodes to refine the position of the cluster head, which
was initially obtained by BACL (see Section 4.1). We use a clustering method based on the network topology [29, 30] which
uses the degree of connectivity introduced in the HEED algorithm [31].

Step 1: The cluster is formed and a cluster head is elected. We assume that the sensor nodes have preassigned unique identi-
fication numbers (IDs) and we denote them by V (n)

p , with n = 1, 2…N . Consider the network shown in Fig. 8, wherein
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FIGURE 9 Cluster formation with one-hop neighbors

each node broadcasts its ID and also receives the IDs of the nodes that are one hop away. By receiving the IDs from its
neighbors, each node can calculate the number of the one-hop neighbors it is connected to. The one-hop neighbor count
is again broadcast and then the node which has got the highest number of nodes connected to it is elected cluster head
and provides its ID to its one-hop neighbors. In Fig. 9, V (7)

p and V (5)
p become cluster heads because they have the highest

node connectivity. Every node chooses the neighbor with the highest one-hop connectivity as cluster head. If two or more
neighbors are cluster head candidates with the same connectivity, the node with the highest ID becomes cluster head.

Step 2: The participating nodes form pairs, to refine the cluster head location.Cluster members contact their one-hop neighbors
that belong to the same cluster (identified by the unique ID of the cluster head) and localize the cluster head again through
bilateration using (17) and (26).

Step 3: The refined cluster head location is used to refine the locations of the participating nodes. The cluster members refine
their locations from the newly calculated cluster head from (12) and (13), where (xi, yi) denotes the older cluster head
coordinates before refinement, and (xj , yj) denotes the newly calculated coordinates of Vc after refinement.

To show the improvement in localization error, consider the arrangement in Fig. 10, wherein the cluster head is denoted as
Vc and the cluster members are V (1)

p , V (2)
p , V (3)

p and V (4)
p . Although they are equally separated from the cluster head with radii

ri, they have RSSI measurement errors denoted by �r1, �r2, �r3 and �r4. We consider the cluster members in pairs to refine the
location of Vc , i.e., V (1)

p and V (4)
p , V (4)

p and V (3)
p , V (3)

p and V (2)
p , and V (1)

p and V (2)
p . Initially, the pair V (1)

p and V (4)
p with coordinates

(xi, yi) and (−xi, yi) respectively participates in Bilateration. These coordinates are substituted in (2) and (3)

(x − xi)2 + (y − yi)2 = (ri + �r1)2, (27)
(x + xi)2 + (y − yi)2 = (ri + �r4)2. (28)

Since the error �r1 is an independent variable and the correlation between ri and �r1 is zero, we consider

(ri + �r1)2 = r2i + (�r1)2. (29)

Similarly,
(ri + �r4)2 = r2i + (�r4)2. (30)
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FIGURE 10 Refining cluster head location Vc by cluster members with RSSI measurement errors

Subtracting (28) from (27) and solving for x, we get

−4xix = (�r1)2 − (�r4)2. (31)

From (31), we get the value of x coordinate and denote it as x1,4

x1,4 =
(�r1)2 − (�r4)2

−4xi
. (32)

Consider the pair V (2)
p and V (3)

p to get cluster head coordinates by Bilateration. The coordinates of the participating nodes,
(xi,−yi) and (−xi,−yi) are substituted in (2) and (3)

(x − xi)2 + (y + yi)2 = (ri + �r2)2, (33)
(x + xi)2 + (y + yi)2 = (ri + �r3)2. (34)

Subtracting (34) from (33) we get x coordinate and denote it by x2,3

x2,3 =
(�r2)2 − (�r3)2

−4xi
. (35)

Similarly, for the node pair V (1)
p and V (2)

p with coordinates (xi, yi) and (xi,−yi) respectively, we get

(x − xi)2 + (y − yi)2 = (ri + �r1)2, (36)
(x − xi)2 + (y + yi)2 = (ri + �r2)2. (37)

Solving (36) and (37), we get (38)

y1,2 =
(�r1)2 − (�r2)2

−4yi
. (38)

For the pair V (4)
p and V (3)

p with coordinates (−xi, yi) and (−xi,−yi), we get y coordinate of Vc as in (39)

y4,3 =
(�r4)2 − (�r3)2

−4yi
. (39)

Then we calculate the x coordinate of cluster head by taking average of x1,4 and x2,3 as in (40)

x =
x1,4 + x2,3

2
, (40)

x =
x1,4
2

+
x2,3
2

. (41)

The y coordinate of the cluster head is obtained by the average of y1,2 and y4,3

y =
y1,2 + y4,3

2
, (42)

y =
y1,2
2

+
y4,3
2

. (43)
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From (41) and (43), it can be seen that by taking average, the cluster head coordinates are divided by a factor of 2. Therefore the
cluster head position error will reduce as the number of participating nodes in the cluster increase. Since the x and y coordinates
considered in the example are zero, (40) and (42) will go to zero if the numerator is zero, i.e., if the RSSI measurement error is
zero. Let x1,4 and x3,2 be represented as �1 and �2, respectively. For 2 participating pairs to refine the location, we get

� =
�1 + �2

2
. (44)

For n participating pairs in refinement of cluster head

� =

∑n
p=1 �p
n

, (45)

and taking limit on both sides

lim
n→∞

� = lim
n→∞

∑n
p=1 �p
n

= 0. (46)
From (46) it is seen that the error is bounded and convergent. Hence, clustering and averaging the coordinate values reduces the
RSSI measurement error and improves the location accuracy.

5 EXPERIMENTAL RESULTS

The following parameters are used to assess the performance of the proposed BACL method of bilateration with the trilateration
methods of EACL and URPE:

• Computation overhead: the calculations done by a sensor node for its localization in a network.

• Communication overhead: the messages exchanged for the localization of all network nodes.

• Root Mean Square Error (RMSE): the error between the calculated node positions (xj , yj) and the actual positions (xi, yi)

"rmse =

√

√

√

√
1
N

N
∑

i=1

[

(

xi − xj
)2 −

(

yi − yj
)2
]

. (47)

We report also the minimum, maximum, average, and standard deviation of localization errors.

5.1 Localization Accuracy
The proposed method BACL was implemented in MATLAB for a field with 100 nodes. The nodes are randomly placed in an
area of 120m×120m, as shown in Fig. 11. The reference nodes for BACL are ten edge nodes enclosed in rectangles in Fig. 11.
For EACL and URPE, the anchor nodes are placed randomly in the network as indicated by nodes enclosed in circles. In BACL,
the nodes in the vicinity of any two anchor nodes are localized through bilateration. In EACL and URPE, the nodes that get
beacon messages from 3 anchor nodes, localize using trilateration. Trilateration reference nodes must not be collinear, while
bilateration does not have restrictions for the relative position of the reference nodes.
The simulation is done by adding 10% of the real distance as random errors. The statistical results are reported by performing

50 independent simulations. The simulation starts from the edge of the network and proceeds to the opposite edge in the positive
Y direction. The simulation errors are shown in Fig. 12. Then we simulate 20% and 30% random errors of the real distances, and
the results are shown in Fig. 13 and Fig. 14, respectively. From Fig. 12, Fig. 13, and Fig. 14, we can see that for all algorithms
the localization error increases with the distance error. On the other hand, it is small for less than 20 nodes in the network, but
they are very likely to be either in direct range or at very few hops from the anchor nodes.
As the network grows, the localization errors diverge for EACL, URPE, and BACL because the accumulated errors increase.

At some point, in EACL and URPE fewer nodes can become anchors (reference nodes) because they may have excessive local-
ization errors. Hence, the networks may have too few anchors for good accuracy localization as they grow. In BACL, all nodes
act as reference nodes as soon as they are localized. Moreover, we refine the localization (reduce the accumulated error) using the
clustering technique at the cost of higher communication and computation overhead. We have compared the localization error
for EACL, URPE and the proposed method BACL with and without the clustering method in Table 2, Table 3, and Table 4. It
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FIGURE 11 Placement of the 100 nodes in the network
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FIGURE 12 Root mean square error (RMSE) for BACL, EACL, and URPE for 10% distance measurement error

can be observed that the proposed method BACL has the least error compared to EACL and URPE when clustering is employed
to refine the node location.
BACL performance for different anchor distributions in the network is shown in Table 5 and Fig. 15. We see that distributing

the anchors on more sides of the network decreases the localization error. Also, the localization error for the network with
anchors on all four edges is similar to that with anchors placed on only one edge but that uses clustering refinement.
We explore the scalability of the localization algorithm, with and without refinement, by increasing the number of nodes in

the network from 100 to 200. We test the localization accuracy in the worst case, when the anchor nodes are placed only on one
edge of the field, and report the results in Table 6. The localization error increases with the number of nodes, but localization
refinement using the clustering technique generally reduces the error.

5.2 Communication Energy
To calculate the communication energy for localization, we consider the setting in Fig. 10, with a node Vc and four neighboring
reference nodes V (1)

p , V (2)
p , V (3)

p , and V (4)
p . Network nodes can have different number of neighbors, but we use four neighbors

for our calculations to have a uniform reference for comparison between different methods. We denote a single communication
packet by p. WithMd we denote an RSSI measurement packet, and withMcal a packet containing the calculated coordinates. To
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FIGURE 13 Root mean square error (RMSE) for BACL, EACL, and URPE for 20% distance measurement error
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FIGURE 14 Root mean square error (RMSE) for BACL, EACL, and URPE for 30% distance measurement error

TABLE 2 Comparison of average, maximum, and standard deviation (�) of localization error for different localization
algorithms for 10% distance measurement error

Algorithm Localization error (m)
min average max �

EACL 1.40 3.4 8.30 2.45
URPE 2.92 6.1 9.20 2.70
BACL without refinement 1.12 1.4 8.02 2.10
BACL with refinement 0.80 0.9 7.40 1.91

simplify the calculations, we consider that both transmitting and receiving a packet related to localization consumes the same
energy.
For BACL, let V (2)

p and V (3)
p be the two reference nodes participating in a bilateration process to localize the node Vc . Since

only the nodes with token can broadcast, Vc receives one Md packet from V (2)
p and V (3)

p , respectively. Once Vc calculates its
position, it broadcasts it using anMcal packet. Vc receives the token number with anMdtoken packet. Hence

MBACL = (2Md +Mcal) +Mdtoken, (48)
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TABLE 3 Comparison of average, maximum, and standard deviation (�) of localization error for different localization
algorithms for 20% distance measurement error

Algorithm Localization error (m)
min average max �

EACL 1.50 3.8 8.50 2.60
URPE 3.10 6.6 9.78 2.86
BACL without refinement 1.42 1.7 8.74 2.40
BACL with refinement 0.98 1.2 7.80 2.10

TABLE 4 Comparison of average, maximum, and standard deviation (�) of localization error for different localization
algorithms for 30% distance measurement error

Algorithm Localization error (m)
min average max �

EACL 2.20 4.3 8.9 2.80
URPE 3.50 6.9 9.9 2.91
BACL without refinement 1.80 2.0 8.8 2.64
BACL with refinement 1.48 1.5 7.9 2.43

TABLE 5 Comparison of average, maximum and standard deviation (�) of localization error for anchor placement at 1, 2 and
4 edges of the network for 10% distance measurement error

Algorithm Localization error (m)
min average max �

BACL anchors on 1 side, without refinement 1.12 1.4 8.02 2.10
BACL anchors on 2 sides, without refinement 0.93 1.1 7.80 2.00
BACL anchors on 4 sides, without refinement 0.70 0.9 6.91 1.85
BACL anchors on 1 side, with refinement 0.80 0.9 7.40 1.91

or

MBACL = (2p + p) + p, (49)
MBACL = 4p per node, without refinement. (50)

For anN-node network, the number of packets without refinement is

MBACL = 4N. (51)

For the refinement phase, since we have considered four neighbors, the node receives four Md messages from the one-hop
neighbors that indicate their neighbor count, and oneMd from the node with the highest neighbor count that announces itself
as cluster head. The four reference nodes choose their cluster head using Md packets. Since four node pairs participate in
bilateration to refine the Vc location, the packets are (2Md +Mcal) and oneMd packet to pass the token. The total packets per
node for BACL,MBACL is

MBACL = (2Md +Mcal)4 + 5Md + 4Md +Mdtoken, (52)
MBACL = (2p + p)4 + 5p + 4p + p, (53)
MBACL = 22p per node. (54)
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FIGURE 15 Comparison of the performance of BACL with anchors placed on 1, 2, and 4 edges of the network for 10% distance
measurement error

TABLE 6 Comparison of average, maximum, and standard deviation (�) of localization error for different sizes of network with
10% distance measurement error

Algorithm Localization error (m)
min average max �

100 nodes on the field
BACL without cluster 1.1 1.4 8.0 2.1
BACL with cluster 0.8 0.9 7.4 1.9

150 nodes on the field
BACL without cluster 1.7 2.1 10.8 2.6
BACL with cluster 1.3 1.7 8.0 2.1

200 nodes on the field
BACL without cluster 2.8 3.5 11.9 2.9
BACL with cluster 1.9 2.2 9.8 2.4

For anN-node network, the number of packets with location refinement using clustering is

MBACL = 22N . (55)

For URPE, all four reference nodes broadcast their location. So, Vc receives all four packets, but chooses only three reference
nodes for trilateration. Then it broadcasts its calculated position using oneMcal packet. LetManch be the packets received from
the broadcasts of anchor nodes andMt be the packet containing the threshold value that is passed on to Vc . The total packets for
URPE,MURPE becomes

MURPE = 4Md +Mcal +Mt + 10Manch, (56)
MURPE = 4p + p + p + 10p, (57)
MURPE = 16p per node. (58)

(59)

For anN-node network
MURPE = 16N packets. (60)
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TABLE 7 Communication overhead for localization methods for a network withN nodes

Method Overhead (packets)

EACL 31N
URPE 16N
BACL 4N without refinement
BACL 22N with refinement

In EACL, a minimum of three rounds of broadcast from the anchor nodes is received by a node, from which it chooses the
best three to locate the node

MEACL = (10Manch)30 +Mt, (61)
MEACL = 31p per node. (62)

ForN nodes in a network
MEACL = 31N packets. (63)

The communication overheads are also given in Table 7. We see that BACL without clustering refinement has the lowest
communication overhead. BACLwith clustering has better localization accuracy, but also uses more messages, hence increasing
communication and energy overhead. EACL has the worst communication overhead.

5.3 Processing Energy
For the processing effort, we consider four one-hop neighbors as in the setting in Fig. 10. We also consider most calculations
done by the nodes for localization equivalent, denoted by c. Let the computations of x and y coordinates between reference node
and unknown sensor node denoted by Ix and Iy, respectively and threshold computation as Ith.
For BACL, the number of computations required is given by IBACL. During the localization phase, Ix, Iy are needed to

compute the coordinates

IBACL = (Ix + Iy), (64)
IBACL = 1c + 1c = 2c per node. (65)

ForN nodes, without refinement, the number of computations is given by

IBACL = 2N . (66)

During localization refinement phase, four pairs (V (1)
p , V (2)

p ), (V (2)
p , V (3)

p ), (V (3)
p , V (4)

p ), and (V (4)
p , V (1)

p ) participate in cluster head
refinement. To calculate the cluster head coordinates and the average, it needs

IBACL = 4(Ix + Iy) + Iavg, (67)
IBACL = 4(1c + 1c) + 1c = 9c per node. (68)

ForN nodes, with refinement, the number of computations is

IBACL = 9N . (69)

Similarly, the network level overhead for EACL is IEACL. Each node calculates the confidence value and compares it with the
threshold

IEACL = Ix + Iy + Ith , (70)
which are repeated three times to select the best anchors and refine the errors

IEACL = 3(Ix + Iy + Ith), (71)
IEACL = 3(3c) = 9c per node. (72)

Computation forN nodes
IEACL = 9N. (73)
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TABLE 8 Computation overhead for localization methods for a network withN nodes

Method Overhead (packets)

EACL 9N
URPE 6N
BACL 2N without refinement
BACL 9N with refinement

URPE considers 3 non-collinear nodes

IURPE = (Ix + Iy + Ith), (74)
IURPE = (1c + 1c + 1c) = 3c. (75)

In URPE, the best anchor nodes are selected depending on their error value and the location of the nodes is calculated again.
So, for two passes

IURPE = (3c)(2) = 6c per node (76)
and for the entire network, the total computation is given by

IURPE = 6N. (77)

The computation overhead comparison is given in Table 8. We see that BACL without clustering refinement has the lowest
computation overhead. BACL with clustering has better localization accuracy, but also requires more processing. URPE has the
worst computation overhead.

6 CONCLUSION

Localization with bilateration is lightweight, since it requires only two reference nodes. But it is rarely used due to the difficulty
in filtering the mirror nodes. The proposed method, BACL, effectively filters the mirror nodes by comparing with the coordi-
nates of the reference nodes as localization process progresses in a single direction only. Error accumulation in the network
can be reduced using clusters to refine node positions. Simulation results show that BACL localization error is 53% less than
URPE and 40% less than EACL for 10% error in the distance evaluation based on the RSSI indication. The localization error of
each method increases when the distance evaluation error increases. For 30% RSSI-based distance evaluation errors, the local-
ization error increases increases by 5% for URPE, 10% for EACL, and 13% for BACL, the latter remaining the most accurate.
BACL localization error decreases with the increase of the number of field sides on which anchor nodes are placed. The lowest
localization error is obtained when the anchor nodes are placed on all four sides of the network. The results also indicate that
localization error with cluster-based refinement with anchor nodes only on one side is comparable with the localization error
without refinement with anchors placed on two sides. Localization refinement using clustering reduces the errors at the expense
of more communication and computation, but performs better than URPE and EACL state-of-the-art methods. There is a trade-
off between communication and computation overheads, and the number of anchors in the network. Future work will focus on
reducing the error accumulation, allowing for either fewer anchors or less communication overhead during the cluster-based
refinement.
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