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“The good Lord created the natural numbers; all the rest is man’s work.”
L. Kronecker (1823-1891)

1.Initial Presentation

The present article is perhaps the last paper produced by Professor Paulo
Veloso. It greatly expands on some ideas contained in (Porto, 2009) regar-
ding Wittgenstein’s treatment of inductive proofs. In that paper, an alterna-
tive parametrized version of the usual recursive formulations of arithmetical
operations is introduced. For example, in the case of addition, instead of the
usual two clauses:

m+0=m
{m+s(n) =s(m +n)

we substitute the second clause of the definition by its parametrized version:

m+0=m
{m+s“(n)=s“(m+n)

which allow us to move a successors in one single step. Once we have this
new, parametrized recursive definition of addition, the usual inductive proof,
say, of associativity of addition becomes simply:

a+(b+s5™0))=a+s*b+0)= s"(a+(b+0))=

=s"(a+b) =s"((a+b)+0) = ((a+b)+s7(0))

The main goal of professor Veloso’s paper is to offer an extremely detailed
comparison between usual inductive proofs with their parametrized versions,
particularly with respect to universal/local validity, i.e., their validity with
respect to non-standard models, and not only regarding the usual standard
model. The paper retains the character of a work which was in progress. If
it were not for his untimely death, professor Veloso would have certainly
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clarified better the logical instruments behind his proofs (first order logic,
second order logic) as well as would have probably added parallel sections
regarding universal/specific properties of Multiplication.

2. Introduction

We will examine some basic issues underlying the structure of the natural
numbers: induction and recursion. In Section 3, we will use some simple
examples to introduce recursive formulations and induction, stressing the
distinction between universal and particular properties. In the remaining sec-
tions, we will examine other recursive formulations, as well as the role of
induction in establishing properties of functions with recursive formulations,
considering three approaches, which we called direct, reductive and algebraic
ones. The first approach establishes a universal property directly by induction,
whereas the other two approaches derive a property from other properties.
We will be particularly interested in distinguishing universal properties, valid
for all models, and merely local properties, valid only for the standard model.

3. Motivation: Recursion and Induction

We now use some simple examples to introduce the issues of recursion and
induction. Consider the natural numbers. They can be visualized as follows:

0-1 - n->n+1--

In this structure, we have the natural number and the (unary) successor
function: s(n) = n+1. In fact, the natural numbers are generated starting from
by (iterated) applications of successor:

S S
0—1-n—-n+1--

One can give recursive formulations for some operations on naturals. For
instance, a recursive formulation for addition of naturals may be as follows

{m +0=m case zero: (0)
m+s(n) =s(m+n) case non — zero: (s)
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This recursive formulation (+) reduces addition to iterated applications of
the successor operation +. One often says that it defines the operation . It
is used in establishing some properties of addition, such as commutativity
(a+b =b+a) and associativity (a+(b+a) = (a+b)+c).

3.1. Double of Naturals

We will first examine the case of double the naturals. Consider the case of
doubling of a natural: d(n)=2-n.! A recursive formulation for function d re-
duces it to iterated double successors. It is as follows:

d(0) =0 case zero: (0) @
d(s(n)) = ss(d(n))  case non — zero: (s)

With this formulation (d), one can evaluate the double of each natural.? For
instance, to evaluate d(2), we can proceed as follows.

1. First, we express how 2 is generated: 2=s(s(0)).
2. Next, we use formulation (d) to evaluate d(s(s(0))) as follows

a(s(s0)) 25 (s (as0))) Ls ( (s (sw))) Qs (s (s(s0))

Finally, we note that s(s(s(s(0)))) denotes 4, by evaluating s, as follows:

s (s (s(s(O)))) =s (s(s(l))) = s(s(Z)) =s3)=4

The entire evaluation involves three steps as follows:

(r) first, we represent the argument 2 = s(s(0));
(d) next, we use formulation (d) to eliminate d;

1 A programmer would write (using predecessor p) d(v) =if v= 0 then 0 else s s (d(p(v))).

2 Note that the non-zero case (s) should be understood as d(s(n))=s(s(d(n))), for every natural neN.
So, formulation (d) abbreviates d(0) = 0,d(s(0)) = s(s(d(0))),...
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(s) finally, we evaluate s, obtaining the natural 4 = s(s(s(s(0)))).
These three steps can be summarized as follows

d(2) 4
represent { 1 evaluate s

d (3(3(0))) Sliminated s (s (s(s(O))))

Two features of formulation (d) are apparent from this operational view:

- it eliminates the (new) symbol d: d(s(s(0))) evaluates to s(s(s(s(0))));
- the reduced name s(s(s(s(0)))) denotes the correct double of 2.

One can also establish some properties of function in this manner. For instance:

(0) 0 is its own double, as follows: d(0) £ 0;
(+) a successor is not its own double, as follows: d(s(n)) £ s(s(d(n)))=0.

To clarify the matter, let us examine the language involved. Our language for
the naturals has the symbols: constant 0 (for zero) and unary function s (for
SUCCessor).

Within such a language, we have numerals as names for the naturals, as
usual. For instance, 3 =sss(0) denotes the natural 3, being a name for it. For
each natural n, we introduce its numeral f:=s"(0) (where s* is a shorthand

for s..s.’
§.-5
n

We can see that the numeral i is a name for the natural n: it is a variable-
-free term denoting it. So, we see that every natural n is (uniquely) denoted
by its name i = s*(0).

w0 S s(0) - s™(0) > s"1(0)
l l l l
0 - 1 e n - n+1

Thus, we have another natural formulation for double, as follows

3 One can also introduce numerals by recursion (over N): 0 = 0 and s(n):= s(n).
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{dbl[o =0 case (0)

1
dbl[s(R)] = s(s(dbl[AD)  case(s) IOV

This formulation (dbl) is just like the previous formulation (d).* We then
have the following properties.

(=) ffor n = 0: dbl[n] =n 0 does equal its own double

(#) ffor n # 0:~dbl[n] =n a non-zero numeral is not its own double

So, we have dbl[A]=h—f =0, for every natural n.”> Have we actually establi-
shed the universal property Vv (dbl[v]=v - v=0)? If all we know about is the
above formulation (dbl), the answer is no!

To see this claim, consider a non-standard model of the naturals with zero
and successor cf. (Herbert, 1972, pp. 178-183 §3), consisting of two chains: a
N-chain (the standard part) and a Z-chain (the non-standard part) as follows:

w()o1-52->- +0
N—Chain T

In this structure, successor is indicated by the arrows. Now, let us define on
it as expected:

- on the standard part: dbl(n)=2-n;
- on the non-standard part: dbl(z)=2-z.

This expanded structure satisfies both clauses of the recursive formulation
(dbl).° The non-standard point +0 is a counterexample for the above uni-

4 Again, case (s) is be understood as dbl[s(n)] =s(s(dbl[fi])), for every natural .
5 Notice that only evaluation is required to establish each specific version.

6 In fact, it satisfies the universal sentence vv dbl[s(v)] =ss(dbl[v]).
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versal formula: £0+0 but dbl(£0)==0, i.e., 0 is a non-zero point that is
its own double.

Now, let us take a closer look at what is happening with respect to induc-
tion. Let formula ¢(v) be dbl[v] =v— v =0. Notice that we do have:

(0) the basic instance @(0) trivially, as 0= 0;

(s) each step instance @(n)— @(s(1)) since =s(n”) = 0. ;

as well as ¢(n), for every natural n. But we have failed to establish the univer-
sal formula vv @(v). Why is this so?

Induction is a tool to establish universal properties. What is involved
here might be called induction on names. It captures part of the intuition we
have about the naturals; its shortcoming is that it covers only the standard
part, and not all “possible” naturals.

In order to establish the universal property Vv ¢(v), one should use the
induction schema

[0 AvY (0() - 0 (s™))] - Vv o)
or the induction rule

90) V(o) - @(sv))

v (V) ®

In both cases, we have to establish:

(0) the basis ¢ (0) as before;

(s) the induction step Vv(@(v)=@(s(v))) auniversal formula.

In this case, we do have the basic instance ¢(0), but can we establish the in-

ductive step Yv(@(v)—=¢(s(v))) ? To establish such a universal inductive step,
we need a universal formulation for double, such as

{db[O] =0 case (L) (db)

Vvvdb[s(v)] = ss(db[v]) case (&)
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With this formulation (db), the universal inductive step follows from Vv —
s(v) =0 Therefore, we can infer the universal property Vv ¢(v).

3.2. Addition of naturals

We now return to addition of naturals. Much as in the case of d, we can use

formulation (+) to evaluate specific cases of addition. For instance, consider
3+2and 2+3.

1. We can evaluate 3+2 as follows

(+)
3+5(s0) L s(3+50) Ls(s3+0) Ls (s(3) =s@) =5

2. Similarly, we can evaluate 2 + 3 as follows

+)

2+5(s(s()) Qs (2+5s(s)) 2 (s@+s©)) 2s (sGs2+0y) O (s(s@)) =s(s®) =5 =5

In this manner, we see the specific commutativity 34-2=243.

As in the case of double, we have another natural formulation for addition,
namely:

[add[n_z, 0]=m case (0)
add[m, s(7)] = s(add[m, 71]) case (s)

(add)

This formulation (add) is just like (+). So, for each given pair m and n of
naturals, we can establish the specific commutativity add[m, n] = add[n ,m]
by evaluation and comparison.

We can proceed similarly for each given pair m and n of naturals.

1. Evaluate the left-hand side add[m, n].”
2. Evaluate the right-hand side add[n, m].?

(add) P
7 We have add[,s"(0)] = s..s(@) = s..55..5(0)

= n

(@dD ®
8 We have add[#,s"(0)] = s..s(@) = s..ss..s(0)
m n

m
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3. Notice that both sides evaluate to the same natural.’

Notice that we do not need induction to establish each given case add[m, n]
= add[f,m].
Thus, we have the specific commutativity of addition:

(K+,) add[m, n] = add[n ,m], for each pair m and n of naturals

We cannot, however, establish the universal property Vuvvadd[u,v] = add[vu]!'°
To establish such a universal property, we need a universal formulation for
addition, such as the following one:

{Vu ad[u,0] =u case (1)

Vuvv ad[u,s(v)] = s(ad[u, v]) case (=) (ad)

To see the difference between this universal formulation (ad) and formulation
(add), notice that we can now have more general evaluations. For instance,
we can now evaluate ad[u,ss(0)] to ss(u) as follows:

ad[u,ss(0)] (;) s(ad[u,s(0)]) (: ss(ad[u,0]) = ss(u)

With this formulation , one can establish the following universal properties of ad.

(0+,) Left zero: Vv ad[0,v] =v by induction on v.
(s+,) Left successor: Yuvv ad[s(u),v] =s(ad[u,v]) by induction on v.
(K+,) Yuvv ad[u,v] = ad[v,u] using(0+_V )and(s+,) by induction on u.

Note that the above auxiliary properties (0+,) and (s+,) are special cases of
commutative property (K+,). We also have specific instances of these auxi-
liary properties (0+,) and (s+,).

(0+)) add[0,n] =1, for every natural neN (of (0+,))
(s+,) add[s(m),n] = s(add[m,n]), for all naturals

9 Both %ﬁ%ﬁ(o) and $::55--5(0 have the same number of s&
10 We can argue much as in the case of dbl: we expand the non-standard structure by add[a,n]=a+n

and add[a,b]=b+1; then we satisfy both clauses of the formulation (add), but add[+0,0] = +0
whereas add[0,+0] = £0+1=+1.
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These specific versions, being special cases of the specific commutative pro-
perty (k+,), can also be established directly by evaluation and comparison.
Some remarks about these ideas are in order.

1. We mentioned that we do not need induction to establish each specific
version of commutativity of addition. So, induction appears to play no
role in such cases. Actually, induction (on numerals) might come in
handy to reuse cases previously established.!! For, all specific versions
form an infinite set, so we have countably many induction-free proofs.
Induction on N may help condensing this countable set of proofs to
finitely many proofs. This seems to be the usual case.!?

2. Similar methods, based on formulation (ad), yield associativity of addition.
- For the version Yuvvvw ad(u,ad[v,w]) = ad(ad[u,v],w), we use (IR)**,
- For the version Yuvv ad(u,ad[vk]) = ad(ad[u,v],k ), we can resort to
evaluation and comparison.'*

3. The reason why these methods work so nicely for addition has to do
with the rather simple nature of its recursive formulation (see Section
4). One can also establish properties of other operations, such as multi-
plication, by similar methods, but the details tend to be more involved.

We can now return to some distinctions universal versus particular proper-
ties and direct and reductive approaches. These examples help clarifying
the distinction between universal and particular properties. The distinction
between the direct, reductive and algebraic approaches will become clearer
later on. Meanwhile, our examples can perhaps provide some clarification
about the distinction between the direct and reductive approaches. Consider,
for instance associativity of addition. On the one hand, the direct approach
will establish its universal version directly by the induction rule (IR). On
the other hand, the reductive approach will establish its particular version
by evaluating both sides, thereby reducing them to their normal forms, and
comparing the results. The case of commutativity of addition is similar. The

11 Note that add[m ,n | =add[n,m ] yields immediately add[m,s(n)] =add[n,s(m)], by (add.s).
12 We will examine such issues in Section 7 (see 7.2).
13 We can employ induction on w (see 6.1 in Section 6).

14 Both sides reduce to s« (ad[u,v]) (see 7.1 in Section 7).
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so-called algebraic approach establishes a (universal) property by instantia-
ting general conditions.
The following table may be of help in clarifying these distinctions.

Approach Property Method Models Range Sections
Direct Universal Induction (IR) all wide 6

Reductive Specific Induction on R standard narrow 7

Algebraic Universal ~ General conditions all wide 8,9

In the sequel, we shall take a closer look at some aspects of these questions.
In the next section, we will examine universal recursive formulations.

4. Universal Recursive Formulations

We will now examine some examples of universal recursive formulations. We
shall illustrate recursive formulations (in 4.1) and classify them (in 4.2).

4.1. Examples of recursive formulations

We will now illustrate recursive formulations for some functions.

We will consider universal formulations. To simplify the notation, howe-
ver, we will leave implicit the universal quantifiers. So, we write the formula-
tion , in Section 3, simply as

ad[u,0] =u case (1)
{ad[u,s(v)] = s(ab[u,v]) case (=) (ad)

As mentioned in Section 3, by relying on this formulation (ad), one can esta-
blish, by induction (IR), some properties of addition (see Section 6).

(K+,) Yuvvad[uv] = ad[vu] commutativity of +

(++,) Yuvvvw ad(u,ad[vw]) = ad(ad[u,v],w)  associativity of +
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Also, we write the formulation , in Section 3, simply as

{db[[]] =0 case (L) (db)

db[s(v)] = ss(db[v]) case ()
By relying on formulations (db) and (ad), one can establish, by induction

(IR), the universal property Vv db[v] = ad[v,v]..”°
Other examples of recursive formulations are as follows.

(pd) Function predecessor pd has the following recursive formulation:

{pd[O] =0 case (1)

pd[s(v)] =v case (=) (pd)

Formulation (pd) gives the property Vv pd[s(v)]=v.'°

(mn) For function minus, with a~b = a-b (for a=b) and a~b = 0 (for a<b), we
have the following recursive formulation (using function pd)

{mn[u, 0]=u case (1) (mn)

mn[u,s(v)] = pd(mn[u,v]) case (&)

Formulations (mn) and (pd) give the property Vv mn[0,v] = 0.

(mt) A recursive formulation for multiplication - is as follows:

{mt[u, 0]1=0 case (1) (mt)

mt[u,s(v)] = ad(u, mt[u, v]) case (&)

Formulation (mt) gives property (K-): Vuvv mt[u,v] = mt[v,u].

15 The formulations (dbl) and (add), in Section 3, would give the particular properties dbl[n] =
add[n, n], for every natural n € N.

16 Function successor has a recursive formulation: sc[0]=s(0); sc[s(v)]=s(sc[v]).
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(sq) A recursive formulation for square is as follows:

{5‘7[0] =0 case (1) (sq)

sq[s(v)] =s (ad(sq[v],db(v))) case (=)

Formulations (sq) and (mt) give the property Vv sq[v] = mt[v,v].

(pw) A recursive formulation for exponentiation (with 0° = 1) is as follows:

(pw)

{pw [u,0] = s(0) case (1)
pwlu,s()] = mt(u, pw[u,v]) case (&)

Formulation (pw) gives the property Vu pw[u,s(0)] = u.

4.2. Classes of recursive formulations

We will now classify our recursive formulations.

In each one of our recursive formulations in 4.1, the value of the function
at the next input is computed from the present value: cf. case (=). There are,

however, some distinctions.

1. In formulations (ad) and (mn), the value at the next input depends

only on the present value. We may call them value recursive.

A value recursive formulation for a function f uses a unary step func-

tion h as follows

f [g] = g(d) case (1)

- ) ®
oyl =1 LD ease

The case of (db) also fits into this pattern: it has no parameter.

2. Formulations (mt) and (pw) are different: by clause (mt. =),
mt[u,s(v)] depends on both u and mt[u,v].. Indeed, we evaluate

mt[u,ss(0)] as follows:
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o) Z (e []) % (o)) £ 00 (ca(t)

In these formulations (mt) and (pw), the value at the next input de-
pends on the parameter as well as on the present value. We may call
them simple recursive.

A simple recursive formulation for a function f uses a step function
h as follows

i [g] = (@ case (L)
8. i (f)
U [S(l;)] =h (f 3]) case (=)

Formulations (pd) and (sq) illustrate yet another difference: clause
(pd.>) shows that pd[s(v)] depends on v, rather than on the present
value pd[v]; its step function is the left projection V(X,) =v. In these
formulations (pd) and (sq), the value at the next input depends on
the input.

In general, a primitive recursive formulation for a function f~ uses a
step function h” as follows

f [g] =g case (1)
1 [0 6))
f [sgf)] =h 7 Vﬁ] case (=)
v

Next, in Section 5, we will examine parameterization. In Section 6, we will
examine how one can establish some universal properties of addition: asso-
ciativity and commutativity.

5. Parameterization

We will now examine parameterization. Here, the motivation is the reduction
to compositions of step functions. In Sections 3 and 4, we have examined
some features of recursive formulations. This has clearly led to compositions
of the step function, in the case of addition, but not quite so in the case of
multiplication. Indeed, we have the following evaluations:
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(ad)
(ad) adl3] 2 2w composite successors (cf. 3.2)

mt) me[3] Y e (adu[%]) nested additions (cf. 4.2)

One way of approaching the goal of compositions of step functions is para-
meterization. We introduce the basic ideas with the simple case of addition
(cf. formulation (ad) in 4.1). For each natural m, we define the parametrized

addition ad[v] = ad [T] So, we have the following connection between

the two versions of addition:

Vv mad[v] = ad [T]

Thus, this unary function _ad has the following (value) recursive formulation:

mad[0] =m case (1)
{ﬁad [s(V)] = sGzad[v]) case (&) (mad)
This formulation (;ad) has basis value m (cf.(1)) and step function s (cf. (=)).
We can compare these two versions of addition as follows:

Function arity Basis arity Step arity
u
Original ad [V] 2 (u)=u 1 s(w) 1
Parametrized  _ad[v] 1 m 0 s(w) 1

We can now examine the ideas underlying parameterization: parameterizing
a function by fixing some of its arguments.

We parameterize a function F:N"x V-W as follows: for each tuple nie:N"
introduce its parameterized version . F:V-W by:

2F[v]l=F (T)

Parameterization constructs several new functions form a given one. We can
compare these two versions of a function F as follows:
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Original function Parameterized function Definition

F:N'X VoW SFiVoW aFlvl=F (")

We shall examine parameterization for classes of recursive formulations (cf.
4.2): value recursion (in 5.1), simple recursion (in 5.2) and primitive recur-
sion (in 5.3).

5.1. Parameterization: value recursion

We will now examine parameterization for value recursive formulations (cf. 4.2).
The case of monus (cf. 4.1) is entirely similar to addition. For each natural
m, we define parametrized monus mn by the following connection:

Vv mmnl[v] = ad [T]

Thus, this unary function Z—mn has a value recursive formulation much
as — ad), with basis value m and step function predecessor pd.

It is not difficult to extend these ideas to value recursive functions (cf.
4.2). Consider a value recursive function f satisfying formulation (f). We
introduce the unary parameterized version —f by the following connection:

v vl = £ [ 7]

We now consider the unary parameterized version - g =— and noting that - g

€N, we consider its numeral 3 = g(i). Then, the parameterized version 2 f
has the following recursive formulation:

{Hf[o] =md case (1) (.f)
wflsM] = h(f[v])  case(=) 7

This formulation ; f has basis value > g and step function h.

We can compare these two versions of a value recursive function as follows:
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Function arity Basis arity Step arity
Original f [E] n+l g() n h(w) 1
Parametrized - f[v] 1 08 0 h(w) 1

5.2. Parameterization: simple recursion

‘We now examine parameterization for simple recursive formulations (cf. 4.2).
We will begin with parametrized multiplication mmt[v]=mt [T"IL] for each na-
tural m, by the following connection:

VvV mmt[v] = mt [T:;]
Thus, this unary function has the following recursive formulation:

{mmt[o] =0 case (1) (mt)

amtls(W)] = mad(mme[v])  case (=)

This formulation (zmt) has basis value: 0 (cf.(1)) and step function: —ad (cf.
(>)). We can compare these two versions of multiplication as follows:

Function arity Basis arity Step arity
u
original  mt|[\] 2 qw=0 1 ad()) 2
Parametrized  _mt[v] 1 0 0 7 ad(w) 1

The case of exponentiation (cf. 4.1) entirely similar to multiplication. For
each natural m, we define parametrized exponentiation - pw, by the follo-
wing connection:

VvV mpwlv] = pw [T]

Thus, this unary function | mn has a value recursive formulation much as
(-mt) , with basis value and step function parametrized multiplication _mt.
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Much as before, we can extend these considerations to a simple recursive
function (cf. formulation (f) in 4.2). Consider a simple recursive function f
satisfying formulation ( ). We introduce the unary parameterized version o - f
by the following connection:

v of 1= £ 7]

. . . i = h m .
Introducing the unary parameterized version zPW]l=h [w] we consider

the numeral. Then, the parameterized version m f has the following recursive
formulation:

{m’f[o] =g case (1) (~f)
Af [sW] = zh(zFIV]) case (=) m

This formulation (3 £) has basis value =g and step function zh.

5.3 Parameterization: primitive recursion

We will now examine the general case of parameterization, namely functions
with primitive recursive formulations (cf. 4.2); one can also parametrize them.
Consider a primitive recursive function £ (cf. formulation (f) in 4.2). As before,
we introduce the unary parameterized version - £ by the following connection:

vv ~f [v] = [m]

Now, we consider the numeral =g = g(m) and introduce the parameterized
version _j (V) = h( ) Then, the parameterized version —f has the following
W

recursive formulation:

=f[0] = g Y case (1) ()

Af [sW] = zh (m [v]) case (=)

Notice that the parametrized step function A (“;’) =h <V> is no longer unary.

w

Notice that we take as parameters the inputs other than the recursive variable.
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Now, consider functions without parameters, such as the unary functions
db, sq, and pd (in 4.1). One could in principle apply the same idea to the
recursive variable, but this does not seem to be of much help. Consider the
case of unary predecessor. This function has no parameters. If we define -pd
= pd[m], then will have distinct versions of predecessor, depending on the
input m: 5pd = 0 and s@mPd= n. In the next section, we will examine iteration.

6. Addition: universal properties

We will now examine how one can establish some universal properties of
addition. We will establish associativity (in 6.1) and commutativity (in 6.2),
using the universal formulation (ad) (cf. 3.2 in Section 3).

6.1. Universal associativity of addition

Consider the following universal formulation of associativity of addition:
u u
(Aady) Yuvvvw ad (ad [V] ) =ad (ad [v] ) a+b+c)=(@+b)+c
w. w

We establish Aad, by (IR): induction on w, using formulation in 3.2:

(0) Using (ad.L) twice

ot{aaly) = o] o ()

(s) Using (ad.>) twice, (HI) and (ad.>)

“ (aé”[:&)] )

“bi

o (el ) L <[ <|.WH )
e
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6.2. Universal commutativity of addition

We will now examine how one can establish the universal commutativity
of addition. Consider the following universal formulation of commutati-
vity of addition:

(Kady) Vuvv ad[,]=ad[}] a+b=b+a

We will establish (Kad,) by using its two special cases (cf. Section 3):
(0ady) Vv ad [3] =v Left zero:0+b =0b

(sady) YuVv ad [S(‘:l)] =s (ad [K]) Left succ:a+s(b) =s(a + b)

We first note that the, in the presence of formulation (ad), two proper-
ties (Oad,): left zero and (sad,): left successor are special instances of (Kad,)
commutativity.

[(Kady) F%¢ (0ady)](ad) :Yuvv ad [13] =ad [X] Vv ad [2] v with u = 017

(Kady) (0ady)

[(Kady) -4 (sady)](ad) : Vu¥v ad [3] =ad [Z] F :YuVvad [s(y)] =5 (ad [K]) withu = s(u)18

(Kady) (Kady)

We now establish these three properties by (IR), using formulation (ad) in 3.2.

(0ady) Vv ad [3] =v (left zero) by (IR):on v,with(ad)

(0) Direct by (ad.L)

(Kadv) (ad-L)

17 Indeed ud[S] = ad[wv0] = wv.

(Kadv) (ad.>)

18 Indeed ad[)] = adfso] = s(aall])
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(s) Using (ad.>) and (HI)

0
ad [S(V)]
'||(ad.l>)
(HI)
aalZ) ¥ s
(sady) vuvv ad [5(‘:1)] ) (ad [ZD (left successor) by (IR): on v, with(ad)

(0) Using (ad.L) twice

(ad.1) (ad.l)

aa[FG7] = st = s (a[g])

(s) Using (ad.=), (HI) and (ad.>)

aaS)

lad.s)

(a2

2 (s(aal2)

'“(ag»)
s (ad[s0])

(Kady) Vuvv ad [t] = ad [z] (commut) by (IR): on u, with(ad), (Oady), (sady)

(0) Using (0ad, ) and (ad.L)

(Oad,.) (ad 1)

ad[y] "="v "= adlg]

(s) Using , (HI) and

ad [S(:l)]
esaa,)
apy D “
s(aal,]) = s(aal,])
'll(ﬁa.a)
ad [(v)]
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Table 1 compares the proof structures for these three universal commutati-
vity-related properties of addition.

Property Formulation IRon Structure
Lo oade oo ©): (ade)
eft zero . v
O aa[]=v (s): (ad.);(HI);(ad.>)

YuVv
Left successor (sadv) 5q [s(‘;l)] =5 (ad [:]) v (0): (ad>)
(s): (ad.);(HI);(ad.>)

N Fuvv (0):(0ad,,);(ad.>>)
Commutativity (K + v) 54 [v] = ad [u] u (s):(sad, );(HI);(ad.>)

7. Addition: specific properties

We will now examine how one can establish some specific properties of addi-
tion. We will establish associativity (in 7.1) and commutativity (in 7.2), using
the universal formulation (cf. 3.2 in Section 3). For such specific properties,
one can avoid the induction rule, by resorting to auxiliary properties (esta-
blished by induction on). For addition, the idea is (partially) reducing it to
composition of successors.

We introduce the composites of a unary function , as expected. Given a
unary function t: W—W, we define its k-composite t<:W—-W, for each k e N, by
the following recursion (over N)

O [wl=w, O [w] = t(t [w])
Thus, t‘wl= t..t[w]
4

The following commutativities of composites are clear.*

19 One could also introduce the iteration t* [vw] (with a new variable v giving the number of
iterations) by the recursion t* [0,w]=w and t* [s(v),w] = t( t* [v,w])

20 The instance (s"s™) of property (t"t™) will be used for establishing commutativity of addition.
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n
(tt™) Function and composite: Yw t(t"[w]) = t"(t[w]) tt..t(a) =t..tt(a)

n

n m
(t"t™) Composite: Yw t*(t™[w]) = t™(t*[w]) t..tt..t(a)= t..tt..t(a
m n

Equation (tt") follows by induction on n € N.*! Now, equation (t*t™) follows
also by induction on n € N.#

Also, consider the generalizations of (ad.>) and (ad.>) to composite suc-
cessors as follows.

k
(ad s*) Addition of composite successors @+5-s(}) =s..s(a+b)
k

vuvy [skl(lv)] = sk (ad [tD ,foreveryk €N

k
(adk) Addition of numeral a+5..5(0) =s...s(a)
k

vu ad [;] = s*(u), for everyk € N
The proof of (ad s¥) is by induction on k € N. Now, (ad s*) and (ad.L) entail
(ad k).
7.1. Specific associativity of addition
We will now examine how one can establish a specific version of associativity
of addition. Consider the following specific version of associativity of addi-

tion (a+(b+k) = (a+b)+k):

u u
(Aad_)Vuvvad (ad ["_:]) = ad (ad’;[v]),for every natural k € N

With equations (ad k) and (ad s¥), we can establish directly this associative
property (Aad_) as follows:

(HI)
21 (): e [w]) = tw] = to(t[w]); (): e(5@[w]) = (et [w])) = t(e"tlw])) = 5™ (t[w]).

n

22 (O 0@ [w]) = mw] = O]l (53 5O ) = (R E]) 2 ] = em (e w) = ).
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o adfy) L calp] L o (a5 L aa (4L

7.2. Specific commutativity of addition

We will now examine how one can establish particular versions of commuta-
tivity of addition. Consider the following quantifier-free version of commu-

tativity of addition:
m] . n
(Kad,) ad [ﬁ] =ad [rﬁ] , for every natural m,n € N

With | (ad n) instance (s"s™) (of (t"t™) (s"s™)) and (ad m), one can show di-
rectly this commutative property (K+,) as follows:

(ad k)
s™(s™(0)) =s™(A) = ad [

(ad 1) s"s™

ad [?] = s"(m) =s"(s™(0))

]

==

8. General Conditions: value recursion

We will now examine some general conditions for two properties of a value
recursive binary operation (cf. 4.2 in Section 4). Consider a binary function
q with the following universal value recursive formulation:

{Vu q [E] =e(u) case (1) @

vavalsl=r(af)]) e

This formulation (q) has unary basis function e(u) and unary step function r(w).

We wish to establish conditions for some properties of such a binary ope-
ration q. We will examine conditions for commutativity (in 8.1) and for as-
sociativity (in 8.2).
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8.1 Conditions for commutativity: value recursion

We will now characterize the commutative value recursive binary operations.

Consider the following universal formulation of commutativity of g:
x -
(K qv) VxVygq [y] =ql[}] agb = bqa

Analogy with addition suggests the following two universal properties.
(0gy) Yvgq [2] =e(v) Value at left zero:0qb = e(b)

(sqy) Vuvvg [5(;)] =r (q [:D Value at left successor:s(a)qb = r(aqb)

Now, consider 3 q 2 and 2 q 3. Let us evaluate them and compare the results.

The above formulation (q) evaluates them as follows.

(392) It evaluates ¢ E] to (r?e s)(0) = (rresss)(0) as follows:

=)

letn] * (el < (BD) = ) = (e (o))

(2q3) It evaluates g [g] to (res?)(0):= (rrress)(0) as follows:

tlesto] = elutol) (6L ) = (- (G BD)) = (- o)

If we had e s =r e, then both results (r? e s*)(0) and (r® e s?)(0) would be
equal.?® This example suggests yet another universal condition, as follows.

(es,) Ywe[s(w)] =r(e[w]) Basis at successor is step at basis: [e s](b)=[r e](b)

5

w - W
el le

y
-

23 Indeed, both r?es® and r?es? would be equal to re:r?es’=r’es ss=r’res s=r’rres=
r’rrre, and rfes’=r’ess=r’res =r’rre.
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We can now see that we have two alternative characterizations for commuta-
tivity. For a binary operation q satisfying the value recursive formulation (q),
the following conditions are equivalent.

(Kqy) YxVyq [i] =gq [ﬂ commutativity of q

(Vqy) Values (0gy) Vv g [3] = e(v) & (sqy): Yuvv g [s(‘:")] =r (q [:])

(esy) vwe[s(w)] = r[e(w)] basis at successor is step at basis
Proof: We will show (Kq,) = (es,) = (Vq,) = (Kq,).

(Kq,) = (es,) Commutativity of q yields, by (q), (es,) as follows:

elsw)] - q[S(W)] {T)q[s(?ﬂ)] (q:)r( ME o r(a [W]) ) lew)]

(es,) = (Vq,) We show (es,) = (0q,) and (es,) = (sq,), both by induction on
v, using (q).

(es,) = (0g,) By induction on v, using (q).

:q[2] = e0r @al, &) T r(a[2]) e els)

(es,) = (sq,) By induction on v, using (q).

(O)q["ﬁ;‘)] Y elsl = rle] = r(a]])

D) (o))

(1)

(qb)
a9 )

(Vg,) = (Kq,)(0q,) & (sq,) yield, by induction on x, using (q), commutativity
of q as follows:
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@[] ¥ e = ).

@a[P] T (@l () T o)

Now, let us apply the criterion (es,) to functions addition ad and monus mn
(in Section 4), which have (similar) value recursive formulations (cf. 4.2). In
each case, we will proceed in two steps:

1. first, we instantiate the criterion (es,);
2. next, we check whether the instantiated criterion holds.

(ad) In the case of addition ad (cf. formulation (ad) in 4.1), we have

basis function: e(u)= (u);
step function: r(w) = s(w).

1. So, the above criterion (es,) becomes

(tsy): Yw i([s(w)] = s([w]),i.e.Vw s(w) = s(w).
2. Now, Yw s(w) = s(w) is identically satisfied.

x
Hence, addition ad is commutative: YxVy ad [y] =ad [Z]

(mn) In the case of monus mn (cf. formulation (mn) in 4.1), we have

basis function: e(u)=u(u);
step function: r(w)=pd(w).

1. So, the above criterion (es,) becomes

(pdy): Yw i[s(W)] = pd([w]), i.e.Vw s(w) = pd(w).
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2. Now, Yw s(w) = pd(w) is not satisfied at w=0.>*

This fact provides a counterexample for the commutativity of monus mn, namely

-mn [5(00)] =mn [5(00)] .25

8.2. Conditions for associativity: value recursion

We will now characterize the associative value recursive binary operations.
Consider the following universal formulation of associativity of q:

(4q,) VxVszq(q)[()zl])iq(q [;]) aq(bqe)=(agqbyqc
VA

Analogy with the case of commutativity suggests the following two conditions.
(qe,) Value at basis

Vquq[e&)] = e(q [3]) aqge(b) = e(aqb)

This condition bridges the gap between the evaluations of q ( K ]) and q ( [ ])

(g,) Value at step ar(q(bqc))=r((agb)qc)

vuvvvw g (r (qk])) =T (q (‘1 E,v]))

u
This condition serves to reduce the gap between the evaluations of q(q [s(ﬁv)])

and ( als ]) 7

s(w)

(pd.1)
24 Indeed, pd[0] = 0,and—s(0)=0
(mn)

25 Indeed m"[s(o)] = ‘(0) whereas m7. [s((])] =0

26 Indeed q( I[l])(—n‘?(e(v) a“d‘l( []) (a_ne( W),

27 ndeed (ol ) % o (rolo)a () <o (o (1)
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For instance, these two conditions lead to q <q [::3:) )]> =q <q (q([y)]>> as follows:
s(0

q(q [52))]) @ ( (@ [y])) (ar) (q(q:{cg])) (q:J”(q(eE(y])) (@
(o) (o(eBD) < a(7E)

We can now see that these two conditions jointly characterize associativity.

For a binary operation q satisfying the value recursive formulation (q),

the following conditions are equivalent.

X X
(Agv)VXVyVz q (q [)Z/]) =q (q [y]) associativity of q
zZ

(ger, ) Values at basis and at step

(g,) Value at basis: Yu¥v q [egr)] =e (q [3])

(gr,) Value at step: Yuvvvw q (r (qli“’/v])) =r (q (q [li‘::]))

Proof. We will show (ger,) = (Aq,) & (Aq,) = (qger,).

e by o o

@ afy) = ol < eaBD = o (° 1),

@ ool ) <ol k) = (o) £
(o) =t )
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(1) We show (Aq,) = (qe,) & (Ag,) = (qr,).

0

ans = @alrtalyd) < o(aldn) = o) < (o)

L A LL
(4q9,) = (qe,): q [e(uv)] Y q (q 1[1"]) L q (q ([]3]) = e(a [3])

Now, let us apply these criteria to the functions addition ad and monus mn as
in 8.1. Much as before, in each case, we will proceed in two steps:

1. first, we instantiate the criteria (qe, ) and (qr,) ;
2. next, we check whether the instantiated criteria hold.

(ad) For addition ad (cf. formulation (ad) in 4.1), we have (cf. 8.1):

basis function: e(u) =u(u) ;
step function: r(w)= s(w).

So, the above conditions (qe,) and (qr,) become as follows.

(adL,) : Yuvvad L(l‘l,)] = L(ad [:D i.e.,vuvvad [:] = ad [Z]

which is identically satisfied.

S W NI )

which follows from (ad.c).

X X
Thus, addition ad is associative: YxVyVvz ad (ad [g) =ad (adz[y])

(mn) For monus mn (cf. formulation (mn) in 4.1), we have (cf. 8.1):

basis function: e(u)=u(u);
step function: r(w)=pd(w).
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So, the above conditions (qe,) and (qr,) become as follows.

(mny,) : Yuvvmn [L(l;)] = L(mn [ED ,l.e.YuV¥vmn [3] =mn [:’1]

which is identically satisfied.

(mnpd) : Yuvvvw mn (p p (ml; [\:D) = pd (mn (m”u[‘:]))

(w=0) At w= 0, this condition becomes

worvm s anf§)) P ) <

by (mn. 1) : Yuvv mn (pdu[v]) = pd (mn (3))

(w=0,v=0) At v=0, this last condition becomes

Yumn (pdu[()]) = pd (mn [ED,I e.,

by (pd.L) and (mn.L) : Vu u= pd[u]; which is not satisfied at u=s(0).*®

This fact provides a counterexample for the associativity of monus mn,namely

ﬂmn( e )ﬁmn(mn[S(C?)]).zg

mn [s(%)] s(0)

We can now summarize our discussion so far about commutativity and as-
sociativity of value recursive binary operations. First, we will summarize our
criteria and the analyses of addition ad and monus mn. Next, we will examine
some further examples of value recursive binary operations.

The characterizations for a value recursive binary operation presented
in this section serve, either to establish or to refute its commutativity, or

a) .
28 Indeed, pd[s(0)] = 0,and —s(0) =0

s(0) ) (mn) (mn.L;

b)) T ) ) )

)
5(0), whereas mn( (0 = s(0)

29 Indeed, mn(
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associativity. They rely only on the basis and step functions of the value re-
cursive formulation. As such, they can be employed to analyze commuta-
tivity or associativity of other binary operations satisfying value recursive
formulations.

Some examples of such binary operations, with their analyses, are as follows.

(adb) Addition of double, with () = a+2-b:

adb(u,0] =u case (L)
{adb[u,s(v)] = ss(adb[u,v]) case (&) (adb)
This formulation (adb) has
basis function: ((u) = u;
step function: ss(w).
So, conditions (es, ),(qe,) and (qr,) become as follows
(is,) (adby,) (qr,)
vw VUV‘L’I Yuvvvyw
t[s(w)] adb [t(v)] adb (SS (adb [V]))

ssTi(w)] (aan [5]) * (“db (“d”u[vvv]))

Now, conditions (is, ) and (gr,,) fail.
Hence, addition of double adb is non-commutative and non-associative.

(dba) Double of addition, with (}) = 2+ (a + b):

{dba[u, 0] = db(u) case (1) (adb)

dbalu,s(v)] = ss(bdalu,v]) case (=)
This formulation (dba) has

basis function: db(u);
step function: ss(w)
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So, conditions (es, ), (ge, ) and (gr, ) become as follows

(dbs,) (dbadb,) (dbasss,)
Yw YuVv YuvVvvw
u u
db[s(w)] dba[db(v)] dba (55 (dba[‘:r]))

-l -l Il
ss[db(w)] ab (ava]) s (‘”’“ (dbﬂu[;’,]))

Now, condition (dbs,,) holds, whereas conditions (dba db, ) and (dbass, ) fail.
Hence, double of addition dba is commutative and non-associative.

(y) Left projection, with (g) a

y[w,0]=u case (1)
{Y[UJS(V)] =u case(>) )

This formulation (y) has

basis function: ((u)= u;
step function: (w) = w.

So, conditions (es,), (ge,) and (qgr,) become as follows

(1s,) ) v
v Yuvv Yuvvvw
U u
ts(w)] 14 [L(v)] 4 (‘ (Y [v‘:r]))

Q)] (r[G]) ‘(” (v [w]))

Now, condition (is,) fails, whereas conditions (y t,) and (y t,) both hold.
Hence, left projection y is non-commutative and associative.
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(8) Right projection, with (z) = b

{S[u, 0]=0 case (1) ®)
6[u,s(W)] = s(@[u,v]) case (=)

This formulation (8) has

basis function: {(u)= 0;
step function: s(w).

So, conditions (es,), (qe,) and (qr,) become as follows

@, ®2) (@)
Yw YuVvv VuV\lllVW
u
{Is(w)] 8[ew) 0 ( (6 [SLD)

s[¢w)] (s [5)) s (5 (5 [uv]))

w

Now, condition (s,) fails, whereas conditions (8 ¢) and (s,) both hold.
Hence, right projection § is non-commutative and associative.

In the next section, we shall characterize commutativity and associativity of a
binary operation satisfying a simple recursive formulation.

9. General Conditions: simple recursion

We will now examine some general conditions for two properties of a simple
recursive binary operation (cf. 4.2 in Section 4).

Consider a binary function with the following universal simple recursive
formulation:
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vuin [E] =P case (1)

vuvv m [S(li,)] = f(mli:l,]) case (=) ()

This formulation (rh) has unary basis function p(u) and binary step functiont (;,).

We wish to establish conditions for some properties of such a binary ope-
ration ni. We will examine conditions for commutativity (in 9.1) and for
associativity (in 9.2).

9.1. Conditions for commutativity: simple recursion

We will now characterize the commutative simple recursive binary operations.
Consider the following universal formulation of commutativity of :

(xmv)vam[;]im[i] amb=bma

Analogy with the case of value recursion suggests the following three properties.

(Vr,) Values of m at left zero and at left successor

(0miy) wm[g] = plv] tatleft 0:0mb = p(b)
(smiy) VuVVrh[s(_f)] = t(m‘[rg]) W at left s: s(@) b = bt (armb)
(Psy) vwpls(w)] ={ (ﬁ'[)w]) Basis p at successor: p(s(b)) = 0 tp(b)

Let us see some examples of how these conditions are used to establish
commutativity.

- Conditions (Vm, ) lead to [S (;)] =1h [S (};))] as follows:

. [s(0)] &™) Yy (om) y Ol Y NG oy
(T () G = () = Lol
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5(0)

- Conditions (p’s,) lead to 7 [ =1h [S (0)] as follows:

@s) b g0 e
'[5(0)] 2 p) (1) = f(m[ﬁ]) = Lol

We can now see that we have two alternative characterizations for
commutativity.
For a binary operation q satisfying the value recursive formulation , the
fol- lowing conditions are equivalent.
X
(Kmy) VxVy [y] =1h [i] commutativity of
(Vniy) Values (0miy): Vv i [D] = p(v) & (sriy):Vuvvm [s(u)] = .. Vu
i v m [v]

(psy) vw p[s(w)] = £ ( [w]) basis at successor

Proof: We will show (Kr,)=(ps,)=(Vri, )= (Knd,)

(Kh) = (p’s,) Commutativity of m yields, by (m) (ps)as follows:

sisonn = w0l &1L () (b

(Ps) = (Vm,) We show (Ps) = (0m,) and (ps) = (sm,), both by induction on v,
using (m).
(Ps) = (0m,) By induction on v, using (m).
(1h.L)
@[] = po;
(m S} 0 (HI) 0 (15.5) ;
o] = ( [ ]) (pp) = P

(Ps) = (sm,)By induction on v, using (m) .

@) ) L e(it) e afy)
(o) s[u D s[ul (he)
@[] = ( [[[]ul]) '(4,;,”{;])) - f(m[[“]])
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(Vm,) =(Km') (0m,) & (sm,) yield, by induction on x, using (m), commutati-
vity of () as follows:

Ghn.1)

@[] pen E )

(sm) y (HD y (h.)
@[] e (apg) = t(ap) = wlecol

Now, let us apply the criterion (ps,) to functions multiplication mt and expo-
nentiation pw (in Section 4), which have (similar) value recursive formula-
tions. As before, in each case, we will proceed in two steps as follows:

1. first, we instantiate the criterion (gs,);
2. next, we check whether the instantiated criterion holds.

(mt) In the case of multiplication mt (cf. formulation (mt) in 4.1), we have:

basis function: p(u) = {(u); step function: f(:’) = ad ( ;)
So, the above criterion (ps,) becomes

- 0 . . 0
(¢s):vw {[s(w)] = ad ({[w])’l' e.0=ad ( 0).

. 0

Now, 0 = ad ( 0) follows from (ad.Ll)
o

Hence, multiplication mt is commutative: YxVy mt [y] = [ﬂ
(pw) In the case of exponentiation pw (cf. formulation (pw) in 4.1), we have:

basis function: p(u) = v(u); stepfunction: t(:v) =mt ( :})

1. So, the above criterion (ps,) becomes

(us): Vwu[s(w)] = mt(u?w])'i' e. s(0) = mt(s?O))'
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2. Now, s(0) = mt( is not satisfied.*

5?0))

This fact provides a counterexample for the commutativity exponentiation
pw, namely

o )= o [y

9.2. Conditions for associativity: simple recursion

We will now characterize the associative value recursive binary operations.
Consider the following universal formulation of associativity of m:

X L [X
(Amv)vXVvam(ﬁ[y]) = m(m [y]) arh(bri c) = (arh b) . c
Z z
Analogy with the case of value recursion suggests the following two properties.
(mp,) Value at basis amp(b) =p(arhb)
T Y V1 (e [V
vavvin [ ] = 8 (i [3])
This condition bridges the gap between the evaluations of ( mu[‘(;]) and

()

(thi,) Value at step ath[bi(b 1he)] = (a thb)E[a th(b the)]

o\ [ Al
VXVyVz m(t(m[:’])) - m(ml[lv‘;])

30 Indeed, me( o)) 0, and s (0) = 0.

(pw.1) @w)
31 Indeed, pw [5(00)] g 5(0), whereas pw [S(%)] = 0.

32 Indeed, ™ ( mu[‘(;]) = (4) and (m (ES]) = sl
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u
This condition serves to reduce the gap between the evaluations of 7 (m [S (‘;V)])

and (m [S]) 3

s(w)

X X
For instance, these two conditions lead to (m [5(38)]) =1h (m(LSS]) as follows:
s

o) %) )

(o)™ Gan) ™ (el =€)

We can now see that these two conditions jointly characterize associativity.
For a binary operation satisfying the simple recursive formulation m, the
following conditions are equivalent.

X X
(Arh,) VxVyVz h (m [Y]) =1h (m [y]) associativity of th
Z z

(mpt,) Values at basis and at step
(rpt,) Values at basis: YuVv i [15 Elv)] =p (n’z [ED
a

u
(m£,) Values at step: VquVwrh(é (m‘[/v])) = . ( l[lv])
w m\m
w

Proof. We will show (mpt )= (Am ) & (Am )= (hpt,)

(M) We show (mpt,) = (Am ) by induction on z.

(L) (hp) Gh.L)

(O)ﬁl(ﬁl&]) = "’1({,(’;)) = p(m[;]) = m(m[;])

u @) u a [UT\ @ L [3]
5 i 2) 2 al) ) )
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) (o) ¥ i) m[;] D
@) = f(apy)) = ¢ a(ap))
Z

B Yo rap
(o) <o)

() We show (Amh) = (mp ) & (Ah) = (i )

(Arh,) = @p,)i i[5 oL ( T;]) () (m

(= )
< =
—_—

S——"
¥
-

-

-
3
—_—
< =
[
SN—r

u

) = Gheem (¢ Yor)) S m( % )(‘2‘)
m ] m[S(W)]
oy
m

s(w) m[V )

w

Now, let us apply these criteria to the functions multiplication mt and expo-
nentiation pw used as examples in 9.1. Much as before, in each case, we will
proceed in two steps:

1. first, we instantiate the criteria (mip ) and (mt,);

2. next, we check whether the instantiated criteria hold.

(mt) For multiplication mt (cf. formulation (mt) in 4.1), we have (cf. 9.1):

basis function: p(u) = {(u); step function: t(:’) = ad (:})

So, the above conditions (i p ) and (mt,) become as follows.

(mtd,): vuvv mt [(Elv)] = ((mt [3])1 e.vumt [g] =0;
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which follows from (mt.L).
u
mel
u

me (me ,])

u
(mtady): Yuvvvw mt (ad( tv[v])) = ad
m
w

which follows from distributivity.

(pw) For exponentiation pw (cf. formulation (pw) in 4.1), we have (cf. 9.1):

basis function: p(u) = v(u); step function: t(‘:) =mt (:)
So, the above conditions (mp,) and (mt,) become as follows.
u . u .

(pwuvy): Vuvv pw [v(v)] =y (pw [3]), ie., Vupw [s(l])] = s(0);

which is not satisfied at u=10 .**
This fact provides a counter-example for the associativity of exponentiation

pw, namely _,, (pu?[g]) = pw (pwo[g]) 3

u v

(pwmty): Yuvvvw pw (mt ( pw"[v])) = mt o ( U[V])
w Pw |,

which is not satisfied at u = ss(0),v =s(0), w=0.>¢

(pw)

FOIR
34 Indeed PW s =%

(pw.1)

0 W 0T\ Gw.) (hL)
35 Indeed pw(w[g]) 2 e (50) 20 whereas ,,w<pw0[0]) = o (0) s,

s%(0) 2
w.L. ) (mt) 2 w)
s(0) (p; ) s = s?(0)) 77 2
pw = pw s(0) = pw = s2(0),
36 Indeed (mt(pw [5(00)]>) mt(s(o)) (s(o)) whereas

v (5
. PW{s0 @w) . ( 52(?‘)))) ®w) t(sl(o)) o +0)
m 2 = mt | pw S| = m = s .
oo ) P (D) £

-(9)
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This fact provides yet another counterexample for the associativity of ex-
ponentiation pw, namely

ss(0) ss(0)
—pw s 1) =pw|P” [s(O)
pw [SS(O)] ss(0)
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