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ABSTRACT OF THE DISSERTATION 

Acoustic Radiation Force and its Application for Cell Manipulation and Ion Channels Activation  

by 

Xiangjun Peng 

Doctor of Philosophy in Department of Biomedical Engineering 

Washington University in St. Louis, 2021 

Professor Guy Genin, Chair 

 

Sound is a stress wave that carries energy and momentum flux. Scattered sound waves can 

generate acoustic radiation force that can be used to manipulate particles or cells. This 

dissertation demonstrates the physics behind cell manipulation by ultrasound. The work begins 

with a detailed analysis of the mechanics of using standing surface acoustic waves to fabricate 

acoustic tweezers for contactless particle manipulation using acoustic radiation force. Models to 

design and analyze acoustic radiation force have traditionally relied on plane wave theories that 

cannot predict how standing surface acoustic waves can levitate cells in the direction 

perpendicular to the substrate. We therefore developed a revised model for how standing surface 

acoustic waves lead to acoustic radiation force in three dimensions. The dissertation then 

explored use of ultrasound for manipulating mechanosensitive ion channels in both plant and 

animal cells. Although evidence that such manipulation can occur is strong, it is still unclear how 

ultrasound activates the mechanosensitive ion channels. The dissertation therefore developed 

mathematical models of these forces, of how they deform the cell membrane, and of how these 

membrane deformations activate mechanosensitive ion channels. The modeling approach was 

verified in an idealized system involving measuring ion channel currents in frog oocytes that 
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were transfected with mechanosensitive ion channels and irradiated using ultrasound. The model 

predicted these currents, and a modified version of the approach was then used to predict the 

sensitivity of stress activated ion channels in tomato trichomes to the acoustic radiation force 

arising from acoustic emissions by insect and other animals. The integrated modeling approach 

shows promise for design and analysis of experiments and tools that probe and harness the 

function of stress activated ion channels via ultrasound. 
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Chapter 1: Introduction 

1.1 Harnessing defined acoustic radiation force: a frontier 

in mechanobiology  

New technology often enables new scientific discoveries. The invention of the microscope 

enabled the visualization of cells and paved the way for cell theory. The invention of 

fluorescence correlation spectroscopy (FCS) 1 and fluorescence photobleaching recovery 

(FPR/FRAP) 2 paved the way to understanding diffusion and heterogeneity on cell membranes. 

The invention of the cell poker and later the atomic force microscope paved the way to 

understanding cell membrane mechanics 3. In each case, the application of these new 

technologies has formed a key step in the quantitative understanding of cell mechanobiology. 

This dissertation explores the application of a technology that seems poised to enable another 

round of advances in mechanobiology: quantitative control of cell electrophysiology through the 

application of pressure to cells via structured ultrasound. 

In recent years, the ability to manipulate single cells and biomolecules have promoted the 

development of biophysics 4, mechanobiology 5, microbiology 6, and bioanalytical chemistry 7. 

The pioneering work of Arthur Ashkin and co-workers resulted in the invention of optical 

tweezers, which were quickly adopted as an invaluable tool in physics, biology, and chemistry. 

Such novel tweezers have been used to trap the bacteria, viruses, and cells 8. The driving force 

for optical tweezers is known as optical radiation force, which consists of two components: the 

gradient force and the scattering force. Usually, to generate enough radiation force, high intensity 

laser is needed. This may heat up the surrounding medium and cause some irreversible damages 

to biological samples. As a result, to improve the accessibility of contact-free 
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particle-manipulation technology, many other alternatives to optical tweezers have been 

developed. 

Different from the optical tweezers, which is based on the optical radiation force, the additional 

technologies depend on different mechanisms, such as magnetic force, optoelectronic, plasmonic, 

electrokinetic, and hydrodynamic forces 9. Magnetic tweezers can provide very high degree of 

spatial resolution just as optical tweezers do. However, they cannot handle particles or structures 

smaller than 100 nm. To deal with nanosized particles or structures, the plasmonic tweezers were 

invented, which make use of locally enhanced electromagnetic fields on the tiny samples. Even 

though the plasmonic tweezers need lower laser power, the localized laser intensities can trap 

particles but also heat the sample. To avoid the sample heating and locally convective flows, 

researchers invented the electrokinetic tweezers, which relies on the electrophoretic and 

dielectrophoretic forces. The trapped samples could be nanometers to millimeters. Unfortunately, 

they rely on particle or cell polarizability and usually need low-conductively media, which could 

affect cell physiology. 

As the dynamic counterpart of electrokinetic tweezers, the optoelectronic tweezers do not need 

the electrodes. Instead, they use a light source and photoconductive substrate to generate 

dielectrophoresis. However, they also need to use low-conductivity media and cannot widely 

used for many biological studies. By controlling the fluid flow to manipulate the particles, the 

hydrodynamic tweezers may be the simplest approach for micromanipulation. It will not cause 

heating problems, but the precision is low and the ability to control nanoparticles is limited.  

Acoustic tweezers can serve as an alternative since they can address many of the limitations of 

different technologies mentioned above. It’s easy to tune the sound frequency from kilohertz to 
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megahertz, thus, the acoustic tweezers can directly manipulate particles range from hundreds of 

nanometers to tens of millimeters. Both the acoustic frequency and power used in acoustic 

tweezers are similar to those used in ultrasound imaging and clinical applications 10. This 

dissertation therefore explores the quantitative application of acoustic radiation force, arising 

from ultrasound, to mechanobiology and electrophysiology. 

1.2 Acoustic radiation force 

The key factor for the acoustic tweezers is the acoustic radiation force, analogous to optical 

radiation force. Sound carries momentum and can thus exert forces on matter. In 1902, Lord 

Rayleigh first pointed out the existence of the acoustic radiation force 11. After his pioneering 

work, many researchers made tremendous contributions on the physics behind the acoustic 

radiation force. It is worth noting that in 1934, King derived the closed form solution for the 

acoustic radiation force on rigid sphere in inviscid fluid 12. Such theory was then extended elastic 

speres, droplets, and gas bubbles by accounting for the compressibility of the spere particles 13. 

The theoretical study was finally validated by experiment with no restrictions placed on the size 

of the sphere 14. 

Those early work only considered the plane wave. Traveling plane waves can only exert force 

that push the particles, which cannot trap the particles. With the development of fabrication, 

people now can create different kind of transducers to improve the flexibility of acoustic 

manipulation, including focused Gaussian beams, Bessel beams, standing surface acoustic waves 

5. The wave forms may be different, but the mechanism for acoustic manipulation is the same, 

with all due to the acoustic radiation force. These kinds of waves can generate stable trap for 

particles in the potential well or the pressure nodes, bringing us opportunities to conduct fancy 
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research ranges from biology, physics, and chemistry. In 1991, Junru Wu and co-workers first 

used two opposing traveling ultrasounds to generate standing wave and trapped the oocyte 15. 

This new technology was first named as acoustic tweezers. Besides the bulk wave, the surface 

acoustic wave was also used to fabricate the acoustic tweezers because the apparatus is tiny and 

easily incorporated within microfluidics. Although many groups use these ultrasound setups 

based acoustic tweezers to manipulate cells, the basic mechanisms are still largely unknown. 

This dissertation therefore develops a mathematical foundation for improving this understanding. 

1.3 Ultrasound manipulation on ion channels 

Neuron stimulation techniques are vital tools for the treatment of neurological disorders 

including depression 16, Parkinson’s disease 17. Ion channels can serve as the molecular switches 

for manipulating the activity of specific cells within neuronal circuits. External means have been 

used to activate the ion channels embedded in neurons, such as electrical activation 18, magnetic 

field activation 19, and optical evaluation 20. These methods are either invasive or unable to focus 

at specific cortical areas. Ultrasound offers an alternative owing to its unique advantages as it can 

noninvasively carry energy flux through the skull to the deep brain 21. This new approach has 

been termed sonogenetics, and aims to use focused ultrasound to manipulate mechanosensitive 

ion channels and thereby change downstream signaling pathways. 

Ultrasound modulation of electrical activity in excitable tissues dates back to 1929 with the 

discovery that high frequency ultrasound might affect heart muscles 22. Following this was the 

discovery that ultrasound could also tune activity of the central nervous system 23 and of neural 

structures 24. More recently, the potential application for “sonogenetic” ultrasound manipulation 

of excitable tissue has been studied broadly ex vivo 25-27 and in vivo 28,29. With numerous 
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potential applications, such technology motivates studies in this dissertation on the mechanisms 

of ultrasound manipulation of cell membrane currents.  

What is the molecular basis? Some groups focus on the mechanosensitive ion channels tuned by 

ultrasound. These are K2P channels (TREK-1, TREK-2, TRAAK) 28,30, the Piezo 1 channel 26, 

MscL channels 25. Despite much research effort in this area, the molecular basis for such 

manipulation is still unclear. Like the cavitation effect, ultrasound could be amplified by 

microbubbles to evoke behavioral responses in C. elegans with TRP-4 channels 31. Meanwhile, 

ultrasound could also cause thermal effects sufficient to activate thermosensitive ion channels 

like the TRPV1 channel 32. By expressing TRPV1 channels in the deep brain of mouse and 

applying ultrasound heating, a degree of neural motor control via ultrasound has been 

demonstrated 32. 

The coupled acoustic and fluid flow fields are likely factors, and separating them is a challenge. 

The nonlinearity of ultrasound could lead to mechanical effect likes including acoustic streaming 

and acoustic radiation force. With very high frequency (e.g., 43 MHz), ultrasound beams can be 

focused to narrow regions, just tens of microns. High pressure gradients and energy absorption 

contribute to local acoustic streaming. Due to fluid viscosity, microstreaming flow can expand 

away from cells, but also decay relatively fast, inb a way that is sensitive to boundary conditions. 

At the center, high speed fluid flow can lead to elevated shear stress on the cell membrane and 

activate the Piezo 1 channel 26. Standing surface acoustic waves can activate MscL and its 

mutation, I92L, but although these neuronal responses are definitively induced by ultrasound, the 

effects of fluid flow known as acoustic streaming cannot be ruled out 25. However, a radiation 

force model, in the absence of acoustic streaming, can explain retinal ultrasound 

neurostimulation 33. Thus, debate continues about how the ion channels sense ultrasound. 
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Although multiple pathways are likely possible, this dissertation shows for the first time that 

strain in the cell membrane can explain ultrasound modulation of mechanosensitive ion channels, 

and makes the first quantitative link between ultrasound-related electrophysiology and 

mechanobiology 34.  

1.4 Plant responses to sound 

The evolutionary battle between plants and their insect herbivores has led to a diverse array of 

sensing abilities in both (e.g., 35-38). For a broad range of plants, hair cells known as trichomes 

are a key mediator of sensing ability, providing a sensation of touch 39-43. The leaves of 

Arabidopsis thaliana can meaningfully respond to the noise of Pieris rapae caterpillars feeding 

on them 44,45, possibly due to hearing by trichomes45. Although 1950s claims of plants 

appreciating music were falsified by the 1960s46, evidence that plants can transduce sound exists 

in the form of trasncriptomic, proteomic, and hormonal changes47-52. Although there is no 

consensus on how sound signals are transduced53, mechanisms that have been identified for 

mechanosensation include stretch-activated ion channels and plasmodesmata-based interactions 

between the cytoskeleton, plasma membrane, and cell wall54. Trichomes can in this way work as 

an active mechanosensory switch, with mechanical stimulus eliciting Ca2+ oscillations of the 

trichome and pH shifts in surrounding cells. We therefore explored the possibility that trichomes 

might also serve as mediators that can convert the acoustic radiation force of an insect into strain 

sufficient to open stretch-activated ion channels.  

Acoustic radiation force from sound is typically too small to be felt, but nevertheless can be used 

to manipulate of small particles, droplets, cells, and organisms 55-57. Specifically, when subjected 

to a sound field, particles experience a net force, typically interpreted as time-averaged pressure. 
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Our focus was computing this force on long, cylindrical bodies, representative of trichomes such 

as those of tomato plants.  

Although the acoustic radiation force on a cylinder in an inviscid medium is known 58, the 

distribution of acoustic radiation force on a cylinder in a viscous medium has never before been 

derived to our knowledge. This dissertation therefore presents the first derivation of the acoustic 

radiation force on a long cylinder in a viscous medium and applies it to the problem of a 

trichome vibrating in response to acoustic stimulus.  

1.5 Overview of dissertation 

Chapters 2 and 3 lay out a framework for predicting acoustic radiation force on living cells, both 

numerically and analytically. Chapter 4 then applies these to design and interpret experiments 

that, for the first time, definitively demonstrate membrane-strain-induced opening of ion 

channels via ultrasound. The chapter also presents an integrated model of ultrasound excitation, 

membrane viscoelasticity, and membrane electrophysiology. Chapter 5 applies these techniques 

to a plant cell, tomato trichomes, and assesses the range over which acoustic signals might be 

transduced in these cells via the opening of membrane mechanosensitive ion channels. Finally, 

Chapter 6 draws some conclusions and outlines critical future directions for this work. 
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Chapter 2: The acoustic radiation force of a 

focused ultrasound beam on a suspended 

eukaryotic cell 

2.1 Abstract 

Although ultrasound tools for manipulating and permeabilizing suspended cells have been 

available for nearly a century, accurate prediction of the distribution of acoustic radiation force 

(ARF) continues to be a challenge. We therefore developed an analytical model of the acoustic 

radiation force (ARF) generated by a focused Gaussian ultrasound beam incident on a eukaryotic 

cell immersed in an ideal fluid. The model had three layers corresponding to the nucleus, 

cytoplasm, and membrane, of a eukaryotic cell. We derived an exact expression for the ARF in 

relation to the geometrical and acoustic parameters of the model cell components. The mechanics 

of the cell membrane and nucleus, the relative width of the Gaussian beam, the size, position and 

aspect ratio of the cell had significant influence on the ARF. The model provides a theoretical 

basis for improved acoustic control of cell trapping, cell sorting, cell assembly, and drug 

delivery. 

2.2 Introduction 

Ultrasound has been applied to manipulate 59 and lyse 60 cells since the 1920s. These were 

amongst the first contactless particle trapping and manipulation methods in biology and continue 

to find application in bio-medical research 61,62. A particularly sensitive application of ultrasound 

manipulation is acoustic tweezers, which has received particular attention due to its advantages 
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in contamination-free and label-free cell handling 15,63-65. Numerous experimental, theoretical 

and numerical studies have demonstrated that acoustic tweezers can be used to align, move and 

sort microparticles and cells 61,64,66-68. Higher energy versions of these focused ultrasound 

technologies can be used to permeabilize membranes to ions and drugs 69-73. 

Underlying all of these applications is fine control of acoustic radiation force (ARF). The study 

of ARF, which is the period-averaged force caused by a sound wave, is just like the optical 

radiation force generated by electromagneticwaves striking on electrically or magnetically 

responsive objects 74, therefore has a long history 75. Investigation of ARF on microparticles 

dates back to King’s theoretical study of ARF on a rigid sphere in an ideal fluid subjected a 

planar progressive sound field 76. Yosioka and Hasegawa extended King’s work to compressible 

spherical particles 14, and extensive subsequent theoretical and experimental works have shown 

the ARF exerted by a planar acoustic field on a microsphere 77-79 to be very sensitive to the 

structure and acoustic properties of the micro-particle. 

Two theoretical approaches are commonly used to calculate the ARF: the partial-wave expansion 

method and the ray acoustics method. The ray acoustics method is limited to cases when the 

wavelength of the acoustic wave is far smaller than the radius of the sphere, but the partial-wave 

expansion method is applicable to an arbitrary frequency range 80. The partial-wave expansion 

method has been used to explore a range of waves in spherical coordinates, including plane 

waves 14, Bessel waves 81 and Gaussian waves 82. 

Gaussian waves are widely used to model optical and acoustical wavefields converging to or 

diverging from focal regions 82. Particles can become trapped by a Gaussian wave in the focal 



10 

 

region6. Focused Gaussian ultrasound waves have found utility in bioscience because they can 

trap suspended cells for quantification of the cell’s mechanical properties 83. 

In existing theoretical studies of ARF in cell manipulation, cells were modeled as homogeneous 

microspheres 84. However, eukaryotic cells are heterogeneous, and the nucleus has been reported 

to affect wave propagation significantly. Thus, the simple homogenous sphere model does not 

accurately represent eukaryotic cells. 

As a first step towards understanding how cell shape and heterogeneity affect ARF, we studied 

an ellipsoidal cell consisting of a membrane, cytoplasm, and nucleus. This three-layered model 

was embedded in an ideal fluid that was subjected to a focused Gaussian ultrasound wave. The 

partial wave expansion method was employed to calculate the ARF on the cell. Results show that 

the nucleus and membrane play an important role in determining the ARF, along with the aspect 

ratio of the cell and the size of the cell relative to the Gaussian beam waist. 

2.3 Theoretical model 

With reference to Fig. 2.1, a focused Gaussian ultrasound wave is incident on a eukaryotic cell 

immersed in an inviscid fluid, with 0z  being the location of the center of the cell relative to the 

origin of the Cartesian coordination system, which is also the beam waist center. The wave with 

beam waist radius W  propagates along the +z direction. The eukaryotic cell consists of an outer 

cell membrane with radius 1r , a middle layer (cytoplasm) with radius 
2r , and an inner core (cell 

nucleus) with radius
3r . Let the mass densities and acoustic velocities of the surrounding medium, 

the cell membrane, the cytoplasm and the nucleus be denoted by ( )1 1,  c , ( )2 2,  c , ( )3 3,  c  



11 

 

and ( )4 4,  c , respectively. Corresponding acoustic impedances and wave numbers are 

( )1,  2,  3,  4i i iZ c i= =  and ( )/ 1,  2,  3,  4i ik c i= = ,   being the circular frequency of the 

Gaussian wave.  

In a progressive focused Gaussian ultrasound wave field, the incident wave pressure is expressed 

by: 
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where w z( ) =W 1+ z / f
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curvature of the isophase surface, tan-1 z / f
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confocal factor. 
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FIG. 2.1 Schematic of a Gaussian beam incident upon a triple-layered shell (three-layer model) 

model of a eukaryotic cell. 

Although the phase front of the fundamental mode of the incident Gaussian wave is not planar in 

general, it is very nearly planar in the neighborhood of the beam waist and can be approximated 

as an acoustic wave with Gaussian amplitude distribution85: 

 p
i
(x, y, z,t) » p

0
exp - x2 + y2( ) /W 2( )exp ik

1
z( )exp -iwt( )   (2.2) 

We define the wavelength in a particular medium as l = 2p k
1
= 2p c

1
w

 
and ( )1/s kW= . In 

a spherical coordinate system, with sin cosx r  = , sin siny r  = , cosz r = , the incident 

acoustic wave pressure may be expanded into a generalized Rayleigh wave series, as: 
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Here, ( )0 01/ 1 2 /Q iz l= + , ( )
2

1 1 02 / 2 /Q l i z l = −
 

, 
2

1l W= , ( )nj   is the spherical Bessel 

function of the first kind, ( )Pn   is the Legendre polynomial of order n, and ( )   is the Gamma 

function.  

The scattered wave field can be expressed as: 
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in which
nA  is the scattering coefficient to be determined by the boundary condition. Therefore, 

the total wave field outside the three-layer model (eukaryotic cell) takes the form: 
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The acoustic wave field in the cell membrane 
2p , in the cytoplasm 3p , and in the nucleus 

4p  

can be expressed as: 



14 

 

 p
2
(r

2
,q ,t) = p

0
L
n
in 2n+1( ) Bn jn k2

r
2( ) +C

n
y
n
k

2
r
2( )é

ë
ù
ûPn cosq( )exp -iwt( )

n=0

¥

å   (2.8) 

 p
3
(r

3
,q ,t) = p

0
L
n
in 2n+1( ) Dn jn k3

r
3( ) +E

n
y
n
k

3
r
3( )é

ë
ù
ûPn cosq( )exp -iwt( )

n=0

¥

å   (2.9) 

 p
4
(r

4
,q ,t) = p

0
L
n
in 2n+1( ) Fn jn k2

r
2( )é

ë
ù
ûPn cosq( )exp -iwt( )

n=0

¥

å   (2.10) 

where ( )ny   is the spherical Bessel function of the second kind.  

To determine the unknown coefficients
nB , 

nC , nD , 
nE  and nF , we followed previous 

researchers in approximating the three layers as having shear resistance that is small compared to 

their resistance to dilatation86,87. Therefore, at their interfaces, the boundary condition was that 

the velocity and pressure must be continuous, leading to the following form for 
nA : 
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2.4 Acoustic radiation force  

For a continuous focused Gaussian ultrasound wave, the ARF is obtained by integrating the 

excess of pressure p(r,q ,t)- p
0( )  generated by the sound field over the instantaneous surface 

( )S t  of the sphere, as: 

 F(t) = - p(r,q ,t)- p
0( )ndS

S t( )òò   (2.13) 

where n  is the outward normal to ( )S t . To evaluate the ARF, the excess of pressure should be 

taken up to second-order terms in the velocity potential. For a periodic wave, the ARF is defined 

as a time-averaged quantity over period of the sound field. The time-averaged force acting on a 

sphere immersed in an infinite ideal fluid is: 
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where   represents the time average, t  is an in-plane unit tangential vector of ( )S t , 0S  is 

the surface of the target at its equilibrium position, dS rdrd= , and the parameters 
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It follows that: 
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in which nU  and nV  are given by: 

 
( ) ( ) ( )

( ) ( )

1 1 1 1

1 1 1 1

1n n n n n

n n n n n

U j r y r

V j r y r

   

   

= + −

= +
  (2.18) 

where 
n  and 

n  are the real part and imaginary part of the scattering coefficient 
nA , 

respectively. 

In the direction of wave propagation, the total radiation force on the three-layer model is: 
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Substituting Eq. (2.16) into Eqs. (2.20)-(2.23) and using the following equations of time average: 
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where the superscript “*” denotes the complex conjugate. We obtain the following components 

of the radiation force: 
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Upon substituting Eqs. (2.25)-(2.28) into Eq. (2.19), the radiation force on the three-layer model 

exerted by the incident focused Gaussian wave can be expressed as: 
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2( ), and pY  is the dimensionless 

ARF amplification factor that describes the degree to which the shape and heterogeneity of the 

cell amplify the ARF. 

The dimensionless ARF amplification factor, pY , is thus the metric used to compare the ARF on 

different cells. pY  can be calculated by: 
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The series of Eq. (2.30) can be truncated when n  < 0.0001. ARF can be obtained by 

substituting Eqs. (2.25)-(2.28) and (2.30) into Eq. (2.29). 

2.5 Parametric analyses and numerical simulations 

A series of parametric analyses were performed to determine how the dimensionless ARF 

amplification factor, pY , varied with the geometry and composition of cells. Finite element (FE) 

simulations were performed for many of these to validate the model. 

The baseline geometric parameters were chosen to model an oocyte. The outer layer was taken as 

a homogenization of the corona radiata, zona pellucida, and vitelline membrane, with outer 

radius 1r =50 µm and inner radius 
2r =45 µm. Because the nucleus can account for 21-50% of 
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cell volume88, the outer radius of the nucleus was taken as r
3
=30 µm. Although the position of 

the nucleus within the cytoplasm of an oocyte can vary, it was modeled as being concentric with 

the other layers for simplicity. 

The Gaussian ultrasound wave beam waist dimension W  was set to three times the wavelength 

(W = 6pc w) for an acoustic signal with angular frequency w . The baseline acoustic material 

parameters used in all graphs and simulations are listed in Table 1.  

 

Table 2.1. Acoustic parameters86,89 

Material 

Density 

ρi (kg/m3)  

Speed of sound 

ci (m/s) 

Impedance 

Zi (MRayl) 

Outer layer 970 1450 1.41 

Cytoplasm 1000 1508 1.51 

Nucleus 1430 1508.5 2.16 

Water 1000 1500 1.50 

 

FE simulations were performed using the commercial FE code COMSOL Multiphysics 

(COMSOL, Inc., Burlington, MA, USA). Because the Gaussian ultrasound wave field is 

axisymmetric, the calculation was simplified by taking advantage of axisymmetry. The “pressure 

acoustics” module of COMSOL was adopted to model wave propagation, and Eq. (1) was used 

to set the background sound field. The nucleus and surrounding medium of the FE model were 

meshed with linear, triangular elements, and the swept mesh method was used to create linear 
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quadrilateral meshes for the cytoplasm and cell membrane (Fig. 2.2). To model an infinite 

medium surrounding the cell, non-reflecting boundary conditions were used. The “perfectly 

matched layer” routine in COMSOL was used. A set of elements around the periphery of 

extracellular medium introduced an acoustic field through pressure boundary conditions, but 

cancelled acoustic energy that was received back from the medium with minimal reflection back 

into the medium. Convergence studies were performed to ensure grid independence for each 

simulation performed. In these, each element edge length was kept smaller than one sixth of the 

wavelength. Acoustic pressure and velocity fields in the cell and surrounding medium were 

obtained directly from the FE simulations. Accordingly, based on the numerical results of sound 

field, the ARF was calculated by using Eq. (14). 

 

FIG. 2.2 Finite element model: (a) representative mesh for eukaryotic cell; (b) enlarged FE 

mesh. 

2.5 Results and discussion 

The theoretical and the finite element predictions of the ARF amplification factor pY  were 
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within a few percent for all cases and acoustic excitation frequencies studied (Fig. 2.3). For an 

entire cell (top curve, Fig. 2.3), pY  was a nonmonotonic function of excitation frequency, with 

prominent peaks and dips associated with resonant vibration. The ARF was almost entirely 

attenuated at low frequencies. We studied how changes to cell geometry, mechanics, and size 

contributed to the ARF, and how the different components of the cell affected these responses. 

2.5.1  Influence of cell components on ARF 

We first asked how the cell membrane and nucleus contributed to the ARF on the entire cell. 

ARF was greatly attenuated in the absence of a cell nucleus (Fig. 2.3, plotted for the case of 0z = 

0), as would be expected because the acoustic impedance of the nucleus is relatively large 

compared to that of other cell components (cf. Table 1). This result is consistent with previous 

observations of backscatter from cells, which is strongly dependent upon the size of the nucleus 

88. By contrast, changing the acoustic properties of the outer layer of the model to match those of 

the cytoplasm had a relatively effect on the ARF. 
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FIG. 2.3 Acoustic radiation force amplification factor Yp as a function of frequency for the 

three-layer model with z0=0. A fictional cell with the acoustic properties of the outer layer 

changed to match those of the cytoplasm had a response similar to that of the full cell. However, 

changing the acoustic properties of the nucleus to match those of the cytoplasm attenuated Yp 

substantially. Symbols: numerical simulations; curves: theoretical predictions. 

2.5.2  Influence of cell geometry on ARF 

The relative sizes of the nuclear and outer layers of the three-layer model affected the magnitude 

and the frequency dependence of the acoustic radiation force amplification factor pY  (Fig. 2.4). 

In studying these, the focus was the frequency range of 1-20 MHz relevant to standard 

ultrasound probes, and in particular the peak ARF observed for a spherical cell in the vicinity of 

13 MHz (Fig. 2.3). Note that the several factors are conflated in the contour plots of Fig. 2.4. As 
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above, the beam waist of the focused Gaussian ultrasound wave was fixed atW = 3l.  However, 

because l = 2p k
1
= 2p c

1
w , the size of the beam and hence the relative sizes of these layers 

change as a function of excitation frequency. 

Increasing nuclear radius 
3r  while keeping all other dimensions at their baseline values 

generally increased ARF (Fig. 2.4a), due to the relatively high impedance of the nucleus (Table 1) 

and hence the relatively higher efficiency of scattering. Increasing membrane thickness, 

l = r
1
- r

2
, with the outer and nuclear radii fixed at their baseline values also generally increased 

ARF on the three-layer model (Fig. 2.4b). Because the contrast between the impedances of the 

outer layer and the medium is stronger than that between the cytoplasm and surrounding medium 

(Table 1), replacing cytoplasm with a thicker outer layer, increased the total acoustic scattering 

of the three-layer model and thus the ARF. 

Note that the increases in pY  are strongly dependent upon frequency. Also, due in part to the 

conflation of beam waist size and frequency and in part to the vibratory nature of the ARF, 

certain regions can frequency and size ranges can be found in which an increase in size causes a 

decrease in ARF. Examples include increasing nuclear radius r
3
 beyond 40 µm for an excitation 

frequency of 12 MHz, and increasing l for an excitation frequency of 7.5 MHz (Fig. 2.4). 



24 

 

    

FIG. 2.4 Contour plots showing the effects of (a) excitation frequency and nuclear radius, r3, and 

(b) excitation frequency and outer layer thickness, l = r1 – r2, on the acoustic radiation force 

amplification factor Yp for a three-layered model. The beam waist of the Gaussian ultrasound 

wave was fixed at W=3λ. Baseline values: z0=0, r1=50μm, r2=45μm and r3=30μm. 

2.5.3  Influence of acoustic parameters on ARF 

With all other parameters held at their baseline levels and again with 3W = , increasing the 

densities of the layers could increase or decrease the ARF, depending upon the change in 

contrast of the impedances and upon the vibratory nature of the problem (Fig. 2.5). Densities 

were varied ±20% from baseline values. 

Increasing the density of the outer layer over this range (776 kg/m3 ≤ ρ2 ≤ 1160 kg/m3) while 

holding all other densities at baseline values decreased the ARF (Fig. 2.5a). This was expected 

because the outer layer’s acoustic impedance became closer to that of the medium and cytoplasm 

over most of this range (1.12 MRayl ≤ ρ2c2 ≤ 1.69 MRayl) (Table 2.1). A plateau in this trend 

was reached as the contrast diminished. 
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Varying the density of the cytoplasm from 800 to 1200 3kg/m  led to a non-monotonic change in 

the ARF (Fig. 2.5b). As the acoustic impedance of cytoplasm increased over the range 1.20 

MRayl ≤ ρ3c3 ≤ 1.80 MRayl, the ARF first decreased as acoustic impedance contrast with the 

outer layer and nucleus decreased, but then increased again as the acoustic impedance surpassed 

that of the outer layer. Although the impedance contrast with the nucleus decreased steadily over 

this range, the rise in ARF for higher cytoplasmic densities indicated that the contrast with the 

outer layer was dominant over this range.  

Finally, increasing the density of nucleus from 1144 to 1716 3kg/m  increased the acoustic 

impedance over 1.73 MRayl ≤ ρ4c4 ≤ 2.59 MRayl. Because this corresponded to a steady 

increase in contrast with the impedance of the cytoplasm, scattering and hence ARF increased 

monotonically with nuclear density. 
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FIG. 2.5 Contour plots showing the effects on the acoustic radiation force amplification factor of  

(a) cell membrane density, (b) cytoplasm density and (c) nucleus density. z0=0, r1=50μm, 

r2=45μm and r3=30μm. 

Changes of ±20% to the velocity of sound had effects on the ARF identical to those in Fig. 2.5. 

This is expected because acoustic impedance is the product of the velocity of sound and the 

density within each constituent of the cell, and further confirms that acoustic impedance contrast 

is the key parameter that governs ARF. This underscores the utility of the present theoretical 

model in providing guidance for tuning ARF by changing the extracellular medium. 
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FIG. 2.6 Contour plots showing the effects on the acoustic radiation force amplification factor of  

(a) outer layer velocity of sound, (b) cytoplasmic velocity of sound and (c) nuclear velocity of 

sound. z0=0, r1=50μm, r2=45μm and r3=30μm. 

2.5.4  Influence of the Gaussian beam waist size 

Varying the beam waist size, W, had little effect on the amplitude of pY , and had no effect on 

the locations of the frequencies for which ARF exhibited local maxima (Fig. 2.7). As W 

increased, the amplitudes increased slightly, although the difference between W = 5λ and W= ∞ 

(which is the case of a planar wave) was almost negligible (Fig. 2.7a). The effects of beam size 

can be further understood by considering the spatial distribution of the scattered wave field, 

which follows to form 90: 

 ( ) ( ) ( )
01 1

2
, 2 1 cosn n n n

n

f f n A P
r

 




=

=  +   (2.31) 

For a frequency of 50 MHz, at which the maximum differential was observed in Fig. 2.7a for 

1 ≤ W ≤  ∞, the scattered wave amplitude can be seen to increase with beam waist uniformly 

(Fig. 2.7b). However, as is evident from the separation of amplitude and angular effects in Eq. 
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(31), the changes in amplitude occur without altering the angular distribution of the scattering. 

      

FIG. 2.7 (a) Acoustic radiation force function plotted as a function of frequency for selected 

values of beam waist (eukaryotic cell immersed in water, with z0=0, r1=50μm, r2=45μm and 

r3=30μm.). (b) Angular distribution of the scattered Gaussian ultrasound wave, with frequency 

fixed at 50 MHz. 

2.5.5  Influence of cell size on ARF 

The size of the eukaryotic cell affects the acoustic radiation force amplification factor pY  (Fig. 

2.8a). In studying this, we varied the cell radius 1r  while maintaining the relative dimensions so 

that the inner radius of the outer layer remained at 2 10.9r r=  and the nuclear radius remained at 

3 10.6r r= . The beam waist of the Gaussian ultrasound wave was fixed at 3W = . 

The results in Fig. 2.8 indicate that, as the size of the cell increased, the ARF peak shifted to a 

lower frequency, while the magnitude of this force peak remained constant. For the case of 

1=10 μmr , this peak was shifted so far that the ARF increased monotonically with frequency 

over the 50 MHz frequency range studied. For the other cases studied, the resonant frequencies 
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all shifted to lower values with increasing cell size. 

The effects of cell size could be further understood by considering the backscattering of the 

scattered wave, which means that  =  in Eq. (31). Correspondingly, as the size of the cell 

increased, the peak of the backscattering amplitude ( ),nf f   shifted to a lower frequency 

without significant change in backscattering amplitude. As a result of this shift, more resonant 

frequencies and associated peaks appeared for larger cells over the frequency range studied. 

Based on these theoretical results, for smaller cells with radius ranges from 10-20 µm, we need 

to increase the frequency of the Gaussian ultrasound wave to generate larger ARF. 

 

FIG. 2.8 (a) Acoustic radiation force function plotted as a function of frequency for selected 

values of cell radius (eukaryotic cell immersed in water, with z0=0, r2= 0.9r1, r3= 0.6r1, W=3λ). 

(b) Backscattering amplitude of the scattered Gaussian ultrasound wave, with beam radius fixed 

at W=3λ. 

2.5.6  Influence of the cell shape on ARF 

Although scattering by ellipsoidal objects is challenging to study analytically, the problem is of 

interest because most cells elongate upon spreading. We therefore used the FE model to consider 
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two kinds of ellipsoidal three-layer models: prolate and oblate spheroids. The cell had an axis of 

axisymmetry aligned with the centerline of a focused acoustical Gaussian beam and was centered 

in the beam waist. Due to this symmetry, the ARF exists without any acoustic radiation torque. 

The partially enlarged view of the three-layer model is shown in Fig. 2.9b, with the cell 

membrane and cytoplasm thickness being 5 m  and 15 m . With the reference to Fig. 2.9c, the 

ARF is sensitive to the aspect ratio /b a . Prolate spheroids (higher b/a, with the long axis 

parallel to the beam axis) have dramatically larger peak ARF. For oblate spheroids, sensitivity to 

aspect ratio is smaller. The reason for this is that a larger value of aspect ratio /b a  means a 

larger curvature on the illuminated side, leading to enhanced acoustic scattering and ARF. 

 

FIG. 2.9 Acoustic radiation force amplification factor plotted as a function of frequency for 

spheroids of varying aspect ratio. (a) Schematic of a Gaussian beam incident upon a spheroidal 
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three-layer model. (b) Cross-sectional view of the spheroidal three-layer model. (c) Frequency 

dependence of the ARF amplification factor of a prolate three-layer model generated by a 

focused Gaussian wave, for several values of aspect ratio b/a. (d) Frequency dependence of the 

ARF amplification factor of oblate three-layer models, showing values of ARF an order of 

magnitude lower than those of the prolate cells in panel. 

2.6 Conclusions 

An analytical model has been developed to predict the acoustic radiation force (ARF) generated 

by a focused Gaussian ultrasound beam incident on a spherical three-layered shell (three-layer 

model) immersed in ideal fluid. The method of finite series is employed, with the Gaussian 

progressive wave simulated using spherical harmonic functions. The model is subsequently used 

to calculate the ARF on a eukaryotic cell suspended freely in a focused progressive Gaussian 

ultrasound wave. Finite element simulations are performed to validate the proposed model, with 

good agreement achieved. Main conclusions drawn are:  

(1) As the cell membrane thickness or nucleus radius is increased, the ARF increases 

distinctly. 

(2) The impedance of each constituent of the cell plays an important role in affecting the 

ARF: increasing the impedance of cell membrane reduces the ARF; as the impedance of 

cytoplasm is increased, the ARF decreases first and then increases; increasing the impedance of 

cell nucleus leads to enhanced ARF.  

(3) The influence of the beam width of the Gaussian ultrasound wave on the ARF is 

significant only when it is relatively small.  
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(4) The size of the cell can significantly affect the peaks of the ARF. Larger cells show more 

resonant frequencies and hence more ARF peaks in the 1-50 MHz range of excitation 

frequencies. 

(5) The aspect ratio /b a  (=major axis/minor axis) of the spheroid three-layer model 

significantly affects the ARF. 

The results presented in this study provide theoretical basis for the further development of 

acoustic control technology for cell trapping/sorting/assembling and drug delivery applications. 
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Chapter 3: Standing surface acoustic waves, and 

the mechanics of acoustic tweezer manipulation 

of eukaryotic cells 

3.1 Abstract 

Manipulation by focused ultrasound is an emerging technology with much promise for 

non-contact handling of microscale objects. A particularly promising approach for achieving this 

with living cells involves incorporating standing surface acoustic waves (SSAWs) into a 

microfluidic device. SSAWs must be tuned to provide the necessary range of acoustic radiation 

force (ARF), but models enabling this tuning have neglected the mechanics of the cells 

themselves, treating cells as rigid or homogenous spheres, and have also neglected energy 

transfer from the substrate to the fluid at the Rayleigh angle. We therefore applied Mie scattering 

theory to develop a model of the ARF arising from a SSAW impacting an idealized eukaryotic 

cell in an inviscid fluid. The cell was treated as a three-layered body with a nucleus, cytoplasm, 

and cortical layer. Results showed strong dependence on cell structures and the Rayleigh angle 

that can be harnessed to develop novel applications for cell manipulation and sorting. ARF can 

be tuned using the new model to both push away and pull back a cell towards the sound source. 

The proposed analytical model provides a foundation for design of microfluidic systems that 

manipulate and sort cells based upon their mechanical properties. 

3.2 Introduction 

Recent advances in non-contact manipulation of single cells by acoustic tweezers have 

contributed to breakthroughs in biophysics, microbiology, and cell biology 9. The sound 
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frequency and pressure of acoustic tweezers must be optimized to avoid damage to cells and 

tissues 91, and to control cell positions precisely 9. Standing surface acoustic wave-based 

(SSAW-based) acoustic tweezers are widely integrated with microfluidics for this purpose 92, 

and 3D (three-dimensional) SSAW acoustic tweezers have been proposed 61,93. Theoretical 

analysis of acoustic manipulation with SSAW is crucial for understanding the underlying 

mechanisms of acoustic tweezers and for refining the technique. 

Acoustic tweezers operate through control of acoustic radiation force (ARF), a time-averaged, 

second-order force arising from the scattering of incident waves. To a certain extent, ARF is 

analogous to the optical radiation force generated by electromagnetic waves impinging upon an 

electrically or magnetically responsive object 74. The large body of literature on the mechanisms 

and practical applications of ARF begins with Lord Rayleigh’s pioneering work on the ARF 

arising from acoustic waves in compressional fluids 94. Literature relevant to manipulation of 

cells begins in 1934, when King theoretically calculated the ARF due to a plane wave incident 

on a small rigid particle surrounded by inviscid fluid 95. Yosioka and Kawasima extended the 

theory to elastic spheres, droplets, and gas bubbles by accounting for compressibility of the 

spherical particle 96. Hasegawa further theoretically and experimentally investigated the ARF on 

solid elastic and viscous spheres, with no restriction placed on the size of the sphere 14,97. 

This early work considered only plane incident waves. Recently, other kinds of acoustic beams 

have been employed to improve the flexibility of acoustic manipulation, including focused 

Gaussian beams, Bessel beams, cross-plane beams, and SSAWs 82,98-100. This includes earlier 

work from our group demonstrating significant effects of inhomogeneity in acoustic impedance, 

as can arise with a cell nucleus, on the scattering of a focused, traveling Gaussian ultrasound 
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wave, and on the ARF that such a traveling wave exerts on a cell 100. That work identified that, 

for a simple, traveling waveform, the ARF can be sensitive to cell size. However, such a 

simplified waveform is applicable only to individual cells and is not practical for biotechnology 

applications involving cell populations sufficiently large to be of interest physiologically or 

commercially. The need to identify schemes for ultrasound activation that might be capable of 

delineating cell sizes in larger cell populations motivated us to develop an entirely new solution 

based upon more complicated standing (non-traveling) waves in a substantially more advanced 

device: SSAWs. 

However, a theoretical study to establish a foundation for developing this technology has not yet 

been undertaken 92. We therefore undertook such a study with the aim of improving SSAW 

technologies by revealing the mechanisms underlying acoustic tweezer manipulation of 

heterogeneous bodies like cells. Conventional theories for estimating ARF are based upon planar 

standing waves, and therefore fail to consider the transmission of energy from solid to fluid, and 

the associated influence of the Rayleigh angle, as is needed for the study of surface standing 

waves 101. Moreover, theories for planar standing waves cannot predict the component of ARF 

acting perpendicular to substrate, as is needed for modeling and controlling particles or cells (Fig. 

3.1a). Generally, a SSAW device consists of two identical interdigital transducers (IDTs) affixed 

to a piezoelectric substrate, so that the periodic redistribution of charges associated with a 

periodic electrical signal sent to the IDTs will cause alternating contraction and expansion of the 

piezoelectric substrate and produce a SSAW (Fig. 3.1a). When the SSAW contacts the liquid, 

vibrational energy is transferred as a bulk compressional wave in the liquid, arising at a special 

refracted angle, the Rayleigh angle, 𝜃𝑅 102. Therefore, the bulk wave inside the fluid is not 

always parallel to the piezoelectric substrate. 
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The components of this bulk compressional wave can sum to a resultant force to that can move a 

cell relative to the piezoelectric substrate. The first model of this is that of Shen et al. 103, who 

studied how the Rayleigh angle affects the ARF exerted by a SSAW on an elastic, homogeneous, 

spherical particle immersed in an inviscid fluid. However, eukaryotic cells typically violate the 

assumptions of this model because they are inhomogeneous and have nonuniform acoustic 

impedance, with the nucleus reported to affect wave propagation significantly. Although the 

model of Shen, et al. has been applied to as a first order estimate of ARF in such situations, this 

motivated us to extend the model to a more realistic framework for designing acoustical trapping 

of cells. 

We therefore developed a spherically symmetric, three-layered model and calculated the ARF 

vector induced by a SSAW incident on a three-layered cell using the partial wave expansion 

method (Fig. 3.1). Results revealed significant effects of the Rayleigh angle and of the 

geometrical and acoustic parameters of the nucleus. 
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FIG. 3.1. (a) Schematic of a SSAW incident upon a three-layered model of a eukaryotic cell. (b) 

The origin of the local spherical coordinate system (𝑟, 𝜃, 𝜑) resides at the instantaneous center 

of the eukaryotic cell. 

3.3 Theoretical model 

SSAWs can be generated by two identical interdigital transducers (IDTs), fabricated on a 

piezoelectric substrate, that generate two progressive surface acoustic waves traveling towards 

one other with phase velocity 𝑐𝑠 (Fig. 3.1a). When surface acoustic waves travel along the 

substrate-fluid boundary, part of the vibrational energy transports into the fluid medium, yielding 

two compressional waves. Each wave travels with velocity 𝑐𝑓 at a Rayleigh angle 𝜃𝑅 102-104 

with respect to the x-axis: 

𝜃𝑅 = arcsin(𝑐𝑓/𝑐𝑠) (3.1) 

Traveling surface acoustic waves deliver energy from the substrate to the fluid medium, causing 

wave energy to decay exponentially along the substrate-fluid interface. However, for practical 

applications based on SSAW, waves are generated in a microchannel sufficiently small relative 

to the decay length that this attenuation can be neglected in theoretical analysis 103. Therefore, a 

SSAW can be regarded as two plane progressive waves having identical frequency, phase, and 

amplitude, and propagating along a certain angle 𝜃𝑅 into the fluid medium. 

In a spherical coordinate system (𝑟, 𝜃, 𝜑) with its origin at the instantaneous center of the 

eukaryotic cell (Fig. 3.1b), the velocity potential of the incident wave can be expressed as:  
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𝜙𝑐 = 𝜙0𝑒
−𝑖𝜔𝑡(𝑒𝑖𝐤𝟏∙(𝐲𝟎+𝐫) + 𝑒𝑖𝐤𝟐∙(𝐲𝟎+𝐫))

= 𝜙0𝑒
−𝑖𝜔𝑡(𝑒𝑖𝑘𝑓𝑦0sin𝜃𝑅𝑒𝑖𝑘𝑓𝑟cos𝛾1 + 𝑒−𝑖𝑘𝑓𝑦0sin𝜃𝑅𝑒𝑖𝑘𝑓𝑟cos𝛾2)

= 𝜙0𝑒
−𝑖𝜔𝑡∑𝑗𝑛(𝑘𝑓𝑟)𝑋𝑛(𝜃, 𝜑; 𝑘𝑓𝑦0, 𝜃𝑅)

∞

𝑛=0

 (3.2) 

where 𝑘𝑓 is the wavenumber of the two surface acoustic waves, 𝛾1 and 𝛾2 are the angles 

between the wave vectors (i.e., 𝐤𝟏 and 𝐤𝟐) and the position vector 𝐫, respectively, 𝑗𝑛(𝑘𝑓𝑟) is 

the nth order spherical Bessel function of the first kind, and the angular variation function 

𝑋𝑛(𝜃, 𝜑; 𝑘𝑓𝑦0, 𝜃𝑅) is defined in the appendix. Similarly, the velocity potential of the scattered 

wave is expressed as: 

𝜙𝑠 = 𝜙0𝑒
−𝑖𝜔𝑡∑𝑠𝑛ℎ𝑛(𝑘𝑓𝑟)𝑋𝑛(𝜃, 𝜑; 𝑘𝑓𝑦0, 𝜃𝑅)

∞

𝑛=0

 (3.3) 

where 𝑠𝑛 is the scattering coefficient and ℎ𝑛(𝑘𝑓𝑟) is the nth order spherical Hankel function 

of the first (outgoing) kind. The total wave field 𝜙1 in the surrounding fluid medium arises 

from the superposition of the incident and scattered waves, as: 

𝜙1 = 𝜙𝑐 + 𝜙𝑠 (3.4) 

A eukaryotic cell suspended in a fluid medium is well approximated by a sphere 105. To account 

for the inhomogeneity of eukaryotic cells, we consider a model of a cell having three layers with 

different mechanical properties, suspended within a medium of mass density 𝜌1 and acoustic 

velocity 𝑐1. The outermost layer (𝑟2 ≤ 𝑟 ≤ 𝑟1, mass density 𝜌2, acoustic velocity 𝑐2) represents 

a cortical layer that includes the plasma membrane, membrane surface proteins, and cortical 

actin filaments and contractile myosin motors 106. This layer can range from nanometers for a 

mesenchymal cell to tens of micrometers for the zona pellucida surrounding an oocyte 107. For 

suspended cells without such a layer, the effect of the nanoscale cortical layer on wave 
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propagation is negligible. The middle layer (𝑟3 ≤ 𝑟 ≤ 𝑟2, mass density 𝜌3, acoustic velocity 𝑐3) 

contains the cellular cytoskeleton and a range of subcellular organelles, lumped into the term 

“cytoplasm,” which we treat as a homogeneous material. Within this is the inner layer (𝑟 ≤ 𝑟3, 

mass density 𝜌4, acoustic velocity 𝑐4), a nucleus. The corresponding acoustic impedances and 

wave numbers are thence 𝑍𝑖 = 𝜌𝑖𝑐𝑖(𝑖 = 1,2,3,4) and 𝑘𝑖 = 𝜔/𝑐𝑖(𝑖 = 1,2,3,4), respectively, 𝜔 

being the circular frequency of incident wave. The velocity potentials 𝜙𝑖 in the cortical layer, 

cytoplasm, and cell nucleus can be expressed directly, as detailed in the Appendix. 

The three layers have shear resistance that is small compared to their resistance to dilatation, 

meaning that they can be approximated as a fluid acoustically 108. The boundary conditions 

between the layers enforce continuity of normal velocity and normal stress (Fig. 3.1):  

𝑢𝑗|
𝑟=𝑟𝑗

= 𝑢𝑗+1|
𝑟=𝑟𝑗

 

(3.5) 

𝜎𝑟𝑟
𝑗
|
𝑟=𝑟𝑗

= 𝜎𝑟𝑟
𝑗+1
|
𝑟=𝑟𝑗

 

where 𝑢𝑗 and 𝜎𝑟𝑟
𝑗 (𝑗 = 1,2,3) are the normal velocities and normal stresses in the surrounding 

fluid medium and the suspended cell, respectively. These quantities can be obtained from the 

wave fields as: 

𝑢𝑗 =
𝜕𝜙𝑗

𝜕𝑟
 

(3.6) 

𝜎𝑟𝑟
𝑗
= −𝑖𝜔𝜌𝑗𝜙𝑗 

Incorporating Eq. (3.6) into Eq. (3.5) and using Eqs. (3.2)-(3.3) and (A1.1)-(A1.7), we can 

determine the scattering coefficients and then calculate the wave fields. 
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3.4 Results 

3.4.1  ARF in the x direction 

For a continuous SSAW travelling in an ideal fluid, the total ARF, 𝑭, can be determined by 

integrating the excess of pressure (𝑝 − 𝑝0) generated by the sound field over the instantaneous 

surface 𝑆(𝑡) of the eukaryotic cell, as: 

𝑭 = −∫∫ (𝑝 − 𝑝0)𝒏𝑑𝑆
𝑆(𝑡)

 (3.7) 

where 𝒏 is the outward normal to 𝑆(𝑡). For proper evaluation of the ARF, the excess of 

pressure should be taken up to second-order terms in the velocity potential 14. For a periodic 

wave, the ARF is defined as a time-averaged quantity over period 𝑇 of the sound field. The 

time-averaged force acting on a sphere immersed in an infinite ideal fluid is given by: 

⟨𝑭⟩ = −∫∫ ⟨(𝑝 − 𝑝0)⟩𝒏𝑑𝑆
𝑆(𝑡)

= − ⟨∫∫ 𝜌⟨(𝑢𝑛𝒏 + 𝑢𝑡𝒕)𝑢𝑛⟩𝒏𝑑𝑆
𝑆0

⟩

+∫∫ [
1

2

𝜌

𝑐2
⟨(Re [

𝜕𝜙1
𝜕𝑡
])
2

⟩ −
1

2
𝜌⟨|∇Re[𝜙1]|

2⟩] 𝒏𝑑𝑆
𝑆0

 (3.8) 

where ⟨⋅⟩ is represents the time average, 𝒕 is the outward-pointing unit tangential vector of 𝑆, 

𝑆0 is the surface of the target at its equilibrium position, 𝑑𝑆 = 𝑟𝑑𝑟𝑑𝜃, and the parameters 𝑢𝑛𝒏 

and 𝑢𝑡𝒕 are the radial and tangential components of the velocity at the surface, respectively.  

The ARF generated by the SSAW can be decomposed into two forces pointing in the positive x 

and y directions. The force in the positive x direction, 𝐹𝑥, can be expressed as: 

𝐹𝑥 = 𝐹𝑥𝑛𝑛 + 𝐹𝑥𝑡𝑡 + 𝐹𝑥𝑛𝑡 + 𝐹𝑥𝑡 (3.9) 

where: 
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𝐹𝑥𝑛𝑛 = −
1

2
𝜌1𝑟1

2∫ ∫ ⟨𝑢𝑟
2⟩|

2𝜋

0

𝜋

0 𝑟=𝑟1

sin2 𝜃 cos𝜑 𝑑𝜑𝑑𝜃 (3.10) 

𝐹𝑥𝑡𝑡 =
1

2
𝜌1𝑟1

2∫ ∫ ⟨𝑢𝜃
2 + 𝑢𝜑

2⟩|
2𝜋

0

𝜋

0 𝑟=𝑟1

sin2 𝜃 cos𝜑 𝑑𝜑𝑑𝜃 (3.11) 

𝐹𝑥𝑛𝑡 = −𝜌1𝑟1
2∫ ∫ (⟨𝑢𝑟𝑢𝜃⟩ cos 𝜃 cos𝜑 − ⟨𝑢𝑟𝑢𝜑⟩ sin 𝜑)|

2𝜋

0

𝜋

0 𝑟=𝑟1

sin 𝜃 𝑑𝜑𝑑𝜃 (3.12) 

𝐹𝑥𝑡 = −
𝜌1𝑟1

2

2𝑐12
∫ ∫ ⟨Re [

𝜕𝜙1
𝜕𝑡
]
2

⟩|
2𝜋

0

𝜋

0
𝑟=𝑟1

sin2 𝜃 cos𝜑 𝑑𝜑𝑑𝜃 (3.13) 

in which 𝑢𝜃 and 𝑢𝜑 are the components of velocity in the surrounding fluid medium pointing 

towards the polar and azimuthal directions, respectively. 

We define the dimensionless ARF in the positive x direction, 𝑌𝑝𝑥, as: 

𝑌𝑝𝑥 = 𝐹𝑥/(𝑆𝑐𝐸) (3.14) 

where 𝑆𝑐 = 𝜋𝑟1
2 is the cross-sectional area of the entire cell and 𝐸 =

1

2
𝜌1𝑘1

2𝜙0
2
 is the mean 

energy density of the incident sound wave. Incorporating Eq. (3.9) into Eq. (3.14) and using Eqs. 

(3.10)-(3.13), we can finally obtain the dimensionless ARF as: 

𝑌𝑝𝑥 = −
16

(𝑘1𝑟1)2
∑(𝛼𝑛 + 𝛼𝑛+1 + 2𝛼𝑛𝛼𝑛+1 + 2𝛽𝑛𝛽𝑛+1)𝐷𝑛(𝑘1𝑦0, 𝜃𝑅)

∞

𝑛=0

 (3.15) 

where 𝛼𝑛 and 𝛽𝑛 are the real and imaginary parts of the scattering coefficient 𝑠𝑛, respectively, 

and 
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𝐷𝑛(𝑘1𝑦0, 𝜃𝑅) = ∑

[
 
 
 
 
(𝑛 − 𝑚 + 1)!

(𝑛 + 𝑚 + 1)!
𝑃𝑛
𝑚+1(0)𝑃𝑛+1

𝑚 (0)

−
(𝑛 − 𝑚)!

(𝑛 + 𝑚)!
𝑃𝑛
𝑚(0)𝑃𝑛+1

𝑚+1(0)
]
 
 
 
 𝑛

𝑚=0

× [
cos2(𝑘1𝑦0sin𝜃𝑅) cos(𝑚 + 1)𝜃𝑅 cos𝑚𝜃𝑅
+sin2(𝑘1𝑦0sin𝜃𝑅) sin(𝑚 + 1)𝜃𝑅 sin𝑚𝜃𝑅

]

 (3.16) 

In Eq. (3.15), each term is weighted by the factor 𝐷𝑛(𝑘1𝑦0, 𝜃𝑅), indicating that the 

dimensionless ARF is a function of the Rayleigh angle. When the Rayleigh angle is 0°, the wave 

fronts degenerate into a plane travelling wave in the x direction. In this case, there is no force in 

the y direction and the proposed theory reduces to the dimensionless ARF for a plane travelling 

wave. By contrast, when the Rayleigh angle is 90°, the generated wave degenerates into a plane 

standing wave in the y direction, with no force in the x direction, as can be verified by 

incorporating 𝜃𝑅 = 90° into Eq. (3.16).  

The Rayleigh angle 𝜃𝑅 is determined by the speeds of sound in the piezoelectric substrate and 

the surrounding fluid medium (Eq. 3.1). In practical applications, the Rayleigh angle varies over 

the range of 1.6° − 90° 103. When a SSAW is generated on the piezoelectric substrate, its 

wavelength 𝜆𝑠 and wavenumber 𝑘𝑠 are determined by the IDTs. Correspondingly, the 

wavelength 𝜆𝑓 and wavenumber 𝑘𝑓 in the surrounding fluid medium can be expressed as 𝜆𝑓 =

𝜆1 = 𝜆𝑠 sin 𝜃𝑅 and 𝑘𝑓 = 𝑘1 = 𝑘𝑠 sin 𝜃𝑅, respectively. In subsequent numerical calculations, the 

parameters as listed in Table 3.1 are used. The relative size of the nucleus varies dramatically 

amongst animal cells, with the nucleus taking the majority of cell volume in a resting 

lymphocyte, and a much smaller fraction of volume in a fat cell 106. Further, the radii of cortical 

layer, 𝑟1, cytoplasm, 𝑟2, and cell nucleus, 𝑟3 are fixed at 15 μm, 14 μm, and 6 μm, 

respectively. 

Table 3.1. Acoustic parameters 100,108,109 
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Material 

Density 

ρi (kg/m3)  

Speed of sound 

ci (m/s) 

Impedance 

Zi (MRayl) 

Cortical layer 970 1450 1.41 

Cytoplasm 1139 1508 1.72 

Nucleus 1430 1508.5 2.16 

Water 1000 1500 1.50 

 

 

 

FIG. 3.2. Representative finite element model for a eukaryotic cell in a fluid medium excited by a 

piezoelectric device that produces SSAWs. 

To validate the theoretical model, finite element simulations were conducted using COMSOL 

Multiphysics software (COMSOL, Inc., Burlington, MA, USA). Because the SSAW and the cell 

were both symmetric about the xy plane (Fig. 3.2), we modeled only half of the system and used 

symmetrical boundary conditions. The fluid medium was modeled as inviscid, enabling use of 

the “pressure acoustics” module in COMSOL to model wave propagation. Eq. (3.2) was used to 
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set the background sound field. Because microchannels are typically fabricated with sound 

absorptive materials, the outer boundary was modeled with a “perfectly matched layer” (PML) 

that absorbed all energy that entered. The cell and fluid were discretized as shown in Fig. 3.2, 

and convergence studies were performed by mesh refinement to ensure mesh independence for 

each simulation performed. The edge lengths of all elements were restricted to be smaller than 

one sixth of the wavelength of the fluid medium. The acoustic pressure field and the velocity 

fields inside the cell and the surrounding fluid were obtained directly by the finite element 

simulations, and the ARF was calculated from these numerical results using Eq. (3.7). A typical 

simulation reached convergence with 110000 elements (480000 degrees of freedom) and 

required 15 minutes on a laptop computer. 

For illustration, with reference to Fig. 3.3(a), we consider the effect of the acoustic impedances 

of the cortical layer and cell nucleus while keeping the position parameter set to 𝑦0 = 𝜆𝑠/2, so 

that the cell is centered at the pressure antinodes; the Rayleigh angle was set to 𝜃𝑅 = 20°. The 

theoretical and the finite element predictions of the dimensionless ARF 𝑌𝑝𝑥 were within a few 

percent for all cases and for acoustic excitation frequencies studied. As the SSAW frequency 

increases, the curve describing the dimensionless ARF 𝑌𝑝𝑥 exhibits a series of prominent peaks 

and dips, due mainly to resonant vibrations of the cell, and the magnitude of the peaks decreases. 

The presence of either a nucleus or a cortical layer can significantly affect the ARF on the cell, 

with an especially strong effect of the nucleus. This is due to the strong mismatch in acoustic 

impedance of the nucleus relative to other components, which results in significantly effect on 

the scattering field. This is consistent with experiments on backscatter from cells 88.  
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FIG. 3.3 (a) Dimensionless acoustic radiation force, 𝑌𝑝𝑥, versus frequency for an entire cell, a 

cell lacking a cortical layer, and a cell lacking a nucleus. For the case shown, the cell position 

parameter is 𝑦0 = 𝜆𝑠/2 so that the cell is centered at the pressure antinodes, and the Rayleigh 

angle is 𝜃𝑅 = 20°. (b) Dimensionless ARF, 𝑌𝑝𝑥, versus frequency for an entire cell with several 

different Rayleigh angles. For the case shown, the position parameter is 𝑦0 = 𝜆𝑠/2 so that the 

cell is centered at the pressure antinodes. For certain frequency ranges at higher Rayleigh 

angles, the cell is drawn back towards the substrate. (c) Normalized time-independent scattering 

potential for both the repulsive and attractive behavior are listed with the frequencies being 10 
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MHz and 60 MHz, respectively. The Rayleigh angle is 𝜃𝑅 = 60°. Symbols: numerical (finite 

element, FE) simulations; curves: theoretical predictions. 

We next consider the effect of the Rayleigh angle (Fig. 3.3b), with the cell position again fixed at 

𝑦0 = 𝜆𝑠/2. The dimensionless ARF 𝑌𝑝𝑥 is largest at around 32 MHz for all values of the 

Rayleigh angle below 90° with the magnitude of the peak at 32 MHz increasing with decreasing 

Rayleigh angle. This is expected because more energy will emerge in the x-direction with 

decreasing Rayleigh angle. This suggests a preferred frequency for manipulating eukaryotic cells 

when a large ARF is needed. Further inspection of Fig. 3.3b reveals that 𝑌𝑝𝑥 can become 

negative for certain frequencies at larger Rayleigh angles, indicating that the ARF in the 

x-direction points back towards the substrate. 

This attractive force can be understood by considering the scattering potential amplitude, 

|𝜙𝑠/(𝜙0𝑒
−𝑖𝜔𝑡)| and considering two excitation frequencies for the case of 𝜃𝑅 =60° and 𝑦0 =

𝜆𝑠/2 (Fig. 3.3c): the case of f = 10 MHz, for which the force on the cell is repulsive, and the 

case of f = 60 MHz, for which the force is attractive. Consider the polar angle 𝜃=90°. For the 

case of repulsion (f = 10 MHz), |𝜙𝑠/(𝜙0𝑒
−𝑖𝜔𝑡)| is higher in the hemisphere nearer the 

substrate(𝜑=180°) than in the hemisphere further from the substrate (𝜑=0°), so that the cell is 

pushed away from the substrate. However, when the opposite occurs, scattering is suppressed in 

the hemisphere pointing away from the substrate. This occurs at f = 60 MHz, and an attractive 

thus force arises at this frequency, pushing the cell back towards the substrate. This phenomenon 

is analogous to effects that can arise on a sphere illuminated by a Bessel beam 110, and is 

meaningful in that enables design of SSAW based acoustic tweezers that can push, trap, or pull 

back a eukaryotic cell toward the substrate. 
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The Rayleigh angle is a function of the acoustic wave phase velocity in both the fluid and on the 

surface of the piezoelectric substrate (cf. Equation 3.1). As such, it is a factor that can be 

controlled to a degree in the design of such an acoustic trapping or sorting system. Although the 

range of fluid phase velocity is limited somewhat by the need to grow cells in a nutritional 

medium, with a sound velocity on the order of 𝑐𝑓 ≈1500 m/s, the range of piezoelectric 

substrata available enables substantial tunability. For example, the surface wave velocity of 

Bi12GeO20 is 𝑐𝑠 ≈ 1680 m/s 111, for Rayleigh angle of 𝜃𝑅= 63.2°, while that of LiNbO3 is 𝑐𝑠 ≈ 

3960 m/s 112, for 𝜃𝑅=22.3°. 

For cells with the parameters adopted here, a Rayleigh angle of 22.3° in a LiNbO3 substrate will 

result in a repulsive force on the cell in x-direction. By tuning this repulsive force with buoyancy 

and gravity, a cell can be levitated. For a Bi12GeO20 substrate (𝜃𝑅= 63.2°), 𝑌𝑝𝑥 is substantially 

smaller but still negative (Fig. 3.3b). Here, the attractive force works with gravity and against 

buoyancy, and can be used with denser nutrition medium to levitate cells. The range of available 

piezoelectric materials thus enables design of acoustic tweezer devices that can push, trap, or pull 

back a eukaryotic cell toward the substrate.  

To assess the combinations of excitation frequency and Rayleigh angle that induce an attractive 

(negative) ARF, 𝑌𝑝𝑥 on an entire cell was calculated over a broad parameter space (40 ≤ 𝑓 ≤

80 MHz and 60° ≤ 𝜃𝑅 ≤ 90°). Plotting contour plots of negative values of 𝑌𝑝𝑥 for pressure 

antinodes (𝑦0 = 𝜆𝑠/2, Fig. 3.4a) and pressure nodes (𝑦0 = 𝜆𝑠/4, Fig. 4b) revealed that over the 

majority of parameter space (blank space, Fig. 3.4), 𝑌𝑝𝑥 is positive and the cell is predicted to 

be pushed away from the substrate. Comparing the two panels of Fig. 4 reveals no overlapping 

regions of attractive force for the two different values of 𝑦0 (colored regions, Fig. 3.4), meaning 
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that the excitation conditions must be tuned to provide steady attractive force, and that 𝑦0 may 

be varied to modulate attraction and repulsion by SSAW-based acoustic tweezers. 

 

FIG. 3.4 Contour plots of negative values of the dimensionless ARF, 𝑌𝑝𝑥, for (a) pressure 

antinodes (𝑦0 = 𝜆𝑠/2) and (b) pressure nodes (𝑦0 = 𝜆𝑠/4). Over the majority of parameter 

space (gray space), 𝑌𝑝𝑥 is positive and the cell is predicted to be pushed away from the 

substrate. 

The variation of ARF with horizontal position y0 is examined by considering in detail the case 

of a single wavelength, 𝜆𝑠 = 100 μm (Fig. 3.5a). 𝑌𝑝𝑥 varies strongly with cell position y0, 

showing a periodic dependence with a period of the wavelength (𝜆𝑠/2). This periodicity, which 

is independent of the Rayleigh angle, arises from interference. The amplitude of the 

dependence increases by orders of magnitude with decreasing Rayleigh angle 𝜃𝑅 (Fig. 3.5a). 

Inspection of the results shown in Fig. 3.5b provides further insight into the influence of 𝜃𝑅 

on the dimensionless ARF 𝑌𝑝𝑥. For a three-layered cell located at the pressure antinodes (y0 = 

𝜆𝑠/2), there exists a threshold value of 𝜃𝑅 that depends upon 𝜆𝑠, beyond which 𝑌𝑝𝑥 drops 

monotonically due to the weighting factor 𝐷𝑛 in Eq. (3.15). This threshold decreases with 



49 

 

increasing wavelength. This is because that changing the Rayleigh angle 𝜃𝑅 here actually 

changes the frequency in the extracellular fluid. For 𝜆𝑠 = 120 μm, when the Rayleigh angle 

𝜃𝑅 ranges from 30° to 90°, the frequency in extracellular fluid ranges from 25 to 12.5 MHz. In 

this range, the dimensionless ARF 𝑌𝑝𝑥 will decrease monotonically, corresponding with Fig. 

3.3b. When the Rayleigh angle 𝜃𝑅 ranges from 1.6° to 30°, the frequency in extracellular 

fluid ranges from 448 to 25 MHz, respectively. Multiple natural frequencies of the eukaryotic 

cell will fall into this range and show multiple peaks and dips (Fig. 3.5b). However, due to the 

weighting factor 𝐷𝑛 in Eq. (3.15), the dimensionless ARF 𝑌𝑝𝑥 will become smaller when the 

Rayleigh angle 𝜃𝑅 increase.  

The dimensionless position 𝑘1𝑦0 determines the effect of Rayleigh angle on ARF (Fig. 3.5c, 

for 𝑦0 fixed at 𝑦0 = 100 µm). Although changing the Rayleigh angle will not change the 

extracellular frequency in the fluid, the sensitivity to Rayleigh angle increases with 𝑘1𝑦0. This 

is not due to resonance of the cell. Mathematically, larger 𝑘1𝑦0 means a smaller circle for the 

trigonometric functions cos2(𝑘1𝑦0sin𝜃𝑅) and sin2(𝑘1𝑦0sin𝜃𝑅) in 𝐷𝑛(𝑘1𝑦0, 𝜃𝑅). Physically, 

changing the Rayleigh angle will change the wavelength of the travelling surface acoustic 

wave 𝜆𝑠 in this case. Since 𝑦0 = 100 μm is held constant in Fig. 3.5c, the distance between 

the cell center to the antinode could be several times the period of the wavelength (𝜆𝑠/2) as 

Fig. 3.5a shows, leading to multiple peaks and dips. The magnitude of the dimensionless ARF 

𝑌𝑝𝑥 decreases with increasing Rayleigh angle as less energy propagates in the x-direction as 

the Rayleigh angle increases.  
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FIG. 3.5 (a) Dimensionless ARF 𝑌𝑝𝑥 plotted as a function of 𝑦0 for selected Rayleigh angles, 

with wavelength 𝜆𝑠= 100 μm. (b) The dimensionless ARF, 𝑌𝑝𝑥, is a strong function of the 

Rayleigh angle 𝜃𝑅 and the wavenumber (and hence wavelength), as is evident from Eqs. 

(3.15)-(3.16). (c) Dimensionless ARF 𝑌𝑝𝑥 plotted as a function of Rayleigh angle 𝜃𝑅 for 

selected 𝑘1𝑦0. Symbols: numerical (finite element, FE) simulations; curves: theoretical 

predictions. 

For focused ultrasound, the contrast in acoustic impedance due to the nucleus of a cell has a 

strong effect on the ARF 100. We therefore next asked two questions about the role of absolute 

and relative size of the nucleus. For self-similar cells of different size but with the same relative 
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cortical layer and nucleus sizes (𝑟2 = 14𝑟1/15 and 𝑟3 = 6𝑟1/15), the ARF peak shifted to a 

higher frequency as cell size decreased, while the magnitude of this force peak remained 

constant (Fig. 3.6a, with 𝜃𝑅 = 20° and 𝑦0 = 0). For the cases studied, the resonant frequencies 

all shifted to lower values with increasing cell size. The effects of cell size could be further 

understood by considering the backscattering amplitude (𝜑 = 180°, 𝜃 = 90°) of the scattered 

wave, which follows to form: 113  

𝑓𝑛(𝑓, 𝜃, 𝜑)|𝜃=90°,𝜑=180° =
2

𝑘1𝑟1
∑𝑖−𝑛𝑠𝑛𝑋𝑛(𝜃 = 90°, 𝜑 = 180°; 𝑘𝑓𝑦0, 𝜃𝑅)

∞

𝑛=0

 (3.17) 

Correspondingly, as the size of the cell increased, the peak of the backscattering amplitude 

𝑓𝑛(𝑓, 90°, 180°) shifted to a lower frequency without significant change in backscattering 

amplitude. As a result of this shift, more resonant frequencies and associated peaks appeared for 

larger cells over the frequency range studied (Fig. 3.6b). Based on these theoretical results, for 

smaller cells of radius 10-15 µm, increasing the frequency or the sound pressure of the SSAW 

leads to larger ARF. 
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FIG. 3.6 (a) Dimensionless ARF 𝑌𝑝𝑥 and (b) backscattering amplitude as a function of 

frequency for selected values of cell radius (eukaryotic cell immersed in water); here, cells are 

self-similar, with layer sizes scaling with cell size (𝑟2 = 14𝑟1/15 and 𝑟3 = 6𝑟1/15, 𝜃𝑅 = 20
𝑜 

and 𝑦0 = 𝜆𝑠/2). (c) Dimensionless ARF 𝑌𝑝𝑥 and (d) backscattering amplitude for identical 

cells, but now with the nuclear and cortical layer sizes held constant to represent changes in 

volume associated with the cell cycle. Here, the thickness of the outer layer 𝑙 = 𝑟1 − 𝑟2 = 1 𝜇𝑚, 

the nuclear radius is 𝑟3 = 6 𝜇𝑚, 𝜃𝑅 = 20𝑜 and 𝑦0 = 𝜆𝑠/2. Symbols: numerical (finite element, 

FE) simulations; curves: theoretical predictions. 

The second question relates to how much the ARF changes over the cell cycle, in which the 

nuclear size stays similar but the cell volume can change substantially. Here, we held the cortical 

thickness and nuclear radius constant while increasing the cell volume. The ARF peak shifted to 

a lower frequency and the magnitude of force peaks decreased with increasing cell size (Fig. 

3.6c), different from the self-similar cell case. To further understand the cell size effect, we could 

also check the backscattering wave with Eq. (3.17). Correspondingly, as the size of the cell 

increased, the peak of the backscattering amplitude 𝑓𝑛(𝑓, 90°, 180°) shifted to a lower 

frequency and lower amplitude. Comparing the results in Fig. 3.6a and Fig. 3.6c, we observe that 
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for larger cells, the amplitude of the dimensionless ARF 𝑌𝑝𝑥 in Fig. 3.6a was larger than the 

counterpart in Fig. 3.6c, while for smaller cells, the converse was true as expected because of the 

larger nuclear size in Fig. 3.6a and the dominant role of the elevated acoustic impedance of the 

cell nucleus. 

3.4.2  ARF in the y direction 

Acoustic tweezers additionally require control in planes parallel to the actuator, denoted in our 

model as the y-direction. This force, 𝐹𝑦 consists of four terms: 

𝐹𝑦 = 𝐹𝑦𝑛𝑛 + 𝐹𝑦𝑡𝑡 + 𝐹𝑦𝑛𝑡 + 𝐹𝑦𝑡 (3.18) 

where 

𝐹𝑦𝑛𝑛 = −
1

2
𝜌1𝑟1

2∫ ∫ ⟨𝑢𝑟
2⟩|

2𝜋

0

𝜋

0 𝑟=𝑟1

sin2𝜑 sin 𝜃 𝑑𝜃𝑑𝜑 (3.19) 

𝐹𝑦𝑡𝑡 =
1

2
𝜌1𝑟1

2∫ ∫ ⟨𝑢𝜃
2 + 𝑢𝜑

2⟩|
2𝜋

0

𝜋

0 𝑟=𝑟1

sin2𝜑 sin 𝜃 𝑑𝜃𝑑𝜑 (3.20) 

𝐹𝑦𝑛𝑡 = −𝜌1𝑟1
2∫ ∫ (⟨𝑢𝑟𝑢𝜃⟩ cos 𝜑 sin 𝜃 + ⟨𝑢𝑟𝑢𝜑⟩ cos 𝜃)|

2𝜋

0

𝜋

0 𝑟=𝑟1

sin 𝜑 𝑑𝜃𝑑𝜑 (3.21) 

𝐹𝑦𝑡 = −
𝜌1𝑟1

2

2𝑐12
∫ ∫ ⟨Re [

𝜕𝜙1
𝜕𝑡
]
2

⟩|
2𝜋

0

𝜋

0
𝑟=𝑟1

sin2 𝜑 sin 𝜃 𝑑𝜃𝑑𝜑 (3.22) 

Normalizing as above so that 𝐹𝑦 = 𝑌𝑝𝑦𝑆𝑐𝐸 , the dimensionless radiation force 𝑌𝑝𝑦 is: 

𝑌𝑝𝑦 =
8

(𝑘1𝑟1)2
∑(𝛽𝑛 − 𝛽𝑛+1 − 2𝛼𝑛𝛽𝑛+1 + 2𝛽𝑛𝛼𝑛+1)𝐸𝑛(𝑘1𝑦0, 𝜃𝑅)

∞

𝑛=0

 (3.23) 

where 
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𝐸𝑛(𝑘1𝑦0, 𝜃𝑅) = ∑ sin(2𝑘1𝑦0 sin 𝜃𝑅)

𝑛

𝑚=0

sin(2𝑚 + 1)𝜃𝑅

×

[
 
 
 
 

(𝑛 − 𝑚)!

(𝑛 + 𝑚)!
𝑃𝑛
𝑚(0)𝑃𝑛+1

𝑚+1(0)

−
(𝑛 − 𝑚 + 1)!

(𝑛 + 𝑚 + 1)!
𝑃𝑛
𝑚+1(0)𝑃𝑛+1

𝑚 (0)
]
 
 
 
  (3.24) 

As above, 𝑌𝑝𝑦 is a function of 𝜃𝑅 because of the function 𝐸𝑛(𝑘1𝑦0, 𝜃𝑅). When 𝜃𝑅 = 0°, the 

SSAW is a plane travelling wave in the x-direction that generates no force on the entire cell in 

the y-direction, as is evident from the fact that 𝐸𝑛(𝑘1𝑦0, 𝜃𝑅) is zero for 𝜃𝑅 = 0°, and hence 𝑌𝑝𝑦 

equals zero. When 𝜃𝑅 = 90°, the SSAW degenerates into a plane standing wave, and we recover 

the Hasegawa solution for a plane standing wave 114 upon substituting 𝜃𝑅 = 90° into Eq. (3.23).  

Cell structure affects 𝑌𝑝𝑦, with the nucleus playing an especially important role (Fig. 3.7, with 

position 𝑦0 =𝜆𝑠/8 and Rayleigh angle 𝜃𝑅 = 80°). The sign of the ARF (attractive versus 

repulsive) can be changed in this plane as well by adjusting the excitation frequency (Fig. 3.7a). 

Note the trend for 𝑌𝑝𝑦 is opposite that for 𝑌𝑝𝑥 in Fig. 3.3, with the magnitude of the first peak 

decreasing with decreasing 𝜃𝑅 (Fig. 3.7b). This indicates that the in-plane ARF can be tuned by 

modulating 𝜃𝑅. Moreover, when 𝑌𝑝𝑦 is positive, the entire cell experiences a force directed to 

the pressure nodes; otherwise, the force is directed to the pressure antinodes, a result with clear 

implications for SSAW-based microfluidics. 
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FIG. 3.7 Dimensionless in-plane ARF versus frequency of an entire cell, a cell lacking a cortical 

layer, and a cell lacking a nucleus. Position 𝑦0 =𝜆𝑠/8 and Rayleigh angle 𝜃𝑅 = 80°. (b) 

Dimensionless in-plane ARF, 𝑌𝑝𝑦, versus frequency for an entire cell with several different 

Rayleigh angles. For the case shown, the position parameter is 𝑦0=𝜆𝑠/8. Symbols: numerical 

(finite element, FE) simulations; curves: theoretical predictions. 

To establish how in-plane ARF can switch from attractive to repulsive, we plotted conditions and 

magnitudes for attractive (negative) ARF (Fig. 3.8, for the range 1 ≤ 𝑓 ≤ 80 MHz and 1° ≤

𝜃𝑅 ≤ 90°). Equilibrium positions for a cell can be tuned by changing the frequency f or the 

Rayleigh angle 𝜃𝑅. This is further evident by plotting 𝑌𝑝𝑦 as a function of 𝑦0 (Fig. 3.9a, for 

𝜆𝑠 = 100 μm), which shows that 𝑌𝑝𝑦 is a periodic function of period 𝜆𝑠/2 due to the 

position-dependent term sin(2𝑘𝑓𝑦0 sin 𝜃𝑅)=sin(2𝑘𝑠𝑦0) in 𝐸𝑛, with amplitude changing 

depending upon 𝜃𝑅. Plotting 𝑌𝑝𝑦 as a function of 𝜃𝑅  (Fig. 3.9b) further highlights the 

influence of Rayleigh angle, and again shows that 𝑌𝑝𝑦 increases with 𝜃𝑅, which lead to more 

sound energy in y-direction. These results are meaningful in the design of microfluidics and 

highlight the critical role of Rayleigh angle in correctly predicting ARF. Again, we tested the 
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effect of the constant 𝑘1𝑦0. For simplicity, the distance between the cell center to the antinode 

𝑦0 was fixed at 𝑦0 = 100 μm. We could also find that periodic peaks and dips would emerge as 

the 𝑘1𝑦0 increased. The reason is the same as the case for Fig. 3.5c. 

 

FIG. 3.8 Conditions for and magnitudes of in-plane, attractive values of the dimensionless ARF 

𝑌𝑝𝑦 for a cell located at 𝑦0 = 𝜆𝑠/8 for 1 ≤ 𝑓 ≤ 80MHz and 1° ≤ 𝜃𝑅 ≤ 90
𝑜. 
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FIG. 3.9 (a) Dimensionless in-plane ARF 𝑌𝑝𝑦 plotted as a function of 𝑦0 for selected Rayleigh 

angles, with wavelength fixed at 𝜆𝑠= 100 μm. (b) Dimensionless in-plane ARF 𝑌𝑝𝑦 plotted as a 

function of Rayleigh angle 𝜃𝑅 for three different wavelengths, with 𝑦0 = 𝜆𝑠/8. (c) 

Dimensionless in-plane ARF 𝑌𝑝𝑦 plotted as a function of 𝑘1𝑦0. Symbols: numerical (finite 

element, FE) simulations; curves: theoretical predictions. 

To assess the role of cell and nucleus size on in-plane forces, we again varied cell radius 𝑟1 

while maintaining relative dimensions (𝑟2 = 14𝑟1/15 and 𝑟3 = 6𝑟1/15, with 𝜃𝑅 = 80° and 

𝑦0 = 𝜆𝑠/8). As cell size increased, the 𝑌𝑝𝑦 peak shifted to a lower frequency, while the 

magnitude of this force peak remained constant (Fig. 3.10a). Cell size can affect the sign of 𝑌𝑝𝑦 

so that cells will gather to the pressure antinode or the pressure node based on the cell size, 

suggesting a mechanism for acoustic cell sorting using SSAW. When plotted with nuclear and 

cortical dimensions held constant while cell volume changed, the 𝑌𝑝𝑦 peak shifted to a lower 

frequency and the force amplitude decreased (Fig. 3.10b). This was again expected because the 

cell nucleus size was different for the two cases in the two figures. The results shown in Fig. 

3.10b also suggest that we can design SSAW based acoustic tweezers that sorting cells based on 
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phase of the cell cycle. 

 

FIG. 3.10 (a) Dimensionless in-plane ARF 𝑌𝑝𝑦 plotted as a function of frequency for selected 

values of cell radius, with 𝑟2 = 14𝑟1/15, 𝑟3 = 6𝑟1/15, 𝜃𝑅 = 80°, and 𝑦0 = 𝜆𝑠/8. (b) 

Dimensionless in-plane ARF 𝑌𝑝𝑦 plotted as a function of a cell circle, but now with the nuclear 

and cortical layer sizes held constant to represent changes in volume associated with the cell 

cycle. Here, the thickness of the outer layer 𝑙 = 𝑟1 − 𝑟2 = 1 𝜇𝑚, the nuclear radius is 𝑟3 =

6 𝜇𝑚, 𝜃𝑅 = 80° and 𝑦0 = 𝜆𝑠/8. Symbols: numerical (finite element, FE) simulations; curves: 

theoretical predictions. 

3.5. Conclusion 

We have shown that the design of SSAW microfluidic devices to manipulate cells is strongly 

dependent upon the Rayleigh angle of the system and the heterogeneous mechanics of the cells, 

neither of which had previously been explored theoretically. Our results extend the state of the 

art analysis to include waves other than plane standing waves, and to assess the effects of the 

Rayleigh angle and of cell mechanics. The theoretical model we derived reduced to earlier, 

simpler solutions for planar standing and planar traveling waves. It provided exact solutions for 
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scattering coefficients, and a near-field approximation for the ARF.  

These exact solutions have a number of limitations that bear mention. The first is that the 

mechanical properties of cells depend strongly upon the way that they are loaded 115-118. The 

numbers used in the studies here are all derived from experiments that involve large 

perturbations of cells, but the application of ultrasound involves minimal deformation and 

relatively low stresses. The results presented may enable the estimation of mechanical properties 

at very low levels of cell deformation based upon motion in response to ARF. Second, the 

membrane of most cells is decorated with proteins that complicate the definition of a cortical 

layer thickness 106. However, for most cells other than oocytes, the cortical layer is reduced in 

size in suspension and may not be a strong factor. Inside a tissue or a tissue construct, cells often 

surround themselves with a coating of extracellular matrix proteins that changes over time, even 

in cells that stay nominally round 119-122. This layer is typically much larger than the lipid 

membrane, in which case variations of the latter pose less of a concern.  

Results show that consideration of the Rayleigh angle and cell mechanics are critical, and that 

these factors offer new handles with which to control cell manipulation and cell sorting. In the 

direction normal to the piezoelectric substrate, our model reveals that there is a non-zero 

component of the ARF that can be used to push a cell away or pull it back towards the sound 

source; prior theories fail to predict this phenomenon. The acoustic impedance mismatch 

between the cell nucleus and other cell components affects the ARF, as does the Rayleigh angle, 

the latter being a factor that can be tuned to switch ARF from attractive to repulsive. Within 

planes parallel to the piezoelectric substrate, the Rayleigh angle can be tuned to manipulate cells 

and sort them based upon size, mechanical properties, and phase within the cell cycle. Our model 

and results provide a theoretical foundation for harnessing the mechanical properties of cells to 



60 

 

develop acoustic control for cell trapping, sorting, and manipulation.  
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Chapter 4: Mechanical memory in ion channel 

function 

4.1 Abstract 

Ultrasound activation of mechanosensitive ion channels holds promise for therapies ranging 

from cardiac pacing to neuromodulation. However, the mechanisms by which ultrasound 

activates these channels are a source of debate, with fluid flow, membrane strain, membrane 

heating, and local cavitation all possibilities. Here, we show by direct observation of strain fields 

and transmembrane current that cumulative membrane creep associated with ultrasound 

activation controls transmembrane current in Xenopus oocytes containing TRAAK channels. 

Integrated experiments and modeling confirmed that membrane viscoelasticity enabled ion 

channels to remember previous mechanical loadings. Results show that membrane currents can 

be activated using sound pressure, and suggest potential pathways for using pulsed ultrasound to 

cumulatively increase membrane currents with a minimal heating of tissue.  

4.2 Introduction 

Although electrical stimulation techniques are effective in treatment of pathologies ranging from 

depression 16 to Parkinson’s disease 17 to cardiovascular disease 123, technologies for enabling the 

necessary control of ion channels in specific cells are either invasive 18,20 or require laboratory 

equipment 19. Ultrasound can carry energy noninvasively through the bone to deep tissue 21, and 

has been used for a century to modulate electrically excitable tissues including myocardium 22, 

the central nervous system 23,24,124, and retinal cells 125. The possibility of applying these 

technologies for neuromodulation is supported by experiments both ex vivo 25-27 and in vivo 29, 
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but the molecular basis by which this works remains unknown. A broad range of mechanisms 

has been proposed, including the opening of mechanosensitive ion channels by stresses from 

microbubble cavitation 31; opening of thermosensitive TRPV1 channels by heating of tissue from 

ultrasound irradiation 32,126; opening of shear stress sensitive Piezo1 channels from fluid flow 

arising from gradients in ultrasound pressure 26; and direct activation of mechanosensitive MscL 

or I92L channels by ultrasound 25. Although the mechanism for this latter effect is unknown, 

acoustic radiation force has been proposed to explain ultrasound neurostimulation of retinal cells 

33. However the mechanisms by which cells might transduce acoustic radiation force and the 

relationships between the electrophysiology and mechanobiology remain a source of debate 34. 

We tested the hypothesis that mechanosensitive ion channels can be opened by tension in the cell 

membrane, and found that sound pressure from ultrasound and the viscoelasticity of the cell and 

membrane interact to control membrane channel opening. 

 

4.3 Results 

The model system we investigated was Xenopus laevis oocytes to which cRNA for a 

mechanosensitive ion channel was added (see Methods for details). Xenopus oocytes were 

chosen because they have no known competing mechanosensitive ion channels. Amongst the 

choices of mechanosensitive ion channels to study were K2P (TREK-1, TREK-2, TRAAK) 30, 

Piezo 1 26, and MscL channels 25. The TRAAK channel, a two-pore K2P ion channel, was chosen 

because it can be activated with membrane stretch and has a low probability of opening in the 

absence of membrane tension 127.  

When these cells were subjected to ultrasound excitation of 1 MHz, well within the clinical 
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frequency range of 0.2-3 MHz, at a sound pressure of less than 0.3 MPa, transmembrane electric 

current could observed be from the readout of a two-voltage clamp, indicating 

ultrasound-induced activity of the TRAAK channel (Fig. 4.1a). In these experiments, the oocyte 

membrane voltage was first held at –80 mV, then stepped to +40 mV for 10 s, and finally 

returned to –80 mV. In the absence of ultrasound, (black line in Fig. 4.1b), transmembrane 

current rose as expected to a plateau when the voltage was stepped to +40 mV, then dropped 

when the voltage was returned to –80 mV, in both cases with an expected overshoot due to 

membrane capacitance 27. When this was done with subsequent application of ultrasound for 1 s 

(at t = 3 s, red bar on the bottom of Fig. 4.1b), current increased with time at a rate that increased 

with increasing sound pressure. The current rose to a peak that also increased with increasing 

sound pressure, then decayed towards the baseline seen in the absence of ultrasound after the 

application of ultrasound ended at t = 4 s.  

All experiments were conducted in a sequence from a lower to a higher ultrasound pressure. As 

experiments progressed, an increasingly large gap formed between the (black) baseline current 

and the red treatment cases t = 1-3 s. These effects were robust and repeatable. We hypothesized 

that this arose either due to ultrasound causing permanent changes to membrane currents, or due 

to an effect of cell viscoelasticity on channel activity. Because the experiments were repeatable 

after the cell was given a sufficient recovery interval (Fig. 4.1d), the first hypothesis was 

falsified. 

To test the second hypothesis, we tested two predictions. First, the acoustic radiation pressure 

arising from ultrasound must be sufficient to cause appreciable mechanical deformation of the 

oocyte. Second, the effects of ultrasound pressure on membrane current, if applied repeatedly 

over intervals that were short compared to the viscoelastic recovery times, must show a 
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cumulative, creep-like increase.  

 

FIG. 4.1 Functional expression of TRAAK channels in Xenopus oocytes. (a) Experimental set-up. 

A Xenopus oocyte expressing TRAAK channel is placed in the focus of the ultrasound field. The 

membrane current was recorded by using the two-electrode voltage clamp. (b) Effects of 

ultrasound on TRAAK channels. The membrane voltage was held at -80 mV before stepping to 

40 mV (time 3 s). After 10 s, the membrane voltage returned to -80 mV. The black line shows the 

current without ultrasound activation. To test the effects of ultrasound, we turned on the 

ultrasound at time 3 s and lasted for 1 s. The sound pressure was increased gradually from 0.04 

MPa to 0.254 MPa. 5 s period was held before next sequence. (c) The comparison between the 

membrane current before the ultrasound sound activation and the current at the end of the 

activation. (d) After the ultrasound activation, we turned off the ultrasound and ran more 

sequences. The current would decrease gradually. (e) Periodic loading. Membrane current 

showed cumulative, creep-like increase. (f) The comparison between the membrane current for 

baseline and the peak value of each ultrasound activation. 
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To test the first prediction, we explored whether measurable strain fields would be evident in the 

oocytes subjected to ultrasound. Strains can result from acoustic radiation pressure that arises as 

a nonlinear effect of an ultrasound pressure wave’s momentum flux scattering when the wave 

impinges on the oocyte 5,128, analogous to optical radiation force 74. We used a noise-insensitive 

strain mapping technique 129,130 to estimate strain fields in from brightfield images taken in a 

focal plane that included a stiff and relatively immobile glass electrode; the stiff electrode 

minimized out-of-plane motion (Fig. 4.2a). Acoustic radiation pressure caused motion of the 

oocyte relative to the two electrodes, leading to local strain concentrations around the electrodes 

(Fig. 4.2a) that expanded with increasing exposure to ultrasound (Fig. 4.2a).  
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FIG. 4.2 (a) ‘Direct Deformation Estimation’ algorithm (DDE) was used to calculate the first 

principal strain t=0 s, and t=0.5 s. Averaged first principal strain versus time. The image before 

the moment we turned on the ultrasound was used as the reference image for the following 

warping to get the estimated deformation gradient. After that, a direct calculation of averaged 

first principal strain could be obtained for a (b) 1-second ultrasound activation and (c) 

comparison between the peak value and the strain before the ultrasound. (d) Periodic loading 
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for the strain change. (e) The corresponding peak strains for each ultrasound activation. The 

color from dark to light means the sound pressure increase gradually. Simulated spatial profiles 

of cell mechanics. (f) Displacement and (g) First principal strain change for the oocyte under the 

activation of ultrasound. Averaged first principal strain versus time by FEM in COMSOL. (h) 

1-second activation, (i) comparison between the peak average strain and the baseline value. (j) 

and (k) are the corresponding results to show the periodic loading. The color from dark to light 

means the sound pressure increase gradually. 

This behavior was consistent with the first prediction. To test the second prediction, we checked 

whether viscoelastic deformation would increase cyclically when the ultrasound was pulsed three 

times for 1 s (beginning at t = 3 s), with 2 s of recovery between pulses (Fig. 4.2d). These 

experiments confirmed that the membrane exhibited viscoelastic creep. 

To test the hypothesis that membrane currents were correlated with membrane viscoelasticity, 

we measured membrane currents in these cyclical tests and observed increases and decreases that 

paralleled the time course of the strain fields (Fig. 4.1e). The rise in current associated with each 

ultrasound loading was faster than the reduction in current associated with each cessation of 

ultrasound loading, causing the current to ratchet upwards over the course of the experiment in 

synchrony with the change in membrane strain (Fig. 4.2 d).  

To establish the connection between mechanosensitive ion channel activity and membrane 

biomechanics, we quantified the viscoelastic responses of the cells using a generalized Kelvin 

model with multiple Voigt elements (springs in parallel with dashpots, Fig. A2.1). We fit this 

model to the viscoelastic creep observed in our experiments both from the application of 

ultrasound (modeled as a constant load 𝛼𝑝, where 𝛼 is a stress concentration factor and p is the 

ultrasound pressure) and the cessation of ultrasound, which according to the superposition 
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principle 131,132 was treated as the addition of an equal and opposite load −𝛼𝑝. Under a constant 

load 𝛼𝑝, the creep function 𝐽(𝑡) was expressed using a viscoelastic fading memory model as 

131:  

 

𝐽(𝑡) =
휀(𝑡)

𝛼𝑝
=∑

1

𝐸𝑖

𝑛

𝑖=1

(1 − 𝑒−𝑡/𝜏𝑖) (4.1) 

where the viscoelastic creep time constants 𝜏𝑖 and the elastic moduli 𝐸𝑖 are the parameters to 

be fit for each of the n Voigt elements, the region S was defined to encompass the elevated 

strains in the membrane in the vicinity of the relatively rigid electrodes (Fig. 4.2a), and 휀(𝑡) is 

the averaged peak principal strain over 𝑆. We verified that the electrodes do not move 

measurable in response to the ultrasound loading. Using n=3 time constants provided an 

excellent fitting to the data (Fig. A2.2), with the model capturing 휀(𝑡) for all ultrasound 

pressures (Fig. 4.2a), including the increases in strain during ultrasound loading (0 ≤ 𝑡 ≤ 1 s) 

dominated by 𝜏1, the relaxation in strain following cessation of ultrasound loading, and the 

hysteresis across multiple loadings, dominated by 𝜏3 (Fig. 4.2d). As predicted, increasing the 

sound pressure increased the peak first principal strain, and cyclic loading resulted in cumulative 

creep of the membrane (Fig. 4.2d) analogous to that seen in membrane current.  

The ratcheting upwards of strain magnitudes from one loading cycle to the next was explored 

further by performing a finite element simulation of a viscoelastic oocyte loaded by ultrasound 

while constrained by two rigid electrodes (see Methods for details). The oocyte mechanical 

properties were identified from experiments. Results (Fig. 4.2h-k) were consistent with 

experiments (Fig. 4.2b-e), and explained the ratcheting phenomenon in terms of the three 

Deborah numbers associated with the timescale of loading and the three viscoelastic timescales 
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(Fig. A2.3a and A2.3b). During the 1 s ultrasound loadings and the interval immediately 

following cessation of ultrasound loading, deformation arose predominantly from the first branch 

of the Kelvin model (with the lowest time constant). As this branch became fully relaxed, creep 

relaxation slowed to a rate dominated by the second and then the third branch (Fig. A2.3b). 

These latter two branches retained memory of the initial loading over the 2 s resting period 

between loadings, leading to the cumulative creep ratcheting phenomenon (Fig. A2.3b).  

To test the hypothesis that the viscoelastic memory could explain our membrane current 

observation, we modeled the open probability 𝑃o(𝑡) of the TRAAK channels using a Boltzmann 

relationship:  

 

𝑃o(𝑡) =
1

1 + 𝑘(𝑝) ∙ exp[𝑠(𝑝)𝐽(𝑡)]𝑚
 (4.2) 

where 𝑠(𝑝) is a pressure-dependent sensitivity factor, k(p) accounts for the nonlinearity of the 

membrane, and m is a fitting constant. The acoustic radiation stress scales as 𝑝2/(𝜌𝑐2), where 

𝜌 is the density of the culture medium and 𝑐 is the speed of sound in the culture medium. The 

membrane current increment ∆𝐼 could then be expressed as 

 

∆𝐼 =
𝑝2

(𝜌𝑐2)
𝑃o(𝑡)𝑡 =

𝑝2

𝜌𝑐2
1

1 + 𝑘(𝑝) ∙ exp[𝑠(𝑝)𝐽(𝑡)]𝑚
𝑡 (4.3) 

 

The close fit of this model to experimental data (m=0.5, Fig. 4.3) supported the hypothesis that 

cell viscoelasticity is a determinant of mechanosensitive ion channel function.  



70 

 

 

FIG. 4.3 The membrane current change is plotted versus time and fitted curve with Eq. (4.3). 

4.4 Discussion 

Although ultrasound excitation of electrical activity in excitable tissues has been known for 

many years 22-24, evidence for ultrasound activation of ion channels and membrane current 

manipulation is more recent 27. Since then, many groups designed lots of experiments to study 

the ultrasound activation on channel activity. Membrane current change has been found for low 

frequency 34 or high frequency 26 ultrasound, with 31 or without microbubble 25. Recently, the 

mechanosensitive TRAAK ion channels activated by ultrasound and recorded by patch clamp 

showed similar trend with canonical mechanical activation through increased membrane tension 

30. However, the underlying mechanism is still unclear.  

Here we reported ultrasound mechanical effect on mechanosensitive TRAAK ion channels 

activation. We quantitatively studied the oocyte membrane deformation by ultrasound 

mechanical effect with DDE method, which can map the strain. As far as we know, this has not 

been reported elsewhere. The membrane current was recorded with two voltage clamp. We 

found that both the strain and the membrane current showed time dependent process and, thus 
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predicted that the channel activity should also be affected by the cell mechanical properties. We 

then used the cyclic load, not only strain curve but also membrane current showed ratcheting 

phenomenon. We further fitted the current change with the Boltzmann relationship and further 

showed the relation between the sound pressure, cell mechanics, and channel activation.  

The viscoelasticity has been reported to be a key point to affect the cellular behavior 133. Studies 

have found that the mechanical factors like the viscoelasticity could affect the fundamental 

cellular process, including spreading, growth, proliferation, migration, and differentiation. The 

mechanical microenvironment has been a hot topic during the last several decades. Tissues are 

always viscoelastic, which means the cells live in such kind of environment. Even though 

experiments have found those effects, the underlying mechanism might be complicated. Our 

finding would also provide insights into cell-ECM interactions and bridge the gap between the 

biomechanics and electrophysiology.  

As for the potential application for sonogenetics, it is a challenge to cause large acoustic 

radiation force inside the tissue or brain with low frequency and low intensity ultrasound since 

the sound impedance difference between the cell and the ECM is small. The sound impedance 

can significantly affect the wave propagation 134, which finally influence the acoustic radiation 

force 5,128. Long term activation with ultrasound will also lead to much heat, which might be 

harmful to the tissue. However, our study may provide new a approach, that is, making full use 

of the viscoelasticity of both the cell and the ECM and activate the tissue with cyclic loading like 

pulsed wave, which can avoid heating. Another method might be using some nanoparticles or 

microbubbles to amplify the acoustic radiation force.  
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4.5 Methods 

Oocyte expression of ion channel proteins. Complementary RNA (cRNA) was made with the 

mMessage T7 polymerase kit (Applied Biosystems–Thermo Fisher Scientific). Stage V or VI 

oocytes were obtained from Xenopus laevis by laparotomy based on the protocol approved by 

Washington University Animal Studies Committee (protocol #20190030). Oocytes were digested 

by collagenase (0.5 mg/ml, Sigma-Aldrich, St. Louis, MO) and injected with channel cRNA 

(Drummond Nanoject, Broomall). Each oocyte was injected with K2P cRNA (42 nl). Injected 

oocytes were incubated in ND96 solution (in mM: 96 NaCl, 2 KCl, 1.8 CaCl2, 1 MgCl2, 5 

HEPES, 2.5 CH3COCO2Na, 1:100 penicillin streptomycin, pH 7.6) at 18 °C for 2 or 3 days 

before recording.  

Ultrasound application. A low frequency (1 MHz) focused ultrasound wave was generated by 

an immersion ultrasonic transducer focused at 10 mm. A 3D printed chamber was used to 

position the oocyte in the center of ultrasound focus. The bath of this chamber was filled with 

ND96, and the recording chamber was located atop a water container that housed the ultrasound 

transducer. The transducer was submerged in the deionized and degassed water, which can avoid 

energy dissipation by microbubbles and also matching the sound impedance with the chamber 

material to reduce wave reflection. The output pressures were measured with a calibrated 

hydrophone, which performed at the peak spatial pressure. The transducers were driven with a 

function generator connected to an amplifier. The timing of the ultrasound stimuli was controlled 

by HEKA Pulse software (HEKA, Germany).  

Two-electrode voltage clamp. Microelectrodes were made with thin wall borosilicate glass 

(B150-117-10, Sutter Instrument, Novato, CA) by a micropipette puller (P-97 or P-1000, Sutter 
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Instrument, Novato, CA). The pipette resistance was 0.5-3 MΩ when filled with 3 M KCl 

solution and submerged in ND96 solution. Ionic currents were recorded with two-electrode 

voltage clamp (TEVC) in ND96 bath solutions at room temperature. Whole-cell currents were 

recorded with a CA-1B amplifier (Dagan, Minneapolis, MN) driven by Patchmaster (HEKA, 

Holliston, MA) software. The current recordings were sampled at 1 kHz and low-pass-filtered at 

2 kHz.  

Video imaging. The movie was acquired using Axio Zoom.V16 microscope with Axiocam503 

mono at 16 frames per second with a 58 ms exposure time. To get a better video for strain 

mapping, the Cell Tracker Orange (Thermo Fisher, Waltham, MA) was used to stain the oocyte.  

Strain mapping. To evaluate the mechanical effect of the ultrasound on the oocyte, we used a 

strain mapping method called direct deformation (DDE) to calculate the strain field in the 

membrane 129. Even though the microscope can only focus on a specific region at the cell 

membrane, the motion around the electrode is negligible. Meanwhile, there are plenty dots 

around the black side of the oocyte, which are enough to work as the pattern for DDE method. At 

the focal plane, the image could be assumed as 2D field. Generally, the video is a set of images. 

For the DDE method, a warping function was estimated that mapped the images of the video. 

Briefly, the warping function was designed to provide an estimate of the deformation gradient 

tensor over defined, overlapping regions within the image volumes. Following Boyle et al., the 

warping function for each region was optimized with modified Lucas-Kanade algorithm. A video 

by Axio Zoom. V16 for the oocyte under excitation of ultrasound was used as input to MATLAB 

code of DDE. To evaluate the strain field at each time point, each frame in the video was utilized 

during each evaluation. After that, the Green-Lagrange strain tensor was calculated from the 

deformation gradient estimated for each region. By assembling all the all of the strain region 
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together, a map of the spatially and timely varying strain field in the cell membrane was obtained. 

By incorporating the calculation of deformation directly into the warping function, this is a 

powerful simplification and improves the accuracy of local strain estimates compared with 

standard cross-correlation techniques. However, this method has the resolution limitation by the 

feature size in the video that is tracked from image to image. Luckily, the accuracy can be 

increased by tracking overlapping regions that each include multiple trackable features.  

Finite element simulation. Finite element simulation for acoustic radiation force and cell 

deformation in the chamber during our experiments were performed using COMSOL 

Multiphysics software (COMSOL, Inc., Burlington, MA, USA). For the acoustic radiation force 

calculation, Because the ultrasound wave field is axisymmetric, the calculation was simplified by 

taking advantage of axisymmetry. The “Pressure Acoustics” module of COMSOL as adopted to 

model wave propagation by solving the acoustic wave equation:  

 

∇ ∙ (−
∇𝑝

𝜌
) −

𝑘2𝑝

𝜌
= 0 (4.4) 

where p is the acoustic pressure, 𝜌 is the is the density, and k is the wavenumber defined as 

𝑘 = 2𝜋𝑓/𝑐, with frequency f, speed of sound c.  

For the ultrasound propagation with frequency of MHz scale, the cell behaves as a liquid like 

material acoustically since its bulk modulus is much larger than its shear modulus 5,128. The 

ultrasound is scattered at the interface between the cell and the extracellular fluid accompanied 

with momentum flux transfer, which leads to a time-averaged static stress known as acoustic 

radiation stress: 
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〈𝐓〉 =
1

2
Re {[

𝑝∗𝑝

2𝜌𝑐2
−
𝜌(𝐮∗ ∙ 𝐮)

2
] 𝐈 + 𝜌(𝐮∗⊗𝐮)} (4.5) 

where 〈𝐓〉 is the second-rank acoustic radiation stress tensor, 〈·〉 represents the time average, 

Re(∙) represents the real part operator, 𝐮 is the particle velocity, 𝐈 is the identity tensor and 

⊗ is the dyadic product. The acoustic radiation stress is a kind of field stress and position 

dependent. The traction stress is the summation of the inside stress and the outside stress as  

 

𝐟 = (𝐓𝐢n − 𝐓out) ∙ 𝐧 (4.6) 

Where 𝐓𝐢n and 𝐓out are the inside and outside acoustic radiation stress at the interface between 

the cell and extracellular fluid, 𝐧 is the unit vector with positive value towards the outside on 

the surface of the cell.  

 

For the cell mechanical simulation, the two electrodes of TEVC will cause a specific boundary 

condition on the oocyte, which is no longer axisymmetric problem. To this end, the traction 

stress calculated in cylindrical coordinate should be mapped to 3D Cartesian coordinate system. 

This was achieved with General Extrusion node in COMSOL. Meanwhile, there is no 

generalized Kelvin model in COMSOL, thus, we need to write the ordinary differential equations 

(ODEs) of the constitutive model with the Domain ODEs and DAEs Interface, in which the 

strains will be coupled into Solid Mechanics Interface. Time-Dependent Solver was used to solve 

the fully coupled problem.  
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Chapter 5: The mechanics of a sound wave 

impinging upon a long cylinder, and the prospect 

of acoustic signal transduction by tomato 

trichomes 

5.1 Abstract 

Acoustic transduction by plants has been proposed as a mechanism to enable just-in-time 

up-regulation of metabolically expensive defensive compounds. Although the mechanisms by 

which this “hearing” occurs are unknown, mechanosensation by elongated plant hair cells known 

as trichomes is suspected. To evaluate this possibility, we developed a theoretical model to 

evaluate the acoustic radiation force that an elongated cylinder can receive in response to sounds 

emitted by animals including insect herbivores, and applied it to the long, cylindrical stem 

trichomes of the tomato plant Solanum lycopersicum. Based on perturbation theory and validated 

by finite element simulations, the model quantifies the effects of viscosity and frequency on this 

acoustic radiation force. Results suggest that acoustic emissions from certain animals, including 

insect herbivores, may produce acoustic radiation force sufficient to trigger stretch-activated ion 

channels. 

5.2 Introduction 

The evolutionary battle between plants and their insect herbivores has led to a diverse array of 

sensing abilities in both 35,36,135,136. For a broad range of plants, hair cells known as trichomes are 

thought to be mediators of mechanosensing, including sensation of acoustic waves. Although 
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1950s claims of plants appreciating music were falsified by the 1960s 46, more recent reports 

suggest that plants can exhibit transcriptomic, proteomic, and hormonal changes in response to 

sound 47,48,50-52. Leaves of Arabidopsis thaliana have been reported to prime production of the 

insect deterrents anthocyanin and glucosinolate in response to recordings of caterpillars of the 

plant’s primary insect herbivore 44. 

Although there is no consensus on how plants transduce sound 53, mechanisms identified for 

mechanosensation at the cellular level in plants include stretch-activated ion channels and 

plasmodesmata-based interactions between the cytoskeleton, plasma membrane, and cell wall 

54,137. Trichomes can work as active mechanosensory switches, with mechanical stimulus 

eliciting Ca2+ oscillations of the trichome and pH shifts in surrounding cells 42. Mechanical 

stimulation of trichomes is posited to induce secretion of defensive materials in Solanum 

lycopersicum 138. We therefore explored the possibility that trichomes might also serve to convert 

the acoustic radiation force of an insect into strain. 

Although the mechanics of interactions between the cell wall and the plasma membrane are not 

fully understood, evidence exists of proteins such as cellulose synthases that connect the plasma 

membrane to the cell wall over periods of time on the time scale of cell wall development 139, 

which are long compared to typical acoustic emissions on the time scale of seconds. The 

membrane also adheres to the wall at cell-cell connections known as plasmodesmata 140,141. The 

membrane does have a fluid character to it, with viscoelastic stress relaxation occurring over 

timescales on the order of seconds in vesicles and neutrophils 142,143 to minutes in mammalian 

outer hair cells 144. Therefore, for acoustic emissions on the order of seconds, strain of the cell 

wall can likely be transmitted to the plasma membrane. The mechanical fields necessary to open 
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mechanosensitive ion channels in the plasma membrane are often thought of in terms of a stress 

per unit membrane length acting on a membrane with an area modulus per unit membrane length 

that varies only weakly with membrane thickness 145. As described in our results, we estimate 

these strains to be sufficient to open stretch-activated ion channels under certain conditions. 

Acoustic radiation force, the period-averaged force caused by a sound wave, is analogous to the 

radiation force generated by electromagnetic waves striking on electrically or magnetically 

responsive objects 74. Acoustic radiation force can be used in engineering to manipulate small 

particles, droplets, cells, and organisms 5,100,103,104. Although a large literature addresses the 

related problems of calculating the sonar cross-section of submerged shapes and of guessing a 

shape from backscattered sonar, the literature for acoustic radiation force estimation is more 

limited 146,147. The first relevant solution 95 is an expression for the acoustic radiation force 

generated on a rigid spherical particle in an inviscid fluid, specialized to the case of particles 

having a radius much smaller than wavelength. The extension of this to the case of compressible 

spheres was first achieved using a near-field approach 114, and then using a far-field approach by 

Mitri and Fellah 148, who obtained a simpler mathematical form.  

Our focus was computing the effect of acoustic radiation force on trichomes such as those of 

cultivated tomato plants, Solanum lycopersicum, and assessing whether these forces could strain 

trichomes sufficiently to activate mechanosensitive (or mechano-responsive) ion channels. The 

trichomes of S. lycopersicum present on the leaves and stems in six different phenotypes, both 

glandular and non-glandular, all of which are long, slender, and nominally cylindrical (149,150, and 

Fig. 5.1). Although the acoustic radiation force on a cylinder in an inviscid medium is known 58, 

the inviscid solution is valid only for a viscous penetration depth, 𝛿𝑝, that is small compared to 
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the radius r~20 µm of the trichome. This is not the case for a trichome in air: the viscous 

penetration depth scales as 𝛿𝑝 = √𝜇𝑎𝑖𝑟/(𝜌𝑎𝑖𝑟𝜋𝑓), where the kinematic viscosity (𝜇𝑎𝑖𝑟/𝜌𝑎𝑖𝑟) is 

1.6 m2/s at standard temperature and pressure, and f is frequency in Hertz. Thus, 𝛿𝑝 is on the 

order of 700/√𝑓  µm in the air, with 𝛿𝑝 significant compared to r throughout the human 

audible range, especially for lower frequencies (e.g., 𝛿𝑝 = 7  µm for 𝑓 = 10000 Hz). Thus, 

the full viscous solution is required to analyze this problem. 

To derive this solution, we applied a second-order perturbation theory to the continuity and 

Navier-Stokes equations for an acoustic field to calculate the scattering coefficients. We next 

computed the acoustic radiation force according to the far-field approach and introduced an 

acoustic radiation force function 151,152. Finally, we examined the theoretical model predictions to 

predict the acoustic radiation force and peak stress that a cantilevered trichome would experience 

when subjected to acoustic stress from a range of animals. 

5.3 Materials and methods 

5.3.1  Imaging of tomato trichomes 

Tomato plants of the species Solanum lycopersicum were grown at room temperature in a 

greenhouse for 50 days, watered daily. Plant stems were severed with a razor blade and imaged 

using an Axio Zoom.V16 microscope at 10x magnification within 5 minutes to reveal the 

structure and aspect ratios of stem trichomes (Fig. 5.1). 
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FIG. 5.1 (a) Trichomes on the stem of S. lyopersicum, showing non-glandular trichomes. (b) 

Much shorter glandular trichomes (e.g., as denoted by the arrow) were not considered in the 

analysis. 

5.3.2  Mechanical and acoustical properties of trichomes 

Parameters chosen for theoretical analysis and finite-element simulation are listed in Table 5.1. 

For the cytosol and cell wall, reported properties vary and we therefore chose representative 

values as baseline values. The compressible liquid cytosol was assigned bulk modulus 

𝜅𝑐𝑦𝑡𝑜 =2.15 GPa and density 𝜌𝑐𝑦𝑡𝑜 = 1000 kg/m3 for a compressional wave velocity of 

𝑐𝑐𝑦𝑡𝑜 = √𝜅𝑐𝑦𝑡𝑜/𝜌𝑐𝑦𝑡𝑜 = 1470 m/s. The sound impedance used for air was 𝑍𝑎𝑖𝑟 = 𝜌𝑎𝑖𝑟𝑐𝑎𝑖𝑟 = 

410 Rayl, far smaller than the sound impedance for the cytoplasm (𝑍𝑐𝑦𝑡𝑜 = 𝜌𝑐𝑦𝑡𝑜𝑐𝑐𝑦𝑡𝑜= 1.47×

106 Rayl). As a result, the trichome can be treated as rigid bodies acoustically. Meanwhile, the 

density of both the cell wall and cytosol are almost 1000 times that counterpart of air, and as a 

consequence the trichome can not vibrate under the influence of sound wave and acts like an 

immovable cylinder. Although solutions for the vibration of fluid-filled pipes and the effects of 

elastic boundary conditions are well known 153-157, these are not needed for the current analysis. 
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Table 5.1 Mechanical properties ranges studied for model trichomes 45 

Symbol Variable Range of data Baseline value 

𝜌𝑤𝑎𝑙𝑙   Density of cell wall 100-3000 kg/m3 158 1000 kg/m3 

𝜌𝑐𝑦𝑡𝑜 Density of cytosol 1000 kg/m3 45,158 1000 kg/m3 

𝐸𝑤𝑎𝑙𝑙   Young’s modulus of cell wall 0.3-3.28 MPa 0.3 MPa 

𝜈  Poisson’s ratio of cell wall 0.3-0.49 159 0.33 

𝜅𝑐𝑦𝑡𝑜  Bulk modulus of cytosol 2.15 GPa 160 2.15 GPa 

𝐾𝑎 

Elastic area 

compressibility modulus 

179-560 mN/m 161,162 500 mN/m 
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Table 5.2 Acoustic properties of air 163 

Symbol Variable Baseline value 

𝜌𝑎𝑖𝑟  Density of air 1.18 kg/m3 

𝑐𝑎𝑖𝑟  Speed of sound in air 346 m/s 

𝑍𝑎𝑖𝑟   Impedance of air 410 Rayl 

𝜇𝑎𝑖𝑟  Shear viscosity 1.79×10-6 Pa 

 

5.3.3  Theoretical model 

To calculate the stress field inside the trichome, we first solved for the acoustic radiation force. 

Treating the trichome as a rigid cylinder acoustically, we studied an infinitely long rigid cylinder 

immersed in a viscous fluid. In the absence of an incident wave, the governing equations for the 

fluid are the continuity and the Navier-Stokes equations: 

𝜕𝜌

𝜕𝑡
+ ∇ ⋅ (𝜌𝐮) = 0 (5.1) 

𝜌
𝜕𝐮

𝜕𝑡
= −∇𝑝 − 𝜌(𝐮 ⋅ ∇)𝐮 + 𝜇∇2𝐮 + (𝜇𝑏 +

1

3
𝜇)∇(∇ ⋅ 𝐮) (5.2) 

where 𝜌, 𝐮, 𝑝, 𝜇 and 𝜇𝑏 are the density field, velocity field, pressure field, shear viscosity 

and bulk viscosity of the host fluid, respectively. Thermal effects are neglected because the 

thermal diffusion length in the fluid is much smaller than momentum diffusion length. The flow 

can thus be treated as adiabatic so that the pressure depends only on density: 
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 𝑝 = 𝑝(𝜌) (5.3) 

When an incident acoustic wave starts to travel in the fluid medium, the fluid will be perturbed, 

and the fluid properties may be expressed using perturbation theory as: 

𝜌 = 𝜌0 + 𝜌1 + 𝜌2 +⋯ 
𝑝 = 𝑝0 + 𝑝1 + 𝑝2 +⋯
𝐮 = 𝟎 + 𝐮1 + 𝐮2 +⋯

 (5.4) 

where the subscripts 0, 1 and 2 denote the base quantity, first-order and second-order 

perturbation quantities, respectively. The base quantities represent the undisturbed properties of 

the fluid. The incident wave is responsible for the first-order quantities, which, for density and 

pressure, are small compared to the undisturbed quantities. The incident acoustic wave is a 

first-order quantity, harmonic in time with angular frequency 𝜔, which generates a zero-net 

force over a period.  

Interaction between the incoming and scattered waves generates the second-order quantities, 

which are responsible for the acoustic radiation force of concern. The second-order quantities 

will not zero out on time averaging. Consequently, the goal is to solve for the time-averaged 

second-order terms. Because the time-averaged second-order quantities can be written in terms 

of the first-order quantities under certain limiting conditions, it is necessary to solve the 

linearized Navier-Stokes equations. Substituting Eq. (5.4) into Eqs. (5.1) and (5.2) yields: 

 
𝜕𝜌1
𝜕𝑡

+ 𝜌0∇ ⋅ 𝐮1 = 0 (5.5) 

and 
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 𝜌0
𝜕𝐮1
𝜕𝑡

= −∇𝑝1 + 𝜇∇
2𝐮1 + (𝜇𝑏 +

1

3
𝜇)∇(∇ ⋅ 𝐮1) (5.6) 

Under the assumption of adiabatic conditions, the equation of state is 𝑝(𝜌) = 𝑝0 + (𝜕𝑝/𝜕𝜌)𝑠𝜌1. 

The derivative is related to the speed of sound by (𝜕𝑝/𝜕𝜌)𝑠 = 𝑐0
2. Therefore, we obtain the 

relation between the first-order pressure and the density as 152,164: 

 𝑝1 = 𝑐0
2𝜌1 (5.7) 

For a viscous fluid, based on the Helmholtz decomposition theorem, the first-order field can be 

written as the summation of an acoustic component and a vortical component, as: 

 ⟨𝑤1⟩ = ⟨𝑤1𝐴⟩ + ⟨𝑤1𝑉⟩ (5.8) 

where 𝑤1 represents the first-order flow variable, and the subscripts 𝐴 and 𝑉 represent the 

acoustic and vortical parts, respectively, so that ∇ × 𝐮1𝐴 = 0 and ∇ ⋅ 𝐮1𝑉 = 0. The angular 

brackets denote the quantity averaged over one oscillation period, T, defined as:  

 ⟨𝑔⟩ =
1

𝑇
∫ 𝑔(𝑡)𝑑𝑡
𝑇

0

 (5.9) 

We derive the second-order time-averaging equations in a similar fashion by incorporating Eq. 

(5.4) into Eqs. (5.1) and (5.2): 

 
𝜕𝜌2
𝜕𝑡

+ 𝜌0∇ ⋅ 𝐮2 + ∇ ⋅ (𝜌1𝐮1) = 0 (5.10) 

 𝜌0
𝜕𝐮2
𝜕𝑡

+ 𝜌1
𝜕𝐮1
𝜕𝑡

+ 𝜌0(𝐮1 ⋅ ∇)𝐮1 = −∇𝑝2 + 𝜇∇
2𝐮2 + (𝜇𝑏 +

1

3
𝜇)∇(∇ ⋅ 𝐮2) (5.11) 

By time-averaging both sides of Eqs. (5.10) and (5.11), the time-dependent second-order terms 
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on the left hand side disappear 165. Rearranging the remaining terms leads to: 

 𝜌0∇ ⋅ ⟨𝐮2⟩ = −∇ ⋅ ⟨𝜌1𝐮1⟩ (5.12) 

 −∇⟨𝑝2⟩ + 𝜇∇
2⟨𝐮2⟩ + (𝜇𝑏 +

1

3
𝜇)∇(∇ ⋅ ⟨𝐮2⟩) = ⟨𝜌1

𝜕𝐮1
𝜕𝑡
⟩ + 𝜌0⟨(𝐮1 ⋅ ∇)𝐮1⟩ (5.13) 

The second-order flow field can also be separated into acoustic and vortical parts. Linearity of 

the above equations yields: 𝐮2 = 𝐮2𝑎 + 𝐮2𝑣 and 𝑝2 = 𝑝2𝑎 + 𝑝2𝑣. Incorporating these into Eqs. 

(5.12) and (5.13) and collecting terms involving subscripts 1𝐴 and 2𝑎, we arrive at: 

 𝜌0∇ ⋅ ⟨𝐮2𝑎⟩ = −∇ ⋅ ⟨𝜌1𝐴𝐮1𝐴⟩ (5.14) 

and 

 −∇⟨𝑝2𝑎⟩ + 𝜇∇
2⟨𝐮2𝑎⟩ + (𝜇𝑏 +

1

3
𝜇)∇(∇ ⋅ ⟨𝐮2𝑎⟩) = ⟨𝜌1

𝜕𝐮1𝐴
𝜕𝑡

⟩ + 𝜌0⟨𝐮1𝐴 ⋅ ∇𝐮1𝐴⟩ (5.15) 

The acoustic radiation force is computed by integrating the stress tensor momentum equation 

over a surface located in the inviscid bulk, provided it encloses the scatter 152. In the inviscid far 

field, the flow field is potential flow. We thus set 𝜇 = 𝜇𝑏 = 0 in Eq. (5.15) to obtain: 

 −∇⟨𝑝2𝐴⟩ = ⟨𝜌1
𝜕𝐮1𝐴
𝜕𝑡

⟩ + 𝜌0⟨𝐮1𝐴 ⋅ ∇𝐮1𝐴⟩ (5.16) 

As the second-order terms can be derived from Eqs. (5.14) and (5.16) expressed in terms of the 

first-order quantities, we next solve for the first-order perturbations.  

Note that substituting Eqs. (5.12) and (5.13) into Eqs. (5.14) and (5.15) yields expressions for 

⟨𝑝2𝑣⟩ and ⟨𝐮2𝑣⟩. These expressions involve vortical terms and hence will account for external 
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acoustic streaming, which is dependent upon boundary conditions. This will be dealt with below. 

5.3.4  First-order equations of the acoustic wave field 

For a rigid cylinder immersed in a viscous compressible fluid (Fig. 5.1 a), the first-order velocity 

with Helmhotlz decompositions can be expressed in terms of a scalar potential 𝜙 and a vector 

potential 𝛙, as 166,167: 

 𝐮𝟏 = ∇𝜙 + ∇ × 𝛙 (5.17) 

where 𝜙 consists of an incident potential 𝜙𝑖𝑛 and a scattering potential 𝜙𝑠𝑐. We assume the 

axis of the cylinder to be perpendicular to the wave vector of incident plane wave. In addition, 

we assume the cylinder to be infinite to exclude end effects in theoretical derivation. A 

cylindrical coordinate system with unit vectors (𝐞𝑟, 𝐞𝜃, 𝐞𝑧) is built into the instantaneous axis 

of the cylinder (Fig. 5.1 b). The incident velocity potential can thence be expressed in a 

cylindrical partial-wave series with respect to the system, as:  

 𝜙𝑖𝑛 = 𝜙0∑휀𝑛

∞

𝑛=0

𝑖𝑛𝐽𝑛(𝑘𝑐𝑟) cos 𝑛 𝜃𝑒
−𝑖𝜔𝑡  (5.18) 

where 𝜙0 is the amplitude of velocity potential field, 휀𝑛 is the Neumann factor (defined as 

휀0 = 1 and 휀𝑗 = 2, 𝑗 = 1,2,⋯𝑛), 𝐽𝑛(∙) is the nth Bessel function of the first kind, and 𝑘𝑐 

represents the wave number of the incident wave given by: 

 𝑘𝑐 =
𝜔

𝑐0
[1 −

𝑖𝜔

𝜌0𝑐0
2 (𝜇𝑏 +

4

3
𝜇)]

−1/2

  (5.19) 

In the same manner, the scattered wave potential can be expressed as: 
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 𝜙𝑠𝑐 = 𝜙0∑휀𝑛𝑖
𝑛

∞

𝑛=0

𝐵𝑛𝐻𝑛(𝑘𝑐𝑟) cos 𝑛 𝜃𝑒
−𝑖𝜔𝑡  (5.20) 

where 𝐻𝑛(∙) is the Hankel function of the first kind of order n. Since we assume the cylinder is 

perpendicular to the wave vectors, the vector potential can be reduced to 𝛙 = 𝜓𝐞𝑧, in which the 

scalar potential 𝜓 satisfies: 

 ∇2𝜓 + 𝑘𝑣
2𝜓 = 0  (5.21) 

Here, 𝑘𝑣 = (1 + 𝑖)/𝛿, 𝛿 = √2𝑣/𝜔, 𝑣 = 𝜇/𝜌0, 𝑣 is the kinematic viscosity of fluid, and 𝛿 is 

the momentum boundary layer thickness. The solution of Eq. (5.21) is given by: 

 𝜓 = 𝜙0∑휀𝑛𝑖
𝑛

∞

𝑛=0

𝐶𝑛𝐻𝑛(𝑘𝑠𝑟) sin 𝑛 𝜃𝑒
−𝑖𝜔𝑡  (5.22) 

where 𝐵𝑛 and 𝐶𝑛 are the scattering coefficients, to be determined using boundary conditions 

on the cylinder surface. 

5.3.5  Calculation of scattering coefficients 

The first-order velocity of the rigid cylinder is determined by the instantaneous force caused by 

hydrodynamic stress. To evaluate the first-order velocity, we integrated the stress on cylinder 

surface, as: 

 𝐹 =  ∫ (𝜎𝑟𝑟 cos 𝜃 − 𝜎𝑟𝜃 sin 𝜃)|𝑟=𝑅

2𝜋

0

𝑅𝑑𝜃 (5.23) 

where the hydrodynamic stress components of the fluid in cylindrical coordinates are: 
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𝜎𝑟𝑟 = 𝑖𝜔𝜌𝜙 − 2𝜇𝑘𝑐
2𝜙 − 2𝜇

𝜕2𝜙

𝜕𝑟2
+ 2𝜇

𝜕

𝜕𝑟
(
1

𝑟

𝜕𝜓𝑠
𝜕𝜃

)  

(5.24) 

𝜎𝑟𝜃 = 𝜇 [−
1

𝑟

𝜕2𝜙

𝜕𝜃𝜕𝑟
−
𝜕

𝜕𝑟
(
1

𝑟

𝜕𝜙

𝜕𝜃
) +

1

𝑟2
𝜕𝜙

𝜕𝜃
+
1

𝑟2
𝜕𝜓

𝜕𝜃2
−
𝜕2𝜓

𝜕𝑟2
+
1

𝑟

𝜕𝜓

𝜕𝑟
] 

Substituting Eq. (5.24) into Eq. (5.23) yields: 

 𝐹 =
2𝜋𝜇𝜑0𝑖

𝑟
[𝐷(𝑟) + 𝐵1𝐸(𝑟) + 𝐶1𝐺(𝑟)]𝐴1𝑒

−𝑖𝜔𝑡 (5.25) 

where 𝐷(𝑟) = [2(𝑘𝑐𝑟)
2 − (𝑘𝑠𝑟)

2/2]𝐽1(𝑘𝑐𝑟), 𝐸(𝑟) = [2(𝑘𝑐𝑟)
2 − (𝑘𝑠𝑟)

2/2]𝐻1(𝑘𝑐𝑟), 

𝐺(𝑟)  = (𝑘𝑠𝑟)
2/2𝐻1(𝑘𝑠𝑟). Due to orthogonality, only the 𝑛 = 1 term survives in Eq. (5.25). In 

the presence of the instantaneous force, the acceleration of the cylinder can be obtained with 

Newton’s second law:  

 𝐹1 = 𝜌𝑏𝑉𝑏
𝑑𝑈

𝑑𝑡
 (5.26) 

where 𝜌𝑏 is the density of cylinder, 𝑉𝑏 is volume of cylinder per unit length, and 𝑈 is the 

first-order particle velocity along the axial direction. Upon substituting Eq. (5.25) into Eq. (5.26) 

and integrating the equation with respect to time, the velocity is obtained as: 

 𝑈 = −
2𝜑0𝑖

𝑟3𝜌′𝑘𝑠
𝐴1[𝐷(𝑟) + 𝐵1𝐸(𝑟) + 𝐶1𝐺(𝑟)]𝑒

−𝑖𝜔𝑡 (5.27) 

where 𝜌′ = 𝜌𝑏/𝜌0 is the density ratio of the cylinder to the fluid. 

From Eq. (5.17), the radial and circumferential velocity components of the surrounding fluid at 

𝑟 = 𝑅 are then given by: 
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 𝑢𝑟 =
𝜑0
𝑟
∑ 휀𝑛𝑖

𝑛 cos 𝑛 𝜃[𝑑𝑛(𝑟) + 𝑒𝑛(𝑟)𝐵𝑛 + 𝑔𝑛(𝑟)𝐶𝑛]𝐴𝑛

∞

𝑛=0

𝑒−𝑖𝜔𝑡 (5.28) 

 𝑢𝜃 =
𝜑0
𝑟
∑ 휀𝑛𝑖

𝑛 sin 𝑛 𝜃[𝑘𝑛(𝑟) + 𝑚𝑛(𝑟)𝐵𝑛 + 𝑛𝑛(𝑟)𝐶𝑛]

∞

𝑛=0

𝐴𝑛𝑒
−𝑖𝜔𝑡 (5.29) 

where 𝑑𝑛(𝑟) = (𝑘𝑐𝑟)𝐽𝑛−1(𝑘𝑐𝑟) − 𝑛𝐽𝑛(𝑘𝑐𝑟), 𝑒𝑛(𝑟) = (𝑘𝑐𝑟)𝐻𝑛−1(𝑘𝑐𝑟) − 𝑛𝐻𝑛(𝑘𝑐𝑟), 𝑔𝑛(𝑟) =

𝑛𝐻𝑛(𝑘𝑠𝑟), 𝑘𝑛(𝑟) = −𝑛𝐽𝑛(𝑘𝑐𝑟), 𝑚𝑛(𝑟) = −𝑛𝐻𝑛(𝑘𝑐𝑟) and 𝑛𝑛(𝑟) = −𝑘𝑠𝑟𝐻𝑛−1(𝑘𝑠𝑟) +

𝑛𝐻𝑛(𝑘𝑠𝑟). The scattering coefficients are calculated based on continuity boundary conditions at 

the cylinder-fluid interface: 

 𝑢𝑟 = 𝑈 cos 𝜃 (5.30) 

 𝑢𝜃 = −𝑈 sin 𝜃 (5.31) 

Substituting Eqs. (5.27)-(5.29) into Eqs. (5.30) and (5.31), we obtain the scattering coefficients 

(𝐵𝑛, 𝐶𝑛) for each value of 𝑛. The closed form expressions for these were entered into a Matlab 

script for evaluation. With these scattering coefficients determined, all first-order quantities in 

the fluid can be calculated directly. 

5.3.6  Calculation of acoustic radiation force 

The acoustic radiation force per unit length is calculated by integrating the time-averaged 

acoustic radiation stress tensor on the cylinder surface, as: 

 ⟨𝐅𝒓𝒂𝒅⟩ = ⟨∫ 𝛔 ⋅ 𝐧𝑑𝑆
𝑆𝑡

⟩ (5.32) 
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where 𝑆𝑡 is the cylinder surface at time 𝑡 and 𝐧 represents the unit vector normal to the 

surface 𝑆0 of the cylinder, pointing outward. It has been established that: 

 ⟨𝐅𝒓𝒂𝒅⟩ = ⟨∫ 𝛔 ⋅ 𝐧𝑑𝑆
𝑆𝑡

⟩ = ⟨∫ (𝛔 − 𝜌0𝐮⊗ 𝐮) ⋅ 𝐧𝑑𝑆
𝑆𝑓𝑎𝑟−𝑓𝑖𝑒𝑙𝑑

⟩ (5.33) 

where 𝑆𝑓𝑎𝑟−𝑓𝑖𝑒𝑙𝑑 is any surface enclosing the cylinder. In an ideal fluid, the acoustic radiation 

force as given by Eq. (5.33) is the same as that calculated by Mitri. However, in the present study, 

the fluid is viscous and hence part of the momentum is spent in generating acoustic streaming 

flow near cylinder surface 168. Following Settnes and Bruus 169, we expressed the acoustic 

radiation force acting on the cylinder using the far-field approach: 

 ⟨𝐅𝒓𝒂𝒅⟩ = ∫ [
1

2
𝜌0⟨𝐮𝟏𝑨

𝟐 ⟩ −
1

2𝜌0𝑐0
2
⟨𝑝1𝐴
2 ⟩ − 𝜌0⟨𝐮𝟏𝑨 ⋅ 𝐮𝟏𝑨⟩]

𝑆𝑓𝑎𝑟−𝑓𝑖𝑒𝑙𝑑

𝒅𝐒𝑓𝑎𝑟−𝑓𝑖𝑒𝑙𝑑 (5.34) 

Note that only first-order quantities appear in this expression. Although the force is integrated in 

the far field, the effect of fluid viscosity is built into the scattering coefficients 𝐵𝑛 and 𝐶𝑛. In 

most practical applications, the imaginary part of the wavenumber 𝑘𝑐 is tiny (i.e., 𝜔𝑣/𝑐0
2 ≪ 1), 

which means the decaying part of 𝑘𝑐 is negligible. It suffices thence to assume that 𝑘𝑐 → 𝑘0, 

𝑘0 being the real part of 𝑘𝑐. We proceed next with the far-field approach 151. In the far-field 

region, the Hankel function reduces to exponential function, as: 

 𝑖𝑛𝐻𝑛(𝑘0𝑟) → √
2

𝜋𝑘0𝑟
𝑒𝑖(𝑘0𝑟−𝜋/4) (5.35) 

As a result, the scattered velocity potential can be expressed as: 
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 𝜙𝑠𝑐 =
𝑓(𝜃)

√𝑘0𝑟
𝑒𝑖𝑘0𝑟𝑒−𝑖𝜔𝑡 (5.36) 

where 

 𝑓(𝜃) = √
2

𝜋
𝑒−𝑖𝜋/4∑𝐴𝑛휀𝑛 cos(𝑛𝜃)

∞

𝑛=0

 (5.37) 

Incorporating this new definition of the scattered and incident wave potentials into Eq. (5.34), 

the force per unit length acting on the cylinder along the direction of wave propagation is 

obtained following straightforward manipulations as: 

 

⟨𝐹𝑟𝑎𝑑⟩ = −
𝜌0𝑘0
2

∫ 𝑓(𝜃)𝑓∗(𝜃) cos 𝜃 𝑑𝜃
2𝜋

0

−
𝜌0𝑟𝑘0

2

2
∫ Re(�̃�𝑖

∗
𝑓(𝜃)𝑒𝑖𝑘0𝑟

√𝑘0𝑟
) cos 𝜃 𝑑𝜃

2𝜋

0

 

+
𝜌0𝑟𝑘0
2

∫ Im(
𝜕�̃�𝑖

∗

𝜕𝑧

𝑓(𝜃)𝑒𝑖𝑘0𝑟

√𝑘0𝑟
)𝑑𝜃

2𝜋

0

 

(5.38) 

where �̃�𝑖 = 𝜙𝑖𝑒
𝑖𝜔𝑡, Re and Im represent the real and imaginary parts, respectively, and the 

superscript “*” represents the complex conjugate. Equation (5.38) can be used to evaluate the 

acoustic radiation force for any incoming wave.  
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FIG. 5.2. Side view (a) and top view (b) of schematic of a circular and infinitely long rigid 

cylinder, which is immersed in viscous fluid and impinged by plane travelling waves. 

For the case of a plane travelling incident wave, substituting (18) and (37) into (38) using the 

following relations: 

 ∫ cos(𝑛𝜃) cos(𝑚𝜃) cos 𝜃 𝑑𝜃 = {

𝜋 (𝑛 + 𝑚 = 1)
𝜋

2
(𝑛 − 𝑚 = ±1, 𝑛 ≠ 0,𝑚 ≠ 0)

0 (otherwise)

2𝜋

0

 (5.39) 

 ∫ cos(𝑛𝜃) cos 𝜃 𝑑𝜃 = {
𝜋 (𝑛 = 1)

0 (otherwise)

2𝜋

0

 (5.40) 

 

we obtain the radiation force per unit length of cylinder as: 
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 ⟨𝐹𝑟𝑎𝑑⟩𝑡𝑟 = 𝑌𝑡𝑟𝑆𝑐⟨𝐸𝑝⟩ (5.41) 

Here, the subscript tr represents traveling wave, ⟨𝐸𝑝⟩ =
1

2
𝜌0𝑘0

2|𝜑0|
2 = 𝑝0

2/(2𝜌0𝑐0
2) is the 

time-averaged energy density, 𝑆𝑐 = 2𝑅 is the cross-sectional width of the unit length cylinder, 

and 𝑌𝑡𝑟 is the “radiation force function,” given by: 

 𝑌𝑡𝑟 = −
2

𝑘𝑅
∑[휀𝑛𝛼𝑛 + 2(𝛼𝑛𝛼𝑛+1 + 𝛽𝑛𝛽𝑛+1)]

∞

𝑛=0

 (5.42) 

in which 𝛼𝑛 and 𝛽𝑛 are the real and imaginary parts of 𝐵𝑛, respectively. 

5.3.7  Normal stresses in a trichome 

The trichomes of interest are slender, with length tens or hundreds times the radius. Therefore, 

the trichome can be treated as a cantilevered Euler-Bernoulli beam, and the largest normal stress 

in the cell wall is: 

 
𝜎𝑚𝑎𝑥 =

𝑀𝑚𝑎𝑥𝑅

𝐼𝑟𝑟
 

(5.43) 

where the 𝑀𝑚𝑎𝑥 is the moment generated by the acoustic radiation force and 𝐼𝑟𝑟 = 𝜋[𝑅4 −

(𝑅 − 𝑡𝑤𝑎𝑙𝑙)
4]/4 is the second moment of the cross-sectional area about the neutral axis with 𝑅 

being the radius of the trichome and 𝑡𝑤𝑎𝑙𝑙 being the thickness of the wall of the trichome. For 

the case studied, the acoustic radiation force is uniformly distributed along the trichome so that 

the largest moment occurs at the base and: 

 
𝜎𝑚𝑎𝑥 =

2(𝑅𝐿)4

𝜋[𝑅4 − (𝑅 − 𝑡𝑤𝑎𝑙𝑙)4]

𝑝2

𝜌𝑎𝑖𝑟𝑐𝑎𝑖𝑟
2 𝑌𝑡𝑟 

(5.44) 
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From this, the tension in the cell membrane could be estimated by considering a cell membrane 

and cell wall in parallel 170: 

 𝑇𝑚𝑎𝑥 =
𝐾𝑎(1 − 𝜈)

𝐸𝑤𝑎𝑙𝑙

2(𝑅𝐿)4

𝜋[𝑅4 − (𝑅 − 𝑡𝑤𝑎𝑙𝑙)4]

𝑝2

𝜌𝑎𝑖𝑟𝑐𝑎𝑖𝑟
2 𝑌𝑡𝑟 (5.45) 

where 𝐾𝑎 is the elastic area compressibility modulus of the membrane, and the fact that 

𝐸𝑤𝑎𝑙𝑙𝑡𝑤𝑎𝑙𝑙 ≫ 𝐾𝑎 has been invoked. 

5.3.8  Finite element simulations 

To validate the analytical results, two-dimensional finite element (FE) simulations were carried 

out with COMSOL Multiphysics (COMSOL AB, Stockholm, Sweden). The geometry used had 

an axis of symmetry on its left-hand boundary (Figure 5.3). The rigid cylinder was represented 

by a semi-circular domain, and the surrounding fluid medium by a larger semi-circular domain. 

A “perfect matched layer” (PML) that absorbs the majority of the acoustic energy incident upon 

the boundary from the cylinder was applied on the outer boundary of the domain.  
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FIG. 5.3. Finite element model for validating acoustic radiation force on a rigid cylinder in 

viscous fluid. Perfect matched layer is marked as PML. 

To begin with, an inviscid model is developed to solve the ideal fluid medium problem, for two 

purposes. First, relative to the viscous case, the inviscid case requires less calculation time 151. 

Second, results calculated with the inviscid model can be used to validate subsequent simulations 

carried out to quantify the viscous effects.  

In the inviscid case, the acoustic radiation stress and the total force acting on the rigid cylinder 

are associated only with the first-order acoustic fields. Similar to the far field, which is 

considered inviscid, the acoustic radiation force acting on the cylinder is expressed as: 

 ⟨𝐅𝒓𝒂𝒅⟩ = ∫ [
1

2
𝜌0⟨𝐮𝟏𝑨

𝟐 ⟩ −
1

2𝜌0𝑐0
2 ⟨𝒑𝟏𝑨

𝟐 ⟩ − 𝜌0⟨𝐮𝟏𝑨 ⋅ 𝐮𝟏𝑨⟩]
𝑆0

𝑑𝐒𝟎 (5.46) 

where 𝑆0 is the cylinder surface at rest. The COMSOL “Acoustic-Solid Interaction” physics 

module is employed to obtain the first-order acoustic fields. To model the cylinder-fluid 

interaction, a predefined “acoustic-structure boundary” is applied on the surface of the cylinder. 

The incident wave is modeled with a “background field” function.  

Next, we study viscosity effects in the range of interest. With the harmonic acoustic part in Eq. 

(5.33) discarded, the total force is: 

 ⟨𝐅𝒓𝒂𝒅⟩ = ∫ ⟨𝛔𝟐 − 𝜌0𝐮𝟏⊗𝐮𝟏⟩ ⋅ 𝐧𝑑𝑆0
𝑆0

 (5.47) 

with  
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 𝛔𝟐 = −𝑝2𝐈 + 𝜇(𝛁𝐮𝟐 + (𝛁𝐮𝟐)
𝑇) + (𝜇𝑏 −

2

3
𝜇) (∇ ⋅ 𝐮𝟐) (5.48) 

In an inviscid fluid, the second-order stress ⟨𝛔2⟩ is expressed only in terms of the first-order 

acoustic fields. In a viscous fluid, however, this is not true due to the appearance of acoustic 

streaming. To find ⟨𝛔2⟩ in a viscous fluid, the second-order equations (5.12) and (5.13) must be 

solved. To this end, the sequential procedures detailed below are adopted: 

(1) To calculate the first-order acoustic wave fields of the cylinder-fluid system, the 

“Thermoviscous Acoustic-Solid” module of COMSOL is employed, with the Thermoviscous 

Acoustic-Solid Boundary applied on the surface of the rigid cylinder. Similar to the inviscid 

case, the incident wave is modeled with a background field.  

(2) The second-order flow field is calculated by using the modified “Laminar Flow” module. 

The mass source on the right-hand side of Eq. (5.12) is added onto a “Weak Contribution” 

node having the weak expression of −0.5∇ ⋅ (𝜌1𝐮1) ⋅ 𝑝2 (𝑝2 being the pressure test 

function), while the body force term on the right-hand side of Eq. (5.13) is added onto a 

“Volume Force” node. On the surface of the cylinder, the so-called Lagrangian mean 

velocity, defined as 𝐮𝐿 = ⟨𝐮2⟩ + ⟨
1

(𝑖𝜔)
𝐮1 ⋅ ∇𝐮1⟩, is set to be zero 171. To truncate the 

simulation domain, a “Wall Node” with a no slip boundary condition is applied on the outer 

boundary of the fluid domain. Following Muller and Bruus 172, a zero spatial average of the 

second pressure is enforced by a Lagrange multiplier to ensure convergence of the 

second-order flow fields. 
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5.4 Results and discussion 

5.4.1  Imaging of trichomes 

Trichomes of the tomato stem were, as reported elsewhere 173,174, heterogeneous, long and 

slender (Fig. 5.1a). Trichomes were arranged in a radial pattern. Outer diameters were 41 ± 11 

µm, with axial lengths of 2930 ± 609 µm (n = 40 trichomes). Trichome wall thicknesses were 1 

µm 45. 

5.4.2  Validation of the model 

To validate the model, we began by investigating the acoustic radiation force associated with a 

plane travelling wave (Fig. 5.2). Because the acoustic radiation force function is expressed as an 

infinite series ((Eq. (5.42)), we first tested convergence and truncation error. Because the 

normalized frequency was such that 𝑅/𝜆 ≤ 0.12, the limitation 𝛿 ≪ 𝜆 held true. In this 

particular case, the viscous effects are incorporated by setting 𝛿/𝑅 = 0.1 and density ratio 𝜌′ 

= 1000. Even for small values of 𝑅/𝜆, retaining only the 𝑛 = 0 term is insufficient to capture 

the acoustic radiation force on a rigid cylinder (Fig. 5.4), and higher-order terms improve the 

accuracy of the acoustic radiation force prediction. However, when 𝑛 = 20, the acoustic 

radiation force curve differs negligibly with its counterpart obtained with 𝑛 = 2. Therefore, all 

of the results presented below are calculated with 𝑛 = 20 in order to ensure the convergence of 

the series. 
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FIG. 5.4. Convergence of the infinite series. Progressively higher order terms improved the 

estimation of acoustic radiation force for a rigid cylinder in plane travelling wave for 𝛿/𝑅 =

0.1, 𝜇′ = 0 and 𝜌′ = 1000. Beyond n = 2, the increase in accuracy associated with including 

additional terms was negligible. However, to ensure convergence in all simulations, n = 20 

terms were used. 

To validate the theoretical predictions of the acoustic radiation force, they are compared to FE 

predictions for a plane travelling wave (Figure 5.5). As can be seen from Fig. 5.5(a), the 

theoretical predictions agree well with the FE simulation results, except for the high viscosity 

case (𝛿 = 0.2𝑅) at relatively large radius (𝑅/𝜆 = 0.12). These small discrepancies are caused 

by neglecting the vortical terms in Eq. (5.33). Generally, viscosity tends to increase the acoustic 

radiation force on a finite-sized rigid cylinder. As 𝑅/𝜆 increases, the difference between the 

viscous and inviscid cases increases. The bulk viscosity has no effect on the acoustic radiation 

force, mainly because it has negligible effect on wave propagation (Fig. 5.5b). The bulk viscosity 

affects only the wavenumber 𝑘𝑐 of the incident wave in Eq. (5.19). In the present study, only 

the case of small viscosity is considered, and relatively low frequency of the incident wave is 
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assumed. Therefore, the decaying part of 𝑘𝑐 is negligible for 𝜔𝜇/(𝜌0𝑐0
2) ≪ 1 and 𝜔𝜇𝑏/

(𝜌0𝑐0
2) ≪ 1, and no difference is found for cases of different bulk viscosities. In sharp contrast, 

the dynamic viscosity 𝜇 can affect the scattered shear wave by influencing the wavenumber 

𝑘𝑣(= (1 + 𝑖)√𝜔𝜌0/(2𝜇)) in Eq. (5.21). A small change in 𝜇 will significantly affect 𝑘𝑣 and, 

as a consequence, the scattered wave field. Therefore, the influence of dynamic viscosity on 

acoustic radiation force is non-negligible. 

 

FIG. 5.5. (a) Comparison of theoretical model predictions and numerical simulations for the 

acoustic radiation force function 𝑌𝑡𝑟 (Eq. 5.42) on a rigid cylinder for a plane travelling wave. 

Shown are results for 𝜌′ = 1000 and 𝜇′ = 0. (b) Effect of bulk viscosity on acoustic radiation 

force in a plane travelling wave for 𝛿/𝑅 = 0.1 and 𝜌′ = 1000. 

5.4.3  A tomato trichome is both acoustically and mechanically rigid 

compared to air 

The acoustic radiation force increases with the rigid cylinder radius and with the density ratio 𝜌′ 

(Fig. 5.6). However, when the density ratio 𝜌′ reaches 100, the acoustic radiation force tends to 
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saturate because at high density ratio the acoustically rigid cylinder’s vibrations are attenuated 

and the cylinder becomes mechanically rigid. Because the acoustic impedance of a tomato 

trichome is far larger than that of air, the tomato trichome can be treated as long, acoustically 

rigid cylinder. Meanwhile, the density ratio between the trichome and the air can be as large as 

800. Based on the results shown in Fig. 5.6, at a density ratio of 800, the rigid cylinder acts like 

an immovable cylinder of diameters 41 ± 11 µm, and axial lengths of 2930 ± 609 µm so that the 

model applies to the case of a trichome constrained at one end. 

5.4.3  Effects of animal sound emissions on tomato trichomes 

The sound pressure associated with acoustic emissions decreases with distance according to 

166,167: 

 𝑝𝐵 = 𝑝𝐴
𝑟𝐴
𝑟𝐵

 (5.49) 

in which 𝑝𝐴 is the pressure at distance 𝑟𝐴 from the source and 𝑝𝐵 is the pressure at distance 

𝑟𝐵. This pressure relates to the commonly used metric “sound pressure level” (SPL) for 

characterizing loudness as 166,167 

 𝑝 = 𝑝𝑟𝑒𝑓 ∙ 10
𝑆𝑃𝐿
20  (5.50) 

where 𝑝𝑟𝑒𝑓 = 20 μPa is the reference sound pressure. 

The ranges of sound pressure and frequency emitted by several animals of relevance, including 

insect herbivores, are listed in Table 5.3. Based on these parameters, we calculate the largest 

normal stress at the base of a tomato trichome (Fig. 5.7). Note that we studied sounds that 
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originate 100-500 μm away from the trichome for noises arising from insects, 1-10 mm away for 

noises arising from birds, and 10-100 mm away for noises arising from mammals. The range of 

sound pressures and frequencies varies by species (Fig. 5.7). Over the frequency ranges emitted 

by animals, flexural stress increased with frequency and amplitude of acoustic emissions. This is 

expected from Eq. (5.44), in which stress scales with sound pressure as 
𝑝2

𝜌𝑎𝑖𝑟𝑐𝑎𝑖𝑟
2 . For frequencies 

over the range of 1-200 kHz (normalized frequency 5.7 × 10−5 ≤ 𝑅/𝜆 ≤  1.1 × 10−2 in Fig. 

5.5) the acoustic radiation forces and hence peak normal stress on the trichome increases 

monotonically with frequency. 

 

FIG. 5.6. Effect of density ratio on the acoustic radiation force on an acoustically rigid cylinder 

subjected to a plane travelling wave for 𝛿/𝑅 = 0.1 and 𝜇′ = 0.  
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Fig. 5.7. Estimates of the membrane tension, T, that would arise in the membrane of a tomato 

trichome in response to acoustic excitation from a range of species that emit different 

combinations of frequency and pressure. 

 

Two types of stress matter for acoustic mechanosensation: pressure associated with loudness, 

and stresses that can arise as these pressures bend the trichome. Because the impedance of air is 

so much smaller than that of a trichome, vibration of the trichome is negligible, and the pressure 

acts quasi-statically 166,167. The effect of flexure on the trichome is sufficient to cause strains of 

several percent at the base of the trichome. If these strains were transmitted to the plasma 

membrane, they could affect the opening probabilities of mechanosensitive ion channels that in 

turn mediate influx of Ca2+ 42,175. Influxes of Ca2+ have been speculated to enable trichomes to 

function as mechanoelectrical switches 42,45. These signals can be used by the plant to time the 
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production of metabolically expensive compounds, as occurs in flowers of Oenothera 

drummondii which, when exposed to the flight sounds of the bees that are their pollinators, 

produce sweeter nectar within minutes 176. Inactivation and desensitization may be possible due 

to interplay between the periodicity of insect sounds and the dynamics of ion channel opening 

and closing. For example, for low frequency wind loading of entire A. thaliana plants, this 

interplay limits the range of wind mechanosensing via MSL ion channels to frequencies in the 

0.3-3 Hz range 177. 

Higher frequency and higher pressure acoustic signals could stimulate trichomes in a way that 

stretches the membrane sufficiently to open stretch-activated ion channels (Fig. 5.7). To predict 

this, we estimated the peak stresses arising in the membrane using our estimates of pressure and 

𝑌𝑡𝑟 in Eq. (5.45). Note that we have followed the usual convention of reporting membrane 

stresses as a force per unit length, calculated as the product the membrane stress (a real stress 

with units of force per unit area) and membrane thickness. This convention is used because of 

observations that the opening of stress-activated ion channels relates to the force per unit length 

in the membrane. Membrane stresses on the order of 1 mN/m are adequate to open Piezo 

channels 178, and stresses on the order of 2 mN/m are adequate to open MscS channels in E. coli. 

179,180. The right panel of Fig. 5.7 shows the membrane tension produced by these acoustic 

stresses when the membrane and cell wall are considered to undergo affine deformation as in 

equation (5.45). 

Although echolocators such as bats and moths make loud and high frequency sounds potentially 

sufficient to activate ion channels (Fig. 5.7), they are not herbivores of S. lyopersicum, and 

transduction of their sounds would thus not likely be useful. Circadian cycles exist in many 
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plants that could enable them to ignore vibrations at night, when these echolocators are active, by 

down-regulating the signal transduction pathway from vibration to defense response. For 

example jasmonate-mediated defenses in A. thaliana vary on a circadian basis 181. Bird sounds 

are less likely to be transduced by trichomes due to the relatively lower flexural stresses that they 

might exert upon trichomes. Hemiptera may produce acoustic signals sufficient to affect Piezo 

channels. Although these stresses are low compared to those associated with a strong wind, their 

frequency and repetitive nature might combine with the dynamics of ion channels to promote 

sound transduction.  

 

Table 5.3. Range of sound frequency and sound pressure for different species 

Species Frequency (Hz) SPL (dB) Sound pressure (Pa) 

Okanagana rimosa 182 7.00-10.0 kHz 87.0-90.0 dB (15 cm) 134-949 Pa  

Cicadas 43 2.13-10.2 kHz 75.3-105 dB (50 cm) 116 Pa-17.0 kPa 

Moths 183 32.0-115 kHz 76.0-125 dB (1 cm) 2.52 Pa-3.56 kPa  

Hawkmoths 184 1.00-100 kHz 114-118 dB (10 cm) 2.00 kPa-15.9 kPa 

Katydids 185 23.0 kHz 94.0 dB (10 cm) 200 Pa-1.00 kPa 

Crickets 186 2.00-8.00 kHz 88.0-100 dB (50 cm) 502 Pa-10.0 kPa 

White bellbirds 187 1.80-2.40 kHz 106-116 dB (1 m) 399 Pa-12.6 kPa1 

Winter wren 188 4.00-8.00 kHz 90.0 dB (1 m) 63.2 Pa-633 Pa1 

17 songbird species 188 0.50-10.0 kHz 74.0-100 dB (1 m) 10.0 Pa-2.00 kPa1 
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Bats 189 32.0-120 kHz 121-137 dB (5-10 m) 2.24 kPa-22.4 kPa2 

1The distance between the sound source and the trichome ranges from 1 mm to 10 mm for birds. 

2The distance between the sound source and the trichome ranges from 10 mm to 100 mm for bats. 

For insects, the distance ranges from 100 μm to 500 μm. 

 

Our models involved treatment of a trichome as a rigid cylinder due to its many orders of 

magnitude difference in acoustic impedance with that of air. Such a cylinder may be subjected to 

additional forces due to external acoustic streaming arising from viscous effects associated with 

external boundary conditions (i.e., the obstacle and barrier). Danilov and Mironov 152,168 report 

an increase in the acoustic radiation force with viscosity for small particles, with viscous effects 

dominating at length scales relevant to the diameters of the cylinders of interest in our problem. 

When checking this assumption, we found that when the density of the cylinder was far larger 

than that of the surrounding medium, the cylinder would be immovable, and the acoustic 

radiation force saturated. For the tomato trichome, the density was almost 800 times larger than 

the air. Under acoustic excitation, the tomato trichome behaved like a cantilever, with stresses 

that could be estimated using elasticity theory.  

Our results add to a growing body of literature suggesting that mechanoperception and 

bioacoustics are harnessed by a range of plants to improve defenses against insect herbivores 

190-193. Light brushing of Arabidopsis thaliana trichomes causes oscillations of cytoplasmic Ca2+ 

in the skirt cells associated with tension at the base of the trichome 42. Our results suggest that, 

similar to such brushing, sound waves may exert radiation force and bend the trichome, and 

motivate future experimental studies of mechanotransduction by tomato trichomes.  
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5.5 Conclusions 

An analytical expression was derived for the acoustic radiation force exerted by a sound field on 

a finite-sized rigid cylinder suspended in a low viscosity fluid. Three length scales affected its 

response: the radius, 𝑅, of the rigid cylinder, the wavelength, 𝜆, of the incident wave and the 

viscous penetration depth, 𝛿, with 𝛿 assumed small compared to 𝜆. Using perturbation theory 

approximations for the first- and second-order wave fields and a far-field approach to calculate 

the acoustic radiation force, a solution was found that matched numerical simulations. For plane 

travelling waves, viscous effects increased acoustic radiation forces. Acoustic radiation force 

increased monotonically with 𝛿/𝑅, 𝑅/𝜆, and density contrast; the contrast in bulk viscosity had 

negligible influence. When applied to acoustic emissions from insects impinging upon trichomes 

of S. lycopersicum, the solution predicted stresses tens of kPa in trichome wall, sufficient to bend 

trichomes and possibly affect mechanosensitive ion channels.  
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Chapter 6: Conclusions and future perspectives 

6.1 Conclusion 

In this dissertation, the acoustic radiation force arising from focused Gaussian ultrasound and 

standing surface acoustic waves were calculated for eukaryotic cells in ideal fluids. Theoretical 

and numerical results showed that cell mechanics could significantly affect the acoustic radiation 

force. We finally concluded that the sound impedance (acoustic impedance) is the main factor 

that governs ultrasound-based acoustic scattering and thus is the key determinant, and key factor 

for tuning, of acoustic radiation force. For focused Gaussian ultrasound, the beam waist could 

also affect the scattering, but only the magnitude of the scattering and not its direction. Thus, 

modifying the waist of a focused Gaussian ultrasound beam will affect the magnitude of the 

acoustic radiation force, but not the direction. Cell shape and mechanics are also factors, a useful 

result that enables cell sorting via ultrasound. For spheroidal cells, the curvature significantly 

affects scattering and changes the radiation force. As for standing surface acoustic waves, we 

showed that due to the wave form conversion, the surface wave could exert a bulk wave inside 

the fluid, leading to a 3D acoustic radiation force field. Furthermore, we evaluated several key 

factors that affect the acoustic radiation force to help us further understand the mechanics. 

With this in mind, we adopted the acoustic radiation force to manipulate mechanosensitive ion 

channels. For simplicity, we studied the two-pore potassium channel, the TRAAK channel. We 

observed that the membrane current would increase gradually once we turn on the ultrasound. 

Cyclic loading would also cause cumulative increase of the membrane current. Those 
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phenomena were much like the viscoelastic properties we studied later. Our simulations showed 

that deformation of the oocyte we used was substantial around the electrodes that we used in our 

experiments, and highlighted the central role of boundary conditions in determining stress 

distributions. Similarly, plant cells respond to mechanical force, and we showed that in trichomes, 

which can serve as electromechanical switches and possibly as “ears” of a plant, the structure can 

amplify certain frequency ranges so that very small acoustic radiation forces from insects might 

possibly be amplified to induce strains that activate ion channels. 

6.2 Perspective 

Sound waves deliver messages in daily communication, and in medical research can deliver 

messages in forms that are useful for clinical diagnosis. Energy based mechanical waves can also 

cause a nonlinear effect that leads to a static force, the acoustic radiation force. This has long 

been used to design and fabricate acoustic tweezers for manipulating small samples like cells. 

Further understanding of acoustic radiation force on eukaryotic cells is important for improving 

acoustic tweezers and cell sorting applications. We studied the two common ultrasound forms: 

focused Gaussian ultrasound and standing surface acoustic waves. The theoretical and numerical 

results showed that not only the ultrasound itself but also cell mechanics affect the radiation 

force field. Our work paves the way for better acoustic tweezers design. This work is only a 

beginning, however, and more detailed consideration of membrane mechanics, poroelasticity, 

osmotic factors, and cytoskeletal and organelle structures may lead to improved targeting of cells 

via ultrasound, and to important refinement of the models proposed.  

Ultrasound has long been studied for treating neuronal and heart tissues. Although the basic 

mechanisms of ion channel opening via ultrasound is not clear, mechanical effects have been 
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suspected by many. Our work is the first to demonstrate definitively that ultrasound can cause 

membrane stretch that leads to stretch activation of ion channels. This work involved a 

simplified model cell and, as detailed in the first chapters of this dissertation, the cell mechanical 

properties, shape, and composition of more complicated cells could also affect these channels 

and the stresses that they receive. This is an important are for future study because acoustic 

radiation force, which is small inside of a tissue, will likely require amplification for clinical 

application. One intriguing possibility that arises from the work in this dissertation is the 

therapeutic application of cyclic loading, such as pulsed waves, to cause cumulative membrane 

current increase via the viscoelastic effects we discovered and thereby ultimately use ultrasound 

to control mechanosensitive ion channels in neurons. Clinical trials of this type of approach are 

an important next step. 

Our further work on tomato trichomes also elucidated potential mechanisms for plant to sense 

sound. The work identified specific ranges of frequency and amplitude that are capable of 

inducing opening of ion channels at the base of a tomato trichome, and therefore define 

conditions in which further experimentation may someday be performed. The results raise 

intriguing possibilities about how plants behave in response to changes and their environment. 

More broadly, the dissertation adds a set of models and tools for relating ultrasound parameters 

to quantitative estimates of acoustic radiation force on a broad range of cells, and for predicting 

how this force relates to opening of mechanosensitive ion channels and induction of membrane 

currents. We hope that the straightforward and integrated solutions, experimental approaches, 

and modeling frameworks will form part of the quantitative foundation for future development of 

acoustic technologies that control both plant and animal cells.  
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Appendix A1. Standing surface acoustic waves, 

and the mechanics of acoustic tweezer 

manipulation of eukaryotic cells 

The wave fields in cortical layer, cytoplasm, and cell nucleus can be explicitly expressed as 

a function of 𝑋𝑛(𝜃, 𝜑; 𝑘𝑓𝑦0, 𝜃𝑅): 

𝑋𝑛(𝜃, 𝜑; 𝑘𝑓𝑦0, 𝜃𝑅) = 2𝑖𝑛(2𝑛 + 1)(𝑃𝑛(0)𝑃𝑛(cos 𝜃) cos(𝑘𝑓𝑦0 sin 𝜃𝑅)

+2 ∑
(𝑛 −𝑚)!

(𝑛 + 𝑚)!
𝑃𝑛
𝑚(0)𝑃𝑛

𝑚(cos 𝜃)

𝑛

𝑚=1

(cos(𝑘𝑓𝑦0 sin 𝜃𝑅) cos𝑚𝜑 cos𝑚𝜃𝑅

+𝑖 sin(𝑘𝑓𝑦0 sin 𝜃𝑅) sin𝑚𝜑 sin𝑚𝜃𝑅))

 

𝜙2 = 𝜙0𝑒
−𝑖𝜔𝑡∑𝐴𝑛𝑗𝑛(𝑘2𝑟)

∞

𝑛=0

𝑋𝑛(𝜃, 𝜑; 𝑘𝑓𝑦0, 𝜃𝑅) (A1.1) 

𝜙3 = 𝜙0𝑒
−𝑖𝜔𝑡∑𝐵𝑛𝑗𝑛(𝑘3𝑟)

∞

𝑛=0

𝑋𝑛(𝜃, 𝜑; 𝑘𝑓𝑦0, 𝜃𝑅) (A1.2) 

𝜙4 = 𝜙0𝑒
−𝑖𝜔𝑡∑𝐶𝑛𝑗𝑛(𝑘4𝑟)

∞

𝑛=0

𝑋𝑛(𝜃, 𝜑; 𝑘𝑓𝑦0, 𝜃𝑅) (A1.3) 

where 𝐴𝑛, 𝐵𝑛, and 𝐶𝑛 are three different unknown coefficients describing the longitudinal 

wave, and 𝑃𝑛
𝑚(𝑐𝑜𝑠 𝜃) denotes the associated Legendre polynomial. The remaining details of 

this derivation follow Liang 103.  

In the derivations of Eqs. (15) and (23), the following equations are adopted: 

∫ cos𝑛 𝜃 cos𝑚𝜃 cos 𝜃 𝑑𝜃
2𝜋

0

= {

𝜋 (𝑛 +𝑚 = 1)
𝜋

2
(
𝑛 − 𝑚 = ±1
𝑛 ≠ 0,𝑚 ≠ 0

)

0 otherwise

 (A1.4) 

∫ sin 𝑛 𝜃 sin𝑚𝜃 cos 𝜃 𝑑𝜃
2𝜋

0

= {

𝜋

2
(
𝑛 −𝑚 = ±1
𝑛 ≠ 0,𝑚 ≠ 0

)

0 otherwise
 (A1.5) 
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∫ cos 𝑛 𝜃 sin𝑚𝜃 cos 𝜃 𝑑𝜃
2𝜋

0

=

{
  
 

  
 
0 (𝑛 = 1,𝑚 = 0)

𝜋 (𝑛 = 0,𝑚 = 1)

−
𝜋

2
(𝑛 − 𝑚 = 1,𝑚 ≠ 0)

𝜋

2
(𝑚 − 𝑛 = 1, 𝑛 ≠ 0)

0 otherwise

 (A1.6) 

∫ cos 𝑛 𝜃 cos𝑚𝜃 sin 𝜃 𝑑𝜃
2𝜋

0

= 0 (A1.7) 
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Appendix A2. Mechanical memory in ion channel 

function 

Table A2.1. Values of material properties used in finite element simulations. 

 ND96 Oocyte 

Density, kg/m3  1000 1139 

Sound speed, m/s 1500 1680 

1st elastic modulus, Pa Not applicable 27.3  

2nd elastic modulus, Pa Not applicable 25.9 

3rd elastic modulus, Pa Not applicable 12.5 

1st time constant, s Not applicable 0.18 

2nd time constant, s Not applicable 1.4 

3rd time constant, s Not applicable 20.9  

 

 

 

FIG. A2.1 A generalized Kelvin viscoelastic model (n Voigt elements in serial) 
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FIG. A2.2 A representative fitting for the averaged first principal strain by generalized Kelvin 

model. Three time constants (𝜏1 = 0.18 𝑠, 𝜏2 = 1.38 𝑠, 𝜏3 = 21 𝑠) can be enough to obtain a 

great fitting.  

 

FIG. A2.3 (a) and (b) are the three branches’ contribution on the first principal strain. 
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