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Abstract. This work is devoted to the study of a one-dimensional phenomenological 

model of a focal defect regenerative rehabilitation in the articular cartilage. The model 

is based on six differential equations in partial derivatives of the “Diffusion-Reaction” 

type, which was previously used by a number of authors to study cellular processes in 

various tissues under cell therapy conditions. To take into account the influence of 

moderate mechanical stimulation of immature tissue, an indirect approach was used, as 

a result of which some model parameters that directly affect cell proliferation and 

differentiation were varied considering experimental data. The results of  the model 

study  show that moderate stimulation of immature tissue in the early stages of repair 

the focal articular cartilage defect under conditions of cell therapy leads to an 

intensification of regenerative processes in the tissue and promotes more rapid 

formation of the extracellular matrix. 
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1. INTRODUCTION 

The articular surfaces of long bones are covered with articular cartilage (AC), which 

is a type of connective tissue with an almost homogeneous structure at the macro level. 

However, at the micro level, AC has a complex heterogeneous structure, which is based 

on a hydrated elastic extracellular matrix (ECM), inside which chondrocytes are located, 

which are formed from chondroblasts. Slightly mobile chondrocytes, due to the ability to 

divide, provide the synthesis and release of ECM elements. Moreover, they are grouped 

in specific areas - lacunae, permeable to low molecular weight metabolites. This allows 

for interstitial AC growth and its potential for regeneration in the event of damage. 
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However, in AC, blood, lymphatic vessels and nerves are almost completely absent, and 

therefore its formation, nutrition and lubrication are carried out only due to the interstitial 

fluid. The regenerative AC insufficiency determined by this feature in conditions of its 

progressive destruction leads not only to a variety of tissue damage mechanisms, but also 

to a variety of morphological phenomena that determine its clinical state. Therefore, at 

present, treatment options for AC in the advanced stages of osteoarthritis are limited to 

injections of analgesics and total arthroplasty of the joints [1]. At the same time, in the 

early stages of osteoarthritis and in cases of focal cartilage defects, a greater number of 

therapies for the disease may be useful, including regenerative medicine-related cell 

therapy and tissue engineering strategies. 

When developing new methods and strategies for the treatment of joint diseases, 

including osteoarthritis, it is necessary to take into account the microstructure of the AC, 

schematically shown in Fig.1. 

 

Fig. 1 Schematic cross-sectional diagram of healthy articular cartilage 

First of all, this concerns its zonal structuring, which includes three non-mineralized 

zones: superficial, intermediate, radial (deep) and one mineralized - the so-called 

calcified cartilage [2]. The surface zone includes chondrocytes flat in shape, located close 

to each other and collagen fibers oriented along tangents to the articular surface. The 

structure of the intermediate zone differs significantly from the surface one. In it, 

chondrocytes have an oblique form of organization, and collagen fibers are scattered 

randomly in space. Chondrocytes of the radial zone have a spherical shape and are 

structured along columns, parallel to which collagen fibers are located, penetrating into 

the calcified cartilage, thereby ensuring anchoring of the AC on the subchondral bone [3].  

Chondrocytes function under anaerobic conditions, receiving nutrients by diffusion 

from the interstitial fluid, and their shape can change not only depending on belonging to 

a particular AC zone, but also on the physiological state, level of motor activity and age 

of the patient [4]. 

To restore small-sized focal AC defects, mosaic chondroblasty technologies are used 

using native osteochondral grafts. However, their practical applicability is limited by a 

number of disadvantages, such as the limited size of the defect to be repaired, the 

difficulty of choosing AC sites with the desired curvature for graft retrieval, the risk of 

postoperative pain in the joint, etc. Elimination of these shortcomings is potentially 
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possible with the use of technologies for implantation the in vitro cultured autologous 

chondrocytes (Autologous Chondrocytes Implantation (ACI)), allowing, among other 

things, to control the process of reparative regeneration of the damaged AC in order to 

fully restore it. However, chondrocytes undergo dedifferentiation during cultivation and 

reproduction, as a result of which the expression of chondrocyte markers (collagen II, 

aggrecan, transcription factor SOX9) decreases, and the expression of fibroblast markers 

(collagen I, versican) increases [5]. As a result, cells acquire a fibroblast-like phenotype 

and become unable to produce the components necessary for AC repair. This is a 

significant challenge in the development of ACI technologies. One of the ways to solve it 

is to select a different type of cells for implantation into the damaged area of the AC, 

capable of differentiating into articular chondrocytes. 

It is known that stem cells possess the properties of self-renewal and differentiation 

into various cell lines. Therefore, in modern cell technologies focused on the restoration 

of not only focal, but also extensive AC defects, mesenchymal stem cells (MSC) and 

embryonic stem cells (ESC) (Articular Stem cell Implantation (ASI)) are used, which 

meet the criteria established by The International Society for Cellular Therapy's 

Mesenchymal Stromal Cell Committee (ISCT MSC) [6]. The process of differentiation of 

progenitor cells into a specific cell line can be controlled by regulatory genes. But the 

population of cells obtained in this way, as a rule, does not fully correspond to the target 

tissue in terms of its biochemical and biomechanical properties [7]. This discrepancy can 

be eliminated by implanting an artificial extracellular matrix (scaffold) into the defect 

area along with MSC / ESC. This approach is often used in modern AC recovery 

technologies. In this case, the scaffold is chosen so that its structure facilitates the 

creation of an environment in which cells could modulate their environment in vitro and / 

or in vivo, just as it happens in the target tissue [8]. Therefore, in addition to the desired 

structure, the scaffold must have mechanical properties corresponding to the properties of 

the target tissue [9]. 

Growth factors that function as signaling molecules that determine intercellular 

interactions and processes are of great importance for the development of new methods 

and strategies for AC treating. For example, fibroblast growth factors (FGFs) play a key 

role in the proliferation and differentiation of a wide range of cells and tissues; bone 

morphogenetic proteins (BMP), which form a group of multifunctional growth and 

regeneration factors belonging to the transforming growth factor TGF-β superfamily, are 

able to regulate various cellular processes in the body. In healthy AC, the growth factors 

FGF-1 and BMP-2 provide the metabolism and renewal of chondrocytes. Extensive 

information about these molecules, their role in metabolism and regulation of molecular 

processes of cartilage tissue remodeling is given in numerous literatures [10-18]. 

It is obvious that innovative strategies for the treatment of AC, including those 

focused on the complete restoration of damaged tissue areas, should be built taking into 

account the conditions and the nature of the synovial joint operating  as a whole, enduring 

the action of significant loads. So, for example, the load perceived by a healthy knee joint 

when a person climbs stairs is 8-10 times greater than his body weight and AC resists it 

without destruction. The synovial joint elements, touching along the articular surfaces, 

are subjected to compression, shear and sliding relative to each other in the process of 

their operating. Since AC has a very low permeability, during compression, the 

hydrostatic pressure of the interstitial fluid present in it increases rapidly, allowing the 

AC to take on external stress. As the compressive load increases, interstitial fluid begins 
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to be released from the AC, which leads to a redistribution of some of the load on the 

solid ECM and to its consolidation. Upon reaching equilibrium, the flow of interstitial 

fluid from the AC stops, and the ECM takes over the entire load [19]. This effect is 

known as stress relaxation in AC and characterizes one of its most important 

characteristics, which determine the compression process and support functions [20]. 

Along with viscoelastic properties, stress relaxation in AC is quite convincingly 

explained on the basis of its two-phase model, in which it is assumed that AC contains a 

small number of cells (~ 1% of the tissue mass) and its mechanical performances are 

mainly determined by ECM, which consists of liquid and solid phases [21]. The liquid 

phase (~ 80% by weight) is represented by interstitial fluid, and the composite solid 

phase, as a porous, permeable material bound to fibers, is represented by 

macromolecules, among which collagen II and complex proteins - proteoglycans, 

predominate. If we do not take into account the biochemical processes and cellular 

changes occurring in the cartilaginous tissue during normal operating under the 

development of pathology or regeneration, then taking into account the above-mentioned 

features, AC can be considered as a continuous poroelastic medium and according to the 

theory of effective poroelasticity of M.A. Biot [22, 23], to create and investigate various 

models of cartilage tissue within the framework of continuum mechanics. Models 

considering other characteristic features of AC in synovial joint make it possible to study 

the interaction of several tissues on each other, cell-cell or cell-ECM interactions, as well 

as the processes of migration, differentiation and natural cell death. For example, M. 

Blewis and colleagues used the synovial joint (SJ) compartment model to predict the 

dynamic processes occurring in the interstitial fluid [24]. Taking into account the mass 

balance of hyaluronic acid and proteoglycan-4 in synovial fluid, the authors reduced the 

problem to a system of linear differential equations with three state variables, considering 

the rate of secretion, decomposition and fluid flow through the synovial membrane. The 

performances of the model compartments used by the authors can be changed if the 

characteristics of the synovial fluid change, therefore it is applicable for the analysis of 

normal and pathological conditions of the joint, as well as for conditions caused by 

certain therapeutic procedures, for example, hyaluronic acid injections, MSC / ESC and 

etc. 

More complex models are also known, including those applicable to the analysis of 

rheumatoid arthritis of the joint, depending on changes in the state of inflammatory cells, 

endothelium, fibroblasts, chondrocytes, cytokines, and growth factors in the SJ 

compartment [25]. That is, the analysis of AC within synovial joint in silico makes it 

possible to investigate and predict the physiological state, structural rearrangement, 

cellular and chemical processes occurring in tissues from different points of view. It 

seems that the results of such studies, as well as a lot of experimental data, contributed to 

the accumulation of a critical amount of knowledge necessary to create effective 

technologies for the treatment of various synovial joint diseases. However, up to the 

present time, such technologies have not yet been created. At the same time, it should be 

noted that in recent years there has been significant progress in this area of medical 

science. Methods for cultivating and storing cells for therapeutic use, as well as methods 

for their transplantation, are being improved. Tissue engineering is evolving towards the 

creation of biomimetic and more complex tissue engineering constructs (including those 

with the desired shape) that could be used to replace larger sections of damaged AC. 

However, even the use of such modern high-tech methods in many clinical cases does not 
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lead to successful treatment of osteoarthritis, and this fact is the main motive for finding 

new ways to combat this disease. One of the new areas of medical science, within which 

an effective solution to the problem of AC recovery can be found, is regenerative 

rehabilitation, which is based on the combination of modern technologies of regenerative 

and rehabilitation medicine [26-28]. Many theoretical and experimental results testify to 

the synergistic effect that can potentially be achieved as a result of such a combination. 

From the point of view of regenerative rehabilitation, of interest are studies that have 

studied the responses of cartilage tissue, cells, and molecules to the action of mechanical 

stimuli. It has been established that optimal mechanical stimulation promotes collagen 

formation, cell viability, and fiber organization in tissue engineering constructs [29, 30]. 

In vitro experiments indicate that both short-term and long-term compressive and/or 

shear loads change the composition of cartilage tissue [31], its structure [32], and 

function [33]. During daily physical activity, mechanical signals resulting from the load 

on the joints and the corresponding deformation of the articular tissues modulate the 

metabolism of chondrocytes and cause coordinated changes in the biochemical and 

mechanical properties of AC [34-36]. At the same time, normal cartilage homeostasis is 

partially associated with cyclic loads that ensure the activation of ECM-associated 

growth factor TGF-β (BMP-2) [37, 38]. FGF-1 synthesis also presumably depends on the 

amplitude and frequency of the stimulating force acting on the AC, which increases 

angiogenesis in the subchondral bone [39] and, consequently, promotes cartilage tissue 

regeneration. It is generally accepted that mechanical stimulation strongly influences the 

mechanical properties of the superficial AC zone [40], but is enzymatically regulated in 

deeper zones [41, 42]. Moreover, as shown in [43], it is very likely that the central 

channel for the transformation of mechanical forces into biological reactions in AC is the 

MAPK (mitogen-activated protein kinase) pathway. 

The effects described very briefly above, which deserve a detailed systematic study, 

indicate that regenerative rehabilitation technologies that use AC mechanical stimulation 

in vivo along with cell therapy and tissue engineering strategies may be effective in the 

treatment of various synovial joint diseases, including osteoarthritis [44]. For their 

development, various resources should be involved, including simulation and in silico 

studies of processes occurring in AC under various conditions, under various tissue 

conditions and types of stimulation, since there is still no complete understanding of the 

mechanisms by which mechanical stimulation promotes joint homeostasis, 

chondroprotection, and the production of pro-inflammatory mediators. Such models can 

be different in form and content, including biological, biophysical, biochemical, 

biomechanical and combined. In this paper, we investigate one-dimensional biological 

models of repair the AC focal defects based on the strategies of cell therapy and 

regenerative rehabilitation in order to compare, first of all, the qualitative results of these 

strategies implementation. 

2. DESCRIPTION OF THE MODEL  

Most of the mathematical models of biological processes in tissues are designed to 

analyze a relatively small number of related state variables that are most important for the 

researcher in solving a specific problem. This is explained by the fact that, by their 

nature, biological tissues are pronounced homeostatic systems, with their inherent 
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unpredictability, instability and striving for balance. In this regard, the processes 

occurring in them are very variable and depend on many factors, often not completely 

defined or even random. In addition, even small changes in the internal parameters of a 

particular tissue can lead to a qualitative restructuring of its homeostasis, i.e. to a 

bifurcation. Therefore, complex multifactorial mathematical models of tissue processes 

can be studied only in stable regions of the space of state variables, the determination of 

which is a separate rather complicated problem. But important information can also be 

obtained by studying simplified models of tissue processes, in which some important 

variables and parameters are taken into account indirectly. As examples, here are a 

number of models tested in the study of wound healing and bone fractures [45]. In this 

work, we use a simplified phenomenological biological model built on the basis of the 

“Diffusion-Reaction” type system of equations to simulate cellular therapy and 

regenerative rehabilitation of AC focal defect. Previously, such models were used by M. 

Lutianov et al. [46] and later (with some variations) by K. Campbell et al. [47, 48] to 

study various AC regeneration strategies under cell therapy. When substantiating them, 

the authors used the approach proposed by A. Bailón-Plaza and M.C. van der Meulen to 

study the effect of growth factors on the healing of bone fractures [49], based on 

modeling the diffusion migration of cells and the reaction of the environment that 

promotes their proliferation, differentiation, and death. 

Since the biological processes of cartilage tissue repair and bone tissue fracture 

healing have a common basis, their biological models can be considered similar. 

Therefore, following [46], the biological model of regenerative rehabilitation of AC focal 

defect can be represented as a system of partial differential equations with variables: 𝐶𝑆 is 

the MSC density; 𝐶𝐶 is the chondrocyte density; 𝑛 is the nutrient concentration; 𝑚 is the 

ECM density: 
𝜕𝐶𝑆

𝜕𝑡
= ∇[𝐷𝑆∇𝐶𝑆]⏟      +

𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑜𝑛

𝑝1𝐶𝑆
𝑛

𝑛+𝑛0
𝐻(𝑛 − 𝑛1)⏟            

𝑝𝑟𝑜𝑙𝑖𝑓𝑒𝑟𝑎𝑡𝑖𝑜𝑛

− 𝑝2𝐶𝑆𝐻(𝐶𝑆 − 𝐶𝑆0)⏟          
𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑖𝑜𝑛

− 𝑝3𝐶𝑆𝐻(𝑛1 − 𝑛)⏟          
𝑑𝑒𝑎𝑡ℎ

 ,  (1a) 

𝜕𝐶𝐶

𝜕𝑡
= ∇[𝐷𝐶∇𝐶𝐶]⏟      +

𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑜𝑛

𝑝4𝐶𝐶
𝑛

𝑛+𝑛0
𝐻(𝑛 − 𝑛1)⏟            

𝑝𝑟𝑜𝑙𝑖𝑓𝑒𝑟𝑎𝑡𝑖𝑜𝑛

+ 𝑝2𝐶𝑆𝐻(𝐶𝑆 − 𝐶𝑆0)⏟          
𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑖𝑜𝑛

− 𝑝5𝐶𝐶𝐻(𝑛1 − 𝑛)⏟          
𝑑𝑒𝑎𝑡ℎ

 , (1b) 

𝜕𝑛

𝜕𝑡
= ∇[𝐷𝑛∇𝑛]⏟    −

𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑜𝑛

𝑛

𝑛+𝑛0
(𝑝6𝐶𝑆 + 𝑝7𝐶𝐶)⏟            
𝑟𝑒𝑎𝑐𝑡𝑖𝑜𝑛

 ,                                     (1c) 

𝜕𝑚

𝜕𝑡
= ∇[𝐷𝑚∇𝑚]⏟      +

𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑜𝑛

𝑝8
𝑛

𝑛+𝑛0
𝐶𝐶⏟      

𝑟𝑒𝑎𝑐𝑡𝑖𝑜𝑛

 ,                                          (1d) 

which, if necessary, can be supplemented by equations with variables: 𝑔 is the 

concentration of growth factors FGF-1 and 𝑏 is the concentration of growth factors BMP-

2 [47]: 
𝜕𝑔

𝜕𝑡
= ∇[𝐷𝑔∇𝑔]⏟    +

𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑜𝑛

𝑝9𝐶𝑆 − 𝑝11𝑔⏟        
𝑟𝑒𝑎𝑐𝑡𝑖𝑜𝑛

 ,                                          (2a) 

𝜕𝑏

𝜕𝑡
= ∇[𝐷𝑏∇𝑏]⏟    +

𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑜𝑛

𝑝12𝐶𝐶 − 𝑝13𝑔⏟        
𝑟𝑒𝑎𝑐𝑡𝑖𝑜𝑛

 ,                                        (2b) 

where  ∇=
𝜕

𝜕𝑥
𝑖 +

𝜕

𝜕𝑦
𝑗 +

𝜕

𝜕𝑧
�⃗⃗� ;  ∇𝜑(𝑥, 𝑦, 𝑧) =

𝜕𝜑

𝜕𝑥
𝑖 +

𝜕𝜑

𝜕𝑦
𝑗 +

𝜕𝜑

𝜕𝑧
�⃗⃗� = 𝑔𝑟𝑎𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝜑 ; 
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∇𝑔𝑟𝑎𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝜑 = 𝑑𝑖𝑣𝑔𝑟𝑎𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝜑 =
𝜕2𝜑

𝜕𝑥2
+
𝜕2𝜑

𝜕𝑦2
+
𝜕2𝜑

𝜕𝑧2
 ;  𝜑(𝑥, 𝑦, 𝑧) is a some scalar function. 

Descriptions of the variables and constant parameters of the model included in Eqs 

(1a – 1d) and (2a – 2b), as well as their possible values in dimensional and dimensionless 

form, are given in Appendix A. Previously, these values were established experimentally 

or justified theoretically and used in a number of works on bone fracture healing, implant 

osseointegration, and AC repair [46-51]. Considering the fact that the main goal of this 

work is to study, first of all, the qualitative results of the various AC recovery strategies 

implementation, the models of which are characterized by significant uncertainty and 

depend on many factors, including the physiological state of the intended patient, the 

nature of the defect, the method of tissue stimulation, etc., these data were used only as 

estimates of the parameters. In addition, we assumed that mechanical stimulation of AC 

in the vicinity of the reconstructed region changes the mechanical state of the medium, 

which also leads to a change in the values of the model parameters. Since tissues respond 

differently to various physiological loads and to stimuli of different types and intensities 

[52], hypothetically, such changes should lead either to an improvement or deterioration 

in the processes of damaged tissues repair. In this regard, when modeling, we varied the 

values of the parameters that change under the influence of mechanical stimuli, taking 

into account the results of numerous studies available in the literature. 

As a criterion for the quality of AC repair processes, we used the final density 

distribution of the synthesized ECM in the region of the repaired AC defect. To evaluate 

other indicators achieved as a result of the recovery processes implementation, including 

the phenotype of the resulting tissue, biomechanical models are more suitable, including 

equations that describe the stress-strain state of the tissue during stimulation [53–55]. 

To take into account the mechanical stimulation of AC in the process of regenerative 

rehabilitation, we used the approach proposed by A. Andreykiv et al. to model the 

healing of bone fractures with mechanoregulation of cell differentiation and proliferation 

[56]. In their model, the authors consider the fact that the diffusion coefficients (𝐷𝑚 , 𝐷𝑓) 

and proliferation rates (𝑃𝑚 , 𝑃𝑓) of MSC and fibroblasts, respectively, depend on the 

volume concentration of the bone (𝑚𝑏) and cartilage (𝑚𝑏 ) fractions of the ECM. At the 

same time, the initial values of proliferation rates (𝑃𝑚0, 𝑃𝑓0) were calculated in 

accordance with the mechanoregulation index [53] 

𝑆 =
𝛾

𝑎
+
𝜐

𝑏
 , 

where 𝛾 and 𝑣 are the maximum shear stress and maximum velocity of the interstitial 

fluid, respectively, and 𝑎 and 𝑏 are constants [57]. 

According to the hypothesis proposed in [53], if 𝑆 is less than a certain threshold 

value 𝑆𝑚𝑖𝑛, then the mechanical environment of the tissue is favorable for osteoblast 

differentiation and bone tissue synthesis, and at moderate values (𝑆𝑚𝑖𝑛 < 𝑆 < 𝑆𝑚𝑎𝑥), that 

do not exceed some maximum value 𝑆𝑚𝑎𝑥, the environment favor the differentiation of 

chondrocytes and the formation of cartilaginous tissue. And, finally, high values of the 

index (𝑆 > 𝑆𝑚𝑎𝑥) contribute to the differentiation of fibroblasts and the formation of 

fibrous tissue in the area of the bone fracture. Therefore, in the model [56], the rates of 

differentiation of fibroblasts, chondrocytes, and osteoblasts (𝑃𝑓 , 𝑃𝑐 , 𝑃𝑏) were also 

calculated depending on the value of the mechanoregulation index 𝑆. 
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Thus, the approach described above makes it possible to indirectly take into account 

the effect of mechanical stimulation on tissue formation in the process of regenerative 

rehabilitation. Moreover, if we take into account the results of experiments, according to 

which low-amplitude cyclic tissue deformation leads to an increase in osteoblast 

proliferation by about 1.5 times [58, 59], and also that unstimulated chondrocytes 

proliferate at a rate similar to osteoblasts [60, 61], a qualitative analysis of the AC 

regenerative rehabilitation process can be performed by varying the values of cell 

proliferation and differentiation coefficients without calculating the mechanoregulation 

index. It should also be noted that during AC repair, bone formation is almost impossible, 

but there is a possibility of fibrous tissue formation. But with moderate stimulation, 

according to the hypothesis described above [53], this probability is very small. 

Figure 1 is a schematic representation of the repair process for an AC focal defect 

using ACI/ASI cellular technologies and/or regenerative rehabilitation, which shows a 

schematic cross-section of the defect on an enlarged scale. It is assumed that the defect 

has small dimensions in width and its properties in planes perpendicular to the defect 

practically do not change, which allows us to consider this problem as one-dimensional. 

The origin of the coordinate system is located on the subchondral bone, and the 𝑥 

coordinate axis is directed towards the articular surface. The subchondral bone is 

considered permeable, and MSC can diffuse from it into the defect, the flow of which is 

determined by a certain time function 𝑓(𝑡). The fluxes from the subchondral bone of 

chondrocytes, growth factors, nutrients, and ECM elements are assumed to be zero, 

although they can also be specified as specific functions of time if necessary. Thus, the 

boundary conditions at the point  𝑥 = 0  look like: 

−𝐷𝑆
𝜕𝐶𝑆

𝜕𝑥
= 𝑓(𝑡),   𝐷𝐶

𝜕𝐶𝐶

𝜕𝑥
= 0,  𝐷𝑔

𝜕𝑔

𝜕𝑥
= 0, 𝐷𝑏

𝜕𝑏

𝜕𝑥
= 0,   𝐷𝑛

𝜕𝑛

𝜕𝑥
= 0,  𝐷𝑚

𝜕𝑚

𝜕𝑥
= 0.      (3) 

Boundary conditions on the defect surface at  𝑥 = 𝑑 : 

𝐷𝑆
𝜕𝐶𝑆

𝜕𝑥
= 0, 𝐷𝐶

𝜕𝐶𝐶

𝜕𝑥
= 0,  𝐷𝑔

𝜕𝑔

𝜕𝑥
= −𝛾𝑔, 𝐷𝑏

𝜕𝑔

𝜕𝑥
= −𝜒𝑏, 𝑛 = 𝑁0,  𝐷𝑚

𝜕𝑚

𝜕𝑥
= 0.      (4) 

That is, it is assumed that the fluxes of MSCs, chondrocytes, and ECM elements on the 

surface of the defect are equal to zero, and nutrients with a constant concentration of 

𝑁0 enter the defect from the synovial fluid. The flows of growth factors in the study of 

the model (1a – 1d, 2a – 2b) calculated in proportion to their concentrations with the 

coefficients 𝛾 and 𝜒, respectively. 

The initial conditions of the problem are formulated in accordance with a certain 

strategy of regenerative rehabilitation. For example, when implementing the ASI 

strategy, it is assumed that MSCs are implanted into a defect, and the cells are arranged 

according to the height of the defect according to a certain law 𝐶𝑆(0) = 𝐶𝑆
(0)ℎ(𝑥). If at 

the same time a scaffold is implanted into the defect, then the initial ECM density taken 

equal to (0) = 𝑚3 +𝑚𝑠 , where 𝑚3 is the initial ECM density and 𝑚𝑠 is the scaffold 

density. Then, taking into account the density of nutrients  𝑛(0) = 𝑁0 and zero values of 

other state variables at the initial moment of time, the initial conditions have the 

following form: 

𝐶𝑆 = 𝐶𝑆
(0)ℎ(𝑥), 𝑔(0) = 0, 𝑏(0) = 0, 𝐶𝐶 = 0, 𝑛(0) = 𝑁0, 𝑚(0) = 𝑚3 +𝑚𝑠,         (5) 

where   𝐶𝑆
(0) is the initial MSC density. 
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The initial conditions corresponding to other AC focal defect restoration strategies are 

formed in a similar way. 

The scheme displayed in Figure 2 can also be used to describe the process of AC 

regenerative rehabilitation. In this case, in addition to the conditions of cell therapy and 

tissue engineering strategies, the effect of stimulating effects on tissue repair should be 

taken into account. At the same time, one should consider the fact that ASI/ACI 

technologies involve implantation of MSC/ESC and/or autologous chondrocytes into the 

area of the defect. In the case of implementing tissue engineering strategies, cells are pre-

seeded in vitro on an artificial matrix - scaffold, in order to increase their viability, 

proliferation, osteogenic and chondrogenic signal expression.  

Apoptosis
Differentiation

Cells in Tissue Proliferation

Apoptosis

De-differentiation

New Tissue

ECM
production

Stimulated Tissue

Undifferentiated
Cells

MSCs
Chondrocites

ECM+scaffold

Proliferation

Subchondral boneStimulating Load

Articular Cartilage

Defect Area

Reactive Forces

 

Fig. 2 Scheme of AC focal defect repair process using ACI/ASI cellular technologies and 

regenerative rehabilitation 

The results of a systematic study of AC recovery strategies using ASI/ACI models, 

including various combinations of them, are presented in [47, 48]. As a quality criterion 

for choosing the percentage of implanted cells (MSC and autologous chondrocytes), the 

authors used the average density of the ECM formed new tissue. It has been shown that, 

in principle, each of the possible strategies (100% ASI; 90% ASI + 10% ACI; …; 10% 
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ASI + 90% ACI; 100% ACI) can be effective. However, from a practical point of view, 

the effectiveness of AC damage repair technology is also evaluated taking into account 

the availability of cell types, the overall cost and the effectiveness of the procedure. In 

this regard, in this study, ASI technology (100% ASI) was adopted as a standard strategy 

for cell therapy. That is, we assume that regenerative rehabilitation strategies that involve 

moderate mechanical stimulation of immature tissue in the damaged area of the AC will 

contribute to its recovery in all practically significant cases. 

The study of the AC focal defects restoration processes was carried out using a 

mathematical model (1a – 1d, 2a – 2b) for various parameter values. Based on the 

hypothesis, confirmed by numerous experimental data, it is possible to select such 

stimulating effects that would enhance the effects of cell therapy and contribute to the 

creation of the best conditions for the restoration of damaged tissue in vivo. The solution 

of this problem would contribute to the development of the best strategies for the 

regenerative rehabilitation of tissues damaged due to injuries or diseases, including 

osteoarthritis. 

The scheme (Fig. 2) shows that stimulated tissue cells can proliferate, differentiate 

into chondrocytes, and die. Therefore, the main goal of stimulating immature tissue in the 

area of the AC defect is to provide the best conditions for the viability and differentiation 

of progenitor cells into chondrocytes, which would promote the production of ECM and 

the formation of new tissue with the desired phenotype. In this study, we took into 

account the effect of mechanical stimulation of immature tissue by increasing the 

coefficients: 𝑝40  is a chondrocyte proliferation constant, 𝑝400 is a chondrocyte 

proliferation rate (from FGF-1) and 𝑝2 is a MSC differentiation rate, because 𝑝40  and 

𝑝400 determine the amplitude value of the chondrocyte proliferation rate: 

𝑝4 = 𝐵𝑚 (1 −
𝐶𝐶

𝐶𝐶𝑚𝑎𝑥
) = (𝑝40

𝑚

𝑚2+𝑚2
2 + 𝑝400

𝑔

𝑔+𝑔0
) (1 −

𝐶𝐶

𝐶𝐶𝑚𝑎𝑥
) , 

and 𝑝2 in Eq. (1b) determines the modulus of the chondrocyte differentiation rate: 

𝑉𝑑𝐶ℎ = 𝑝2𝐶𝑆𝐻(𝐶𝑆 − 𝐶𝑆0),  

where (𝐶𝑆 − 𝐶𝑆0) = {
0, 𝐶𝑆 ≤ 𝐶𝑆0
1, 𝐶𝑆 > 𝐶𝑆0

 is the Heaviside function,  

𝐶𝑆0 = (𝐶𝑆0𝑚𝑎𝑥 − 𝐶𝑆0𝑚𝑖𝑛)𝑒
−𝛼𝑏 is a MSC threshold density, 

𝐶𝑆0𝑚𝑎𝑥  is a maximum threshold density, 𝐶𝑆0𝑚𝑖𝑛 is a minimum threshold density, 𝛼 is a 

threshold MSC density reduction factor. 

Following [58-61], when simulation processes of regenerative rehabilitation of AC, 

the values of these coefficients were taken to be 1.5 times greater than their estimated 

values given in Appendix A. It is clear that such an approach does not allow making any 

quantitative estimates that could be used in medical practice. But it allows one to obtain 

and compare qualitative estimates of various AC defect recovery strategies. 



 One-Dimensional Biological Model of Synovial Joints Regenerative Rehabilitation in Osteoarthritis 11 

3. RESULTS AND DISCUSSION 

Solutions to the equations system (1a – 1d, 2a – 2b) for various model parameters 

were obtained in a dimensionless form by the finite element method in Matlab R2021b 

(MathWorks, USA) using the pdepe function. The dimensionless values of the 

parameters were calculated taking into account the characteristic values that determine 

the main features of the model: 𝑑 = 2 𝑚𝑚 is a defect thickness/depth; 𝐶𝑡𝑜𝑡𝑎𝑙,𝑚𝑎𝑥0 =

106
𝑁𝑐

𝑚𝑚3
 is a maximum total cell density; 𝑚𝑚𝑎𝑥 = 10

−4 𝑔

𝑚𝑚3
 is a maximum ECM 

density; 𝑁0 = 6.5 × 10
−11 𝑁𝑚

𝑚𝑚3
 is an initial nutrient concentration; 𝑝80 = 3.75 ×

10−13
𝑔

𝑚𝑚3
∙

1
𝑁𝑐

𝑚𝑚3

∙
1

ℎ𝑜𝑢𝑟
 is an ECM production constant; 𝑔0 = 10

−10 𝑔

𝑚𝑚3
 is a FGF-1 

reference concentration; 𝑏0 = 10
−10 

𝑔

𝑚𝑚3
 is a BMP-2 reference concentration. The 

dimensionless time was determined by the formula �̃� = 𝑡
 𝑝80𝐶𝑡𝑜𝑡𝑎𝑙,𝑚𝑎𝑥0∙

𝑚𝑚𝑎𝑥
, according to 

which the time unit corresponds to about 11 days [48]. Dimensionless values of other 

model parameters are presented in Appendix A. 

Fig. 3 shows the evolution of ECM density of the formed tissue under standard ASI 

conditions, and Fig. 4 shows the evolution of ECM density, chondrocites population 

density, MSC population density, BMP-2 concentration and FGF-1 concentration over 

time with the values of the model parameters given in the Appendix A. Similar graphs 

obtained under the conditions of regenerative rehabilitation of the AC injured area under 

the respective parameter values justified above are shown in Figs 5 and 6, respectively. 

The simulation results indicate that the process of ECM formation occurs in the same 

way when implementing two AC recovery strategies studied in this work. However, 

within the framework of the model under study, in the early stages, the maximum values 

of ECM density are achieved at different points in time (see Figs 3 and 5). Nevertheless, 

in all cases, the regenerative rehabilitation strategy provides better conditions for the AC 

defect repair compared to the ASI strategy. So from Figs 3 and 5 it follows that ECM 

density at all stages of evolution is of greater importance in terms of regenerative 

rehabilitation (Table 1). An analysis of the evolution of other model state variables 

indicates that their maximum values are also reached at different points in time when 

implementing different strategies (see Table 2). In addition, it should be noted that under 

conditions of regenerative rehabilitation, the maximum values of MSC population density 

and FGF-1 concentration have lower values under ASI conditions (see Table 3). This is 

explained by the property of the model (1a – 1d, 2a – 2b), which consists in the fact that 

during regenerative rehabilitation, part of the MSC population differentiates into 

chondrocytes and this process is accompanied by a decrease in growth factors FGF-1. 

Table 1 ECM density values at various stages of AC recovery 

Strategy time, 𝑡 

6 11 16 

ECM density 

AC 0.066150 0.425962 0.470151 

Regenerative Rehabilitation 0.084656 0.469820 0.486250 
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Table 2 Time to reach the maximum values of the model state variables (Figs 4 and 6) 

Strategy Model state variable 

ECM 

density 

Chondrocites 

density 

MSC 

population 

density 

BMP-2 

concentration 

FGF-1 

concentration 

time, 𝑡 (𝑡 = 1 roughly equivalent to 11 days) 

ASI 16 2.21 0.55 3.31 1.66 

Regenerative 

Rehabilitation 

16 2.21 0.55 2.76 1.03 

 

Table 3 Maximum values of the model state variables for the entire time of evolution 

(according to Figs 4 and 6) 

Strategy Model state variable 
ECM 

density 

Chondrocites 

density 

MSC 

population 

density 

BMP-2 

concentration 

FGF-1 

concentration 

ASI 0.470151 221.441 486.656 94.851 114.479 

Regenerative 

Rehabilitation 

0.48625 260.617 415.215 114.788 94.446 

 

And, finally, it should be noted that the constant parameters of the model contribute to 

the fact that at a certain point in time the ECM is saturated and its density subsequently 

practically does not change in the positive direction of the x axis (see Figs 7 and 8). 

However, the saturation process is reoriented in the opposite direction, which leads to an 

increase in density in areas located closer to the subchondral bone. Predicting the further 

process of matrix transformation is quite difficult (if at all possible), since the model we 

use does not take into account many factors that affect the AC recovery process. 

4. CONCLUSION 

Increasing the intensity and quality of injuries and diseases treatment of biological 

tissues can be achieved by developing new technologies for regenerative rehabilitation, 

which, according to a large number of well-known experts, contribute to the 

manifestation of a synergistic effect from the combined use of advanced technologies of 

regenerative and rehabilitation medicine [62,63]. In this work, we aimed to show that 

regenerative rehabilitation can be very effective in the treatment of such a common AS 

disease as osteoarthritis. At the same time, it was assumed that various treatment 

strategies based on the combined use of cell therapy, tissue engineering constructs 

(scaffolds), and moderate stimulation of immature tissue can be used to treat focal AS 

defects. This assumption was made taking into account the results of a number of 

experimental in vitro studies published in the scientific literature, indicating the 

effectiveness of strategies for the regenerative rehabilitation of AS compared with 

conventional cell therapy. However, the results of the implementation of such strategies 

in experiments in vivo on animal models are very controversial. In this regard, the 
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improvement of AC regenerative rehabilitation strategies that contribute to the 

achievement of reliable results in the treatment of osteoarthritis is an urgent scientific 

problem. One approach to its solution is to study various mathematical models of AC 

regenerative rehabilitation. 

  

 

Fig. 3 The evolution of ECM density m=m(x,t) of the formed tissue under standard ASI 

conditions ( t=1 roughly equivalent to 11 days; x=1 equivalent to d=2 mm) 
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Fig. 4. Time evolution of model state variables under standard ASI conditions: a) ECM 

density; b) chondrocites population density; c) MSC population density; d) BMP-2 

concentration; e) FGF-1 concentration. t=1 roughly equivalent to 11 days 
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Fig. 5 The evolution of ECM density m=m(x,t) of the formed tissue under conditions of 

regenerative rehabilitation ( t=1 roughly equivalent to 11 days; x=1 equivalent to d=2 

mm) 
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Fig. 6 Time evolution of model state variables under regenerative rehabilitation 

conditions: a) ECM density; b) chondrocites population density; c) MSC population 

density; d) BMP-2 concentration; e) FGF-1 concentration. t=1 roughly equivalent to 11 

days 
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Fig. 7 The evolution of ECM density m=m(x,t) of the formed tissue under standard ASI 

conditions for time 𝑡 = 33: a) 3d visualization; b) visualization in the x-z plane; c) 

visualization in the t-z plane. t=1 roughly equivalent to 11 days; x=1 equivalent to d=2 

mm 
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Fig. 8 The evolution of ECM density m=m(x,t) of the formed tissue under conditions of 

regenerative rehabilitation for time 𝑡 = 33: a) 3d visualization; b) visualization in the x-z 

plane; c) visualization in the t-z plane. t=1 roughly equivalent to 11 days; x=1 equivalent 

to d=2 mm 
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In this work, we used a simplified phenomenological biological model of regenerative 

rehabilitation, built on the basis of the “Diffusion-Reaction” type equations system. The 

study of the model was carried out by the finite element method, the effectiveness of 

which was confirmed by the results of many previous works [64]. Previously, a similar 

model was used by a number of authors to study cellular processes in various tissues 

under conditions of cell therapy. 

Recently, many medical applications tend to use accurate geometric models of the 

objects under study [65]. However, in this work, a simplified geometric model was used. 

Nevertheless, the results of its study were generally consistent with the results of in vivo 

experiments, which led to the conclusion about its adequacy. It was shown that a change 

in the coefficients of the model, which determine the state of the tissue and 

environmental conditions, have a significant impact on the dynamics of the restored 

tissue structural elements, such as chondrocytes, ECM, MSC, etc. The complication of 

the model by taking into account a larger number of structural elements leads to a change 

in the dynamics of their formation, but in general it does not have a significant impact on 

the final result. To a large extent, its achievement depends on the parameters of the tissue 

and the environment, which change, including in the process of mechanical stimulation of 

the cartilage tissue. In this regard, the tasks of more accurate determination of diffusion 

coefficients, cell proliferation rates, and other parameters, depending on the qualitative 

and quantitative performances of mechanical stimuli applied to immature tissue, remain 

topical. At this stage, unfortunately, this is possible only on the basis of various more or 

less plausible hypotheses formulated based on the results of in vitro studies. Therefore, it 

is premature to say that based on the obtained results it is possible to plan strategies for 

the practical regenerative rehabilitation of AS. First, these results suggest that any 

strategy will be effective when stimulation of immature tissue will increase MSC and 

chondrocyte proliferation, increase MSC differentiation into chondrocytes, and reduce 

cell death. Secondly, the architectonics of the formed ECM, which mainly determines its 

properties, remains unknown. Thirdly, it is not clear at what time period after cell 

implantation stimulation of the regenerated tissue should begin and when it should be 

stopped. Of no small importance are many other issues that were not addressed in this 

work. At the same time, it can be concluded that answers to most of these questions can 

be obtained as a result of the study of more complex models and more precisely defined 

parameters in experiments in vivo.      

Acknowledgement: The authors would like to thank to doctor G.D. Olinichenkofor his helpful 

comments in preparing this paper. 
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Appendix A 

Parameters of repair model / AC focal defect regenerative rehabilitation 

Parameter Parameter value Parameter 

dimension 

Dimensionle

ss parameter 

value 

𝐶𝑆 – MSC density  𝐶𝑆 = 𝐶𝑆(𝑥, 𝑡)  
𝑐𝑒𝑙𝑙𝑠

𝑚𝑚3
  - 

𝐶𝐶 – chondrocyte 

density 

𝐶С = 𝐶С(𝑥, 𝑡)  
𝑐𝑒𝑙𝑙𝑠

𝑚𝑚3
  - 

𝑚 – ECM density 𝑚 = 𝑚(𝑥, 𝑡)  𝑔

𝑚𝑚3
  - 

𝑛 – nutrient 

concentration 

𝑛 = 𝑛(𝑥, 𝑡)  𝑚𝑜𝑙𝑒𝑠

𝑚𝑚3
  - 

𝑔 – FGF-1 

concentration 

𝑔 = 𝑔(𝑥, 𝑡)  𝑔

𝑚𝑚3
  - 

𝑏 – BMP-2 

concentration 

𝑏 = 𝑏(𝑥, 𝑡)  𝑔

𝑚𝑚3
  - 

𝐷𝑆 – MSC random 

motility (diffusion) 

coefficient 

𝐷𝑆 = 𝐷𝑆0
𝑚

𝑚2+𝑚1
2  

𝑚𝑚2

ℎ𝑜𝑢𝑟
  - 

𝐷𝑆0 – MSC diffusion 

constant 

𝐷𝑆0 = 2𝑚1𝐷𝑆
∗ = 7.2 ×

(10−9 ÷ 10−8)   

𝑚𝑚2

ℎ𝑜𝑢𝑟
∙

𝑔

𝑚𝑚3
  0.001 – 0.01 

𝐷𝑆
∗ – maximum MSC 

diffusion coefficient 

𝐷𝑆
∗ = 3.6 × (10−4 ÷ 10−3)  𝑚𝑚2

ℎ𝑜𝑢𝑟
  - 

𝐷𝐶   – chondrocyte 

random motility 

(diffusion) 

coefficient 

𝐷𝐶 = 𝐷𝐶0
𝑚

𝑚2+𝑚1
2  

𝑚𝑚2

ℎ𝑜𝑢𝑟
  - 

𝐷𝐶0 – chondrocyte  

diffusion constant 

𝐷𝐶0 = 2𝑚1𝐷𝐶
∗   𝑚𝑚2

ℎ𝑜𝑢𝑟
∙

𝑔

𝑚𝑚3
   0.001 

𝐷𝐶
∗ − maximum 

chondrocyte diffusion 

coefficient 

𝐷𝐶
∗ = 3.6 × (10−4 ÷ 10−3)   𝑚𝑚2

ℎ𝑜𝑢𝑟
  - 

𝐷𝑛 - nutrient diffusion 

coefficient 

𝐷𝑛 = 4.6  𝑚𝑚2

ℎ𝑜𝑢𝑟
  100 - 300 

𝐷𝑚 – ECM diffusion 

coefficient 
𝐷𝑚 = 2.5 × 10

−5  𝑚𝑚2

ℎ𝑜𝑢𝑟
  0.001 – 0.01 

𝐷𝑔 - FGF-1 diffusion 

coefficient 

𝐷𝑔 = 2 × 10
−3  𝑚𝑚2

ℎ𝑜𝑢𝑟
  1.14 

𝐷𝑏  – BMP-2 diffusion 

coefficient 

𝐷𝑏 = 2 × 10
−3  𝑚𝑚2

ℎ𝑜𝑢𝑟
  1.14 

𝑝1 – MSC proliferation 𝑝1 = 𝐴𝑚 (1 −
𝐶𝑆

𝐶𝑆𝑚𝑎𝑥
);  

𝑐𝑒𝑙𝑙

ℎ𝑜𝑢𝑟
  - 
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rate  𝐴𝑚 = 𝑝10
𝑚

𝑚2+𝑚2
2 ; 

𝐶𝑆𝑚𝑎𝑥 = 𝐶𝑆𝑚𝑎𝑥0 (1 −
𝑚

𝑚𝑚𝑎𝑥
)  

- - 

𝑝10 – MSC 

proliferation constant 

𝑝10 = 2𝑚2𝑝1
∗ = 4 × 10−6   𝑔

𝑚𝑚3
∙

1

ℎ𝑜𝑢𝑟
  12 

𝑝1
∗ – maximum MSC 

proliferation rate 

𝑝1
∗ = 0.2  𝑐𝑒𝑙𝑙

ℎ𝑜𝑢𝑟
  - 

𝐶𝑆𝑚𝑎𝑥0 – maximum 

MSC density 

𝐶𝑆𝑚𝑎𝑥0 = 0 ÷ 10
6   𝑁𝑐

𝑚𝑚3
  0.6 

𝑚1 – reference ECM 

density 
𝑚1 = 10

−5 (assumed 𝑚𝑚𝑎𝑥 

/10 ) 

𝑔

𝑚𝑚3
  0.1 

𝑚2 – reference ECM 

density 
𝑚2 = 10

−5 (assumed 𝑚𝑚𝑎𝑥 

/10 ) 

𝑔

𝑚𝑚3
  0.1 

𝑚𝑚𝑎𝑥  – maximum 

ECM density 

𝑚𝑚𝑎𝑥 = 10
−4  𝑔

𝑚𝑚3
  - 

𝑝2 – MSC 

differentiation rate 

𝑝2 = 3.75 × 10
−3  1

ℎ𝑜𝑢𝑟
  1.0 

𝑝3 – MSC death rate 𝑝3 = 3.75 × 10
−3  1

ℎ𝑜𝑢𝑟
  1.0 

𝑝4 – chondrocyte 

proliferation rate 
𝑝4 = 𝐵𝑚 (1 −

𝐶𝐶

𝐶𝐶𝑚𝑎𝑥
); 

1

ℎ𝑜𝑢𝑟
  - 

 𝐵𝑚 = 𝑝40
𝑚

𝑚2+𝑚2
2 + 𝑝400

𝑔

𝑔+𝑔0
; 

𝐶𝐶𝑚𝑎𝑥 = 𝐶𝐶𝑚𝑎𝑥0 (1 −
𝑚

𝑚𝑚𝑎𝑥
)   

- - 

𝑔0 – FGF-1 reference 

concentration 

𝑔0 = 10
−10  𝑔

𝑚𝑚3
  - 

𝑝40  – chondrocyte 

proliferation constant 

𝑝40 = 2𝑚2𝑝4
∗ = 4 × 10−9   𝑔

𝑚𝑚3
∙

1

ℎ𝑜𝑢𝑟
   0.012 

𝑝4
∗ – maximum 

chondrocyte 

proliferation rate 

𝑝4
∗ = 2 × 10−4  1

ℎ𝑜𝑢𝑟
  - 

𝑝400 – chondrocyte 

proliferation rate (from 

FGF-1) 

𝑝400 = 2 × 10
−4  1

ℎ𝑜𝑢𝑟
  0.012 

𝐶С𝑚𝑎𝑥0 – maximum 

chondrocyte density 

𝐶𝐶𝑚𝑎𝑥0 = 0 ÷ 10
6   𝑁𝑐

𝑚𝑚3
  0.4 

𝐻(𝑛 − 𝑛1) – Heaviside 

function 
𝐻(𝑛 − 𝑛1) = {

0, 𝑛 ≤ 𝑛1
1, 𝑛 > 𝑛1

  
- - 

𝑛1 – critical nutrient 

concentration 

𝑛1 = 9.5 × 10
−12  𝑁𝑚

𝑚𝑚3
  0.1 

𝑛0 – threshold nutrient 

concentration 

𝑛0 = 2.3 × 10
−11  𝑁𝑚

𝑚𝑚3
  0.24 – 0.81 
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𝐻(𝐶𝑆 − 𝐶𝑆0) – 

Heaviside function 
𝐻(𝐶𝑆 − 𝐶𝑆0) = {

0, 𝐶𝑆 ≤ 𝐶𝑆0
1, 𝐶𝑆 > 𝐶𝑆0

  
- - 

𝐶𝑆0  – MSC threshold 

density 

𝐶𝑆0 = (𝐶𝑆0𝑚𝑎𝑥 −

𝐶𝑆0𝑚𝑖𝑛)𝑒
−𝛼𝑏 + 𝐶𝑆0𝑚𝑖𝑛  

𝑁𝑐

𝑚𝑚3
  - 

𝐶𝑆0𝑚𝑎𝑥  – maximum 

threshold MSC density 

𝐶𝑡𝑜𝑡𝑎𝑙,𝑚𝑎𝑥0

2
  

𝑁𝑐

𝑚𝑚3
  0.35 

𝐶𝑆0𝑚𝑖𝑛 – minimum 

threshold MSC density 

0.9𝐶𝑆0𝑚𝑎𝑥   𝑁𝑐

𝑚𝑚3
  0.315 

𝐻(𝑛1 − 𝑛) – Heaviside 

function 
𝐻(𝑛1 − 𝑛) = {

0, 𝑛1 ≤ 𝑛
1, 𝑛1 > 𝑛

  
- - 

𝑝5 – chondrocyte death 

rate 

𝑝5 = 3.75 × 10
−3  1

ℎ𝑜𝑢𝑟
  1 

𝑝6 – nutrient uptake 

constant by MSC 

𝑝6 = 1.5 × 10
−14  𝑁𝑚

𝑁𝑐∙ℎ𝑜𝑢𝑟
  10000 

𝑝7 – nutrient uptake 

constant by 

chondrocytes 

𝑝6 = 1.5 × 10
−14  𝑁𝑚

𝑁𝑐∙ℎ𝑜𝑢𝑟
  10000 

𝑝8 – ECM synthesis 

rate 

 𝑝8 = 𝑝80 − 𝑝81𝑚  𝑔

𝑚𝑚3
∙

1

𝑁𝑐/𝑚𝑚3
∙

1

ℎ𝑜𝑢𝑟
  

- 

𝑝80 – ECM production 

constant 

𝑝80 = 3.75 × 10
−13  𝑔

𝑚𝑚3
∙

1
𝑁𝑐

𝑚𝑚3

∙
1

ℎ𝑜𝑢𝑟
   

0 - 1 

𝑝800 – FGF-1 ECM 

deposition rate 

𝑝800 = 0 ÷ 1  - 0 - 1 

𝑝81 – ECM degradation 

constant 

𝑝81 = 3.75 × 10
−9  1

𝑁𝑐

𝑚𝑚3

∙
1

ℎ𝑜𝑢𝑟
  1 

𝑝9 – FGF-1 production 

constant 

𝑝9 = 10
−17  𝑔

𝑚𝑚3
∙

1
𝑁𝑐

𝑚𝑚3

∙
1

ℎ𝑜𝑢𝑟
  

26.67 

𝑝11 – FGF-1 

degradation rate 

𝑝11 = 5.8 × 10
−2  1

ℎ𝑜𝑢𝑟
  15.4 

𝑝12 – BMP-2 

production constant 

𝑝12 = 10
−17  𝑔

𝑚𝑚3
∙

1
𝑁𝑐

𝑚𝑚3

∙
1

ℎ𝑜𝑢𝑟
  

26.67 

𝑝13 – BMP-2 

degradation rate 

𝑝13 = 5.8 × 10
−2  1

ℎ𝑜𝑢𝑟
  15.4 

𝐶𝑡𝑜𝑡𝑎𝑙,𝑚𝑎𝑥0 – maximum 

total cell density 

𝐶𝑡𝑜𝑡𝑎𝑙,𝑚𝑎𝑥0 = 𝑁𝑐

𝑚𝑚3
  - 
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(1 −
𝑚

𝑚𝑚𝑎𝑥
)
−1
(𝐶𝑆𝑚𝑎𝑥 +

𝐶𝐶𝑚𝑎𝑥) = 10
6    

𝛼 – threshold stem cell 

density reduction factor 

𝛼 = 1010  1

𝑔/𝑚𝑚3
  100 

𝛾 – FGF-1 flux 

coefficient 

𝛾 = 10−2  𝑚𝑚

ℎ𝑜𝑢𝑟
  0.01 

𝜒 – BMP-2 flux 

coefficient 

𝜒 = 10−2  𝑚𝑚

ℎ𝑜𝑢𝑟
  1 

𝑏0 – BMP-2 reference 

concentration 

𝑏0 = 10
−10  𝑔

𝑚𝑚3
  - 

𝐶𝑆
(0) – initial MSC 

density 

𝐶𝑆
(0) = 2.5 × 105(based on 

106 cells in 

20 mm × 20 mm × 10 μm 

volume) 

𝑁𝑐

𝑚𝑚3
  0.25 

𝐶𝐶
(0) – initial 

chondrocytes density 

𝐶𝑆
(0) = 102 (10−2% of total 

cell density) 

𝑁𝑐

𝑚𝑚3
  0.0001 

𝑁0 – initial nutrient 

concentration 

𝑁0 = (2.85 ÷ 9.5)10
−11  𝑁𝑚

𝑚𝑚3
  - 

𝑚3 – initial ECM 

density 

𝑚3 = 10
−8 (assumed 𝑚𝑚𝑎𝑥 

/104) 

𝑔

𝑚𝑚3
  0.0001 

𝑔𝑖𝑛𝑖𝑡  – initial FGF-1 

concentration 

𝑔𝑖𝑛𝑖𝑡 = 10
−12  𝑔

𝑚𝑚3
  0.01 

𝑏𝑖𝑛𝑖𝑡  – initial BMP-2 

concentration 

𝑔𝑖𝑛𝑖𝑡 = 10
−12  𝑔

𝑚𝑚3
  0.01 

 


