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Abstract. In [4], the authors have proved the theorems 2.4 and 2.5 related to some
integral inequalities via the Laplace transformation with the parameter p > 1. In
this manuscript, we propose new extension for integral inequalities related to Laplace
transformation with two parameters p , q and using the weight functions w, φ. We
deduce some new inequalities linked to the Laplace transformation.
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1. Introduction

In this article, we seek to extend certain integral inequalities of Moazzen and
Lashkaripour, which involve an exponent p > 1 corresponding to a Lebesgue norm,
by considering their behavior when this parameter is taken equal to 0 < p < 1.

As it is well known in Functional Analysis, this difference fundamentally modifies
the behavior of the associated Lebesgue spaces. The conjugate Hölder exponent is
now negative, leading to a phenomenon of inverse Hölder inequality, the spaces are
not more normalized but quasi-normalized, and the functions in these spaces no
longer need to be locally integrable, so that they fail to be distributions and we
cannot make them fit into the traditional framework of Sobolev’s inequalities and
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the Fourier transform which is important for many applications for these purposes.
Hardy spaces are generally considered to be the natural analogue of Lp with p ≥ 1.

Historically, the case of 0 < p < 1 has been rather widely treated as an arithmetic
or functional analytical curiosity, rather than something of immediate interest to
applications, but in recent years the utility of inequalities involving these small
exponents has become apparent in a number of situations where the problems of
interest are naturally formulated in contexts of low regularity. (See [3]).

Moazzen and Lashkaripour [4] have proved the Theorem 2.4:

Theorem 1.1. Let f be non-negative integrable function on (0,∞) with its Laplace
transformation exists and p > 1, r > p−1

p . Define

fr(x) =

∫ x

0

(x− τ)r−1f(τ)d τ.

Then∫ ∞
0

(
fr(x)

xr

)p
dx < β(rp− p+ 1, p− 1)

(∫ ∞
0

Lf (s)ds

)p−1(∫ ∞
0

f(τ)d τ

)
(1.1)

where Lf is the Laplace transformation of f .

For r = 1, its result∫ ∞
0

(
F (x)

x

)p
dx <

1

p− 1

(∫ ∞
0

Lf (s)ds

)p−1(∫ ∞
0

f(τ)d τ

)
,(1.2)

where F is the Hardy operator defined by F (x) =

∫ x

0

f(τ)d τ .

The authors also proved Theorem 2.5 :

Theorem 1.2. Let f be non-negative integrable function on (0,∞) and p > 1,
r > p−1

p . Define

fr(x) =

∫ ∞
x

(x− τ)r−1f(τ)d τ.

Then∫ ∞
0

(fr(x))pdx <
1

rp− p+ 1

(∫ ∞
0

(τf(τ))rp−p+1d τ

)(∫ ∞
0

(f(τ))p
′−rp′+1d τ

)p−1
.

(1.3)

For r = 1, thus ∫ ∞
0

F p(x)dx <

(∫ ∞
0

τf(τ)d τ

)(∫ ∞
0

f(t)dt

)p−1
.(1.4)
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2. Notations and properties

Definition 2.1. [5] Suppose that f is a real- or complex-valued function of the
(time) variable τ > 0 and s is a real or complex parameter. We define the Laplace
transform of f as

Lf (s) =

∫ ∞
0

e−sτf(τ)d τ,(2.1)

whenever the integral exists (as a finite number).

Remark 2.1. [4] For all s, τ > 0∫ ∞
0

f(τ)

τ
d τ =

∫ ∞
0

Lf (µ)dµ,(2.2)

Proof. For all s, τ > 0∫ ∞
0

Lf (s)ds =

∫ ∞
0

(∫ ∞
0

e−sτf(τ)d τ

)
ds

=

∫ ∞
0

(∫ ∞
0

e−sτds

)
f(τ)d τ

=

∫ ∞
0

f(τ)

τ
d τ.

We introduce the following characteristic function χ properties [4],

For all 0 < p < 1 :
(
χ(0, x](τ)

)p
= χ(0, x](τ),

and

For all x, τ ∈ (0, ∞) : χ[x,∞)(τ) = χ(0, τ ](x).(2.3)

We give the following Theorem of the reverse Minkowski’s inequality [3], [1]
which will be used frequently in the proof.

Theorem 2.1. Let 0 < p < 1,−∞ ≤ a < b ≤ +∞ and −∞ ≤ c < d ≤ +∞.
Suppose that f : (a, b) × (c, d) −→ R is positive measurable function and f(., y) ∈
Lp(a, b) for almost all y ∈ (c, d), then

‖
∫ d

c

f(x, y)dy‖Lp(a,b) ≥
∫ d

c

‖f(x, y)‖Lp(a,b)dy,(2.4)

if left-hand side is finite.
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We rewrite the inequality (2.4) in the form

(∫ b

a

∣∣∣∣∣
∫ d

c

f(x, y)dy

∣∣∣∣∣
p

dx

) 1
p

≥
∫ d

c

(∫ b

a

|f(x, y)|p dx

) 1
p

dy,

therefore

∫ b

a

∣∣∣∣∣
∫ d

c

f(x, y)dy

∣∣∣∣∣
p

dx ≥

∫ d

c

(∫ b

a

|f(x, y)|p dx

) 1
p

dy

p

.(2.5)

3. Main Results

We consider the weighted Hardy operator F of the form

F(x) =

∫ x

0

w(τ)f(τ)d τ,(3.1)

and its dual

F̃(x) =

∫ ∞
x

w(τ)f(τ)d τ,(3.2)

where w : R+ −→ R+ is a weight function (positive and measurable).

The goal of the present work is to establish some extensions of the inequalities

(1.1) and (1.3) by using w and Φ(x) =

∫ x

0

φ(τ)d τ ,where φ is a weight function.

Also, we give some new integral inequalities related to the Laplace transformation
for 0 < p < 1. All integrals throughout are assumed to exist and are finite. We
begin by proving the following Theorem.

Theorem 3.1. Let f a non-negative integrable function on (0,∞) and w, φ be a
weight function on (0,∞). Define

Φ(x) =

∫ x

0

φ(τ)d τ, F̃(x) =

∫ ∞
x

w(τ)f(τ)d τ.

If 0 < φ ≤ 1, then for all 0 < p, q < 1∫ ∞
0

F̃p(x)

Φq(x)
dx ≥ 1

1− q

(∫ ∞
0

w(τ)f(τ)

Φ(p′−1)(q−1)(τ)
d τ

)p−1(∫ ∞
0

w(τ)f(τ)d τ

)
.(3.3)

∫ ∞
0

F̃p(x)

Φq(x)
dx ≥ 1

1− q

(∫ ∞
0

w(τ)f(τ)Φ1−q(τ)d τ

)(∫ ∞
0

w(τ)f(τ)d τ

)p−1
.(3.4)
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Proof. By using the inequalities (2.5) and (2.3), we get∫ ∞
0

F̃ p(x)

Φq(x)
dx =

∫ ∞
0

(∫ ∞
x

w(τ)f(τ)

Φ
q
p (x)

dt

)p
dx

≥

[∫ ∞
x

(∫ ∞
0

1

Φq(x)
dx

) 1
p

w(τ)f(τ)d τ

]p

=

[∫ ∞
0

(∫ ∞
0

χ(x,∞)(τ)Φ−q(x)dx

) 1
p

w(τ)f(τ)d τ

]p

=

[∫ ∞
0

(∫ ∞
0

χ(0,τ)(x)Φ−q(x)dx

) 1
p

w(τ)f(τ)d τ

]p

=

[∫ ∞
0

(∫ τ

0

Φ−q(x)dx

) 1
p

w(τ)f(τ)d τ

]p
.

Since 0 < φ ≤ 1 and 1− q > 0, we get∫ ∞
0

F̃ p(x)

Φq(x)
dx ≥

[∫ ∞
0

(∫ τ

0

φ(x)Φ−q(x)dx

) 1
p

w(τ)f(τ)d τ

]p

=
1

1− q

[∫ ∞
0

Φ
1−q
p (τ)w(τ)f(τ)d τ

]p
,

let 1
p + 1

p ′ = 1, rewriting the last integral on the forms

∫ ∞
0

(
w(τ)f(τ)

Φ(p ′−1)(q−1)(τ)

) 1
p ′

(w(τ)f(τ))
1
p d τ,

or ∫ ∞
0

(
w(τ)f(τ)Φ1−q(τ)

) 1
p (w(τ)f(τ))

1
p ′ d τ,

by using the reverse Hölder integral inequality on the last integral to finish the
proof.

If we take w(x) = 1 , we get the following Corollary.

Corollary 3.1. Let f a non-negative integrable function on (0,∞) and φ be a
weight function on (0,∞). Define

Φ(x) =

∫ x

0

φ(τ)d τ, F̃ (x) =

∫ ∞
x

f(τ)d τ.



46 B. Benaissa and K. Maazouz

If 0 < φ ≤ 1, then for all 0 < p, q < 1∫ ∞
0

F̃ p(x)

Φq(x)
dx ≥ 1

1− q

(∫ ∞
0

f(τ)

Φ(p′−1)(q−1)(τ)
d τ

)p−1(∫ ∞
0

f(τ)d τ

)
.(3.5)

∫ ∞
0

F̃ p(x)

Φq(x)
dx ≥ 1

1− q

(∫ ∞
0

f(τ)Φ1−q(τ)d τ

)(∫ ∞
0

f(τ)d τ

)p−1
.(3.6)

If we take q = p, we get the following Lemma.

Lemma 3.1. Let f a non-negative integrable function on (0,∞) and w, φ be a
weight functions on (0,∞). Define

Φ(x) =

∫ x

0

φ(τ)d τ, F̃(x) =

∫ ∞
x

w(τ)f(τ)d τ.

If 0 < φ ≤ 1, then for all 0 < p < 1∫ ∞
0

(
F̃(x)

Φ(x)

)p
dx ≥ 1

1− p

(∫ ∞
0

w(τ)f(τ)

Φ(τ)
d τ

)p−1(∫ ∞
0

w(τ)f(τ)d τ

)
.(3.7)

∫ ∞
0

(
F̃(x)

Φ(x)

)p
dx ≥ 1

1− p

(∫ ∞
0

w(τ)f(τ)Φ1−p(τ)d τ

)(∫ ∞
0

w(τ)f(τ)d τ

)p−1
.

(3.8)

Remark 3.1. If we take w(τ) = φ(τ) = 1 in the Lemma 3.1 and using (2.2), then for all
0 < p < 1 the following inequalities hold∫ ∞

0

(
F̃ (x)

x

)p
dx ≥ 1

1− p

(∫ ∞
0

Lf (s)ds

)p−1(∫ ∞
0

f(τ)d τ

)
.(3.9)

∫ ∞
0

(
F̃ (x)

x

)p
dx ≥ 1

1− p

(∫ ∞
0

τ1−pf(τ)d τ

)(∫ ∞
0

f(τ)d τ

)p−1

.(3.10)

Remark 3.2. Hence the adjoint Hardy operator [2] is defined by

H?(x) =

∫ ∞
x

f(τ)

τ
d τ.

If we take w(τ) = 1
τ

and φ(τ) = 1 in the Lemma 3.1 and using (2.2), then for all 0 < p < 1
the following inequalities holds∫ ∞

0

(
H?(x)

x

)p
dx ≥ 1

1− p

(∫ ∞
0

f(τ)

τ2
d τ

)p−1(∫ ∞
0

Lf (s)ds

)
.(3.11)

∫ ∞
0

(
H?(x)

x

)p
dx ≥ 1

1− p

(∫ ∞
0

f(τ)

τp
d τ

)(∫ ∞
0

Lf (s)ds

)p−1

.(3.12)
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Remark 3.3. For all s > 0, if we take w(τ) = e−sτ and φ(τ) = 1 in the inequality (3.7),
then ∫ ∞

0

w(τ)f(τ)

Φ(τ)
d τ ≤

∫ ∞
0

f(τ)

τ
d τ,

hence (∫ ∞
0

w(τ)f(τ)

Φ(τ)
d τ

)p−1

≥
(∫ ∞

0

Lf (s)ds

)p−1

.

Thus, for all s > 0∫ ∞
0

(
1

x

∫ ∞
x

e−sτf(τ)d τ

)p
dx ≥ 1

1− pLf (s)

(∫ ∞
0

Lf (s)ds,

)p−1

.(3.13)

Theorem 3.2. Let f a non-negative integrable function on (0,∞), 0 < p < 1 and
w, φ be a weight function on (0,∞). Define

Φ(x) =

∫ x

0

φ(τ)d τ, F(x) =

∫ x

0

w(τ)f(τ)d τ.

If φ ≤ 1 and Φ(∞) =∞, then for all q > 1∫ ∞
0

Fp(x)

Φq(x)
dx ≥ 1

q − 1

(∫ ∞
0

w(τ)f(τ)

Φq−1(τ)
d τ

)(∫ ∞
0

w(τ)f(τ)d τ

)p−1
.(3.14)

∫ ∞
0

Fp(x)

Φq(x)
dx ≥ 1

q − 1

(∫ ∞
0

w(τ)f(τ)

Φ(p′−1)(q−1)(τ)
d τ

)p−1(∫ ∞
0

w(τ)f(τ)d τ

)
.(3.15)

Proof. Applying (2.5) and (2.3) , we get

∫ ∞
0

Fp(x)

Φq(x)
dx =

∫ ∞
0

(∫ x

0

w(τ)f(τ)

Φ
q
p (x)

d τ

)p
dx

≥

[∫ x

0

(∫ ∞
0

1

Φq(x)
dx

) 1
p

w(τ)f(τ)d τ

]p

≥

[∫ ∞
0

(∫ ∞
0

χ(0,x)(τ)Φ−q(x)dx

) 1
p

w(τ)f(τ)d τ

]p

=

[∫ ∞
0

(∫ ∞
0

χ(τ,∞)(x)Φ−q(x)dx

) 1
p

w(τ)f(τ)d τ

]p

=

[∫ ∞
0

(∫ ∞
τ

Φ−q(x)dx

) 1
p

w(τ)f(τ)d τ

]p
.
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Since φ ≤ 1, Φ(∞) =∞ and 1− q < 0 therefore∫ ∞
τ

Φ−q(x)dx ≥
∫ ∞
τ

φ(x)Φ−q(x)dx

=
1

q − 1
Φ1−q(τ),

then ∫ ∞
0

Fp(x)

Φq(x)
dx ≥ 1

q − 1

[∫ ∞
0

Φ−
q−1
p (τ)w(τ)f(τ)d τ

]p
.(3.16)

We rewrite the integral in the right hands side of (3.3) on the forms∫ ∞
0

(
w(τ)f(τ)Φ−q+1(τ)

) 1
p (w(τ)f(τ))

1
p′ d τ,

or ∫ ∞
0

(
w(τ)f(τ)

Φ(p′−1)(q−1)(τ)

) 1
p′

(w(τ)f(τ))
1
p d τ,

finally by using the reverse Hölder integral inequality, we get the result.

If we take w(x) = 1, we get the following Corollary.

Corollary 3.2. Let f a non-negative integrable function on (0,∞), 0 < p < 1 and
φ be a weight function on (0,∞). Define

Φ(x) =

∫ x

0

φ(τ)d τ, F (x) =

∫ x

0

f(τ)d τ.

If φ ≤ 1 and Φ(∞) =∞, then for all q > 1∫ ∞
0

F p(x)

Φq(x)
dx ≥ 1

q − 1

(∫ ∞
0

f(τ)

Φq−1(τ)
d τ

)(∫ ∞
0

f(τ)d τ

)p−1
.(3.17)

∫ ∞
0

F p(x)

Φq(x)
dx ≥ 1

q − 1

(∫ ∞
0

f(τ)

Φ(p′−1)(q−1)(τ)
d τ

)p−1(∫ ∞
0

f(τ)d τ

)
.(3.18)

If we take q = 1
p , we get the following Lemma.

Lemma 3.2. Let f a non-negative integrable function on (0,∞) and w, φ be a
weight function on (0,∞). Define

Φ(x) =

∫ x

0

φ(τ)d τ, F(x) =

∫ x

0

w(τ)f(τ)d τ.

If φ ≤ 1 and Φ(∞) =∞, then for all 0 < p < 1∫ ∞
0

Fp(x)

Φ
1
p (x)

dx ≥ p

1− p

(∫ ∞
0

w(τ)f(τ)

Φ
1−p
p (τ)

d τ

)(∫ ∞
0

w(τ)f(τ)d τ

)p−1
.(3.19)
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0

Fp(x)

Φ
1
p (x)

dx ≥ p

1− p

(∫ ∞
0

w(τ)f(τ)Φ
1
p (τ)d τ

)p−1(∫ ∞
0

w(τ)f(τ)d τ

)
.(3.20)

If we take q = 1 + p , we get the following Lemma.

Lemma 3.3. Let f a non-negative integrable function on (0,∞) and w, φ be a
weight functions on (0,∞). Define

Φ(x) =

∫ x

0

φ(τ)d τ, F(x) =

∫ x

0

w(τ)f(τ)d τ.

If φ ≤ 1 and Φ(∞) =∞, then for all 0 < p < 1∫ ∞
0

Fp(x)

Φp+1(x)
dx ≥ 1

p

(∫ ∞
0

w(τ)f(τ)

Φp(τ)
d τ

)(∫ ∞
0

w(τ)f(τ)d τ

)p−1
.(3.21)

∫ ∞
0

Fp(x)

Φp+1(x)
dx ≥ 1

p

(∫ ∞
0

w(τ)f(τ)

Φp′(τ)
d τ

)p−1(∫ ∞
0

w(τ)f(τ)d τ

)
.(3.22)

Remark 3.4. If we take w(τ) = φ(τ) = 1 in the Lemma 3.3, then for all 0 < p < 1 the
following inequalities holds∫ ∞

0

F p(x)

xp+1
dx ≥ 1

p

(∫ ∞
0

f(τ)

τp
d τ

)(∫ ∞
0

f(τ)d τ

)p−1

.(3.23)

∫ ∞
0

F p(x)

xp+1
dx ≥ 1

p

(∫ ∞
0

f(τ)

τ p′
d τ

)p−1(∫ ∞
0

f(τ)d τ

)
.(3.24)

Remark 3.5. Let H̃? the dual of the adjoint Hardy operator defined by

H̃?(x) =

∫ x

0

f(τ)

τ
d τ,

if we take w(τ) = 1
τ

and φ(τ) = 1 in the Lemma 3.3 and using (2.2), then for all 0 < p < 1
the following inequalities holds∫ ∞

0

(H̃?(x))p

xp+1
dx ≥ 1

p

(∫ ∞
0

f(τ)

τp+1(τ)
d τ

)(∫ ∞
0

Lf (s)ds

)p−1

.(3.25)

∫ ∞
0

(H̃?(x))p

xp+1
dx ≥ 1

p

(∫ ∞
0

f(τ)

τ1+p′
d τ

)p−1(∫ ∞
0

Lf (s)ds

)
.(3.26)
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