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Abstract We consider the two dimensional map introduced in Bischi et al. (2015)
formulated as a model for a renewable resource exploitation process in an evo-
lutionary setting. The global dynamic scenarios displayed by the model are not
so often encountered in smooth two dimensional dynamical systems. We explain
the occurrence of such scenarios at the light of the theory of noninvertible maps.
Moreover, complex structures of basins of attraction of coexisting invariant sets are
observed. We analyze such structures by examining stability properties of chaotic
sets, in the case in which a non topological Milnor attractor is present. Stability
changes of a chaotic set occur through global bifurcations (such as riddling and
blowout) and are detected by means of the study of the spectrum of Lyapunov
exponents associated with the set.

Keywords Chaotic dynamics - Noninvertible maps - Milnor attractor - Global
bifurcations - Complexity

1 Introduction

In the recent decades environmental problems arising from human activity have
been drawing great attention of scientists from different research areas (e. g., [11,4,
8] to cite a few). In particular, models describing exploitation of renewable natural
resources have become rather popular (see, e. g., [25,7,16] and references therein).
Within this stream of literature the contribution provided in [6] is placed. In that
work, the authors consider a two dimensional map that is the discrete-time coun-
terpart of the continuous-time dynamical system formulated in [16]. The map is a
model for a renewable resource exploitation process (fishery), where the resource
is renewed according to a logistic-type growth and where players choose between
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two harvesting strategies according to the profit-driven evolutionary selection rule
known as replicator dynamics (see [9,14]).

In the current paper we continue considering the nonlinear model proposed
in [6]. We aim at explaining through mathematical and numerical analysis cer-
tain global dynamic scenarios that the model displays, some of which are quite
unusually found in two dimensional smooth systems in discrete time. At first, we
observe that the target two dimensional map is noninvertible and belongs to the
class Zg — Z>. Namely, a set in the state space of the map exists separating it
into two regions, Zp and Z2, whose points have no preimages and two preimages,
respectively. Such a set is called critical set and it is the generalization in a higher
dimensional framework of the notion of local maxima/minima of one dimensional
maps (see, e. g., [13,1,22,2]). Critical sets play significant role in determining
global phenomena, being responsible for qualitative changes of invariant sets and
their basins of attraction. For instance, the critical set and its images can be used
to obtain the boundaries of trapping regions or may cause occurrence of multiple
connected or non-connected basins of attraction. Moreover, in certain configura-
tions of parameters, the presence of a chaotic attractor is explained by detecting
a mixed absorbing area, which is a trapping region delimited by portions of the
critical sets of different rank and by segments of unstable sets of saddle cycles.

Furthermore, the evolutionary model here considered is characterized by the
presence of a pair of one dimensional sets (more precisely, manifolds) that are
invariant, i.e. mapped into themselves under the action of the map, and are located
at the border of the region of feasible states. The dynamic processes taking place
along such manifolds describe synchronization patterns where all players adopt the
same strategy. We address the problem of synchronization achievement studying
the transversal stability of the attractors embedded in the invariant manifolds,
focusing on the nonstandard occurrence in which these attractors are chaotic sets.
Through numerical computations of Lyuapunov exponents associated with the
orbits nested in such chaotic sets, transversal stability changes can be highlighted.
This analysis allows us to detect the occurrence of global bifurcation scenarios, such
as riddling and blowout bifurcations. In detail, it may occur that, along certain
bifurcation paths, the chaotic set can lose transversal stability, as it is meant in
Lyapunov sense, turning into a so called non topological Milnor attractor [19].
The consequences of this bifurcation, called riddling bifurcation, are influenced
by coexistence of multiple attractors. The long run convergence to synchronized
dynamics can take place after a transient on-off intermittency (local riddling),
where almost synchronized states are followed by asynchronous bursts, carrying
the orbit far from the synchronization manifold. However, the fate of an orbit
starting from initial conditions that are arbitrarily close to the synchronization
manifold may also be different. Namely, the orbit diverges from the manifold to
advance towards the coexisting inner attractor (global riddling). The explanation
of these behaviors lies in the weak stability of the non topological Milnor attractor,
being each point of its basin surrounded by points that belong to the basin of
the other attractor. This circumstance determines complex structures of basins of
attraction that are said to be riddled (see, e. g., [15,9]).

The paper is organized as follows. In Section 2 we introduce the map and recall
its main properties. In Section 3 we report facts about fixed points, their possible
bifurcations and the associated bifurcation conditions. Section 4 is devoted to
studying nontrivial dynamics emerging when the internal fixed point E* undergoes
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a flip bifurcation. In particular, we describe a mixed chaotic area occurring after
the respective period-doubling cascade (Sec. 4.2). In Section 5 coexistence of a
Milnor attractor, located at the border of the feasible domain, and an internal
attractor is studied. Section 6 concludes.

2 Preliminaries

In this section we recall briefly the original model setup and describe main prop-
erties of the map.

2.1 The model

Let us consider some target renewable resource (e. g., a particular kind of fish),
whose available quantity at time ¢ is denoted as z(t). Suppose there are N agents
(fishers) exploiting this resource choosing between two different technologies: an
intensive (standard) one or environmentally friendly (ecological) one. The tech-
nologies are characterized by coefficients g1 > 0 and go € (0, g1), respectively. The
second variable r(t) € [0,1] denotes the fraction of agents that use the standard
technology during time period ¢, and hence, the fraction of agents 1 — r(¢) use
the ecological technology. Clearly, if r(¢) = 0 (r(¢) = 1) then all agents adopt
ecological (standard) technology. It is also assumed that consumers buy the re-
source harvested by ecological (standard) technology at the constant price ag (a1).
Since ecological technology is supposed to be less efficient (go < ¢1), the respective
resource should be more expensive, that is, a1 < ag.

In a discrete-time framework, the total quantity z(¢) of the resource is given
by a model with non-overlapping generations (that is, a logistic-like equation) and
the fraction r(t) changes according to an exponential replicator dynamics [10,14].
In such a way, we get a two-dimensional map F : R? 3 (z,y) — (2/,7') € R?

2y k 2y

- 1)
3 agao—aia ! (
TI—T{T+(1—T)G( 4y 5)}

Clearly, the region of feasible states is Dy = {(z,7) : = > 0,0 < r < 1}. As
for the remaining parameters, o > 0 is the natural growth rate of the resource,
k > 0 is its carrying capacity, i. e., the resource equilibrium level when there is no
harvesting. The parameter v > 0 represents a cost coefficient, so that, the larger is
7, the higher is the cost of harvesting. The intensity of choice 8 > 0 measures the
reactiveness of agents, that is, for larger 8 greater fraction of agents change their
minds in favor of the more profitable strategy. Finally, £ € R represents a policy
parameter, regulating the profitability of one technology over the other. In fact, £
equals the difference between fixed costs associated with the ecological technology
and the fixed costs related to the standard technology. The values £ < 0 mean that
the fixed costs for intensive harvesting are higher, being the case assumed below.

2 = (1—|—a7 M) T — g:102 + ﬁ(aoqo *alth)x?",
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2.2 Invariant sets and map reduction

As shown in [6], the map F has three invariant sets, namely, the lines M =
{(z,r) : z =0} Mo = {(z,7) : » =0} and M1 = {(z,r) : r = 1}, along which
the dynamics is given by respective one dimensional restrictions. Orbits on M;,
¢t = 0,1, describe dynamic scenarios where players behave in the same way, all
adopting either environmentally friendly technology (along Mp), or the intensive
technology (along M;). For this reason, we will refer to M, as synchronization
manifolds. At M, the map F is reduced to f,—; : R 3z — 2’ € R such that

/ Naig; a o
=(14a— —2d), 22 2
x ( +a 5 )T %" (2)
Each of the maps (2) is topologically conjugate to the logistic map g : R > z —
2’ € R, where

2 =piz(1—2) with p; =1+ a—Naigi/(2y), (3)

through the homeomorphism = = h(z) = k(2v(1 + o) — Na;q;)z/(2va), that is,
f(h(z)) = h(g(z)). Hence, the map f,—; has two fixed points z = 0 and

Na;q; *
=(1- =2 )k=:x;. 4
o= (1 50 Y i (@
The fixed point z = 0 is stable for (Na;q;)/(2y) — 2 < a < (Na;q;)/(2y). At
a = (Na;g;)/(2v) the points x = z} and x = 0 undergo the transcritical bifurcation,
exchanging stabilities. For (Na;q;)/(27) < a < (Na;q;)/(2y) + 2, the fixed point
xz = xj is stable. And at o = (Na;q;)/(27) + 2 it undergoes the flip bifurcation,
implying appearance of a stable cycle of period 2 and the successive well-known
bifurcation sequence along the line r =i (see, e. g. [26,18,21]).
Along = = 0, the map F is reduced to fz—o : R r — ' € R such that
/ T
= 5
[ (1—r)e—¢8 (5)
The map fy—o is increasing and has two fixed points r = 0 and » = 1. The former
one is stable and the latter one is unstable for & < 0.

2.3 Critical lines

Before continuing investigation of the map dynamics recall that the map is non-
invertible, so there are critical lines, which play an important role for global dy-
namics.

Recall that the notion of critical line (or set) is typical for noninvertible maps
(see [13,22,1,2] to cite a few). A critical line LC is defined as a geometric locus
of points in the phase space having at least two coincident preimages. These co-
incident preimages are located on the curve LC_1, also referred to as the curve
of merging preimages. In the case of the considered map F (being continuously
differentiable) LC_; is the set of points (x,r) such that!

det DF(z,r) = 0. (6)

1 Note that in general LC_; is only included in the set of points at which the determinant
of the Jacobi matrix vanishes.



Title Suppressed Due to Excessive Length 5

The equation (6) solved for r gives LC_1 = {(z,r) : r € R,z =z} with

5= () = 8kv%(1 + a) — 4kyN(aoqo(1 — ) + a1q17)
16ay2 — BkN(aogo — a1q1)(adqo — a2q1)r(l — )’

The critical line (of rank 1) is then given as LCy = F(LC_1) := LC, and the critical
lines of higher rank k, k > 2, are the respective images LCy,_; = FF~1(LC).

The map F is of type Zs — Zp, that is, phase points (z,7) € Dx located to the
right of the critical line LC = F(LC_1) do not have preimages, while the points
located to the left of LC' have two preimages.

(7)

3 Trivial dynamics: fixed points

In this section we recall briefly the facts about feasibility and stability of fixed
points of the map (1), described in detail in [6].

Clearly, the fixed points of one-dimensional restrictions fz—o, fr=0 and fr=1
constitute also four fixed points of the two-dimensional map F. These points are the
extinction fixed points EJ(0,0) and E?(0,1) and the viable fixed points Eg(zf,0)
and E7(z7,1) under ecological and intensive harvesting, respectively. The points
E§ and EY always belong to the boundary 8D r of the feasible region, while Eg and
E7f belong to 0D if zf; > 0, 7 > 0 (otherwise they are not feasible). In addition,
there exists the fifth fixed point E*(z*,r*), not related to the one-dimensional
restrictions, with

* 45’7 * 2’704(1 - kiﬂ*) — Naoqo
Y T Bp-aq T N(ag - '
2q0 — a?q1 aigi — aoqo)

(8)

The point E* is feasible if z* > 0 and 0 < r* < 1.

The fixed point EJ is stable if (Naoqo)/(27)—2 < a < (Naogo)/(27) and £ < 0,
while EY is stable if (Na1q1)/(27) —2 < a < (Naiq1)/(2v) and £8 > 0. Note that
at £8 = 0 the points EJ and EY undergo a particular kind of bifurcation related to
the eigenvalue +1. Indeed, at £8 = 0 the restriction fz—o becomes a linear identity
function fz—o = r, and hence, for its fixed points r = 0 and r = 1 there occurs a
degenerate bifurcation associated with the eigenvalue +1, at which the two points
exchange stabilities. The same happens for the points EJ and EY in the vertical
direction. Namely, at £8 = 0 any point (0,7), r € R, is a fixed point of F with one
multiplier being equal to +1.

The viable fixed point E, i = 0,1, related to the case when all agents choose
the same strategy, is stable if

2 2
Na;qi Na;qi Y Y (aggo — aiqr) _ Naig;
% <a< % +2 and (-1)¢<(-1) — k(1 0 )

The condition o = (Na;q;)/(2v) is related to the transcritical bifurcation along
the line 7 = i, at which E} collides with E? and becomes feasible, that is, for
a > (Naiq;)/(2v) there holds z} > 0. The condition a = (Na;q;)/(2v) + 2 is
associated with the flip bifurcation, due to which a 2-cycle on the line r = ¢
appears. When the third equality holds

(a%qo - a%‘]l) k (1 _ Naiqi)

&= 4 2ya
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there occurs the transcritical bifurcation for the points E; and E*.
Finally, the point E* is stable if the following three inequalities hold:

Naopqo _ Naiq1 B
(oo ) (M55 0
Naogo Naiq N(a1q1 — aoqo)

< > fB)( > fB>§ﬁ+2(27aA)T>O, (10)
Naggo 5\ (Naaw 5 5ﬂ_aAN(alfh —aoqo) _ 0, (11)

2y 2 2y

where
A:& B =a(1-A).

(adqo — afq)k’

The equalities in (9), (10), and (11) are related to the transcritical, flip, and
Neimark-Sakker bifurcations of E*, respectively.

To proceed we have to choose the parameter space section, which is not a
simple task taking into account that there are ten parameters. Note that the
inequalities (9), (10), and (11) are most easily solved with respect to £ or 8. Recall
that the parameter £ represents governmental policies regulating the prevalence of
one technology over the other, in particular, it includes fixed taxes imposed. On
the other hand, 5 measures the reactiveness of agents controlling how quickly the
agents adopt to the changes on the market. Therefore, the choice of (£, 3) plane
as the main parameter space section seems reasonable.

A typical bifurcation diagram in the (¢, 3) parameter plane can be different
depending on the values of the other eight parameters. Two examples are presented
in Figs. 1(a),(b). In the panel (a), for larger value of o = 5.5, one can see that for
values of £ closer to zero there is a periodicity region associated with an attracting
cycle O3 located on the invariant line r = 1. It undergoes a transcritical bifurcation
at £ ~ —0.17325 (the related line rp; o, is shown blue) becoming a saddle, while
the other 2-cycle Oz becomes stable entering the feasible region Dz from above.
Further, due to a flip bifurcation (the related curve ng- is shown red) the internal
fixed point E* attains stability, and then it becomes an unstable focus through
a Neimark-Sakker bifurcation (the related curve (g- is shown green). For smaller
a = 3.39203 (Fig. 1(b)), the fixed point E* becomes stable due to a transcritical
bifurcation (the corresponding line kg« gx is shown blue) colliding with Eg, at the
line » = 0, and entering Dz from below. Then it can lose stability through a flip
or a Neimark-Sakker bifurcation (the corresponding curves ng- and (g« are shown
again by red and green lines, respectively). Below we consider in detail this second
parameter space section.

4 Nontrivial dynamics

In this section we describe dynamics different from fixed points. Below we observe
that the dynamics of the map is rather rich, including cyclic closed invariant curves,
mixed chaotic areas and Milnor attractors.
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Fig. 1 Color coded 2D bifurcation diagrams in (&, 8) parameter plane with different colors
corresponding to different periods. (a) o« = 5.5, (b) a = 3.39203. The other parameters are
ap = 1.973,a1 = 1.91, g0 = 0.1013, g1 = 0.404,~ = 1.875, N = 15,k = 3.

10

5.56

0931 3 -0.25

Fig. 2 2D bifurcation diagram in (&, 3) parameter plane for oo = 3.39203 showing the region
near the flip bifurcation of E*. The other parameters and the meaning of colors are as in Fig. 1.

4.1 Dynamics near flip bifurcation of E*

In Fig. 2 we see the rectangular area marked in Fig. 1(b), related to the period
doubling cascade emerging after the flip bifurcation of E*. The black point marks
the parameter point P = (¢, 8) with ¢ ~ —0.29355, 8 ~ 8.33, at which the type of
the flip bifurcation changes from supercritical (below P) to subcritical (above P).

At the first site, the diagram looks strange, since intuitively one expects that
the regions related to period-doubling sequence should all converge to the point P,
and they do not (except for the region related to the stable 2-cycle). To understand
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this occurrence in detail, we plot in Fig. 3, 1D diagrams versus ¢ along two arrows
marked in Fig. 2. The gray stripes denote the attractor at the line r = 0, while
blue and green colors are related to two different attractors located in interior of
Dyz. In panels (a), (c) for 8 = 7.9, one can see that the stable 2-cycle Oy appears
due to the (supercritical) flip bifurcation of E* and then disappears for smaller ¢
due to the fold bifurcation. The related complementary saddle cycle O is shown
by solid red line. Hence, the periodicity region related to Oz is confined by three
borders, namely, the curve related to the flip bifurcation of E*, the curve related
to the flip bifurcation of Oz, and the curve related to the fold bifurcation of Oz
and Os.

-0.291

Fig. 3 1D bifurcation diagrams corresponding to the two arrows marked in Fig. 2. Green and
blue denote 2 orbits related to different initial conditions, red color denotes the saddle 2-cycle,
which collides with stable 2-cycle due to fold bifurcation (a, ¢) 8 =7.9; (b, d) 8 =09.

The flip bifurcation of Oz implies appearance of the stable 4-cycle O4. However,
if the 2-cycle disappears due to fold bifurcation at 00, 6, OF if it does not exist (in
case of subcritical flip bifurcation of E*), the cycle O4 must appear due to another
bifurcation. For explaining this let us follow the cycle Oy starting from the value
of ¢ for that it is located below the line Mg and is a saddle. With decreasing &, it
becomes an unstable node (shown pink) due to a transcritical bifurcation colliding
with the unstable 2-cycle O3 c Mg (shown by dashed pink line, being unstable,
and red line, being saddle). Then O undergoes a flip bifurcation becoming again a
saddle while an unstable node 4-cycle O4 appears (shown by cyan line). Eventually
04 becomes an unstable focus, being surrounded by four cyclic invariant curves



Title Suppressed Due to Excessive Length 9

2.9 (a) 2.9, (%)

(g e — e

B e W e

0.012

0
- 0.003
0.000555959 3 -0.2955 ~0.29575 £ -0.2957

Fig. 4 1D diagram for S = 5.56 (the respective path is marked in Fig. 2 by a short black line
segment).

I’y and then becomes stable due to a Neimark-Sakker bifurcation. For a certain
range of £ there are two internal attractors coexist, whose basins of attraction are
separated by the stable set of the saddle @y. For completing the description of
the presented bifurcation scenario, we mention that with increasing ¢ the invariant
curves Iy undergo a sequence of bifurcations, first becoming pleated and then
transforming to a chaotic attractor Q that disappears due to a boundary crisis.

4.2 Mixed chaotic area

With decreasing ¢ the aforementioned 4-cycle O4 loses stability due to the flip bi-
furcation and the standard period-doubling cascade is observed (see, e. g., Figs. 2
and 3). Eventually asymptotic dynamics becomes nonregular. To describe the re-
lated attractor in detail let us fix 8 = 5.56. In Fig. 4 the respective 1D bifurcation
diagram is shown, where gray stripes denote the attractor at the line My. Cyan
line denotes the unstable cycle O24 mentioned below.

In Fig. 5 we plot state space with the related 8-piece chaotic attractor Qg for
& = —0.29571. There are also shown two saddle cycles O4 and Og together with
some part of their unstable sets W*(O4) and W"(Os). Noteworthy, the stable
multipliers of both cycles are 0 < pj < 1, 0 < pg < 1. Clearly, W*(O4) and
W"(0Og) asymptotically approach Qg, and the structure of these sets is rather
complex due to infinitely many pleats and self-intersections.

Let us define the domain A = U?ZlAZ- confined by the critical lines LCh,
n=20,...,7, and the appropriate segments of unstable sets W*(O4) and W*"(Os).
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0.013 @) 0074

0.002 0.003

0.85 2.76 z 2.85

Fig. 5 State space for 8 = 5.56, £ = —0.29571. The stable cycles O4 and Og together with
their unstable sets are shown red and magenta, respectively. In (b) the rectangular area marked
in (a) is shown enlarged. The black line contours the neighborhood U = U(Ay).

The domains A, are cyclically mapped one into another, that is, F(4;) C A1,
i =1,2,3, F(A4) C A;. For instance, the domain A; is shown in Fig. 5(b). Its
boundary is a closed contour A = (Py P, P3P4PsPsPi), where the points P; are
intersections of LC, LCy, LCs and W*(0O4), W*(Os). In fact, Ay is the absorbing
area of mixed type for F%. Indeed (see, e. g., [22] for definition),

1. F4(Ay) C Ay,

2. there exists a neighborhood U = U(A1) such that F*(U) ¢ U and almost all
points (x,7) € U\A1 (except for the points belonging to stable sets W?(04),
W?(0Og)) have finite rank image in the interior of A; (the boundary dU of the
neighborhood U is shown in Fig. 5(b) by black line),

3. the boundary 0A; consists of segments of critical lines and unstable sets of
saddle cycles.

Similarly, every domain A;, i = 2,3, 4, is the mixed absorbing area for F*. It means
that A = U?ZlA,- is the mixed absorbing area for F. Moreover, it is also known that
if A is the mixed absorbing area, then its image F(A) is the mixed absorbing area
as well, according to the Proposition 4.2" from [22, p. 208]. Hence, either (i) there
exists a finite M such that FM(A) is invariant, that is, FM+1(A) = FM(A), or (ii)
N2, F'(A) is invariant. Anyway, the invariant mixed absorbing area so obtained
represents the chaotic attractor Os.

Further, let us turn back to the 1D diagram shown in Fig. 4. For the value
of &€ ~ —0.2957177 the attractor suddenly shrinks (see the inset in Fig. 4(d)). In
Fig. 6(a) the part of the state space for ¢ = —0.295715 is shown, where one can
see the rightmost piece (the closest to LC) of the chaotic attractor Qs. Inside
Qg the are two cycles marked, namely, the unstable node cycle Qa4 (cyan points)
and the saddle cycle Oay (red points), which appeared for larger ¢ due to a flip
bifurcation (Oa4 is also shown in Fig. 4 by cyan line). With decreasing &, due to
an interior crisis, the cycle Oaa together with its unstable set W“((524) “detaches”
from Qg, which suddenly decreases in size and splits into 24 pieces. The case right
after this bifurcation is depicted in Fig. 6(b), where W%(Oq4) is shown by red
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0.0042

0.0042

2.816 T 2.832

Fig. 6 State space for f = 5.56 and (a) £ = —0.295715, (b) £ = —0.29571771307, (c) & =
—0.29571775; (d) and (e) show the rectangular areas marked in (c) and (b), respectively. Red
and cyan points mark the saddle and the unstable cycles Q24 and Oa4, respectively.

line. When ¢ is decreased further, 24-piece chaotic attractor Qa4 is transformed
into 24-cyclic invariant curves I»4, now surrounding the unstable focus Q24 (see
Fig. 6(c)). Eventually, O24 undergoes a Neimark-Sakker bifurcation and becomes
stable with succeeding period-doubling cascade that finally leads to the chaotic
attractor Qg again.

This particular bifurcation scenario is typical for considered range of the pa-
rameter & and is repeated for cycles of different periods. For example, at & =
—0.29563 similar periodicity window corresponding to period 40 exists, where the
same bifurcation sequence is observed (this window is distinguishable in Figs. 4(a),

(c))-
5 Routes to synchronization
In this section we address the problem of reaching synchronization, namely, we ask

when initial conditions that are placed out of M; exist, whose iterations converge
in the long run to M;. From an interpretative point of view, this corresponds to the



12 Lorenzo Cerboni Baiardi, Anastasiia Panchuk

achievement of behavioral homogeneity among players, given initial configurations
of the population characterized by behavioral heterogeneity. From a mathematical
perspective, we search conditions for which
lim Ft(ibo,’r’o) eM;, i=0,1,
t—+400

holds for some initial condition (zo,ro) ¢ M;. Therefore, the asymptotic dynamics
consists of synchronization patterns governed by one-dimensional restrictions f,—;
on M;.

If we denote by A; the attractor of the restriction f,—;, the problem of con-
vergence to M; can be addressed by studying the stability of attractors A; with
respect to perturbations transverse to M;.? To this end, we will compute the trans-
verse Lyapunov exponents associated with orbits 7;(zo) C A;, with initial condition
xg € A;. Denoting the eigenvalue of the Jacobian matrix of F at x € M; corre-
sponding to eigendirection transverse to M; by v; | (), the transverse Lyapunov
exponent related to the orbit 7;(z¢) is defined by

T
. 1
Ay (ri(zo0)) = lim = > Inv;, o (w0)].
t=0

For sake of brevity, we will omit the explicit dependence of Lyapunov exponents on
the orbits to which they are related, when no ambiguity is possible. If zo belongs
to a period k-cycle Oy, then the transverse Lyapunov exponent associated with
OpisA; =1In| Hle v;, 1 (x;)| and a sufficient condition for the transverse stability
(instability) of the cycle is that A, < 0 (> 0). Clearly, this is equivalent to the
condition expressed in terms of the modulus of the transverse eigenvalue of Oy,
that is |H§:1 vi 1 (z;) <1 (>1).

A different and non standard situation is encountered when the attractor A;
is a chaotic set. When this is the case, the transverse Lyapunov exponent cor-
responding to a generic aperiodic trajectory embedded in A; is not sufficient to
fully characterize the stability property of the attractor. In detail, for a generic
aperiodic orbit in A;, the associated exponent A is the so called natural transverse
Lyapunov exponent, where by the term “natural” we mean the Lyapunov exponent
related to the Sinai-Bowen-Ruelle measure. However, since infinitely many peri-
odic cycles of any period are nested in the chaotic set A;, a spectrum of transverse
Lyapunov exponents can be defined (see [5,9]):

Ting.,.g/lﬂl_atg...g/lfax.

The natural transverse Lyapunov exponent of 4; is denoted by A%5** and it accounts
for the average transverse attractiveness of A;, since it provides a “weighted bal-
ance” among transversely repelling and attracting cycles nested in A; (see [23]).
When all such cycles are transversely attractive, in which case AT** < 0, A; is
transversely stable in Lyapunov sense for the two dimensional map F. Differently,
when only some cycles are transversely unstable while the set A; remains trans-
versely attractive on average, in which case AT®* > 0 and A'** < 0, then the set 4;
is a so called non topological Milnor attractor, namely an attractor with a basin
of positive Lebesgue measure in the two dimensional phase space (see [20]). The

2 An attractor A; of the restriction f,—; is stable with respect to perturbations along M.
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transition from the asymptotic stability of A; to the weaker stability in Milnor
sense, which corresponds to the transition of A['"®* from negative to positive val-
ues, determines the occurrence of a global bifurcation known as “riddling”. (see
[15]). Another possible occurrence is that the transversely unstable periodic or-
bits embedded into A; have a greater weight as compared with the stable ones, in
which case Alj_"‘t is positive. In this event, the set A; is a so called chaotic saddle
and its basin is a set of points of zero measure in the plane. The transition of A%
from negative to positive values, after which the Milnor attractor A; turns into
a chaotic saddle, determines the occurrence of a second global bifurcation known
as “blowout” (see [9]). Finally, when all cycles embedded in A; are transversely
repelling, in which case Arfi“ > 0 holds, the set A; is a so called chaotic repellor
with basin of attraction made up by points of A; only (see [9]).

In the case of synchronization manifold My, the transverse Lyapunov exponent
of an orbit 7(xo) = {xt = Fi(xo), t > 0} C Ap results

T
. 1
AL (r(ao)) = lim > loglug 1 (w0)
t=1

a%qofa%ql . 1 d
B G D DL (12
t=1

We focus on the case in which Ap is a chaotic set. This occurs when the parameter
po of the respective conjugated logistic map (3) attains the values pf, with j =
0,1,2..., at which the first homoclinic bifurcation of a cycle of period 27 occurs,
causing the reunion of 27! chaotic intervals into 27 chaotic intervals, merging at
the repelling periodic points of the cycle of period 27 (see, e. g., [12,21]). The set
Ap is then given by the union of the 2/ cyclic chaotic intervals. For instance, the
first of such values is p3 = 3.678573510428..., at which Ag is a chaotic interval that
results from merging of two chaotic intervals at the repelling fixed point x{ of map
fr=0 that undergoes its first homoclinic bifurcation.

Note that the aggregate parameter uo can be adjusted by suitable choices of
parameters «, ao, go, N and ~ that completely determine the dynamics along
M. Moreover, the restriction fr—o does not depend on the parameters a1,qi,f
and £ and their variations keep the nature and properties of the attractor Ag
unchanged. Due to this circumstance, a1, q1,8 and £ are called normal parameters.
However, such normal parameters influence the transverse stability of an orbit
on My, as it is clear from the analytic expression of the transverse Lyapunov
exponent given in (12). The presence of normal parameters gives us the chance
to fix the value of pgp such that the attractor Ag is a chaotic set and to illustrate
how its transverse stability smoothly changes along bifurcation paths that involve
variations in normal parameters. In the following illustrative simulations, we will
fix the value of the parameter ug at the second element of the sequence uj =
3.59257218410697.... In this event, the attractor Ag = A(()l) UAéz) of fr—o represents

two cyclic chaotic intervals A(()l) and A(()Q) obtained by the merging of 4 cyclic
chaotic intervals when the unstable period-2 cycle of fr—o undergoes the first
homoclinic bifurcation.

Figure 7 shows how the natural transverse Lyapunov exponent A'}*' varies at
increasing values of ¢. In the same figure, the exponent A" is paired up with
the transverse Lyapunov exponent A (O4) associated with the cycle Oy of period
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o5t A(C4)

-0,29 -0,28

Fig. 7 Transverse natural Lyapunov exponent A‘ft (black) associated with the generic ape-
riodic orbit embedded in the chaotic set Ag and transverse Lyapunov exponent A, (O4) (red)
associated with the period 4-cycle O4 C Ag as £ increases. Other parameters are ag = 1.973,
qo = 0.1013, a1 = 1.91, q; = 0.404, v = 1.875, N = 15, o = 3.39203, k = 3 and B = 45. Note
that po =1+ a — Napqo/(27y) = p,(l).

4 embedded in Ap, which provides a lower estimate of A}'"®*. Clearly, when ¢ is
sufficiently low, all the cycles embedded in Ay are transversely attracting. This
claim follows from the analytic expression (12) of A, where the first term inside
the parentheses attains positive® and finite values when computed along a periodic
orbit. Hence, a value of ¢ exists such that A7** < 0, in which case Ag is stable in
Lyapunov sense. This situation is represented in Fig. 8(a), where the basins of at-
traction of Ag (white points) and of the stable fixed point E* (magenta points) are
depicted in the phase space. In that simulation, the value £ = —0.32 is conjectured
to be sufficiently low to have AT®* < 0. The increase of £ beyond the threshold at
which A'['®* = 0 causes riddling bifurcation, after which at least one periodic orbit
nested in Ag becomes transversely unstable. For example, such threshold has been
exceeded when ¢ is increased to —0.2964, when the transverse Lyapunov exponent
A, (O4) of the period-4 cycle Oy is positive. This, in turn, implies AT** > 0 since
A (04) < A2 However, at ¢ = —0.2964, the relation A*" < 0 holds, that is the
chaotic set Ap is transversely attractive on average and, hence, is a non topological
Milnor attractor.

In Fig. 9, displacements r from the attractor Ay of orbits with initial conditions
placed near the synchronization manifold Mg are displayed versus time. In the
simulation presented in the panel (a), chaos synchronization is achieved in the long
run after a transient part of the orbit along which the so called on-off intermittency
phenomenon is observed (see [3,17,24]). Such a phenomenon corresponds to a
sequence of asynchronous bursts, bringing the orbit far from My, that are followed
by quasi-synchronized states in which the orbit approaches the synchronization
manifold M.

3 We recall that a%qo — a%ql < 0.
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Fig. 8 (a) The asymptotically stable chaotic set Ag and its basin (white points) coexisting
with the stable internal fixed point E* at £ = —0.32. (b) Riddling between the basin of Ag and
the basin of the internal chaotic attractor at & = —0.2964. In both simulations, gray points
represents the basin of unfeasible orbits. Other parameters are as in Fig. 7.
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Fig. 9 (a) An orbit with initial condition close to Ao diverging from Ao showing the phe-
nomenon of global riddling. Initial condition is placed near zo = 1.2 and » = 1075. (b) An
orbit with initial condition close to Ag diverging from Ag showing the phenom of global rid-
dling. Initial condition is placed near the transversely unstable period 4-cycle embedded in Ag.
Parameters are as in Fig. 7 and £ = —0.2964.

However, the fate of an orbit starting near Mo may also be different. This is
due to the coexistence of the attractor Ag with a chaotic inner attractor originated
from the fixed point E* after its loss of stability through Neimark-Sacker bifurca-
tion. This is shown in Fig. 9(b), where an orbit with initial condition placed near
the transversely repelling period 4-cycle O4 nested in Ag is trapped in the inner
chaotic set. Such event can be explained by considering the structure of the basin
of attraction of the inner attractor. It shows “tongues” issuing from the Milnor
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attractor Agp that surround the unstable sets of the transversely unstable cycles
in Ao (one of which is the cycle O4) and their preimages of any rank, which are
densely distributed along Agp. In this situation, any neighborhood surrounding the
attractor Ag includes a set of points with positive measure in the plane that belong
to the basin of the inner attractor. The basin of Ay is said to be globally riddled
with the basin of the inner attractor. Few of such tongues are visible in Fig. 8(b),
where the basin of Ag and the basin of the inner attractor are represented by white
and magenta points, respectively, in the phase space.

As the parameter £ further increases, the natural transverse Lyapunov expo-
nent A}J** increases as well and global bubbling bifurcation occurs as A}** = 0. For
example, at the value ¢ = —0.295, the natural transverse Lyapunov exponent A%**
has just become positive. Then, Ag in no more a non topological Milnor attractor.
However, it is reasonable to conjecture that some cycles nested in Ay that are
transversely attracting are still present. The basin of Ag is a set of zero Lebesgue
measure in the phase space and the long run convergence to synchronization pat-
terns is possible only for non generic initial conditions. In Fig. 10, the basin of the
inner attractor is shown in the phase space by magenta points while the basin of
attraction of the chaotic saddle Ag cannot be observed in simulations.

Fig. 10 The transversely repelling chaotic set Ag characterized by a positive transverse Lya-
punov exponent Arj_‘“ coexists with an asymptotically stable internal chaotic attractor at
& = —0.295. Magenta points represent the basin of attraction of the internal attractor while
gray points represents the basin of unfeasible orbits. Other parameters are as in figure 7.

We end this section by mentioning that the transverse attractivenes of the
attractor A; embedded in the synchronization manifold M; can be evaluated
analogously as it was done for the transverse attractiveness of Ag.

6 Conclusions

By the current work we continue investigating asymptotic behavior of a 2D smooth
noninvertible map modeling exploitation of the common renewable resource by
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multiple players introduced in [6]. At every time step each player can choose be-
tween two strategies, one being more intensive but cheaper and the other one being
environmentally friendly but more expensive. The amount of the resource changes
according to a quadratic law, which implies that the state space is separated by
the critical line into regions Zy consisting of points having no preimages and Zs
containing points with two preimages. Moreover, the boundaries of the domain
related to feasible states represent one dimensional invariant manifolds, at which
the dynamics is goverened by one dimensional restrictions of the original two di-
mensional map. These properties entail complex and intriguing dynamic scenarios,
among which we focus on those that are not so often encountered in smooth two
dimensional systems.

We examine a two particular bifurcation sequences that occur near the flip bi-
furcation curve of the internal fixed point E*, revealing coexistence of two internal
attractors whose basins of attraction are separated by the stable set of a certain
saddle cycle. In addition, for certain parameter values, an 8-piece chaotic attractor
is observed, which is associated with a mixed absorbing area confined by segments
of critical lines of different rank and segments of unstable sets of two different
saddle cycles. Then we also address the problem of synchronization achievement.
Namely, we consider an invariant set Ag located on the boundary Mg of the fea-
sible domain and investigate its transverse stability by computing its transverse
Lyapunov exponents. In other words, we find conditions under which Ag is attract-
ing not only for the respective one dimensional restriction fr—o but also for the
original two dimensional map. We show that, depending on the parameter values,
Ap can be a topological attractor or a weaker Milnor attractor coexisting with
another internal attractor. In the former case the boundaries of the corresponding
basins are smooth, while in the latter case, the basin of Ag is globally riddled
with the other basin. It means that in an arbitrary neighborhood of any point of
Ap, there is a set of points with positive Lebesgue measure belonging to the other
basin. Such an occurrence has crucial implications from economic viewpoint, since
small perturbations may lead to drastic changes of asymptotic dynamics. This is
also an impolrtant discovery for an entire class of evolutionary games that can be
modeled by similar kind of maps.
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