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Abstract

The use of plasma descriptions in areas such as space sciences and thermonuclear fusion devices are of
great importance. Of these descriptions, the most widely used are the fluid descriptions which view plasma
as a continuum medium and out of these fluid descriptions, the idealized isotropic magnetohydrodynamics
(MHD) system of equations is the most used and arguably the most important. Due to the complex non-
linear structure of this system of equations, very few exact solutions are known, and of the know ones,
even fewer have physically relevant behaviour. In most cases, solutions are sought for simpler forms of the
MHD equations such as the time independent and static equilibrium simplifications. In this work, new exact
solutions are derived for the incompressible axially and helically symmetric static and dynamic equilibrium
MHD equations. The static equilibrium MHD equations with axial or helical symmetry reduce to a single
partial differential equation (PDE). In the case of axial symmetry this is known as the Grad-Shafranov
equation and in the case of helical symmetry this is the JFKO equation. New families of separated solutions
are found for both of these PDEs and in both cases, the two separate families of solutions arise depending on
the type of pressure profile. As most literature focuses on a pressure profile which is lower in the centre of the
plasma and goes to a higher ambient pressure at the boundary (that is, the plasma configuration is supported
by external pressure), such as those found in [II, 12] emphasis in this work is directed towards the other
type of pressure profile where the pressure is higher inside the plasma domain and lower or vanishing outside.
Such solutions are relevant to modelling plasma in a vacuum. Using a transformation described in [I3] [14],
the new static solutions are transformed into dynamic solutions which satisfy the incompressible equilibrium
MHD equations. In the last chapter, a modern derivation of Hill’s spherical vortex [30] is presented that
employs the Galilean invariance and the axially symmetry reduction to the Grad-Shafranov equation. Along
with this, a similar and more general MHD spherical vortex-type solution is derived. Stability analysis of the

localized vortex-type solutions is considered.

ii



Acknowledgements

I want to thank with the utmost respect, my supervisor Professor Shevyakov for his deep knowledge,
continual support and encouragement as well as providing a fun and creative atmosphere for my research. I
would also like to thank the mathematics department at the University of Saskatchewan for financial support
and academic advice. I also thank NSERC and the government of Canada for financial support. I thank
my girlfriend Rachel for her constant love, encouragement and patience as well as my parents for their love,

support and financial help.

iii



Contents

[Permission to Usel . . . . . . . . o o o i i e e e e e e i
ABSEract] . . . ¢ v o e e e e e e e e e e e e e e e e e e ii
[Acknowledgements| . . . . . . . . . L oL e e e e e e e e e iii
Contentsl . . . . . . 0 L i e e e e e e e e e e e e e e e e e e e e e e iv
LISEOF TADIESl - -« ¢ v v o v e v e e e e e e e e e e e e e e e e e e e e e e e e e e vi
[List of Figures|. . . . . & o 0 0 i i i i e e e e e e e e e e e e e e e e e e e e e e e e e e e vii
IL_Introductionl . . . . . & ¢ ¢ i i i e e e e e e e e e e e e e e e e e e e e e e e e e 1
[1.1 Plasma in nature and in applications| . . . . . .. ... ..o o oo 1
1.2 Mathematical models for plasma)] . . . . .. ... .o oo o 3
[1.3  The MHD system of equations and MHD waves|. . . . . . ... .. ... ... ... ..... 6
[1.4  Incompressible MHD model and related models| . . . . . . .. ... ... ... ... ... 9
1.5 Equilibrium field line topology] . . . . . . . . . . 10
[1.6 Some approaches to the solution of MHD equations|. . . . . . ... ... ... ... ...... 11
1.6.1 ymmetry reductions of static equilibrium equations| . . . . .. .. ... .. .. 12

[1.6.2  Axially symmetric static equilibrium reduction| . . . . . . . ... ... ... ... ... 13

[1.6.3 Helically symmetric static equilibrium reduction| . . . . . .. ... .. ... ... ... 16

1.7 Infinite symmetries of MHD equilibrium equations| . . . . . . . .. .. ... ... ... ... . 18

|2 Exact solutions to axially and helilcally symmetric MHD static equilibrium equations| 20

2.1 _Introductionl. . . . . . . . . . e 20
2.2 Physical solutions to MHD equilibria) . . . . . ... ... oo oo 21
2.3 Axially symmetric static MHD equilibria). . . . ... .. ... ... .00 0oL 22
[2.3.1  First family of new axially symmetric solutions| . . . . . .. ... ... ... ... ... 23
[2.3.2  The second family ot axially symmetric solutions| . . . . . . . .. ... ... ... ... 25

2.4 Helically symmetric plasma equilibria and exact solutions| . . . . . . . ... ... ... .... 31
[2.4.1  The first family of helically symmetric solutions|. . . . . . . . ... .. ... ... ... 31
[2.4.2  Examples of the first family of new helical solutions| . . . . . ... .. ... ... ... 33
[2.4.3  The second family of new helically symmetric solutions| . . . . .. .. ... ... ... 34
[2.4.4  An example of second tamily of helical solutions| . . . . . .. ... ... .. ... ... 35

2.5 Transtormation of static equilibrium solutions into dynamic solutions with non-zero velocity| . 40
[2.5.1 'Transformation ot the second axially-symmetric family of solutions: an example|. . . . 40
[2.5.2  Transformations of the second helically-symmetric family of solutions: an example| . . 41

13 Spherical vortices in fluid mechanics and MHDJ|. . . . . . ... ... ... ... ...... 43
BI Tntroduction]. . . . . . . . . . 43
13.2  Hill’s spherical vortex: a modern derivation| . . . . . . . . . .. .. ... ... ... ..... 43
3.3 A stationary spherical MHD vortex|. . . . . . . . . . . .. ... ... 50
3.4 A generalized version of Hill’s spherical vortex|. . . . . .. ... .. .. ... L. 55
3.5 Generalized spherical separation of variables|. . . . . . .. ... ... ... ... 000, 57
3.6 Stability considerations for the spherical vortex| . . . . . . ... .. o o000 59
[3.6.1  Axisymmetric perturbation of Hill's vortex| . . . . .. .. ... ... ... ... .... 59

[3.6.2  An axisymmetric perturbation of generalized Hill’s spherical vortex and MHD vortex|. 62

[3.6.3 A general linear perturbation for generalized Hill’s spherical Vortex] . . ... ... .. 63

3.6.4 eneral perturbation for an spherical vortex| . . . . . ... ... ... ..., 64

iv



[Appendix A Proof of Proposition 1] . . ... ... .. ... i oo 73

|Appendix B The computation of Coulomb wave functions|. . . . . . ... ... ... .... 75

|Appendix C The regularity of the unstable perturbation of Hill’s spherical vortex|. ... 76




List of Tables

vi



List of Figures

M1

Image of the Aurora Borealis in the ionosphere.

Image taken from https://eos.org/research-spotlights/auroras-may-explain-an-anomaly-in-earths-

onosphere.| . . . .. e e e e

[L.2

Side view of I'TER’S tokamak fusion reactor

Image taken from https://scitechdaily.com /iter-global-fusion-energy-project-after-a-decade-of-

design-and-fabrication-worlds-most-powerful-magnet-ready/.|. . . . . . ... .. ...

i3

Field lines tangent to magnetic surfaces| . . . . . . . . . ... L. Lo

3
11

T4

Image of the helix £ = const for ¥ = h/27w, where h is the z-step over one helical turn. The

helical basis vectors can be seen. This image has been taken from ﬂzﬂﬂ .............

13

5

A cross-section of magnetic surfaces P = const for a sample axially symmetric plasma equi-

librium solution given by ([1.46) is seen on the left, for N = 3, 8 = 0.1, o* = 2483. The

picture 1s quasi-periodic in z. The colour-bar shows the values of the dimensionless pressure

P = Py — 23%)*/u. Here Py = 0.05. On the right one can see lines of constant magnetic

energy density |B|?/2u where the magnetic field components are given by [2.10l This comes

from a axially symmetric plasma equilibrium solution given by (1.46)), for N =3, § = 0.1 and

o =24B. | e

6

Axially symmetric magnetic surfaces P = const given by equation (1.46)), for N = 3, 8 = 0.1,

a® = 247 takes the form of nested tori and wavy cylinders. This figure is created by the

[ rotation of [Lhalabout the Z axisS) . - « « « o o v v e e e e e e

L7

Helically symmetric magnetic surfaces P = const can be seen in [2.12al W(r, £) is given by [1.50]

with N=4n=0,m=1 k=02 v=1,ay =a, = 1 and b, = 0. The corresponding

magnetic energy density can be seen in[l.7bl| . . . .. ... oo oL 0oL

pI

In Figure|2.1a] a cross-section of magnetic surfaces /2 = const for an axially symmetric plasma

equilibrium solution belonging to Family 1 with ¢ given by (2.20), for C; = 1, C, = 0, C3 = 1,

Cy=0,p=1,¢g=0.1,« = 2, k=1 and truncated at the surface Py = 3.3 x 10~° (shown with

the black dashed line) can be seen. The color-bar shows the values of the dimensionless pressure

P = Py — ¢*3*/2. chosen such that P > 0 inside of the chosen domain. The corresponding

magnetic energy density, |B|*/2u, can be seen in [2.1b|along with the magnitude of the current

density in Figure[2.1cl| . . . . . . . . e

B2

A pressure plot of the solution from Figure 2.1 for z = 1.5 and a; = 2+ 0.12,2 = 1,2,3

corresponding to the black, red and cyan plots can be seen in Figure [2.2al "T'he different

magnetic energy densities for z = 1.5 can be seen 1n Figure|2.2bl The vertical dashed lines for

each colour correspond to truncation surtaces that give physical solutions.| . . . . . . . .. ..

B3

In Figure|2.3al a cross-section of magnetic surfaces P = const for an axially symmetric plasma

equilibrium solution belonging to Family 1 for the case when 0 € N with W(r, z) given by (2.23)).

Here N = 4, a, = 0.0002,.02,.05,.04, b, = 0.0002,.01,.015,.05, g = I, ¢ = 2. & = 4/2. The

color-bar shows the values of the dimensionless pressure P = Py —g“t%* /2 in Figure[2.3al The

corresponding magnetic energy density, |B|°/2u, can be seen in [2.3blalong with the magnitude

of the current density in Figure2.3¢clf . . . . . . ... ... .o oo o oo

pA

A pressure plot of the solution from Figure 2.1 for 2 = 0 can be seen in [2.4a] The magnetic

energy densities can be seen in Figure|2.2bl Here we can see that the majority of the magnetic

energy is focused around the center of the plasma.| . . . . . ... .. ... ... ... ...

B5

A cross-section of magnetic surfaces 1, P = const for a sample axially symmetric plasma

equilibrium solution belonging to a Family 2, equation (2.30), with C; = 1, Cs = 0, Cs = 1

Cy=1,k=2, a=5,and ¢ = V3. The picture is periodic in r. The colorbar shows the values

of the dimensionless pressure P = Py + qz%z ...........................

vii



2.6

A cross-section of magnetic surfaces ¥, P = const for a sample axially symmetric plasma

equilibrium solution belonging to a Family 2, equation (2.30), with C; = 1, Cs = 0, C3 = 1

Cyi=1,k=2 a=5,and ¢ = v3. The picture is periodic in r. The colorbar shows the values

of the dimensionless pressure P = Py+¢* ’/’72 The truncated boundary is shown boldface which

coincides with the current sheet marking the boundary of the plasma.Lines of constant|. . . .

29

R.7

A pressure plot of the solution from Figure [2.6[ for z = 0.4 and «; = 4.7+ 0.37,2 = 1,2,3

corresponding to the black, red and cyan plots can be seen in Figure [2. e different

magnetic energy densities for z = 0.4 can be seen in Figure|2.7bl The vertical dashed lines for

each colour correspond to truncation surtaces that give physical solutions.| . . . . . . . .. ..

30

2.8

Axially symmetric magnetic surfaces P = const for Family 2, equation (2.30), with C; =1,

Cy=0,03=1,C,=1,k=2, a=25,and ¢ =3 shown in 3D by rotating Figure [2.6a about

the z axisl . . . . . e

2.9

Helically symmetric magnetic surfaces P = const for Family 1 where ¢ # —a(n + (b/2)). Here

Y(r,€) is given by (2.42) with « =59, k=1, y=1,w=3,Cy=1land Co=0/). . ... ...

33

[2.10 A truncated helically symmetric physical solution based off of the solution given in Figure 2.9 ‘
[ [he pressure contour, magnetic energy density and current density magnitude can be seen |

from left toright.. . . . . . . . o

34

Rl

Pressure profile for a linear combination of ¢ for Family 1 where ¢ # —a(n + (b/2)). Here

W(r,&) = 1(r,§) +1a(r, €) where ¥ (r, ) is given in Figure[2.9/and 12 (r,£)) is given by (2.42)

with a =59, k=1,v=1, w=2, C; =1 and C5 = 0. Here the solution is non-physical as it

grows unbounded unless one restricts the plasma domain to within one helical cylinder or so.|

35

P12

Helically symmetric magnetic surfaces /> = const can be seen in [2.12al This is a special case

of Family 1 where the confluent Heun functions produce polynomials. W(r, ) is given by [2.44]

with N=4n=0m=1 k=02 v=1any =a, =1 and b, = 0. The corresponding

magnetic energy density can be seen 2. 1200 . . o v v v e e e e e e

P13

Helically symmetric magnetic surfaces P = const. This is a special case of Family 1 where the

confluent Heun functions produce polynomials. W(r, ) is given by (2.44) with N =4, n =0,

m=1,k=0.2,vy=1any =a, =1 and b, = 0. These surfaces are shown 1 3D by a helical

transformation of Figure|2.12al| . . . . . . . . . . .

p.14

A cross-section of magnetic surtaces P = const for a non-physical oscillating helically symmet-

ric plasma equilibrium solution belonging to Family 2 given by (2.48), with C; = 1, Oy = 0,

a=3,k=4,v=1and w = 1. The colour-bar shows the values of the dimensionless pressure

P=r200J2]

p.15

Truncated helically symmetric magnetic surfaces P = const can be seen in [2.15al This belongs

to family 2 where W(r, &) is given by (2.48) withC; =1, C; =0, « = 3, k = 4, v = 1 and

w = 1. The corresponding magnetic energy density can be seen in|2.16b[ . . . . . . . . . . ..

P16

Three-dimensional magnetic surfaces P = const for a sample helically symmetric plasma equi-

librium solution belonging to family 2 using (2.48) with C1 =1, Co, =0, a =3, k =4,y =1

and w = 1. Created by a rising and rotating motion of Figure [2.15al Here the black lines

represent the magnetic field lines tangent to this surtace.|. . . . . . . .. ... ... .. ....

39

pI7

The new solution transformed from the solution shown in Figure [2.6] with the new solutions

given by (2.53)) based off of the static equilibrium magnetic field B, and the static equilibrium

pressure P. From left to right, the new pressure profile, P, magnetic energy density, B%/2u

and non-zero kinetic energy density pV?/2 can be seen.| . . . . .. ... ... L. L.

P18

The new solution transformed from the solution shown in Figure [2.15] with the new solutions

given by (2.56)) based off of the static equilibrium magnetic field B,; and the static equilibrium

pressure P. From left to right, the new pressure profile, P, magnetic energy density, |B1|*/2u

and non-zero kinetic energy density p|Vi]?/2 can beseen.| . . . . . .. ... ... ...

42

B

A cross-section of surfaces H (1)) = const in the lab frame given by (3.56). Here R =1, Hy = 1,

0 =1 and t = 0. The black arrows correspond to the velocity vectors on a given surface. By

the first equation of (3.3, both v and curlv are tangent to this surface] . . . . . . .. . . ..

viii



[3.2  Pressure profile of static spherlcal vortex in ideally conductlng fluid given by P(1,) = Po—yntn
where 1, is given by (3. 72[) for R=1,n=1and Cy = 1. B is not shown on this plot as the
non-zero ¢ component would make it point out of, or into the page.| . . . . ... ... .. .. 53

[3.3™ Pressure profile of static spherical vortex in ideally conducting fluid given by P(¢,,) = Py—Yntn, |
where ), is given by (]3.72 for Co =1, R=1, n =2 on the left, and n = 3 on the right| . . . 54

[3.4  Pressure profile of static spherical vortex in ideally conducting fluid given by P (1) = Po—vn ¥, |
where 1), is given by d3_72|) for Co =1, R =1, n =4 on the left, and n = 5 on the right| . . . 54

[3.5 A cross-section of magnetic surtaces where the magnetic surfaces are shown by P(1)) = const
for P = Py — 1) where v is given by (|3.96[). Herey =1, A=1,n=5,a,=1,1=1,2,3,4,5.

Any toroidal surface can be considered a truncated solution with the outer surface described
by a current sheet.| . . . . . . . Lo 59
13.6  The evolution of the perturbation given by [3.109|is shown for e = 0.0001, 0 =1, R=1, A =1, |

X = 1, at several different times 0 < ¢ < 16. Lhese surfaces arc regular as shown in Appendix|Cl| 61

ix



1 Introduction

1.1 Plasma in nature and in applications

With the addition of energy to a material, its state changes from solid to liquid and then to gas. If one
continues to add energy to the gas, the atoms that constitute the gas begin to have their electrons stripped
off creating a gas full of positive ions and negative electrons where, in the macroscopic view, the equal number
of ions and electrons give a net neutral charge. This ionized gas is referred to as a plasma. The ratio of
ionized atoms to neutral atoms in thermal equilibrium can be shown using the Saha equation [43]

. 3/2
o4 x 1021le*Ui/kT, (1.1)
Np n;

where n; and n,, are the density of ionized and neutral atoms respectively, T is the gas temperature in degrees
Kelvin, k is the Boltzmann’s constant and U; is the ionization energy of the gas [I8]. For example, at room
temperature (7' = 300°K) ordinary air has an extremely low fractional ionization [I§]:

n; _
— ~ 107122

Nin
Once U; is only a few times kT then this ratio grows quickly and the gas is considered to be in a plasma
state. Increasing the temperature further can make the plasma become fully ionized. Not all ionized gases
can be called a plasma. One definition from [I8] describes plasma as a quasi-neutral gas of charged and

neutral particles which exhibits collective behaviour.

The vast majority of matter in the observable universe is in a plasma state. There are many astrophysical
examples as one leaves Earth’s atmosphere. Even close to Earth we can observe plasma making up the Van

Allen radiation belts, solar winds, and the Aurora Borealis in the ionosphere (seen in Figure [18].

The study of plasma has many applications in modelling these and other astrophysical phenomena such
as extragalactic jets [20], accretion discs [8], and magnetized jets in radio galaxies [I7] as well as important
industrial uses. Industrial applications include plasma surface engineering, jet propulsion systems, nuclear-
fusion devices and even fluorescent tubes [29] 20]. One other interesting use of the mathematical models
for plasma regards the modelling of so called ball lightning which has yet to be replicated correctly in the
laboratory and is still considered an unexplained phenomenon. However, one solution to an ideal plasma

model does give one possible explanation [33].



Figure 1.1: Image of the Aurora Borealis in the ionosphere.
Image taken from https://eos.org/research-spotlights/auroras-may-explain-an-anomaly-in-earths-
ionosphere.

Of the industrial applications mentioned, confined thermonuclear fusion is one of the most important and
sought after engineering challenges of the today’s age. Most attempts at creating fusion devices that would
give a net energy gain incorporate superheated plasma confined in a tokamak with strong magnets. Here the
term tokamak is a Russian abbreviation for “toroidal chamber with magnetic coils”. An image of one can be

seen in Figure|1.2

With megaprojects such as ITER (International Thermonuclear Experimental Reactor) planning on
achieving first plasma in late 2025, and being crowned as the largest magnetic confinement plasma physics
experiment ever, the drive to achieve fusion devices that can generate clean electrical energy is very high.
Some of the nuclear reactions of interest between tritium (T), deuterium (D), lithium (L) and helium (He)

include:
1. T4 D — He*(3.52 MeV) 4 n(14.06 MeV)
2. D+ D — T(1.01 MeV) + p(3.03 MeV)
3. D+ D — He®(0.82 MeV) 4 n(2.45 MeV)
4. D+ He® — He*(3.67 MeV) + p(14.67 MeV)

5. Li + n — T + He* + 4.8 MeV
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Figure 1.2: Side view of ITER’s tokamak fusion reactor.
Image taken from https://scitechdaily.com/iter-global-fusion-energy-project-after-a-decade-of-design-
and-fabrication-worlds-most-powerful-magnet-ready/.

6. Li’ +n(2.5 MeV) — T + He* +n

The first type of reaction between deuterium and tritium will be used in the ITER megaproject. These
applications, along with others left unmentioned, show just how important having a precise model of plasma

is for both the space sciences and industry.

1.2 Mathematical models for plasma

There are many different ways of describing a plasma. Like any model, there are limitations and advantages
for using each one. The most fundamental descriptions arise from kinetic theory considering each particle
separately on its own or density functions in six dimensional phase space. Equations such as the Klimontovich
equation, Boltzmann equation, and Vlasov equation appear in this context. The other main type of model

uses a fluid descriptions which can be derived from the former using the moments of the distribution functions.

The most fundamental description of plasma utilizes the Klimontovich equation [39] which is written in

terms of the density functional Ng(x,v,t) given by



No
Na(x,v,t) = Z 8(x — X (£)8(v — Vi(t)). (1.2)

where X; and V; are the position and velocity orbits in six dimensional phase space for each partical 7 of
species « and () is the Dirac delta function. Taking the total time derivative of the density functional and

setting it to zero gives the Klimontovich equation

ON,
ot

This equation, along with the Maxwell’s equations gives an exact description of a plasma. Here E™ and B™

+v~VNa+%(Em+vam)-vaa:o. (1.3)

are the microscopic electric and magnetic fields produced selfconsistently by each point particle themselves,

m,, is the mass of species a with charge ¢, and V is the gradient in velocity space [39].

As there is little interest in the spikey function N, (x,v,t) one can take the ensamble average of the
equation with f,(x,v,t) being the ensamble average of N,(x,v,t) and E and B are the ensamble averages
of E™ and B™. Performing this averaging along with the assumption that collisional effects are neglected

one arrives at the Viasov equation:

O
ot

The Vlasov equation along with the Maxwell’s equations

+V Vet 2 (E+VxB)-Vyfa=0. (1.4)

divE =2, (1.5a)
€0

divB = 0, (1.5b)

0B

IE = ——— 1.
cur 5 (1.5¢)
1 OE

curl B = poJ + 2o (1.5d)

where E is the electric field, B is the magnetic induction field, ¢y and po are the the electric permittivity
and magnetic permeability of free space, ¢ is the charge of the particle, p is the charge density, and J is
the current density form the Viasov-Mazwell system of equations. Here the electric charge density and the

electric current are given by

p= Z/Q(yfadgv (1.6)
and

J= Z/vqafad?’v (1.7)



respectively.

With the assumption that the velocity distribution is Maxwellian, the zeroeth and first moments of the
Vlasov equation lead to the standard fluid description of a plasma. Here the k' moment is defined as
a multiplication by v k times and then integrating over the entire velocity space. This fluid description

drastically reduces the complexities in the kinetic description.

1. Zeroeth moment (conservation of mass)

9p | . B
N + div(pV) = 0. (1.8)

2. First moment (conservation of momentum)

p (aa\t, + (V- grad)V) =gn(E+V x B) —divP. (1.9)

Here p = nm where m is the mass of the particle,

n:/fd3v (1.10)

is the number of particles per unit volume, P is the pressure tensor given by

’sz/(V—v)(V—v)de3v. (1.11)

and V is the average velocity in the stationary (Eulerian) frame of reference given by

1
V=- /vfd3v. (1.12)

Here the divergence of the pressure tensor can be written as

. OPij )
divP = Bx;ej’ 1=1,2,3 (1.13)

However, in the case of an isotropic plasma, the pressure tensor’s nonzero elements only appear in the diagonal
and in this case, the pressure tensor P is replaced with the scalar pressure, P, where P = diag(P, P, P) and

the divergence in (|1.9)) becomes a gradient operation. In this work the scalar pressure will be used exclusively.

Along with the zeroeth and first moment, one can compute the second moment which is related to the
conservation of energy but will not be needed in this work. The Maxwell’s equations along with ,
and different simplifying assumptions form the starting point for several important fluid models. This
includes the isotropic magnetohydrodynamic (MHD) system of equations which will be the main focus of
this work.

In other physical context, different plasma descriptions can be used, including the following ones.



e Gyrokinetic description: the kinetic equations are averaged over fast circular motion of the gyrora-
dius. Here a gyroradius is the radius of the circular motion of a charged particle in the presence of a

uniform magnetic field, namely
muv

Ty = W’ (1.14)
where m is the mass of the particle, v, is the perpendicular velocity with respect to the magnetic
field, ¢ as before is the electric charge of the particle and B is the magnetic field magnitude [19]. This
model assumes a strongly magnetized plasma, the spatial scale is on the order of the gyroradius and

frequencies considerably lower than the cyclotron frequencies (w = ¢B/m). Appropriate sources are

16, 38, 32, 31].

e Hybrid kinetic/fluid description: in this description some components are modelled with a fluid
description and some others kinetically in order to reduce the heavy computational demands of a fully
kinetic description while retaining some kinetic information of one or several components. For example,
a very common approach is to apply a fully kinetic treatment only of the ions and describe the electrons
with a simpler fluid model. This method has been utilized for over 45 years in the computational physics

community. Further information is available in [21], 49].

¢ Quantum plasma description: Most plasmas are associated with charged particles that behave
classically. However, if the density is increased and temperature decreased sufficiently, the plasma
particles, mostly electrons, become quantum degenerate as the extension of their wave functions are
on the order of the distance between particles [I5]. In quantum plasma their are additional forces that
arise that need to be accounted for. These include things such as quantum statistical pressure, and

angular momentum spin [44, [36].

1.3 The MHD system of equations and MHD waves

One can consider the isotropic MHD model for an ideal plasma as an extension of the Euler fluid equations

oV 1
. S — P 1.1
T (V-V)V 5 grad P, (1.15a)

divV =0, (1.15b)

with an extra forcing term coming from the electrodynamic Lorentz force. For a quasi-neutral plasma with
roughly an equal amount of ions and electrons, this force can be written as f = J x B, where J = %LcurlB
is the electric current density and p is the magnetic permeability of the plasma. This isotropic model of
plasma is suitable when the mean free path of plasma particles is much less than the typical length scale of
the problem. The plasma is also considered ideal with infinite conductivity and negligible viscosity. Both

of these approximations are valid for large magnetic and kinetic Reynolds numbers [20]. Here the magnetic



Reynolds number is given by R,, = VL/n and the kinetic Reynolds number Ry = VL/v where V is the
typical velocity scale, L is the typical length scale and n and v are the magnetic diffusivity and kinematic

viscosity respectively. Following these assumptions, the ideal isotropic MHD model takes on the form

% +div pV =0, (1.16a)
paa—\t/:pchurIVJrJxBfgradepgradV;, (1.16b)
6871153 = curl(V x B), (1.16¢)

divB = 0. (1.16d)

In p is the plasma density, V is the plasma velocity, P is the scalar pressure (while models of anisotropic
plasmas utilize tensor valued pressure) and B is the magnetic induction vector. Even in the idealized MHD
equations the rich mathematical structure gives rise to many different instabilities and waves. This system
of equations needs to be closed with an appropriate equation of state. For example, it is common to
study certain types of plasma waves using a compressible MHD framework with an adiabatic equation of

state

(687: +V. grad> (;) =0, (1.17)

where T is the ratio of specific heats, which for a monatomic ideal gas has the value of 5/3.
The equations (1.16]), (1.17) can be linearised using first order perturbations with the assumption that

the equilibrium value of the plasma current and velocity are both zero, namely

p=po+ep, (1.18a)
P =Py +eP, (1.18b)
B = By + ¢B, (1.18c)
V =B, (1.18d)
J=el. (1.18e)



Upon substitution of the perturbations into (|1.16)) and (1.17)), discarding higher order terms of ¢ and dropping

the tildes, one obtains the linear system

90 4 o divV =0, (1.19a)
ot
ov
po gy = J x Bg — grad P, (1.19b)
0B
— =curl(V x By), (1.19¢)
ot
. 1
divB=0, J=-—cuwlB, (1.19d)
w
o (P Tp
—|—=-—]=0. 1.19
ot (PO p()) ( e)

Following the method described in [27] and searching for harmonic wave-like solutions in which pertur-

bations behave like e*(K*=«%) relations for p, P and B can be found from the first, third and last equation

of (1.19). These are given by

k-V
p=po ; (1.20a)
w
k-V
P=TP, (1.20b)
w
B= M. (1.20¢)
w

Upon substituting these expressions into the second equation of ((1.19)), assuming without loss of generality

that Bg is directed along the z axis and k lies in the xz plane one can write the following matrix equation

[27]
w? — k%02 — k*v?sin? 0 0 —k*v2sinfcosf| |V, 0
0 w? — k2v2 cos? 0 0 Vyl = (0] (1.21)
—k?v2sinf cos 0 0 w? — k?v2cos? 0| |V, 0

where 6 is the angle between k and B,

vy = | L0 (1.22)

Po

is the standard acoustic wave speed, and

(1.23)

oo



is called the Alfvén speed.

In order to solve (|1.21]) for non-trivial V, the determinant of the matrix in (1.21]) must vanish. This gives

three roots for w corresponding to three distinct dispersion relations

1.
w = kv, cos b, (1.24)
2.
1
w=k—=1\/v2 4+ 02— /(v2+v2)? — 40202 cos? 0, 1.25
vV VT (1.25)
3.
1
w= kﬁ\/vg—f—vg—i— V(02 +v2)2 — 4v202 cos? f. (1.26)

The first dispersion relation is for shear-Alfvén waves. This is named after Hannes Alfvén who showed
the existence of these transverse waves in 1942, this is discussed further in [I]. From ([1.21)), it is clear that

V = (0,V,,0), so the motion is perpendicular to the magnetic field.

The second and third dispersion relations are referred to as the slow and fast magnetosonic waves respec-
tively with V = (V,,0,V.). Magnetosonic waves are purely longitudinal waves driven by thermal pressure,
magnetic pressure and magnetic tension. For more information about waves in plasma, appropriate sources

are [46] 27, [45] [2].

1.4 Incompressible MHD model and related models

For the majority of this work the ideal isotropic incompressible MHD model will be the starting point.
Incompressible models are commonly used in a variety of labs and physical applications. This system is given

by

% +div pV =0, (1.27a)
paa—‘tf:pchurIV—l—JxB—gradP—pgrad\g, (1.27b)
88—]? = curl(V x B), (1.27¢)

divB =0, divV =0. (1.27d)

One can see that if the magnetic field is set to zero, the above system becomes the incompressible Euler fluid

equations (|1.15)).



Another important system of interest is the incompressible equilibrium (time independent) MHD system

divpV =0, (1.28a)
V2
pV x curl V +J xB—gradP—pgradT =0, (1.28b)
curl (V x B) =0, (1.28c)
divB =0, (1.28d)
divV = 0. (1.28¢)

An immediate consequence of equation (1.28a]) and equation (|1.28€]) is
(grad p) -V =0, (1.29)

which implies that the plasma density does not change along streamlines. The streamlines of a time inde-
pendent vector field, A, are defined by the parametric equation

dr
7 = Al(s)). (1.30)

For these curves A is tangent to the curve at every point.

A further reduction of (|1.27)), (1.28)) is the static equilibrium MHD system (V = 0) given by

divB =0, (1.31a)

curl B x B = pgrad P. (1.31b)

Exact solutions of the system (1.31]) are studied in Chapter 2 below.

1.5 Equilibrium field line topology

An important property of equilibrium and static equilibrium MHD models given by and is their
magnetic field line topology. Some important applications of the topological properties of the field lines can
be found in [I4} 20]. Specifically, in most cases, the plasma streamlines (field lines of V'), and magnetic field
lines (field lines of B), are tangent to magnetic surfaces spanning the plasma domain. An example of the
magnetic field lines lying on a magnetic surface can be seen in Figure At every point of the magnetic

surface, V and B are defined uniquely. It then follows that lines cannot intersect.

For MHD equilibrium (|1.28]), the following cases can arise.
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Figure 1.3: Field lines tangent to magnetic surfaces.

e If V and B are non-collinear, it follows from equation ((1.28¢|) by the Poincaré lemma that locally (in
a simply connected domain) there exists a function oo = «(x) such that V x B = grad «, [48] and thus,

a = const defines the magnetic surfaces to which both V and B are tangent.

e In the case when V and B are collinear, (i.e. V = f(x)B), which, from the solenoidality of V and
B one has grad f(x) - V = 0, both f(x) and p(x), from equation , are constant on plasma
streamlines and magnetic field lines. (i.e. V = f(x)B), which, from the solenoidality of V and B one
has grad f(x)-V =0, so both f(x) and p(x), from equation (1.29)), are constant on plasma streamlines

and magnetic field lines.
For static equilibrium ((1.31]), the following cases can arise.

e If J ~ curl B and B are non-collinear, then the pressure P will be non-constant, and lines of constant

pressure will enumerate the magnetic surfaces that both B and J are tangent to.

e For curl B and B collinear (i.e. curl B = a(x)B) both curl B and B are tangent to magnetic surfaces

which are enumerated by constant levels of a(x).

One can conclude that all magnetic field lines and plasma streamlines, except for Beltrami flows (a(x) =

const), lie on 2D magnetic surfaces. Bounded magnetic surfaces are topologically equivalent to tori [35] [20].

1.6 Some approaches to the solution of MHD equations

Due to the highly non-linear form of the MHD equations, very few closed-form solutions are available in

literature. For the ones available, significant simplifications are made. For the incompressible MHD equations

when B = 0, this system ((1.27)) reduces to the incompressible Euler equations ([1.15)). One simple solution

that shows up is the Arnold-Beltrami-Childress (ABC) flow given in Cartesian coordinates by

11



V(z,y,2z) = (Asinz + C cosy)e, + (Bsinx + Acos z)e, + (Csiny + Bceosz)e,. (1.32)

As static MHD and the incompressible, time independent Euler equations are equivalent up to
notation (which will be further discussed in Chapter 3), the ABC flow solution is also a solution to
the static MHD equation . Even this simple looking solution has very complicated behaviour. In [50],
chaotic and resonant streamlines are studied in the ABC flow and analytical criteria for the existence of these

streamlines are obtained.

Many solutions available in literature are to the static equilibrium MHD equations (V = 0). This as-
sumption greatly reduces the difficulty in finding solutions. One interesting boundary value problem solution
to the static equilibrium MHD equations (|1.31) is shown in [37] where Coulomb wave functions are used.

These special functions also make an appearance in the next chapter.

The static equilibrium MHD equations ((1.31)) are still quite complicated nonlinear PDEs in three spatial
dimensions. A common technique of further simplification through the reduction of the number of indepen-

dent variables, valid in many practical situations, is symmetry reduction.

1.6.1 Symmetry reductions of static equilibrium MHD equations

Several orthogonal coordinates systems are used in the following work: Cartesian coordinates (z,y, z), cylin-
drical coordinates (7, ¢, z), and helical coordinates (r,7, ). In each case any vector field, A can be expressed
by

A =A%, + A%, + A%e, = ATe, + A¢e¢ + A%e, = A"e, + Ae, + Ageg. (1.33)

Here, the helical coordinates can be defined from cylindrical coordinates as

r=r n=¢—yz/r’, £=z-p, (1.34)

where v is some constant parameter which is related to the tightness of the helices. In helical coordinates,
the equations & = const and 1 = const define two families of helices tangent to every cylinder » = const. Note
that helical curvilinear coordinates (r,£,7) are not orthogonal. This coordinate system can be visualized as

shown in Figure which is taken from [23].

In nature and applications, several types of stable plasma equilibrium configurations are observed to have
approximate axial or helical symmetry. These include axially and helically symmetric astrophysical jets and
even helical plasma thrusters [5]. These observed symmetries act as the motivation to seek symmetric so-
lutions to . By using the coordinate systems described above, we can impose the desired invariance
to further simplify the system . These include 9/9¢ = 0 for axial symmetry and 9/9n = 0 for helical

Ssymmetry.

12



Figure 1.4: Tmage of the helix £ = const for v = h/2m, where h is the z-step over one helical turn.
The helical basis vectors can be seen. This image has been taken from [23].

1.6.2 Axially symmetric static equilibrium reduction

After imposing axial symmetry on (1.31)), this system of PDEs can be reduced to a single PDE after intro-
ducing a potential flux function ¢ (x). Below we present a brief derivation of a single PDE on ¢(x) that is
equivalent to the four static MHD equations in the case of axial symmetry. This describes the Grad-Shafranov

equation but also serves as a derivation of the Bragg-Hawthorne equation in equilibrium fluid dynamics when

B is set to V and P is set to H. Starting with (1.31]) given by

oB*® 0B* B oBY  0B® BY 87P7
0z ox ox oy ox
Yy x z
oBY 0B BT _ oB* 0B BY 87P,
or dy dy 0z Ay
z Yy x Yy
oB* 0B By _ oB® 0B B _ 8j,
Jy 0z 0z ox 0z
oB* 0BY 0B~
+ 0+ =0.

Ox dy 0z

This system is now converted into cylindrical coordinates (r, ¢, z) using the transformations

r=rcos¢p, y=rsing, z=z,

with the differentials written as
i = cosgbi — Lnd)ﬁ
de Or r 0¢’

13



., 0 cos¢p 0
— =sing— —

dy or r 9¢
The projections of B" and B? are related to B* and BY in the notation of by

B* = B" cos ¢ — B? sin ¢,
BY = B"sin ¢ + B® cos ¢.

After simplifying and imposing axial invariance (0/9¢) the following reduced system of PDEs is obtained

rB*(B” — B?) — B®(rB?), = rP,, (1.36a)
B*(rB?), + B"(rB?%), =0, (1.36b)
B"(B? — BY) — B*B? = P, (1.36¢)
(rB*). + (rB"), =0, (1.36d)

where the superscripts describe the vector components of B and the subscripts represent the partial differ-

entiation. A potential fluz function is now introduced based on the vanishing divergence expression (|1.36d)),

_wr = TBZ7 ¢z =rB". (137)
The above is now substituted into the second equation of ([1.36) giving
{,rB*} =0,

where {...} denotes the Poisson bracket. The vanishing Poisson bracket in r and z between v and r B implies

a functional relationship between the two, which can be written as
rB? = I(v), (1.38)

where T is arbitrary. Multiplying the first equation of (1.36]) by v, /r and subtracting the third equation from

(1.36)) multiplied by 1, gives another vanishing Poisson bracket
{P.y} =0,
in 7 and z between P and v, which leads to the following functional relationship:
P = P(v). (1.39)

14



Using the obtained relationships, (1.37), (1.38), (1.39)) from above and substituting these into the first (or

third) equation of (1.36)) one arrives at a single PDE for the unknown flux function ¢ (r, z). This is known as
the Grad-Shafranov equation.

o%p 9% 100 , ,
52 T e g, T (W) = —prPw), (1.40)

Here primes denote derivatives with respect to ¢ and the magnetic field components are given by

B= ge,« + Me(z, + —r e.. (1.41)
T r T

In the fluid dynamics setting, the PDE (|1.40]) arises for axially symmetric incompressible fluid flows, and is

commonly referred to as the Bragg-Hawthorne equation.

o 9Py 1 PP g
W*‘w—;E‘FF(?ﬁ)F (¢) = —rH'(¢). (1.42)

In this case, ¥(r, z) is the scalar stream function and the components of the velocity are given by

V = %er + F(w)e(z) + _’(/}Tez,
r r r

and
H=H({), F=F(@), (1.43)

are arbitrary functions where

H:_<p+2vﬁ (1.44)

is known as the Bernoulli function.

One important fluid parameter is known as the vorticity denoted by w and computed from v by w = curl v.
This is analogous to the current density in MHD. In the case of axial symmetry and utilitzing the Bragg-

Hawthorne equation, w can be written as:

> e, + (rPH'(y) — F()F'(¥)) ey + (F’(z/})d)r) e.. (1.45)

r

w = (—F’w)‘”z

r
In the special case when w = 0 one has potential flow, as curl v = 0 implies, by the Poincaré lemma, the local
existence of the potential ¢ such that v = grad ¢. Potential flow theory is a powerful way to model simpler
settings such as motion of shallow water waves and flows around aerofoils [4]. In the case of an incompressible
flow, ¢ must satisfy the Laplace equation VZp = 0. potential flows in two dimensions reduces to a very simple
model that can be analyzed with conformal maps utilizing complex analysis. More information on potential

flow and conformal maps can be found in [4} [7].
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There have been some important exact solutions obtained from equation ([1.40) for different choices of
P(y) and I(¢). In [II] the solutions to the Grad-Shafranov equation modeling astrophysical jets and solar
prominences were derived.. For astrophysical jets, the following solution to equation ([1.40)) was found

N1
U(r,z) = e P <aNL}‘V(2,6r2) + Z ap sin(w, z + bn)LZ(Q,Brz)> . (1.46)

n=1

Here L} are anti-derivatives of the Laguerre polynomials. In this case, the free functions were chosen to be

6 :
4 0.04 O 1
Q 0.8
27 0.03
3
0.02 O Q
2t 0.4
4l 0.01 0.2
-6 y ’ 0 ' 0
0 5 10 4 6
T T
(a) (b)

Figure 1.5: A cross-section of magnetic surfaces P = const for a sample axially symmetric plasma
equilibrium solution given by is seen on the left, for N = 3, 8 = 0.1, a® = 243. The picture is
quasi-periodic in z. The colour-bar shows the values of the dimensionless pressure P = Py — 23%1?%/p.
Here Py = 0.05. On the right one can see lines of constant magnetic energy density |B|?/2u where the
magnetic field components are given by [2.10] This comes from a axially symmetric plasma equilibrium
solution given by (1.46)), for N =3, 8 = 0.1 and o® = 2443.

I(Y) = ay,  P(Y) =po—26°¢*/n, (1.47)
where a, py and S are real constants and p is the magnetic permeability. Level curves of the pressure P
for the above solution are shown in Figure along with the magnetic energy density seen in Figure [1.5b
If one takes the pressure contour and rotates it about the z axis the magnetic surfaces to which both the

magnetic field B and the current density J are tangent can be seen. This image is shown Figure [I.6]

1.6.3 Helically symmetric static equilibrium reduction

Similarly to the axial reduction, after converting the static equilibrium MHD equations to helical
coordinates given by and imposing helical symmetry 9/0n = 0, this system of PDEs can be reduced
to a single PDE after introducing a potential flux function 1(x) and following a similar derivation as the one
above. This PDE in the two helical coordinates (r,£) is known as the Johnson-Frieman-Kulsrud-Oberman

(JFKO) equation.
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Figure 1.6: Axially symmetric magnetic surfaces P = const given by equation (1.46[), for N = 3,
B = 0.1, a® = 2403 takes the form of nested tori and wavy cylinders. This figure is created by the
rotation of [T.5a] about the z axis.

— —uP'(). (L.48)

Yee (10 r IWI'W) | 291)
r_2+;5<7’2+72wr> + 72+ ~2 + (7'2+’Y2)2

Here subscripts denote partial derivatives and primes denote regular derivatives with respect to the given
variable. Again, P (1) and I(1)) are arbitrary functions of ¢). Here + is a constant parameter arising from the
helical coordinate system r = r, n = ¢ — vz/r? and ¢ = z — y¢. The magnetic field B written in cylindrical

coordinates has the following form

PIW) 4 VW)

e R B L2 (1.49)

B:ge,wl—
T

There have been some exact physical solutions to equation ([1.48]) such as an interesting example which is
presented in [12]. These solutions describe helically symmetric astrophysical jets with the exact solutions

written as

U (,€) = €7 (an Box (2872) + 17" B (281) (@i c0S(mE /) + by sin(mé /7)) . (1.50)

Here B,,, are related to the Laguerre polynomials by the following.

dm dm+1

where k., = (m + 2872 — ay)/(4nB~+?). In equation (1.50) N,m and n are arbitrary non-negative integers
which all satisfy the inequality 2N > 2n + m [12]. Here the free functions are given by
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I(y) = a, P(¢) =po—26%°p.

An example of a helically invariant solution is shown in Figure[I.7al along with the corresponding magnetic
energy density in Figure Solutions of both the Grad-Shafranov equation and the JFKO equation will
be discussed in further detail in Chapter 2. Some interesting related work in fluid dynamics regarding helical

flows and their conservation laws can be found [34] 24].

T
6 F

N
T

[
T

(a) (b)

Figure 1.7: Helically symmetric magnetic surfaces P = const can be seen in U(r, ¢) is given
by [50with N =4, n=0,m =1,k =02,v=1, ay = a, = 1 and b, = 0. The corresponding
magnetic energy density can be seen in

1.7 Infinite symmetries of MHD equilibrium equations

Looking back at the equilibrium MHD equations (1.28)), and letting V, B, P and p being a solution to
equation (|1.28)) in which the density p is constant on both magnetic field lines and streamlines, there exists
an infinite family of solutions Vi, By, P, and p; as discussed in [I4], which can be computed from the original

solution as follows

B, = b()B + c(1)) iV, (1.52a)

W) g, M)y

V= 1.52b

Y@y a(y) (1.525)
2 2

P =CP+ Ci—;Bl, (1.52¢)
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pr = a2()p; (1.52d)

here a = a(v), b = (¥), ¢ = c(1p) are arbitrary functions constant on both magnetic fields lines and stream-

lines, with the only restriction, b?(¢)) — ¢2(¢)) = C = const. The transformation ((1.52) is such as to preserve

the magnetic surfaces of the initial plasma configuration (V, B, P, p).

For the static equilibrium case (V = 0) this transformation simplifies to

e ) .
B, = /C+&W)B, V, QW)MB, (1.53a)

2
P, =CP+ CZ(ZZB, (1.53b)
p1 = a*()p. (1.53¢c)

Written this way, it can be seen that it allows the construction of infinitely many solutions parameterized by

two arbitrary functions from any given starting solution of the MHD equilibrium system

Fi(¢) =c(¥), Fa(¢) =a()Vv/p(¥). (1.54)

Therefore the transformations (1.53) can then be written as

B, =/C + F2(¢)B, V= %B, (1.55a)

2
P, =CP— F5()B , (1.55b)
2p
p1 = F35(¥), (1.55¢)

and used to transform the exact axially and helically symmetric static equilibrium solutions into new solutions

with V1 7é 0.

It should be noted that while the original and transformed solutions may or may not be stable solutions
of , Vladimirov in [47] showed that no new instability would arise from the transformations given by
. In other words, if one can show that the static equilibrium solutions are stable then these transformed
solutions will also be stable. These transformations will be used in Chapter 2 to convert new exact static
equilibrium solutions that we derive into non-zero velocity solutions which satisfy dynamic MHD equilibrium

equations ([1.28)).
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2 Exact solutions to axially and helilcally symmetric

MHD static equilibrium equations

2.1 Introduction

In this chapter, new exact physical solutions to the equilibrium MHD equations for both axial and
helical reductions are presented. These solutions are obtained by first deriving new axial and helical solutions
to the static equilibrium MHD equations and then utilizing the Bogoyavlenskij transformation discussed
in the previous chapter for (V # 0), are given by in order to transform them into dynamic solutions
which solve (|1.28)). The conditions that a solution to must satisfy in order to be considered physical
are discussed along with the boundary conditions of truncated solutions which have a restricted domain
outside of which have vanishing magnetic fields and pressure. Starting with the static equilibrium MHD
equations in the axial case, solutions to the Grad-Shafranov equation for the highest power
series expansion of both free functions, I(1) and P(v), such that the Grad-Shafranov equation is separable
are considered. This corresponds to I(7)) being linear in ¢ and P(¢) being quadratic in 1. After separation
of variables, two separate families of solutions arise depending on the sign of the 12 coefficient in the pressure.
In the first family when the coefficient is negative, the separated solutions are written in terms of Whittaker
functions. A proposition is proven that shows these solutions do not need to be truncated to be physical
if and only if the first parameter of the Whittaker functions are integers. In this case, these solutions are
related to previously discussed solutions given by which are found in [I1]. In the second family when
the coefficient is negative, the separated solution is written in terms of Coulomb wave functions. All of the
solutions of this type must be truncated to be physical due to the Coulomb wave functions oscillatory nature.
Similar to the axial case, the helical symmetric solutions of split into two families of solutions to the
JFKO equation again depending on the sign of the 1?2 coefficient in the pressure. Both of the families
are expressed in terms of the confluent Heun function. The first family behaves similar to the Whittaker
solution and has to be truncated to be physical except for the special case when the confluent Heun function
produces polynomials. This case is related to and found in [I2]. The second family which is also
written in terms of the confluent Heun function only with complex parameters has oscillatory nature similar
to the Coulomb wave functions and needs to be truncated to be a physical solution. In the last part of this

chapter, an axial and helical solution are transformed into solutions to (1.28]) utilizing the Bogoyavlenskij

transformations (1.53).
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2.2 Physical solutions to MHD equilibria

For solutions to the equilibrium MHD equations given by

divpV =0, (2.1a)

V2
pchur1V+JxB—gradP—pgrad7 =0, (2.1b)
curl (V x B) =0, (2.1c)
divB = 0, (2.1d)
divV =0, (2.1e)

and the static equilibrium equations given by

divB =0, (2.2a)

curl B x B = pgrad P, (2.2b)

to be physically relevant, the following conditions may be expected to hold.
1. The regularity, continuity and sufficient smoothness of the dependent variables B, V, P, p.

2. In the case of a localized plasma configuration in unbounded 3D space, P = 0 outside U, or P < Py =

const > 0 with P — Py when |x| — oo.

(IB(X)I2 +p|V(X)I2

d :
2 5 ) X < 400

3. Finite total kinetic and magnetic energy: /
u

Here U is either the whole plasma domain or, for a plasma configuration stretched along, say, the z-axis, a

slice z,y € R, 21 < 2 < 25.

For a plasma in a domain & bounded by 0U which is referred to as the current sheet and B,V, P — 0
on JU, the tangential boundary of the magnetic field can be derived as follows.
By integrating the Maxwell’s equation

curlH=1J (2.3)

where H = B/pu, over a small rectangle S with height & and length [ where the boundary of S is the curve
C such that the bottom and top of C are parallel to the surface dividing the two magnetic fields given by H;

inside the plasma and Hs outside the plasma

//ScurlH-ndZ://SJ-ndZ (2.4)
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applying Stokes theorem, and taking the limit of the height of the rectangle to zero (so that the integration

is happening over the boundary of the surface)

%%(?{:H«dr—//s.lndE) (2.5)

one arrives at

M —H) =T, xn (2.6)

where I, is the total enclosed free current. Now defining K = I, /1 this gives

®m -H) =K xn. (2.7)

In our particular case where the outside magnetic field is being set to zero and the magnetic field inside is

entirely in the tangential direction, the following boundary condition is obtained

H1 = Kencl X n (28)

where n is the outward facing normal and K is referred to as the surface current density and has SI units of

A/m.

In the following sections, if a solution requires truncation at some chosen boundary, 0lf, to satisfy the
two physical constraints, then the solution is referred to as a truncated solution, which is still a valid solution
inside a domain with a boundary, where the surface current defined by is introduced on the boundary
surface. However, if the solution satisfies the physical constraints in the whole space, then it will be referred

to as a global solution.

First off, solutions to the static equilibrium problem will be found with the help of the Grad-
Shafranov equation in the axially symmetric case and the JFKO equation in the helically symmetric case.
Using these new solutions and the Bogoyavlinskij transformations given by , solutions to the dynamic
equilibrium problem will be constructed.

2.3 Axially symmetric static MHD equilibria

Starting with the Grad-Shafronov equation

0%y 0% 10y , ,
oz + 92 ror + I()I' () = —pur® P’ (1), (2.9)

where the primes denote derivatives with respect to v and the magnetic field components are given by

B= wz I(U’) 7;[)7* (210)

e, + ey + ——e.,
r T
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there are certain choices of the arbitrary functions P and I in equation (1.40) for which the Grad-Shafranov

equation becomes linear.

Choosing the pressure to be quadratic and the arbitrary function related to the poloidal current to be

linear,
1
P(y) =Py + ﬂawz, I(¢) = av, (2.11)
the Grad-Shafranov equation becomes a linear homogeneous second order PDE

Y 10y 821/) o0,

Several interesting solutions to equation (2.12]) have been found through the method of separation of variables.
One of these examples was discussed in Chapter 1 regarding axially symmetric astrophysical jets with the

exact solution given by (|1.46]).

The linear homogeneous PDE equation (2.12]) admits separated solutions ¢ (r, z) = R(r)Z(z), satisfying

1
R'— R +(a?+ar? + R =0, 2.13a
r

7" = \Z, (2.13b)
where A is an arbitrary separation constant.

Depending on the value of a in the pressure term, one obtains two different families of solutions. The two
families of solutions correspond to two different types of pressure profiles. For a < 0, P < P; = const > 0

with P — P; when |x| — oco. For the case when a > 0, P > 0 inside of & and P = 0 outside of U.

2.3.1 First family of new axially symmetric solutions

The first family of solutions arises when a = —¢? < 0. This gives the following formula for the pressure
1
P(y) = Py — @q%? (2.14)

This corresponds to a pressure profile which is bounded above by some Py where P — Py when |x| — oo.

This model is more appropriate with plasmas confined to atmosphere or in some ambient medium.

When the separation constant is a negative value, A = —k2,k > 0, the solution is more akin to model a

plasma jet stretched along the z-axis. Now the solution to (2.13b)) is simply
Z = Cysin(kz) + Cysin(kz). (2.15)

In order to solve (2.13al) the substitution 2 = ¢r? can be used to transform this equation into a more familiar

1 a?2-—kK2
R —= R=0. 2.16
+< i dqz > (2.16)

form, namely
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This equation is now related to the following Whittaker ODEE|

16 1/4—02
y%@+<—+s+//y

1 ) y(s) =0 (2.17)

52
with the general solution

y(s) = C1War(d,v,8) + CoWy (6, v, 5).

This gives the following general solution to equation (2.16)) as
R(r) = CiW (8, v, qr?) + CoWyy (6, v, qr?). (2.18)

Here
a? — k?
4q
and v = 1/2. This gives the separated solution of ¢ as the product of (2.18]) and (2.15]).

5:

(2.19)

Vi (r, z) = <01WM (57 %, qr2) + CoWw (57 %, qr2>> (Cssinkz + Cycoskz), (2.20)

where Cy, Co, C3 and C4 are all arbitrary constants. It should be noted that due to the linearity of
equation ([2.12)), any linear combination of equation ([2.20) is also a solution to equation (2.12). This can be

written in general as
U(r,z) = / Yi(r, z) dk, (2.21)

where C; = Cy(k), i = 1,2, 3,4 are arbitrary distributions. It should be noted that for the following C;,

N-—1
Cik) =Y @A (k _Ja_ 4qn) (k) =0, Cs(k) =apcosby, Cu(k)=ansinb,,  (2.22)
n=1

where A(x) denotes the Dirac delta function, equation (2.21]) will have a similar form to Bogoyavlenskij’s
solutions given by equation ([1.46)). This solution corresponds to the special case of the linear combintations
of (2.20) when § € N. In this case, both Whittaker functions become linearly dependent. The following

proposition holds.

Proposition 1. For a pressure type of the form given by , the separated solution is a global
solution if and only if 6 € N.

The proof of this proposition is found in Appendix [A]

Examples of the first family of axially symmetric solutions

Two different examples are considered for the first solution family. The first example utilizes the separated

solution (2.20) for a case when ¢ ¢ N.

IThe hypergeometric equation for different parameters values gives rise to the Whittaker, Coulomb wave, Legendre and
Bessel ODEs found in this work.
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Figure 2.1: In Figure a cross-section of magnetic surfaces P = const for an axially symmetric
plasma equilibrium solution belonging to Family 1 with ¢ given by 7 forC;,=1,C,=0,C3 =1,
Cy=0,p=1,¢=01, a =2,k =1 and truncated at the surface Py = 3.3 x 10~° (shown with
the black dashed line) can be seen. The color-bar shows the values of the dimensionless pressure
P = Py — ¢*¢?/2. chosen such that P > 0 inside of the chosen domain. The corresponding magnetic
energy density, |B|?/2u, can be seen in along with the magnitude of the current density in Figure

It should be noted that in order to achieve finite magnetic energy this solution must be truncated as,
though not obvious from the plots, v — —oo as r — oo. It should also be noted that the contours of
Figure and Figure do not coincide as clearly the magnetic field components given by are not
functions of 1. The dotted bold line in all three figures mark the boundary of the plasma domain. Along
with this, the value of a was swept through three separate values to show how the solution changes. Here
a; =2+40.14,2 = 1,2, 3 corresponds to the black, red and cyan coloured solutions respectively. These can be
seen in Figure[2:4]

The second example that is shown is a linear combination of the special case of when § € N.
By Proposition 1 and the linearity of , this is a global solution. This is the same type of solution as
those discussed in [II] with the solution’s formula written by , only this time expressed as a linear

combination of Whittaker functions, specifically with the requirement that o? = 4qN.

N
1
U(r,z) = Z Ww (n, 2,qr2> (an sin \/4q(N —n)z + b, cos v/4q(N — n)z) . (2.23)
n=1

A cross-section of the magnetic surfaces can be see in Figure along with a contour of the magnetic
energy density seen in[2.3b] It can be seen with this example that the magnetic energy is concentrated about

the center of the plasma.

2.3.2 The second family of axially symmetric solutions

This second family of solutions arises when a = ¢2 > 0. This corresponds to plasmas residing in vacuum in
which the pressure, P = 0 outside of V with P > 0 inside the domain. Starting from the separated equations
given by (2.13)) with a = ¢?, the same plasma jet ansatz for Z(z) given by equation (2.15)) can be used. After
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Figure 2.2: A pressure plot of the solution from Figure for z=15and o; =2+0.14,i =1,2,3
corresponding to the black, red and cyan plots can be seen in Figure 2:2a] The different magnetic
energy densities for z = 1.5 can be seen in Figure [2.2bl The vertical dashed lines for each colour
correspond to truncation surfaces that give physical solutions.

transforming the radial problem from (2.13)) with z = igr?, where 4 is the imaginary unit, the following ODE
related to the Whittaker ODE equation ([2.17)) is obtained:

" _1 k2_a2~ _
R +< it I R =0. (2.24)

Therefore, by utilizing the general solution to the Whittaker ODE equation (2.17)), the radial solution can

be written in terms of Whittaker functions of a complex argument and parameter:

1 1
R(r) = CiWy (m, 2,iqr2> + CoWyy <i5, 2,iq7’2) , (2.25)

where J is specified in (2.19).
A relationship exists between Whittaker functions and the Coulomb wave functions:

1 2iCr(0,—6,qr?/2)
W ( —i6, =, igr? | = P2 2.26
(- ) = 220

Where T'(n) is the gamma function. This gives the motivation to transform the radial problem given in ([2.13])

into a related version of the Coulomb wave ODE using = = ¢r?/2,

2 _ k2
R’ + (1 +2° ) R=0. (2.27)
4qx

which is related to the Coulomb wave ODE

y"(s) + (1 — 2?0 - L(szl)> y(s) =0, (2.28)
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Figure 2.3: In Figure a cross-section of magnetic surfaces P = const for an axially symmetric
plasma equilibrium solution belonging to Family 1 for the case when 6 € N with ¥(r, z) given by (2.23).
Here N = 4, a,, = 0.0002,.02,.05, .04, b, = 0.0002,.01,.015,.05, n = 1, ¢ = 2, & = 4v/2. The color-bar
shows the values of the dimensionless pressure P = Py — ¢%¢?/2u in Figure The corresponding
magnetic energy density, |B|?/2u, can be seen in along with the magnitude of the current density
in Figure

with the general solution y(s) = C1Cp(L,0,s) + CaCq(L, 0, s). By comparing (2.27) with (2.28) and substi-

tuting back = = ¢r?/2, one arrives at
R(r) = C1 Cp (0, s, gﬁ) 4Gy Ca (o, s, gﬂ) . (2.29)
The second family of solutions to equation corresponding to plasma confined in a vacuum is:
dn(r,2) = (01 Cr (o, 5, gﬁ) +CyCo (0, -5, gﬁ)) (Cysinkz + Cy coskz), (2.30)
where § is the same as the first family, given by equation . Again, any linear combination of the above
separated solution is also a solution which can be written as
W(r,z) = /Oo Vi (r, 2) dk, (2.31)

assuming C; = C;(k), i = 1,2,3,4. It should be noted that can never satisfy all of the physical
constraints, as both Cr and Cg oscillate and contain infinite zeros at infinity, therefore finite magnetic
energy cannot be realized [I1I]. As resources for computing Coulomb wave functions are quite hard to find, a
computation guide for these functions is found in appendix For the separated solution , after choosing
some Py = const to be the boundary of the plasma domain truncated solutions can indeed be considered as

physical.

Examples of the second family of axial solutions

Utilizing equation ([2.30)), the contours of the pressure profile which give the magnetic surfaces can be seen
in Figure 2.5
However, this solution, as mentioned before, has infinitely many zeroes and grows unbounded as r — oo,

thus by (2.8)) it will not have finite magnetic energy. A corresponding truncated solution can be seen in

Figure [2.6]
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(a) (b)

Figure 2.4: A pressure plot of the solution from Figurefor z = 0 can be seen in The magnetic
energy densities can be seen in Figure Here we can see that the majority of the magnetic energy
is focused around the center of the plasma.

One should note the positive pressure profile inside of the chosen domain. The magnetic energy density
inside of the domain is seen in Figure A 3D magnetic surface generated by rotating Figure about

the z axis can then be seen in Figure 2.8
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Figure 2.5: A cross-section of magnetic surfaces 1, P = const for a sample axially symmetric plasma
equilibrium solution belonging to a Family 2, equation 7 with C1 =1, Cy=0,C3=1,Cy =1,
k=2 a =25, and ¢ = v/3. The picture is periodic in r. The colorbar shows the values of the
dimensionless pressure P = Py + qz%z
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Figure 2.6: A cross-section of magnetic surfaces 1, P = const for a sample axially symmetric plasma
equilibrium solution belonging to a Family 2, equation (2.30), with C; =1, Co =0, C3 =1, Cy =1,
k=2 a =25, and ¢ = v/3. The picture is periodic in r. The colorbar shows the values of the

dimensionless pressure P = Py + qQ%z. The truncated boundary is shown boldface which coincides
with the current sheet marking the boundary of the plasma.Lines of constant
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Figure 2.7: A pressure plot of the solution from Figure for z=04 and a; =4.7+0.3i,: =1,2,3
corresponding to the black, red and cyan plots can be seen in Figure 2.7a] The different magnetic
energy densities for z = 0.4 can be seen in Figure [2.7b] The vertical dashed lines for each colour
correspond to truncation surfaces that give physical solutions.

Figure 2.8: Axially symmetric magnetic surfaces P = const for Family 2, equation (2.30)), with
Ci=1,C0,=0,C03=1,C4,=1,k=2 a=5, and ¢ = v/3 shown in 3D by rotating Figure about
the z axis.
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2.4 Helically symmetric plasma equilibria and exact solutions

Now starting with the JFKO equation

Ve 10 (WY 270(9)
7'2 + Ta'f' (Tz—‘y—’yz\:[/r) 7‘2+72 (/,«2_'_,}/2)2 - /’LP (\I/)v (232)

for certain choices of the arbitrary functions P and I, (2.32)) becomes a linear homogeneous PDE in which

a separated solution can be looked for. Again, choosing the pressure P to be quadratic and the arbitrary
function I to be linear:

P(5) = Poct 500, 1(5) = av, (2:33)
the JFKO equation becomes a linear homogeneous second order PDE

L&ulﬁ( r %> o’ ay
2082 ror\r24~20r/)  r24+42 (12 +72)2

+op=0, (2.34)

which admits separated solutions ¢ (r,u) = R(r)=(§), satistying

= = \E, (2.35a)
r ! a?r? 2var?
(k) +( )R = -AR. 2.35b
(7‘24—72 N r2+72+(r2+72)2+0 ( )
Here the separation constant, ) is taken to be negative A = —w? which, as with the axial case, corresponds

to a model of a plasma jet stretched along the z axis. Therefore, = will have solutions in terms of sine and
cosine. Depending on the value of ¢ in the pressure term of , one again obtains two different families
of solutions. The two families of solutions correspond to two different types of pressure profiles. For ¢ < 0,
P < P; = const > 0 with P — P; when |x| — co. For the case when o > 0, P > 0 inside of the plasma

domain V and P = 0 outside of V similar to the axial cases discussed previously.

2.4.1 The first family of helically symmetric solutions

The first family of solutions arises when o = —2? < 0. This corresponds to a pressure profile which is bounded

above by some P; where P — P; when |x| — oo. This model is more appropriate for plasmas residing in

atmosphere. Upon the substitution of this pressure form and A = —w? the following two equations arise
r ! a’r? 2var?
r 71%’) + ( + - /<a27"2>R = w?R, 2.36
(7"2 + 92 2442 (r2+42)2 ( )
=" _ _w2:

Where the second equation has the general solution
E(&) = Cy sin(wf) + Cy cos(w). (2.37)
The solution to equation (2.36|) can be written in terms of the confluent Heun function [41] as:

R(r) = et /2 (Clrbﬂc(a7 b,—2,¢,d, —1r%/¥%) + Cor " Hc(a, —b, =2, ¢, d, —7“2/72)). (2.38)
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Here

a = k2, (2.39a)

b= w, (2.39b)

c= 1 , (2.39¢)
K2yt a? —w? ay
=1- — 2.
d 1 + Y + 5 (2.39d)
where the confluent Heun function H¢(a,b, —2, ¢, d, x) satisfies the following confluent Heun ODE:
—2%a+ (=b+a)r+b+1 —ba —2c)x+ (b+1)a+b—2d+2
x(x—1) 2x(x — 1)
Therefore, a separated solution for this first family can then be written as
Yy, (r, &) = e=rr/2 (C’lrbHc(a, b,—2,¢,d,—1?/7?) + Cor *He(a, —b, —2, ¢, d, —7’2/72)) X ( )
2.41

x (C3 sin(wé) 4+ Cy cos(wf)).
Some important remarks about (2.41]) and the confluent Heun function should be made here:

1. For the examples shown, Cy will be set to zero, as a negative second parameter in the confluent Heun

function appears to not be computable by the utilized method.

2. There exists necessary and sufficient conditions for the confluent Heun function to produce polynomials
which are discussed thoroughly in [42]. These solutions correspond with helical solutions discussed in
[12]. A necessary condition for the emergence of these polynomials is ¢ = —a(n+ (b/2)) where n is some
positive integer which specifies the degree of this polynomial. The needed sufficient condition for the
polynomials of this function come from choosing a finite number of characteristic values for d. These
characteristic values are chosen such to be the roots of the coefficient of the (n+ 1) degree of the series

expansion. Further details on the conditions for these polynomials can be found in [41].
with the first remark, a more useful separated solution can be written as
1/’w (T7 E) = einTQ/ZTbHC (a’a b7 _27 ¢, da _T2/72)(Cl Sln(w§) =+ 02 COS(UJ&))- (242)

As the above solution satisfies the linear equation (2.34]) a general linear combination for different values of

w can be considered giving
(o)
W(r¢) = / Yo (r,§) dw, (2.43)

assuming C; = C;(w), i = 1,2 are arbitrary distributions.

32



2.4.2 Examples of the first family of new helical solutions

Two examples of the first family of solutions will be shown. The first is a look at a single separated solution
given by . Here the parameters in are chosen such to not produce polynomials from the confluent
Heun part of the solution. Here the first part of the solution is shown before it starts to grow unboundedly
similar to the Whittaker functions when § # N. The magnetic surface cross-sections for this solution can be

seen in Figure 2.9
0.01
0.008

0.006
A

0.004

0.002

Figure 2.9: Helically symmetric magnetic surfaces P = const for Family 1 where ¢ # —a(n + (b/2)).
Here ¢ (r, £) is given by 1} witha=59, k=1,v=1,w=3,Cy=1and Cy =0.

While globally the above solution is non-physical, it can be truncated to give solutions which satisfy
the physical constraints. The physical solution with the pressure profile, magnetic energy density and the
magnitude of the current density can be seen in Figure As expected with the magnetic energy density,

the higher concentration is seen in the center of each of the inner 6 sections.

An interesting linear combination of a non-physical solution can be seen in Figure 2.11}

The second example from this family of solutions is for the case when the confluent Heun function does

produce polynomials. This is a special case when ¥(r, &) from (2.43)) can be written as

U Nmn(r, &) = e rT/2 (CLNBON(K‘/I‘Q) + rman(/ir2)(amn cos(m&/v) + bmn sin(m{/*y))) . (2.44)
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Figure 2.10: A truncated helically symmetric physical solution based off of the solution given in
Figure[2.9] The pressure contour, magnetic energy density and current density magnitude can be seen
from left to right.

Here B,,, are related to the Laguerre polynomials according to
dm dmtt
B (x) = d:c_mLm+" — kmanLern(:z:), (2.45)
where k= (m + k7?2 — ay)/(2nky?) and L(x) are the pth order Laguerre polynomials. In equation
N,m,n are arbitrary non-negative integers which all satisfy the inequality 2N > 2n + m. This solution is
derived in [12], where in the original paper the solution is written in terms of § where x = 2. The pressure
profile and the magnetic energy density can be seen in [2.12
With a lifting and rotating motion along and about the z axis, the three dimensional magnetic surfaces for

which both the magnetic field B and the current density J ~ curl B are tangent can be seen in Figure 2.13]

2.4.3 The second family of new helically symmetric solutions

The second family arises when 0 = 2 > 0 in equation (2.34). This corresponds to a positive pressure
profile, P > 0, inside of V and P = 0 outside. This pressure profile is suitable for plasma in vacuum. After
substituting this form of pressure into equation (2.24)), the following ODE similar to (2.36|) arises

2,.2

T A’ (ar 2’yar2_22 9
T(—r2+’y2R) (gt o JR=wR (2.46)

The solution to (2.46]) can again be written in terms of the confluent Heun function, H¢, this time multiplied

by a complex exponential and having complex parameters in the confluent Heun function.
b Q.2 —7’2 b Q0.2 —?“2
R(r)=Cir =2V He (ia, b, —2, ¢, d, —5 | +Car =2V He (ia, —b, —2, ¢, d, — |, (2.47)
Y Y

where a, b, ¢, and d are given by (2.39). Following the 2nd remark about the confluent Heun function, the
second solution is discarded by setting Co = 0 in (2.47)). It should be noted, as it is not obvious, that the first
solution of equation ([2.47) is a real valued function for real a, b, ¢, d and r. Therefore, a separated solution
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Figure 2.11: Pressure profile for a linear combination of ¢ for Family 1 where ¢ # —a(n + (b/2)).

Here ¥(r,&) = ¥1(r, &) + ¥a(r, &) where 1 (r, &) is given in Figure and 9 (r,£)) is given by (2.42))
witha =59, k=1,vy=1,w=2,C; =1 and Cy = 0. Here the solution is non-physical as it grows
unbounded unless one restricts the plasma domain to within one helical cylinder or so.

to (2.34]) corresponding to helically symmetric plasma in vacuum is

o (1, €) = e~/ 2pbqy (ia, b,—2,¢c,d, ;—f) (C1 sin(w€) + C4 cos(wf)) . (2.48)

Now a general solution can be written as discrete or, more generally, continuous linear combinations of the

separated solutions (2.48]):

lIl(Ta g) = /:)O d)w(”ﬂa g) dwa (249)

where C; = C;(w), Cy = C3(w) are arbitrary weighting distributions. The radial part, R(r), in the separated
solution ([2.48]) for most choices of k, o and w behaves periodically, similarity to the Coulomb wave functions
from before. Due to this, (2.48]) must be truncated at some chosen magnetic surface P = Py outside of which

P and B are set to zero.

2.4.4 An example of second family of helical solutions

Using equation (2.48) and choosing the following values for w, Cy, Cs, &, 7 and « the following oscillating
contours of the pressure P(1)) = k212 /2 can be seen in Figure
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Figure 2.12: Helically symmetric magnetic surfaces P = const can be seen in This is a special
case of Family 1 where the confluent Heun functions produce polynomials. ¥(r, &) is given by
with N=4,n=0,m=1, k=02 v=1ay =a, =1 and b, = 0. The corresponding magnetic
energy density can be seen in |T1_75l

It appears that for the type of pressure configuration suitable for a plasma residing in vacuum the solutions
for both axial and helical symmetry have oscillatory nature in the radial variable.

After truncating this solution at some chosen boundary P(i) = 0, the pressure contour can be seen in
Figure with the corresponding magnetic energy density seen in Figure For this example, two of
the magnetic surfaces are shown in 3D with magnetic field lines shown twisting up the helical surfaces. This

is shown in Figure [2.16]
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Figure 2.13: Helically symmetric magnetic surfaces P = const. This is a special case of Family

1 where the confluent Heun functions produce polynomials. ¥(r, &) is given by (2.44]) with N = 4,
n=0,m=1,k=02v=1ay =a, =1 and b, = 0. These surfaces are shown in 3D by a helical

transformation of Figure
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Figure 2.14: A cross-section of magnetic surfaces P = const for a non-physical oscillating helically
symmetric plasma equilibrium solution belonging to Family 2 given by , with Cy =1, Cy =0,
a =3, k=4, =1and w = 1. The colour-bar shows the values of the dimensionless pressure
P = k2?)2.
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Figure 2.15: Truncated helically symmetric magnetic surfaces P = const can be seen in This
belongs to family 2 where ¥(r,£) is given by (2.48) withC; =1, Co =0, a =3, k =4, v = 1 and
w = 1. The corresponding magnetic energy density can be seen in [2.15h]
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Figure 2.16: Three-dimensional magnetic surfaces P = const for a sample helically symmetric plasma
equilibrium solution belonging to family 2 using withC1 =1, Co =0, a=3,k=4,y=1and
w = 1. Created by a rising and rotating motion of Figure 2.15a] Here the black lines represent the
magnetic field lines tangent to this surface.
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2.5 Transformation of static equilibrium solutions into dynamic

solutions with non-zero velocity

Starting with the transformations discussed in chapter 1 that depend on two arbitrary functions

B, =4/C+F}y)B, V= %B, (2.50a)
_ F3(y)B?

P, =CP— T (2.50b)

pr = F3(4), (2.50c)

the 2nd family of solutions for both axially and helically symmetry found in the previous section will be

transformed into new solutions with V; # 0.

2.5.1 Transformation of the second axially-symmetric family of solutions: an

example

Starting with the above example for the second family of axially symmetric solutions shown in Figure [2.6

having the magnetic field components and pressure given as

B, = %er + agew — &ez, (2.51a)
T T r
q2
P="P+ E(ﬁQ, (2.51b)

where 1 is given by (2.30) and using the two arbitrary functions of ¢ to be
Fi($) =0.7P%,  Fy(y) = P?, (2.52)

and C' = 1, this transforms the solution into

B.
By =V1+P'By, V3=—2

0.7P%’

P?B?
P =P-— st pp =P (2.53a)

The new pressure profile and magnetic energy density can be seen in Figure and Figure respec-

tively. With the non-zero velocity, a graph of the non-zero kinetic energy density, p;Vi?/2, can now be seen

and is shown in Figure
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Figure 2.17: The new solution transformed from the solution shown in Figure with the new
solutions given by based off of the static equilibrium magnetic field By; and the static equilibrium
pressure P. From left to right, the new pressure profile, P, magnetic energy density, B?/2u and non-
zero kinetic energy density pV;?/2 can be seen.

2.5.2 Transformations of the second helically-symmetric family of solutions: an

example

Taking the second family of helically symmetric solutions shown in Figure 2.I8] having the magnetic field

components and pressure given as

ary + ry, QY — 1,
Bst:ge,nJr v 1l)e¢+wg} ;Z}e
r T4+

25 2.54
7"2 + 72 ( a)

2
P=P+ 5¢2, (2.54b)
where 1) is given by ([2.48]) and using the two arbitrary functions of ¢ to be
4
Fi(¥) = 0.035P2, Fy() = e'T cost)?. (2.55)

and C = 1, this transforms the solution into

e 2
Bi = VIt e o g2 By, Vi= BV g (2.56a)

0.035P2

e cos? 2
2
The new pressure profile and magnetic energy density can be seen in Figure and Figure

P =P- B, p= ¥ cos? V2. (2.56b)

respectively. With the non-zero velocity, a graph of the non-zero kinetic energy density, p;V;?/2, can now be

seen and is shown in Figure
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Figure 2.18: The new solution transformed from the solution shown in Figure with the new
solutions given by based off of the static equilibrium magnetic field By; and the static equilibrium
pressure P. From left to right, the new pressure profile, P;, magnetic energy density, |B1|?/2u and
non-zero kinetic energy density p|V1|?/2 can be seen.
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3 Spherical vortices in fluid mechanics and MHD

3.1 Introduction

In 1894 Micaiah John Muller Hill published an article describing a sphere moving symmetrically with regards
to an axis through a stationary fluid. Using cylinderical coordinates and assuming that the azimuthal velocity
component is zero, Hill was able to find a simple solution that describes this fluid flow. This solution and
the method that it was computed is available in [30]. A similar modern problem in the MHD framework
was put forth in 1987 by A. A. Bobnev in which they considered a spherical vortex moving in an ideally
conducting fluid [9]. In this work, several small mistakes were made. Interestingly enough, in 1995 R. Kaiser
and D. Lortz again considered the problem of a spherical vortex in MHD equilibrium to model ball lighting
[33] essentially re-deriving the solution A. Bobnev found in [9]. In the following chapter, a modern and much
simpler derivation of Hill’s spherical vortex using the Bragg-Hawthorne equation, (which was first derived
in 1898 by William Mitchinson Hicks and only gained popularity after being re-derived in 1950 by William
Hawthorne and Stephen Bragg) will be shown to emphasize the usefulness of the Bragg-Hawthorne equation
for such problems. By using the moving frame of reference the Euler equations reduce to equilibrium flow
which as discussed previously are equivalent to static equilibrium MHD (1.31)). Next, the spherical vortex
in an ideally conducting fluid is computed similar to methods in both [9] and [33]. Using results from the
previous two sections, a new generalized version of Hill’s spherical vortex is put forth. After this, a physical
solution to the static equilibrium MHD equations is computed by looking at a separated solution to
the Grad-Shafranov equation in spherical coordinates and lastly, the stability of Hill’s spherical vortex is
examined by performing an axisymmetric perturbation described in [40]. A similar analysis for the new

generalized Hill’s spherical vortex is also attempted.

3.2 Hill’s spherical vortex: a modern derivation

A sphere of radius R moving through a stationary fluid directed along the z axis can be modelled with the

incompressible Euler equations. Starting with the equations of motion for an incompressible fluid

ov 1
5 (V-V)V = - grad P, (3.1a)

divV =0, (3.1b)
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the well known result that the incompressible Euler equations are invariant under a general Galilean trans-

formations motivates the following change of variables

V(r,t) =v(r— Z(t)e.) + Z'(t)e,, P(r,t)=P(r— Z(t)e,). (3.2)

Here Z(t) is an arbitrary function of time and v, P denote fluid parameters measured in the corresponding

moving frame of reference.

Assuming that the moving frame of reference is moving at the same speed as the spherical vortex, and

the density is constant, after omitting the tilde on the new variables, the Euler equations can be written as

curlv x v = grad H, (3.3a)

divv =0, (3.3b)

where
P

H=— (p + ;|v2> (3.4)
is a modified pressure term. In the rest of this section H will simply be refereed to as the pressure. As one
can see, assuming that the motion is axially symmetric it is natural to use cylindrical coordinates and set
v and H independent of ¢. In doing so, one can reduce to the well known Bragg-Hawthorne equation

(see Chapter 1 section 6.2 for the derivation)

2y 9% 19y

1 _ .27/
where
v = %er + Mqu + —r e, (3_6)
T T T

and F', H are arbitrary functions of v, where 1 is the stream function discussed in Section 6.2. Chapter
1. Following Hill’s assumption who considered a two-component axially symmetric flow, the azimuthal

component of the velocity is set to zero, giving the condition

F(y)=0. (3.7)
From this, the vorticity as discussed in chapter one and given by becomes
w=rH'()ey,. (3.8)

Note that when the pressure is constant: H = Hj, one has w = 0, which corresponds to an irrotational
flow (i.e. potential flow) which was also discussed in Section 6.2. Chapter 1. (3.7) also gives a simplified

Bragg-Hawthorne equation
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0% 0% 10y o
aet o rar - THW) 39)

with

Ve *;Z’T e.. (3.10)

vV=—e,+
r

The arbitrary function is chosen as the highest power series expansion in 1 such that the becomes
separable in spherical coordinates and the asymptotics of the pressure H (i) behaves properly. As far as
separability of goes, H(v) cannot be of higher degree then linear in 4. In regards to the asymptotics,
the pressure far away from the sphere must not change and needs to be the ambient pressure Hy. This gives

the best choice for H (1)) to be broken into two pieces that match at the boundary

Ho — 108, p<R
H(y) = (3.11)
Ho. p > R

Here the coefficient 104 is only chosen in this way to make the calculation cleaner. The problem is now
be decomposed into two pieces: the rotational flow inside of the sphere with pressure linear in 1, and the

irrotational flow outside of the sphere with constant pressure.

1. Rotational flow inside the sphere

H(y) = Hy — 1084 (3.12a)

0%y 0% 10y
o2 T g = 100 (3.120)

2. Irrotational flow outside the sphere

H(y) = Hy (3.13a)

2.7 2.7 7
ngJr%f_%%f:o (3.13b)
Along with these two equations, there is the condition that both pieces must have matching pressure and
velocity components at the boundary of the sphere (r? + 22 = R?). For matching pressure, this implies that
for the inside solution, ¥(r,z) = 0 when r% 4+ 22 = R2. It turns out that one can effectively seek solutions

to (3.12b) and (3.13b)) in spherical coordinates, in the separated form (p,0) = R(p)©(#). Here standard

spherical coordinates are related to cylindrical coordinates by r = psinf, z = pcosf. Converting the above

problem into spherical coordinates gives

1. Rotational flow inside the sphere

H(y) = Hy — 1083 (3.14a)

82 sin@ o 1 0 2 .2
[apz+pzae (meaaﬂ ¥ = 100p7sin"6. (3.14b)
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2. Irrotational flow outside the sphere

H(y) = Ho (3.15a)
0%  siné@ 0 1 0
Z (== =0. .15b
{8p2 R (sin989)]w 0 (3.15D)
The velocity components inside and outside are given by
1 oy 1 oy
- e -~ ZF 1
Vin p?sinf 00 Cr psinf dp o> (3.16)
and - -
1 1
4 i (3.17)

Vout = p? sind 90 psin@@ipee'
respectively. Along with this, the matching conditions and the need for ¥(p, ) to be regular at p = 0

give the following four boundary conditions

o

o 00

oy

9 oy
a0

p=R7 Ip

_ %

¥(R,60) =0, [$(0,0)] < oo, p=r 0P

(3.18)

p=R
A general solution for the inhomogeneous inside equation (3.14b|) is sought in the form of ¥(p,0) =
Y(p, 0) gen + 1 (p, 0)part Where 1(p, 8)gern is a general solution to the homogeneous version of (3.14b)) given by

9? sinf 0 1 0
L?p2+p2 20 (sinﬁ&ﬁ)} P =0. (3.19)

and ¥(p, 8)part is a particular solution to (3.14b)). A particular solution is found to be

V(p,0)part = dp* sin? 6. (3.20)

The general solution to (3.19)) is obtained by a separated solution ¥ (p,0) = R(p)©(#). Upon substituting
the separated form into (3.19)) one arrives at the two ODEs

p’R’"—CR =0, (3.21)

((—csc)0') = C(csc)O, (3.22)

where C is a separation constant to be determined. Using the change of variables

t=cosf, O(0)=T(1), (3.23)

the equation ([3.22)) becomes
(1—t))T"(t) + CT(t) = 0. (3.24)

This ODE can be related to the associated Legendre ODE with the transformation
T(t) =+1—-12P(¥) (3.25)
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leading to

(1—t*)P"(t) — 2tP'(t) + (C — 11]52> P(t) =0. (3.26)

The equation (3.26) is related to the associated Legendre ODE [33].

22

2\ D . D/ o m2 D _
(1—z°)P"(z) —2zP'(x) + (1l +1) i P(z)=0 (3.27)

Clearly (3.26) is the same as (3.27) when m = 1 and C = I(l + 1). The equation (3.27) has nonsingular

solutions on the interval [—1, 1] only when [ and m are integer values [3]. For m = 1, the associated Legendre

polynomials have the form

d
P(z)=—-V1- x2%771 (x), (3.28)
where P; refers to the 1th order Legendre polynomial. One then arrives at the regular solutions to (3.24))
o d
Ti(t) = —(1—-t)="P. (3.29)
dt
which can be written as
Ti(t) = (L+ 1)Pra () — (L + DEP(). (3.30)
This gives O(0) as
©,(0) = (I +1)Pi41(cos @) — (I + 1) cos 0 Py(cosb). (3.31)

The value C = I(I + 1) can now be substituted into (3.21]) giving
p’R"(p) —1(1+1)R(p) = 0. (3.32)

This has the solution
Ri(p) = aip'™ + bypt. (3.33)

As the solution is required to be regular at p = 0, b; will be set to zero. A separated solution to the

homogeneous PDE (3.19)) is therefore
di(p,0) = aip™™104(0), (3.34)

giving the solution for ¢ inside of the sphere as

U(p,0) = dp*sin® 0+ apT1O,(0). (3.35)
=0

Using the condition that the pressure must match at the boundary which reduces to the condition that

¥(R,0) = 0 as specified in (3.18]) gives

> aR'T'O,(0) = —R*sin® 6. (3.36)
=0
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The solutions ©;(#) form a complete orthogonal basis as (3.22) is a classical Sturm-Liouville second-order
linear ODE with weight w() = — csc. Using the observation that ©;(6) = —sin?# equation (3.36) can be

written as

> RT1O,(0) = GR'O,(0). (3.37)
1=0
By multiplying the above equation by — csc #0;(f) and integrating from 0 < 6 < 7 one arrives at

— [T SR csc00,(0)6,(0)d6

Rl+1 — _
“ [T esc0(6,(0))2d6

(3.38)

The right hand side is zero due to the orthogonality of ©,(6) for all I except when [ = 1. In this case one

obtains the condition that

a; = 6R%. (3.39)

Therefore the solution inside the sphere can be written as
¥(p,0) = 6p*sin? 6(p® — R?). (3.40)

For outside of the sphere, the solution is the same as the homogeneous solution to given by

oo

B0 =3 (ar* + %) 0uo). (3.41)

=0

The forth condition in (3.18]) gives the condition that

3 a(l+ 1R — — ) 6;(0) = 30 R sin? 4. (3.42)
> ( )

Using the orthogonality of ©;(0) as discussed before, [ = 1. Lastly, the third condition gives

d
(clR2 + 1%) =0. (3.43)

giving ¢; = —d; /R3. Substituting this back into (3.42)) with / = 1 one achieves the complete solution

sp*sin?0(p®> — R%), p<R
$(p,0) = o (3.44)
26R? sin” 0 (%) . p>R

This can be written in cylindrical coordinates as

) ((7‘222 +7rd) — R2r2) , r? + 22 < R?
Y(r,z) = . (3.45)

3
26R*r? (1 - 7@%@?)3/2) .24+ 22 > R?

The velocity components can be computed from (3.113]) to be
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207z, r? 4+ 22 < R?

Up = . (3.46)
e, P+ > R
26 (R? — 1% — 2?), r?+ 22 < R?
v, = (3.47)

45p2 | 26R% (r?=22%) 2, .2 2

Moving back into the lab frame with the transformation given by (3.2]) one arrives at

yo_ |22, -2 <R (3.48)

e P (2 - Z(1)? > R?

/ 2 _ 2 (4 2 r2 z — 2 2
v Z'(t)+26 (R (z—Z(1)?), +(z-Z(t)° <R (3.49)

5 (r2—2(z—Z(t))?
Z'(t) + 4oR? + 2 L2 A 2+ (2 - Z(1)? > R?

The pressure in the stationary frame of reference is given by

H(r.) = Hy — 100 (r? ((z — Z(t))* +r* = R?))), m+(z—Z(1))*<R (350)

Hp. >+ (z—Z(t)?> > R?
One additional boundary condition that can be considered is the behaviour of the velocity far away from
the spherical vortex. In particular, if the fluid that the sphere is moving through is stationary, it is natural

to demand v,, v, — 0 as 72 4+ 22 — oco. The first limit for v, is trivially satified

lim v, =0. (3.51)

r2+4+z22—00
however, for the z component of velocity, v, one gets
lim v, =Z'(t) + A5r2 =0 (3.52)
r2422 500 z 3 ' '
This gives the additional condition that Z’(t) = —26R*. This implies the interesting result that the group
velocity of the moving spherical vortex is constant with a speed that is proportional to the square of the

radius. In this case, the solution depending on the freedom of R and ¢ can be written completely in terms of

4
Z(t) = Zy — gcSR?t (3.53)

as
20r(z + 30R%*),  r*+ (24 36R%t)* < R?

20R°r(2+40R%t
(T2+(zi(§6lg2t)2)5)/2’ r? + (Z + %5R2t)2 > R?

—45R2+ 26 (R2—r2 — (2 + 26R*t)?), 724+ (2+ 25R*)?> < R?
Vz _ 3 ( ( 3 ) ) ( 3 ) (3.55)

45p2 | dsp2 , 26R5 (rP—2(z+35R%t)%) 2 45$p24\2 2
_g(SR +§5R + 3 (r2+(z+%63R2t)2)5/2’ T +Z+§(5R t) >R
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with the pressure profile in the stationary frame as

Ho 41062 (r2 ((z + 26R%)2 +r2 — R?))), 72+ (2 + 26R%*)? < R?
Hir,z2) = (P (243 ) ) (z+3 ) (3.56)
Hy. r?+ (2 + §0R*)* > R?

Level curves of H(r, z) can be seen in Figure

151 3

15 I I I I I | 0
-1.5 -1 -0.5 0 0.5 1 15

Figure 3.1: A cross-section of surfaces H (1)) = const in the lab frame given by (3.56). Here R = 1,
Hg=1,0 =1 and t = 0. The black arrows correspond to the velocity vectors on a given surface. By
the first equation of (3.3)), both v and curl v are tangent to this surface.

3.3 A stationary spherical MHD vortex

A similar problem to Hill’s spherical vortex is the concept of a spherical vortex moving through an ideally
conducting fluid. With this problem, negligibly small fluid motion (V = 0) is assumed which reduces the
dynamic MHD system ((1.27)) to the static equilibrium MHD equations

curl B x B = pgrad P, (3.57a)

divB = 0. (3.57b)
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Here, the main differences between Hill’s spherical vortex and this stationary conducting spherical vortex is:
the search for v inside and outside the sphere is replaced with the search for B, and the azimuthal component
of this magnetic field is not assumed to be zero. Two assumptions of this conducting spherical vortex are: the
pressure goes to a constant value taken to be zero at the boundary of the sphere (similar to Hill’s spherical
vortex), and every magnetic field component goes to zero at the boundary. The last condition here regarding
the magnetic field is chosen in this way because the asymptotic behaviour of the magnetic field must decay
at least as quickly as a dipole moment, but it was shown in [33], that the only solution outside of the sphere
consistent with the inside pressure and magnetic field that has the proper asymptotic behaviour is when

B =0.

The spherical vortex is assumed to have inherent axial symmetry which allows the reduction of (3.57)) to
the Grad-Shafranov equation
% 9% 10y

o+ =SSR 1) () = —r P ). (3.58)

where the magnetic field components are given by

B= %e 1) — %e
r r

r z- 3.59
+ , €y ( )

Inside of the sphere, the pressure P(v) and the arbitrary function related to the toroidal magnetic field I(v)
are taken to be linear (as any higher power series expansion of P(¢) and I()) makes (3.58)) not separable in

spherical coordinates). Therefore, these arbitrary functions are written as

P@) =Py -y, I(h) =\ (3.60)

The Grad-Shafranov equation now becomes a second order linear homogeneous PDE. This equation is now

converted to spherical coordinates

0%  sinf 0 1 0 9 9 . 9
[302 + 750 (sin@@@) +A } Y = yp~sin” 6, (3.61)
where the magnetic field is given by
1 oy I(v) 1 oy

= A - e 62
p?sinf 90 psin0e¢ psinf 8pee (362)

Following a similar method to the previous section, ¥(p, 8) = ¥(p, 0)gen + (P, 0)part Where ¥(p, ) gen is
a general solution to the homogeneous version of (3.61)) given by

9%  sinf 0 1 0 9
{apz MR (me ae) R ] v=0 (8.63)
A particular solution to (3.61)) is found to be
0) = 2 2 sin’ 3.64
¥(p,0) = 350" sin” 0. (3.64)
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The general solution to (3.63) is obtained by a separated solution ¢ (p, ) = R(p)©(#). Upon substituting
the separated form into (3.63) one arrives at the two ODEs

PPR"(p) = (c+X*)R(p) = 0 (3.65)

((—csc@)@’)/ = C(csc6)O. (3.66)

One can notice that (3.66) is the exact same as in the previous section given by (3.22)). Therefore, due to
the sin? # dependence in (3.64)) and the orthogonality of ©;(f) given by (3.31)), one can conclude in a similar
fashion to the previous section that the only value of [ which satisfies the pressure P going to the constant

ambient pressure PO on the boundary is [ = 1. This gives the following separated anzats to use

Y(p,0) = G(p)p*sin 6. (3.67)
Upon substituting the above into equation (3.61)), the second order linear ODE is obtained
4
G"(p) + ;G’(p) +G(p)A* = . (3.68)

This third order equation, (3.68]), along with the following three physical conditions gives a well posed

eigenvalue problem [9].
1. To achieve finite energy inside the sphere lim,_,o |G(p)| < oo.

2. The magnetic field components given by (3.62)) must vanish at the boundary for the proper asymptotic
behaviour as discussed in [9, B3], G'(R) = G(R) = 0.

3. The pressure must go to the constant ambient pressure Py at the boundary, G(R) = 0.

A general solution to (3.68]) can be found to be

Asin(pA) + cos(pA A cos(pA) — sin(pA
o, (p;3 (p)+02p (p;3 (p)+%.

From the first condition above, C; = 0. The second condition gives a countable number of normalized

G(p) = (3.69)

eigenvalues \,, = AR corresponding to the nth root of the following transcendental equation
z?tanz — 3tanz + 3z = 0. (3.70)

Lastly, the third condition gives a value for v depending on the value of A,

Ap, COS A, — Sin A,
Y = —Co A2 5 ) (3.71)
This gives the flux function inside of the sphere as
ﬁ)\n ﬁ)\n — si ﬁ)\n 2R2 n
w(p7 0) — (02 R COS(R p) Sln(R ) + 14 )\2’}/ ) Sin2 9. (372)
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which can be written in terms of a first order spherical Bessel function of the first kind, j; as

~ ) 2R2 n )
W(p,0) = (cngnh (%)\n) + 7 )sm2 0. (3.73)

Outside of the sphere p > R all of the magnetic field components are zero and the pressure is equal to

the ambient pressure Py. An example of this solution for n = 1 has its pressure shown in Figure [3.2

0.12

0.5 1 0.1

0.08

0.06

05! | 0.04

0.02

Figure 3.2: Pressure profile of static spherical vortex in ideally conducting fluid given by P(¢,) =
Py — ypy, where 1, is given by (3.72)) for R =1, n =1 and Cy = 1. B is not shown on this plot as
the non-zero ¢ component would make it point out of, or into the page.

A few other solutions are shown for higher values of n. In Figure [3.3| pressure profiles P(¢,,) = Py — vnn
for 1, given by (3.72) with n = 2 and n = 3 can be seen.
In Figure 34 n =4 and n = 5.
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(a) (b)

Figure 3.3: Pressure profile of static spherical vortex in ideally conducting fluid given by P(¢,) =
Py — Ynn where 1y, is given by (3.72) for Cy = 1, R = 1, n = 2 on the left, and n = 3 on the right.
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(a) (b)

Figure 3.4: Pressure profile of static spherical vortex in ideally conducting fluid given by P(v,,) =
Py — Yn¥n where 1)y, is given by (3.72) for Cy = 1, R = 1, n = 4 on the left, and n = 5 on the right.
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3.4 A generalized version of Hill’s spherical vortex

In the last section, as the magnetic field outside of the spherical vortex needed to vanish in order to satisfy
asymptotic behaviour that decays at least as fast as a dipole moment [33], and as the velocity asymptotics
of Hill’s spherical vortex outside of the sphere have good behaviour from a fluid dynamics standpoint, a
generalized spherical vortex with a non-zero V¢ can be considered in a very similar way to the previous

section.

Similar to the first section of chapter 3, using a moving frame of reference, assuming axial invariance, the
Euler equations can reduce to the Bragg-Hawthorne equation (1.42)). Starting from said equation in spherical

coordinates

[f; g (gi 959) + F<¢>F’<¢>} b= —H () sin® 6, (3.74)
the arbitrary functions are again chosen as the highest power series expansion in v such that the
becomes separable and the asymptotics of the pressure H () and the toroidal velocity component function
F(v) behave properly. As far as seperability of goes, both functions cannot be of higher degree then
linear in . In regards to the asymptotics, the pressure far away from the sphere is chosen to change and
thus needs to be the ambient pressure Hy, similarly, F (1)) must also not change far away from the sphere,

however, F (1)) = Fy where Fy = const is not allowed as it corresponds to a singular V®. This gives the best

option for the free functions as

HO_'Y’(/}7 p<R

H(y) = (3.75)
H07 p > R
M), p<R
F(y) = ’ (3.76)
0. p>R

This allows one to decompose the spherical Grad-Shafranov equation into two problems like before, one inside

and one outside of the sphere, namely:

1. Rotational flow inside the sphere p < R

H(¢) = Hy — 79, (3.77a)

[5)2 sin96<1 0

Z g7 7 (-2 2 — a2 in2
o 7 00 sin080>+)\}w 7p”sin0. (3.77b)

2. Irrotational, force-free flow outside the sphere p > R

H(y) = Ho, (3.78a)
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9? sinf 0 1 0
[3;}2 + 7/}2 % (sin&@ﬂ)} P =0. (3.78b)

The velocity components inside and outside are given by

_ 1 %e—f—F(we— 1 %e
pZsind 00 ' psing ©  psind dp O

(3.79)

Vin

and _ _
1 oy 1 awe

- e o~ T, 3.80
p2sin936ep psinf dp o (3.:80)

Vout =

respectively. Along with this, the matching pressure at the boundary, the need for 1 (p,0) to be regular
at p = 0 and the matching velocity at the boundary give in order the following four boundary conditions

identical to the first section of Chapter 1

0 o 0 np
B(RO) =0, [0(0,0) <oo, 22| =00 dvl o _dvp (3.81)
o6 p=R o6 p=R dp p=R dp p=R
From the last Section, a solution inside the sphere that is bounded at the origin is found to be
A A) — sin(pA
ﬁi(P, 0) — (Cp COS(P )p SIH(P ) + ;2/)2) Sil’l2 9, (382)
and from the first section, the solution outside of the sphere is given by
7 2 2 B
¥(p,0) = p”sin” 0 (A + 3) . (3.83)
P

After applying the matching pressure boundary condition given by the first equation in (3.81]) one obtains

the transcendental equation between A and

CX?Rcos(R)\) — CAsin(R\) + R%y = 0. (3.84)

Using the third boundary condition in (3.81)) one obtains

B
giving the outside solution as
~ ) 1 1
¥(p,0) = Bp*sin? 0 <p3 - R3> ) (3.86)

Lastly, the final boundary condition in (3.81]) allows one to solve for B in terms of the other constants,
giving
_ CRXcos(R\) + CA*R? sin(R\) — CA?sin(RA) — 2vR3

B
32

(3.87)
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The three conditions on the constants given by (3.84]), (3.85) and (3.87) gives 1(p,0) in the whole space

as
vy — | (OB b ) sin, P s
pY)= 3 4p2 2 3 ’ :
CRX” cos(RAN)+CA R s;r;\(ZR)\)fC)\ sin(RA\)—2vR p2 sinZ 6 (% o p%) . op> R

This solution (3.88)) of the spherical Grad-Shafranov equations (3.77)) and (3.78) is a more general version

of Hill’s spherical vortex as:

e The ¢ component of the velocity is non-zero inside of the sphere. Whereas Hill’s original vortex solution

had V¢ = 0.

e There is the choice of freedom for three constants, C, (A or v) and R, whereas Hill’s original solution

only has a choice of freedom for R and one constant d.

The asymptotics of the velocity field outside of the sphere behave in a suitable manner as this is the
same outside solution of Hill’s spherical vortex given in cylindrical coordinates by (3.46) and (3.47)) which
has correct asymptotics as discussed in [30]. One interesting remark is that if the outside magnetic field must

vanish which corresponds in this case to the coefficient of the outside solution given in [3.88 as B, then this

problem reduces to the problem in the previous section and the equations (2.53a)) and (2.56b)) reduce to the

transcendental equations given by (3.70]) and (3.71]) as they should. This result is briefly discussed in [33] as

they require this condition for the proper asymptotics of the magnetic field.

3.5 (eneralized spherical separation of variables

In Section 3 of this Chapter, a separated solution in spherical coordinates to the Grad-Shafranov equation
was obtained to satisfy boundary conditions that correspond to a spherical vortex moving through a
stationary fluid. During this, the behaviour of ©;(0) given by (3.31) was restricted to [ = 1 to satisfy the

boundary conditions. In this section, a fully separated solution is considered in its own right.

Using the first part of Section 3 up until[3.66} the linear Grad-Shafranov equation in spherical coordinates

0%  sinf 0 1 0

[apz T o (eae

which from corresponds to the free functions from Section 3 given by I(¢) = A and P(v) = Py — y3.

A solution in the form of ¥(p, 0) = ¥ (p, 0)gen +¥(p, 0)part is sought with ¥ (p, 8)pars = %ﬁfrza. A separated
solution for the homogenous version of is sought in the form ¢ (p, 0) = R(p)O(0).

) + )\2} ¥ = yp? sin? 0. (3.89)

The homogeneous version of equation (3.89)) then reduces to the two ODEs

P*R"(p) = (C+X*)R(p) =0, (3.90)
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cosf _, B

@”(9) _
where C is a separation constant to be determined.

From Section 1 of this chapter, the separation constant is found to be C = {(I+1) for [ € N with a solution

to given by
©,(0) = (I + 1)Pry1(cos ) — (I + 1) cos 8 P;(cosh). (3.92)

The value C = I(I + 1) can now be substituted into (3.90)) giving
PR’ (p) — (1(1+1) + A*)R(p) = 0. (3.93)
This has a solution in terms of the Bessel function of the first kind

Ri(p) = WJ(QZH A)- (3.94)

So a separated solution to the homogenous version of (3.89)) is given by

Ui(p,0) = /pT (2l 1 /\) ((l + 1)Piy1(cos8) — (I + 1) cos OP;(cos 9)) (3.95)

As equation (3.89)) is linear, any linear combination of the separated solution (3.95) with the addition of
the particular solution will also be a solution. This can be written in a general way as
sin? 6 " 20+1
U(p,0) = W’ + Zazf J ( ,pA> 01(6). (3.96)

Where ©;(0) is given by (3.92)). Clearly this solution is no longer related to the spherical vortex but is
an MHD equilibria solution which can be considered in its own right. A pressure profile P = Py — v with

1 given by (3.96)) can be seen in Figure
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Figure 3.5: A cross-section of magnetic surfaces where the magnetic surfaces are shown by P(v) =
const for P = Py — y3 where 1 is given by . Herev=1,A=1,n=5aq =1,1=1,2,3,4,5.
Any toroidal surface can be considered a truncated solution with the outer surface described by
current sheet.

&

3.6 Stability considerations for the spherical vortex

In this section, stability of the spherical vortices solutions described in the previous chapters will be analyzed.
These include Hill’s vortex solutions from Section 1 given by , the MHD spherical vortex solution given
in Section 2 given by and the generalized Hill’s vortex from Section 3 given by . In the first part,
an axially-symmetric perturbation of Hill’s spherical vortex on the sphere following a method described in
[40] is performed with the goal of observing modes that grow exponentially in time to conclude the instability
of the solution. In the next sections, a similar perturbation is attempted but is shown to not be possible. A

generalized perturbation is performed with the goal of observing modes that grow exponentially in time.

3.6.1 Axisymmetric perturbation of Hill’s vortex

The solution of Hill’s spherical vortex at the surface of the sphere p = R is considered. Using the dynamic

equation for ¢ found in Hill’s paper [30]
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The inside solution given by ([3.44) is perturbed using
p— p(1+€h(0,1)) (3.98)
giving
V(p,0) = 6p*(1 + eh(0,t))?*sin® O(p* (1 + eh(6,t))* — R?). (3.99)
This perturbed solution is now substituted into the spherical version of the dynamic 1 equation (3.97)). After
this, the substitution (p = R) is made and then discarding terms beyond the first order of € the following
third order PDE for h(6,t) is obtained

O3h 9h d?h cosf 9*h  40RS <c0529 B 17> oh Oh
20

This linear homogeneous equation is separable: one can seek its solutions as h(f,t) = ©(0)T'(t) where

O(6) and T(t) satisfy

d®e cos @ A 4?0 cos? 0 cos 6 17 \ d© A

4o _ g . - 02 101

do? (sin0 - 6Résin0> do? ( Osin29 2R0 sin” 0 Sin20> do OR&singe’ (3.101)
T
— = \T. 102
= (3.102)

The T equation above has the exponential solution T(t) = Ae**. The © equation (3.101)) can be converted

into a simpler equation with the transformation z = cos# with ©(0) = Z(z). This gives

3z d*z K. dZ 40K
(1—2%) — (2K3 +62) — + 8 (2 T > 27 =0. (3.103)

dz? dz? 1—22) dz 1-22
Solutions to (3.103) can be expressed as a linear combination of the following functions written in terms

of the hypergeometric functions

3 VB9 3 VBRI 1,
ZlH( Z+ 4 ,Z* 4 ])25Z>’ (3104&)
5 V895 VRI| 3,
7. 2 SR 104
2 ZH<4+ 4 4 4 727Z>7 <30b)
Zs=—74 / 2(z 4 1) (2 — 1)1 Zodz + Zg/ (z+ 1)Hams (2 — 1)1~ 7 Z,dz. (3.104c)
z20 Z0

Here zg is any constant such that zg < z. One should notice that both the first and second solution of (3.104))
do not depend on the separation constant A. This is because (3.103|) can be written as

L= < d _ 2K; ) g, (3.105)

dz  1—22
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where

d’Z dz
_ 2 _
Here (3.106]) has the general solution
Z =C17Z1 + CyZ, (3.107)

where Z; and Z5 are given in (3.104)).
As X does not appear in Z; and Zs, there will exist h(6,t) which grows exponentially in time as A can by
positive. However, one must check and make sure that these h(6,t) that grow in time correspond to regular

surfaces. One such h(6,t) that gives regular surfaces utilizes Z; given above by [3.104al This gives h(0,t) as
v v 1
h(B,t) = AeMH Qi + %,% - 5’9] ,5,cos2 9) (3.108)

This is now substituted into (3.99)). After expanding out, and converting back to cylindrical coordinates, one

arrives at

Y(r,z,t) = =26 <Ae’\te2(R2 —2r2 — 22N <

§+\/89 3 v89| 1 r? R? — % — 22

4 4 74 4 727724 22 2
(3.109)

When ¢ = 0 this corresponds to the boundary of the sphere. Several plots of the evolution of this surface

are shown in [3.6]

05

-0.5

Figure 3.6: The evolution of the perturbation given by [3.109|is shown for e = 0.0001, 6 =1, R =1,
A =1, A =1, at several different times 0 < t < 16. These surfaces are regular as shown in Appendix

G
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Despite the irregular look of this surface at some of the points in time, the implicit derivative dz/dr of
(3.109) when (7, z,t) = 0 can be shown to be zero at the irregular looking points » = 0. This is found in
Appendix [C]

The above analysis leads to the following conclusion that Hill’s spherical vortex is in general not linearly
stable with respect to magnetic surface perturbations described by . Stability analysis of Hill’s vortex
has been previously considered numerically in ref [40], however, no details including mathematical formulas,
numerical method used, and initial/boundary conditions were presented; we were not able to reproduce the

results of [40].

3.6.2 An axisymmetric perturbation of generalized Hill’s spherical vortex and

MHD vortex

The goal here is to use a similar axisymmetric perturbation method as above following the method in [40]
to study the stability of the generalized hill’s spherical vortex solution and the MHD spherical vortex
in an ideally conducting fluid solution . The dynamic equation for 1 taken from [30] in which
V¢ = 0 was used to study the time evolution of 1) with the perturbation given by equation . Therefore
for a similar analysis of the two other solutions, a dynamic equation for ¥ needs to be derived from the time
dependent, axially symmetric Euler equations with V¢ = I(3)/r (which is the form of V% in both and
(13-88)).

Deriving axially symmetric dynamic ¢ equation with non-zero V¢

Starting with the dynamic Euler Equations (|1.15)) in cylindrical coordinates with axial invariance one arrives
at the system

Vi + VAV = VE) =V (rV?), = rH,, (3.110a)
VS VEEV?). + VI (V) =0, (3.110b)
VE+VI(VE-V]) = VOVP = H, (3.110¢)
(rVZ). + V"), =0, (3.110d)

where superscripts denote the vector component and subscripts denote the partial differentiation. The last

equation, by the Poincaré lemma, implies the local existence of a potential such that

yro¥oyeo ¥ (3.111)
T T
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Upon substituting the above vector components and the form of ¢ component of the velocity to be
V?® = I(¢y)/r, (as taken from both the MHD spherical vortex solution and generalized hill solution) into
(3.110bf) one obtains

¢

I'() 5 =0. (3.112)

This implies that for V¢ = I(¢)/r, either

1. 9(r, z,t) is time independent, in which case (3.110)) can reduce to the Grad-Shafranov (Bragg Hawthorn)
equation (1.40)) or (1.42)).

2. I(v) is constant with respect to t. For the case when I(¢) = 0, can be obtained.

Therefore, either 1 is time independent or V¢ = I(1)/r is not the correct form of V¢ concluding that no
dynamic 1 equation with V¢ = I(¢)/r can exist. If V® is an arbitrary function of r, z and ¢, with the use
of Poisson Brackets, dynamic equations for ¢ were derived in [I0]. However, these are of no use for studying
the case when V® = I(1))/r. Therefore, the time evolution of 1) using a single equation is not possible and

more general type of perturbation analysis needs to be considered.

3.6.3 A general linear perturbation for generalized Hill’s spherical Vortex

In this section, finding solutions to the general linear perturbations was not successful, however the following

methodology is still presented to show how one can derive the perturbed linear systems.

In order to study the stability of the solution given by (3.88) a linear perturbation on the dependent

variables will be considered. As the r and z components of V are related by the stream function ¢ by

v = %er+ 71!)7"
T r

e, (3.113)

and the other dependent variables being the pressure H and the ¢ component of the magnetic field V%,
instead of the usual four dependent variables, there are only three. These three quantities are perturbed as

follows

U(r, z,t) = o(r, z) + e (r, 2, 1), (3.114a)
F(r,z,t) = Fo(¢o) + eFi(r, z,1), (3.114b)
H(r, z,t) = Ho(¢o) + eH1(r, 2, ). (3.114c)
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where 1) is the static solution given by , Fo(vo) = Mg and Ho(1bg) = Ho—~1p. Substituting these into
the axially invariant Euler equations and discarding terms of €2 and higher one obtains a closed linear system
for the three unknown functions v (r, z,t), Fi(r, z,t), Hi(r,z,t). The goal now is to see if any solutions to
this linear system have time dependence that grows unbounded. The system, though linear is still very large
and complex (so much so that it is not even written here), and no meaningful nontrivial solutions were able

to be found to this variable coefficient linear system.

3.6.4 General perturbation for an MHD spherical vortex

Similarly to above, one can considered the perturbation of the MHD spherical vortex with the solution given
by . The main difference from the previous section being that the magnetic field components are
perturbed as well as the velocity field components. The static equilibrium MHD equations, divB = 0 gives
the condition that B™ = psi,/r and B* = —),./r. Also from divV = 0 gives the condition that V" = ¢, /r
and V# = —¢,./r This gives 5 dependent variables ¥ (r, z,t), £(r, 2,t), I(r, 2,t), F(r, z,t) and P(r, z,t), instead

of the usual 6. These quanities are perturbed and written as

Y(r, z,t) = o(r, z) + ei (1, 2, 1), (3.115a)
I(r,z,t) = Ip(¢o) + €li (r, 2, 1), (3.115Db)
P(r,z,t) = Po(1o) + €Py(r, 2, t). (3.115¢)
E(ryz,t) =0+ €& (r, 2, 1), (3.115d)
F(r,z,t) =0+ eFy(r, 2,1), (3.115¢)

where 1) is given by Here B? = I(r,z,t)/r and V¢ = F(r, z,t)/r. Substituting these into the axially
MHD equations gives an overdetermined system of 6 equations for the 5 unknown 4 (r, z,t), I1(r, z,t),
Py(r, z,t), &1(r, 2,t) Fi(r, 2,t), and Hy(r,z,t). Similar to above, no solutions were able to be found to this

variable coefficient linear system.
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4 Conclusion

From studying astrophysical phenomena to working with industrial applications, plasma descriptions are
vital for modelling plasmas in various physical contexts that arise. In the first chapter, several mathematical
descriptions of plasma were discussed with the focus being on the idealized MHD system of equations which
gives a great first approach to many problems in plasma physics. The MHD system of equations is still a
very rich mathematical model with many different instabilities and waves. In the adiabatic MHD system
(1.16) and , different types of waves which can arise were computed by looking at the harmonics of the
linearized system. The dispersion relations yield three different types of linear waves including the transverse
shear-Alfven waves, the longitudinal fast magnetosonic waves and the longitudinal slow magnetosonic waves.
The main focus of this work is the incompressible MHD model along with several reductions including
the Euler fluid equations for (B = 0), the time independent MHD system , and the static
equilibrium MHD model for (V =0). Along with these, a brief discussion about the field line topology
was presented with the main result being that bounded magnetic surfaces, to which B and J ~ curl B are
tangent, are homeomorphic to tori [20, [35]. After this, several important solutions to the incompressible
MHD model were discussed. This included the ABC flow given by as a solution to both the
time independent Euler equations , as well as the static equilibrium MHD equations as these
two systems of equations are analogous. A further common approach to simplify static equilibrium MHD
equations includes the concept of symmetry reductions which, for each symmetry, reduce the number of
spatial variables by one. Some important symmetry reduction solutions include models of axially symmetric
jets and solar prominences found in [I1] and helically symmetric jets found in [I2]. In the axial and helical
symmetries, the static MHD equations reduce to the single Grad-Shafranov equation and the JFKO
equation respectively . New solutions for both axial and helical reductions of the static equilibrium MHD
equations (|1.31)) make up most of the work found in Chapter 2. Lastly, the Bogoyavlenskij transformations
given by are presented with the focus being on converting solutions to the static equilibrium MHD
equations into dynamic solutions to (|1.28]) with V = 0 and used in .

In Chapter 2 the main focus was to derive new solutions to the time independent MHD equations
by first finding new solutions to the static equilibrium MHD equations and then with the use of
the Bogoyavlenskij transformations 7 arrive at new dynamic solutions to . First off, the physical
restrictions on solutions were discussed for both truncated solutions (solutions only valid inside some bounded
plasma domain) and global solutions (solutions which are valid in the entire space). These restrictions

included regularity of the dependent variables, proper pressure behaviour and finite total energy. For a
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truncated solution, the boundary condition at the border of the plasma domain OU was derived with the
use of the surface current density Ke,e. This boundary condition is given by . Starting with the axial
reduction of the static equilibrium equations , in which case they reduce into the single PDE known as
the Grad-Shafranov equation , there are choices of the arbitrary function in such that it becomes
a linear homogeneous PDE. Choosing the highest power series expansion for both P(%) and I(¢) such that
becomes linear homogeneous, separated solutions can be sought. This corresponds to a linear function
of ¢ for I(1)) and a quadratic function of ¢ for P(¢)). Depending on the sign of the coefficient in the 12
term for the pressure P(v)), two separate families of solutions arise. The first family corresponds to the 2
coefficient in the pressure being negative. In this case, a general separated solution given by can be
found in terms of Whittaker functions in the radial variable, and regular trigonometric functions in the z
variable. For this solution, a proposition is proved that states the solution is global if and only if the
first parameter in the Whittaker functions take on an integer value. In this case, a linear combination of these
global solutions given by is the same solution as Bogoyavlenskij’s axially symmetric astrophysical jets
given by and derived in [II]. Therefore, this new solution is a generalization of . For this
first family of solutions, an example of a truncated solution in which the first parameter of the Whittaker
functions is not an integer is shown in Figure along with a linear combination of global solutions that need
not be truncated in Figure The second family of solutions where the 12 coefficient in the pressure term
is positive has a separated form in terms of Coulomb wave functions in the radial variable and trigonometric
functions in the z variable. This solution is shown in . Due to the oscillating nature of the Coulomb
wave functions, all physical solutions of this type are truncated. One truncated example is shown in Figure
along with a 3D image of the magnetic surfaces seen in Figure Next, the helical reduction of the
static equilibrium equations gives the JFKO equation and similar to the axial case, for the right
choices of P(v) and I(¢) this equation becomes linear homogeneous. As before, I(¢) is chosen to be linear,
and P(¢) is chosen to be quadratic. Again, for the sign of the coefficient in the 12 term for the pressure
P(v) one achieves two separate families of solutions. The first family of solutions which corresponds to the
coefficient in the 12 term for the pressure P(1)) being negative is expressed as a separated solution in terms
of the confluent Heun function multiplied by a power function and Gaussian in the radial variable, along
with trigonometric functions in the £ variable. This radial dependence is similar to the Whittaker functions
from the axial reduction. In the special case where the confluent Heun function produces polynomials, the
separated solution given by is a global solution which has the same form as the helical jet solution
discussed in [12]. Thus this new solution is a generalization of . A necessary condition for such
polynomials is given by ¢ = —a(n+ (b/2)) where n is a non-negative integer and a, b and c are given by (2.39).
A truncated solution for which ¢ # —a(n + (b/2)) is shown in Figure along with a linear combination
of these solutions in Figure One of the global solutions given by expressed by Bogoyavlenskij
in [12] which corresponds to the confluent Heun function producing polynomials are shown in Figure m

along with a 3D image of the magnetic surfaces shown in Figure 2.13] The second family of solutions which
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corresponds to the coefficient of the 12 term in the pressure P(3)) being positive gives a separated solution
given by in terms of the confluent Heun function with imaginary parameters multiplied by a power
function and an imaginary Gaussian in the radial variable and the trigonometric functions in the £ variable.
The radial dependence behaves similarly to the Coulomb wave functions in the axial reduction as it oscillates
and must be truncated in order to be a physical solution. One of these solutions is shown in Figure
along with a 3D image of the magnetic surfaces in Figure where the magnetic field lines can be seen
curling up these twisted cylinders. In the last section, with the use of the Bogoyavlenskij transformations
an example of an axial solution and helical solution to the time independent MHD equations is
shown in Figure and Figure [2.18| respectively.

In Chapter 3 the overall goal was to rederive Hill’s spherical vortex discussed in [30] as well as to use a
related MHD spherical vortex [9] [33] in order to develop a more general spherical vortex in fluid dynamics.
In the first section, a modern derivation of Hill’s spherical vortex with the use of the Grad-Shafranov (Bragg-
Hawthorne) equation and Galilean invariance was presented. This was accomplished by using a moving
frame of reference and converting the Euler equations into the time independent Euler equations .
As mentioned previously, the time independent Euler equations are analogous to the static equilibrium MHD
equations and for an axially symmetric flow, can be reduced to the Grad-Shafranov (Bragg-Hawthorne)
equation . Following Hill’s simplification of setting V® = 0 with the choice of the arbitary pressure
function H (1) chosen such to be the highest power series expansion of H () such that the simplified Grad-
Shafranov equation is separable in spherical coordinates. With this, H(¢) is chosen to be at most linear
in ?. Far away from the sphere, it is assumed that the pressure goes to the ambient pressure Hy. Therefore,
the pressure is decomposed into the piece-wise function and thus decomposes the Bragg-Hawthrone
equation into the following two pieces in spherical coordinates and These equations, along with
the condition that the solutions must be regular at the origin, have matching pressure and velocity at the
boundary gives a well posed problem. The solution v¥(p, ) is computed to be . The level curves of
the pressure H () which coincide with the surfaces that V and w ~ curl V are tangent to can be seen
in Figure [3.1} In the next section, a similar problem regarding an MHD spherical vortex which was first
discussed in [9] is derived using the Grad-Shafranov equation with the assumptions that the pressure
must go to a constant value at the boundary of the sphere, B # 0 inside the sphere and every magnetic
field components vanishes at the boundary. Again, I(v)) and P(v) are chosen such to be the highest power
series expansion such that the Grad-Shafranov equation becomes separable in spherical coordinates. In this
case both functions are chosen to be linear in ¢. With equation and the boundary conditions given by
a well posed eigenvalue problem is given with the solution given by along with the transcendental
equations and that give conditions on the values of A and ~ for I(¢) and P(¢) from .
Different solutions are shown for different choices of the eigenvalues \,, in Figure [3:2] Figure and
In the next section, using the first two sections from this chapter, a new general spherical vortex solution is

presented. This solution is more general as it does not assume V? to be zero. Again the arbitrary functions
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F(¢) and H () are chosen as the highest power series expansion such that the Grad-Shafranov equation is
still separable in spherical coordinates. In this case, both functions are chosen to be linear inside the sphere
and outside the sphere the pressure is taken to be constant H(¢) = Hp and F(1)) is chosen to go to zero as
it did in the related MHD problem from Section 3 in this Chapter. This again decomposes the problem into
two pieces with the condition that the pressure and velocity components must match at the boundary. The
solution to this problem is given by equation along with the transcendental equation relating
A and ~ along with which determine the coefficient of the outside solution. In the case where this
outside solution must be zero, we recover the transcendental equations and from Section 3 as
we should. Next, a related spherical solution to the static MHD equilibrium equations is presented as
a general linear combination after substituting the pressure as P(¢)) = Py — 1 and function related to the
toroidal magnetic field as I () = vt and searching for a spherically separable solution similar to the previous
sections. The solution is given by and the pressure profile of this solution is shown in Figure As
the Bessel function in continue to oscillate, this is not a global solution and must be truncated to be
considered physical. Lastly, the stability of Hill’s spherical vortex is analyzed using a perturbation mentioned
in [6]. An example of one evolution of the perturbation as time increases is shown in Figure This gives
the conclusion that Hill’s spherical vortex is unstable which is a well known result [40, 22]. The stability
of the MHD spherical vortex solution and the generalized Hill’s vortex solution [3.88| was attempted to
be analyzed similarly, however as shown in Section 3.6.2 this was not possible with the use of a dynamic
equation for ¢ similar to as one was not able to be derived in the ansatz V¢ = I(¢)/r for the azimuthal
velocity component. A more general linear perturbation was considered in Section 3.6.3 and 3.6.4 but no

solutions were found.

Some open problems related to this work include the following ones.

1. What other coordinate systems lead to separable solutions for the Grad-Shafranov equation (1.40]) and
JFKO equation (|1.48)) for appropriate choices of P(¢)) and I(¢)?

2. What are the necessary conditions for the confluent Heun polynomials in the first family of helical
solutions ([2.42)) to give rise to global solutions analogous to Bogoyavlenskij’s astrophysical helical jets
(1.50) and are these the only global solutions that exist for ([2.42))?

3. Is the MHD spherical vortex solution ([3.72)) and the generalized Hill’s spherical vortex solution (3.88])

stable?
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Appendix A

Proof of Proposition 1

Proposition 2. For a pressure type of the form given by , the separated solution is a global
solution if and only if 6 € N.

If 6 ¢ N, equation must be truncated to be a physical solution.

Assuming 6 ¢ N. The general R(r) solution given by (2.18) with C; = 1 and Cy = 0, for a large argument,
r — oo can be approximated by [25] as

War(6.1/2.0r%) % i e ) (A1)

e$
Next, the limit of this at oo is considered, which is related to the well known limit lim — Wwhich is known
r—00 I

to diverge to oo, giving
lim Wy (6,1/2, gr?) — oc.
r—>00

Therefore, the axial magnetic field component which behaves like Wy (6, 1/2, gr?)/r in the r variable will
also diverge at infinity,

lim B? — co.

r—00

For C; = 0,Cy = 1, and small 7, the approximation of Wy (8,1/2,¢r?) given by [25] can written as

1 1
W N I R e—
W<’€727q7ﬂ) F(l—(;)
which is simply a non-zero constant term which are well defined as the argument of the Gamma function

will never be negative integers. Therefore, the value of B?(r, z) which behaves like Wy (4, 1/2, ¢r?)/r in the
r variable will diverge at the origin, namely

lim B? — .
r—0

Clearly any linear combination of Wy, (d,1/2, qr?) and Wiy (6, 1/2, gr?) will not have finite B? for 0 < r <
00, so this solution cannot be physical without a domain size restriction in the radial direction.

If § € N, the solution is valid for a plasma domain unbounded in the radial direction.

Assuming § € N, then Wy (8,1/2,¢r?) and Wy (5,1/2,¢r?) in (2.18) become linearly dependent and
behave like

7‘2
War(8,1/2,qr?) o« Wi (8,1/2,qr%) o 12l Ls_1 (qr?), (A.2)
where Ls_; are the § — 1 order Laguerre polynomials. Using (2.10), clearly the B® and B” which behave like

’r‘2
rel=*2) Ls_1(gr?) in the r variable, are smooth, finite in the interval 0 < r < oo and go to zero for r — co as

this is simply the product of a polynomial and Gaussian, using the well-known result that lim P(r)e_T2 =0,
r—00

where P(r) is any polynomial in 7. Therefore finite magnetic energy will be the case with these components.
For the last component, B*, from (2.10)), the first derivative in r must be checked,

dii" <7‘26(W22)L5_1(q7‘2)> = —7‘6(7#) (25L5_1(qr2) + (qr* — 26 — 2))L5(q7‘2)) (A.3)
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2
Clearly then B* which behaves like —e(~%2") (26Ls—1(qr?) + (qr® — 26 — 2))Ls(qr?)) in the r variable is
also smooth, finite in the interval 0 < r < oo and goes to zero for r — oo again since this is the product of a
Gaussian and polynomial. Therefore the quantity

/ B(x)|*d*z (A.4)
1Zi

will be finite. Also, the pressure P(¢y) = Py — 1/2¢*%?/u — Py for r — oo since ¥ = R(r)Z(z) — 0 for
r — 0o. Therefore all required physical constraints given in Section 1 of Chapter 2 are satisfied. O
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Appendix B

The computation of Coulomb wave functions

Numerical calculations for the Coulomb wave functions with available power series have a very small
radius of convergence of |z| < % which make its uses quite limited. In most cases, it is much more practical
to go through the way described below which is discussed further in [28].

These Coulomb wave functions can be calculated by introducing other types of wavefunctions defined as
the incoming and outgoing waves denoted by Hf,EL (z) where the normalization coefficients are given below
and the confluent hypergeometric function of the second kind is denoted by U(a, b, x).

Hj; (z) = D a1 e U (L + 1 £46,2L + 2, F2ix), (B.1a)
where (L4 1+ i)
+ )
DE — (194)2L+1 B.1
o = (F2 G TRL 1) (B.10)
and ;
2L/T(L + 1+ 0)0(L +1—146
Oy = VI A+ LT +1-30) (B.1c)

[(2L + 2)ed7/2

The Coulomb wave functions can then be computed as follows:

Hyy () + Hyy (x)
5 :

CG(L7 5a .’,E) =
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Appendix C
The regularity of the unstable perturbation of Hill’s

spherical vortex

Starting with the perturbed solution ¥(r, 2, t),

3
_ M 2(p2 02 o 2 o 1
P(r, z,t) = =26 (Ae e (R —2r° —22°)H ( 1 11 R 3

§+\/@ \/@1 1 r2 0)_’_]%2—7“2—22>7

(C.1)
the level curve ¥(r, z,t) = 0 which corresponds to the boundary of the spherical vortex is shown at different
points in time as seen in Figure It appears, as is motivated in the Figure that the surfaces may not be
regular. With the use of a symbolic software package, the value of %’ is computed for the above equation

(C.1)). It was found that

r=0
0z
g ’7":0 =

This implies that the perturbed magnetic surface psi(r, z,t) = 0 remains smooth where it intersects the z-axis
for all £ > 0. This computation was done in Maple symbolic package; the code is given below.

0. (C.2)

#HHH Rt The perturbed equation of psi given by ##########HHHHHIHHIH

psi_pert := -2*(epsilon”2*(R"2 - 2*r~2 - 2xz"2)*hypergeom([3/4 + sqrt(89)/4,

3/4 - sqrt(89)/41, [1/2]1, z°2/(x"2 + 2z72)) + R"2/2 - r"2/2 - z~2/2)*r"2xdelta:
###HHH R ##E Solving implicetly for z ####HH##HHHHHHHHHEE TR

solve({psi_pert = 0},2z):

HEH R copying the above equation for z #####HHHHHHHH#H

z := RootO0f (2*hypergeom([3/4 + sqrt(89)/4, 3/4 - sqrt(89)/4]1, [1/2], _Z"2/(_Z°2 + r~2))
*R"2%epsilon”2 - 4xhypergeom([3/4 + sqrt(89)/4, 3/4 - sqrt(89)/41, [1/2], _Z72/(_Z"2 + r~2))
*_Z7"2%epsilon~2 - 4xhypergeom([3/4 + sqrt(89)/4, 3/4 - sqrt(89)/4]1, [1/2], _Z72/(_Z"2 + r~2))
xepsilon”2*r”"2 + R"2 - _Z°2 - r"2):

###HHHHHHH##EE computing the derivative implicitly #######H####HHH#H

z_r := diff(z,r):

#HHH R #E computing the limit as r -> O ########HHHHHHHRRHTH

limit(z_r,r=0)

0
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