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by 

Sylvio R. Bistafab 

January 2021 

Foreword 

In this publication, Euler derived for the first time, the differential equation of the (undamped) simple 

harmonic oscillator under harmonic excitation, namely, the motion of an object subjected to two acting 

forces, one proportional to the distance travelled, the other one varying sinusoidally with time. He then 

developed a general solution, making extensive use of direct and inverse sine and cosine functions. After 

much manipulation of the resulting equations, he proceeds to analyze the periodicity of the solutions by 

varying the values of the parameters, to finally finding out the phenomenon of resonance by saying ”…. 

Among all these cases, the one which deserves particular attention is that for which 2𝑏 = 𝑎, in which 

the oscillation distance eventually grows up to infinite: this effect is most remarkable, since it is 

generated by finite forces.”     

§1. 

Although the doctrine of oscillations and of bodies in alternating motion has been subjected to much 

scrutiny, such that nothing new is seen possible to be discovered; nonetheless, a new kind of oscillation 

is put forward in this dissertation, which nobody has so far touched upon, and that still needs a 

particular analysis. Indeed, at first, it caught my attention to be considered in a dissertation by the most 

renowned colleague Krafft, described as a certain type of unusual oscillations observed in a portable 

suspended clock; and indeed afterwards, observed in the sea tide, by recognizing that the alternating 

motion of the sea belongs to the same type of oscillation. 

§2. A body is said to complete oscillations or to be endowed with alternating motion, when its whole or 

its parts are set into perpetual motion in a given space, such that they alternately advance and return in 

opposite directions. Thus, indeed, there are grounds for comparison with the motion of pendulums, 

whose theory is seen to be equally considered in very common cases, to which it is conveniently applied 

to other type of oscillations, such as: vibrations of cords, trembling of bells, undulations of the waters; 

and also, the flux and reflux of the sea. In these, all the motions are seen to display such reciprocity and 

an alternate change along opposite directions. 

 
a The author gratefully acknowledges Chris Goff for revising this translation. 
b sbistafa@usp.br 
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§3. Therefore, since this property is common to all oscillatory motions, whereby I will now, indeed, 

expose this matter to a new kind of examination that diverges from others already pursued. Then, be set 

a curved or straight line 𝐴𝐶𝐵 representing the space, in which the body or a portion of a body is put into 

reciprocal motion, with alternate changes, at one instant displaced to the right towards 𝐴𝐶𝐵, and at the 

other instant towards 𝐵𝐶𝐴 (Figs. 6 &7). Since there is no body that by itself once released can freely 

produce that kind of reciprocal motion, only to uniformly advance forward in a straight line, there is a 

need of forces to produce the oscillatory motion, which is the characteristic that marks the principal 

difference of this oscillatory motion. 

 

§4. However, when we look at the forces jointly with the distance in the figure in which the motion 

takes place, we very conveniently recognize that this distance can be depicted by the straight line 𝐴𝐶𝐵 

(Fig. 7). Therefore, since the motion consists of alternations towards the right and the left, likewise 

should behave the forces, which at one instant drive the body towards the left and in the next instant 

towards the right. Hence, these forces should have extreme variations, and immediately after becoming 

negative; the force, indeed, can be considered as impelling towards the left, likewise as a negative force 

urging towards the right.  

 

Therefore, if 𝑝 will be the force that drives the body while it moves around 𝑀, it is necessary that 𝑝 be a 

variable quantity, which, not only due the variable circumstances, should be made greater or less, but 

also becoming itself negative. 

§5. But if the magnitude of this force 𝑝 is only determined by the position that the body occupies 

throughout the distance 𝐴𝐶𝐵, then I call the resulting oscillations of the first kind: and this category 

contains all type of oscillations considered so far, which, indeed, takes place in a vacuum space. For this 

kind of oscillation, the force 𝑝 will express some function of a quantity, which depends on the location of 

the body 𝑀, certainly some function of the distance 𝑀𝐶, considering that 𝐶 is a fixed point along the 

distance 𝐴𝐶𝐵. But, since such oscillations are observed as being isochronous, the force 𝑝 is directly 

proportional to the distance 𝑀𝐶; which, if the body moves between 𝐴 and 𝐶, tending to the right, 
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whereas, for the body between 𝐶 and 𝐵, say at 𝑁, the force would have been negative, urging the body 

towards the left, that is from 𝑁 to 𝐶. 

§6. I call oscillations of the second kind those that depend partly on the force 𝑝 by means of the distance 

𝑀𝐶, and partly on the velocity which the body has at 𝑀, in these cases, 𝑝 will be some function of the 

distance 𝑀𝐶 and further, on the velocity at 𝑀.To this category belong especially those oscillations that 

occur in a resistant medium: this resistance is, indeed, a function proportional to the velocity, besides, 

the body is hindered by an absolute retarding force, considered as a resistance, its direction being 

always contrary to the motion of the body. Just as the force must also completely match the given law 

of resistance, for the oscillations to turn out isochronous, I have exposed it in more detail in my Treatise 

on the motion of bodies. 

§7. Finally, I refer to the third kind of oscillations those in which the body is driven by an absolute force 

that depends on the distance 𝑀𝐶, whose magnitude is determined by a fixed time interval, while the 

body is at 𝑀. To my knowledge, so far, nobody has dealt with this kind of oscillations; and being 

observed daily in the world, they are of no small importance. Indeed, to this class, belong the 

oscillations mentioned above, firstly observed by the most renowned Professor Krafft, in which the 

forces producing the oscillations depend on the internal motion of the clock and thus on time; the 

absolute force arising from the weight of the clock, which is proportional to the distance from the point 

of equilibrium, agrees with the above. 

§8. Moreover, certainly, this kind of oscillations encompasses the reciprocal motion of the sea or its 

alternate elevation and depression. Indeed, the principal characteristic of the force promoting the sea 

rousing motion depends on the position of the moon, which is raised and depressed in alternations at 

each interval of about twelve hours: whence, this force depends neither on the position of the water nor 

on its velocity, but rather on the instant of time. Contrary to this force, the sea is truly urged by the force 

of its own gravity, such that, it will go down, if its surface has been raised above the midline, and on the 

contrary, it is raised, if the surface goes below the midline. Wherefore, if the motion of the sea should 

be defined from the effect of these two forces, the nature of oscillations pertaining to this third kind 

must be investigated beforehand. 

§9. Then, let us consider that the oscillations occur along the distance 𝐴𝐶𝐵 (Figs. 7 & 8), and that the 

body while it dwells in 𝑀, is incited by two forces, one of which depends on the location 𝑀, and which is 

proportional to the distance 𝑀𝐶: therefore, the body, while it is along 𝐴𝐶, will be urged towards the 

right by this force, and on the contrary, towards the left, if the body is located along 𝐵𝐶. Moreover, the 

other force depends on time, which at some instant, the body is pushed towards the right, and at 

another instant towards the left, and that without any further consideration of the location of the body. 

Let us consider that the time flows uniformly, moving around along the circumference 𝐹𝐷𝐻𝐸, with the 

time conveniently marked along it. Further, the forces are proportional to the sines of the arcs marking 

the time, and they are considered positive, if they drive towards the right, and on the contrary, they are 

negative, towards the left. 
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§10. Set the initial time as 𝐹, at the beginning of the oscillations, and with the time flowing along 

𝐹𝑇𝐷𝐻𝐸. Then, at the beginning, the force driving the body will be null, and, after the time 𝐹𝑇, the body 

is pushed towards the right by the force 𝑃𝑇; which will be maximum after the time 𝐹𝐷 has elapsed, 

after which, it decreases again, to completely vanish once the time 𝐹𝐷𝐻 has elapsed. Next, during the 

passage of time between 𝐻 and 𝐹, passing through 𝐸, that force will be negative, and it will attract the 

body towards the left; and, after the time given by all the circumference has elapsed, the cycles of the 

same driving force will return, which is necessary to generate oscillatory motion in the proposed body, 

and if these are the only acting forces: then, a priori, this oscillatory motion will be the more agitated by 

the absolute force depending on the location of the body, the greater the difference in time between 

these forces. 

§11. Be set 𝐹𝐺 = 𝐷𝐺 = 𝑎, as the radius of the circumference 𝐹𝐷𝐻𝐸, and the whole circumference 

𝐹𝐷𝐻𝐸 = 4𝑐, such that 𝑐 denotes the fourth part of the circumference: consider nowthat the elapsed 

time is represented by the arc 𝐹𝑇, which, once the arc 𝐹𝑇 is set as = 𝑡, then, [the time]c will be =
𝑡

√𝑎
: 

and, indeed, for the sake of homogeneity, it is convenient to express the time as a function of half of the 

dimension of lines. Moreover, at this instant of time, the body appears at the position 𝑀, and the 

distance 𝑀𝐶 = 𝑠; yet, at this location, the velocity is towards the left, with a value given by the height 𝑣. 

Then, at this location, a priori, it had been driven with a force towards the right, and this force, since it is 

proportional to the distance 𝑀𝐶, is set =
𝑠

𝑏
, being the force of gravity = 1. 

§12. By the other force, depending on time [it] will also be urged towards the right, proportionally to the 

sine 𝑃𝑇, and accordingly, the sine of the arc 𝐹𝑇 is positive. Let us set the arc 𝐹𝑇 = 𝑡, and the sine 𝑃𝑇 =

𝑦, and the force impelling the body towards the right is =
𝑦

𝑔
. Since the body at 𝑀 is jointly driven by 

these forces in the same direction towards the right, the total force will be=
𝑠

𝑏
+

𝑦

𝑔
; therefore, the 

 
cThe speed of the body in its motion is  

𝑑𝑥

𝑑𝑡
 , and if we suppose that this speed is equal [to the speed] a heavy body 

acquires when it falls from the height [𝑥], it is necessary to take [(
𝑑𝑥

𝑑𝑡
)

2

= 𝑥] or [𝑑𝑡 =
𝑑𝑥

√𝑥
]; from the latter, the 

relation between the time 𝑡 and the distance 𝑥 is known [after integration]. 
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acceleration that accomplishes the elemental distance 𝑀𝑚, will be known. Since, indeed, 𝑀𝑚 = −𝑑𝑠, it 

will produce by the law of acceleration 𝑑𝑣 = −𝑑𝑠 (
𝑠

𝑏
+

𝑦

𝑔
), the integration of which should be 

determined from the beginning of the motion, certainly from the location which the body occupied then 

with the velocity that the body has. 

§13. Besides, indeed, this equation, the nature of the circumference gives 𝑑𝑡 =
𝑎𝑑𝑦

√𝑎2−𝑦2
, from which we 

have that 𝑡 = 𝑎 sin−1 𝑦

𝑎
, denoting sin−1 𝑦

𝑎
 the arc whose sine is 

𝑦

𝑎
, in a circle having semi-diameter = 1: 

inversely, in a similar way, 𝑦 = 𝑎 sin
𝑡

𝑎
, denoting sin

𝑡

𝑎
, the sine of the arc 

𝑡

𝑎
, in a circle whose radius is 1. 

Then, if 𝑡 = 𝑐, then, 𝑦 = 𝑎, and if 𝑡 = 2𝑐, then 𝑦 = 0; and by denoting 𝑖 any integer number, we have 

that if 𝑡 = 2𝑖𝑐, then 𝑦 = 0; whensin 𝑡 = (4𝑖 + 1)𝑐, then 𝑦 = 𝑎;  whereas when sin 𝑡 = (4𝑖 − 1)𝑐, then 

𝑦 = −𝑎. Therefore, 𝑡 and 𝑦 can be freely interchanged in the computations. 

§14.Because we have four unknowns, to resolve the problem it will be beneficial to have three 

equations; two of which have already been disclosed. In fact, the third equation will be generated from 

the introduction of time. Since, indeed, the total time =
𝑡

√𝑎
, the infinitesimal time that it takes to 

complete the infinitesimal distance 𝑀𝑚 is =
𝑑𝑡

√𝑎
, and, indeed, the same time is also = −

𝑑𝑠

√𝑣
, whence this 

equation emerges√𝑣 =
−𝑑𝑠√𝑎

𝑑𝑡
. Therefore, we have these four variables ,𝑠, 𝑡, 𝑦, 𝑎𝑛𝑑 𝑣, and three 

equations 𝒅𝒗 = −𝒅𝒔 (
𝒔

𝒃
+

𝒚

𝒈
); 𝒅𝒕 =

𝒂𝒅𝒚

√𝒂𝟐−𝒚𝟐
 and √𝒗 =

−𝒅𝒔√𝒂

𝒅𝒕
,d any two of these can be eliminated, and 

an equation between the remaining two can be drawn out. 

§15. However, the oscillation will be most conveniently known, if it will be possible to locate the body 

along 𝐴𝐵 at any given instant of time. Then, the variables 𝑦 and 𝑣 can be conveniently eliminated, 

resulting in one equation between 𝑠 and 𝑡. Since, indeed, from two of the previous equations 𝑦 =

𝑎 sin
𝑡

𝑎
 and 𝑣 =

𝑎𝑑𝑠2

𝑑𝑡2 , which, after substituting into the equation 𝑑𝑣 = −𝑑𝑠 (
𝑠

𝑏
+

𝑦

𝑔
), results in the 

following equation between 𝑠 and 𝑡: 
2𝑎𝑑𝑠𝑑𝑑𝑠

𝑑𝑡2 = −𝑑𝑠 (
𝑠

𝑏
+

𝑎

𝑔
sin

𝑡

𝑎
) or 𝟐𝒂𝒅𝒅𝒔 +

𝒔𝒅𝒕𝟐

𝒃
+

𝒂𝒅𝒕𝟐

𝒈
𝐬𝐢𝐧

𝒕

𝒂
= 𝟎e : 

which, in fact,  can be integrated twice, resulting in a particular equation between 𝑠 and 𝑡.  

§16. Before beginning the integration of this equation, which certainly is not a small difficulty, it will be 

useful to assess carefully the non-zero special cases. And, in fact, the first to vanish, is the internal force 

that depends on the instant of time, such that the body is only excited by the force 
𝑠

𝑏
, which depends on 

the distance 𝑀𝐶. By assuming 𝑔 = ∞, then we will have the equation 2𝑎𝑏𝑑𝑑𝑠 + 𝑠𝑑𝑡2 = 0, which, once 

multiplied by 𝑑𝑠 and integrated gives 𝑎𝑏𝑑𝑠2 +
𝑠2𝑑𝑡2

2
=

𝐶𝑑𝑡2

2
; or 

−𝑑𝑠√𝑎

𝑑𝑡
= √

𝐶−𝑠2

2𝑏
= √𝑣, in which the value 

 
d Key expressions are highlighted in bold.  

eHere it is in a slightly modernized form 2𝑎
𝑑2𝑠

𝑑𝑡2 +
1

𝑏
𝑠 +

𝑎

𝑔
sin

𝑡

𝑎
= 0. The equation for the one-dimensional motion of 

a body of mass 𝑚, subjected to an ideal spring of strength 𝑘 and to friction of strength 𝑐, and acted upon 
externally by a driving force of amplitude 𝐹,  that varies harmonically (i.e. sinusoidally) with frequency 𝜔, in time 𝑡, 

reads: 𝑚
𝑑2𝑠

𝑑𝑡2 + 𝑘𝑠 + 𝑐
𝑑𝑠

𝑑𝑡
= 𝐹 sin 𝜔𝑡. It can be seen that Euler has developed the equation for the harmonic 

mechanical oscillator without friction.  
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of the constant 𝐶 is determined such that the initial velocity corresponds to as follows.  Let us consider 

that the velocity at 𝐶 is due to the height 𝑏, then, 𝐶 = 2𝑏2, resulting in the following equation 

−𝑑𝑠√2𝑎𝑏

√(2𝑏2−𝑠2)
= 𝑑𝑡. 

§17. This final equation can be integrated by allowing the quadrature of the circle, resulting in 𝑡 = 𝐶 −

√2𝑎𝑏 ∙ sin−1 𝑠

√2𝑏2
. However, since √𝑣 = √

2𝑏2−𝑠2

2𝑏
; the beginning of the motion, in which the velocity had 

vanished, falls upon the point 𝐴, giving 𝐶𝐴 = √2𝑏2 : from which the constant is given by  𝐶 =

√2𝑎𝑏 sin−1 1. Wherefore, during this time the distance 𝐴𝑀 or 𝒕 = √𝟐𝒂𝒃 ∙ 𝐜𝐨𝐬−𝟏 𝒔

√𝟐𝒃𝟐
 : and, since time 

=
𝑡

√𝑎
, the equation for the time itself is 

𝑡

√𝑎
= √2𝑏 ∙ cos−1 𝑠

√2𝑏2
. The time that it takes for the body to 

reach the medium point 𝐶 from 𝐴 is = √2𝑏 ∙ cos−1 0 =
𝜋√2𝑏

2
=

𝜋√𝑏

√2
, denoting 𝜋 the circumference 

whose diameter = 1. Whence, it is seen not only the nature of these oscillations but also their 

isochronism.   

§18. Now, let us consider that the force which is proportional to the distance 𝑀𝐶 vanishes, and that the 

body is only urged by the other [force] that is time-dependent; this condition being satisfied by putting 

𝑏 = ∞, resulting in the following equation 2𝑔𝑑𝑑𝑠 + 𝑑𝑡2 sin
𝑡

𝑎
= 0. For the integration, it will be helpful 

to note that the 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑜𝑓 sin
𝑡

𝑎
=

𝑑𝑡

𝑎
cos

𝑡

𝑎
 and that the 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑜𝑓 cos

𝑡

𝑎
=

−
𝑑𝑡

𝑎
sin

𝑡

𝑎
.Then, the first integration will give 2𝑔𝑑𝑠 − 𝑎𝑑𝑡 cos

𝑡

𝑎
= 𝐶𝑑𝑡, whence 

𝑑𝑠

𝑑𝑡
=

𝐶+𝑎 cos
𝑡

𝑎

2𝑔
, and the 

velocity in 𝑀 = √𝑣 =
−𝑑𝑠√𝑎

𝑑𝑡
=

−𝐶𝑎−𝑎2 cos
𝑡

𝑎

2𝑔√𝑎
. By considering that at the initial time the velocity is towards 

the right, and due to the height 𝑏, then 2𝑔√𝑎𝑏 = −𝐶𝑎 − 𝑎2, and, therefore, 𝐶𝑎 = −𝑎2 − 2𝑔√𝑎𝑏, from 

which, the velocity after the time 
𝑡

√𝑎
 at the same location will be √𝑣 = √𝑏 +

𝑎√𝑎(1−cos
𝑡

𝑎
)

2𝑔
. f 

§19. Since the versine of the arc is always positive, it is understood that the velocity is always positive or 

directed towards the right, if, indeed, at the initial time the velocity at the same location is √𝑏. Then, in 

this case, the body will advance without bounds along 𝐴𝐵, in fact, in a non-uniform motion; truly, at the 

elapsed times 
0

√𝑎
;  

4𝑐

√𝑎
;  

8𝑐

√𝑎
;  

12𝑐

√𝑎
and generically 

4𝑖𝑐

√𝑎
, the velocity of the body from left to right  will be =

√𝑏; however, for the elapsed times 
𝑐

√𝑎
;  

3𝑐

√𝑎
;  

5𝑐

√𝑎
 and generically 

(2𝑖+1)𝑐

√𝑎
, the velocity will be = √𝑏 +

𝑎√𝑎

2𝑔
; 

finally, for the times 
2𝑐

√𝑎
;  

6𝑐

√𝑎
;  

10𝑐

√𝑎
 and generically 

2(2𝑖+1)𝑐

√𝑎
, the velocity will be maximum and = √𝑏 +

𝑎√𝑎

𝑔
. 

Wherefore, if the initial velocity√𝑏 is not negative or stretching out towards the left, the motion will not 

be reciprocal, and there will be no oscillations. 

§20. Therefore, for the body to acquire a perpetual oscillatory motion in the same interval, in which it 

alternately advances and returns, it is necessary that the velocity be equally negative and positive: which 

 
fThe manuscript uses versine of 

𝑡

𝑎
, which is written here as the equivalent 1 − cos 

𝑡

𝑎
. 
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will come forth if the body initially moves towards the right with a velocity =
𝑎√𝑎

2𝑔
: or by putting √𝑏 =

−𝑎√𝑎

2𝑔
. Indeed, under this hypothesis, at a given time 

𝑡

√𝑎
, the velocity will be towards the left, and given 

by √𝑣 =
−𝑎√𝑎 cos

𝑡

𝑎

2𝑔
. Therefore, for the times 

0

√𝑎
;  

4𝑐

√𝑎
;  

8𝑐

√𝑎
 and generically 

4𝑖𝑐

√𝑎
, the velocity will be =

−𝑎√𝑎

2𝑔
; 

for the times 
𝑐

√𝑎
;  

5𝑐

√𝑎
;  

9𝑐

√𝑎
 and generically 

(4𝑖+1)𝑐

√𝑎
, and, likewise, for the times 

3𝑐

√𝑎
;  

7𝑐

√𝑎
 and generically 

(4𝑖+3)𝑐

√𝑎
, the velocity will be = 0. Finally, for the times 

2𝑐

√𝑎
;  

6𝑐

√𝑎
 and generically 

(4𝑖+2)𝑐

√𝑎
, the velocity will be 

=
𝑎√𝑎

2𝑔
. 

§21. Thus, since regular oscillations occur in the case when √𝑣 =
−𝑎√𝑎

2𝑔
cos

𝑡

𝑎
; then, 

𝑑𝑠

𝑑𝑡
=

𝑎 cos
𝑡

𝑎

2𝑔
, or else, 

2𝑔𝑑𝑠 = 𝑎𝑑𝑡 cos
𝑡

𝑎
, which upon integration yields 2𝑔𝑠 = 𝐶 + 𝑎2 sin

𝑡

𝑎
.Let the constant 𝐶 = 0, which is 

the distance 𝑠 that is calculated from the medium point 𝐶, resulting in 𝒔 =
𝒂𝟐

𝟐𝒈
𝐬𝐢𝐧

𝒕

𝒂
, which turns out 

repeatedly negative as well as positive. Then, for the times 
0

√𝑎
;  

2𝑐

√𝑎
;  

4𝑐

√𝑎
 and 

2𝑖𝑐

√𝑎
, the body is at point 𝐶. 

Indeed, for the times 
𝑐

√𝑎
;  

5𝑐

√𝑎
 and generically 

(4𝑖+1)𝑐

√𝑎
 the body will move around A, with 𝐶𝐴 =

𝑎2

2𝑔
. In fact, 

for the times 
3𝑐

√𝑎
;  

7𝑐

√𝑎
 and generically 

(4𝑖+3)𝑐

√𝑎
, the location of the body will be at 𝐵, with 𝐶𝐵 =

𝑎2

2𝑔
. Finally, 

the time for which the body reaches 𝐵 from 𝐴, as well as 𝐴 from 𝐵 will be =
2𝑐

√𝑎
= 𝜋√𝑎,g denoting 1: 𝜋 

the ratio of the diameter to the circumference.  

§22. Therefore, with these cases being unfolded, it is now sufficiently realized how the integration of the 

differential equation 2𝑎𝑑𝑑𝑠 +
𝑠𝑑𝑡2

𝑏
+

𝑎𝑑𝑡2

𝑔
sin

𝑡

𝑎
= 0 should be accomplished, from which, the equation 

of the motion should be derived, if the body is jointly driven by both forces. Indeed, as I am used to 

handle it, let us first accomplish the integration in the following way, in which there are no other 

variables beyond one dimension in a differential equation of any degree. Although, in this procedure, 

the construction of the equation will be done manually, nonetheless, it will result in quite integrable 

formulas, such that it should have priority over any other particular integration method. 

§23. Indeed, my method is firstly handled as follows: reject all terms in which nowhere a variable has 

more than one dimension, the residual equation is then integratedh. Accordingly, from our equation 

thus emerges this one 2𝑎𝑑𝑑𝑠 +
𝑠𝑑𝑡2

𝑏
= 0, which is our first case handled before, and once integrated 

twice results in𝑡 = √2𝑎𝑏 ∙ cos−1 𝑠

𝐶
, which gives 𝑠 = 𝐶 cos

𝑡

√2𝑎𝑏
 . The value of 𝑠 will be found from a rule 

postulated by me as follows: the value of𝑠 will be brought forth in terms of new variable, such that 𝒔 =

 
gSince time =

𝑡

√𝑎
, then for the time = 𝜋√𝑎, 𝑡 = 𝜋, meaning that every time that an arc equal to 𝜋 is completed, the 

body covers the distance 𝐵𝐴 or 𝐴𝐵.  

h According to this rule, the term 
𝑎𝑑𝑡2

𝑔
sin

𝑡

𝑎
 should be rejected. 
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𝒖 𝐜𝐨𝐬
𝒕

√𝟐𝒂𝒃
, then, 𝑑𝑠 = 𝑑𝑢 cos

𝑡

√2𝑎𝑏
−

𝑢𝑑𝑡

√2𝑎𝑏
sin

𝑡

√2𝑎𝑏
; and also 𝑑𝑑𝑠 = 𝑑𝑑𝑢 cos

𝑡

√2𝑎𝑏
−

2𝑑𝑡𝑑𝑢

√2𝑎𝑏
sin

𝑡

√2𝑎𝑏
−

𝑢𝑑𝑡2

2𝑎𝑏
cos

𝑡

√2𝑎𝑏
 . 

§24. If now those values are substituted into the proposed equation 2𝑎𝑑𝑑𝑠 +
𝑠𝑑𝑡2

𝑏
+

𝑎𝑑𝑡2

𝑔
sin

𝑡

𝑎
= 0, the 

following equation will be obtained 2𝑎𝑑𝑑𝑢 cos
𝑡

√2𝑎𝑏
−

4𝑎𝑑𝑢𝑑𝑡

√2𝑎𝑏
sin

𝑡

√2𝑎𝑏
+

𝑎𝑑𝑡2

𝑔
sin

𝑡

𝑎
= 0 i. Since the 

variable 𝑢 is not involved in the equation, let 𝑑𝑢 = 𝑝𝑑𝑡, and, then, the proposed equation will be 

transformed into this differential of the first degree 2𝑎𝑑𝑝 cos
𝑡

√2𝑎𝑏
−

4𝑎𝑝𝑑𝑡

√2𝑎𝑏
sin

𝑡

√2𝑎𝑏
+

𝑎𝑑𝑡

𝑔
sin

𝑡

𝑎
= 0: 

which can be further transformed into 𝑑𝑝 −
2𝑝𝑑𝑡

√2𝑎𝑏
tan

𝑡

√2𝑎𝑏
= −

𝑑𝑡

2𝑔
∙

sin
𝑡

𝑎

cos
𝑡

√2𝑎𝑏

, which is a more suitable form 

for integration. 

§25. Since we have that 
−𝑑𝑡

√2𝑎𝑏
sin

𝑡

√2𝑎𝑏
= 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑜𝑓 cos

𝑡

√2𝑎𝑏
, then, the last equation is 

transformed into 𝑑𝑝 +
2𝑝∙𝑑𝑖𝑓𝑓.  cos

𝑡

√2𝑎𝑏

cos
𝑡

√2𝑎𝑏

=
−𝑑𝑡

2𝑔
∙

sin
𝑡

𝑎

cos
𝑡

√2𝑎𝑏

, which becomes integrable, when multiplied by 

cos
𝑡

√2𝑎𝑏
∙ cos

𝑡

√2𝑎𝑏
, and after the integration results in 𝑝 cos

𝑡

√2𝑎𝑏
∙ cos

𝑡

√2𝑎𝑏
= 𝐶 −

1

2𝑔
∫ 𝑑𝑡 sin

𝑡

𝑎
cos

𝑡

√2𝑎𝑏
, 

and, if the constant is enveloped into the integral, then, 𝑝 =
−1

2𝑔 cos
𝑡

√2𝑎𝑏
∙cos

𝑡

√2𝑎𝑏

∫ 𝑑𝑡 sin
𝑡

𝑎
cos

𝑡

√2𝑎𝑏
 .j Since 

𝑝 can be found from 𝑡, then 𝑢 = ∫ 𝑝𝑑𝑡, and, finally, 𝑠 = cos
𝑡

√2𝑎𝑏
∙ ∫ 𝑝𝑑𝑡.  

§26. However, not only the first, but also the other integration is seen rather difficult, yet, a preliminary 

examination shows that one of these integrations can be suitably resolved. Indeed, by the 

transmutation of the integrals, it becomes ∫ 𝑑𝑡 sin
𝑡

𝑎
cos

𝑡

√2𝑎𝑏
= √2𝑎𝑏 sin

𝑡

𝑎
sin

𝑡

√2𝑎𝑏
−

√2𝑎𝑏

𝑎
∫ 𝑑𝑡 cos

𝑡

𝑎
∙

sin
𝑡

√2𝑎𝑏
= √2𝑎𝑏 sin

𝑡

𝑎
sin

𝑡

√2𝑎𝑏
+ 2𝑏 cos

𝑡

𝑎
∙ cos

𝑡

√2𝑎𝑏
+

2𝑏

𝑎
∫ 𝑑𝑡 sin

𝑡

𝑎
∙ cos

𝑡

√2𝑎𝑏
k, and, since this last integral 

is similar to the one that was initially given, then, we will have that ∫ 𝑑𝑡 sin
𝑡

𝑎
∙ cos

𝑡

√2𝑎𝑏
=

𝑎√2𝑎𝑏∙sin
𝑡

𝑎
∙sin

𝑡

√2𝑎𝑏
+2𝑎𝑏 cos

𝑡

𝑎
∙cos

𝑡

√2𝑎𝑏

𝑎−2𝑏
+ 𝐶, whence, 𝑝 =

𝐶

cos
𝑡

√2𝑎𝑏
∙cos

𝑡

√2𝑎𝑏

−

𝑎√2𝑎𝑏 ∙sin
𝑡

𝑎
∙sin

𝑡

√2𝑎𝑏
−2𝑎𝑏 cos

𝑡

𝑎
∙cos

𝑡

√2𝑎𝑏

2𝑔(𝑎−2𝑏) cos
𝑡

√2𝑎𝑏
∙cos

𝑡

√2𝑎𝑏

,l which shows the value of 𝑝 expressed  in terms of finite quantities.  

 
i The terms −

𝑢𝑑𝑡2

2𝑎𝑏
cos

𝑡

√2𝑎𝑏
 and 

𝑠𝑑𝑡2

𝑏
 were rejected from this equation. 

j This is, in fact, a slightly different result from the one that appears in the manuscript.   
k Here, integration by parts was applied twice. 

l𝑢 = 2𝑎2𝑏 sin
𝑡

𝑎
, 𝑑𝑢 = 2𝑎𝑏 cos

𝑡

𝑎
𝑑𝑡 ;  𝑣 = cos

𝑡

√2𝑎𝑏
, 𝑑𝑣 = −

1

√2𝑎𝑏
sin

𝑡

√2𝑎𝑏
𝑑𝑡 ; 𝑑 (

𝑢

𝑣
) =

𝑢𝑑𝑣−𝑣𝑑𝑢

𝑣2 ⇒ 𝑑 (
2𝑎2𝑏 sin

𝑡

𝑎

cos
𝑡

√2𝑎𝑏

) = 

−2𝑎2𝑏 sin
𝑡

𝑎
∙

1

√2𝑎𝑏
sin

𝑡

√2𝑎𝑏
− cos

𝑡

√2𝑎𝑏
∙ 2𝑎𝑏 cos

𝑡

𝑎

cos
𝑡

√2𝑎𝑏
cos

𝑡

√2𝑎𝑏

𝑑𝑡 
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§27.Since, furthermore, 𝑢 = ∫ 𝑝𝑑𝑡, let the value of 𝑝 just found be multiplied by 𝑑𝑡, which will make 

every term integrable, resulting in 𝑢 = 𝐷 +
𝐶 sin

𝑡

√2𝑎𝑏

cos
𝑡

√2𝑎𝑏

−
𝑎2𝑏 sin

𝑡

𝑎

𝑔(𝑎−2𝑏)cos
𝑡

√2𝑎𝑏

. Since 𝑠 = 𝑢 cos
𝑡

√2𝑎𝑏
, resulting, 

finally, in the following equation 𝑠 = 𝐷 cos
𝑡

√2𝑎𝑏
+ 𝐶 sin

𝑡

√2𝑎𝑏
−

𝑎2𝑏 sin
𝑡

𝑎

𝑔(𝑎−2𝑏)
 , in which the value of the 

constants should be defined according to the proposed case. From this result, the velocity √𝑣 can be 

easily defined, because, since it is=
−𝑑𝑠√𝑎

𝑑𝑡
 , then, √𝑣 =

𝐷

√2𝑏
sin

𝑡

√2𝑎𝑏
−

𝐶

√2𝑏
cos

𝑡

√2𝑎𝑏
−

𝑎𝑏√𝑎 cos
𝑡

𝑎

𝑔(𝑎−2𝑏)
 . From 

these equations, the location of the body along the line 𝐴𝐵 as well as its velocity can be determined. 

§28. For the case where 2𝑏 = 𝑎 or √2𝑎𝑏 = 𝑎, the integration assumes a peculiar character, and the 

previous approach cannot be applied to the present case. Since we have that ∫ 𝑑𝑡 sin
𝑡

𝑎
cos

𝑡

𝑎
=

1

2
𝑎 sin

𝑡

𝑎
∙

sin
𝑡

𝑎
+ 𝐶, therefore, 𝑝 =

𝐶

cos
𝑡

𝑎
∙cos

𝑡

𝑎

−
𝑎 sin

𝑡

𝑎
∙sin

𝑡

𝑎

4𝑔 cos
𝑡

𝑎
∙cos

𝑡

𝑎

 . Whence, ∫ 𝑝𝑑𝑡 = 𝑢 =
𝐶 sin

𝑡

𝑎

cos
𝑡

𝑎

−
𝑎2 sin

𝑡

𝑎

4𝑔 cos
𝑡

𝑎

+
𝑎𝑡

4𝑔
+ 𝐷. 

Consequently, 𝑠 = 𝐷 cos
𝑡

𝑎
+ 𝐶 sin

𝑡

𝑎
+

𝑎𝑡

4𝑔
cos

𝑡

𝑎
, with a changed constant 𝐶. From this result, it follows 

that √𝑣 =
−𝑑𝑠√𝑎

𝑑𝑡
=

𝐷

√𝑎
sin

𝑡

𝑎
−

𝐶

√𝑎
cos

𝑡

𝑎
−

𝑎√𝑎

4𝑔
cos

𝑡

𝑎
+

𝑡√𝑎

4𝑔
sin

𝑡

𝑎
. From this, after an infinite time, those 

oscillations grow out to infinity and will extend to an infinite great distance. 

§29. Since these integrations are rather out of the ordinary, and, therefore, not easily settled, I will 

present another particular method, by whose power the integral equations can be rooted out. Since the 

proposed equation reads 2𝑎𝑑𝑑𝑠 +
𝑠𝑑𝑡2

𝑏
+

𝑎𝑑𝑡2

𝑔
sin

𝑡

𝑎
= 0, when expanded in a series of sine of the arc 

𝑡

𝑎
 it 

will transform into 2𝑎𝑑𝑑𝑠 +
𝑠𝑑𝑡2

𝑏
+

𝑑𝑡2

𝑔
(𝑡 −

𝑡3

1∙2∙3𝑎2 +
𝑡5

1∙2∙3∙4∙5𝑎4 −
𝑡7

1∙2∙… ∙7𝑎6 + 𝑒𝑡𝑐. ) = 0. Now, set 𝑠 as 

this indefinite value, 𝑠 = 𝛼 + 𝛽𝑡 + 𝛾𝑡2 + 𝛿𝑡3 + 𝜖𝑡4 + 휁𝑡5 + 휂𝑡6 + 𝑒𝑡𝑐., giving the following expressions 

after the due substitutions are made:  

2𝑎𝑑𝑑𝑠

𝑑𝑡2
= 2 ∙ 1 ∙ 2𝛾𝑎 + 2 ∙ 2 ∙ 3𝛿𝑎𝑡 + 2 ∙ 3 ∙ 4𝜖𝑎𝑡2 + 2 ∙ 4 ∙ 5휁𝑎𝑡3 + 2 ∙ 5 ∙ 6휂𝑎𝑡4 + 𝑒𝑡𝑐. 

𝑠

𝑏
=

𝛼

𝑏
+

𝛽𝑡

𝑏
+

𝛾𝑡2

𝑏
+

𝛿𝑡3

𝑏
+

𝜖𝑡4

𝑏
+ 𝑒𝑡𝑐. 

𝑎

𝑔
sin

𝑡

𝑎
=

𝑡

𝑔
−

𝑡3

1 ∙ 2 ∙ 3𝑎2𝑔
+ 𝑒𝑡𝑐. 

§30. If now the homogeneous terms of these three series are set = 0, the assumed coefficients of the 

series which was set equal to 𝑠, will be defined such as:   

𝛾 =
−𝛼

1 ∙ 2 ∙ 2𝑎𝑏
; 𝛿 =

−𝑏 − 𝛽𝑔

2 ∙ 3𝑔 ∙ 2𝑎𝑏
;  휀 =

𝛼

1 ∙ 2 ∙ 3 ∙ 4 ∙ 22𝑎2𝑏2
 

휁 =
2𝑏 + 𝑎 +

𝛽𝑎𝑔

𝑏

1 ∙ 2 ∙ 3 ∙ 4 ∙ 5 ∙ 22 ∙ 𝑎3𝑔𝑏
;  휂 =

−𝛼

1 ∙ 2 ∙ 3 ∙ 4 ∙ 5 ∙ 6 ∙ 23 ∙ 𝑎3𝑏3
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휃 =
−𝑏 −

𝑎

2
−

𝑎2

4𝑏
−

𝛽𝑎2𝑔

4𝑏2

1 ∙ 2 ∙ 3 ∙ … … ∙ 7 ∙ 2𝑎5𝑏𝑔
;  𝜗m =

𝛼

1 ∙ 2 ∙ … … ∙ 8 ∙ 24𝑎4𝑏4
 

𝜅 =
𝑏 +

𝑎

2
+

𝑎2

4𝑏
+

𝑎3

8𝑏2 +
𝛽𝑎3𝑔

8𝑏3

1 ∙ 2 ∙ 3 ∙ … … ∙ 9 ∙ 2𝑎7𝑏𝑔
;  𝜆 =

−𝛼

1 ∙ 2 ∙ … … ∙ 10 ∙ 25𝑎5𝑏5
 

𝜇 =
−𝑏 −

𝑎

2
−

𝑎2

4𝑏
−

𝑎3

8𝑏2 −
𝑎4

16𝑏3 −
𝛽𝑎4𝑔

16𝑏4

1 ∙ 2 ∙ 3 ∙ … … ∙ 11 ∙ 2𝑎9𝑏𝑔
; 𝑒𝑡𝑐. 

whence, the values of the remaining coefficients can be known.  

§31. Indeed, the coefficients of even powers in 𝑡 progress quite regularly, whereas, the exponents of 

odd powers are reduced to the following forms. 

                   𝛽 = 𝛽;                                                       𝛿 =
−𝑎 + 2𝑏

1 ∙ 2 ∙ 3 ∙ 2𝑎𝑔(𝑎 − 2𝑏)
−

𝛽

1 ∙ 2 ∙ 3 ∙ 2𝑎𝑏
 

휁 =
𝑎2 − 4𝑏2

1 ∙ 2 ∙ 3 ∙ 4 ∙ 5 ∙ 4𝑎3𝑏𝑔(𝑎 − 2𝑏)
+

𝛽

1 ∙ 2 ∙ 3 ∙ 4 ∙ 5 ∙ 4𝑎2𝑏2
 

휃 =
−𝑎3 + 8𝑏3

1 ∙ 2 ∙ 3 ∙ … … ∙ 7 ∙ 8𝑎5𝑏2𝑔(𝑎 − 2𝑏)
−

𝛽

1 ∙ 2 ∙ 3 ∙ … … ∙ 7 ∙ 8𝑎3𝑏3
 

𝜅 =
𝑎4 − 16𝑏4

1 ∙ 2 ∙ 3 ∙ … … ∙ 9 ∙ 16𝑎7𝑏3𝑔(𝑎 − 2𝑏)
+

𝛽

1 ∙ 2 ∙ … … ∙ 9 ∙ 16𝑎4𝑏4
 

Therefore, if the series 𝛼 + 𝛽𝑡 + 𝛾𝑡2 + 𝑒𝑡𝑐.  is expanded into a regular simple series it will result in 

𝑠 = 𝛼 (1 −
𝑡2

1 ∙ 2 ∙ 2𝑎𝑏
+

𝑡4

1 ∙ 2 ∙ 3 ∙ 4 ∙ 4𝑎2𝑏2
−

𝑡6

1 ∙ 2 ∙ 3 ∙ … ∙ 6 ∙ 8𝑎3𝑏3
+ 𝑒𝑡𝑐. ) 

+𝛽√2𝑎𝑏 (
𝑡

√2𝑎𝑏
−

𝑡3

1 ∙ 2 ∙ 3 ∙ 2𝑎𝑏√2𝑎𝑏
+

𝑡5

1 ∙ 2 ∙ 3 ∙ … ∙ 5 ∙ 4𝑎2𝑏2√2𝑎𝑏
− 𝑒𝑡𝑐. ) 

+
𝑎𝑏√2𝑎𝑏

𝑔(𝑎 − 2𝑏)
(

𝑡

√2𝑎𝑏
−

𝑡3

1 ∙ 2 ∙ 3 ∙ 2𝑎𝑏√2𝑎𝑏
+

𝑡5

1 ∙ 2 ∙ 3 ∙ 4 ∙ 5 ∙ 4𝑎2𝑏2√2𝑎𝑏
− 𝑒𝑡𝑐. ) 

−
𝑎2𝑏

𝑔(𝑎 − 2𝑏)
(

𝑡

𝑎
−

𝑡3

1 ∙ 2 ∙ 3 ∙ 𝑎3
+

𝑡5

1 ∙ 2 ∙ 3 ∙ 4 ∙ 5 ∙ 𝑎5
− 𝑒𝑡𝑐. ) 

since these series are summable, in place of 𝑠 will be obtained the following finite value𝑠 =

𝛼 cos
𝑡

√2𝑎𝑏
+ 𝛽√2𝑎𝑏 sin

𝑡

√2𝑎𝑏
+

𝑎𝑏√2𝑎𝑏

𝑔(𝑎−2𝑏)
sin

𝑡

√2𝑎𝑏
−

𝑎2𝑏

𝑔(𝑎−2𝑏)
sin

𝑡

𝑎
 , in this equation, if the constants 𝛼 and 

𝛽 are transformed very little, it clearly coincides with the one obtained from integration in §27 above.  

§32. Let us keep the equations obtained above 𝑠 = 𝐷 cos
𝑡

√2𝑎𝑏
+ 𝐶 sin

𝑡

√2𝑎𝑏
−

𝑎2𝑏

𝑔(𝑎−2𝑏)
sin

𝑡

𝑎
 and √𝑣 =

𝐷

√2𝑏
sin

𝑡

√2𝑎𝑏
−

𝐶

√2𝑏
cos

𝑡

√2𝑎𝑏
+

𝑎𝑏√𝑎

𝑔(𝑎−2𝑏)
cos

𝑡

𝑎
, in which both of the special cases handled above are 

 
m An apparent typo in which 2 appears in place of 𝜗 in the original manuscript. 
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remarkably contained. Now, let us set that at the beginning, 𝑡 = 0, the body rests at 𝐶, and then, 𝑠 = 0, 

and √𝑣 = 0. Therefore 𝐷 = 0; and 𝐶 =
𝑎𝑏√2𝑎𝑏

𝑔(𝑎−2𝑏)
, and by a direct substitution, results in 𝒔 =

𝒂𝒃√𝟐𝒂𝒃

𝒈(𝒂−𝟐𝒃)
𝐬𝐢𝐧

𝒕

√𝟐𝒂𝒃
−

𝒂𝟐𝒃

𝒈(𝒂−𝟐𝒃)
𝐬𝐢𝐧

𝒕

𝒂
 , and, also, √𝒗 =

𝒂𝒃√𝒂

𝒈(𝒂−𝟐𝒃)
(𝐜𝐨𝐬

𝒕

𝒂
− 𝐜𝐨𝐬

𝒕

√𝟐𝒂𝒃
), and from these equations, 

the position of the body and its velocity at a given time will become known. 

§33. To get into the nature of these oscillations more deeply, we will consider various relations between 

the quantities 𝑎 and 𝑏, to which the arcs 
𝑡

𝑎
 and 

𝑡

√2𝑎𝑏
 render commensurable. First, indeed, let us begin 

with the maximum value of 𝑏, and, in this case, the force that depends on the distance 𝑠 becomes zero. 

Since in this case, sin
𝑡

√2𝑎𝑏
=

𝑡

√2𝑎𝑏
n , then, 𝑠 =

−𝑎𝑡

2𝑔
+

𝑎2

2𝑔
sin

𝑡

𝑎
; and also, √𝑣 =

𝑎√𝑎

2𝑔
(1 − cos

𝑡

𝑎
).o Hence, 

If time 
𝑡

√𝑎
 Then, the distance 𝑠 And the Velocity √𝑣 

0𝑐

√𝑎
 0 0 

𝑐

√𝑎
 

−𝑎𝑐+𝑎2

2𝑔
 

𝑎√𝑎

2𝑔
 

2𝑐

√𝑎
 

−2𝑎𝑐

2𝑔
 

2𝑎√𝑎

2𝑔
 

3𝑐

√𝑎
 

−3𝑎𝑐−𝑎2

2𝑔
 

𝑎√𝑎

2𝑔
 

4𝑐

√𝑎
 

−4𝑎𝑐

2𝑔
 0 

5𝑐

√𝑎
 

−5𝑎𝑐+𝑎2

2𝑔
 

𝑎√𝑎

2𝑔
 

§34. Therefore, for this case, in which we consider 𝑏 infinite, moreover we assume the body was initially 

at rest at 𝐶, the body will continuously advance from 𝐶 towards the right beyond 𝐶𝐵, in an alternate 

accelerated and retarded motion. Although, in this case, the oscillations do not occur, yet, it seems 

appropriate to start the analysis from it, so that the link between the motions originated in this manner 

becomes clearer, as long as 𝑏 decreases gradually to a smaller value. Let us set 𝑏 =
𝑛2𝑎

2
, such that 

√2𝑎𝑏 = 𝑛𝑎; whence, 𝑠 =
𝑛2𝑎2

2𝑔(𝑛2−1)
(sin

𝑡

𝑎
− 𝑛 sin

𝑡

𝑛𝑎
), and also, √𝑣 =

𝑛2𝑎√𝑎

2𝑔(𝑛2−1)
(cos

𝑡

𝑛𝑎
− cos

𝑡

𝑎
): in these 

expressions, the sine and cosine of the arcs 
𝑡

𝑎
 and 

𝑡

𝑛𝑎
 can be interchanged, whenever 𝑛 is a rational 

number.  

§35. Let us continuously decrease the value of 𝑛, from the previous value, which was considered infinite, 

until it approaches the case for 𝑛 = 1;reducing the equation to this particular form 𝑠 =
−𝑎2

4𝑔
sin

𝑡

𝑎
+

 
nSince 𝑏 is being considered a very large quantity, the arc 

𝑡

√2𝑎𝑏
 would be very small, and, in this case, the sine of a 

very small arc can be taken as the arc itself. Therefore, 𝑠 =
𝑎𝑏√2𝑎𝑏

𝑔(𝑎−2𝑏)
sin

𝑡

√2𝑎𝑏
−

𝑎2𝑏

𝑔(𝑎−2𝑏)
sin

𝑡

𝑎
=

𝑎𝑏

𝑔(𝑎−2𝑏)
−

𝑎2𝑏

𝑔(𝑎−2𝑏)
sin

𝑡

𝑎
. Since 

𝑎𝑏

𝑔(𝑎−2𝑏)
≈

−𝑎

2𝑔
 and −

𝑎2𝑏

𝑔(𝑎−2𝑏)
≈

𝑎2

2𝑔
, then, finally, 𝑠 =

−𝑎𝑡

2𝑔
+

𝑎2

2𝑔
sin

𝑡

𝑎
.    

o Here also, the original manuscript uses the versed sine, or versine function. 
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𝑎𝑡

4𝑔
cos

𝑡

𝑎
, and also, √𝑣 =

𝑡√𝑎

4𝑔
sin

𝑡

𝑎
 ;p therefore, in this case, the oscillations eventually grow to infinity: 

but the motion will constitute itself thus [as follows]. 

If time 
𝑡

√𝑎
 Then, the distance 𝑠 And the Velocity √𝑣 

0𝑐

√𝑎
 0 0 

𝑐

√𝑎
 −

𝑎2

4𝑔
 +

𝑐√𝑎

4𝑔
 

2𝑐

√𝑎
 −

2𝑎𝑐

4𝑔
 0 

3𝑐

√𝑎
 +

𝑎2

4𝑔
 −

3𝑐√𝑎

4𝑔
 

4𝑐

√𝑎
 +

4𝑎𝑐

4𝑔
 0 

5𝑐

√𝑎
 −

𝑎2

4𝑔
 +

5𝑐√𝑎

4𝑔
 

§36.With the nearly extreme cases having been unfolded, namely, 𝑛 = ∞ 𝑎𝑛𝑑 𝑛 = 1, let us see how 

much the intermediate cases, for which we put successive integers for 𝑛, differ from the extremes.  Let 

us consider 𝑛 = 2, or 𝑏 = 2𝑎; then, 𝑠 =
2𝑎2

3𝑔
(sin

𝑡

𝑎
− 2 sin

𝑡

2𝑎
), and also, √𝑣 =

2𝑎√𝑎

3𝑔
(cos

𝑡

2𝑎
− cos

𝑡

𝑎
). 

Therefore, whenever 𝑡 = 4𝑖𝑐, then, 𝑠 = 0; whereas the velocity will vanish whenever 𝑡 =
8𝑖𝑐

3
, 

designating 𝑖 as any integer number. Therefore the motion will constitute itself so that it will be seen in 

this table. 

If time 
𝑡

√𝑎
 Then, the distance 𝑠 And the Velocity √𝑣 

𝑎𝑛𝑑 𝑡 =
0𝑐

3
 0 0 

𝑡 =
4𝑐

3
 −2𝑎2

3𝑔
sin

2𝑐

3𝑎
 

+4𝑎√𝑎

3𝑔
cos

2𝑐

3𝑎
 

𝑡 =
8𝑐

3
 −6𝑎2

3𝑔
sin

2𝑐

3𝑎
 0 

𝑡 =
12𝑐

3
 0 

−4𝑎√𝑎

3𝑔
 

𝑡 =
16𝑐

3
 +6𝑎2

3𝑔
sin

2𝑐

3𝑎
 0 

 
pThese two expressions, which have been derived from those presented in §34, have been confirmed by the 
Translator. 
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𝑡 =
20𝑐

3
 

𝑡 =
24𝑐

3
 

+2𝑎2

3𝑔
sin

2𝑐

3𝑎
 

0 

+4𝑎√𝑎

3𝑔
cos

2𝑐

3𝑎
 

0 

§37. Therefore, the revolutions of the motion recommence after the time 
8c

√a
 has elapsed, or after the 

circumference has been completed twice; meanwhile three oscillations have been completed, the 

middle of which throughout the distance is twice as large as the remainingq. Similarly, if 𝑛 = 3, for which 

the same periods return after the time 
12c

√a
 has elapsed, or after the circumference has been completed 

thrice: and so on, until 𝑛 = ∞, where there are no periods of revolution, with the body in that location 

moving perpetually to infinity. For 𝑛 = 3, the velocity √𝑣 completely vanishes, whenever 𝑡 = 3𝑖𝑐: and, if 

𝑛 = 4, the velocity of the body vanishes, for cases when 𝑡 =
16𝑖𝑐

3
 and 𝑡 =

16𝑖𝑐

5
.  Then, let 𝑡 =

16𝑖𝑐

15
, and if 

𝑖 is substituted for a sequence of integers, the velocity of the body will turn out zero for cases where 

𝑖 equals to: 0 , 3, 5, 6, 9, 10, 12, 15, 18, 20, 21, 24, 25, etc.they will differ for: 3, 2, 1, 3, 1, 2, 3, 3, 2, 1, 3, 1,r 

after the time 16c has elapsed, the same period will be repeated, and seven times in one period, the 

velocity will be null, such that unequal oscillations will be contained in just one period: and if, in fact, 

one more oscillation is added between two limits, the speed with which is = 0. 

§38. These oscillations will become more regular if 𝑛 < 1and 
𝑡

𝑛
 is an integer. Let us set 𝑏 =

𝑎

2𝑛2,s such 

that √2𝑎𝑏 =
𝑎

𝑛
, and then 𝒔 =

𝒂𝟐

𝟐𝒈(𝒏𝟐−𝟏)
(

𝟏

𝒏
𝐬𝐢𝐧

𝒏𝒕

𝒂
− 𝐬𝐢𝐧

𝒕

𝒂
) , and, also, √𝒗 =

𝒂√𝒂

𝟐𝒈(𝒏𝟐−𝟏)
(𝐜𝐨𝐬

𝒕

𝒂
− 𝐜𝐨𝐬

𝒏𝒕

𝒂
). 

Therefore, the velocity of the body will completely vanish whenever 𝑡 =
4𝑖𝑐

𝑛∓1
. Moreover, the body will 

not return to the point 𝐶, for which 𝑠 = 0, unless 𝑡 = 2𝑖𝑐. But, if it is assumed that 𝑡 =
4𝑖𝑐

𝑛−1
, then, 𝒔 =

−𝒂𝟐

𝟐𝒈𝒏(𝒏+𝟏)
𝐬𝐢𝐧

𝒕

𝒂
, however, if 𝑡 =

4𝑖𝑐

𝑛+1
, then, 𝒔 =

−𝒂𝟐

𝟐𝒈𝒏(𝒏−𝟏)
𝐬𝐢𝐧

𝒕

𝒂
 . Thus, the results in following tables were 

obtained by putting in these formulas successive values for 𝑛 such as 2, 3, 4, 5, 𝑒𝑡𝑐., which would allow 

the oscillatory motion of the body driven by two forces to be known. 

𝑆𝑒𝑡 𝑛 = 2 𝑜𝑟 𝑏 =
𝑎

8
 

If time 
𝑡

√𝑎
 

 
Then, the distance 𝑠 And the Velocity √𝑣 

𝑠𝑒𝑡 𝑡 = 0𝑐 
 

0 0 

𝑠𝑒𝑡 𝑡 = 𝑐 

−𝑎2

6𝑔
 

 

𝑎√𝑎

6𝑔
 

𝑠𝑒𝑡 𝑡 =
4

3
𝑐 

 
−

𝑎2

4𝑔
sin

2𝑐

3𝑎
 0 

 
qNot clear what is meant here. 
rThis sequence of numbers is the differences between successive terms in the previous sequence.  
sThe values that appear in the next tables were derived under this condition. 
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𝑠𝑒𝑡 𝑡 = 2c 0 

 

−𝑎√𝑎

3𝑔
 

𝑠𝑒𝑡 𝑡 =
8

3
𝑐 +

𝑎2

4𝑔
sin

2𝑐

3𝑎
 0 

𝑠𝑒𝑡 𝑡 = 3𝑐 
 

𝑠𝑒𝑡 𝑡 = 4𝑐 

+
𝑎2

6𝑔
 

0 

+
𝑎√𝑎

6𝑔
 

0 

𝑆𝑒𝑡 𝑛 = 3 𝑜𝑟 𝑏 =
𝑎

18
 

If time 
𝑡

√𝑎
 Then, the distance 𝑠 And the Velocity √𝑣 

𝑠𝑒𝑡 𝑡 = 0𝑐 
 

0 0 

𝑠𝑒𝑡 𝑡 = 𝑐 −
𝑎2

12𝑔
 0 

𝑠𝑒𝑡 𝑡 = 2𝑐 0 0 

𝑠𝑒𝑡 𝑡 = 3𝑐 
 +

𝑎2

12𝑔
 0 

𝑠𝑒𝑡 𝑡 = 4𝑐 0 0 
 

𝑆𝑒𝑡 𝑛 = 4 𝑜𝑟 𝑏 =
𝑎

32
 

If time 
𝑡

√𝑎
 Then, the distance 𝑠 t And the Velocity √𝑣 

𝑠𝑒𝑡 𝑡 = 0 
 

0 0 
 

𝑠𝑒𝑡 𝑡 =
4

5
𝑐 −

𝑎2

24𝑔
sin

4𝑐

5𝑎
 

0 

𝑠𝑒𝑡 𝑡 = 𝑐 
−

𝑎2

30𝑔
 −

𝑎√𝑎

30𝑔
 

𝑠𝑒𝑡 𝑡 =
4

3
𝑐 −

𝑎2

40𝑔
sin

2𝑐

3𝑎
 

0 

𝑠𝑒𝑡 𝑡 =
8

5
𝑐 

 

𝑠𝑒𝑡 𝑡 = 2𝑐 

 

−𝑎2

24𝑔
sin

2𝑐

5𝑎
 

 
0 
 

+
𝑎2

24𝑔
sin

2𝑐

5𝑎
 

+
𝑎2

40𝑔
sin

2𝑐

3𝑎
 

0 
 

−
𝑎√𝑎

15𝑔
 

 
00 

−
𝑎√𝑎

30𝑔
 

 

 
t It looks like the original table erroneously had 4c/5g instead of 4c/5a for the angle measures, etc.  All the 
denominators of angles are listed with g instead of a. 
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𝑠𝑒𝑡 𝑡 =
12

5
𝑐 

 

𝑠𝑒𝑡 𝑡 =
8

3
𝑐 

 

𝑠𝑒𝑡 𝑡 = 3𝑐 

𝑠𝑒𝑡 𝑡 =
16

5
𝑐 

 

𝑠𝑒𝑡 𝑡 = 4𝑐 

+
𝑎2

30𝑔
 

+
𝑎2

24𝑔
sin

4𝑐

5𝑎
 

 
0 

0 
 

0 

 

𝑆𝑒𝑡 𝑛 = 5 𝑜𝑟 𝑏 =
𝑎

50
 

If time 
𝑡

√𝑎
 Then, the distance 𝑠 And the Velocity √𝑣 

𝑠𝑒𝑡 𝑡 = 0 

 
0 

0 
 

𝑠𝑒𝑡 𝑡 =
2

3
𝑐 

−
𝑎2

40𝑔
sin

2𝑐

3𝑎
 0 

 
  

𝑠𝑒𝑡 𝑡 = 𝑐 
−

𝑎2

60𝑔
 0 

𝑠𝑒𝑡 𝑡 =
4

3
𝑐 

−
𝑎2

40𝑔
sin

2𝑐

3𝑎
 0 

𝑠𝑒𝑡 𝑡 = 2𝑐 
0 0 

 

𝑠𝑒𝑡 𝑡 =
8

3
𝑐 

 

𝑠𝑒𝑡 𝑡 = 3𝑐 

 

+
𝑎2

40𝑔
sin

2𝑐

3𝑎
 

 

+
𝑎2

60𝑔
 

+
𝑎2

40𝑔
sin

2𝑐

3𝑎
 

0 

 
0 
 
 
 

0 
 

0 
0 
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𝑠𝑒𝑡 𝑡 =
10

3
𝑐 

𝑠𝑒𝑡 𝑡 = 4𝑐 

 

§39. Among all these cases, the one which deserves particular attention is that for which 2𝑏 = 𝑎: u in 

which the oscillation distance eventually grows up to infinity: this effect is most remarkable, since it 

belongs to this case alone and it is generated by finite forces. Therefore, from this case, if it would be 

possible to revive into practice, the invention of perpetual motion could be derived: indeed, it is now 

compared with a pendulum oscillating in a cycloid, as the impulses originated by gravity versus the point 

of equilibrium are related to the travelled distances. Hence, if to such a pendulum is applied an 

automaton, which produces another time-dependent force, the force of the oscillations could increase 

to such a degree that the portion renovating the stretching of the automaton could surpass, whenever 

necessary, that expended to resistance and friction, such that if the oscillations do not increase, yet, the 

given quantities are constantly conserved. 

§40. If we now ask for the cause of why this is the only case where the oscillations increase 

continuously, we would find no other reason than the case where the time of a unique complete 

oscillation is composed of one advance and one return, which is produced by the unique action of a 

force which depends on the distances, where [the time of a complete oscillation] is expressed by the 

whole circumference 𝐹𝐷𝐻𝐸. If the body is only driven by the force 
𝑠

𝑏
, then the time of one complete 

oscillation from one advance and one return will be constant and = 2𝜋√2𝑏 =
4𝑐

𝑎
√2𝑏, because 1: 𝜋 =

𝑎: 2𝑐. However, the time along the whole circumference is expressed as =
4𝑐

√𝑎
; then, for equal times, it is 

necessary that 2𝑏 = 𝑎, which is the case just considered. 

§41. Hence, the nature of the difference in behaviors that we have observed among the oscillations in 

the last cases can now be analyzed in more detail. In fact, this difference depends in part on the value of 

the letter 𝑔, since, indeed, there are no other ways for a diversity of oscillations to be induced, unless 

that through it, greater distances are accomplished the less the value of 𝑔, and, indeed, the 

computation of the motion and of time remains similar. On the other hand, the most important part in 

changing the nature of the oscillations, is the different values for the letters 𝑎 and 𝑏, through which the 

time of oscillations generated individually by both forces are defined. Indeed, the time of a unique 

oscillation due to just the force 
𝑠

𝑏
, to the time of a unique oscillation due to just the force 

𝑦

𝑔
  is as √2𝑏 to 

√𝑎. From which, it becomes clear that the more this ratio recedes from commensurability, the more the 

resulting oscillations become irregular.  

 

 
u This is the case dealt with in §35.   
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