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U�V1W�XZY-[C\^]`_a[cbedgfhW;XiYjdkdhbCXmlLnOoqpsrCtuY;d
vEwxnzy{Y�fk|kwx}�~1��pqwxY

�k���u�9n�whf��uY�whYj��VuY�w���VuY�~9���O������_���tup�o�oqY�f,�z������_a�O�i�1�z�OY;d

���4�;�����u�����N� YF�uwxY;dhY�~Cf0�%~uY��.fhncn�o�fxV1��f0�OY�~uY;wx�zfhYjdml9n�t1~1�udZn�~@fhV1YF����oqt1Y;d��z~L� fxVuYFwhnOtu~1�c¡
n�¢ Y�wxwhnOwxd,nz£��uwxn���w��zX�d,t1dhpq~u�'¤1nC��fxpq~u�'�9n�p�~Of�nO�LY;wx�zfhp�n�~1d;¥iU�V1Ymfxncn�o�psd�l1��dhY;�=n�~=£¦n�wx����wx��Y�wxwhnOw
��~1�zo�bedgpsd��z~L��p�~CfhY;wh���zo�zwxp§fxVuXZY�fhps�z¥�U�VuY�~un��OY�oqf{b0nz£�nOtuw�fhncnOoQp�d�fhV1�zf¨p§f,�uwhne�etL��Y;d¨�i£¦n�wxXZ��oQ�uwxncnz£
n�£�fhVuY'l9n�tu~1�1d-fxV1��fZ����~ lLY!��VuYj��©�Y;� pq~1�uY��9Y�~1�eY;~Cfho�bªt1dgp�~u�%�z~«��tefhnOXZ�zfhps�0�uwxncnz£¨��VuYj��©�Y;w-dgtL��V
�Od�¬ner!�z~L�®�'��n�XZ�uo�Y�fxY-XZne�eY�o	n�£E¤1nO�zfhp�~u���9n�p�~Cf���whpqfhV1XiY�fhps�z¥�¯1n�w,fhVuYm°1w�d{f^fhp�XZYmY;��Y�wj±²�Yi����~
Yj��dhpqo�b®��Y�whfhpq£¦b®fxV1��f-dhpqXZ�uo�Y0~ctuXZY�wxps���zo��1whnO��w��zX�d�dgt1��Vª�Od�fhVuY�n�~uYjd�t1dht1�zo�oqb®£¦n�tu~L�=p�~ªwxY;�zo	fxpqXZY
���u�uo�p��;��fxpqnO~1d	�en�~unzfEn��OY�wh¤1n�� �z~1�-fhVL��fEwxn�tu~1�e¡Jn�¢ZY;whwxn�w�d4�zwxY�l9Y�o�n��@�O����Y��ef��zluo�Y�fhVuwxY;dhVun�os�ud;¥4[ctL��V
o�Y��OY�oQn�£ErOtL�zo�p§f{b!dgV1n�tuos�'lLYi��n�XZ�ut1o�dhn�wxb0n�~�dx��£¦Y�f{b���whpqfhps����o�z�1�uoqps���zfhp�n�~1d;¥�|¨dknOtuw�fxnCnOo³psdkYj��dhb0fhn
VL�z~1�eo�Y�±epqf¨��nOtuos�'��o�dhnilLY�t1dhY;��£¦nOw�XZ��~cb0�up�Y;��Yjd�nz£	dgn�£´f{����whYO¥
µF¶C·²¸x¹-º ��»4��� �kn�tu~1�e¡Jn�¢®Y�wxwhnOw;±u¼,��Y;wg¤Ln���±c¯1n�wxX��zo²�uwxnCn�£{±L¬Y�whfhpq°L���zfhp�n�~Q±1[u��£¦Y�f{b���wxp§fxp��;�zoJ¥

½Q¾�¿ÁÀ9ÂkÃxÄIÅ{ÆI¿ÇÃ�Èz¿ÁÀ²É�Ã�ÀJÅ{ÊkË Ì�ÍÎË ÆIÏ�Ð�Ã�ÆÑÄI¿ÇÃ�ÈÁÈ Ò�ÀIÓ�Ð�ÐzË ÆÑÄIÅ{Ê,É�ÒkÔÃxÄJ¿ÁË Ì�Ã�ÈzÕQÅ{ÆIË Ì�Ã�ÓjÄJ¿ÁÖ{À³Ã�Ì�Ê,×;Ð�Ã�Ö{ÅÕ³ÊjÂ�¿ÁÌ�¿ÁÀIÄIÆJÃxÄI¿ÁË ÌCØ
ÙeÃ�Ì�Ú ÈÁÅÛÒ0ÜQÅgÀIÅgÃ�ÆIÖK¾'Ý²Å{Ì�ÄIÅ{Æ�Ó�Ì�Ê�Å{Æ�ÄI¾�Å�ÜQÅ{ÀJÅgÃ�ÆÑÖK¾!Ý²Ë�Ë ÐzÅgÆIÃxÄI¿ Þ�Å�Õ4Ú ÆÑÅ{ÅgÂ�Å{Ì�ÄkÔË�ß�Ô	ÝQÝ9àKáÛà¦â ã â�ä�å�ÃgÍQÃ�ÆÑÊ�Å{Ê0ÄJË�ÄJ¾jÅ
Ô4ÃxÄI¿ÁË Ì�Ã�È	æ´Ì�ÀÑÄJ¿ ÄIÓjÄIÅmË�çèÕQÅ{ÆIË ÀIÐ�Ã�Ö{Å�ß ½Q¾�¿ÁÀkÄIÅ{é�Ä�¿ÁÀ¨Ã�ÈÁÀIË�ÃgÞ�Ã�¿ÁÈÇÃ�É�ÈÁÅ-Ã�À^ÃZÆÑÅ{ÀJÅgÃ�ÆIÖJ¾FÆIÅ{ÐzË ÆÑÄ^Ë�çEÄJ¾�Å�ÙeÃ�ÉzË ÆIÃxÄJË ¿ÁÆÑÅiÊjÅ
Èsê æ´Ìjç�Ë ÆÑÂkÃxÄI¿Áë;Ó�Å4Ê�Ó�ìuÃ�ÆIÃ�ÈÁÈÁígÈÁ¿ÁÀIÂ�Å4î�ï ï�ð1ñ¦ò òhó ó ó1ô´õxöj÷�øhùxú�ûhö1ôsü ý�òxþ�ÿ���ß
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	�� � �� n�tLd,�1wh}jdgY;~Ofxn�~1d¨tu~®~1n�tu�OY�o	n�tefxpqo��;�z�1��luoqYi�eYi��}�~1}�wxY�wj±����1�zwhfhp�w^�uYmos���uY;dx��wxpq�efxpqnO~
��� tu~��uwxn���w��zXZXZY,rCtup²tefxpqo�psdgY��eY;d�nO�L};wx�zfhp�n�~1d��-�cp�wh�Otuo�Yk¤1n�fgfx��~CfhY�±u�uY;d�lLnOwh~1Y;d�dgtuw�o�Y;d����zo�Y�tuw�d��eY;d
����whps�zluo�Y;d4Y�fEoqYjd	Y�wxwhY;tuwxd	��� �zwxwxn�~1�epe��n�XZXZp�dhY;d��u��~1d���Y��uwxn��Owx��XZXiYO¥���� n�tufhp�ouY;dgf�l1��dh}�dgtuw�o�� �z~1��oqbedhY
��� Y;whwxY�tuwèY�~0XZne�eY,�upqwxY;��fY�f�o�� �zwxpqfhVuXZ}�fxp�rCtuY^��� pq~CfhY;wh����oqo�Y;d;¥����~unOtu��Yj�ztefx}¨�eY,~unzfxwhYknOtefhp�o9Y;dgf�rCt�� pqo
�1whne�etupqf�tu~uY��uwxY�tu�OY¨£¦nOwhXZY;oqo�Y��eY;d�l9n�wx~uY;d�rCtupÎ�9Y�tef���fhwxY���Y�whfhpq°1};Y,p�~1�e};�LY;~1�u�zXZXZY�~CfkY;~�tefxpqo�psdh��~Of
t1~-n�tufhp�ou�ztefxn�X���fxp�rCtuY��eY��uwhY;tu��YèfhY;ourOt1Y�¬ner�Y�f	tu~iXZnc�uW�o�Y���n�XZ�uo�Y�fE�eY�o�� �zwxp§fxVuXZ}�fxp�rCtuY��¨�cp�wh�Otuo�Y
¤Lnzfgf��z~CfhYO¥0v	n�tuw-o��!�uwxY�XZp�W�wxYi£¦n�psd�±pqoY;dgf��LnCdhdhpql1oqY��eY�£Ñ�O��p�oqY;XZY�~Cf-��Y;wgfxp§°1Y;w�rCtuY�oqYjd��uwxn��Owx��XiXZYjd
~ctuXZ};whpsrCtuY;d�dhpqXZ�uo�Y;d���n�XZXZY���Y�t���V1��lup§fxtuY�o�o�Y�XZY�~Cfktefxpqo�p�dh};d¨�u�z~1d�o�Y;d����u�uo�p��;��fxpqnO~1d�Y�~'fhY;XZ�1d�wx}�Y�o
~1Y���n�XZXZY�fhfhY�~Cf��1�Od��uY��u}��1�OdhdhY�XZY�~Cf��eY������1����p§fx},Y�f�rCtuY�o�Y;d�Y;whwxY�tuw�d���� ��whwxn�~L�ep9dhn�~Cfk�ztu¡K�eYjdhdhn�tLd
�uYmdhY�tup�o�d��O����Y;�efx��luo�Y;d;¥��¨~�fhY;o	~upq�OY;��t®�eYmrCt1��oqpqfh}Z�eY;�Cw��zpqf ��fhwxY-nOluoqp��O�zfhnOpqwxY�dgt1w^o�Y;d^�z�1�uoqps���zfhp�n�~1d
��whpqfhpsrCtuY;d;¥E¬n�XZXZY,~un�fhwxY¨nOtefhp�oLYjd{f�£Ñ����pqo�Y �-X��z~up��utuo�Y�wj±e��Y¨~1pq�OY;�zt��eY��cw��zpqf}��C�zo�Y�XZY�~Cf!��fhwxY,tufhp�oqpsdg}
�9n�t1wk�eY�~un�XmluwxY�t"�0o�n��Op���pqY;o�d;¥
# º �j� ¸ �%$ � � � & whwxY�tuw���� ��whwxn�~1�upI±�'¨};�1��dxdgY;XZY�~Cf-�eY0�����1����p§fx}�±vEwhY;tu��YZ£¦nOwhXZY;oqo�Y�±E¬Y�whfhpq°L���zfhp�n�~Q±
�³n��Op���pqY;o�d���wxpqfhpsrOt1Y;d;¥
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U�V1Y��utuwx�LnCdgY�nz£9fhV1p�d���n�wx©�psd4fhn�dx��£¦Y;oqbirOtL�zo�p§£¦b�fxVuYkl9Y�V1���cp�n�w	nz£Î�zo���nOwhpqfhV1XZd	��n�~1��Y�wx~upq~1�,fxVuY�w��z~u�OY
n�£³�zo�o1fxVuYk¤LnO��fxpq~1���LnOpq~Cf����zwxp���luoqYjdE�z~L�0�zo�o1fxVuY^whnOtu~1�c¡Knz¢'Y�wxwhnOwxd;¥|,dEfxVup�d��n�wx©m����dèpq~CfhY;~1�eYj�Z£¦n�w
dx��£¦Y�f{b'��whpqfhps����o���u�uo�p��;��fhp�n�~Ld�±L�Y��OY�~uY;wx�zfhY��Z£¦nOwhX���o³�uwxncnz£	fhV1�zf,psd¨��tefhnOXZ�zfhps����oqo�b��OY�wxp§°1Yj�!lcb'��~
��tefhnOX���fhps���uwxnCn�£²��V1Y;��©�Y;w�dgt1��V��Od¬ner!465;�&7K¥98¨n��Y;��Y;w;±z�Od�n�tuw	fxncn�oupsd���Y;whb-Y;��dhb�fxn�V1�z~L�eoqYO±�pqfè����~
l9Y�t1dhY;��£¦n�w�XZn�wxY^n�w�oqYjdhd�dx��£¦Y�f{b���wxpqfhps���zoQ���u�uo�p��;��fxpqnO~1d�±Cfxni�1whn��cps�eY¨£¦nOwhX���oqo�b���Y;wgfxp§°LY;��lLnOtu~1�ud�nO~
fxVuY����zo�tuY;d���~1�0fxVuY�wxn�tu~1�e¡Jn�¢!Y;whwxn�w�d��z~1����t1��wx��~CfhY�Y¨fhV1�zfk�zo�oÎ����whps�zl1oqYjd���~1�'�zo�oÎwhnOtu~1�c¡Knz¢FY�wxwxn�w�d
p�~F�i��p���Y�~'�uwxn��Owx��X ��whY�tu~L�eY�wk��n�~Cfhwxn�oJ¥
',Y;�O�eoqbZ�z~L�i�up�dx��dgfhwxn�t1d4£Ñ��pqo�tuwxY;d:4;5;�u±<5;�u±O�
79V1����Y�dhVun���~ifhV1�zf��nOXZXinO~Z�uwhn�£¦Y;dxdgp�n�~L�zoe�uw�����fhps��Y;d

�unª~unzf��Ot1�zw��z~CfxY�YFrCt1�zo�p§f{b nz£�fxVuY��uwxne�et1��Yj� dgn�£´f{����whYO¥ v	Y�~e¡Û�z~L�c¡J�L�z�9Y�w0V1��~1�c¡K��whpqfgfxY�~ £¦nOwhX��zo
�1whncnz£Ñdi�zwxY�~1nzf�dgt$=0��pqY;~Of���dmY�wxwxn�w�d-�zwxY���n�XZXZn�~uo�bª�uwxpq~CfhYj�>465&?C±è���&7�Y���Y;~ p�~«Vup���Vuo�bªwxY��O��wx�uY;�
�1tuluo�p��;��fhp�n�~Ld�lcb Vun�~1n�wxY;� dx��p�Y�~Cfhpsd{f�d�p�~ ��Y�o�o,wxY��cp�Y���Y;� ��~1� ��pqfhYj�ªy{nOtuwh~L�zosd@4Á�A?C±B5C5�7J¥ ��Y;dhtuoqfxd
�1whne�et1��Y;� lcb pq~CfhY;wh����o¨o�pqluw��zwxp�Y;d;±�p�~1��oqt1�upq~u�«£¦n�w�Y �u�zXZ�uo�YD4Á�z�e±E5j�F7K±k�zwxY®��o�dhnª~unzf!dgt<=���pqY;~Cf0£¦n�w
dx��£¦Y�f{b«��wxpqfhps���zok���u�uo�p��;��fxpqnO~1d�¥ [en�XZY!V1�z~1�e¡J��wxp§fhfhY;~ �9Y�~u¡K��~1�c¡K�1�z�9Y�w��uwxncnz£Ñd���n�~Cfx��pq~ Y�wxwhnOwxdi�z~L�
fxVuY�wxYkpsdE~un��un�tuleffhV1�zfdhn�XZYkVup���Vuo�biwhY;�O�zw��eYj�-V1��~1�c¡K��whpqfgfxY�~��uwxn��Owx��X�d4��o�dhn���nO~Cfx�zp�~�Y�wxwxn�w�dY;��Y;~
pq£QfxVuY�b�V1���OY¨l9Y�Y;~���Y�o�oLwxY��cp�Y���Y;�0��~1�0�1whne�et1��Y;��lCbZVunO~un�wxY;��dh��pqY;~Ofxp�dgfxd;¥HGÛ~�l9nzfxV'�;��dhY;d;±C�eY;whp��cpq~1�
fxVuYZ��n�~L��o�t1dgp�n�~Ld¨psd^~unzf�dgt<=���pqY;~Cf���~1�FfxVuYi�uwhne��Y;dxd,dhVun�t1o��®lLYZ��Y;wgfxp§°1Yj��lcb��z~%�ztefxn�X���fxp��m�uwxncnz£
��V1Y;��©�Y;w;¥

[ctL��V'��Y�whfhpq°L���zfhp�n�~1d�V1���OY^��oqwxY;�O�ebZlLY;Y�~!t1dhY;��fhn��eY�fhY;��fkn�w��uwxY��OY�~Cf�Y;whwxn�w�dpq~!�zo���nOwhpqfhVuX�d��z~L�
p�XZ�uo�Y�XZY�~Cfx�zfhp�n�~1dI465�7K¥4¯1Y�� whYjdgt1o§f�d4��whY������zp�o���luo�Yè£¦nOw	��n�XZ�utefxY�wE��whpqfhVuXZY�fhps��4Á�z�u±��&71�z~L�-Y;��Y�~m£¦Y���Y�w
wxY;dhtuoqfxd��n�~Ldgps�eY�wEfhVuY^Y�¢²Y;��fnz£Îwxn�tu~L�c¡Jn�¢�Y;whwxn�w�d	pq~0¤1nO�zfhp�~u���9n�p�~Of��zwxp§fxVuXZY�fxp���¥E¼,t1w��nO~Cfx����fxd���pqfhV
o�Y;�O�ep�~u�0fxY;�zX�d^��fEGÛ~OfxY�o��z~L�  |^[e| �³���k¬N�zo�o�n���t1dkfxn'dx��£¦Y;oqb'l9Y�o�pqY;��YmfhV1�zf��zf¨fhV1Y-fxpqXZYi�Yi�zwxY
wxY��9n�whfhp�~u��nO~ZfhVupsdè��n�wx©²±��zo�oL�uY���Y;oqnO�uXZY�~Cfxd�fhV1�zfè£¦n�o�o�n��@wxn�tu~L�c¡Jn�¢�Y;whwxn�w�d��zwxY�oqp�~u©OY;�ifhn-n�~uYkn�£ÎfhVuY
��tefhV1n�w�dèn�£³fhV1p�d�wxY��9n�whf�465KJe±e�C7J¥�|,d���Y�whfhpq£¦bcpq~1�-£¦nOwhX��zo²�uwxncnz£Ñdlcb0V1�z~L������~�l9Y�Y �cfhwxY�XZY�o�bZfhYj�ep�n�t1d
��~1� ~uY;Y;�udmdg�9Y;��p���oqp6L�Yj�%fhw��zp�~upq~1�1±4n�~uo�b%�;�zwxY�£¦tuo�o�b%��VunCdgY;~ª�z�u�uo�ps����fxpqnO~1d�VL����Y�l9Y�Y�~@�eY��OY�o�n��9Y;�ªdhn
£Ñ��w;¥

¼,tuwifxnCnOo�V1��dmlLY;Y�~ �eY��OY�o�n��9Y;� fxn%dhp�Xi�1oqpq£¦b«dht1��V«�®fx��dh©²¥NM^pq�OY�~ �=�eYjdh��whp��efxpqnO~ nz£kfxVuYF�z�e¡
�1oqps���zfhp�n�~Q±9p§f��ztefxn�X���fxp��;�zo�oqb���Y;~uY�w���fxY;d��uwxncnz£Ñdk£¦n�wkfxVuY-����whp�n�t1dklLnOtu~1�ud,n�~F���zo�tuYjd¨�z~L�FwhnOtu~1�c¡Knz¢
Y;whwxn�w�d;¥|¨d,��wxY;dhtuo§fj±1pqf,����~FlLY-Y;��dhp�oqb'V1�z~L�eoqYj�!lcb�~1��pq�OY�t1dhY�w�d���p§fxVF~un�dh�LYj��ps�zo³fhw��zp�~upq~1��pq~=¬ner
nOw��~CbZn�fhVuY;wE£¦n�wxX��zo9�uwxnCn�£Î��Y�wxpq°L���zfhp�n�~ZfhncnOoI¥è¼,tuwfhncn�o²����~�lLY^o�pq~u©OY;�Zfxn-X��z~cb��ztufhn�X��zfhps�k�uwxncnz£
��V1Y;��©�Y;wxd;¥-U�VuYZnO~uY;d�l1�OdgYj��nO~=Vup���V1Y�w�n�w��eY�w�o�n��Op��idgtL��V%�Od�¬ner9±QvPO�[%�z~1�Q8^¼�� �zwxYi�uwhnOl1�zl1oqb
fxVuY�XZnOdgf,��n�~1dhY�wx����fhp���Y^n�~1Y;d¨��XZn�~u�ifhV1Y�XSRÎ¬ner'�z~1�S8�¼��>4;5j�&74��whY��1whnOl1�zluo�b�fxVuYmdx��£¦Y;w�n�~uYjd¨��d
fxVuY�b�whY;oqb�dgnOoqY;oqb�nO~!�i�OY�wxb0dgX��zo�oQ©OY�wx~uY�oJ¥�¯utefxtuwhY��uY���Y;oqnO�uXZY�~Cf�nz£4n�tuw�fxnCnOoÎX���b0oqY�fkt1dhY�w�d���VuY;��©
fxVuY�p�w��uwxnCn�£Ñd�n�~0f{��n-nOw�fhVuwxY�Y^pq~L�eY��9Y�~1�uY�~Cf��uwhncn�£��VuY;��©OY�w�dè��~1�0�OY�fk��o�Y��OY�o²nz£	��n�~u°L�eY�~L��Y^Vupq�OVuY�w
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GKf³psdQ�cpsdgp�luo�Y�pq~�fxVuY�£¦nOoqo�n���pq~1��fhY �cfQfxV1��f4dgnOXiYE�uY;��psdhpqnO~1dÎ��Y�wxY	dgfhp�o�o�n��9Y�~�£¦nOwÎfhV1YEpqXZ�uo�Y�XZY;~Of���fxpqnO~
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��oq����bedè�9nOdxdhpqluo�Y�fhnZ�OY�f�l1����©0fhnifhVuY�p�~upqfhps�zo³��oq�On�wxp§fxVuX ©c~un���p�~u�ip§f�d�pqXZ�uo�Y�XZY;~Of���fxpqnO~�nO~uoqbO¥

¼,tuw�fxncn�oEl9n�tu~L�ud�fhV1Y��O�z�%l9Y�f{��Y�Y�~%fxVuY�lLY;V1���cpqnOw�nz£�fhVuY��Opq�OY�~%�uwhnO��w��zX�Y �cYj��tefxY;�=n�~ wxY;�zo
~ctuXmlLY;wxd;±è��pqfhV ~un wxn�tu~1�e¡Jn�¢ Y;whwxn�wj±è��~1� fxVuYFl9Y�V1���cp�n�winz£¨fxVuY�dx�zXZY��1whnO��w��zX Y �eY;��tefhYj� n�~@�
��n�XZ�utefxY�wj±��pqfhV«whnOtu~1�c¡Knz¢«Y;whwxn�w�d;¥�|koqfhV1n�tu�OV fhVuYjdgY0l9n�t1~1�ud-��whY��OY�wxb®t1dhY�£¦t1oèp�~ �uw���� fxp���Y�±4p§fmp�d
dhn�XZY�fhp�XiYjd¨��o�dhn�p�~CfhY�wxY;dgfhp�~u��fxn�l9n�tu~L�!fhVuYi��o�n�lL�zo³Y�¢9Yj� f�nz£è��oqo4Y�wxwhnOwxdkn�~!fhV1Yi��n�XZ�utefxY;�F���zo�tuYjd�¥
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GÛ~�fxVuY�£¦nOoqo�n���pq~1�1±
x : R

�eY�~1nzfhYjd³�����zo�tuY
x
©C~1n���~^��pqfhVm�z~�pq~u°1~upqfhYè�1whYj��psdgp�n�~Q¥U�Vup�d³p�d��fhV1Y�n�wxY�fxp��;�zo

~ctuXmlLY;w��z~1�'�z~'�zo���n�wxpqfhVuX t1dhY;d��z~!�z�1�uwhn �ep�X���fhYj��wxY��uwxY;dhY�~Cfx��luo�Y¨���zo�tuY
x̃ : F

±c��p§fxV
F

l9Y�p�~u�ifhVuY
dhY�f,nz£EV1��wx�e���zwxY�¡KwxY��uwxY;dhY�~Cfx��luo�Y,~ctuXmlLY;wxd;¥ � Yi�en�~1nzf,XZYj�z~!fhVL��f

x̃
p�d¨fhVuYmwhnOtu~1�eYj�!���zo�tuY-n�£

x
±

��Y^XiYj�z~�fhV1�zf
x̃

psd�fhVuY����zo�tuY,fhV1�zf�p�d�t1dhY;�'�z~L�0�9nOdxdgp�luo�b���nOXi�1tefhYj�0lcb�fhV1Y^�1whnO��w��zX pq~'�uos����Y,n�£
x
¥

|���oqnCdgYj��X���fxVuY�X��zfhps���zo²£¦t1~1� fxpqnO~
f(x)

psd�pqXZ�uo�Y�XZY�~CfxY;�'lcb��Z�uwxn���w��zX
f̃(x̃)

fhVL��f�fx��©�Yjdp�~Cfhn
�O����n�tu~CfÎfhV1Yèwxn�tu~1�e¡Jn�¢-Y�wxwhnOwxdÎ�;�zt1dhY;��lcb,fhVuY���nOXi�1tefx�zfhp�n�~Q¥�'¨psdh��whY�fhp6L;�zfhp�n�~��z~1�^fxwht1~1���zfhp�n�~�Y�wxwxn�w�d
VL����Y�fxn!lLYZV1��~1�eo�Y;�®dhY��L�zw���fhY;oqbO¥ � YZt1dhY

x̃
p�~1dgfhYj����n�£

x
fhn'wxY;����oqo4fxVuYZwhYj���eY;w¨fxV1��f����uwhnO��w��zX

��oq����bedètLdgYjd�n�~uo�b0wxY��uwxY;dhY�~Cf��zluo�Y,p�~u�utufxd;¥
U�VuY-fhncn�o4V1�Odkl9Y�Y�~=�eY;dhpq�O~uY;�'fxn���tefhnOXZ�zfhps����oqo�b��OY�~uY;wx�zfhY����1whncnz£En�£	fhVuYmwx��~u��Y�n�£

f̃(x̃)
±9fhVuY

�up§¢²Y�wxY�~1��Y�lLY�f{�Y;Y�~ifhV1YkY �u����f�����oqt1Y
f(x)

��~1�ifhV1Yk��n�XZ�utufhY;�Z����oqtuY
f̃(x̃)

±C��~1�Zdgn�n�~³±���VuY;~0dgnOXiY
�1whnO�LY;wgfxpqYjdk�zwxY�©c~un���~Fn�~!fxVuY-p�~u�utuf^���zwxps�zluo�Y;d;¥k¯unOw¨Y �u��Xi�1oqYO±1tu~1�uY�w,fhVuYmVCbc�9nzfxVuY;dhp�d

x̃ ∈ [1, 4]
±

pqfkpsd�Y;��dhb�fxni�1whn��OY¨fxV1��f √
x̃

oqp�Y;d�p�~'fhVuY�w��z~1��Y
[1, 2]

¥�U�VuY^fhncn�oÎpsd�VuY;whY^fxniV1Y�o��!��Y�whfhpq£¦bcpq~u�Z�uwxncnz£Ñd
nO~'��n�XZ�uo�Y�fxY��z�u�uo�ps����fxpqnO~1d;¥
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Y�¢9Yj� fxpq�OY�o�b�Y �cYj��tefxY�±1£¦n�w¨Y �u�zXZ�uo�Y��Z¤1nO�zfhp�~u�z¡K�9n�p�~Of¨�O�u�epqfhp�n�~FnO~�dgp�XZ�uoqY-�uwhYj��psdgp�n�~!~ctuXmlLY;wxd���pqfhV
wxY;dh�9Y;� f^fhn'fxVuY G &�&�& ¡.?z�z�'dgfx��~1�u�zw�����~1�®pqfxd��uY�£Ñ�zt1o§f�wxn�tu~1�upq~u��XZnc�uYZ�Od��eY�°1~1Y;�=pq~%n�tuw^£¦nOwhX��zo
dh�9Y;��pq°L�;��fhp�n�~³¥iU�VuY0�uY;dx��wxpq�efxpqnO~®n�£fxVuYZ�uwhnO��w��zX�Xmt1d{f��;�zwxwhbFY;~un�tu�OV®p�~e£¦n�wxX���fxpqnO~=p�~ n�w��eY�w,£¦n�w
fxVuY��uwxncnz£Ñdfhn�wxY�os��fxY,fxnifhVuY�wxY;��oÎ�uwhnO��w��zX)��d�p�XZ�uo�Y�XZY�~CfhYj�!�z~1�'Y �eYj��tefxY;�Î¥

U�VuY�fxncn�ou�zosdhn,f��z©OY;d4pq~Cfxn��O����n�tu~CfEdgnOXZY��1whnO�LY;wgfxpqYjd��Ñwx��~u��YO±��zlLdgnOoqtefxY�Y�wxwhnOw;±�wxY�os��fhp���Y�Y�wxwxn�w��QnO~
fxVuY�p�~u�utefè����whps�zluo�Y;d;¥9M^p���Y;~ifhVuY¨dx�zXZY�©cpq~L�mn�£9�1whnO�LY;wgfxpqYjd	n�~ifhVuY¨n�tefx�utefE���zwxp���luo�Y;d;±�fhVuYkfhncn�ocfxwhp�Y;d
fxn���Y;~uY�w���fxYk��dx��wxpq�ef�nz£Î�uwxncnz£²fhV1�zf�dgfx�zfhY;d�z~1�Z�OY�wxp§°LY;d	fxVuY;dhY¨�uwxn��9Y�whfhp�Y;d�£¦whnOX fxVuYkVcbc�Ln�fhVuYjdgYjdEnO~
fxVuY�p�~u�utef^���zwxp���luoqYjd�¥�[cY;��fhp�n�~��e¥65��eYjdh��whp�lLYjdknO~uY�nz£	fhV1Y�XZY;��V1��~up�dhX�d�p�~C�On�o���Yj��p�~F�uwxn��Cp�~u�Zw��z~u�OY
�1whnO�LY;wgfxpqYjd�¥E[cYj� fhp�n�~F�e¥Á�mp�d��uY���n�fhYj�0fxnZfhVuY��uwxncnz£Ñd�nz£	Y�wxwxn�w�d�±ClLn�fhVF�zlLdgnOoqtefxY��z~1��whY;o��zfhp���YO¥
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��whpqfhV1XiY�fhps�^��pqo�oQwxY�fht1wh~!�i��wx���u�LYj������oqtuY���pqfhV'fxVuY���whnO~u�Zdgp���~Q¥

�k��~u��Yjd��zwxY0dgfhn�wxY;� �Od��1��pqw�d�nz£�~ctuXmlLY;wxd,+m�!o�n��Y;w�l9n�tu~1�ª��~1�ª�z~ªt1�u�LY;w-l9n�tu~L�.-�¥�[ct1��V �
wxY��1whYjdgY;~Of���fxpqnO~Fp�d^~un�f^nO�efhp�X��zo��z~1�=�ztefxVun�w�dkX���bFt1dhYinzfhV1Y�w^n�~uYjd¨p�~®fxVuYm£¦tefhtuwxY�¥'GKf^psd^Vun��Y;��Y;w
dht$=0��p�Y�~Cf³p�~�XZnOdgf�;��dhY;dQ��~1����d��fhw����eY�¡Jn�¢4±j��Yè����nOp��^X��z~up��utuos��fxpq~1�¨��nOXi�1oqY �^dgfhwxt1� fxtuwhYjd�¥ GÛ~1�eY;Y;�Î±
£¦nOwhX���oqo�bi��V1Y;��©cpq~1�-���uwxncnz£Qpsd��-��nOXZ�utefx�zfhp�n�~0p�~CfhY;~1dgp���Y¨n��9Y�w���fhp�n�~��z~1��tLdgp�~u�mdhp�Xi�1oqY;w�uwxn��9Y�whfhp�Y;d
�I�i�1�zp�w�nz£~ctuXmlLY;wxd�p�~1dgfhY;�O��n�£³fxVuY���Vun�o�Y��eY;dx��wxpq�ufhp�n�~'nz£4�i�enOXZ��pq~/�èX���©�Y;d��OY�wxp§°L�;��fxpqnO~1dèYj��dhpqY;w;¥

� V1�zf�p�d�p�~OfxY�wxY;dgfhp�~u��£¦nOw��m�uwxncnz£QpsdèfxVuY^£¦tu~1�u��XZY�~Cfx��o9�1whnO�LY;wgf{bZnz£pq~CfhY;wh����o9��whpqfhVuXZY�fhps�0+	p§£fhVuY
��wh�OtuXZY�~Cfxd-nz£¨��~ Y �e�uwxY;dxdgp�n�~ª��whY�whY;�uo��O��Yj� lCb Y;~1��o�nOdhpq~1��pq~CfxY�wx����o�d;±4fhVuY'Y �e�uwxY;dxdhpqnO~ªY����zo�t1��fxpqnO~
��p�o�oÎoqYj����fhn��z~'pq~CfxY�wx����o²fhV1�zf¨��nO~Of��zp�~1dfhVuY�wxY;dhtuoqf;¥è[ct1��V!�z~'p�~1��o�t1dhpqnO~��uwxn��9Y�whf{b�psd�Y �u����fho�b0��V1��f
132 Å^Í³¿ÁÈÁÈQÐ�ÆÑÅgÀIÅ{Ì�Ä,¿ÁÌ�ç�Ë�Ë�ÄJÌjË�ÄJÅ{À¨ÆIÅÛçqÅgÆÑÅ{Ì�Ö{Å{À,ÄIË�Ý²Ë;ë�ÊjÅ54�Ì�¿ ÄJ¿ÁË ÌjÀ^Ã�Ì�Ê�Ð�ÆÑË ÐzÅgÆ¦ÄI¿ÁÅgÀ,¿ÁÌ�Ö{ÈÁÓ�Ê�Å{Ê�¿ÁÌ�Ã�ÌjÌ�ÅÛéjÅ{Àhß!½³¾jÅ

Ã�Ì�Ì�ÅÛéjÅ{ÀQ¾�Ã{Þ�Å4ÉzÅ{ÅgÌ¨Ú Å{Ì�Å{ÆJÃxÄIÅ{Ê,ÄI¾�ÆÑË Ó�Ú ¾^Ã�Ì¨Ã�ÓjÄIË ÂkÃxÄI¿ÁÖ4Ð�ÆÑÅÛÄIÄ´Ò�à´Ð�ÆÑ¿ÁÌ�ÄIÅ{Æ4Ã�ÌjÊkÄI¾�ÅÛÒ¨Ã�ÆÑÅç�Ã�¿ ÄJ¾jçqÓ�È�ÄIËèÄI¾�Å�Ã�ÖÛÄIÓ�Ã�ÈOÀIÖ{ÆI¿ÁÐjÄIÀ
Ã�ÓjÄJË ÂkÃxÄI¿ÁÖgÃ�ÈÁÈ Ò�Þ Ã�ÈÁ¿ÁÊ�ÃxÄJÅ{Ê¨É�Ò,Ý²Ë�ë�ß1½Q¾�Å4Ì�Ã�Â�Å4Ë�çeÅgÃ�ÖK¾,Ã�Ì�Ì�ÅÛé¨ÀJÅ{ÖÛÄJ¿ÁË Ì¨¿ÁÀ9ÄI¾�Å	Ì�Ã�Â�ÅË�çcÄI¾�Å&4�ÈÁÅ4Ã�ÀÎ¿ ÄQÃ�Ð�ÐzÅgÃ�ÆIÀ³¿ÁÌkË Ó�Æ
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psd�~uY;Y;�eYj��£¦nOwk�i�uwhncn�£5+4�Opq�OY�~�fhVuY�w��z~u�OY;d�nz£fhVuY�p�~u�utufxd;±upq~CfxY�wx����oQ�zwxp§fxVuXZY�fxp��^��p�oqoQ�Opq�OY^fhVuY�w��z~u�OY
n�£²fhVuYknOtefh�1tef��mnOwEXZn�wxY���Y;~uY�w��zo�oqbi�z~�n��OY�wxY;dgfhp�XZ�zfhp�n�~inz£²fhV1p�dèwx��~u��YO±�lutefp§f�d{fxpqo�oLpsdè����n�XZ�1�zfhp�luoqY
��~1dh�Y;w;¥

¼,tuw	fxncn�oeX���b�V1����Y�V1��~1�eo�Y;�i�en�X��zp�~1d	nO~m���zwxps�zluo�Y;d
x

lutefEnOtuw	�1��dgf�Y �e�LY;whp�Y�~L��Y;d4nO~m�uwxn��Owx��X�d
o�Y;�O�0t1dfxnmw���fxVuY�w�l9n�tu~1����nOXi�1tefhYj�����zo�tuYjd�¥�U�VuY^tu�u�9Y�wk��~1�0o�n��Y;wl9n�t1~1�ud���pqo�oÎl9Y^tLdgYj�0p�~��uwxY�¡
��~1�ª�9nOdgfg¡Û��nO~1�epqfhp�n�~1d-nz£kp�Xi�1oqY;XiY;~CfhY;� £¦tu~1��fhp�n�~1d;¥ � V1Y�~«� ¬ �uwhnO��w��zX ��n�~Cf��zp�~1dm��~«��dxdhY�whfhp�n�~
�������
	��� ± � whY�£¦Y�w�d�fxn fhV1Y®���zo�tuY=�O� fxt1�zo�oqb p�~ XZY�XZn�wxb@nOw�p�~ � wxY��Op�dgfhY;wKR���nO~1dhY;rCtuY�~Cfxoqb@fhVuY
�OdhdhY�whfhp�n�~��encYjdE~un�f�z�u�1oqbmfhn

x
luteffhn

x̃
¥ � V1Y�~�������whps�zluo�Y�X-tLd{fèl9Y¨�1whn��OY;�i~unzfèfhn�tu~L�eY�wh¤1n�� n�w

n��OY�wh¤1n���±C�Y�XZY;��~�fxn0��VuY;��©ZfxVuY��uwxn��9Y�whf{b�n�~
x̃
±L�z~1�!dhninO~Q¥E]FnCd{f�nz£4fhV1Y��uwhnO�LY;wgfxpqYjd��uwxn���Y;����f

fxVupsd,dgfx����Y�wxY;rCtup�whY-©C~1n���pq~u�0fhVuYZ�en�X���pq~�n�£
x̃
R²fhV1Ym�enOXZ��pq~®nz£

x
XZ��b'~uY;��Y�w,lLYi~uY;Y;�eYj�!fhVunOtu��V

pqf¨����~�l9Y�Y;dgfhp�X���fxY;����p§fxV!fhVuY�Y;whwxn�w�lLnOtu~1�!�eY�°1~uY;�F[cYj� fxpqnO~!�u¥ �u¥
¼,tuw�Yj�et1�;��fhYj���uY;��psdhpqnO~�fxn�lLnOtu~1��fhVuY����u�uwxn �epqX���fxY;������whps�zluo�Y�wx�zfhVuY;w�fhV1��~�fxVuY�Y �u�O� fkrCt1�z~e¡

fxp§fxpqYjd�V1�Od��z~1nzfhV1Y�w�p�Xi�9n�whfx��~Cf-��n�~LdgYjrOt1Y�~1��Y +�fxVuY�wxY�p�d�~un�o�nOdxd�p§£�fhV1Y0oqn���Y�w���~1�%tu�u�9Y�wmlLnOtu~1�ud
n�£

x̃
�zwxY-p�~

F
��d,fxVuY��z�u�uwxn �epqX��zfhY;������oqt1Y

x̃
psd��z~%Y�o�Y�XZY�~Cf�nz£

F
lcb®�eY�°L~up§fxpqnO~%��~1����Y��en'~unzf

��n�~1dhps�eY�w,pq~CfhY;wh����o�d¨nz£
R

lutuf^n�£
F
¥^U�VuYi��nO~1dgYjrCtuY�~1��Y�n�~�£¦n�wxXZ��o�1whncnz£E��VuYj��©cpq~u��p�d�dhtul1dgfx�z~Cfxp���oI±

l9n�t1~1�udn�~0fxVuY^Y �u����f���zo�tuY;d���nOtuos��~uY�Yj����whlupqfhw��zwxp�oqbm��p��eY^Y �e�uwxY;dxdhpqnO~1d	fhniY �u�O� fho�bZwhY;�uwxY;dhY�~CfèwxY;�zo
~ctuXmlLY;wxd;¥�¼,~FfhVuYinzfxVuY�w^V1��~1�Î±²lLnOtu~1�ud^nO~

x̃
��whYmwx�zfhp�n�~1��o�d¨��p§fxV=�0�OY�wxb�o�p�XipqfhYj�®�1whYj��psdgp�n�~��¦£¦n�w

Y �u�zXZ�uo�YEG &!&�& d{f��z~1�1�zw���dhpq~u�OoqY�nOw��en�tul1oqY��uwxY;��p�dhp�n�~�~ctuXmlLY;wxd � ¥
¬nOXiXZnO~ pq~CfxY�wx����o���whpqfhV1XiY�fhps����n�~1dhp��uY�w�d-��nO~c��Y �ªdhtul1dhY�fxdin�£

R
¥ª¬nO~1dgYjrCtuY�~Cfho�b�±	fxVuY'pqXZ�uo�Y�¡

XZY;~Of���fxpqnO~�n�£fxVuY����u�up§fxpqnO~�nO�LY;wx�zfhn�w�£¦nOwk�-fxwx�O�epqfhp�n�~1��oÎpq~CfhY;wh����o²��whpqfhV1XiY�fhps��oqp�luw��zwxb�p�d,+

[ã, b̃] + [c̃, d̃] = [5(ã + c̃),4(b̃ + d̃)].
U�V1Y�wxY 5 �z~1� 4 �eY�~un�fhYèfhV1�zf4nO�LY;wx�zfhp�n�~1ddgVunOtuos��l9Ywxn�tu~L�eY;��fxn�����wx� −∞ �z~1�

+∞ ¥U�V1Yl9n�tu~L�ud
X���bm~unzf����zwxwxb�Y�~unOtu��V��1whYj��psdgp�n�~i£¦n�w

ã+ c̃
�z~L�

b̃+ d̃
fxn-l9YkY �u�O� fho�bZd{fxn�wxY;�Î¥9GKfpsd�fxVuY¨wxY;�OdgnO~m��Vcb

fxVuY�f{��ninO�LY;wx�zfhp�n�~1d���whY^whnOtu~1�eYj��dhnifhV1�zf�fhVuY�wxY;dhtuoqfhp�~u�Zpq~CfxY�wx����oÎY�~1��oqnCdgYjd��zo�oQ�LnCdhdhp�luoqY����zo�tuYjd�¥
GÛ~�nOtuw�;��dhY;d;±�dgtL��V�whnOtu~1�ep�~u����nO~1dhp��eY;wx�zfhp�n�~1d���whY�~1nzfè~uYj��Yjdhdx�zwxb�+ÎfhVuY¨V1�zw��e���zwxY�¡KpqXZ�uo�Y�XZY�~CfxY;�

�O�u�epqfhp�n�~
�

p�d���n�~1dhps�eY�wxY;�0�Od��-~uY;� Y �u�O� f�n��9Y�w���fhp�n�~���p§fxV�wxY;dh�9Y;� f�fhn
F

��~1�0~1nzf���dfhVuY����u�uwxn �C¡
p�X���fxpqnO~�n�£fxVuY����u�up§fxpqnO~�nO~�fxVuY�°1Y�os�'nz£4fhVuY�wxY;��o²~Ct1X-l9Y�w�d�¥�U�V1�zfkXiYj�z~1d�fxV1��fkpq£

x̃ ∈ [ã, b̃]
��~1�

ỹ ∈ [c̃, d̃]
fhV1Y�~

x � y ∈ [ã � c̃, b̃ � d̃]
GÛ~L�eY�Yj�Î±�fhV1Y®���zo�tuY;d

ã � c̃
�z~1�

b̃ � d̃
��oqwxY;�O�eb«o�pqY=pq~

F
±�fhVuY;whY®p�d�~un ~uY;Y;� £¦nOw���~ ���u�up§fxpqnO~1�zo

wxn�t1~1�ep�~u�1¥E¬n�~1dhY;rCtuY;~Cfho�b�±Odhp�~1��Y�fxVuY,�O�u�epqfhp�n�~
�

psdè��XZnO~unzfxn�~unOt1d	£¦tu~1��fhp�n�~0n�£
F

2 → F
��V1�zfhY��OY�w

fxVuY�wxn�tu~1�upq~u�iXZne�eY�±efxVuY�~
ã � c̃

�z~1�
b̃ � d̃

�zwxY^fhVuY�l9n�tu~L�ud�¥

[ã, b̃] � [c̃, d̃] = [ã � c̃, b̃ � d̃].
U�V1Y�wxY0p�dm~un�~1Y�Y;�ªfhn�f��z©OY0pq~Ld{fxY;��� �LnCdhdhpql1oqbª�epq¢9Y;whY;~Cfm�z~1� ~un�~e¡Kn��ufhp�XZ��oè���zo�tuYjd 5(ã + c̃)

��~1�
4(b̃ + d̃)

¥ �
¬nO~1dgYjrCtuY�~Cfho�b�±�fxVuY�XZnOdgf4��nOXZXinO~uo�b�t1dgYj��p�~CfhY�wx���zoe�zwxpqfhVuXZY�fxp��o�pqluw��zwxp�Y;dQ��Y�wxY�~unzf��z�u�1whnO�uwhps��fxY

£¦nOw�n�tuw-�uwhn�y{Y;��f;¥ � Y���VunOdhYifhVuY���ncnOdgf��1��wx��XiY�fhY;whp6L;��luoqYip�~OfxY�wx���zoE�zwxpqfhVuXZY�fxp��Zo�p�luwx��whbN4 �F7K¥�U�V1p�d
psd^��¬���� oqp�luw��zwxb0fhVL��f��zo�oqn��kd�fxn�dh�LYj��pq£¦b'fhVuY-f{bC�9Y;d^�z~L�!fhVuYi�zwxp§fxVuXZY�fxp���fhn0l9YmtLdgYj�!pq~1dgfhYj���Fn�£
l9Y�p�~u�Zo�pqXZpqfhY;�'fxn��zwxp§fxVuXZY�fhps��n�~

R
¥

� ½Q¾�¿ÁÀQÆÑÅgÀIÓ�È Ä³¿ÁÀQÚ ¿ Þ�ÅgÌ,É�Ò�7�ð;ù);j÷ ü�� õ�� :;û); ö=<�çqË Æ³Ú Å{Ì�Å{ÆÑ¿ÁÖ���Ë�ÃxÄJ¿ÁÌjÚ�Ð�Ë ¿ÁÌ�Ä³Ì;ÓjÂ�ÉzÅ{ÆIÀgß
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U�V1Y=n�fhVuY;w'��whpqfhVuXZY�fhps�®�uwxn��9Y�whf{b fhV1�zf'nOtuw�fhncn�o��uwxn���Yjd�p�d�fxVuYª�ep§¢²Y�wxY�~L��Y®l9Y�f{��Y�Y;~ fxVuY=Y �u��� f
wxY;dhtuoqf���~1��fxVuY���nOXi�1tefhYj�0���zo�tuY�¥E¯4p�~upqfhY��uwxY;��psdhpqnO~0nz£4~Ct1XiY;whps�¨��n�XZ�utef���fxpqnO~1d�p�d�o�pq©OY�o�bifhnZpq~L�et1��Y
�ª�up§¢²Y�wxY�~1��Y�l9Y�f{��Y�Y�~ fxVuY�Y �c�9Y;��fhYj� whYjdgtuoqf���~1�@fhVuY%��n�XZ�utufhY;� ����oqtuYO¥ [et1��V �epq¢9Y;whY;~1��Yjd0��p�oqo
�1whnO��wxY;dxdgp���Y;oqbilutup�o���tu�!�z~1��pqf�psd�~uYj��Y;dxdx�zwxbm£¦nOw�fhVuY�t1dhY�w�fxni��Y�whfhpq£¦b�fhV1�zf�fhVuY���n�XZ�utefxY;��whYjdgtuoqf�p�d
XZYj�z~up�~u�z£¦t1oI¥

��n�t1~1�udEnO~����zo�tuY;d�z~1��Y;whwxn�w�d��zwxYkrCtupqfhY,dhp�Xip�os�zwè��~1����Y¨��nOtuo��ZVL����Yk�eYj��ps�eY;�Zfxn�V1��~1�eo�Y�fhVuY;X
�zfèfxVuY,dx�zXZYkfxpqXZYO¥ & ����V0����whps�zluo�Yk��n�tuos��V1���OYkl9Y�Y�~�whY;�uwhYjdgY;~CfhY;�Zlcbi£¦n�t1w~ctuXmlLY;wxd �´f{��n�w��z~u�OY;d �
��~1��fxVuY�wxYè��n�tuos��V1���OYElLY;Y�~m~uY��ªnO�LY;wx�zfhn�w�dÎp�~1dh�upqwxY;��lCb�p�~CfhY�wx���zoc�zwxp§fxVuXZY�fxp��EfhV1�zf��n�tuos����nOXZ�utefhY
nO~�fxVuY;dhYirCt1��wgfxY�f�d�¥�[ct1��V%��wxY��1whYjdgY;~Of���fxpqnO~F�nOtuo��®V1����Ym��p���Y;~®dgV1n�whfhY�w^�uwxncnz£èdx��wxpq�ef�d�¥ 8¨n��Y;��Y;w
fxVuY�wxY��zwxY�dgpqfht1�zfhp�n�~1d���V1Y�wxY�dht1��V!�Zdgp�XZ�uoqps��pqf{b���n�t1o���lLY�wxY;dgfhwxps� fhp���YO¥

¯1n�wiY �u�zXZ�uo�Y�±4fhV1Y�Y�wxwxn�w�w��z~u�OY�£¦n�w-fhVuY'Y �e�uwxY;dxdhpqnO~
x/
√

1 + x2
�nOtuo�� l9Y'Y;��dhp�oqb ��nOXi�1tefhYj�

lcb'fhV1p�d^XZY�fxVune�Î±Îlutef^fhVuYZ�enOXZ��pq~®nz£EfxVuYmwxY;dhtuoqf,��n�tuos�F~un�f;¥BGÛ~1�eY;Y;��fhVuYiwhYjdgt1o§f^p�d^p�~FfhVuYiw��z~u�OY
[−1, 1]

£¦n�w^�z~cb
x
4;5 �&7J±²�z~L�'fhVupsd�fxpq�OVOf,pq~CfhY;wh����oQX���b�l9Y-���uwxY;��n�~1�epqfhp�n�~'£¦nOw¨�z~un�fhVuY;wk�1�zwhf¨n�£4fxVuY

��oq�On�wxp§fxVuX!¥Î\EY�fj±�p�~CfhY�wx���zoe�zwxpqfhVuXZY�fxp��psd	t1dgtL�zo�oqb�~un�f	��luo�Yfxn,bcp�Y�os�mdht1��Vi�,dhX��zo�oCp�~CfhY;wh���zo +QXmtuo§fxpq�1oqY
ne�;��tuwxwhY;~1��Yinz£�fhV1Y�dh��XZYi����whps�zluo�YZpq~%fxVuY�Y �e�uwxY;dxdgp�n�~%o�Y;���1d^fhn��z~%n���Y;whYjd{fxpqX��zfhp�n�~®n�£fxVuY�wxY;dhtuo§f
tLdgt1��oqo�b��;�zo�oqYj���eYj��nOwhwxY�os��fxpqnO~Q¥

GÛ~CfhY;wh����o³�zwxp§fxVuXZY�fxp���psd�tu~1��luo�Y�fhnZ©�Y;Y��'fhw�����©0n�£fxVuY�wxY�os��fhp�n�~Ld�lLY�f{�Y;Y�~Fdgt1le¡JY �e�uwhYjdhdhp�n�~1d��z~L�
x/
√

1 + x2
p�dZdhY�Y�~@��dmp§£^p§fZ���Od

x/
√

1 + y2
±è��p§fxV

y
V1���cp�~u�FfhV1Y'dx�zXZY��un�X��zp�~«��d

x
lutefZ~unzf

~1Y;��Yjdhdx�zwxp�oqb�fxVuYkdx�zXZY����zo�tuY�¥è¬n�~LdgYjrOt1Y�~Cfho�b�±zp�~ZfhV1p�dèY �u�zXZ�uo�Y�±zpq£
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x = x̃ + ηx.
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η0
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x̃ + ỹ

�z~L��pqfxdk��n�XZ�utefxY;�'���zo�tuY
x̃ � ỹ

¥

z − z̃ = (x + y)− (x̃ � ỹ)

= (x + y)− (x̃ + ỹ − η0)

= (x− x̃) + (y − ỹ) + η0

= ηx + ηy + η0.
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ηz ∈ Az ⊆ Ax + Ay + A0
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x̃ = x × (1 + ε1)

lutef^�z~un�fhVuY;wk�LnCdhdhp�luoqY�nO~uY�p�d
x = x̃ × (1 + ε2)465j�&7J¥
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2 + u
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2 + u
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2
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2
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 n�� pq£
x̃

psd�fhVuY�dhX��zo�oqYjd{f��9nOdhp§fxpq�OY�~un�wxX��zo�p;L;Y;��~Ct1X-l9Y�wj±

−u

2
≤ − u

2 + u
≤ ε1 ≤ u

2− u
6≤ u

2

��~1�

−u

2
≤ −u

2
≤ ε2 ≤ u

2
≤ u

2
.

|,d����n�~1��oqtLdgp�n�~Zt1dhpq~1�
x = x̃× (1+ εx)

�Opq�OY;dE��wx��~u��Y����zo�ps�Zn�~0�zo�o1~1n�wxXZ��oqp6L�Yj�i~Ct1X-l9Y�w�dè�z~L�
��n�~1dhY;rCtuY;~Cfho�b0n�~uo�b�fxVuY�Y �e�9n�~uY;~Ofkn�£

x̃
~uY;Y;�ud�fhn�l9Y���VuY;��©OY;�Î¥¼,~1��Y��z�O��pq~³±e�Y��uwxn��cp��eY�nO~uoqb�n�~uY

Y �u�zXZ�uo�Y��Od�£¦n�wx����wx��Y�wxwxn�w��z~1��oqbedhp�d�psd���Y;whb0��n�XZXZn�~Q¥¯un�w�fxVuY�X-t1o§fxpq�uo�ps����fxpqnO~
z = x× y

±ep§£
z̃

psd
��oq����bedè~1n�wxXZ��oqp6L�Yj�Î±cfhV1Y�whY;o��zfhp���Y^Y�wxwhnOw��,p�d,+

z

z̃
=

x× y

x̃ � ỹ

=
x× y

x̃× ỹ
(1 + ε0)

= (1 + εx)(1 + εy)(1 + ε0).

¼,~1��Y-�z�C�zp�~Q±u��Y���fhfx����VFp�~CfhY;wh���zosd
Rx

�z~L�
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x
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y

Y;~1��o�nOdhpq~u�
εx��~1�

εy
¥��³Y�f¨p�~CfhY;wh���zo
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Y�~1��oqnCdgY�fxVuY����zo�tuY�n�£4fxVuY�wxY�os��fxpq�OY�Y�wxwhnOw
ε0

¥IGKfxdkw��z~1��Y��eY;�LY;~1�udknO~!fhVuY
�1whnO�LY;wgfxpqYjd�nz£èfxVuY���whpqfhVuXZY�fhps�i��~1�%�YZV1���OY�dgY;Y�~%fhV1�zf�pq~%fxVuY0��nOXiXZnO~%�;��dhY;d�nz£�¤1nC��fhp�~u�!�9n�p�~Of
��whpqfhV1XiY�fhps�^whnOtu~1�ep�~u�ifhnZ~uYj�zwxY;dgf;±epqfkp�d

[−u/2, u/2]
��~1�0°L~1�zo�oqb

εz ∈ Rz ⊆ (1 + Rx)(1 + Ry)(1 + R0)− 1.

|¨oqoèfhVuY�n�fhVuY;w-���OdgYjd^��whYZV1��~1�eo�Y;�%p�~ªn�tuw�o�pql1wx��whbO¥��b=t1dhpq~u�F��tefhnOXZ�zfhps�Z�uwxnCn�£���VuYj��©�Y;wxd;±Î�Y
�Ot1�zw��z~CfxY�YkfxV1��fk~1n0����dhY^V1��d�l9Y�Y;~�£¦nOwh�OnzfhfhY�~'n�w�p�~1���u�uwxn��uwxp��zfhY;oqbZV1��~1�eo�Y;�Î¥
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A
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R
£¦n�wEfhVuY

wxY�os��fxpq�OY�Y�wxwhnOwk����~FlLY-��n�XZ�utefxY;����~1�F��Y;wgfxp§°LY;�'£¦n�w,����p���Y;~'����whps�zluo�Y
x
¥^[cpq~L��Y�fxVuY�f{��n0pq~CfxY�wx����o�d

��whYio�pq~u©OY;�=lcb
ηx = x̃εx

±Qpq£
I

p�d���~=p�~CfhY�wx���zo	Y�~L��o�nOdhpq~u�
x̃
±QfhVuY;~

A ÷ I
psd��zosdgn!�z~%p�~OfxY�wx���zo	fhVL��f

Y;~1��o�nOdhY;d¨fhV1YiwxY�os��fxpq�OY-Y;whwxn�wj±9��~1�
R × I

Y�~L��o�nOdhY;d¨fhVuY��zlLdgnOoqtefxYmY;whwxn�wj¥�[cn'dgfx��wgfxpq~1��£¦wxn�X
A

�z~1�
R

±e��Y����z~!lut1pqos��f{�nZdgYjrCtuY�~1��Y;d�n�£4p�~CfhY�wx���zosd�¥
{

A0 = A and An+1 = An ∩ (Rn × I)
R0 = R and Rn+1 = Rn ∩ (An ÷ I)
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dx��wxp��efk�nOtuos��l9Y;��n�XZY�Vctu�OY�¥�¯un�whfht1~1��fxY�o�b�±upqf,����~FlLY-�uwhn��OY;��fhV1�zfkfhV1Y-dgYjrCtuY�~1��Y;dk��whY�dgfx�zfhp�n�~1��whb
�z£´fhY;w
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¼,t1w�fhncn�o��Y;~uY�w���fxY;d��=¬ner%dh��whp��ef-n�£�fxVuY0�uwxncnz£{¥�[ct1��V ���uwhncn�£�dx��wxpq�ufm�encY;d-~unzf-o�p���Y0lcb®pqfxdhY�oq£5+
pqf-nO~uoqb �eYjdh��whp�lLYjd���V1�zf-Y�o�Y�XZY�~Cf��zwxb�£Ñ����fxdmdgVunOtuos� lLY����u�uo�pqYj�Î±	p§fi�encY;d�~1nzf-�uwxn��cp��uYmfxVuY��1whncnz£Ñd
n�£fxVuY;dhY�fxVuY�nOwhY;XZd;¥ GÛ~L�eY�Yj�%fhVuYjdgY�£Ñ�O� f�d��zwxY��uwxn��Cps�eYj�®lcb%����whp�n�tLd�oqp�luw��zwxpqYjd +�fxVuY�nOwhY;X�d�n�~ wxY;�zo
~ctuXmlLY;wxd���whpqfhV1XiY�fhps� �´fxVuY,¬ner-dgfx�z~L�u�zw���o�pql1wx��whb�� ±Odg�9Y;��p§°L�;��fxpqnO~i��~1�il1��dhp����uwxn��9Y�whfhp�Y;d	n�£L¤LnO��fxpq~1�
�9n�p�~Cf,�zwxpqfhVuXZY�fxp��!4 �&7K¥IGKf,�zosdhn0�eY��9Y�~1�1dkn�~��0oqp�luw��zwxb��zl9n�tef,pq~CfhY;wh����o³�zwxp§fxVuXZY�fxp�����~1�!pqfxd�¤LnO��fxpq~1�
�9n�p�~CfkY �cfhY;~1dhpqnO~1d���Y��eY��OY�o�n��9Y;�!dgnZfxV1��f,Y;����V'��Y;~uY�w���fxY;���uwxnCn�£	��n�tuos�!l9Y�£¦n�wxXZ��oqo�b��OY�wxp§°LY;�Î¥�¯un�w
Y �u�zXZ�uo�Y�±Îp�~=nOwx�eY;w^fhn't1dgYZp�~CfhY�wx���zo��zwxpqfhVuXZY�fxp��m£¦nOw,fxVuY����u�up§fxpqnO~Q±ÎfhV1p�d���n�XZ�LnCdgpqfhp�n�~=�uwxn��9Y�whf{bFp�d
~1Y�Y;�uY;�6+

ã � c̃ ≤ b̃ � d̃
pq£

ã ≤ b̃
��~1�

c̃ ≤ d̃.
 n�~�fxwhp��cp���oufxVuY�nOwhY;XZdèoqp�©�Y�[CfhY;whl9Y�~+L%� dEn�~1Y,�zwxY¨��o�dhn-dgfx��fxY;�S4 �
7K±cY �cfhY;~1�eY;��fhn�¤LnO��fxpq~1���LnOpq~Cf�pq~CfhY;wg¡
����o�d�p�~!n�tuw�o�pql1wx��whbO±c��~1��t1dgYj�'lCb�n�tuw�fxnCnOoI¥

¼,~ fxVuY�n�fhVuY;w�V1��~1�Î±knOtuw�fhncnOo,psd0~un�f�� �L�zwhf�nz£m¬ner«�1whnO��w��zX ��~1� pqf'����~ �zosdgnªl9Y®tLdgYj�
��pqfhV�nzfxVuY�w��uwxn���Y�w�dèdht1��V��Od�8�¼�� �³pq�OVCfn�w�vPO�[0��pqfhV�vEwhncn�£ �QpqfhY��,�1�O��©�����Y�fxV1��f�dhtu�u�9n�whfxdl1��f���V
�1whn��cp�~u�'��~1�%�uwxnCn�£�dx��wxpq�ufhp�~u�!pq~ vPO�[²¥UnF�uwxY;dhY�wx��Y�fxVuY0p�~1�eY;�LY;~1�eY�~L��Y�nz£�n�t1w�fhncn�oJ±³��Y��enF~unzf
tLdgY��z~cb�fxY;��Vu~1p�rCtuY�dh�LYj��pq°L�^fhnZnO~uY��uwxn���Y�w�dht1��VF��d�fx�O� fxp��;d��z~1�!�ztufhn�X��zfhps�,�1whncnz£	�eY��OY�o�n��uXZY;~Of�d�¥
|��1�z�efxpq~u��n�tuw,fhncnOo³fxn�n�fhVuY;w,�uwxn���Y;wxdk��pqo�o	n�~uo�b!lLYZ�0X���fhfhY;w,n�£dgbc~Cfx� ����d^dgncn�~��Od¨o�p�luwx��whp�Y;dk£¦n�w
��n�XZ�utefxY�wk��whpqfhVuXZY�fhps�^��whY������zp�os�zluo�Y,nO~'��~cb��zoqfhY;wh~1�zfhY��uwxn���Y;w;¥

� YZlLY;~uY�°uf�£¦wxn�X fxVuYi£Ñ����f�nOtuw^fhncn�o	psd�~unzf����1�zwhf�nz£���~cbF�uwhn��OY�w^�z~1�%��nO~1dgYjrCtuY�~Cfho�b!fhVL��f�p§f
�unCYjd¨~1nzf�~uY�Yj�Ffhn'l9Ym�uwxn���Yj�Î¥�¯unOw,Y �e��XZ�uoqYO±²��VuY�~%�uwxn��Cp�~u��fxVuYi�uwhnO�LY;wgf{b

ã ≤ b̃ � c̃
±²fxVuYmfhncn�osd

�O� f�d¨��d^�z~®n�w�����o�Y-��~1����nOXZ�utefhYjd¨l9Y�£¦nOwhY;V1�z~L�'fhVuYZdgt1X
d̃ = b̃ � c̃

�z~L�F�uwxn��Cps�eYjd�fhVupsd^~ctuX-l9Y�w
d̃fxn�fxVuYZ�uwxnCn�£è��VuY;��©OY�wj¥-¬n�~1dhY;rCtuY;~OfxoqbO±²fhVuYZ��VuYj��©�Y�w��encY;d^~un�f^VL����Y�fxn�Y �e�uoqps��pqfho�b®��n�XZ�utefxY

b̃ � c̃p�~ n�w��eY�w�fxnF�uwxn���YmfhVuY��uwxn��9Y�whf{b�±p§f�nO~uo�b®V1�Od^fhnF��Y;whpq£¦bFfxV1��f
d̃

��d��uwxn��cp��eYj�®lcb®fhVuYZfxnCnOoEpsd�fhVuY
��oqnCdgYjd{f� �¦��pqfhV!whYjdg�9Y;��f�fhnifhVuY�wxn�t1~1�ep�~u�mXZne�eY�n�£

�
�è¤1nO�zfhp�~u�Z�LnOpq~Cf�~ctuX-l9Y�w�fxn

b̃ + c̃
±u�z~1��fhV1Y�~

fxV1��f
ã ≤ d̃

¥ ��n�fhVFn��9Y�w���fxpqnO~1dk�;�z~Fl9Ym�enO~uY�lcb�fxVuY-Y �ep�dgfhp�~u��¬ner0¤LnO��fxpq~u���LnOpq~Cf¨o�pql1wx��whbO¥��,dgp�~u�
fxVuYifhncn�o��Od^��~®nOwx�O��o�Ym����nOp��1d¨V1���cp�~u�0fxn!pqXZ�uo�Y�XZY�~Cf�p�~®fxVuY���VuY;��©OY�w,��~1�=�uwhn��OYm��oqo4fhV1Ym¤LnO��fxpq~1�
�9n�p�~Cf�n��9Y�w���fhp�n�~Ld���p§fxV�fxVuY�p�w����zwxpqnOt1d�wxn�tu~1�upq~u�L¥

U�Vupsd�dhn�o�tefhp�n�~���n�wx©edk°L~uY-£¦nOw^fhVuY����1�ep§fxpqnO~=��~1�FfxVuYmXmtuoqfhp��uoqps���zfhp�n�~ ��d^dgtL��V®n��9Y�w���fxpqnO~1d^�zwxY
p�~CfhY;wh~1��oLnO~��ebC���eps�k~ctuXmlLY;wxd��z~1�0fhVuY;b0�zwxY¨�uwxn��cp��uY;�ZlcbZfhVuY^o�pqluw��zwxb�¥ ',bO���up��¨~Ct1X-l9Y�w�d��whY,�1�zp�wxd
(m, e)

nz£
Z

2
pq~CfhY;wh�1whY�fhY;�«��d

m × 2e ¥«�¨���ep �@�!¤1nC��fxpq~u�=�LnOpq~Cf�~ctuX-l9Y�w�di�zwxY��ebC���eps��~ctuXmlLY;wxd
��~1��nOtuw�oqp�luw��zwxbFwhY;oqp�Y;d,n�~=fhV1Y;dhY�¥ 8¨n��Y;��Y;w,X���fxVuY�X��zfhps���zo��ep��cp�dhp�n�~=��~1�%dhrCt1��whYmwhncnzf�nz£��ebO�O�eps�
~ctuXmlLY;wxd��un'~1nzf���Y;~uY�w��zo�o�bF�uwhne�etL��Y��ebO�O�eps�m~ctuXmlLY;wxd;¥�¬n�~LdgYjrOt1Y�~Cfho�b!fhVuYjdgY�nO�LY;wx�zfhnOwxd^n�~%wxY;�zo
~ctuXmlLY;wxd��;�z~u~1nzf�lLY0�upqwxY;��fho�b�t1dhY;�=n�~ª�ebO�O�eps�-~ctuXmlLY;wxd���~1�=fhVuY��uwxncnz£Ñd�����~u~un�f�wxY�o�b�nO~®fxVuY�X!¥
¯1n�whfhtu~L��fhY;oqb0fhVuYjdgY�n��9Y�w���fxpqnO~1d�����~'l9Y�wxY���Y;wgfxY;����VuY�~!wxn�tu~1�upq~u�mfhn�~1Y;�zwxY;dgf;¥�¯1n�w�Y �u��Xi�1oqYO±

c̃ = ◦(ã÷ b̃)
pq¢

b̃× c̃
p�d���oqnCdgY;w£¦wxn�X

ã
fxV1�z~

b̃× c̃−
�z~1�

b̃× c̃+

��V1Y�wxY
c̃−

��~1�
c̃+

��whY,fhV1Y�¤1nO�zfhp�~u�Z�LnOpq~Cf�~ctuX-l9Y�w�d�wxY;dh�LYj� fhp���Y;oqb�y{tLd{fkl9Y�o�n��N��~1�my{t1d{f¨��lLn��OY
c̃
¥
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& wxwxn�wilLnOtu~1�udZ�zwxY���o�dhn®wxY��1whYjdgY;~OfxY;�ªnO~@�ebC���eps�0~ctuXmlLY;wxdm£¦wxn�X fxVuY�o�p�luwx��whbO¥«¼,tuw��eY;��p�dhpqnO~
��Y�whfx��pq~uo�b�wxY;�et1��Y;d��uwxY;��p�dhp�n�~Q±elutuf�fhVuY�dhp§fxt1��fxpqnO~�psd�dhY�~1dhpql1oqY�p�~'wxY��C�zw��Zfhn0��n�XZXZn�~'�uw���� fxp���Y;d��z~L�
pqfkpsd��zosdgni£¦tuo�oqb��1�zw��zXZY�fhY�wxp6L;�zl1oqYO¥]FnOwhY;n���Y�wj±C�Y��eYj��ps�eY;��fhni£¦tuwhfhV1Y�wko�pqXZpqfk�uwxY;��psdhpqnO~�n�£³fhV1Y�Y�wxwhnOw
l9n�t1~1�ud;¥�[epq~1��Y�n�tuw�fxnCnOo²p�d�Xmt1��V�£Ñ�Od{fxY�w�fhVL�z~!�z~cb0�ztefxn�X���fxp��,�uwxncnz£4��V1Y;��©�Y;w;±Cpqf�fxwhp�Y;d�fxn�dgp�XZ�uoqpq£¦b
fxVuY�~ctuXmlLY;wxd�tLdgYj�!pq~'fhV1Y-�uwxncnz£���d�Xmt1��VF��d��9nOdxdgp�luo�Y�¥ � p§fxVun�tuf,�z~cb�dhp�Xi�1oqpq°L���zfhp�n�~Q±1fhVuY-oqY;~u�zfxV
n�£fxVuY�Y�wxwxn�w�lLnOtu~1�ud¨��wxn��kd���n�~Cfxpq~ct1��oqo�b�¥è[cn0�unCYjd�fhV1Y�fhp�XiY-~uY�Yj�eY;��fhn��OY�wxp§£¦b�Y;�O��V'dgfx�zfhY�XZY;~Ofkn�£
fxVuY�dx��wxpq�efk�Od�fhVuY��uwxncnz£4��ncY;d�n�~³¥

¯1n�w�Y �u�zXZ�uo�Y�±²��YmX���b!wxY��uos����Y
m × 2e lCb dm · 2−ke × 2e+k £¦n�w�����p���Y�~

k
¥�U�VuYZlLnOtu~1�®p�d

os�zwx��Y;wl1tefk��Y�whfhpq£¦bcpq~1�ipqfkpsdè£Ñ�Od{fxY�wk�Od dm · 2−ke p�d��ZdhXZ��oqo�Y�w���n�~1dgfx��~Ofj¥�¼,t1w�fhncn�oÎY;~uo���wh�OY;d��zo�o²fhVuY
Y;whwxn�w,wx��~u��Yjd,�Od¨o�n�~1�'�OdkfxVuY�b�wxY�X���pq~%dgX��zo�o�Y�w,fhV1��~�fhV1YinO~uY;d¨fhV1Ymfxncn�o4fhwxpqYjd,fhn'�uwhn��OY�¥BGKf�p�d���~
Y�=0��p�Y�~Cf�����b'fhn!wxY;�etL��YifhVuY�dx��wxpq�uf�dhp6L�YZ�z~1�®fhVuY���Y�whfhpq°L���zfhp�n�~=fhp�XiY�dhpq~L��YifhVuYZX��zp�~%�1�zwhf^n�£���~
Y;whwxn�w¨p�d¨��Y�~1Y�w��zo�oqb�p§f�d¨X��z�O~upqfht1�eYO±L~1nzf,pqfxd,Y �u�O� f¨���zo�tuYO¥¨¯unOw¨Y �u��Xi�1oqYO±9��Y�whfhpq£¦bCp�~u��fxVuYZdgp�XZ�uoqpq°1Yj�
�1whncnz£4���Od£¦n�tuw�fxpqXZY;d�£Ñ��dgfhY�w�nO~�fxVuY��z�1�uoqps���zfhp�n�~'nz£E[cY;��fhp�n�~!�u¥

� � �����m
���������'� (������
L��"���(Î
���'����()#=��
�� �����$�����4��4�-�j
(

U�V1Y�wxYmpsd���o�nzf�n�£è�nOwh©��un�~uYin�~ dgV1p§£´fxpq~u�!wxY;dh�LnO~1dhpqlup�o�p§f{b'£¦n�w���pqw���w���£´f�dh�z£¦Y�f{b��epsdgfx�z~L��Y;d,£¦wxn�X`��pqw
fxwx�#=0�¨��nO~Cfhwxn�o�oqY;wxd	fxn-�up�o�nzfxdfxVuY�X�dhY�o���Y;d;¥	U�Vup�d�p�~c��n�o���Yjd��uwxn��cp��ep�~u���1pqo�nzf�dè��pqfhV'��n�~u¤1p���f��uY�fhYj� fxpqnO~
dhbed{fxY�X�d;¥^¼,~uYm��oq�On�wxp§fxVuX 4 �O�F74��n�wx©ed�p�~®�z~ & t1��o�p��uY;�z~�fhVuwxY�Y�¡K�ep�XZY�~1dhp�n�~1��o³~uY;pq�OVCl9n�wxVuncne�F�z~1�F�
fxwx��~1dho��zfhp�n�~%p�d-~uY;��Y;dxdh��whbF£¦wxn�X ��Y;nc�uY�fhps����ncnOwx�ep�~1�zfhY;d-��d��Opq�OY�~%lCb%�9nOdhp§fxpqnO~upq~1��dgbedgfhY�X�d�4Á�$5�7èfhn
& t1��o�p��uY;�z~F��nCnOwx�upq~1�zfhYjd�¥

|¨pqwx�uos�z~uYjd,��whY��1whn�fhY;��fhYj�Flcb'����bcoqp�~1�eY;w �¦f{bc�up��;�zo�oqb��ZXZp�oqYjd,�up���XiY�fhY;w^��~1� 5;�O���i£¦Y;Y�f�VuY�p���VCf �
��~1�%����n�~e¤1ps� f�psd��eY�°L~uY;�%��d^fxVuYZn���Y�wxos�z�u�up�~u��nz£Ef{��n!�uwhn�fhYj� fhYj�@L;n�~uYjd�¥iU�VuY��zl9n���YiXiY;~Cfhp�n�~uYj�
��n�wx©^V1��d4��Y;wgfxp§°1Yj��fxV1��f4p§f	p�d4YjrOt1pq���zo�Y�~Cffhn��eY�fxY;� f���nO~e¤1ps� f�d³wxY�os��fxpq�OYEfhn¨fhVuY�p�~OfxwhtL�eY�wj¥ GÛ~-fhVupsd	����dhY�±
fxVuY�p�~OfxwhtL�eY�w�V1�Od��i�uwhn�fhYj� fhYj��L�n�~1Y^n�£w����ep�t1dk�mXZpqo�Y;d¨�z~1�'VuY;pq�OVOf�n�£��������-£¦Y�Y�f;¥EU�VuY�n���~LdgVup��'p�d
y{tLd{f����9n�p�~Ofj¥�| ��nO~e¤1ps� f�p�dèfhVuY;~��eY�°1~uY;����dèfhVuY,pq~1��tuw�dgp�n�~�n�£ÎfhVuY,n���~1dgV1pq�0p�~�fxVuY¨�uwxnzfxY;��fhY;� L;n�~uY
n�£³fxVuY�pq~Cfhwxt1�eY;w;¥�U�VuY��ut1wh�9nOdhY,n�£4��n�~e¤1ps� fk�eY�fhYj� fhp�n�~'psd�fhn��eY�fxY;��f�dht1��V'pq~Cfxwht1dhp�n�~1d��zVuYj����nz£QfxpqXZY
��~1��fhn��uwxn��9nOdhY,Yjdh�;�z�9Y��z~1��whYj��n��OY�wxbmfxwx�zy{Y;��fhn�wxp�Y;d;¥

| oqn�f,n�£�z�u�1whn �ep�XZ�zfhp�n�~1d¨�zwxY�~uY;��Y;dxdh��whb�fhn'dgnOoq�OY�fhV1p�d^�uwxn�luo�Y�X +��9nOdhp§fxpqnO~®�z~L�®dh�LY;Y;�Fn�£EfhVuY
�1o���~uY;dZ�zwxY�~1nzfZY �u����fho�bª©C~1n���~Q±�fhV1Y�t1dhY'nz£^��~ & tL��o�p��eYj�z~@~uY�p���Vcl9n�wxVuncnc� pq~1dgfhYj���«nz£¨�OY�ne�eY�fxp��
��ncn�w��epq~L��fhYjd���wxY;��fxY;d�XZne�eY�o�pq~1�iY;whwxn�w�d;±�fxwx��~1dgos��fxpqnO~�pqfxdhY�oq£4p�~1��tuwxd�XZne�eY;oqp�~u���z~1��wxn�tu~1�e¡Jn�¢!Y;whwxn�w�d;¥
|¨oqocfxVuY;dhY�Y�wxwhnOwxd³~uY�Yj��fxn,l9Y�fx��©�Y�~mpq~Cfxn��O����n�tu~Cf4dhn,fhV1�zf4fxVuY�dh�z£¦Y�f{b�n�£1fhV1Y�dhbed{fxY�X�d4p�d	�Ot1�zw��z~CfxY�Y;�Q¥
U�V1Y���bcoqp�~1�eY;w�p�d	Yj��dhpqo�b�pq~u¤L��fxY;�idgn,fhV1�zf�£¦Y���Y�w��z~L��£¦Y;�Y;w	fhw���y{Y;��fhnOwhp�Y;dX���b���wxnOdxd³fxVuY�pq~1p§fxp���o1dh�z£¦Y�f{b
��bcoqp�~1�eY;wxd;¥E\EY�f;±9p§f¨psdko�pq£¦Y-��wxp§fxp��;�zoÎfxn0��tL�zw��z~CfhY;Y¨fxV1��fkfxVuYm��bcoqp�~1�eY;wkV1��dklLY;Y�~�dht$=0��p�Y�~Cfho�b�p�~e¤L�zfhYj�
fxnZwhY;Xin��OY^��~cb0pq~L��n�wxwxY;� f�l9Y�V1���cp�n�wj¥

|,d�XZY�~Cfhp�n�~uYj�Î±cfhV1Y�wxY��zo�whYj���eb�psd��i�utuluo�p�dhVuYj�'��oq�On�wxp§fxVuX fhVL��fk��n�wx©cd�p�~F�z~ & t1��o�ps�eY;��~�fxVuwxY�Y�¡
�upqXZY�~Ldgp�n�~1��oÎ~uY�p���Vcl9n�wxVuncne�Î¥ � Y���p�oqo³�uY;dx��wxpql9Y�VuY�wxY��m~1Y�� �zo���n�wxpqfhVuX)wxY;dh�LnO~1dhpqluo�Y�nz£fhVuY�fxwx��~1d{¡
os��fxpqnO~-�1��wgfE��~1��t1dhY�p§fE�Od4��~mY �u�zXZ�uo�Yn�£9dx��£¦Y�f{b���whpqfhps����ou�z�u�1oqps���zfhp�n�~�fxV1��fE�;�z~-l9Y�£¦n�wxX��zo�oqb��1whn��OY;�
fxV1�z~1©cd�fxnZn�tuw�fxnCnOoI¥

U�VuY,pq~1�utefxdnz£ÎfxVuY,|¨oq�On�wxp§fxVuX 5¨�zwxY�fxVuY¨o�n�~u�Op§fxt1�eYjd
λ{1,2}

��~1�ZfhV1Y¨��Y;ne�eY�fxp���os��fxp§fxt1�eYjd
φ{1,2}n�£�uos�z~1Y;dB5��z~1�!�e±u��~1��fhVuY;pqw¨dh�9Y�Y;�1d�fhn����zw��0~unOwgfxV

vN{1,2}
±efhn����zw���Y;�Od{f

vE{1,2}
¥EU�VuY�nOtefh�1tefxd

��whY,fhV1Y�whY;o��zfhp���Y���ncn�w��ep�~1��fxY;d��z~1��fhVuY�dh�9Y�Y;��nz£4lLn�fhV!�uos�z~uYjd�pq~!�z~ & t1��oqps�eYj�z~!~uY�p���Vcl9n�wxVuncne�Î¥
tr
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φ

a

b

Rp

Rm

¯4pq�OtuwxY 5 + M^Y�ne�eY�fxp���os��fxp§fxt1�eY���~1��w����upqt1d�p�~ � M�[<Jz�ZdgbedgfhY�X

psdè�m��nO~1d{f��z~Cf;¥
Rm

�z~L�
Rp

�zwxY & ��wgfxV�wx�O�ep�t1dè��oqnO~u�-��XZY�wxps�ep���~0�z~1����oqnO~u�-���L�zw��zo�oqY;oe£¦n�w�����p���Y;~
os��fxp§fxt1�eY +

Rp(φ) =
a

1 + (1− f)2 tan2 φ

Rm(φ) =
a(1− e2)

(1− e2 sin2 φ)3/2

¬nO~1dgfx�z~Cf�d
a
±
e

�z~L�
f

�zwxY��eY;dx��wxp�lLYj�ªlcb � M�[$Jz���0��~1� �zwxY���o�dhnFt1dhY;� fxn®�eY�°L~uY0fxVuY��OY�ne�eY�fxp��
��ncn�w��epq~L��fhYjd�pq~'fhV1Y��LnCdgpqfhp�n�~up�~u��dhbcdgfhY;X�d�¥

��$ � º � �Ñ����� � U³w��z~Ldgos��fxpqnO~0£¦wxn�X �OY�ne�eY�fxp�����nCnOwx�upq~1�zfhYjdèfxn0�z~ & t1��oqps�eY;��~!~uY�p���Vcl9n�wxVuncnc�
� ��� 	³�O�

φ1

±
φ2

±
λ1

±
λ2

±
vN1

±
vN2

±
vE1

±
vE2

φ0 ← (φ1 + φ2)/2

rp0 ← Rp(φ0)

sN1 ← vN1/Rm(φ1)

sN2 ← vN2/Rm(φ2)

sx ← (λ1 − λ2) ∗ rp0

sy ← (φ1 − φ2) ∗Rm(φ0)

vx1 ← vE1 ∗ rp0/Rp(φ1 + sN1 ∗ tr)

vx2 ← vE2 ∗ rp0/Rp(φ2 + sN2 ∗ tr)
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U�V1Y�wxY�£¦n�wxY�±Î��Y0�eYj��ps�eY;�®fhn����u�uwxn �cp�X���fxYm�ep�whYj� fxoqb

Rm
��~1�

Rp
¥0U�Vupsd����u�1d�XinOwhYiY�wxwxn�w�d^�Od^fhVuY

��oq�On�wxp§fxVuX7t1dgYjd4�LnOoqbc~unOXips�zosd
R̂m

�z~1�
R̂p

w���fxVuY�wfhV1��~
Rm

�z~1�
Rp

¥U�VuY��uwxn��Owx��X £¦nOw
R̂p

p�d4��p���Y;~
|¨oq�On�wxp§fxVuX �e¥

R̂m
psd�n�XZpqfgfhYj�0lutuf�pqf�p�d�dgp�XZ�uo�Y,p�XZ�uoqY;XZY�~Cfx�zfhp�n�~�n�£ 8knOwh~1Y�w � dèwhtuo�Y�¥ � Y,p�~Cfhwxne�et1��Y

��~�tu~1��Y�whfx�zp�~Cf{b¨nO~�fhVuY�°Lwxdgf��ncY�=���pqY;~Cf³nz£eY;�O��V��LnOoqbc~unOXips�zo�fhn¨�O����n�tu~CfÎ£¦n�w³fhVuY�ep§¢²Y�wxY�~L��YEl9Y�f{��Y�Y;~
fxVuY�Y �u�O� f�£¦tu~1��fhp�n�~F�z~1��fhV1Y��z�u�uwxn �epqX��zfhY;���LnOoqbc~unOXZp���oÎpq~!n�t1w�fhncn�oJ¥

��$ � º � �Ñ����� � '¨Y�°1~upqfhp�n�~!nz£
R̂p(φ)

���u�uwxn �cp�X���fxpq~u�
Rp(φ)

� ��� 	³�O�
φ � ��oqo²fxVuY��ebO�O�eps�,~ctuXmlLY;wxd���whY,¤1nC��fhp�~u�Z�9n�p�~Ofk~ctuXmlLY;wxd��

x ← 511225× 2−18 − φ2

y ← 4439091 · 2−2 + x× (9023647 · 2−2 + x× (

13868737 · 2−6 + x× (13233647 · 2−11 + x× (

−1898597 · 2−14 + x× (−6661427 · 2−17)))))
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��Y!t1dhY;�@tu~1�eY;who�bcpq~u� G &�&!& ¡ ?����ªdhpqXZ�uo�Y!�uwhYj��psdgp�n�~�-��'¤1nC��fhp�~u�%�LnOpq~Cf���whpqfhVuXZY�fhps����pqfhV wxn�tu~L�epq~1�
fxnF~uY;��whYjd{f �Ñ��p§fxV Y��OY�~%fhp�Y�¡KluwxY;��©Cp�~u� ���z~1� dhtulu~unOwhX��zoè~Ct1X-l9Y�w�d��zwxY�pqXZ�uo�Y�XZY;~OfxY;�Î¥FU�VuY�dg�9Y�Yj�
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sx
�z~1�

sy
psd�l9n�tu~1�uY;�ªlcb%V1�zoq£k�FXZY�fhY;w;±���~1�%fhVuY�Y�wxwhnOw�n�~

vx1

�z~L�
vx2

p�d
l9n�t1~1�eY;��lcb

5× 10−4
X��zd�¥ � Y���n�~L��o�t1�eY^fhV1�zf�fhVuY�dx��£¦Y�f{b0��bcoqp�~1�eY;w�wx�O�epqtLddhVun�t1o���lLY�p�~1��wxY;�OdgYj�

lcb
2.60

X.£¦n�wk�
300

dhY;��nO~1�ud���p�~1�en���¥
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