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=?>A@?BDC	E*FHGJIK>LF�G�MN@PO
Q<RTSVUKW+X�Y[Z]\V^T_`W�acbedf_cg�_`WVa
W�hig�jkalg	mnaporqAU+s?beac_ltfmnW
uwvxbkyzW�h({(vx\�^nje_`vxW

|(je}T}Pbfvrh(~�W�vxWVg�RnW�v�g�RTW�^+�k�A�e�e��Y��AW�}Th�W�U�sPWVviXk�f�fX�Y,����}njkdfWVo

���H���V���n�k�e� Q<RTWK�z����{ sTa`b�g���g�_`}TRnW�v�_co�j�orqAU�U�W	hxv�_lg9� �eWVq�jea`dfbevx_¡hxRTU£¢*RT_cg�R�W�^ng�v�qA}�h�o�¤k�k� sT_`h�}Taljk_c^Lh�W�¥Lh�sTacb�g��Aoih�b¦¤e�k� sT_¡h
g	_c}TRTW�v�h�W�¥Ah§sTacbAg���oV¨<mnor_c^Td©j4�ªXk�k�«sn_¡h§o�WVg�v�W�h��eW�qf¬�Q<RTWJo�WVg	mnv�_`hzq©be��z����{®v�WVa`_cWVo�bf^4g	bfU+sT_c^T_c^Td¯be}?W�v�j�hx_`bf^noK°vxbeU±h�RTvxW�W
jkacdeW�snvxje_cgKdevxbemn}no�²�_`^LhxW�deWVv+je~n~�_¡hx_`bf^³U�bA~TmTa`b

2n
¨HsT_¡hz¢*_lo�W�W	¥Tg	acmno�_`´fW�bev�be<hz¢�b

n
� sT_`h+¢�bfvx~no�¨Hjk^n~µ_c^Lh�WVdeW�v+U+mTa`h�_c}Tac_cgVj�h�_cbe^

UKb�~�mna`b
(2n + 1)

¢*RT_cg�R�_co�hxRTW�g	vx_¡hx_cgVjkaHjkvx_¡hxRTU�W	h�_lg�be}?W�v�j�h�_cbe^JbkwhxRTW�sna`b�g���g	_c}TRTWVvV¬��¶^Jh�RT_lo]}njk}?W�vª¨%¢·W+_c^L´fWVorh�_cdfjkh�W�hxRTvxW�W
jkacdebevx_`h�RTU�opsPjeo�WV~�bf^+j�o�U�jkacafU�mTa`h�_c}Ta`_lg�jkh�_cbe^�¢*_`h�RKjio�mTsno�WVtLmTWV^fh�U�bA~TmTa`b�g	bfv�vxWVg	h�_cbe^p¬pQ<RnW�q�jkvxWw}njevrhx_cg�mTaljkvxa`q]¢�WVa`aAo�mT_¡hxWV~�°bev
h�RTW�alj�hxWVorh*¸�u�Z�{�~TW�´A_cg�WVo<WVU+s?WV~T~�_c^Td�o�U�jkaca?U�mTa`h�_c}Ta`_cW�visTa`b�g���oV¨Lac_c�eW]h�RTW�¹�_`v�h�W�¥A�«���wºjkU�_ca`qf¬N»�W�jeaco�b�g	be^Por_l~�W�v*jKU+mna¡hx_`}Tac_cW�v
snjeo�WV~;be^�U�bA~TmTa`b

(2n + 1)
je~n~�W�v�o�¬N�AWV´eW�v�jka%jevxg�RT_`h�Wªg9hxmTv�Wªo·bkDhxRTW��z�i��{�sTacbAg���g�_`}nRTW�v(jev�W�h�RTWV^¦~�WVoxg	vx_`s?WV~�jk^P~;g�beU�}njkvxWV~

°v�bfU&~�_`¼1W�vxW�^Lh;}?be_c^Lh§bk�´A_`WV¢�²JhxRTvxbemTdfRT}Tm�h�hxb©jkvxWVjµv�j�hx_`b³bfv;jf~�WVtLmnjkh�_cbe^½¢*_¡hxR¾°W�Wª~�snjfg��-jk^P~¾^Tbe^T�¿°WVWV~�snjfg��-g�Rnje_`^n_`^Td
UKb�~�Wªo�¬�À�mnv<ºjeorh�WVorh(g	_cvxg�mT_`hijeg�RT_cW�´fWVo·j+hxRTvxbemTdfRT}Tm�h(be��T¬Á��Z]s?Â�oV¨�¢*RT_lg�R;_loV¨�h�b�bemnv*�L^nb�¢*a`Wª~�deWf¨fhxRTW�s?WVorh(vxjkh�W�v�WV}PbfvrhxWV~§_`^
h�RTW�ac_¡hxW�v�j�hxmTv�Wf¬
Ã¦ÄfÅ1ÆxÇ+È ��É��f�ËÊ beU�}Tm�hxW�v(jev�_`h�RTU�W�h�_lgk¨TU�b�~�mTacb¦Ì

2n + 1 Í U+mTa`h�_c}Tac_cgVj�hx_`bf^p¨T�z����{ÎsTacbAg��;g	_c}TRTW�vª¨ng�v�qA}�hxbedev�jk}nRLqf¨L¸�u�Z�{
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�� ����� � � �z����{ WVorh�mn^Jjkacdebfv�_`h�RTU�W+~TW�g	vxqA}�hxjedeW��;g	acW	w}Tvx_c´e\�W�h�v�jk^nor°bevxU�jk^LhimT^�sna`b�gK~�W�¤e��sT_`hxo]~�W+hxW	¥Ah�W�W�^Jg�acje_`v]W�^
mT^;sna`b�g]~�W�¤k�+sn_¡h�o*~�WihxW	¥Ah�W�g�RT_`¼1v�\f¬���j�o�\Vg�mTvx_¡hx\]~�W]�z����{Îv�WV}PbLorW]ormnv·aljKg	beU�sT_c^njk_lorbf^§~�� be}?\�v�j�hx_`bf^no�~njk^no�h�vxbe_lo�devxbemT}?WVo]²
a�� je~T~T_¡hx_`bf^�U�b�~�mTacb

2n
¨�acW�bem�W	¥Tg	acmno�_¡�sT_`h���sn_¡hi~�W�U�bkh�o(~�W

n
sn_¡h�o*W	h(aljKU+mTa`h�_c}Tac_cgVj�h�_cbe^�U�b�~�mTacb

(2n + 1)
¬ Ê W	h�h�W�~�WVv�^n_`SVv�W

WVorh·a�� bf}P\Vvxjkh�_cbe^�jkvx_¡hxRTU�\	h�_ltLmTW�g�v�_`h�_ltLmTW�~�� �z����{+¬n��je^no<g	W�h<jevrhx_cg�a`Wf¨L^nbemno�\	hxmn~�_cbe^no·hxv�bf_co·jkacdebfv�_`h�RTU�WªowW	¥�}Tacbe_`hxje^Lh<~�W]}?W	h�_`h�Wªo
U+mTa`h�_c}Tac_cgVj�h�_cbe^Po�o�mT_`´A_cWVo�~�� mn^TW�g�bevxv�Wªg9h�_cbe^D¬D�¶alo�o�be^Lh�}njevrhx_cg�mTa`_cS�vxW�U�WV^fhwsn_`WV^§je~Tje}�h�\ªowjkmT¥�g�_`v�g	mT_`hxo�¸�u�Z�{4vx\Vg�W�^Lhxo�g	be^LhxW�^nje^fh
~�W�}PW�h�_`hxoiU+mTa`h�_c}Tac_`WVmTvxoV¨ng�beU�U�W]aljKºjkU�_ca`acW�¹i_cv�h�W	¥A� �r�9¬��ibemno(g�be^no�_l~�\�vxbe^no·\VdfjkacW�U�WV^fh*mT^:bf}P\Vvxjkh�W�mnv·sPjeo�\�o�mTvi~TWVo*je~n~�_¡hx_`bf^no
UKb�~�mna`b

(2n + 1)
¬Huwacmno�_`WVmTv�o·jevxg�Rn_¡hxWVg9hxmTvxWVo�~�� mT^�}Tvxb�g	WVoxo�W�mTv��z�i��{�o�be^Lh·W�^no�mT_`h�W�~�\Vg�v�_`h�Wªo�W�h·\V´�jkacmT\�Wªo·~TW]~�_`¼1\�vxW�^Lhxo·}?be_c^fh�o

~�W�´AmTW�²�v�WVacjkh�_cbe^�W�^Lh�vxW�alj�ormTv�ºjeg�W�W	h(acW+~�\VsT_¡h�bem�je~T\VtLmnj�hx_`bf^�j�´fWVg�acWVo(~T_`´fW�v�o*U�bA~TWVo(~�W�g�Rnj��ð^njkdfWe¬��ibkhxv�W�g�_`v�g	mT_`hiacW�}Tacmno
vxje}T_c~TW�jkhrhxW�_c^fh(mn^:~T\�sT_`hi~�W��T¬Á�KZ]s?Â�oV¨ng	W�tLmT_pWªozh��K^Tbeh�vxW�g�be^T^Pjk_lo�oxjk^ng�W�acW�U�W�_ca`acW�mnv*v�\ªormTa`hxjkh*}TmTsTac_`\ ��g�W<yzbemTvª¬
! È �ª� Æ ��" � � {(vx_¡hxRTU�\	hx_ctLmTW�~�Wªo<bev�~�_c^nj�hxW�mTv�o�¨AU�mTa¡hx_`}na`_lg�jkh�_cbe^:U�bA~TmTa`b

(2n + 1)
¨��z����{�¨?g	vxqL}Th�bedfvxje}TRT_cWe¨A¸�u�Z�{
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A #1��D
��������w������
Q<RTW+�z����{ Ìº�¶^Lh�W�vx^njkh�_cbe^njea��]j�hxj��w^ng	vxqA}�h�_cbe^�{ia`dfbevx_¡hxRTU ÍsTa`b�g��Îg	_c}TRTWVvCB ��D�_loJj¾o�qAUKU�W�h�vx_cg	�«�fW�q jea`dfbevx_¡hxRTU ¢*RT_lg�R
W�^ng�v�qA}�h�o�¤e�k� sT_¡h }Taljk_c^fhxW	¥Ah�sna`b�g���o�hxb ¤e�k� sT_¡hµg	_c}TRTWVvrhxW	¥Ah
sTa`b�g���oV¨�mno�_`^Td j �ªXe��� sT_¡h��eWVq

K
¬ �z�i��{ g�be^no�_lozh�o-_c^

� g�beU�}Tm�h�j�hx_`bf^njkaca`q"_l~�WV^fhx_cgVjka³vxbemT^P~To °beaca`b�¢·WV~®sLq/jk^
bem�hx}Tm�h�hxvxje^nor°bevxU�jkh�_cbe^:Ìº¸�_cdemTvxW�� Í ¬N|*bemT^P~ r Ì 1 ≤ r ≤ 8 Íh�v�jk^nor°bevxU�owj�¤k�e�«sT_`hw_c^T}Tm�h·_`^Lh�b�°bemTv(�ª¤�� sT_`hwbem�hx}Tm�h�sna`b�g���o
°bevxUK_c^TdKh�RnW�_`^T}nm�h(bk�h�RTW�^TW�¥Lh(vxbemn^n~%¬NQ<RTW�g	bfUK}nm�hxjkh�_cbe^
_`^A´ebfa`´fWVo�o�_¡¥ �ª¤�� sT_`h�o�mTsT�fW�q�o

K
(r)
i

Ì
1 ≤ i ≤ 6 Í ~�WVv�_c´eWª~°v�bfU

K
¬ Q<RTW¦bem�hx}Tm�h�hxvxje^noz°bfv�U�jkh�_cbe^p¨�W�U�}Tacb�qL_c^Td °bemnv

je~T~�_`h�_cbe^Pjka+o�mTsT�fW�q�o
K

(9)
i

Ì
1 ≤ i ≤ 4 Í ¨�}TvxbA~Tmng	Wªo:h�RTWg	_c}TRTW�v�h�W�¥AhV¬;Q<RnW§orWªg	mTvx_`hzq�bk<�z�i��{ vxW�ac_`Wªo�be^³g	bfU+sT_c^T_c^Td

be}?W�v�j�h�_cbe^Poµ°v�bfU hxRTvxW�W jea`dfW�sTv�jk_lg�devxbemT}noV¬ Q<RTW¾hxRTv�WVW
devxbemT}�be}?W�v�j�hx_`bf^no·be^

n
�«sT_`h(¢·bev�~To

x
jk^n~

y
Ì
n = 16 Í jkvxWe²

• �¶^Lh�WVdeWVv<jf~T~�_`h�_cbe^:U�b�~�mTacb 2n
Ì¿~�W�^nbkh�Wª~§sAq

x� y Í ¬
• E _`hz¢*_co�W�W	¥Tg	acmno�_`´fW]bfv�Ìº~�WV^TbkhxWV~�sAq x⊕ y Í ¬
• F b�~�_HGnWª~�_c^fhxW�dfW�v]U+mTa`h�_c}Tac_cgVj�h�_cbe^�U�bA~TmTa`b (2n + 1)

¨
¢*_`h�R

0 ∈ Z2n
jfo�o�b�g	_lj�h�Wª~]¢*_¡hxR

2n ∈ Z∗2n+1

Ìº~�WV^TbkhxWV~
sAq
x�y Í ¬��  x = 0

bev
y = 0

¨ª¢·WwvxW�}Taljeg�Ww_`h�sAq
216 ¬�� hxRTW�vxWVo�mTa`hDbkAh�RnW�U+mna¡hx_`}Tac_lg�j�hx_`bf^�_co

216 ¨�_`h�_lopvxW�}Taljeg�WV~sAq
0
¬

�iWªg	vxqL}Th�_cbe^µ_co�jfg�RT_cW�´eWª~JmPor_c^Td�h�RTW;o�jeUKW�jea`dfbevx_¡hxRTU"¢*_¡hxR
h�RTW�g	_c}TRTW�v�h�W�¥Ah+}Tvxb�´L_l~�Wª~³jeo�_c^T}Tm�hª¬�Q<RTW§be^Tacq ~T_¡¼1W�vxW�^ng�W
a`_cWVo�_`^�hxRTW(�fW�q�oxg�RTWª~�mTacW(deWV^TW�v�j�hx_`^Td�hxRTW

K
(r)
i

g	bAW?I�g�_`WV^LhxoV¬
�z�i��{ W�^ng�v�qA}�h�o<}Tacje_`^LhxW	¥Ah(_`^JGT¥�Wª~A� o�_
K�W�¤k�e�«sT_`h*sTacbAg���oV¬

L(b�¢·W�´eWVvV¨ UKWªo�oxjkdfWVo6¢*_`aca½bkðhxW�^&W	¥Tg	WVWV~ ¤e�®sT_`hxo je^n~
j®o�_`U�}TacW o�beacm�hx_`bf^p¨4�A^Tb�¢*^ jfo �wacWVg	h�vxbe^T_lg Ê b�~�WVsPbAbf�
Ì°� Ê E*Í U�b�~�We¨ g	be^Por_lozh�o�_`^ }njkv�h�_`h�_cbe^n_`^Td hxRTWÎ}Tacje_`^LhxW	¥Ah_`^Lh�b ¤k�e�«sT_`h�sna`b�g���o+je^n~³W�^Pg	vxqL}Th�_c^TdJWªjeg�R³_c^n~�W�}?W�^P~�W�^Lh�acqe¬
Q<RT_co6� Ê E U�b�~�W Rnjfo RTb�¢·W�´fW�v j®~�vxj�¢*sPjeg��®_c^ hxRTWorWV^norW�h�RPj�h:_c~�WV^Lh�_lg�jka�g	_c}TRTWVvrhxW	¥Ah:sTa`b�g���o;_`U�}Tacq¾_c~TW�^Lh�_lg�jea
}Tacje_`^LhxW	¥Ah+sTacb�g��Ao�jk^n~µ_lo�hxRTW�vxW	°bfv�W;~�_coxg	bfU�UKWV^n~�Wª~µ_¡*hxRTW
orWªg	vxW	h��eW�q¦_lo�vxW�mno�WV~�°bev�U�bevxW+hxRnjk^ be^TWKU�WVoxo�jedeWf¬ F bevxWorbf}TRT_lozhx_cgVj�h�Wª~-g�RPjk_c^T_`^nd U�b�~�Wªo�sTvx_`^Td³j³o�beacm�h�_cbe^-h�bµhxRT_lo
}Tv�bfsTacW�U:¬ ¸nbev�_`^norhxje^ng	Wf¨N_`^©h�RTW Ê _`}nRTW�v E a`b�g�� Ê Rnjk_c^T_c^TdÌ Ê E Ê Í U�b�~�We¨�j½°WVWV~�snjfg�� U�Wªg�Rnjk^T_lo�U�gVjkmno�WVo¦h�RTW j h�Rg	_c}TRTW�v�h�W�¥Ah©sTacbAg�� h�b ~TW�}?W�^n~ bf^ h�RTWMGnvxorh

j
}Tacje_`^LhxW	¥Ah

sTa`b�g���o jk^n~ je^
n
� sT_¡h _`^n_¡hx_cjea`_
KVjkh�_cbe^ ´fWVg9hxbevª¬&�A_c^ng�W©hxRTW

W�^Lhx_`vxW ~�WV}PWV^n~�WV^ng	q be^ }Tv�Wªg	Wª~�_`^nd sTacbAg���o©_co�g	bf^fh�jk_c^TWV~
_c^-hxRTW¦}TvxW�´A_cbemno�g�_`}TRnW�v�h�W	¥Ah�sTacb�g��MBc�ªX�D ¨·jea`aisTa`b�g���o�U+mPozh
s?W�}Tvxb�g	Wªo�o�WV~4o�WVtLmTWV^Lh�_ljkaca`q3Nª¬ Q<RT_lo�}Tv�bf}PWVvrhzq�°bfv�sT_l~To§h�b
}T_c}PWVa`_c^TWJh�RTWµg	bfUK}nm�hxjkh�_cbe^¾}njkh�R je^n~½_`U�}Tac_cWVo�j¯orac_cdeRLh�acq
~�_`¼?WVv�WV^Lh Rnjevx~�¢<jkvxW jkv�g�RT_`h�Wªg9h�mnv�W be³h�RTW sTacb�g�� g�_`}TRnW�v
¢*_`h�R¾jJacb�¢·W�vKh�RTvxbemndeRT}TmThV¬½Q<RTW�g	bfmT^Lh�W�v¦Ì Ê Q*| Í U�bA~TWe¨j ^Tbe^T�¿°WVWV~�snjfg�� U�bA~TWÎ~TWVoxg	vx_`s?WV~ °bev¾W�¥�jeU�}Ta`W _c^OBÁ�PD ¨
g	bfmTal~4vxW�U�WV~�q½hxRTW³or_`h�mPj�h�_cbe^ _`�_`h:s?WVg�beU�WVo:j�ozh�jk^n~njkv�~
jeo]vxWVg�beU�U�W�^n~�Wª~�_c^QBc�V�PD ¬+� h�_lo�jkalorb;}PbLo�o�_`sna`W�h�b�}T_c}PWVa`_c^TW
h�RnW6}Tvxb�g	Wªo�o�bev4_c^3°WVWV~�sPjeg�� UKb�~�Wªo _`©¢·W6jfg�g	WV}�h hxRTW
~�Wªg	beU�}?bfo�_¡hx_`bf^6be§hxRTW4~Tj�h�jÎozhxv�WªjkU _c^Lh�b

d
o�W�}njevxjkh�W�acq

W�^Pg	vxqL}Th�WV~;U�WVoxo�jedeWªo�¨A¢*RTWVv�W
d
_lo<h�RnW�}T_`}?W�ac_c^TW�~�W�}Th�R.B �RD«¬

F mTa`h�_c}Tac_cgVj�hx_`bf^�U�b�~�mTacb (2n + 1)
_lo<h�RTW�g�v�_`h�_lg�jeapjkvx_¡hxR��

U�W	hx_cg be}?W�v�j�hx_`bf^ be+h�Rn_co:sTacb�g��4g	_c}TRTWVvV²�sPbeh�R�jkvxWVj-jk^n~
o�}PWVWV~�bkHjk^��z�i��{Î}nv�b�g	Wªo�o�bev<jkvxW�ozhxv�bf^Tdeacq�vxW�alj�h�Wª~�hxb�hxRTW
Rnjevx~�¢<jkvxW�bf}PWVvxjkh�bev�g�jev�vxqA_`^nd�bem�h

x � y ¬+Q<RTWKU�je_`^�}TmTv��}?bfo�W�beTh�RT_lo�}njk}?W�v�_loDhxb]~TWVo�_`df^�W�I�g	_cW�^LhNjkvx_¡hxRTU�W	hx_cg�be}?W�v�j��
h�bfvxo�°bfvw¸�u�Z�{¾snjforWª~+_cU�}Ta`WVU�W�^Lhxjkh�_cbe^noHbe?�z����{�¬L{*ðhxW�v�j
sTvx_`W�%b�´eW�vx´A_`WV¢¯bk%¹�_`v�h�W�¥L� �³jk^n~�¹�_`v�h�W�¥A�«����¸�u�Z�{4ºjkU�_`ac_cWVo
Ì¿��WVg9hx_`bf^;X Í ¨f¢·W(_c^A´eWVorh�_cdfjkh�W<°bfmTv�jea`dfbevx_¡hxRTU�ow~�WV~T_cgVj�h�Wª~Kh�bh�RnW � bf}PWVvxjkh�bfv�Ì¿�AWªg9h�_cbe^�@ Í ¬��¶^¦bev�~�W�v<hxb�WVjeo�_ca`q�g	beU�}njev�Wo�W�´eWVvxjea�jevxg�RT_`h�Wªg9hxmTv�Wªo�¨H¢·W§Rnj�´fW;~�WV´eWVa`bf}PWª~¯j¦hxbLbfa<¢*RT_cg�R
deWV^TW�v�j�hxWVo§h�RTW¯o�qA^Lh�RTWªor_
KVjesTa`W ¹�L�� � g�bA~TW beKje^ �z����{
}Tvxb�g	WVoxo�bevª¬��AWV´eW�v�jkan}njkv�jkU�W	hxW�v�oNjkaca`b�¢�mno�h�b+g�RnbLbLorW*bf^TW(be
h�RnW*U+mTa`h�_c}Tac_`WVvxoN~�Wªo�g�v�_cs?WV~�_`^��AWªg9h�_cbe^�@�jk^n~+h�RnW*acjkh�W�^Pg	q�be
h�RnW�h�Rnv�WVW�be}?W�v�j�hxbev�o � ¨ � ¨Pje^n~ ⊕ Ì°vxWVo�}PWªg9hx_`´fW�acq�~�WV^TbkhxWV~sAq

α
¨
β
¨Dje^n~

γ
be^ ¸�_`dfmTv�W�� Í ¬�» W�~�WVoxg	vx_csPW�h�RT_lo]h�bAbfa�_c^�AWªg9h�_cbe^©�n¬�¸�_c^njkacacqe¨��AWªg9h�_cbe^½�¦~�_cdeWªozh�o+bfmTv+U�jk_c^¯vxWVo�mTa`hxo

jk^P~;g�beU�}njkvxWVo�hxRTW�U ¢*_¡hxR:v�Wªg	W�^Lh*¢·bevx�Ao�be^:�z����{�¬

S T �+$)' �§'*����;
H' � �����.�'VU£�	
D�'XWZYn2
�+�;�[U£�	
D�'XWZYT#D# �;�+$)�	�	�	' �

Q<RT_loio�WVg	h�_cbe^:de_c´eWªo*j�sTv�_cW	Nb�´fW�vx´L_cW�¢ bkNmno�W	°mTaD°WVj�hxmTvxWVo*be
¹i_cv�h�W	¥A� � jk^P~:¹i_cvrhxW	¥A�«���*~�W�´A_lg	WVo(°bevih�RT_loi¢·bevx�1¬<¹i_cvrhxW	¥A�«�
jk^P~:¹i_cvrhxW	¥A�«���*g	be^>GndemTv�jksna`W�acbede_lg�sTacb�g��Ao+Ì Ê � E o Í }Tvxb�´A_c~�W°mT^ng	h�_cbe^njeaDWVa`WVUKWV^Lhxo*°bfv�o�qA^ng�RTvxbe^Tbfmno*jk^n~¦g�beU�sT_`^Pj�h�bfv�_ljka
acbede_lgk¬���jeg�R Ê � E _`^ng�a`mP~�WVo�v�Wªor}?WVg	h�_c´eWVa`q]hz¢·b+Ì°¹�_`v�h�W�¥L� � Í bev°bemnv�Ì°¹i_cv�h�W	¥A� �r� Í o�a`_lg	Wªo�g	bf^Lhxjk_c^T_c^Td�snjeo�_cgVjkaca`q�hz¢�b:�k� _c^T}Tm�hacbLbf�L�«mT}©hxjesTa`Wªo:Ì �]\�Q Í ¨Hhz¢·b orh�bfvxjedeW�WVa`WVU�W�^LhxoV¨�je^n~³ºjfozh
^`_bab_ ì�ßzèrçdcVéªÞ«ÜÁã9ï�èrá�ï�Ûªã5e%ß¶ä	ßzç�ækßNékßzçºê`ã9çºñ*ßrì�ÜÁï]é�á�ç¿á�âÁâÁßzâ��

f]f ïhg�i�j(j(k
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α

γ

γ γ

α

γ

β

αβ

α

β

K 5
(1)

K 6

(depth =   )

2α+2β+γ 2α+2β+γ

β

K 2
(9)

K 3
(9)

K 1
(9)

K 4
(1)

K 2
(1)

K 1
(1)

β β α

β

(1)

α

K 3
(1)

α

β−α

α−β or 0

α−β

K

0 or β−α

0 or β−α0 or β−α

4
(9)

or 0

γ

γ

α

0 or 

FIFO

α+β

Round r
(r = 2, ..., 8)

R
ou

nd
 1

O
ut

pu
t r

ou
nd

¸�_cdemnv�W �e²Î�z�i��{±g�beU�}Tm�h�j�h�_cbe^ }nj�hxR jk^n~ _¡h�oJbf}�h�_cbe^njea
}T_`}?W�ac_c^TW+orhxjkdfWVoV¬

g�jkvxvxq�a`bfde_lg�~�WV~�_lg�jkh�Wª~§hxb�je~T~�_`h�_cbe^¦je^n~:ormTsTh�v�jeg9hx_`bf^ Ì¿¸�_`de�
mTv�W�Xej Í ¬{ ¹i_cv�h�W	¥A� �r��~�WV´L_lg	W;jkalorb¦WVU+s?WV~To+U�je^Aq-�ª� × �V�;hz¢·b � og	beU�}TacW�U�WV^fh<U+mna¡hx_`}Tac_cW�v�o]Ì°h�RTW F \ ��Q��V�k¥1�ª��sTacb�g���o Í ¨LWªjeg�Rbk1h�RTWVU ormT}n}Pbfvrhx_`^Td�hz¢·b�_c^T}Tm�h·}Pbfvrh�o*�V�k�«sn_¡h�o�_`df^TWV~�bfv(�����
sT_¡hHmT^no�_cde^TWª~�¢*_c~TWe¬�Q<Rn_co�¢*_c~�h�R�_loD_l~�Wªjkaf°bevphxRTW·_`U�}TacW�U�W�^T�
hxj�hx_`bf^:bkDhxRTW�U�b�~�mTacb

(216 + 1)
U+mTa`h�_c}Tac_cgVj�hx_`bf^p¬w¸TmTv�h�RnW�v��

UKbfv�Wf¨PWªjeg�R¦U�mTa¡hx_`}na`_cW�v]Rnjeo]jk^Jbe}�hx_`bf^njka�_`^Lh�WVv�^PjkaD}n_`}?W�ac_`^nW
ozh�jkdeWf¬§�AmTvx}Tvx_co�_`^ndeacqe¨%hxRT_co�°WVj�hxmTvxW�_co�}?bAbevxa`q�~�b�g	mTU�W�^LhxWV~
_`^�hxRTW(¹i_cv�h�W	¥A� �r�N~Tjkhxj�o�RTW�W�h�jk^n~�o�qA^fhxRTWVo�_loHh�bAbealowo�W�WVU6mT^T�
jksTacWKh�b�jkmTh�beU�jkh�_lg�jkacacq�~�WVjeaN¢*_¡hxR _`hV¬�Q<RTW F \���Q��V�k¥%�V�f�g	beU�}?be^TWV^LhV¨nj�´�jk_caljksTacW�_c^�h�RTW�ac_csTvxjev�q�beN��qL^n}Ta`_`°q§u�v�bP¨njka`�

acb�¢(o�mPo·h�b�¢*v�_`h�W�U�mTa¡hx_`}na`_cW�v�o·h�Rnjkh<hxjk�fW�je~�´�jk^Lh�jkdeW�bk�h�RT_lo
g�Rnjevxjfg9h�WVv�_lorh�_lg�Ì¿¸�_cdemnv�W�Xkg Í ¬Àih�RnW�vi¸�u�Z�{ ºjkU�_ca`_cWVo�Ì«À]| Ê { o�W�vx_`Wªo*��°vxbeU �Dj�h�h�_lg	W
bev§�Ah�v�j�h�_`¥¯°vxbeU&{(a`h�W�v�j Í jeaco�b W�U+s?WV~½o�U�jkaca(U+mTa`h�_c}Tac_`WVvxoV¬Q<RTWV_`v�¢*_l~Ah�R�_co�o�U�jea`acW�v�h�RPjk^

16
jk^P~¦_¡h�_loihxRTW�vxW	°bfv�W�^TWVg	�

WVoxoxjkvxq;hxb;W�¼?Wªg9hx_`´fW�acq¦sTmT_cac~Jh�RTWKvxWVtLmT_cv�Wª~�U+mna¡hx_`}Tac_cW�v]°v�bfU
h�RnWVo�W�sTa`b�g���o�Ìºo�W�W�°bfv*_`^norhxje^ng	W�B @�D Í ¬

LUT

LUT

LUT

LUT

LUT

LUT

LUT

LUT FF

FF

FF

FF

FFFF

FF

(c) Embedded multiplier with
an internal pipeline stage

FF

MULT18x18S
FF

FF

FF

net

TioockTmultck

Critical path

FF

FF

FF

FF
MULT18x18

FF

(a) Virtex−II CLB

CLB

Fi
rs

t c
ar

ry
 c

ha
in

Slice 0

Slice 1

Slice 3

Slice 2

Se
co

nd
 c

ar
ry

 c
ha

in

(b) Embedded multiplier

net

Tioock

net

Tiockiq Tmultck

Critical path

¸�_`dfmTvxW�XT²N¹i_cvrhxW	¥A� �r��jev�_`h�RnUKW�h�_lg]°WVjkh�mTvxWVo·b�´eWVv�´A_cW�¢�¬

� ���������	��
���������	���	��������	���

��WVo�_`df^T_`^nd:je^ jev�Wªj��«h�_cU�W�W?I�g�_`WV^Lh�UKb�~�mna`b
(2n + 1)

U+mTa`�
h�_c}Tac_`WVv:_co;h�RnW��fW�q½}Pbf_`^Lh:bk�hxRTW�RPjkv�~�¢·jev�WJ_`U�}TacW�U�W�^Lh�j��
h�_cbe^µjk^P~J~�WV}PWV^n~To�be^Jh�RTWKh�jkvxdeW	h�¸�u�Z�{ v�WªorbfmTv�g	WVoV¬�Q<RTW
Gnv�ozh�h�RTvxW�W�jkacdebevx_`h�RTU�o(_c^A´ebfa`´fW�orU�jkacaDU�mTa`h�_c}Ta`_cW�v�o]jk^n~�jev�W
h�RAmno�}njkv�h�_lg	mTaljkvxacq�~�WV~�_lg�jkh�Wª~Jhxb:¹i_cvrhxW	¥A�«���]~TW�´A_cg�WVo�Ìº}njkv�j��
dev�jk}nRno8@T¬c�]h�b @T¬ @ Í ¬N»�W�jkalorb�g	bf^no�_c~�WVv(jKU+mTa`h�_c}Tac_`WVv(snjeo�WV~be^�U�b�~�mTacb

(2n+1)
jf~T~�WVvxo(Ìº}njkv�jkdfvxje}TR @n¬ � Í }Tvxbe}?bfo�WV~KsAq|�¬��?_cU�U�W�vxU�je^T^�°bev�¹ ���A�i_cU�}TacW�U�W�^Lhxjkh�_cbe^no�Bc����D«¬��Amng�R

jk^¦bf}PWVvxjkh�bfv*v�Wªtfmn_`vxWVo*bf^Tacq �]\�Q�o�jk^n~¦g�bemTal~:s?W�jk^:_c^Lh�W�v��
WVorh�_c^Td�jka`h�WVv�^Pj�h�_c´eW]°bfv<h�RTW�¹�_`v�h�W�¥L� �-ºjkU�_`acqe¬

î�� fDî��
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Q<RTW��pb�¢<� L(_cdeR�jea`dfbevx_¡hxRTU ¢<jeo%bfv�_cde_c^njea`acqi~�Wªo�g�v�_csPWª~�sAqihxRTW
~�WVo�_`df^TW�vibkHh�RTW+�z�i��{ sTacbAg���g	_c}TRTWVv B ��D ¬·Q<RT_loijea`dfbevx_¡hxRTU:¨
~�W�Gn^nWV~�sAq+��tLmnjkh�_cbe^�Ìr� Í ¨f}Tvxb�´L_l~�WªoHh�RTW*}nv�bfdev�jkU�U�W�vH¢*_¡hxRj+hxbAbea%hxbK}?W�v�°bevxU U�b�~�mTacb

(2n + 1)
U+mTa`h�_c}Tac_cgVj�h�_cbe^:¢*RTWV^

x, y ∈ Z∗2n+1

¬

x� y =





xy
U�b�~

2n − xy ~�_c´ 2n + 2n + 1_`
xy
~T_`´

2n > xy
U�b�~

2n,
xy
U�b�~

2n − xy ~�_c´ 2n_`
xy
~T_`´

2n ≤ xy U�b�~ 2n.

Ìz� Í

L(b�¢·W�´eWVvV¨(h�RTWµg�jforWªo§¢*RTWVv�W
x = 0

bev
y = 0

U+mnorh¦sPW
Rnjk^n~Ta`Wª~�o�W�}Pjkv�j�h�WVa`qf¬��ibkhxW�h�Rnjkh

(2n · j) U�b�~ (2n + 1) = (−j) U�b�~ (2n + 1)

= 2n + 1− j, Ì¿X Í
¢*RTW�vxW

1 ≤ j ≤ 2n
¬w{�o�o�mTU�W�^Tb�¢¾h�RPj�h

y = 0
²N~�mTW]h�bKhxRT_co

or}?WVg�_cjeapW�^ng�b�~�_`^ndKbe
2n
¨T��tLmnj�hx_`bf^ Ì«X Í s?WVg�beU�WVo

x� y =





1
_`
x = 0,

0
_`
x = 1,

2n + 1− x bkhxRTW�vx¢*_lorW
.

Ê be^no�WVtLmTWV^fhxa`qf¨

x� y =

{
(2n + 1− x)

U�b�~
2n
_`
y = 0,

(2n + 1− y)
U�b�~

2n
_`
x = 0.

¸�_cdemnv�WM@ ~�W�}T_lg9h�o¯hxRTW RPjkv�~�¢·jev�W¾jevxg�RT_`h�Wªg9hxmTv�W bk�j
UKb�~�mna`b

(2n + 1)
U�mTa`h�_c}Ta`_lg�jkh�_cbe^µbe}?W�v�j�hxbev�snjforWª~ be^µh�RnW

�pb�¢<� L(_cdeRJjea`dfbevx_¡hxRTU:¬i� h�}Tv�_cU�jkvx_`acq¦g	bf^nor_lorhxo(_c^�je^
n × nmT^no�_`df^TWV~µU�mTa¡hx_`}na`_cW�vKjk^n~µj¦U�b�~�mTacb

(2n + 1)
o�mTs�h�v�jeg	h�WVv

¢*RTbfo�W�_`^n}Tm�hxo
cL
je^n~

cH
jev�W�o�W�acWVg9hxWV~ sAq�j�U+mna¡hx_`}TacW	¥�WVv

~�W�}?W�^n~T_`^Td�bf^
x
jk^n~

y
²

cL =





(2n + 1− x)
U�bA~

2n
_`
y = 0,

(2n + 1− y)
U�b�~

2n
_`
x = 0,

xy
U�b�~

2n
_`
x 6= 0

je^n~
y 6= 0,

Ì�@ Í
jk^n~

cH =





0
_`
y = 0,

0
_`
x = 0,

xy
~�_c´

2n
_`
x 6= 0

jk^n~
y 6= 0.

Ì°� Í

|*WV}Tacjfg	_c^Td¦Ì�@ Í jk^n~ Ì°� Í _`^³Ìz� Í qL_cW�al~To

x� y =

{
(cL − cH + 1)

UKb�~
2n
_`
cH > cL,

(cL − cH)
U�b�~

2n
_`
cH ≤ cL.

Ì«� Í
À�mTv�¹�Li� ��dfW�^TWVvxjkh�bfvpjkaca`b�¢(o1hxRTW�mPorWVvph�b�orRTbfvrhxW�^]h�RnW�g	vx_`hr�
_lg�jkaN}Pj�h�RµsAq�_c^no�W�v�h�_c^Td:}T_`}?W�ac_c^TW�ozh�jkdfWVo�_c^�hxRTW�U+mna¡hx_`}Tac_cW�v
Ì°_c^Lh�WVdeW�v�}njkv�jkU�W�h�W�v

m1 Í ¨wjkðh�W�v+h�RTW�ormns�h�v�jeg	h�W�v�Ì°s?bAbeacWVjk^}njevxjeUKW�h�WVv
m2 Í ¨pjk^n~ j�ðhxW�v�h�RTWZGn^njeaNje~T~�WVvKÌºsPbAbfa`Wªjk^J}Pj��v�jkU�W	hxW�v

m3 Í ¬�Q<RTW�}Pjkv�jkU�W	hxW�v m1 ∈ {0, 1, 2, 3}
vxWVtLmT_cv�Wªo

°mTv�h�RTWVv<W	¥�}Taljk^njkh�_cbe^noV¬H��_`^ng�W F \���Q��V�k¥%�V��sTacb�g���o�jev�W�^Tbkhj�´�jk_cacjesTacW+_c^J¹i_cv�h�W	¥A� � ~�WV´A_cg�WVoV¨1h�RTW
16 × 16

U�mTa¡hx_`}na`_cW�v�_lo
_cUK}na`WVUKWV^Lh�WV~;_c^§acbede_lgKÌ Ê � E o·jk^n~�ºjeorh(g�jkvxvxq�acbedf_cg Í ¬w�AqA^��h�RnWVo�_co�h�bAbealo·jkvxWideWV^TW�v�jkacacqKjesTa`Wih�b�}T_`}?W�ac_c^TW]jem�h�bfU�j�h�_lg�jea`acq
o�mng�R�j(g	_cv�g	mT_`hDsAq�U�b�´A_c^Td

m1
v�WVde_lozhxW�vDorhxjedeWªo%_`^Lhxb*h�RTW�U+mTa`�

h�_c}Tac_`WVvV¬wQ<RnW�vxW	°bevxWe¨LmT};h�bKh�Rnv�WVW�}T_c}?W�ac_`^TW�orhxjedeWªo�jev�W�j�´�jk_ca¡�
jksna`W�_c^¦bemTv*_cU�}TacW�U�W�^Lhxjkh�_cbe^p¬<�A_c^ng	W�hxRTW�o�U�jea`aDW�U+s?WV~n~�WV~
U+mna¡hx_`}Tac_cW�v�opbkT¹�_`v�h�W�¥A�«���1~TW�´A_cg�WVoDRnj�´eWwje^�be}�hx_`bf^njkae_`^Lh�WVv�^Pjka
}T_c}PWVa`_c^TW�orhxjedeWe¨

m1
_lo<WVtLmnjka1hxb

0
bev

1
°bev<h�Rn_co<ºjeU�_`acqe¬

1

y

x

x

cH

c

α = m1 + m2 + m3

(xy) mod m

m3

n

L

n

M
od

ul
o 

2 
  s

ub
tr

ac
te

rs
n

y

1

Latency: 

Modulo 2   adder
Modulo 2   subtracter

x != 0
y != 0

31:16

>
− y == 0

+

15:0

−

m2

m1

m1 = 0, 1, 2 or 3 pipeline stages
m2 and m3 = 0 or 1 pipeline stage

x == 0
y != 0−

¸�_`dfmTvxW @T² F b�~�mTacb (2n+1)
U+mTa`h�_c}Tac_`WVv�snjforWª~Kbe^Kh�RTW �pb�¢<�

L(_cdeR¦jea`dfbevx_¡hxRTU:¬

�� ����!�" Ä#"%$'&
( *��Z�*)�2�2���*)(���5	��-* �d1>*,+�* 13	.-������ �`��d1 �/) �?�2�5�?���2� �����#)?��'+*
*10 	�' � �H*2)23

• �]��� x = y = 0 465 * 1>	.-�* cL = 1
	����

cH = 0 7 #8)
cH ≤ cL 4 x� y = cL − cH = 1 7

f]f ïhg�i�j(j(k
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• � ��� x = 0
	����

y = 1 4�5 * 1>	 -P* cL = cH = 0
	����

x�y = 0 7 � �2����*��d1>*�-P	����3*
2n

�/) �5*-� �H	R��*�� +��
0 4 �d1 �/)�5*2)(�����$�/) �����(� * �?���

2n
'+���

(2n + 1) = 2n � 7

• � ��� x = 10
	�� �

y = 9 4 5 *� +?�-	��2� cL = 90
	����

cH = 0 7 # ) cH ≤ cL 4 x� y = cL − cH = 90 7

• � ��� x = 16384
	����

y = 8 4 5 *�13	.-�* cL = 0
	����

cH = 2 7 ;h��� )?*��?�3*��,���	� 4 x � y = (cL − cH +
1)
'����

2n = 65535 7

����
 ���	��
������������������������� ���� ���*� ����

{io�~�Wªo�g�v�_cs?WV~©jesPb�´fWe¨�h�RTW �pb�¢<� L(_cdeR�jkacdebfv�_`h�RTU _c^A´ebfa`´fWVo
_`^Lh�WVv�jea`_lj]h�RTW]g	bfUK}Pjkvx_co�be^Kbk1hz¢·b��V¤k�«sT_`hw_c^fhxW�dfW�v�owjk^n~Khz¢·b
ormTsTh�v�jeg9hx_`bf^noV¬ {3g�a`WV´eWVv�v�WV¢*v�_`h�_c^Td¯jea`acb�¢(o�mno�hxb¯deW�h�v�_l~
bkwhxRTWKo�mTs�hxvxjfg9hx_`bf^noijkhih�RnW�}Tvx_lg	W+be�j�aljkvxdeWVv(U+mna¡hx_`}TacW	¥�WVv
jk^n~4h�b©vxW�U�b�´fW¦h�RTWµg	bfU�}njkv�j�hxbevª¬6{ioxo�mTU�WJhxRnj�h

x
je^n~

y ∈ {1, . . . , 2n − 1} ¬H» W�Rnj�´eW

xy
U�b�~

2n ≥ xy ~�_c´ 2n

⇔ xy
U�bA~

2n − xy ~�_c´ 2n ≥ 0

⇔ xy
U�bA~

2n + 2n − xy ~�_`´ 2n︸ ︷︷ ︸������� ��� �"!$#&% ' !$' (�)
≥ 2n

⇔ xy
U�bA~

2n + xy
~�_c´

2n + 1 ≥ 2n,
Ìº¤ Í

jk^n~

(xy
U�b�~

2n − xy ~�_c´ 2n)
U�b�~

2n

= (xy
U�b�~

2n + 2n − xy ~T_`´ 2n)
U�b�~

2n

= (xy
U�b�~

2n + xy
~�_`´

2n + 1)
U�b�~

2n.
Ì«� Í

|*W�}Taljeg�_`^nd:Ì¿¤ Í je^n~�Ì � Í _c^³Ì¿� Í qA_cW�al~To

x� y =





(xy
U�b�~

2n + xy
~�_c´

2n + 1)
U�bA~

2n_`
xy
UKb�~

2n + xy
~�_`´

2n + 1 ≥ 2n,

(xy
U�b�~

2n + xy
~�_c´

2n + 2)
U�bA~

2n_`
xy
UKb�~

2n + xy
~�_`´

2n + 1 < 2n,

jk^n~�h�RTW*g	bfU�}njkv�j�hxbevp_lo�^Tb�acbe^ndeW�v�^TWVg�WVoxo�jev�qf¬DQ<RTW·v�WVU�b�´�jea
bk�h�RTWJhz¢�b¯o�mTs�hxvxjfg9hxW�v�o�_co§ozhxvxje_`dfRfh�°bevx¢·jevx~p²¦¢�W�vxW�¢*vx_`h�W

��tLmnjkh�_cbe^no�Ì�@ Í jk^P~�Ìº� Í jeo

cL =





0
_¡
x 6= 0

je^n~
y = 0,

0
_¡
x = 0

je^n~
y 6= 0,

1
_¡
x = 0

je^n~
y = 0,

xy
U�b�~

2n
bkh�RnW�vx¢*_co�W

,
jk^P~

cH =





x
_`
x 6= 0

jk^n~
y = 0,

y
_`
x = 0

jk^n~
y 6= 0,

0
_`
x = 0

jk^n~
y = 0,

xy
~�_c´

2n
beh�RTWVv�¢*_lo�W

.¸�_`dfmTvxW;��_`aca`mPozhxvxjkh�WVo�hxRTW�g�bevxv�Wªor}?be^P~�_`^ndJRnjevx~�¢<jkvxW�bf}PWVvr�
j�hxbev�Ìðh�RnW§}njevxjeUKW�h�WVvxo

m1
¨
m2
jk^n~

m3
jev�W�_l~�WV^fhx_cgVjka�h�b

h�Rnbfo�W�~TWVoxg	vx_`s?WV~�_c^:�AWªg9hx_`bf^ @n¬`� Í ¬

x & "0...0"

y & "0...0"

1

y

x

1

L

cH

c

m2 and m3 = 0 or 1 pipeline stage
m1 = 0, 1, 2 or 3 pipeline stages

m1 + m2 + m3Latency: 

Modulo 2   addern

α =
y != 0

x == 0

x == 0
y == 0

y == 0

x != 0

31:16
y != 0

+

m1

x != 0

15:0

m3

m2
n bits

+

most significant bit

(x
y)

 m
od

 m

¸�_`dfmTvxW·�P² F b�~�mna`b (2n+1)
U+mTa`h�_c}Tac_`WVvwsnjforWª~+bf^�hxRTW*U�b�~A�

_HGnWV~ �pb�¢<� L(_cdeR�jkacdebfv�_`h�RTU:¬

�� ����!�" Ä#"%$+*
( *��"�*)+�2�2���*)(���5	��-* �d1>* +�* 13	.-�������`� ����� )?*�� ����� ���2� �����2� �����
�d1>*Z* 0 	�')���
* ) 	�� �5*�	R�,� )(���3����* � 	 +��.-�* 3
• �]��� x = y = 0 4�5 * 1>	 -P* cL = 1 4 cH = 0 4 	�� �
cH = 2n − 1 7 # ) cL + cH + 1 = 2n + 1 4 x � y =
(2n + 1)

'+�9�
2n = 1 7

• �]��� x = 0
	����

y = 1 4 5 *h1>	.-�* cL = 0 4 cH = y = 1 4	����
cH = 2n − 2 7 ;h��� )?*����3*?�3���	� 4 cL + cH + 1 =

2n−1
	����

x�y = (cL+cH+2)
'+���

2n = 0 7 � �2����*
�213* -�	�� �3*

2n
�/) �5* ���
	R��*�� +��

0 4 �d1 �/) � * )(����� �/)������(�5*��?� 7

î�� fDî��
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• � ��� x = 10
	����

y = 9 4%5 *)� +?� 	��2� cL = 90 4 cH = 0 4	����
cH = 2n − 1 7 # )

cL + cH + 1 = 90 + 2n 4
x� y = (cL + cH + 1)

'+�9�
2n = 90 7

• � ��� x = 16384
	����

y = 8 4�5 *�1>	 -P* cL = 0 4 cH =
2 4 	���� cH = 2n− 3 7 ;h��� )?*����3*?�3���	� 4 cL + cH + 1

�/)
*��?�3	��h� �

2n − 2 5 1 ����1C�/) )(���(�������	� )('+	��2�H*?� �d1>	�� 2n	����
x�y = (cL+cH+2)

'+�9�
2n = 2n−1 = 65535 7

���'� ����� ��� × ����� �	��
��� � ��� ���  �����$� ������ 

%��� �����

Q<RTW�bf}PWVvxjkh�bfvD~�W�}n_cg	h�WV~+be^+¸�_cdemTvxW��]ozhx_`acaAg	beU�}Tvx_lorWªoDj(U�mTa`�
h�_c}Ta`W�¥�W�v:h�b�Rnje^n~�acWJhxRTW³or}?WVg�_cjea�g�jeo�WVo;¢*RTWVv�W

x = 0
bfv

y = 0
¬:»�W;~�WVoxg	vx_`s?W�RTWVv�W§RTb�¢ hxb¦h�vxWVjkh+g	bfv�vxWVg	h�acq�h�RnWVo�W

g�jeo�WVo�¢*_¡hxR;je^
(n+ 1)× (n+ 1)

U+mTa`h�_c}Tac_`WVvV¬ �pW�h·mPo�~�W?Gn^TW
hz¢�b

(n+ 1)
� sT_`h*_`^Lh�WVdeWVvxo

x̃
jk^P~

ỹ
o�mng�R¦jeo

x̃ =

{
x
_¡

1 ≤ x ≤ 2n − 1

2n
_¡
x = 0

jk^n~
ỹ =

{
y
_¡

1 ≤ y ≤ 2n − 1

2n
_¡
y = 0

F b�~�mTacb (2n + 1)
U+mTa`h�_c}Tac_cgVj�hx_`bf^;_lo<h�RnW�^:W	¥�}TvxWVoxorWª~§jfo

x̃ỹ
U�b�~

(2n + 1)

= (M + 2nD)
U�b�~

(2n + 1)

=

(
M + dn22n + 2n ·

n−1∑

i=0

di2
i

) U�b�~
(2n + 1),

Ìº� Í
¢*RTW�vxW

M = x̃ỹ
U�b�~

2n
je^n~

D = x̃ỹ
~�_`´

2n =

n∑

i=0

di2
i.

�AmTsnorh�_`h�m�hx_`^nd
2n
U�b�~

(2n + 1) = (−1)
U�b�~

(2n + 1)jk^n~
22n U�b�~ (2n + 1)

= ((2n
U�b�~

(2n + 1)) · (2n UKb�~ (2n + 1)))
U�b�~

(2n + 1)

= ((−1) · (−1))
U�b�~

(2n + 1) = 1,

_c^fhxb¦Ìº� Í qA_cW�al~To
x̃ỹ
U�b�~

(2n + 1)

=

(
M + dn −

n−1∑

i=0

di2
i

) UKb�~
(2n + 1)

=

(
M + dn +

n−1∑

i=0

d̄i2
i + 2

) U�b�~
(2n + 1).

Ì�� Í
|*WVUKWVU+s?W�v�^nb�¢ hxRnj�h+j:U�b�~�mTacb

m
vxWV~�mng	h�_cbe^µ_lo�~�W�GP^TWV~

sAq
(km ≤ x < (k + 1)m)⇔ (x

UKb�~
m = x− km).

Ìz�V� Í» Wijk}T}na`q�Ìz�V� Í h�b§Ì�� Í jk^P~�bfs�hxje_`^�j�U�b�~�mTacb (2n+1)
U+mTa`�

h�_c}Tac_cgVj�hx_`bf^�jkacdebfv�_`h�RnU�°bfv
(n + 1)

�«sT_`h�_`^Lh�WVdeWVvxoisPWVa`bf^Tde_c^Td
h�b
Z∗2n+1

²

x̃ỹ
U�bA~

(2n + 1)

=





M +

n−1∑

i=0

d̄i2
i + 2− 2n − 1

_`
M +

n−1∑

i=0

d̄i2
i + 2 ≥ 2n + 1

M +

n−1∑

i=0

d̄i2
i + 2

_`
M +

n−1∑

i=0

d̄i2
i + 2 < 2n + 1

=





(
M +

n−1∑

i=0

d̄i2
i + 1

) UKb�~
2n

_`
M +

n−1∑

i=0

d̄i2
i + 1 ≥ 2n

M +

n−1∑

i=0

d̄i2
i + 2

_`
M +

n−1∑

i=0

d̄i2
i + 1 < 2n

Ìz�f� Í

{ orU�jea`a�U�b�~�_ G?g�j�hx_`bf^ be���tLmnjkh�_cbe^ Ìz�e� Í _lo¦orh�_ca`a�vxW	�tLmT_cv�Wª~�hxb�}PWVvr°bfv�U hxRTW�U�b�~�_ GPWV~�U�bA~TmTa`b
(2n + 1)

U+mTa`h�_`�
}Tac_cgVj�hx_`bf^�be��z����{�¬�|*W�U�W�U�sPWVv�h�Rnjkh

x � y = 0
°bfv

x =

f]f ïhg�i�j(j(k
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0, y = 1
jk^P~

x = 1, y = 0
Ì
(2n · 1)

UKb�~
(2n + 1) = 2n Í ¬»�W�Rnj�´eW

D = 0
¨
M = 1

¨�je^n~
M+

∑n−1
i=0 d̄i2

i+1 = 2n−1
¬

Ê be^no�WVtLmTWV^fhxa`qf¨k¢*RTWV^
M+

∑n−1
i=0 d̄i2

i+1 < 2n
¨e¢�W<besThxjk_c^

x� y =

(
M +

n−1∑

i=0

d̄i2
i + 2

) U�b�~
2n

=





0
_¡

(x = 0, y = 1),

0
_¡

(x = 1, y = 0),

M +

n−1∑

i=0

d̄i2
i + 2

bkh�RnW�vx¢*_co�W
.

¸�_c^njea`acqe¨�°bfv
x = y = 0

¨�¢�W�RPj�´eW
dn = 1

¨
M = 0

¨Tjk^P~
di = 0 ∀i 6= n

¬wQ<RnW�vxW	°bevxW
(
M +

n−1∑

i=0

d̄i2
i + 2

) U�b�~
2n =

(
n−1∑

i=0

2i + 2

) U�b�~
2n

= (2n + 1)
UKb�~

2n = 1

= x� y.
»�W�besThxjk_c^�hxRTW�U�bA~TmTa`b

(2n + 1)
U�mTa¡hx_`}na`_lg�jkh�_cbe^�be}?W�v�j�h�bfv

~�WVoxg	vx_`s?WV~�sLq�{(acdebfv�_`h�RnU @n¬`�ije^n~�_ca`acmnorh�v�j�hxWV~�be^�¸�_cdemTvxW��T¬

y

x

1

m2 and m3 = 0 or 1 pipeline stage

α = m1 + m2 + m3

m1 = 0, 1, 2 or 3 pipeline stages

Modulo 2   addern

Latency: 

15:0

= 0

M

multiplier
(n+1)*(n+1)

15:0
most sig−

= 0
15:0

+

m1

n bits

nificant bit31:16

32

m2

+
m3 (x

y)
 m

od
 m

¸�_cdemnv�W���² F b�~�mna`b (2n + 1)
U+mTa`h�_c}Tac_`WVv(snjforWª~�be^:jk^

(n+
1)× (n+ 1)

U�mTa¡hx_`}na`_cW�vª¬

�  ��� !�" Ä " $ "
(]*?� �*) �2�2� �*)����5	��-*)�213*8+ *�1>	 -9�����0�/�8�d1 �/) �d1 �2�5���?�2�5�����2� �����0�����
������� *10 	�' � �H*2)23

�"�� È ���°��� � " $ & F b�~�mna`b (2n + 1)
U�mTa¡hx_`}na`_lg�jkh�_cbe^p¬

��� ��	
x = 0

�
� Ä��
��

x← 2n��� Ä�� É���	
i � ��	

y = 0
��� Ä��

j �
y ← 2n��� Ä�� É���	

� �
M ← xy

U�bA~
2n
Ì
n
�«sn_¡h(_c^Lh�W�dfW�v Ík �

D ← xy
~�_c´

2n
Ì
(n+ 1)

� sT_`h(_`^Lh�WVdeWVv Í
��� ��	

(
dn = 0

je^n~
M +

n−1∑

i=0

d̄i2
i + 1 < 2n

) bev�Ì
dn =

1 Í �
� Ä��
�����

x� y ←
(
M +

n−1∑

i=0

d̄i2
i + 2

) U�bA~
2n

����� Ä "º� Ä
����

x� y ←
(
M +

n−1∑

i=0

d̄i2
i + 1

) U�bA~
2n

����� Ä�� É���	

• �]��� x = y = 0 4 5 * 13	.-�*
M = 0 4

dn = 1 4 	����
di = 0 ∀i 6= n 7 � * � +?�-	��2�

x � y =
(
M +

∑n−1
i=0 d̄i2

i + 2
) '����

2n =

(2n + 1)
'+�9�

2n = 1 7

• �]��� x = 0
	�� �

y = 1 4 5 * 1>	 -P* M = 0 4 d0 =
1 4 	�� � di = 0 ∀i 6= 0 7 # )

M +
∑n−1
i=0 d̄i2

i +
1 = 2n − 1 4 �213*�� �5�9���3�����/) � *��$��*�� +&�

x � y =(
M +

∑n−1
i=0 d̄i2

i + 2
) '+�9�

2n = 2n
'+�9�

2n = 0 7

• �]��� x = 10
	����

y = 9 4 5 *�� +?�-	��2� M = 90 4 D = 0 4	����
M +

∑n−1
i=0 d̄i2

i + 1 = 2n + 90 7 ; ��� )?*����3*?�3���	� 4
x� y =

(
M +

∑n−1
i=0 d̄i2

i + 1
) '����

2n = 90 7

• �]��� x = 16384
	�� �

y = 8 4%5 * 13	.-�* M = 0 4 D = 2 4	����
M +

∑n−1
i=0 d̄i2

i + 1 = 2n − 2 7 x � y �/) �d1>*?�
*"�?�3	���� � (

M +
∑n−1

i=0 d̄i2
i + 2

) '����
2n = 2n−1 =

65535 7
{�´eWVv�q�g�a`bLorW<jkv�g�RT_`h�WVg	h�mTvxW·RnjeoHs?W�WV^K}nmTsTac_co�RTWV~�_c^���� �n�

sAq Ê mTv�_cdeWVvZ*?�)	�� 7 B �RD«¬]�¶^norh�WVjf~¦bkNhxRTW � ��� 0 ���*dLj�hxWe¨?h�RTWVq
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mnorW�jk^����Hdfjkh�W·h�b�g�beU�}Tm�hxW*h�RnW(_`^n}Tm�h�gVjkvxv�q�be?hxRTWio�WVg�be^n~
je~T~�WVvV¬(Q<Rn_co�be}?W�v�j�hxbevio�W�WVU�oiRTb�¢·W�´eWVv*U�_corhxje�eW�^D¬(¸Tbev�_`^T�
ozh�jk^ng�We¨k_`

x = y = 1
¢·W<Rnj�´eW

xy
U�bA~

2n = 1
¨
xy
~�_c´

2n =
0
¨nje^n~

xy
UKb�~

2n + xy
~�_`´

2n + 1 = 1 00 . . .00︸ ︷︷ ︸
(n−1)×

1.

Q<RTW�bem�hx}Tm�h(g�jev�vxq�beDhxRTW)GPvxorh·U�b�~�mTacb
2n
jf~T~�WVv�_lo·h�RTWVv�W��

°bevxW]WªtLmnjka1hxb�be^TW�jk^P~§¢·W�bes�h�jk_c^
xy
U�b�~

(2n + 1) = (1 + 1)
U�bA~

2n = 2

¢*RT_cg�R½_lo�g	acWVjev�acq³¢*vxbe^TdP¬4Q<RT_co�W�vxv�bfvKb�gVg	mTv�o�°bev§o�W�´fW�v�jka
bkh�RnW�v*_c^T}Tm�hi´�jea`mTWªo�¬
����� ��� � ���6
 � � �  � � � %� ���$� �� � ������� ���� 


��� ��
|�¬ �?_cUKU�WVv�U�jk^n^ RnjeoË}Tvxbe}?bfo�WV~ UKb�~�mna`b

(2n ± 1)U+mTa`h�_c}Tac_cgVj�h�_cbe^©be}?W�v�j�h�bfvxo�mnor_c^Td�U�b�~�mTacbk� vxWV~�mng�WV~µ}njevrhx_cjea
}Tv�b�~�mPg9hxoV¨:U�bA~TmTa`b g�jev�vxqL� oxj�´eW¾je~n~�W�v�o�¨:jk^P~ j U�b�~�mTacb
Gn^njka�jf~T~�W�v Bc����D ¬ F b�~�mna`b (2n + 1)

U+mTa`h�_c}Tac_cgVj�h�_cbe^6_co
~�W�Gn^nWV~�sAq?²

xy
UKb�~

(2n + 1)

=

(
n+ 2 +

n−1∑

i=0

uwu
i

) U�bA~
(2n + 1),

Ìr�ªX Í
¢*RTW�vxW

uwu
i =xi · yn−i−1 · · · y0ȳn−1 · · · ȳn−i+

x̄i · 0 · · · 01 · · · 1. Ìr�9@ Í
¸�_cdemnv�WK¤�~�W�}n_cg	hxo�h�RTWKjkv�g�RT_`h�WVg	h�mTvxW�beNh�RT_loiU�b�~�mTacb

(2n +
1)
U�mTa`h�_c}Ta`_cW�v�je^n~¯_`hxo�°bfmTv�be}�hx_`bf^njka·}T_c}PWVa`_c^TW¦ozh�jkdfWVoV¬¯{

Gnvxorh�orhxjedeW*_cUK}na`WVUKWV^Lhxow��tfmPj�h�_cbe^�Ìr�9@ Í h�b+g�beU�}Tm�hxW*h�RTW+�V¤UKb�~�mna`be�«vxWV~�mPg	WV~+}njkv�h�_ljkaA}Tvxb�~�mng	hxoV¬ F b�~�mna`b (2n+1)
U�mTa¡�

h�_c}Ta`_lg�jkh�_cbe^¦_lo*hxRTW�^JgVjkvxv�_cWV~;bemThisAq�o�mTU�U�_`^Td�h�RTWªorW�hxW�vxU�o
jk^n~�h�RTW�g	bf^nozh�jk^Lh

2
¢*_¡hxR

n
U�b�~�mTacb

(2n + 1)
je~T~TW�v�o�¬H|*W	�

UKWVU+s?W�v*hxRnj�h*hxRT_lo(be}?W�v�j�hx_`bf^�gVjk^�sPW+v�Wªjkac_HKVWV~;sLq;jk^:W�^n~��
jkvxbemT^n~�� gVjkvxv�q�je~n~�W�v*¢*_`h�R

c � ( = c̄ �
	�) ²
(a+ b+ 1)

U�b�~
(2n + 1) = (a+ b+ c̄ �
	�) ) UKb�~ 2n.

Ìz��� Í

�(beh�W�h�Rnjkh;hxRT_lo;bf}PWVvxjkh�bfv§g	bfUK}nm�h�Wªo§hxRTWµormTU
a + b

_c^��
g	vxWVjforWª~�sAq�bf^TWe¬w�A_c^ng	Wih�RTW]g	_cvxg�mT_`h�be^;¸�_cdemnv�Wi¤+_`^A´fbeac´eWVo

nU�b�~�mTacb
(2n + 1)

jf~T~�_`h�_cbe^noV¨?h�RTW�h�WVv�U
n
°bfmT^n~�_c^���tLmnjk�

h�_cbe^³Ìr�ªX Í _lo*jkm�hxbeU�j�hx_cgVjkaca`q;ormTU�U�WV~p¬{io�h�RTW�´�jea`mTW
2n
_co§v�WV}Tv�WªorWV^Lh�WV~-sAq

0
¨<j

2n
g	bevxvxWVg9�

h�_cbe^µmT^n_¡h+_lo�vxWVtLmT_cv�Wª~�hxb¦Rnjk^P~�a`W�hxRTWVo�W�o�}PWªg	_ljka�gVjeo�WVoV¬�|�¬
�?_cU�UKWVv�U�je^T^;RPjeo*~�W?Gn^TWV~

(C?, S?) =





(Ȳ , 1)
_`
X = 2n

jk^n~
Y 6= 2n,

(X̄, 1)
_`
X 6= 2n

jk^n~
Y = 2n,

(0, 0)
_`
X = Y = 2n.

{-U+mTa`h�_c}TacW	¥�W�vHorWVa`Wªg9h�ophxRTW�_c^T}Tm�hHbk�hxRTW Gn^njkaLU�b�~�mTacb
(2n+

1)
je~T~TW�v�jegVg	bev�~�_c^Td�hxb

x
jk^P~

y
¬ �(beh�WKh�Rnjkh�|�¬ �1_`U�U�W�v��

U�jk^T^¦RPjeoi~TWVo�_`df^TWV~:jk^¦WV^n~A�¶jkvxbemT^P~A� gVjkvxv�q�}Pjkv�jkaca`WVa¡� }TvxW�GT¥
je~n~�W�v§orh�vxmng	h�mTvxW�h�b³}?W�v�°bevxU h�Rn_co�aljeorh§je~n~�_¡hx_`bf^p¬ u�v�W?GT¥
je~n~�W�v�o<jkvxWiRTb�¢·W�´fW�v·vxjkh�RTWVv�_c^TW�I�g�_`WV^fh<°bfv<g�mTvxv�WV^fh*¸�u�Z�{
~�WV´L_lg	Wªo�jk^n~�bemnv0Gn^njkaNU�b�~�mTacb

(2n + 1)
_lo�snjforWª~Jbf^JhxRTW

°beacacb�¢*_`^Td�vxW�¢*vx_¡hx_`^nd�be���tLmnjkh�_cbe^µÌz�V� Í ²

(a+ b+ 1)
U�b�~

(2n + 1) =
{

(a+ b+ 1)
U�bA~

2n
_`
a+ b ≥ 2n,

a+ b
_¡
a+ b < 2n.

★
C

S
★

n
M

od
ul

o 
(2

   
+

1)
ca

rr
y−

sa
ve

 a
dd

er
2 

 c
or

re
ct

io
n

α = m1 + m2 + m3 + m4Latency: 

n

Modulo (2  +1) addern

y

. .
 .

0 or 1 pipeline stage

pr
od

uc
t g

en
er

at
or

M
od

ul
o 

pa
rt

ia
l−

1

2

x

m1 m2 m3

m4

C

S

(x
y)

 m
od

 m
0

1

0

1 +

+

0

1

¸�_`dfmTvxW]¤n² F b�~�mTacb (2n + 1)
U+mTa`h�_c}Tac_`WVv(snjforWª~�be^:|�¬ �?_cUK�

U�W�vxU�jk^T^�� o*jkacdebfv�_`h�RnU�¬

f]f ïhg�i�j(j(k
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����� � � � � � ����� � � ��� � � �� � � � � ����� ��� � � � �
Q�jesTa`W+��o�mTU�U�jev�_
K�WªoHh�RnWiU�jk_c^�or}?WVg�_ G?g	_`h�_cWVo]ÌºjkvxWVj�je^n~�~�W��
acj�q Í bkwhxRTWK°bemTv�jkacdebfv�_`h�RnU�o]~�Wªo�g�v�_csPWª~JjesPb�´fW�°bev�o�W�´fW�v�jkaorW�hxo·bkD}Pjkv�jkU�W	hxW�v�o�¬�Q<RTW�¹"Li� �µg	b�~�Wi¢<jeo·jkmTh�beU�jkh�_lg�jkacacq
deW�^nW�v�j�h�Wª~%¨�orqA^Lh�RnWVo�_HKVWV~�mno�_`^nd��AqA^T}Tac_¡°q�u�v�b]��¬ �n¬ @n¨ªje^n~�_cUK�
}Ta`WVU�W�^Lh�Wª~�be^K¹i_cvrhxW	¥A�«�¯je^n~K¹i_cvrhxW	¥A� �r��~TW�´A_cg�WVoNWVU�}Ta`b�qA_c^Td
�i_ca`_c^�¥�{ia`ac_ljk^ng�W+�AW�vx_`Wªo<�n¬c�e¬ �R@e_¿¬
¸Tbev�¹i_cv�h�W	¥A� �r�D~TW�´A_cg�WVoV¨�h�RTW·hxRT_`v�~�U�b�~�mTacb

(2n+1)
U�mTa¡�

h�_c}Ta`_lg�jkh�_cbe^�jea`dfbevx_¡hxRTU jea`acb�¢(opj*o�_`df^T_ G?g�jk^LhDdLjk_c^�_`^�hxW�vxU�oDbk
orac_cg�WVo�g	beU�}njev�Wª~;h�b�hxRTW�hz¢·b �pb�¢<� L(_cdeR¦jkacdebfv�_`h�RnU�oV¬*Q<RT_lo
dfjk_c^ _lo�bk�g�bemTv�o�WJacWVoxo;_cU�}Pbfvrh�jk^Lh�°bev�¹i_cvrhxW	¥A�«� ~�W�´A_lg	Wªo
¢*RTW�vxW�h�RnW�U+mTa`h�_c}Tac_`WVv+_lo�_cUK}na`WVUKWV^Lh�WV~µbf^ Ê � E o�je^n~µv�W��tfmn_`vxWVo�hxRTW�U�jk_c^½}njkv�h�bk�hxRTW�Rnjevx~�¢<jkvxW�v�WªorbfmTvxg�WVoV¬ ¸Tbfv
h�RT_lo·ºjkU�_ca`qf¨�¢�W]jkalorbKbesno�W�vx´eW�j�o�_`df^T_HGPg�je^fh·_`^Pg	vxWVjeo�WibeDhxRTW
~�W�alj�q+s?W	hz¢·W�WV^�jea`dfbevx_¡hxRTU�o

2
jk^P~

3
¬�Q<RT_lowdLjk}K_co�g	WVvrh�jk_c^Ta`q

v�WVacjkh�WV~�h�b�h�RTW�jkv�g�RT_`h�WVg	h�mTvxWibeph�RnW
(n+ 1)× (n+ 1)

U+mTa`�
h�_c}Ta`_cW�v;jkm�hxbeU�j�hx_cgVjkaca`q¯dfW�^TWVvxjkh�Wª~©sAq¯hxRTW�o�qL^LhxRTWVo�_coKhxbAbealo
Ì°be^nW+U�bevxW+orhxjkdfW�_c^¦h�RTW+h�vxW�W+o�mTU�U�_`^nd�h�RnW+}njevrhx_cjeaD}Tvxb�~A�
mng9h�o Í ¬�¸�_c^njea`acqe¨%bfmTv�W�¥�}PWVv�_cU�W�^Lhxo]orRnb�¢Îh�Rnjkh�hxRTW�sPWªozh�orW�hbk(}njevxjeUKW�h�WVvxo�_lo

m1 = 2
¨
m2 = 1

¨Nje^n~
m3 = 1

_`(¢·W
¢·je^fh<hxb�be}�hx_`U�_
K�W]h�RTW�hxRTvxbemTdfRT}Tm�h(beDh�RnW � be}?W�v�j�hxbevª¬Q<RTWJg�jev�vxqL� oxj�´eW:je~n~�W�v;snjeo�WV~½bf}PWVvxjkh�bev�acWVjf~To�hxb¯hxRTW
acjev�dfWVorh:je^n~ o�a`b�¢·WVorh¦g	_cvxg�mT_¡h�o�¬£�A_c^ng	W h�RnW�vxW�_lo:^Tb¾g�jev�vxq
}Tv�bf}njkdLj�hx_`bf^�_c^JgVjkvxv�qL�¶o�j�´fW]jf~T~�W�v�oV¨Po�qL^LhxRTWVo�_co(h�bAbealoi~Tbe^�� h
mnorW;~�WV~�_lg�jkh�Wª~³g�jkvxvxqJacbede_lg�ac_`^TWªo+je^n~³jkaca`b�gVj�h�W�hz¢�b � \iQ�o
h�b¦sTmT_cal~³j§°mna`a·je~T~�WVv�g	WVa`a«¬§{ ´eWVv�qJa`b�¢<� a`WV´eWVa�¹"Li� �4~�W��
o�g�v�_c}�h�_cbe^�jkaca`b�¢(o�mno�h�b�hxje�eW�je~�´�jk^Lh�jkdeWibkphxRT_co<gVjkvxv�q�acbede_lg
jk^n~;h�RnW�vxW	°bevxW�h�b�v�Wª~�mng�W�hxRTW�jkvxWVjn¬=Lib�¢�WV´eWVvV¨Lh�RnW�v�bfm�h�_c^Td
sPWªg	beU�Wªo�U�bevxW�g�beU�}Tac_cgVj�hxWV~µjk^n~�_c^n~�mng�WVo�je^ _c^ng�v�Wªjeo�WK_c^
h�RTW§g�v�_`h�_lg�jeaw}njkh�Rp¬�Q<RTWVo�W�v�Wªormna¡h�o�h�WV^n~ h�b¦Wªozh�jksTac_co�R h�Rnjkh
jkacdebevx_`h�RTU�o*_c^Lh�W�^P~�WV~:°bfv]{]�A� Ê oijev�W+^Tbkh�jkac¢·j�q�o*je~njk}�hxWV~
h�b�¸�u�Z�{ioV¬

� ! 
H��.����'*����;
�' � �+� ��� #?0®24! ��
��"Y
�·' � ����


�(b�¢½h�RPj�h<¢�W�Rnj�´eW(W?I�g	_cW�^Lh�U�b�~�mTacb
(2n + 1)

U�mTa¡hx_`}na`_cW�v�o�¨
h�RTW�~�Wªor_cde^;bkHjKg�_`}nRTW�v<vxbemT^n~;_lo·orh�v�jk_cdeRLh�°bevx¢·jevx~%²�_`^LhxW�deWVv
je~T~�_`h�_cbe^JUKb�~�mna`b

2n
hxjk�fWVo�je~�´�jk^Lh�jkdeW�beHºjeorhr�¶g�jkvxvxq§acbede_lg

jk^n~ �]\�Q�o]_cUK}na`WVUKWV^Lh�sn_¡hz¢*_lorWKW	¥Tg�a`mno�_c´eWKbevª¬��¶^�bfvx~�WVvihxb
orRTbfvrhxW�^§h�RTW�g	vx_`h�_lg�jka%}Pj�h�RD¨�WVjeg�R;be}?W�v�j�hxbev·Rnjeo<j�}njkv�jkU�W	h��

vx_cg§^LmnU+s?W�v+be(_`^LhxW�vx^njka·}T_c}PWVa`_c^TW:ozh�jkdeWªo�ÌºQ�jksna`W:X Í ¬³À�mTv¹�L�� � dfW�^TWVvxjkh�bev�jkmTh�beU�jkh�_lg�jkacacqµjf~T~ToKvxW�de_lorh�W�v�o�_`^�WVjfg�R
vxbemT^n~4_`^ bev�~�W�v§h�b½g	bfv�vxWVg	h�acq�o�qA^ng�RTvxbe^T_
K�WJh�RTWµ~Tj�h�j-jfg9�
g	bfvx~T_`^Td:hxb:h�RTWªorW§}njkv�jkU�W	hxW�v�o�Ìº¸�_cdemTvxW¦� Í ¬�¸nmTvrhxRTW�vxU�bevxWe¨bemnv�h�bAbea�_co;jksTacW¦hxb¯_`^PorWVvrh�vxW�df_corh�WVvxo�bf^�h�RTW�sPbfmT^n~Tjev�_cWVo
s?W	hz¢·W�W�^�hz¢·bKo�mngVg	WVoxo�_`´fW�vxbemT^P~To�¬

Q�jksTacWiX�²��(mTU�sPWVvwbk1_`^LhxW�vx^njkaT}n_`}?W�ac_`^nWiozh�jkdfWVo�bk?h�RTW(h�RTvxW�W
devxbemn};bf}PWVvxjkh�_cbe^noV¬

� � ⊕��â��9ã �
	 �	 á�ïªì � ��â��9ã i
α ∈ {0, . . . , 3} α ∈ {0, . . . , 4} β ∈ {0, 1} γ ∈ {0, 1}

Output round Output round

Round 1 Round 2 Round 4

Output round

Round 1

Round 1

Output round

Round 8

Round 1

Pipeline stage
Optional pipeline stage

(d) 8+1 rounds(c) 4+1 rounds(b) 2+1 rounds(a) 1+1 rounds

¸�_`dfmTvxW���²w¸TbfmTvijkv�g�RT_`h�Wªg9h�mnv�Wªo·o�mT_`hxjesTa`W�°bfv(jk^:�z����{�}Tvxbk�
g	Wªo�o�bevª¬
¸�_`dfmTvxWÎ��j ~�WV}T_cg	hxo½j6snjeo�_cg Rnjevx~�¢<jkvxW jevxg�RT_`h�Wªg9hxmTv�W

U�je~�W mT} be�be^TW v�bfmT^n~%¨�hxRTW bfm�h�}nm�h©hxvxje^noz°bfv�U�jkh�_cbe^p¨
j v�WVde_lozhxW�vª¨�jk^P~ j U�mTa`h�_c}Ta`W�¥�W�vª¬){&}Taljk_c^Lh�W�¥Lh sTacbAg���_lo
o�mT}T}Tac_`Wª~�hxb4h�RnW�g�_`v�g	mT_`hJhxRTvxbemTdfRÎh�RTW�U+mTa`h�_c}TacW	¥�W�vª¨�hxRTW
Gnv�ozh³vxbemT^P~ bk��z�i��{)_co W�´�jea`mnjkh�Wª~%¨�jk^n~ h�RTW½vxWVo�mTa`hµ_lo
orh�bevxWV~µ_c^¯hxRTW§vxW�df_corh�WVvV¨H¢*RTbLorW;g	be^LhxW�^Lh�_lo�hxRTW�^¯°WV~¯sPjeg��
h�bµhxRTW¦Rnjevx~�¢<jkvxW§vxbemn^n~%¬¾� ]h�RTW¦vxbemT^P~©_lo�_`U�}TacW�U�WV^fhxWV~
jeo+j¦g	beU�sT_c^nj�hx_`bf^njkawg�_`v�g	mT_`h§Ì°_«¬ We¬

α = β = γ = 0 Í ¨ph�Rn_cosnjfor_lg _`h�WVvxjkh�_c´eW jevxg�RT_`h�Wªg9hxmTv�W _co6hxje_`acbevxWV~Ëhxb3°WVWV~�snjfg��
g�Rnje_`^T_c^Td�UKb�~�WªoKa`_c�eW Ê E Ê ²�be^na`q³bf^TW§}Taljk_c^Lh�W�¥Lh�sTacb�g�� _loW�^Pg	vxqL}Th�WV~-j�h�j�hx_`U�W:jk^n~©¢�W�g�jk^-}Tvxb�´L_l~�W�j�^TWV¢ _`^n}Tm�h
sTacb�g�� j�ðhxW�v¯^T_c^TW4g�a`b�g�� g�qAg�a`Wªo4Ì°WV_`dfRLh¯v�bfmT^n~To³je^n~ hxRTW
bemTh�}Tm�hih�v�jk^nor°bevxU�j�h�_cbe^ Í ¬ �pW�h f ~TW�^Tbeh�W�h�RnW+g	acb�g���vxjkh�W�be

î�� fDî��
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Q�jesTacWK�f² Ê beU�}njkvx_lorbf^§bk�h�RnW�°bemTv*U�b�~�mTacb
(2n + 1)

U+mTa`h�_c}Tac_`WVvxo·°bfv(¹i_cv�h�W	¥A� ��je^n~�¹i_cvrhxW	¥A� �r��~TW�´A_cg�WVoV¬
�;Ä�� �º� Ä �"�� È ���°�
���

m1 m2 m3 m4 � "��¿� Ä �
! � "º� $ �;Ä "¿� Å
��" È ���p� � � ���

� Ê Xk¹i�L���¶¤ �pb�¢<� L(_cdeR � � � 	
66

�
15.7� Ê Xk¹i�L���¶¤ �¶UK}nv�b�´fWV~�Db�¢<�-Li_`dfR � � � 	

48
�

15.9� Ê Xk¹i�L���¶¤
(n+ 1)× (n+ 1)

U�mTa¡hx_`}na`_cW�v � � � 	
25

�
15.8� Ê Xk¹]Xf�k���¶¤ Ê jkvxv�qL�¶o�j�´fWije~n~�W�v*snjforWª~;jevxg�Rn_¡hxWVg9hxmTvxW � � � �

393
�

15.7� Ê Xk¹i�L���¶¤ �pb�¢<� L(_cdeR � � � 	
75

�
6.9� Ê Xk¹i�L���¶¤ �¶UK}nv�b�´fWV~�Db�¢<�-Li_`dfR � � � 	

58
�

7.1� Ê Xk¹i�L���¶¤
(n+ 1)× (n+ 1)

U�mTa¡hx_`}na`_cW�v � � � 	
25

�
6.3� Ê Xk¹]Xf�k���¶¤ Ê jkvxv�qL�¶o�j�´fWije~n~�W�v*snjforWª~;jevxg�Rn_¡hxWVg9hxmTvxW � � � �

474
�

6.9
� Ê ¹��V�f�k�N�¶¤ �pb�¢<� L(_cdeR � � � 	

241
	

24.7� Ê ¹��V�f�k�N�¶¤ �¶UK}nv�b�´fWV~�Db�¢<�-Li_`dfR � � � 	
204

	
24.3� Ê ¹��V�f�k�N�¶¤

(n+ 1)× (n+ 1)
U�mTa¡hx_`}na`_cW�v � � � 	

178
	

32.1� Ê ¹��V�f�k�N�¶¤ Ê jkvxv�qL�¶o�j�´fWije~n~�W�v*snjforWª~;jevxg�Rn_¡hxWVg9hxmTvxW � � � 	
392

	
31.1� Ê ¹��V�f�k�N�¶¤ �pb�¢<� L(_cdeR � � � 	

241
	

15.4� Ê ¹��V�f�k�N�¶¤ �¶UK}nv�b�´fWV~�Db�¢<�-Li_`dfR � � � 	
226

	
15.2� Ê ¹��V�f�k�N�¶¤

(n+ 1)× (n+ 1)
U�mTa¡hx_`}na`_cW�v � � � 	

177
	

22.5� Ê ¹��V�f�k�N�¶¤ Ê jkvxv�qL�¶o�j�´fWije~n~�W�v*snjforWª~;jevxg�Rn_¡hxWVg9hxmTvxW � � � �
466

	
11.9� Ê ¹��V�f�k�N�¶¤ �pb�¢<� L(_cdeR X � � 	

325
	

10.9� Ê ¹��V�f�k�N�¶¤ �¶UK}nv�b�´fWV~�Db�¢<�-Li_`dfR X � � 	
318

	
10.8� Ê ¹��V�f�k�N�¶¤

(n+ 1)× (n+ 1)
U�mTa¡hx_`}na`_cW�v X � � 	

305
	

15.2� Ê ¹��V�f�k�N�¶¤ �pb�¢<� L(_cdeR @ � � 	
371

	
11.0� Ê ¹��V�f�k�N�¶¤ �¶UK}nv�b�´fWV~�Db�¢<�-Li_`dfR @ � � 	

365
	

10.8� Ê ¹��V�f�k�N�¶¤
(n+ 1)× (n+ 1)

U�mTa¡hx_`}na`_cW�v @ � � 	
314

	
14.6

f]f ïhg�i�j(j(k
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h�RT_lo*�z����{�}Tvxb�g	WVoxo�bev��f_`hxo<hxRTvxbemTdfRT}Tm�h*_lo<h�RTWV^¦~�W�Gn^nWV~�sAq
Q<RTvxbemndeRT}TmTh�� N�� N��	� 
 ' '�����"�	� =

}Taljk_c^Lh�W	¥Ah(sTacb�g��§o�_HKVW
� vxbemT^P~To · f

=
64

9
f.

�(bkhxW�h�Rnjkh�°bev�j:^nbe^��«°W�Wª~�snjeg���g�Rnjk_c^T_c^Td:¢�W�gVjk^ }Tv�b�´A_l~�W
j³^TW�¢ sTacb�g��-jeo;orbAbf^�jfo�h�RTW�}TvxWVg	Wª~�_c^Tdµbe^TW�WV^Lh�W�v�o�hxRTW
bem�hx}Tm�h�h�v�jk^nor°bevxU�j�h�_cbe^ Ìº_¿¬ We¬ jkðh�W�v�W�_cdeRLh:g	acbAg��½g	q�g�a`Wªo Í ¬Q<RTW�h�RTvxbemndeRT}TmTh<_lo<hxRTW�^

Q<RTvxbemndeRT}TmTh � N�� N��	� ( ��(�� 
 ' '�����"��� = 8f.

¸�_cdemnv�Wªo���s�jk^P~ ��sÎ_`acacmnozhxvxjkh�Wªo:hz¢�b¾jevxg�RT_`h�Wªg9hxmTv�Wªo:¢*_¡hxR
}njkv�h�_ljka·a`bAbf}³mT^Tvxbeaca`_c^Tdn¬ ¸TbfvKg�beU+sn_`^njkh�_cbe^njeawvxbemT^n~no�¨HhxRTW
g	vx_¡hx_cgVjka�}nj�hxR�_`^Pg	vxWVjeo�WVo(}Tv�bf}Pbfvrhx_`bf^njkacacq�h�b§h�RTW�^AmTU+s?W�v]bk
mT^Tvxbeaca`Wª~�vxbemT^n~no�¬NQ<RT_lo<jk}T}Tvxbfjfg�R�_lo�hxRTW�vxW	°bfv�W]^Tbeh·vxWVg�beUK�
UKWV^n~�Wª~¯°bfv+°WVWV~�snjfg��¯g�Rnjk_c^T_c^TdJU�b�~�Wªo�¬¯{(ðh�W�v�_c^no�W�v�h�_cbe^
bk�}n_`}?W�ac_`^nW�orhxjedeWªo�¨A_`h*jfg�RT_cW�´eWªo�dfbAbA~;W�^Pg	vxqL}Th�_cbe^§v�j�hxWVo]Ì°_c^
^Tbe^��«°W�Wª~�snjfg���U�bA~TWVo Í bf^¦orU�jkacap~�WV´L_lg	Wªo�¬¸�_c^njea`acqe¨<¸�_`dfmTv�WJ�k~-o�RTb�¢(o�jk^½jkv�g�RT_`h�Wªg9h�mnv�W�¢*_¡hxR�°mTa`a
a`bAbe}§mT^Tvxbeaca`_c^Td+~�Wª~�_lg�j�hxWV~�hxb�RT_cdeR�hxRTvxbemTdfRT}Tm�h·_`U�}TacW�U�W�^T�
hxj�hx_`bf^no<bk�h�RnW�sTa`b�g��§g�_`}nRTW�vª¬NQ<RTW�h�RTvxbemndeRT}TmTh<_lo*^Tb�¢
Q<RTvxbemndeRT}TmTh���� � N��	� ( ��(�� 
 ' '�����"��� =

}Taljk_c^fhxW	¥Ah(sTacb�g��§or_
K�W · f
= 64f.

�¶^µjf~T~�_`h�_cbe^ h�b�hxRTW��z�i��{ g	bfUK}nm�hxjkh�_cbe^ }nj�hxRp¨DWªjeg�R }Tv�be�
g	WVoxo�bev�g�be^Lhxje_`^Po�j�ormTsn�eW�q�U�W�U�bfv�q�_cUK}na`WVUKWV^Lh�WV~+be^ Ê � E oÌ°vxbemTdfRTa`q��A�k�Korac_lg	WVo Í jk^n~�j�g�be^Lh�vxbea1mT^n_¡hª¬wQ<RTW�acjkhrh�WVv*or_cUK�}Ta`q¯g�be^no�_lozh�o�_c^©j¦hxbe�eWV^¯jeoxorb�g�_cjkh�WV~µ¢*_`h�R-WVjfg�R³}Tacje_`^LhxW	¥Ah
sTa`b�g��1¬��¶^�jf~T~�_`h�_cbe^�h�b�_c^n~�_lg�jkh�_c^Td]h�RTW*´�jkac_l~�_¡hzq�bkPh�RTW(~Tjkhxjn¨
h�RTW�hxbe�fW�^¦orWVa`Wªg9h�o<h�RTW�g	bevxvxWVg9h(o�mTsT�fW�q�o<_`^¦_`h�WVvxjkh�_c´eW�jkv�g�RT_`�
h�WVg	h�mTvxWVoV¬

� � ' �D���� �
����� ��� �  �����  ��� � ��� %� � �
{(acanW	¥�}?W�vx_`U�WV^fh�o�~�Wªo�g�v�_cs?WV~K_`^�hxRT_low}nje}PWVvw¢�WVv�W<}?W�v�°bevxU�WV~
be^�j]�Amn^ F _lg	vxbfo�q�ozhxW�U�o=\(a`h�v�j����V�(¢·bevx��ozh�j�hx_`bf^§Ì°�f�f� F L Kf¨��Z E bewUKWVU�bevxq Í ¬��¶^�je~n~�_¡hx_`bf^�hxb�h�RnWK�z����{ g	bfU�}Tm�hxjk�h�_cbe^ }Pj�h�RD¨(WVjfg�R4}TvxbAg�WVoxorbfv§g	bf^Lhxjk_c^no;j©o�mTsT�eWVq½UKWVU�bevxq

jk^P~�jKhxbe�fW�^�snjeo�WV~:g	bf^Lh�vxbea1mT^T_`hV¬·¸TmTv�h�RTWVv�U�bfv�Wf¨Tjkacap_`^n}Tm�h
jk^P~:bem�hx}Tm�h�o�_`df^njkalo(jev�W�vxbem�hxWV~�hxRTv�bfmTdeR�hxRTW+�i�¿hzqA}?W��n_c}��
�nbf}no�j�´�je_`aljksTacW�_c^¦h�RnW��¶^T}nm�h9ÂfÀ�m�h�}TmTh]sTacb�g���o(bk�¹i_cvrhxW	¥A�«�
bev*¹�_`v�h�W�¥A�«����~�WV´L_lg	Wªo�¬
Q<RTW;¹�Li� � g	b�~�W§¢<jeo+deWV^TW�v�j�hxWV~µsAqµbemTv�h�bAbealoV¨Ho�qA^��

h�RnWVo�_HKVWV~ mno�_`^Td��AqA^T}na`_`°qJuwvxbJ�A¬ �T¬ @:jk^n~�_`U�}TacW�U�WV^fhxWV~ be^
¹i_cv�h�W	¥A� �3jk^n~Î¹�_`v�h�W�¥A�«����~�WV´A_cg�WVo�WVU�}Ta`b�qA_c^Td �i_ca`_c^�¥ {(a`�
ac_cje^ng	W+�AWVv�_cWVo<�P¬`�f¬ � @k_«¬NQ<RTW�v�WªtLmT_`vxWV~§h�_cU�W�vxje^TdeWªo�°v�bfU®�V�
U�_`^Am�hxWVo]Ì°�! ��*v�bfmT^n~ToV¨

(n+ 1)× (n+ 1)
U+mTa`h�_c}Tac_`WVv�snjforWª~

be}?W�v�j�hxbevª¨ � Ê X�¹]�e�e� Í h�b���RTbemnvxo<Ìº�" ���vxbemT^P~To�¨kgVjkvxv�qL�¶o�j�´fWje~n~�W�v*snjforWª~§bf}PWVvxjkh�bfvV¨ � Ê ¹]Xe�e�f�k� Í ¬

����
 # � ��
%$ ���'& � �)( �,� � � � � � � 
 � ����

�pW�himno�ozhxmn~�q Gnvxorh�o�beU�W+jevxg�RT_`h�Wªg9hxmTv�Wªo*~�WVo�_cde^TWª~�°bev(^Tbf^��
°W�Wª~�snjfg�� g�Rnje_`^T_c^Td½U�b�~�WVoV¬/Q�jksTacWC@¾~�_cdeWªozh�o:h�RTW©U�je_`^
g�Rnjevxjfg9h�WVv�_lorh�_lg�opbeP�z����{½}Tvxb�g	WVoxo�bev�op}?W�v�°bevxUK_c^Td�h�RTW<U�b�~A�
_HGnWV~JUKb�~�mna`b

(2n + 1)
U+mna¡hx_`}Tac_lg�j�hx_`bf^�¢*_`h�RJj;orU�jkaca�U+mTa`�

h�_c}Tac_`WVv*jk^n~;j�o�mTsno�WVtLmTWV^fh<U�b�~�mTacbKg�bevxv�Wªg9h�_cbe^�Ì¿jkacdebfv�_`h�RTU�o
��hxb @ Í ¬ uwv�b�g�WVoxorbfvxo�¢·bevx�A_`^nd�¢*_¡hxR¯hxRTW�hxRT_`v�~©jea`dfbevx_¡hxRTUjkvxW*g	acWVjev�acq�h�RnW(U�bforhw_`^Lh�WVv�Wªozhx_`^nd�°bfvw¹i_cv�h�W	¥A� �r�H~�W�´A_lg	Wªo�²�jeo
h�RnW�q�jk}T}nv�b�¥�_cU�jkh�WVa`q�v�Wªtfmn_`vxW�¤e�"*¾be�h�RTW·orac_lg	WVoV¨�¢�W�g�jk^+_`UK�
}TacW�U�W�^Lh<j�g�Rnjk_c^T_c^Td�U�b�~�WibfvwhxRTW�o�mTsT�fW�q�o�g�RTWª~�mTacW(be^�hxRTW
oxjkU�W(¸�u�Z�{�¬ �(bkhxW*h�RPj�hNh�RnW(}T_c}PWVa`_c^TWig�be^Lhxje_`^no

107
ozh�jkdfWVo

be^ � Ê Xk¹+�V�f�e�·jk^n~ � Ê ¹��V�f�e�k�:~�WV´L_lg	WªowÌº�" ��Hv�bfmT^n~To Í jk^n~
55
ozh�jkdeWªo�bf^ � Ê X�¹��k�e�J~�W�´A_lg	WVo�Ì°�! ��§vxbemT^P~To Í ¬ Ê bf^no�W	�tLmTW�^Lhxa`qf¨�¢·W�orRnbemTal~³~�WVg�beU�}?bfo�W�hxRTW§~Tjkhxj¦orh�vxWVjeU®_c^

107bev
55
orWV}njkv�j�hxW�U�WVoxoxjkdeWªoH_`^�bfvx~�WVvHh�b�mno�W<h�RnWVo�W*}Tv�b�g�WVoxorbfvxo

_c^:j�°WVWV~�snjfg���U�b�~�We¬
Q<RTW:orWªg	bf^n~©jea`dfbevx_¡hxRTU bk¼1W�v�o+hxRTW:sPWªozh�hxvxjf~�W	� bk¼¾s?W	�

hz¢·W�W�^�jkvxWVj*jk^P~�W�^ng�v�qA}�hx_`bf^�v�j�h�W�be^�¹�_`v�h�W�¥L� �J~�WV´A_cg�WVoV¬�{(a`�
h�RnbemTdfR:jf~T~�_c^Td�j�°bemTv�h�R:}T_c}PWVa`_c^TW+orhxjedeW]_`^�hxRTW�U+mna¡hx_`}Tac_cW�v
_cUK}nv�b�´fWVo�°vxWVtLmTWV^ng	qf¨Hh�RTW�vxWVo�mTa¡hx_`^ndJ}Tvxb�g	WVoxo�bev�vxWVtLmT_cv�Wªo+j
aljkvxdeW�vwje^n~�U�bevxW(W	¥�}?W�^no�_c´eW(~�WV´L_lg	W�ÌºQ�jksTacW(� Í ¬NQ<RT_co�v�Wªormna¡h_lo(ormnv�}Tvx_lor_c^Td�jk^n~:}nv�bfsnjksTacq§g�beU�WVo·°vxbeU�h�RTW�vxW	hx_`U�_c^Td�jka`�
debfv�_`h�RnU®bk<hxRTW§o�qL^LhxRTWVo�_co�h�bAbealo�¬�» W§Rnj�´fWKU�b�~�_HGnWV~¯bemTv
g	b�~�W�deWV^TW�v�j�hxbevHh�bK~�WVoxg	vx_csPW(W�¥�}Ta`_lg	_`h�acq�RTb�¢�h�RTW]U+mna¡hx_`}Tac_cW�v
_lo]h�b�sPW�_cUK}na`WVUKWV^Lh�WV~p¬�» W�ormTU"mn}JhxRTW

n
}njevrhx_cjea�}Tvxb�~A�

mng	hxo
Pi = xiy

¨
i ∈ {0, . . . , n − 1} ¢*_¡hxR³j�hxv�WVW�be·g�jev�vxqL�}Tvxbe}njedfjkh�W�jf~T~�WVvxo�Ìº¸�_cdemTvxW�� Í ¬KQ<RTW�~�_HI�g�mTa`hzq�a`_cWVo]_c^JhxRTW~�W�h�W�vxU�_`^Pj�h�_cbe^-bk(hxRTW:¢*_c~�h�R�bk(hxRTW:_`^Lh�WVv�U�Wª~�_cjkh�W:ormnU�oV¬

î�� fDî��
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Q�jesTa`WZ@T² Ê Rnjevxjfg9hxW�vx_corh�_lg�o*bewbemTv]jkv�g�RT_`h�WVg	h�mTvxWVo(°bev�h�RTW+h�RTvxW�W�U+mTa`h�_c}Tac_`WVv�sPjeo�WV~ � be}?W�v�j�hxbev�o�Ì°^nb§vxW�de_lorh�W�v�be^�s?bemn^n~Tjkvx_cWVosPW�hz¢�WVW�^�hz¢�b�o�mng�g�WVoxor_c´eW]vxbemT^n~no�¨
m1 = m2 = m3 = 1

¨
β = 1

¨Pjk^n~
γ = 1 Í ¬

��Ä�� �º� Ä � "�� È ���º�
��� �§È � � É�� � "��¿� Ä �
! ��"°� $ ��Ä "¿� Å � ��� È � � � Æ
��" È ���p� � � ��� !���� ���;���n���

� Ê X�¹��V�f�e���¶¤ �Db�¢<�-Li_`dfR �  ��
4845

Ì �e�"* Í @k�
8.0 ∼ 8.0� Ê X�¹��V�f�e���¶¤ �¶U�}Tvxb�´eWª~�Db�¢<�-Li_`dfR �  ��

4199
Ìº�LX * Í @k�

8.1 ∼ 7.9� Ê X�¹��V�f�e���¶¤
(n+ 1)× (n+ 1)

U+mTa`h�_c}Tac_`WVv �" ��
3077

Ì¿¤e� * Í @k�
7.5 ∼ 8.5� Ê X�¹��k�f���¶¤ �Db�¢<�-Li_`dfR �" ��

2905
Ì �e�"* Í �V�

7.9 ∼ 4.0� Ê X�¹��k�f���¶¤ �¶U�}Tvxb�´eWª~�Db�¢<�-Li_`dfR �" ��
2436

Ì«� � * Í �V�
8.0 ∼ 4.0� Ê X�¹��k�f���¶¤

(n+ 1)× (n+ 1)
U+mTa`h�_c}Tac_`WVv �! ��

1983
Ì¿¤k�"* Í �V�

7.7 ∼ 4.1� Ê ¹+�ª�e�f�k�N�¶¤ �Db�¢<�-Li_`dfR �  ��
10024

Ìº�n� * Í 	
14.9 ∼ 4.3� Ê ¹+�ª�e�f�k�N�¶¤ �¶U�}Tvxb�´eWª~�Db�¢<�-Li_`dfR �  ��

9586
Ì«�k� * Í 	

14.9 ∼ 4.3� Ê ¹+�ª�e�f�k�N�¶¤
(n+ 1)× (n+ 1)

U+mTa`h�_c}Tac_`WVv �" ��
8745

Ì �A� * Í 	
22.9 ∼ 2.8

�(bkhxW�h�Rnjkh

max(2Pi+1 + Pi) =
n−1∑

j=0

2j + 2 ·
n−1∑

j=0

2j

= 2n − 1 + 2 · (2n − 1)

= 2n+1 + 2n − 3.
Ìr�ª� Í

Ê be^no�WVtLmTWV^fhxa`qf¨nhxRTW�o�mTU£bkHhz¢·b
n
� sT_¡h]}njkv�h�_ljka�}TvxbA~Tmng9h�o(_lo

jk^
(n+ 2)

� sT_¡h(^AmTU�sPWVvV¬H» W�~�WV~Tmng	W�°vxbeU®Ìr�ª� Í hxRnj�h
max = (22 · (2Pi+3 + Pi+2)︸ ︷︷ ︸

n+ 2
 � ) �

+ (2Pi+1 + Pi)︸ ︷︷ ︸
n+ 2

 � ) �
)

= 22 · (2n+1 + 2n − 3) + 2n+1 + 2n − 3

= 2n+3 + 2n+2 + 2n+1 + 2n − 15,

¢*RT_cg�RJ_co�jk^
(n + 4)

�«sT_`h�^AmTU�sPWVvV¬�À�mTv�¹�Li� �-deW�^nW�v�j�h�bfv
jk}T}Tac_cWVoio�mng�R¦vxmTacWVo*hxb§sTmn_`al~:h�RnW

16× 16
U�mTa`h�_c}Ta`_cW�vª¬iQ<RTW

^TW�¢Îg	bfU+sT_c^nj�hx_`bf^njka1U�b�~�mTacb
(2n + 1)

U+mna¡hx_`}Tac_cW�v*vxWVtLmT_cv�Wªo
�V�R@+orac_cg�WVo�g	beU�}njev�Wª~�h�b�Xe�k��°bfvwh�RnWi}Tvx_`U�jev�qKg	_cvxg�mT_¡hª¬NQ<RTW
UKWªjeo�mTvxWV~ ~�W�alj�qJbe�hxRTW�g	_cvxg�mT_`h�_co

29
^Po�¬§Q<RnW�sPWV^TW�GTh�bk

h�RT_loije}T}Tvxbfjeg�R;_co(UKbfv�W�bfsL´A_cbemno·°bfvio�WVtLmTW�^Lhx_cjea%be}?W�v�j�h�bfvxoV²
X��e��o�ac_cg�WVo�je^n~ �T¬ÁX�^no�g	bfUK}PjkvxWV~Kh�b @T�V��o�ac_cg�WVo�je^n~

10.8
^no

°bev�h�RTW(oxjkU�W·acjkh�WV^ng	q�ben°bemnvHg�a`b�g���g�qAg�a`Wªo�¬�Q<Rnjk^n�Ao�hxb�hxRT_lo
be}?W�v�j�h�bfvV¨�h�RnW��z�i��{ }Tvxb�g	Wªo�o�bev�¢*_`h�R³°mna`a·a`bAbf}³mT^Tvxbeaca`_c^Td
GThxo�_`^Lhxb§be^nW � Ê ¹+�ª�e�e�e�4¸�u�Z�{�¬%Q<RT_loiW�¥�}PWVv�_cU�W�^Lhi_ca`acmnor�
h�v�j�h�Wªo�h�RnW�_`^nW�I�g	_cW�^ng�q�be�hxRTW§jfg9h�mPjka�o�qA^fhxRTWVo�_lo�h�bAbealo�°bfv

h�RnW�~TWVo�_`df^Jbk·jkvx_¡hxRTU�W	h�_lg�be}?W�v�j�h�bfvxoV¬�Q<RTW�~�WVo�_cde^�be�^TWV¢
h�bAbfaco<o�RTbemTal~�s?WVg�beU�W�jk^§_cU�}Pbfvrh�jk^Lh<v�WªorWªjkv�g�R�GnW�al~§¢*_`h�Rn_`^
h�RnW�^TW	¥Ah(qeWªjkv�o�¬
¸�_`^Pjkaca`qf¨wh�RnW:gVjkvxv�qL�¶o�j�´fW�je~T~TW�vKsnjeo�WV~©be}?W�v�j�h�bfv�acWVjf~To

h�b�aljkvxdeWVv·je^n~:oracb�¢·W�v<g	_cvxg�mT_¡h�o�ÌºQ�jksTacW+� Í ¬
���'� $ � � & � � ( �,� � � � � � � 
 � � ��
Q�jksTacW§¤�o�mTU�U�jkvx_HKVWVo�hxRTW§g�Rnjevxjfg9h�WVv�_lorh�_lg�o�bk(o�beU�W��z����{
}Tvxb�g	WVoxo�bevJo�mT_`hxjksna`W©°bev�°W�WV~Tsnjeg��Îg�Rnjk_c^T_c^Td4U�b�~�WVoV¬){io
h�RnW¯v�bfmT^n~To�jkvxW³^Tb�¢ g	beU�sT_c^nj�hx_`bf^njka«¨�h�RTW-g	vx_¡hx_cgVjka+}Pj�h�R
_c^ng	vxWVjforWªowjk^n~�¢�W(bfs�hxje_`^§´eW�vxq+acb�¢¾W�^Pg	vxqL}Th�_cbe^�v�j�h�Wªo�¬HQ<RTW
snjfor_lg�_¡hxW�v�j�h�_c´eW½jkv�g�RT_`h�Wªg9h�mnv�WÎÌº¸�_cdemTvxW ��j Í o�W�W�U�o hxb s?Wh�RnW�s?WVorh]bf^TW�°bev�°W�WV~Tsnjeg��:U�b�~�WVoV²(_`h]vxWVtLmT_cv�Wªo(acWVoxo�o�ac_cg�WVo
h�RPjk^¯o�qAorh�WVU�o�¢*_`h�R¯}njevrhx_cjeawacbLbf}³mT^Tvxbeaca`_c^Td�je^n~³jeg�RT_cW�´fWVo
h�RnW�o�jeUKW]hxRTv�bfmTdeRn}Tm�hV¬
����� � � � � � � � � � � � ����� � � ��%����� �#� 	 � � 


���� � ��� �
Q�jksTacW � ~�_cdeWªozh�o�vxWVo�mTa`hxo }TmTsna`_lorRnWV~ sAq o�beU�W/bkh�RnW�v
vxWVo�WVjkv�g�RTWVvxoV¬�» W+df_`´fW�RTWVv�W+j§sTvx_`W�Hb�´fW�vx´A_`WV¢ beNh�RTW�U�je_`^
°WVjkh�mTvxWVo<be�hxRTWVo�W��z�i��{�}TvxbAg�WVoxorbfvxoV¬
�f¬ Ê v�qA}�hxb E bAbforh�W�v Ì F bLo�je^Aqfj *?� 	�� 7 B`��@PD jk^n~
E WVmng�Rnjkh Bc�(D Í _lo j RT_cdeRTacq"U�bA~TmTacjev je^n~"vxWVg�be^��GndemTv�jksna`W g�be}Tvxb�g	Wªo�o�bev hxjk�A_c^Td °mna`a³je~T´�je^LhxjkdfW be

f]f ïhg�i�j(j(k
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PP0 = x  *y0
PP1 = x  *y1 PP3 = x  *y3

PP2 = x  *y2 PP4 = x  *y4
PP5 = x  *y5

PP6 = x  *y6
PP7 = x  *y7

* 22 * 22

* 24

Optional pipeline stages

8 bits

10 bits

P = X*Y

¸�_cdemTvxW��T²N{(v�g�RT_`h�Wªg9h�mnv�W�bkNjk^
8× 8

mT^Por_cde^TWª~§U�mTa`h�_c}Ta`_cW�vª¬

Q�jesTa`W��n² Ê RPjkv�jeg9hxW�vx_corh�_lg�o+bk(bfmTvKjevxg�Rn_¡hxWVg9hxmTvxWVo�°bfv+hxRTW;h�RTvxW�W;U+mTa`h�_c}Tac_`WVvKsPjeo�WV~ � be}?W�v�j�hxbev�o�bf^¯¹i_cvrhxW	¥A� �6~�WV´L_lg	Wªo;Ìº^Tbv�WVde_lozhxW�v<be^:s?bemT^n~njkvx_`Wªo�s?W	hz¢·W�WV^�hz¢�b�o�mng�g�WVoxor_c´eW]v�bfmT^n~ToV¨
m1 = 2

¨
m2 = 1

¨
m3 = 1

¨
β = 1

¨Tje^n~
γ = 1 Í ¬

��Ä�� �º� Ä � "�� È ���°��� � �§È � � É�� � "��º� Ä �
��Ä "º� Å � �D� È � � � Æ
� � � � !���� � �;� �T���

� Ê ¹+�ª¤e�e�e�N�¶¤ �pb�¢<� L(_cdeR �  ��
12959

Ìº�R@"* Í 11.7 ∼ 5.4� Ê ¹+�ª¤e�e�e�N�¶¤ �¶U�}Tvxb�´eWV~ �pb�¢<� L(_cdeR �  ��
12375

Ì«� �"* Í 11.6 ∼ 5.5� Ê ¹+�ª¤e�e�e�N�¶¤
(n+ 1)× (n+ 1)

U+mTa`h�_c}Tac_`WVv �  ��
11948

Ì«�k¤ * Í 18.3 ∼ 3.5

g�mTv�vxW�^Lh�¸�u�Z�{io+jk^n~ ¢·bevx�L_c^Td�¢*_¡hxR³j:RTbforh�orq�orh�W�U
_c^½bev�~�W�v�hxbµjfg�g�W�acW�v�j�h�W¦g�v�qA}�hxbedev�jk}nRT_cg;jkacdebfv�_`h�RTU�oV¬
Ê vxqA}�h�b E bAbLozhxW�v _cUK}na`WVUKWV^Lhxo h�RTW,�z�i��{ sTacbAg��
g�_`}TRnW�v�je^n~&hz¢·b g�Rnjk_c^T_c^Td jkacdebfv�_`h�RnU�oV¨�^njeUKWVa`q
� Ê E jk^n~ Ê E Ê � ¬ F b�~�mTacb (2n + 1)

_co�gVjkvxv�_cWV~�bemTh
¢*_`h�RËh�RnW �pb�¢<� L(_cdeR/jea`dfbevx_¡hxRTU jk^P~3hxRTW �z�i��{
g�bevxW g�be^no�_corhxo:_c^Îj�o�_c^TdeacWµv�bfmT^n~ jk^n~ h�RTWµbfm�h�}TmTh
hxvxje^noz°bfv�U�jkh�_cbe^©Ì¿¸�_cdemnv�W���j Í ¬+Q<RTW�U�jk_c^�~Tvxj�¢*snjfg��Ê vxqA}�h�b E bAbLozhxW�vJ_lo�h�RTW¾g�beU�}TacW	¥�_¡hzq�be§_`hxoµg	bf^fhxv�bfamT^n_¡h�o�²Ëh�RnWÎg�be}Tvxb�g	Wªo�o�bev-_co¾~�_c´A_c~TWV~�_`^Lh�b o�W�´fW�v�jka
U�b�~�mTacWVo¾vxWVo�}?be^no�_`sna`W °bev UKWVU�bevxq U�jk^njedeW�U�WV^fhª¨
g�beU�U+mT^n_cgVj�h�_cbe^,¢*_¡hxR h�RTW)RTbLozh o�qAorh�WVU:¨®~Tj�h�j
WV^ng	vxqA}�h�_cbe^p¨?bev�sTacbAg��:g�Rnje_`^T_c^TdP¬�{(aca�h�RTWªorW�UKb�~�mna`Wªo
g�beU�U+mT^n_cgVj�h�W h�bfdeW�h�RTWVv mno�_c^Td mT^T_l~�_`vxWVg	h�_cbe^njea
}?be_c^Lhr�«h�bk� }?be_c^fh§g�RPjk^T^TWVacoV¬ � h�_lo�hxRTW�vxW	°bfv�W:}?bfoxor_csTacW
hxb�g�Rnjk^TdfWKh�RTW�WV^ng	vxqA}�h�_cbe^³jkacdebfv�_`h�RnU3bev�hxRTW�sTacbAg��

� ÚpÛ�ÜÁÝNñ*ã�ì�ß·Ý¿âÁÜ��9Û�Þ¿â c�ì�Ü �eßzç¿ÝHê`çºã9ñ Þ¿Û�ß _ ab_ ñ*ã�ì�ß�ì�ßzÝ«èzçºÜÁæeßzì�ÜÁïÞ¿Û�ß<âÁÜ Þ¿ßzç«áxÞ¿ó�çºß � ÜÁï�ã9çºì�ßzçHÞ«ã�á�èzèrã9ñ*ñ*ã�ì�áxÞ¿ß�Þ¿Û�ß·âåáxÞ¿ßzï�è c�ßzï �9ßzï�ì�ßzç¿ßzìæ�c(é�ÜÁékßzâÁÜÁï�ÜÁï � 	 Þ«Û�ß�è Û�á�ÜÁï�ÜÁï �<á�â��9ã9ç¿Ü Þ¿Û�ñ�ìªÜÁÝ«ékã9Ý«ßzÝ%ã�ê
q > 1

ÜÁï�Ü Þ¿Üåá�âÁÜ��rá��Þ¿ÜÁã9ï�ä	ßzè¶Þ¿ã9ç¿Ý �

g�Rnjk_c^T_c^Td)mT^T_`hV¨ ¢*_`h�Rnbem�h3U�b�~�_`°qL_c^Td je^Lq bkh�RnW�v
UKb�~�mna`Wf¬�Q<RTW�U�je_`^�debfjeaDbewh�RT_lo�jkv�g�RT_`h�WVg	h�mTvxW+_lo�h�b
jkaca`b�¢�}njkv�h�_ljka(vxWVg�be^�GPdemTv�j�hx_`bf^-be�hxRTWJg	bf}TvxbAg�WVoxorbfvV¬
\(^�°bfvrhxmT^nj�hxW�acqe¨ Ê vxqL}Th�b E bAbforh�WVv�_lo�acWVoxo·W�I�g	_cW�^Lh*jk^n~U+mng�R;UKbfv�W�W	¥�}?W�^no�_`´fWihxRnjk^�jk^;be}�hx_`U�_
K�WV~�o�bkðhz¢<jkvxW
_`U�}TacW�U�W�^Lh�j�h�_cbe^D¬

XT¬ Ê v�qA}�hxb E bAbforh�W�v����JÌ E WVmng�Rnj�h.*�� 	�� 7 B X�D Í _co�jk^ _`UK�}Tv�b�´fWV~½´fW�v�or_cbe^½bk Ê v�qA}�hxb E bAbforh�W�vª¬ Q<Rnje^T��o�hxb-jor_cU�}Ta`_HGnWª~ g�be^Lh�vxbeaHmT^n_¡h+je^n~�j�s?W	h�h�W�v+_`U�}TacW�U�W�^Lh�j��
h�_cbe^�bk1hxRTWiU�b�~�mTacb

(2n+ 1)
U�mTa¡hx_`}na`_cW�vª¨ehxRT_lo�g	bf}Tvxbk�

g	WVoxo�bev*W�U�sPWª~Toi°bemTv�v�bfmT^n~To�jk^n~�hxRTW+bfm�h�}TmThih�v�jk^Poz�
°bevxU�jkh�_cbe^�Ì¿¸�_cdemnv�W*��g Í ¢*RT_ca`W<orRnbev�h�W�^n_`^Td(h�RTW·g	vx_¡hx_cgVjka}nj�hxRp¬;¸nbev�hxRTW�o�jeU�W�}Tv�_lg	W�jfo Ê vxqL}Th�b E bAbforh�WVvV¨1hxRTWh�RTvxbemTdfRT}Tm�h<_lo*jk}T}Tvxb�¥�_`U�jkh�W�acq��f�+h�_cU�WVo*RT_cdeRnW�v*jk^n~
bem�hx}PWVvr°bfv�U�o�h�RTW�s?WVorhio�bkðhz¢<jkvxW]o�beacm�h�_cbe^D¬

@n¬ �pW�bf^Td *?� 	��¡¬ B �PD�Rnj�´fWw}Tvxbe}?bfo�WV~�j(sn_¡h�� o�W�vx_cjeafjevxg�RT_`h�Wªg9�
h�mTvxW�WV^njksTac_c^Td(hxRTW·jea`dfbevx_¡hxRTU h�b�sPW<~�W�WV}Tacq�}T_`}?W�ac_c^TWV~
h�b¾jeg�RT_cW�´fW j½o�q�ozhxW�U g�a`b�g��¾v�j�h�Wµbe;�ªXf� F L K³be^

î�� fDî��



���������
	����������� ��������	���������������� �"!$#&%(')���
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Q�jesTa`W���² Ê Rnjkv�jeg	h�WVv�_lozhx_cgVowbeDjkv�g�RT_¡hxWVg	h�mTvxWVo�_`^A´ebfa`´A_c^Td�h�RnW]gVjkvxv�qL�¶o�j�´fW·jf~T~�W�v·snjforWª~ � bf}PWVvxjkh�bfv�Ì°^nb+vxW�de_lorh�W�v�be^�s?bemn^n~Tjkvx_cWVosPW�hz¢�WVW�^�hz¢�b�o�mng�g�WVoxor_c´eW]vxbemT^n~no�¨
m1 = 2

¨
m2 = 1

¨
m3 = 1

¨
m4 = 1

¨
β = 1

¨Tjk^P~
γ = 1 Í ¬

�;Ä�� �¿� Ä � "�� È ���°��� � �§È � � É�� � "��¿� Ä �
��Ä "º� Å � ��� È � � � Æ
� � � � !���� � �;� �T���

� Ê Xk¹i�L�e�e�k� ¤ Ê jev�vxqL� oxj�´eWijf~T~�WVv*snjeo�WV~�jkv�g�RT_`h�WVg	h�mTvxW �  ��
18537

Ìº�f� * Í 8.2 ∼ 7.9� Ê ¹�Xk�f�e�k�w� ¤ Ê jev�vxqL� oxj�´eWijf~T~�WVv*snjeo�WV~�jkv�g�RT_`h�WVg	h�mTvxW �  ��
18164

Ì �e�"* Í 13.8 ∼ 4.6

Q�jksTacW�¤T² Ê Rnjevxjfg9h�WVv�_lorh�_lg�o�bkHbemTv(jevxg�RT_`h�Wªg9hxmTv�Wªo�°bev<°W�Wª~�snjfg���U�bA~TWVoV¬<Ì
α = β = γ = 0 Í ¬

�;Ä�� �º� Ä �"�� È ���°��� � �;È � � É�� � "��º� Ä �
! ��"°� $ ��Ä "º� Å � �D� È � � � Æ
��" È ���p� � � � � !���� � �;� �T���

� Ê X�¹�Xe�k�k� ¤ �pb�¢<� L(_cdeR �% ��
1148

Ì«���"* Í 6 49.4 ∼ 0.14� Ê X�¹�Xe�k�k� ¤ �¶U�}Tv�b�´fWV~ �pb�¢<� L(_cdeR �% ��
1049

Ìº¤f� * Í 6 49.7 ∼ 0.14� Ê X�¹�Xe�k�k� ¤
(n+ 1)× (n+ 1)

U�mTa`h�_c}Ta`_cW�v �  ��
920
Ì«� �"* Í 6 50.5 ∼ 0.14� Ê X�¹�Xe�k�k� ¤ �pb�¢<� L(_cdeR X  �� ���f¤ @;Ì��f� * Í 10 92.9 ∼ 0.14� Ê X�¹�Xe�k�k� ¤ �¶U�}Tv�b�´fWV~ �pb�¢<� L(_cdeR X  �� �ªX �f�;Ì¿�R@"* Í 10 96.2 ∼ 0.13� Ê X�¹�Xe�k�k� ¤

(n+ 1)× (n+ 1)
U�mTa`h�_c}Ta`_cW�v X  �� �V�f�e¤�Ì«�k� * Í 10 96.0 ∼ 0.13

j¦¹�_`v�h�W�¥ � Ê ¹�@e�f��� �n¬JZ]_c´eWV^³UKbfv�W§v�WªorbfmTvxg�WVoV¨DhxRT_lo
jevxg�RT_`h�Wªg9hxmTv�W�gVjk^½s?W�oxg�jkacWV~�mT}½hxb©jeg�Rn_`WV´eW¦RT_cdeRTWVv
WV^ng	vxqA}�h�_cbe^µv�j�h�Wf¬¦Q<RTW�_l~�WVj¦o�_`U�}Tacq³g	bf^nor_lorhxo�_c^³_`^T�
orhxje^fhx_cjkh�_c^Td§U�mTa`h�_c}Ta`W��z����{ g	bfv�Wf¬�Q<RTW�~�WVo�_`df^Jbe�j
U�b�~�mTacb

(2n + 1)
U+mTa`h�_c}Tac_`WVv�_co�jkalo�b�snjforWª~³be^-h�RnW

�Db�¢<�-Li_`dfR;jkacdebfv�_`h�RnU�¬

�n¬8L�jkW�^n^T_<Rnjeo�orh�mn~�_cWV~�o�bkðhz¢<jkvxW§_cUK}na`WVUKWV^Lhxj�hx_`bf^noKbk
hxRTW��z����{ sTacb�g���g	_c}TRTWVv�°bfv�� hxje^T_`mnU/jk^P~¯Z]�¦}Tv�be�
g�WVoxorbfvxo B ¤�D«¬£Q<RTW³g	b�~�Wµ¢<jeo�¢*vx_¡h�h�W�^Î_c^ jfo�o�W�U�sTacq
aljk^TdfmnjkdfW h�b4s?W�^TW?GThJ°vxbeU h�RnW¯}Pbeh�WV^fhx_cjea+be�U�mTa`�
hx_`U�WV~T_cjµ_c^norh�vxmng9hx_`bf^no�¬¾{�o�h�RT_lo�o�bkðhz¢<jkvxW;}?W�v�°bevxU�o
WV_`dfRfh )�* �3	��5	��-*�W�^Pg	vxqL}Th�_cbe^no+_`^¯}Pjkv�jkaca`WVa¿¨H_`h�Rnjfo�hxRTW
oxjkU�W�hxRTvxbemTdfRT}Tm�h�°bev�°WVWV~�sPjeg��³jk^n~¯^Tbe^��«°W�Wª~�snjfg��
WV^ng	vxqA}�h�_cbe^�U�bA~TWVoV¬

��¬8L��kU��ka��k_c^TW�^ *�� 	�� 7 Rnj�´eW;_`U�}TacW�U�W�^LhxWV~³hxRTW:�z�i��{sTacb�g��-g�_`}TRnW�v§bf^4jµ¹i_cvrhxW	¥ � Ê ¹+�ª�e�e�e� ~�W�´A_lg	W Bå��D ¬
Q<RTW�jea`dfbevx_¡hxRTU"}Tvxbe}?bfo�WV~�sAq F j Bc�e�(D�¢<jeo�mPorWª~Jhxb}?W�v�°bevxU h�RTW�UKb�~�_HGnWª~�U�b�~�mTacb

(2n + 1)
U+mna¡hx_`}Tac_lg�j��

hx_`bf^p¬wQ<RT_lo<_`U�}TacW�U�W�^Lh�j�h�_cbe^:jeg�Rn_`WV´eWVo<j�h�Rnv�bfmTdeRT}nm�h
be�¤T¬å����Z]s?Âko<¢*_¡hxR¦j�alj�hxW�^ng�q�bk<�9@LX+g�a`b�g��§g�q�g	acWVoV¬

� 8 �+�;�·�	� �D�	��� �

» WKRPj�´eWK_`^A´eWªozhx_`dLj�hxWV~¦°bfmTv�jkacdebfv�_`h�RnU�oih�b¦gVjkvxv�q:bemTh]hxRTW
U�b�~�_ GPWV~�U�b�~�mTacb

(2n + 1)
U+mTa`h�_c}Tac_cgVj�hx_`bf^¦°bev�h�RTWK�z����{

sTacb�g���g�_`}TRnW�vª¬Î�A_c^ng�W¦h�RTW�acjkh�Wªozh§¸�u�Z�{®ºjkU�_ca`_cWVo�WVU+s?WV~
U+mna¡hx_`}Tac_cW�v]sTa`b�g���oV¨PbfmTvibf}PWVvxjkh�bev�o*_c^A´ebeac´eW�o�U�jkacaDU�mTa¡hx_`}na`_`�
g�jkh�_cbe^no�jk^n~�jev�WN}nv�bfsnjksTacqi^nbkh�jf~�WVtLmnjkh�WH°bfvD¹ ���A�%bevDbkh�RnW�v
¸�u�Z�{ ~�W�´A_lg	WVoV¬*{ o�W�vx_`Wªo*bkNW�¥A}?W�vx_cUKWV^Lhxoio�RTbfmTac~:s?W+}?W�v��
°bevxU�WV~µhxb�g�be^�GnvxU/h�RT_loKRLqA}?bkhxRTWVo�_coV¬�Q<Rn_co�_co�RTb�¢·W�´fW�v+j
RAmTdeW�¢�bfv��]_c^L´fbeac´A_`^Td(h�RTW<~�W�´fW�acbe}TU�WV^fh�bkn^nW�¢³deWV^TW�v�j�hxbev�o�¬
¸Tbfv+_c^norhxjk^Pg	We¨�h�RnW;o�U�jea`a�U+mTa`h�_c}Tac_`WVvxo�orRTbfmTal~µsPW;v�WV}Tacjfg	Wª~
sAq�be}?W�v�j�hxbev�o]be}�hx_`U�_
K�WV~�°bfv�¹ �����KÌº_¿¬ We¬�U�b�~�_HGnWV~ E bAbkh�RvxWVg	b�~�_c^Td Í hxb�bes�h�jk_c^:j�ºje_`v(g�beU�}njkvx_lorbf^p¬
�AWV´eW�v�jka jkv�g�RT_`h�WVg	h�mTvxWVo bk©h�RTW �z����{ sTa`b�g��3g�_`}TRnW�v

°bev ¹i_cvrhxW	¥A�«� je^n~ ¹i_cvrhxW	¥A�«���¾~�W�´A_lg	WVo½RPj�´eW h�RTWV^"sPWVW�^
~�Wªo�g�v�_csPWª~%¬:À�mnv+ozhxmn~�q�_`aca`mPozhxvxjkh�WVo�h�Rnjkh�h�RTW§g�Rnbe_lg	W�bk*jk^
jkacdebfv�_`h�RnU3_co+ozhxv�bf^Tdeacq�vxW�alj�h�Wª~�h�b:h�RnW�hxjev�dfW	h�h�Wªg�RT^Tbeacbedfqe¬
¸Tbfv�_c^norhxje^ng	Wf¨ j&�±Z]s?Âko W�^ng�v�qA}�hx_`bf^ vxjkh�W/v�Wªtfmn_`vxWVo
~�WV´L_lg	Wªo v�jk^nde_c^Td °vxbeU j � Ê X�¹��V�f�e� Ì°U�mTa`h�_c}Ta`_lg�jkh�_cbe^
¢*_`h�R o�mTsno�WVtLmTWV^fh�UKb�~�mna`b g�bevxv�Wªg9hx_`bf^ Í h�b j � Ê X�¹i�L�e�f�
ÌºgVjkvxv�qL�¶o�j�´fWije~n~�W�v*snjforWª~§bf}PWVvxjkh�bfv Í ¬

f]f ïhg�i�j(j(k
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Q�jksTacW+�A²w|*WªormTa`hxo<beHo�beU�W�bkhxRTW�v*vxWVo�WVjevxg�RnW�v�o�¬
� �D� È � � �	!���� �D� Ä�� � Ä�� � Å�§Ä 	 Ä � Ä�� � Ä �·Ä � � ��È " È � Å ���;���n� � � !���� �
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Éditeur
INRIA, Domaine de Voluceau, Rocquencourt, BP 105, 78153 LE CHESNAY Cedex (France)

http://www.inria.fr

ISSN 0249-6399


