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ABSTRACT ARTICLE HISTORY

The exponential integral function Ei(x) is given as an indefinite inte- Received 27 October 2020
gral of an elementary expression. This allows a second-order linear ~ Accepted 18 February 2021
differential equation for the function to be constructed, which is of KEYWORDS
conver!tlonal form. A I|rr_1|t_less number of differential equations can Differential equations;

be derived from the original by elementary transformations, and exponential integral
many integrals are given by applying the method of fragments to function; Bessel functions;
some of these transformed equations. Results are presented here modified Bessel functions;
both for simple transformations and other transformations obtained Whittaker functions

by solving simple .Riccat.i equations. Some of the !r?tegrals are pre- AMS SUBJECT

sented combine Ei(x) with Bessel functions, modified Bessel func- ¢ assIFICATIONS
tions and Whittaker functions. All results have been checked by 34B30; 33C10; 33C15; 33C99
differentiation using Mathematica.

1. Introduction

The exponential integral function is defined by the integral [1,2]

X et
Ei(x) =/ —dt (1.1)
oo t
for which
ex
Ei'(x) = —. (1.2)
x
Any arbitrary function y(x) trivially obeys a differential equation of the form
/!
i y )\,
(%) — ( ) (x)=0 (1.3)

which has the general solution
y(x) = C1 + Coy(x).

From Equations (1.1)-(1.3) the function y(x) = Ei(x) obeys the differential equation

1
V(%) + <; - 1> V(x) =0 (1.4)
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which is of conventional form. This paper applies the method of fragments introduced in
[3,4] to derive indefinite integrals involving Ei(x). As Equation (1.4) by itself provides only
a limited number of fragments, various transformations will be applied to this equation,
which provide in principle an unlimited number of cases, but only a limited number of
these are interesting.

1.1. The method of fragments

The general second-order linear homogeneous differential equation is

Y () + p(x)y (%) + g(x)y(x) = 0 (1.5)

and in [3,4] the integration formula

/ FEH" () + p(OH (x) + q(x)h(x))y(x) dx = f(x) (W ()y(x) — h(x)y' (x)  (1.6)

was derived, where y(x) is any solution of Equation (1.1) and h(x) is an arbitrary twice
differentiable complex- valued function of x. The function f(x) in Equation (1.2) is the
reciprocal of the Wronskian for Equation (1.1) and is also the integrating factor for the two
leftmost terms of this equation. It also appears in the Lagrangian form [3] of Equation (1.1)
and is given by

fx) = exp ( / p) dx) . (1.7)

Suitable choices of the arbitrary function h(x) in Equation (1.6) give integrals involving
¥(x). A useful technique for obtaining interesting integrals is to take h(x) to be a solution
of a fragment of Equation (1.5), where a fragment is defined [3] as the differential equation
with one or more terms deleted or modified, for example

H' (x) + q(x)h(x) = 0.
For an equation of the form (1.3), the factor f(x) in Equation (1.7) is given as
_ y// (x)
(x) = ex <—/ — dx)
f p 7®

and as any constant multiplicative factor in the definition of f(x) would cancel in
Equation (1.2), we can always take

and for Equation (1.4) this gives
J_C(x) =xe %

Equation (1.4) is simple with few terms, and the small number of obvious fragments are

W'(x) =0= h(x) =x
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1
W (x) + —H(x) = 0 = h(x) = In(x)
x
hW'(x) — W (x) =0 = h(x) = €.
Substituting these results into Equation (1.6) gives the three integrals
/(1 — x) e *Ei(x) dx = x(e * Ei(x) — 1) (1.8)

/ e ¥ Ei(x) dx = In(x) — e ¥ Ei(x)
/Ei(x) dx = xFi(x) — &” (1.9)
and subtracting Equation (1.9) from Equation (1.8) gives the additional integral
/ xe *Ei(x) dx = x + In(x) — (1 + x) e * Ei(x).

All of these cases are known integrals [2].

1.2. Transformations of the differential equation
Equation (1.4) is of the baseline form
V') + p(0y (x) =0
with
]_f(x) = exp (/ﬁ(x) dx) . (1.10)

Equation (1.10) can be transformed [3] to an equation in y(x) by the substitution y(x) =
g(x)y(x), which gives

g )
g(x)

g// (x)
g(x)

g (%)
gx)

In [3] there was a typographical error equivalent to stating y(x) = g(x)y(x), but all the
related formulas were given correctly. Defining

/%o+(2 -+ﬂ@>/@y+< +p(x) )yu)zo (1.11)

mw=2§§+ﬁw
then
)
= [L¥
7w

_ @,
Yo =\ [7W
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and Equation (1.11) can be expressed as [3]

Y (@) + p(0)y (x) + [2(p(x) — p(x) + L(p*(x) — p* () Iy(x) = 0. (1.12)

The general solution of Equation (1.12) is given in terms of the general solution of

Equation (1.4) by [3]
_ [f_
y(x) = 1) y(x).

For Equation (1.4) for Ei(x), the transformed Equation (1.12) becomes

‘' p 1 1 1

Y'(x) + p(x)y (x) + [? + I% 2 + o + @]y(x) =0. (1.13)
Employing Equation (1.13) in Equation (1.6) gives a large number of integrals involving
y(x) = C; + G, Ei(x), as p(x) is arbitrary, but only sample results can be given here. As in
[3,4], interesting integrals can be obtained by applying the method of fragments to various
forms of Equation (1.13). Equation (1.13) can be given concrete form either by directly
specifying the function p(x) or by solving a Riccati equation for p(x) such that the term
in square brackets takes some desired simpler form. Sample cases obtained by specifying
p(x) are examined in Section 2 below, and some cases where p(x) is the solution of a Ric-
cati equation are examined in Section 3. All results presented have been checked using
Mathematica [5].

2. Integrals from specifying p(x) directly

Choosing p(x) = 0 in Equation (1.13) gives the differential equation

"(x) + Ly Ly (x)=0 (2.1)
4 1 e )T '
with the general solution

¥x) = VEe ¥ (C + G Ei@) (2.2)

and with the first derivative

1 (11—
Y (x) = 7 ( > Y2 (C) + G Eix) + Gy e%)ﬂ) ,

Equation (2.1) is a special case of the general Whittaker equation

1 A -
' (x) + (‘Z +o 4 xzﬂ ) y(x) =0 (2.3)

which has the general solution
@) = Wi () = C3Mjp(x) + CaWipu ().

It might be expected that the solution given by Equation (2.2) could also be expressed in
terms of the two Whittaker functions M 1o (x) and W% 0, but this is not the case. An
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equation for M, , (x) in terms of W_; , (x) and W;_,, (x) is given in [6] as

reu+1 o, .
My (x) = —— ™" W_; , (e"x
n F(,U,—)\—{—%) M( )
reu+1) [ < 1)}
bR eplin (h— == ) | Wk
F+rtd) P 2 )]

and for A = % and pu =0 this equation reduces to M 1 o) = W% o), so that
Equation (2.1) is a degenerate case of the Whittaker equation. The relation [6]

1 1
x2 Hex* dr
M _ n+2u —x
mpet b ) Cu+1DQpr+2)- - 2u+n)dx" ey

reduces forn = 0and u© = 0 to
M%)O(x) = /xe 2.

Hence for this degenerate case M 1o (x) and W% o) both reduce to the elementary
function in Equation (2.2) and the extra solution of the degenerate equation is y(x) =

Jxe 7 Ei(x).
Taking the differential equation in Equation (1.6) to be Equation (2.1) and specifying
h(x) to be any solution of the general Whittaker Equation (2.3) gives the integral

e_)zi 1 /Lz N .
f o (5 g 7) Wi (0)(C1 + G Ei(x)) dx

=W, ()vx e 7%(Cy 4 G Ei(x) — Wi () (Vxe 2¥(Cy + Gy Ei(x))) .

For C, = 0 this integral reduces to

-3 /1 2\
/ —eﬁ (5 e %) Wi () dx
o 1 1\
= \/)—Ce_7 [Wi’u(x) + E (l — )_C> W)\,M(x)]

and for C; = 0 it reduces to
e’: (1 u2\ o .
/ W E — A+ 7 W)L,ﬂ (x) El(x) dx
= Jxe K| W (x) Ei(x) + Wy (x) ! 1-— 1 Ei(x) — ¢
h Aotk At 2 x x /)|

Further simplifications of these integrals are obtained for A = % or u = 0and W;L,# (x) =
M’; (x) or Wf\t (x).
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Choosing h(x) to be a solution of the equation
W' (x) + 1+ ! h(x) =0 (2.4)
¥ 4 a2 )T ’
gives h(x) in terms of a general modified Bessel function of order zero as

h(x) = /xKj (%x) .

N 1 1 1
Ky (zx) = Csl (5x> + C4Ky (5}6) .

The modified Bessel function Io(%x) and the MacDonald function Ko(%x) both obey
Equation (2.4), but they have different formulas for their derivatives [7], with

/(! e
—x) == |=x
AW 21\ 2

where

and when deriving explicit integration formulas it is simpler to treat the two cases
separately. We have the alternative formulas

h(x) = /xIy (%x); W(x) = \/_ < (1 ) + xI; (%x))
= (1) i o () - ()

Substituting substituting these choices into Equation (1.6) and simplifying gives the
integrals

/ Iy Gx) e"2* (C) + G, Fi(x)) dx

= xe_%x (I() (%X) + 1 (%X)) (C1 4+ Gy Ei(x)) — 2C, e%xlo (%x) (2.5)

/ Ko Gx) e"2* (C) + G, Fi(x)) dx

— xe 2* <K0 (%x) —K Gx)) (C1 + G, Ei(x)) — 2C, 2K (%x) (2.6)

For C; = 0 Equations (2.5)-(2.6) reduce to
/ e *Ip(x) dx = xe *(Ip(x) + I1(x))

/ e “Ko(x) dx = xe™* (Ko(x) — K (x))
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which are known integrals [2]. For C; = 0, Equations (2.5)-(2.6) reduce to

f e *Ip(x) Bi(2x) dx = xe *(Ip(x) + I; (x)) Ei(2x) — *Io(x) (2.7)

/ e *Ko(x) Ei(2x) dx = xe (Ko (x) — K1 (x)) Ei(2x) — €Ky (x) (2.8)

and Equations (2.7)-(2.8) appear to be new.
Choosing h(x) to be a solution of the fragment

,, 1 1 _
h (x)+(5+4—xz)h(x)—0
gives
Zo(V2x) — N2xZ1 (\/2%)
2/x

where Zy(x) = C3Jo(x) + C4Yo(x) is the general cylinder function of order zero. Substi-
tuting Equations (2.9) into Equation (1.6) gives the integral

h(x) = VxZo(v/2x); W (x) = (2.9)

f xe 275 (v/2%)(Cy + C, Ei(x)) dx

— 2v2x71(V2%) e 2¥(Cy + C, Fi(x))
— Zo(V2%) (2x ¢ 3(C) + G, Fi(x)) — 4C, e%x) . (2.10)
For C; = 0 Equation (2.10) reduces to

f xe ¥ Zo(V/2x) dx = 272X (V2xZy (V2%) — xZo(V2x)D)

and for C; = 0 this equation reduces to
/ X e_%xZo(\/ 2x) Ei(x) dx

= 2(v2xZ1 (V/2%) e ¥ Ei(x) — Zo(v/2%) (x e~ 2* Ei(x) — 2e2%)).
Choosing p(x) = 1/x gives the differential equation

’ 1, 1 1
y@O+-y@+{s-—)yx=0 (2.11)
X 2x 4
with f(x) = x and the general solution is

y(x) = e 2%(Cy + Cy Ei(x)).

Only the special case y(x) = e 2% Ei(x) will be considered here, for which
1 1
2X —3x

() =" -
Y0 =—

S Ei0).

Some fragments of Equation (2.11) are

K (x) + ;lch/(x) =0= h(x) = C3 + C4In(x)
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1 1 N

W) + I () = 2h() = 0 = hix) = Ko (g)
1

—h/( ) + (— — —) h(x) =0= h(x) = s ¥4
2x

and these give the respective integrals below for the special case y(x) = Ei(x).
X _1 . _1 . _1 . 1
/ (1 _ 5> In(x) e 2* Ei(x) dx = 2e™ 2* Ei(x) + In(x)(x e~ 2* Ei(x) — 2e2%)

for h(x) = In(x).

/10( )e 5 E1(x)dx—x(10( )—1—11(2 >>e%XEi(x)—210 (g) e*
/Kg( )e 2 El(x)dx_x<K0< )—Kl (%x))e 2xE1(x)—2K0 (2)e2x

/x(x2 —4x+8) s ¥ ¥ Ei(x) dx = 4x° s ¥ ¥ Ei(x) — 16e5%

Choosing p(x) = —1 gives the differential equation

Y0~y 0+ 0 =0
for which

flx)=e"

y(x) = C1v/x + Co4/x Ei(x)

o= GHGED (¢

For y(x) = /x Ei(x) the fragments
h'(x) =0 = h(x) = C; + Cx
h”(x) — h’(x) =0 = h(x) = C; + Cpe*

K@+ ) = 0= hx) = Ve
give the integrals
1+2x _ . 2e ¥ Ei(x) 4
Rix)dx = ——F+»— — —
/ x% e i(x) dx NG 7
/ 1= er—" Ei(x) dx = 24/x(e ¥ Ei(x) — 2)
7 =
14 2x (4x — 2) Ei(x) — 4¢e*
Ei(x) dx =
/= g o NG

2 _
/w —% *Fi(x) dx = 4e~ = (4— 1e xEl(x))

x3
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3. Equations from solutions of Riccati equations
The expression in square brackets in Equation (1.13) is

P PP 11 L
2 4 4 2x  4x?
and this can be simplified by setting various combinations of the terms equal to zero and
solving the resulting Riccati equations for p(x). One case is

Pe P 1

=0
2 4 4
which is separable in p(x), such that
d 1
Jiteifo
1—p> 2
This equation gives
arctanh(p(x)) = ;—C +c (3.1)

where ¢ is an arbitrary constant. Setting ¢ = 0 and taking the tanh of both sides of
Equation (3.1) gives the solution

ef—1
= 3.2
PO = ) (32)
Equation (3.2) gives the differential equation
e —1 1+ 2x
!/ /
¥y (x) + e 7 (x) + ™ y(x) =0 (3.3)
with
e —1 —X (X 2
f(x) = exp w11 dx ) =e (" +1) (3.4)
and solution
Vx(C1 + G Ei(x))
= . 3.5
y(0) ] (3.5)
The most interesting case of this solution is
VXEi(x)
=X - 3.6
Yo = 2 (3.6)
with
(e* +1 — 2xe¥) Ei(x) e*

Y (x) =

2WEE T2 a1
Employing Equations (3.3)-(3.6) with h(x) = 1 in Equation (1.6) gives, after some simpli-
fication, the integral

(1 +2x)(1 +e™) . _ A =2x+e)Ei(x) +2(e" + 1)
/ Ei(x) dx = -2 NG .
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A simpler integral can be obtained by taking h(x) to be a solution of the fragment

h'(x) + H(x)=0

e“—1
e*+1
for which

X

1 , _ e
h(x) = e"—}—l; W(x) = —(ex+1)2.

Employing these results in Equation (1.6) gives the integral

1+ 2x 2
3 “*Ei(x) dx = ——=(e ¥ Ei(x) + 2).
/ 3 e " Ei(x) ﬂ(e i(x) +2)

Another separable case is

P P _

2 + 4 0
which has a solution
2
plx) = ;
and this gives the differential equation
Y+ 2y @+ (—1 o i) Y6 =0 (37)
X 4 2x  4x?

with the solution
1

e 2%
y(x) = 7 (C1 + G Ei(x))

and

fx) = x2.
For C; = 0 and C; = 1 then

e 2%
y(x) = NG Ei(x)
and
) = i NG E0)
x2 2x2

The fragment

of Equation (3.7) is identical to Equation (2.1) and has the same solution given by
Equation (2.2). For C; = 0 and C; = 1 then

h(x) = e~ 2%/ Ei(x)
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. Ly
~1, (=) Ei(x) | e2”
2./x Jx

and substituting these results in the integral formula (1.6) allows an integral in Ei?(x) to be
derived. Employing these formulas in Equation (1.6) gives initially

Hix)=e

/ (e7*(1 — x) Ei(x) + 2) Ei(x) dx = xe * Ei*(x)
which can be simplified using Equation (1.8) to give

/ e *(1 — x) Ei’(x) dx = xe * Ei*(x) — 2x Ei(x) + 2¢*. (3.1)

3.1. Non separable cases of the Riccati equation

A Riccati equation of the form

1dp 1, .
Ea'f—ip +Qx) =0

can be solved by the substitution p(x) = 2u(x) which gives
u (%) + 12 (%) + Q(x) = 0.
Euler [8] showed that solutions of the Riccati equation
U (x) + 1 (x) + P()u(x) + Q(x) =0

are given by

/
u(x) = GAC (3.8)
z(x)
where z(x) obeys the linear equation
Z'(x) + P(x)7 (x) + Q(x)z(x) = 0.
The form of Equation (3.10) means that f(x) is trivially given by
f =2
Hence solutions of the equation
i+ 29 1 _g (3.9)
_— x -_— = .
2P 4 2x

are given by solutions of the equation

7 (x) + iZ(x) =0
2x
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which has the general solution
2(x) = V/2xZ1(v/2x)
where Z;(x) = C3]1(x) + C4Y1(x) is the general cylinder function of order one, and
7 (x) = Zo(v/2x).
Hence a solution of Equation (3.10) is given by

o 2V
P = @)

and a transformed form of Equation (1.13) is

. 2Z0(\2x) 1-x*
¥Y(x) + m}’ (%) + 12 y(x) =0. (3.10)

for which
f(x) = xZ3(V2x).
Equation (3.10) has the general solution

e™2%(Cy + Gy Bi(x))
Z1(v/2x)

y(x) =

with
1 1
“2%(Cy + G Ei(x)) n Cye2”
2xZ1(v/2x)? xZ1(v/2%)

For the differential equation (3.8), taking h(x) = 1 in the integration formula (1.6) gives
the integral:

Y () = (1 — 0Z1(v2%) — V2xZo(V/22)) -

42 1
/ ! xx Z1(v2x) e72%(C; + G, Ei(x)) dx

= 2((x — D Z1(v/2%) + v/2xZ0(x/22)) e 75(Cy + G, Ei(x)) — 4C2Z; (v/2x) e7”.

For C, = 0 this equation reduces to

—_ 2 1 1
/ 1-x Z1(V2x) e72° = 2((x — 1) Z1(v2x) + v/2xZ5(+/2x)) e 2*

X

and for C; = 0 it reduces to

1 — x? N P
/ Z1(+/2x) e 2¥ Ei(x) dx

X
= 2((x — DZ1(V2%) + V2xZ0(v/2%)) e 2* Ei(x) — 471 (v/2%) e2*,

Both of these integrals appear to be new.



INTEGRAL TRANSFORMS AND SPECIAL FUNCTIONS ‘ 13

The equation

has the solutions

I 1
() =;1C+ (%) | ry = a2t 2

o (%)
_1 K (% %) _ 2l
px) =~ Ko (%) = f(0) = xK5(5%).

These equations give the respective differential equations, solutions and derivatives:

” 1 L (lx)
Yy + |-+ Y (%) + —}’(x) =0
e

e~ 2%(C; + G, Ei(x))

S E®
3% ! I
Y =C—— — e—zxw(c1 + G Ei(0) (3.11)
xo (5%) 21y (4x)’*
and
1 Ki(3 1
Y+ (Z - K; Eji%)m +5 =0
2
e 3 (C1 + G Bi()
= . (3.12)
T
The fragment

1 1
W (x)+-Wx+—h=0
X 2x

of both Equation (3.11) and (3.12) has the exact solution and derivative

h(x) = Zo(W2x); W (x) = ‘Zlf/g :

Employing these results in the integration formula (1.6) gives the integrals
X 1
/ Vi (Vanh (5) € 3G+ G Ei0)dx

%7, (V20 o (g) e~ 2%(C, + C, Bi(x))

+ Zo(V2%) (2@&"10 (g) — xe i¥ (10 (1 >+11 (2 )) (CL+C» Ei(x)))
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/ V2xZ1 (V20K (;) e"2*(Cy + G, Ei(x))dx
= —V2xZ, (V20K (’zf) e 2*(C, + C, Bi(x))

+ Zo(\/ﬂ) (xe—ix (Ko <%x) — K (%x)) (C; 4+ G Ei(x)) — 2C; e%xKo (g)) .

The four main special cases of these integrals are

/ «/Zzl(m)h( )e szl(x)dx—mzl(@c)zo( ) e 2% Ei(x)

+ Zo(V2%) (Ze%"Io (’zf)—xe—%x (10< )+Il( ))Ei(x))
/mzl(@)h( )e ¥ dx= mZI(JE)IO( )e

— xZo(v/2x) 2% (10 (%x) +1 (%x))
/ JZZI(@)KI( )e 3* Ei(x) dx = mzl(@c)Ko( )e 3* Ei(x)

+ Zo(v/2x) (xe‘ix (Ko <%x> ~-K (Ex)) Ei(x) — 2¢2*K (g)) .

/@zm@m( )e ¥ dx = @zl(«/ﬂ)Ko( )e &

+ xeféxZo(M) (KO (%x) - K (%x)) .

All of these integrals appear to be new.
For the simpler where case h(x) = 1 we obtain the integrals

/ I (g) e 1% (C; + GFi(x)) dx

1 1 1 1
=xe Zx (10 <2 ) + 1 <5x)> (C1 + Gy Ei(x)) — 2Cy €271, <Ex>

/Ko (g) e~ 7% (Cy + C, Ei(x)) dx

=xe —3x (KO <; ) - K (%x)) (C1 + G Ei(x)) — 2C, C%XKO (%x)

and these have the special cases
X\ 1.
/Io <2>e 2* Ei(x) dx
—xe 2% (], 1 +1 lx Ei(x)—Ze%XI lx (3.13)
0% {3 0|3 .
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/Io (g) e 2% dx = xe 2% (Io (%x) +1 <%x>> (3.14)
/Ko (g) e 2 Ei(x) dx

et (i (1) s () o~ 2etoko as
o) (s () o
/Ko (g) e 2% dx = xe 2% (Ko (%x) - K (%x)) . (3.16)

The integrals (3.13) and (3.15) appear to be new, but the integrals (3.14) and (3.16) are
given in [2].
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