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Studies of neutrino mixing and oscillations, solar neutrinos as background in dark matter searches
involving electron detection, detection of sterile neutrino warm dark matter, and of possible
electromagnetic properties of neutrinos, have generated interest in the low energy O(10 keV) scattering
of electron neutrinos and antineutrinos by atomic electrons where the binding of the atomic electron
cannot be ignored. Of particular interest is the ionization of atoms by neutrinos and antineutrinos. Most
existing calculations are based upon modifications of the free electron differential cross section which
destroy the relationship between the neutrino helicities and the orbital and spin angular momenta of the
atomic electrons. The present calculations maintain the full collision dynamics by formulating the
scattering in configuration space using the bound interaction picture, rather than the usual formulation in
the interaction picture in momentum space as appropriate to scattering by free electrons. Energy spectra
of ionization electrons produced by scattering of neutrinos and antineutrinos with energies of 5, 10, 20,
and 30 keV by hydrogen, helium and neon have been calculated using Dirac central field eigenfunctions,
and are presented as ratios to the spectra for scattering by free electrons. Binding effects increase strongly
with atomic number, are largest for low neutrino energy and, for each neutrino energy, greatest at the high
electron energy end of the spectrum. The most extreme effects of binding are for 5 keV scattering by Ne
where the ratios are less than 0.1. The energy spectra have been calculated for both a Coulombic final
electron state and a free final electron state. The results indicate that the binding effects from the
continuum state of the final electron are significant and can be comparable to those arising from the
bound initial electron state.

DOI: 10.1103/PhysRevD.105.013008

I. INTRODUCTION

Studies of neutrino mixing and oscillations [1], solar
neutrinos as background in dark matter searches involv-
ing electron detection [2], detection of sterile neutrino
warm dark matter [3], and of possible electromagnetic
properties of neutrinos, such as magnetic and electric
dipole moments, using low energy elastic scattering of
neutrinos and antineutrinos [4,5], have generated interest
in the low energy O(10 keV) scattering of electron
neutrinos and antineutrinos by atomic electrons

νeðν̄eÞ þ e− → νeðν̄eÞ þ e−: ð1Þ

The standard scattering is due to the weak interaction and
involves bothW-boson charged current and Z-boson neutral
current exchange. If neutrinos do have electromagnetic
properties, generated by quantum loop effects, there will

also be scattering due to single photon exchange. The weak
and electromagnetic scatterings are incoherent and their
dependences upon the energy transferred T ¼ Eνi − Eνf to
the atomic electron for T ≪ Eνi are quite different, with their
differential cross sections dσ=dT being approximately con-
stant for the standard scattering and ∝ 1=T for the electro-
magnetic scattering. The effect of a neutrino magnetic
moment is then a distortion in the shape of the atomic
electron recoil spectrum at low Eνi. For all these low energy
studies the binding of the atomic electron cannot be ignored
and one can expect modifications of the free electron
scattering formulas. Neutrino-atom collisions has been
reviewed by Kouzakov and Studenikin [6]. In this present
study we consider only the scattering by the standard weak
interaction.
Of particular interest is the ionization of atoms by

neutrinos and antineutrinos. The case of ionization of
hydrogen-like atoms was first considered by [7] who found
the ionization cross section per electron exceeded the free
electron cross section by a factor of 2 or 3 for neutrino
energiesEν ∼ αZme. Subsequently, calculated electron spec-
tra from inelastic scattering of neutrinos by atomic electrons
of 19F and 96Mo were found [8,9] to differ significantly from
scattering by a free electron and were always smaller than the
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free electron case. Ionization cross sections for scattering by
bound electrons in the light atoms H, He and Ne were also
found [10] to be smaller than the corresponding free electron
cross sections. The calculations were then extended [11] to
the electron spectra for H, He and Ne, and integrated
ionization cross sections for H, He, Ne and Xe.
The calculations of [10,11] are based upon the assumption

of spin-independent nonrelativistic atomic wave functions
and consider the scattering to occur from a free electron
whose energy Eei is set to the energy of the initial bound
electron me þ ϵ, where ϵ is the binding energy, and whose
momentum pei is determined by the probability amplitude
jΨnilimi

ðpeiÞj2, where Ψnilimi
ðpeiÞ is the momentum-space

atomic wave function. The bound electron is then described
by the effective squared mass

m̃2 ¼ p2
ei ¼ E2

ei − p2
ei : ð2Þ

Coulombic effects on the final electron are also ignored. This
allows the νe-electron scattering process to be described as a
probability weighted scattering by a free electron of mass m̃.
This scattering can then be averaged (summed) over all
initial (final) electron and neutrino spin states, giving the
invariant squared scattering amplitude

jFðνee− → νee−Þj2 ¼ 2G2
Ffðv̄e − āeÞ2ðs −m2

eÞðs − m̃2Þ
þ ðv̄e þ āeÞ2ðu −m2

eÞðu − m̃2Þ
þ 2m2

eðv̄2e − ā2eÞtg; ð3Þ
where

s¼ðpνi þpeiÞ2; t¼ðpνi −pνfÞ2; u¼ðpνi −pefÞ2; ð4Þ

are the usual kinematic invariants, and it has been assumed
that the scattering occurs at low momentum transfers
t2 ≪ M2

Z;W . Here, v̄e ¼ 1þ 4 sin2 θW and āe ¼ −1 where
θW is the weak mixing angle. For scattering by a free
electron, m̃2 is replaced by m2

e. The result for νe-electron
scattering follows from (3) by interchanging s and u. The
differential cross section in this approach is

dσ ¼ 1

16π2EνiEei

δð4Þðpef þ pνf − pei − pνiÞ

× jΨnilimi
ðpeiÞj2

d3pei

ð2πÞ3

× jFðνee− → νee−Þj2
d3pνf

2Eνf

d3pef

2Eef

: ð5Þ

An alternative approach has been introduced [12–14]
which assumes T ≪ Eνi and T ≪ me so that the electrons
and scattering can be treated non-relativistically. The
atomic target is considered to be unpolarized. The differ-
ential cross section is then the low-T form of the free
electron result modified to the form

dσ
dT

¼ G2
F

4π
ð1þ 4 sin2 θW þ 8 sin4 θWÞ

Z
SðT; q2Þdq2; ð6Þ

where SðT; q2Þ is the dynamical structure function

SðT; q2Þ ¼
X
f

δðT − Ef þ EiÞjhfjρðqÞjiij2; ð7Þ

and q is the spatial momentum transfer with T2 ≤ q2 ≤ 4E2
νi .

The sum is over all final atomic states jfi of energy Ef

consistent with energy conservation, with jii being the initial
state. Here

ρðqÞ ¼
XZ
a¼1

expðiq · raÞ ð8Þ

is the Fourier transform of the electron number density and
the sum is over the positions ra of all the Z electrons in
the atom.
The dynamical structure function is evaluated through its

relationship

SðT; q2Þ ¼ 1

π
ImFðT; q2Þ: ð9Þ

to the density-density Green’s function

FðT; q2Þ ¼
X
f

jhfjρðqÞjiij2
T − Ef þ Ei − iϵ

: ð10Þ

Atomic binding deforms the density-density Green’s func-
tion by broadening and shifting the free electron δ-peak at
q2 ¼ 2meT, but Kouzakov et al [14] argue that the
modifications relative to the free-electron expressions are
quite small. Analytical results are obtained for 1s, 2s and
2p hydrogenlike states.
The more recent calculations by Chen et al. [15–17] use

the four-fermion contact form for the weak interaction

d2σ
dTdΩ

¼ G2
F

2π2
Eνf

Eνi

LðνÞαβRðwÞ
αβ ð11Þ

where the scattering of the neutrino of momentum pνi and
helicity si is described by the tensor

LðνÞαβ ¼ hpνf ; sfjγαð1 − γ5Þjpνi ; sii
× hpνf ; sfjγβð1 − γ5Þjpνi ; sii�: ð12Þ

The effects on the atomic system are represented by the
response functions
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RðwÞ
αβ ¼ 1

2ji þ 1

X
mji

X
f

hfjjαwjiihfjjβwjii�

× δðT þ Ei − EfÞ; ð13Þ

which involve a sum/integral over the final atomic electron
states jfi and a spin average over the initial atomic states
jii ¼ jji; mji ;…i. The relativistic weak current represent-
ing the sum of the charged and neutral currents is

jαw ¼ 1

2
e0ðv̄eγα þ āeγαγ5Þe: ð14Þ

Themodel has been applied toGewith the response functions
evaluated using the multiconfiguration relativistic random
phase approximation. Consequently, the leading relativistic
terms in the atomicHamiltonian are treated nonperturbatively
by using Dirac eigenfunctions, the two possible configura-
tions for the Ge ground state are included, and the Random
PhaseApproximation accounts for the two-body correlations.
The weak current operator (14) is expanded in spherical
multipoles.
The calculations [10–14] destroy the relationship

between the neutrino helicities and the orbital and spin
angular momenta of the atomic electrons. Some of these
issues are addressed by [16,17], and their approach is
closest in spirit to the present calculations. To maintain the
full collision dynamics, the scattering of the neutrino by
the bound electron will be treated in a similar manner to
that of bound Compton scattering [18] in that the
scattering will be formulated in configuration space using
the Furry bound interaction picture [19] rather than the
usual formulation in the interaction picture in momentum
space as appropriate to scattering by free electrons.
The general formalism for the scattering of neutrinos and

antineutrinos by atomic electrons is presented in Sec. II. This
includes the derivation of the S-matrix and differential cross
sections for the scattering processes in terms of the con-
traction of neutrino and atomic electron tensor amplitudes,
and the explicit evaluation of the atomic electron amplitude
for the case of an atomic electron represented by a central
field Dirac eigenfunction. The nature of the radial matrix
elements which occur in the atomic electron amplitude are
discussed in Sec. III, and issues relating to the evaluation of
the cross sections in Sec. IV. Results for the energy spectra of
the ionization electrons produced by scattering of neutrinos
and antineutrinos off hydrogen, helium and neon are
presented and discussed in Sec. V. Section VI contains a
summary and conclusions for the investigation. Details of
the derivation of the S-matrix in the Bound Interaction
Picture are given in Appendix A, explicit expressions for the
electron scattering tensors in Appendix B, and computa-
tional details for the evaluation of the radial matrix elements
in Appendix C.

II. GENERAL FORMALISM

A. S-matrix for scattering by bound electrons

As discussed above, in order to treat the effects of atomic
binding on the scattering of neutrinos by atomic electrons,
the second-order S-matrix element will be developed in the
Furry picture [19] in which the electron is in the presence of

a c-number electromagnetic field AðextÞ
α ðxÞ and the electron

field operator satisfies

½iγα∂α − eγαAðextÞ
α ðxÞ −me�eðxÞ ¼ 0; ð15Þ

where ∂α ≡ ∂=∂xα. The natural unit system ℏ ¼ c ¼ 1 is
used throughout, the scalar product of two 4-vectors is
A · B≡ gαβAαBβ ¼ A0B0 −A ·B, the Dirac matrices γα;
(α ¼ 0, 1, 2, 3) satisfy fγα; γβg ¼ 2gαβ, γ5 ≡ iγ0γ1γ2γ3, and
the field operators for a given particle are denoted by the
symbol for that particle.
The part of the Standard Model lepton interaction

Lagrangian which describes the interactions between an
electron-neutrino νe and an electron e is [20,21]

Lνee
I ¼ LνeWe

I þ LνeZνe
I þ LeZe

I ; ð16Þ

where

LνeWe
I ¼ −g

2
ffiffiffi
2

p N½νeγαð1 − γ5ÞWðþÞ
α e

þ eγαð1 − γ5ÞWð−Þ
α νe�; ð17Þ

LνeZνe
I ¼ −g

4 cos θW
N½νeγαð1 − γ5ÞZανe�; ð18Þ

LeZe
I ¼ −g

4 cos θW
N½eγαðve þ aeγ5ÞZαe�: ð19Þ

Here g is the SUð2Þ gauge coupling constant, ve ¼ −1þ
4 sin2 θW and ae ¼ 1 are the weak neutral current param-
eters, Wð�Þ and Z are the charged and neutral weak gauge
boson field operators respectively, and N is the normal
ordering operator.
The total S-matrix for νe scattering at low momentum

transfers k2 ≪ M2
A, where A ¼ W, Z, is (see Appendix A)

SðνÞfi ¼−πi
GFffiffiffi
2

p δðEðνÞ
fi ÞMðeÞ

nf;niðqÞαMðνÞðpνf ;sf;pνi ;siÞα ð20Þ

where

MðeÞ
nf;niðqÞα ¼

Z
d3xeiðpνi

−pνf
Þ·x

× ϕ̄ðþÞ
nf ðxÞγαðv̄e þ āeγ5ÞϕðþÞ

ni ðxÞ; ð21Þ

and
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MðνÞðpνf ;sf;pνi ;siÞα¼ ūðsfÞðpνfÞγαð1−γ5ÞuðsiÞðpνiÞ: ð22Þ

Here uðsÞðpνÞ are the plane wave spinors describing a

neutrino with momentum pν and helicity s, and ϕðþÞ
n ðxÞ is

the energy eigenfunction for an electron in a state of the
external field AðextÞ specified by the quantum numbers n.
The quantity

δðEðνÞ
fi Þ≡ δðEnf þ Eνf − Eni − EνiÞ: ð23Þ

incorporates energy conservation, and q ¼ pνi − pνf is the
momentum transfer from the neutrino. The electron mixing
parameters are

v̄e¼veþ2¼1þ4sin2θW; āe¼ae−2¼−1: ð24Þ

For scattering of antineutrinos, MðνÞ is replaced by

Mðν̄Þðpνf ;sf;pνi ;siÞα¼ v̄ðsiÞðpνiÞγαð1−γ5ÞvðsfÞðpνfÞ; ð25Þ

where vðsÞðpνÞ is the antineutrino plane wave spinor, and

δðEðνÞ
fi Þ is replaced by δðEðν̄Þ

fi Þ.

B. Cross section

We assume each atomic electron acts as an independent
scattering center. In order to obtain the scattering cross
section per atomic electron, SðνÞfi is expressed in the form

SðνÞfi ¼ δðEnf þ Eνf − Eni − EνiÞMðνÞ
fi : ð26Þ

The corresponding transition probability per unit time is
then [22]

dPðνÞ
fi ¼ 1

2π
δðEnf þ Eνf − Eni − EνiÞjMðνÞ

fi j2: ð27Þ

For νe scattering into the momentum interval ðpνf ;pνfþ
d3pνfÞ, the transition probability per unit time is

dPðνÞ ¼
X
nf

dPðνÞ
fi dρ

ðνÞ
f dρðeÞf ; ð28Þ

where dρðνÞf (dρðeÞf ) is the density of final νe (e) states and the
sum is over all final electron states consistent with energy
conservation. For plane wave neutrino spinors normalized to

u†ðsÞðpνÞuðsÞðpνÞ ¼ 2Eν, the density of states is dρðνÞf ¼
d3pνf=½ð2πÞ32Eνf � and the incident neutrino flux is 2Eνi .
The differential cross section is then

dσðνÞ ¼ dPðνÞ

2Eνi

¼ 1

2Eνi

X
nf

dPðνÞ
fi

d3pνf

ð2πÞ32Eνf

dρðeÞf : ð29Þ

Writing d3pνf ¼ E2
νfdEνfdΩνf then

dσðνÞ ¼ 1

ð2πÞ4
1

4Eνi

X
nf

δðEðνÞ
fi Þ

× EνfdEνfdΩνfdρ
ðeÞ
f jMðνÞ

fi j2; ð30Þ

where, from (20),

MðνÞ
fi ¼ −πi

GFffiffiffi
2

p MðeÞ
nf;niðqÞαMðνÞðpνf ; sf;pνi ; siÞα: ð31Þ

The neutrino contribution to jMðνÞ
fi j2 is [21]

LðνÞðpνi ; pνfÞβα ≡ ½ūðsfÞðpνfÞγβð1 − γ5ÞuðsiÞðpνiÞ�†
× ūðsfÞðpνfÞγαð1 − γ5ÞuðsiÞðpνiÞ

¼ 8ðpβ
νip

α
νf þ pα

νip
β
νf − pνi · pνf g

βα

þ iϵρβλαpνi;ρpνf;λÞ; ð32Þ

where si ¼ sf ¼ −1=2. The scattering of antineutrinos
involves

Lðν̄Þðpνi ; pνfÞβα ≡ ½v̄ðsiÞðpνiÞγβð1 − γ5ÞvðsfÞðpνfÞ�†
× v̄ðsiÞðpνiÞγαð1 − γ5ÞvðsfÞðpνfÞ

¼ LðνÞð−pνf ;−pνiÞβα;
¼ ½LðνÞðpνi ; pνfÞβα��; ð33Þ

where si ¼ sf ¼ þ1=2.

C. Atomic electron amplitude

The electron amplitude (21) requires the solutions

ϕðþÞ
n ðxÞ of (15). We assume the atomic electron moves

in a spherically symmetric potential VðrÞ ¼ eAðextÞðrÞ and
use the Dirac representation for the γ matrices

γ0¼
�
I 0

0 −I

�
; γk¼

�
0 σk

−σk 0

�
; γ5¼

�
0 I

I 0

�
; ð34Þ

where σk; k ¼ 1, 2, 3, are the Pauli 2 × 2 matrices, and I is
the unit 2 × 2 matrix. The eigenfunctions have the form
[23]

ϕκ;μ;Eðr; θ;φÞ ¼
1

r

�
gκ;EðrÞχμκðΩÞ
ifκ;EðrÞχμ−κðΩÞ

�
: ð35Þ

where ðr; θ;φÞ ¼ ðr;ΩÞ are spherical polar coordinates,
and χμκðΩÞ are the spinor spherical harmonics

χμκðΩÞ ¼
X
ms

C

�
lκ;

1

2
; j; μ −ms;ms; μ

�
Yμ−ms
lκ

ðΩÞχms
: ð36Þ
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Here Cðj1; j2; j3; m1; m2; m3Þ is a Clebsch-Gordon coef-
ficient, and χms

are the two component Pauli spinors. The
total angular momentum j and orbital angular momentum
lκ are obtained from the quantum number κ by

j¼jκj−1

2
; lκ¼

�
κ κ>0

−κ−1 κ<0
; l−κ¼ lκ−

κ

jκj ; ð37Þ

where κ takes all nonzero integral values. Note that the
subscript e has been dropped from the electron energies.
The radial functions satisfy

�
d=drþκ=r −ðEþme−VðrÞÞ

E−me−VðrÞ d=dr−κ=r

��
gκ;EðrÞ
fκ;EðrÞ

�
¼0: ð38Þ

As no observation is made upon the final continuum
electron, all possible states of the electron must be summed
over, with the result that the asymptotic form of the
continuum eigenfunction is not important [24]. Any set
of continuum functions may be used and the form (35) is
the obvious choice.
In order to evaluate

Nα
fiðqÞ≡

Z
r2drdΩeiq·rϕ̄κf;μf;Ef

ðr; θ;φÞ

× γαðv̄e þ āeγ5Þϕκi;μi;Ei
ðr; θ;φÞ; ð39Þ

we introduce the expansion

eiq·r ¼ 4π
X∞
l¼0

Xþl

m¼−l
iljlðjqjrÞYm

l ðq̂Þ�Ym
l ðΩÞ ð40Þ

and note that

ΓðαÞ ≡ γ0γαðv̄e þ āeγ5Þ ð41Þ

have the form

Γð0Þ ¼
�
v̄e āe
āe v̄e

�
; ð42Þ

ΓðkÞ ¼
�
āeσk v̄eσk

v̄eσk āeσk

�
: ð43Þ

Hence (39) becomes

Nð0;kÞ
fi ðqÞ ¼ 4π

X
l;m

ilYm
l ðq̂Þ�

× f½v̄eðāeÞ½Iggl ðqÞhχ
μf
κf jYm

l ðI; σkÞjχμiκi i
þ Iffl ðqÞhχμf−κf jYm

l ðI; σkÞjχμi−κii��
þ iāeðv̄eÞ½Igfl ðqÞhχμfκf jYm

l ðI; σkÞjχμi−κii
− Ifgl ðqÞhχμf−κf jYm

l ðI; σkÞjχμiκi i�g ð44Þ

where, e.g., v̄eðāeÞ for α ¼ 0ðkÞ respectively, q≡ jqj and
the radial integrals are

Iggl ðqÞ≡
Z

dr g�κf;Ef
ðrÞjlðqrÞgκi;Ei

ðrÞ;

Igfl ðqÞ≡
Z

dr g�κf;Ef
ðrÞjlðqrÞfκi;Ei

ðrÞ;

Ifgl ðqÞ≡
Z

dr f�κf;Ef
ðrÞjlðqrÞgκi;Ei

ðrÞ;

Iffl ðqÞ≡
Z

dr f�κf;Ef
ðrÞjlðqrÞfκi;Ei

ðrÞ: ð45Þ

Here on we use the simplified notation lκi;f ¼ li;f, l−κi;f ¼
l0i;f and msi;f ¼ mi;f.
The matrix elements of σk can be evaluated by trans-

forming to a spherical basis σλ; λ ¼ 0;�1, where

σ�1≡ ∓ 1ffiffiffi
2

p ðσ1 � iσ2Þ; σ0 ¼ σ3 ð46Þ

and using the Wigner-Eckart theorem

hχmf
jσλjχmi

i ¼ C
�
1

2
; 1;

1

2
; mi; λ; mf

��
1

2

����σ
���� 12
�
; ð47Þ

where the reduced matrix element is�
1

2

����σ
���� 12
�

¼
ffiffiffi
3

p
: ð48Þ

Similarly,

hYμf−mf

lf
jYm

l jYμi−mi
li

i ¼ Cðli; l; lf; μi −mi;m; μf −mfÞ
× hlfjjYljjlii; ð49Þ

where

hlfjjYljjlii ¼
½lil�ffiffiffiffiffiffi
4π

p ½lf�
Cðli; l; lf; 0; 0; 0Þ: ð50Þ

Here ½ab…� ¼ ½ð2aþ 1Þð2bþ 1Þ…�1=2. The matrix ele-
ments between the spinor harmonics in the spherical basis
can then be written
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hχμfκf jYm
l ðI; σλÞjχμiκi i ¼

½l�ffiffiffiffiffiffi
4π

p JðI;λÞl;m ðκf; κiÞ ð51Þ

where

JðIÞl;mðκf; κiÞ ¼
½li�
½lf�

Cðli; l; lf; 0; 0; 0Þ
X
mf;mi

C

�
lf;

1

2
; jf; μf −mf;mf; μf

�
C

�
li;

1

2
; ji; μi −mi;mi; μi

�

× Cðli; l; lf; μi −mi;m; μf −mfÞδmf;mi
δm;μf−μi

¼ δm;μf−μi ½liji�Cðli; l; lf; 0; 0; 0ÞW
�
l; li; jf;

1

2
; lf; ji

�
Cðl; ji; jf; μf − μi; μi; μfÞ; ð52Þ

and [18]

JðλÞl;mðκf; κiÞ ¼
ffiffiffi
3

p ½li�
½lf�

Cðli; l; lf; 0; 0; 0Þ
X
mf;mi

C

�
lf;

1

2
; jf; μf −mf;mf; μf

�
C

�
li;

1

2
; ji; μi −mi;mi; μi

�

× Cðli; l; lf; μi −mi;m; μf −mfÞC
�
1

2
; 1;

1

2
; mi; λ; mf

�

¼ δm;μf−μi−λ
ffiffiffi
6

p
½liji�Cðli; l; lf; 0; 0; 0Þ

X
f

½f�W
�
l; li; jf;

1

2
; lf; f

�
W

�
1;
1

2
; f; li;

1

2
; ji

�

× Cðl; f; jf; μf − μi − λ; μi þ λ; μfÞCðji; 1; f; μi; λ; μi þ λÞ; ð53Þ

where Wða; b; c; d; e; fÞ is a Racah coefficient. The ele-
ments with −κi or −κf are obtained from the above through
the replacements li → l0i and lf → l0f respectively.
For scattering by all of the electrons in a specified atomic

shell or subshell (labeled by κi), with no reference being
made to the final state of the atomic electron, the cross
section must be summed over all possible initial and final
electron states. We therefore need the quantities

LðeÞ
fi ðqÞβα ¼

X
κf;μf;μi

Nβ
fiðqÞ�Nα

fiðqÞ: ð54Þ

For the case of H, the μi summation over electrons in each
shell or subshell is replaced by its average over the K-shell.
The calculation of these coefficients is greatly simplified

by choosing the coordinate system such that the neutrino
momentum transfer q is along theOz axis and pνi lies in the
x–z plane. Thus

Ym
l ðq̂Þ ¼

½l�
ð4πÞ1=2 δm;0: ð55Þ

For m ¼ μf − μi this gives μf ¼ μi whereas, for
m ¼ μf − μi − λ, this gives λ ¼ μf − μi.

We need the combinations

AðI;IÞðl1; l2; l3; l4Þ ¼
X
μf;μi

JðIÞ
l̄;m̄
ð�κf;�κiÞ�JðIÞl;mð�κf;�κiÞ;

ð56Þ

AðI;λÞðl1; l2; l3; l4Þ ¼
X
μf;μi

JðIÞ
l̄;m̄
ð�κf;�κiÞ�JðλÞl;mð�κf;�κiÞ;

ð57Þ

Aðλ;IÞðl1; l2; l3; l4Þ ¼
X
μf;μi

JðλÞ
l̄;m̄
ð�κf;�κiÞ�JðIÞl;mð�κf;�κiÞ;

ð58Þ

Aðλ0;λÞðl1; l2; l3; l4Þ ¼
X
μf;μi

Jðλ
0Þ

l̄;m̄
ð�κf;�κiÞ�JðλÞl;mð�κf;�κiÞ:

ð59Þ

Here ðl1; l2; l3; l4Þ ¼ ðlf; li; lf; liÞ for the case ðþκf;þκiÞ,
with the replacements li → l0i for the case −κi and lf → l0f
for the case −κf. Withm ¼ m̄ ¼ 0, then λ ¼ 0 in (57), (58)
and λ0 ¼ λ in (59).
After some standard Racah algebra manipulations (see,

e.g., [25]) we obtain
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AðI;IÞ
l̄l

ðl1; l2; l3; l4Þ ¼ δl̄;l½jfji�2
½l2l4�
½l�2 Cðl2; l; l1; 0; 0; 0ÞCðl4; l; l3; 0; 0; 0ÞW

�
l; l2; jf;

1

2
; l1; ji

�
W

�
l; l4; jf;

1

2
; l3; ji

�
; ð60Þ

AðI;λÞ
l̄l

ðl1; l2; l3; l4Þ ¼ δλ;0ð−1Þji−jfþl
ffiffiffi
6

p
½jfji�2

½l2l4�
½l� Cðl2; l̄; l1; 0; 0; 0ÞCðl4; l; l3; 0; 0; 0ÞCðl̄; 1; l; 0; 0; 0Þ

×W

�
l̄; l2; jf;

1

2
; l1; ji

�X
f

½f�2W
�
l; l4; jf;

1

2
; l3; f

�
W

�
1;
1

2
; f; l4;

1

2
; ji

�
Wðl̄; ji; l; f; jf; 1Þ; ð61Þ

Aðλ;IÞ
l̄l

ðl1; l2; l3; l4Þ ¼ AðI;λÞ
ll̄

ðl3; l4; l1; l2Þ; ð62Þ

Aðλ0;λÞ
l̄l

ðl1; l2; l3; l4Þ ¼ δλ0;λð−1Þji−jf−lþl̄þλ6½jfji�2½l2l4�Cðl2; l̄; l1; 0; 0; 0ÞCðl4; l; l3; 0; 0; 0Þ

×
X
g

Cðl̄; l; g; 0; 0; 0ÞCð1; 1; g;−λ; λ; 0Þ
X
f̄;f

½f̄f�2W
�
l̄; l2; jf;

1

2
; l1; f̄

�
W
�
l; l4; jf;

1

2
; l3; f

�

×W

�
1;
1

2
; f̄; l2;

1

2
; ji

�
W

�
1;
1

2
; f; l4;

1

2
; ji

�
W

�
l̄; f̄; l; f; jf; gÞWð1; f̄; 1; f; ji; gÞ: ð63Þ

In order to evaluate the quantities (54) we need the Cartesian components Ãβ;αðl1234Þ, where

Ã0;0
l̄l
ðl1234Þ ¼ AðI;IÞ

l̄l
ðl1234Þ;

Ã1;1
l̄l
ðl1234Þ ¼ Ã2;2

l̄l
ðl1234Þ ¼

1

2
½Að1;1Þ

l̄l
ðl1234Þ þ Að−1;−1Þ

l̄l
ðl1234Þ�;

Ã1;2
l̄l
ðl1234Þ ¼ −Ã2;1

l̄l
ðl1234Þ ¼ −

i
2
½Að1;1Þ

l̄l
ðl1234Þ − Að−1;−1Þ

l̄l
ðl1234Þ�;

Ã0;3
l̄l
ðl1234Þ ¼ AðI;0Þ

l̄l
ðl1234Þ; Ã3;0

l̄l
ðl1234Þ ¼ Að0;IÞ

l̄l
ðl1234Þ;

Ã3;3
l̄l
ðl1234Þ ¼ Að0;0Þ

l̄l
ðl1234Þ: ð64Þ

For brevity, we have introduced l1234 ¼ fl1; l2; l3; l4g. Thus we finally obtain

LðeÞ
fi ðq̃Þβα ¼

X
κf;l̄;l

il−l̄½l̄l�2½v̄2eLβα
veve þ ā2eL

βα
aeae þ v̄eāeðLβα

veae þ Lβα
aeveÞ�; ð65Þ

where q̃≡ ð0; 0; qÞ. Explicit expressions for Lβα
veve, etc., are

given in Appendix B.
The cross section (30), summed over all possible initial

and final electron states, is

dσðνÞ ¼ G2
F

ð2πÞ232meEνi

Z
δðEðνÞ

fi ÞEνfdEνfdΩνfdEf

× Lfiðq̃; pνi ; pνfÞ; ð66Þ

where

Lfiðq̃;pνi ;pνfÞ¼Re½LðeÞ
fi ðq̃Þβα�Re½LðνÞðpνi ;pνfÞβα�

− Im½LðeÞ
fi ðq̃Þβα�Im½LðνÞðpνi ;pνfÞβα�; ð67Þ

and we have used, for final electron states normalized

according to (C9), dρðeÞf ¼ dEf=me. Introducing

Rβαðq̃Þ ¼
Z

dEfδðEðνÞ
fi ÞLðeÞ

fi ðq̃Þβα

¼
X

κf;μf;μi

Z
dEfδðEðνÞ

fi ÞNβ
fiðq̃Þ�Nα

fiðq̃Þ; ð68Þ

then the cross section has the form used by [16,17] with
their response functions (13) corresponding to (68).
Of particular interest is the energy spectrum of the

ionization electrons

dσðνÞ

dEf
¼ G2

F

ð2πÞ2
Eνf

32meEνi

Z
dΩνfLfiðq̃; pνi ; pνfÞ ð69Þ

where, in (69), it is understood that Eνf ¼ Ei þ Eνi − Ef.
As the coordinate system has been chosen such that pνi , pνf

and q lie in the x–z plane with q along the Oz axis, the
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integration over Ωνf becomes −2π
R
dðcos θÞ where θ is

the angle between pνi and pνf . Noting that q2 ¼ E2
νiþ

E2
νf − 2EνiEνf cos θ, then −dðcos θÞ ¼ dq2=ð2EνiEνfÞ, and

our final expression for the energy spectrum is

dσðνÞ

dEf
¼ G2

F

8π

1

16meE2
νi

Z
dq2Lfiðq̃; pνi ; pνfÞ: ð70Þ

III. RADIAL MATRIX ELEMENTS

The radial integrals (45) involve the Dirac radial func-
tions gκ;EðrÞ and fκ;EðrÞ for the initial bound electron and
the final continuum electron. For a Coulombic potential
VðrÞ ¼ −αZ=r, the radial Dirac equations (38) have
analytic solutions [23] in terms of confluent hypergeomet-
ric functions 1F1ða; c; zÞ.
In this study we consider the scattering by electrons in the

ground states of H, He and Ne. As these systems involve
only K- and L- shell electrons, we can use the simplified
expressions

 
gκi;Ei

ðrÞ
fκi;Ei

ðrÞ

!
¼ Ni

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
me þ Ei

p

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
me − Ei

p
�
ð2λirÞγie−λir

×

	�
c0
a0

�
þ
�
c1
a1

�
λir



ð71Þ

where

λi ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

e − E2
i

q
; γi ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2i − ðαZÞ2

q
ð72Þ

and the initial state energy Ei is

En;κi ¼ me

	
1þ

�
αZ

n − jκij þ γi

�
2


−1=2

: ð73Þ

The dimensionless coefficients ðc0;1; a0;1; NiÞ for the K-shell
(n ¼ 1; κi ¼ −1), LI-subshell (n ¼ 2; κi ¼ −1), LII-subshell
(n ¼ 2; κi ¼ þ1) and LIII-subshell (n ¼ 2; κi ¼ −2) are
tabulated in [23]. (Note that [23] uses relativistic units
ℏ ¼ c ¼ me ¼ 1.) Since αZ ≪ 1, the initial state binding
energy ϵi ≡me − Ei can be approximated as ðαZÞ2me=2 for
K-shell electrons and ðαZÞ2me=8 for L-shell electrons. The
screening effects of the electrons in the filled K- shell (for He
and Ne), and L-subshells (for Ne) are represented by an
effective nuclear charge Zeff ¼ Z − si, a procedure that
should be reasonable for small principal quantum number
n and small n − l [26]. These screening constants si, taken
from the fits [27] of Dirac single electron eigenfunctions to
empirical binding energies, are 0.656 (K-shell), 2.016 (LI-
subshell), 6.254 (LII-subshell) and 7.482 (LIII-subshell).
The final electron continuum states, energy normalized

according to (C9), are

 
gκf;Ef

ðrÞ
fκf;Ef

ðrÞ

!
¼ Nf

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ef þme

p
i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ef −me

p �
ð2pfrÞγf ½ðγf þ iyÞ

× e−ipfrþiη
1F1ða; c; 2ipfrÞ � c:c�; ð74Þ

where

γf≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2f−ðαZÞ2

q
; pf≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
f−m2

e

q
; y≡αZEf

pf
; ð75Þ

and

e2iη ¼ −
κf − iyme=Ef

γf þ iy
: ð76Þ

The dimensionless normalization constant is

Nf ¼ eπy=2

2

ffiffiffiffiffiffiffiffi
me

πpf

r jΓðγf þ iyÞj
Γð2γf þ 1Þ : ð77Þ

The parameters in the hypergeometric function are a ¼
γf þ 1þ iy and c ¼ 2γf þ 1. Since a and z≡ 2ipfr are
complex, the computation of 1F1ða; c; zÞ involves the
summation of a slowly convergent complex series for each
required value of z. Consequently we choose to integrate
the Dirac equation directly. For each shell and subshell
calculation, the continuum state electrons are assumed to
move in the same potential as the bound state elec-
trons [28].
Details of the computation of the continuum radial

functions and the radial integrals (45) are given in
Appendix C.

IV. EVALUATION OF CROSS SECTIONS

The cross section involves the contraction of the electron
tensor LðeÞ

fi ðqÞβα, given by (65), with the neutrino tensor

LðνÞ
βα ðpνi ; pνfÞ given by (32). From (64), we need only the

diagonal elements ðβ; βÞ and the off-diagonal elements
ðβ; αÞ ¼ ð1; 2Þ; ð2; 1Þ; ð0; 3Þ; ð3; 0Þ of the two tensors.
The summation over l in the electron tensor is constrained

by the conditions Δ̄ðl3; l4; lÞ where l3 ¼ ðlf; l0fÞ and
l4 ¼ ðli; l0iÞ. Here Δ̄ða; b; cÞ implies ja − bj ≤ c ≤ aþ b,
together with aþ bþ c ¼ even integer. Similar constraints
apply to the summation over l̄. As li has the values 0 or 1,
and l0i the values 0, 1 or 2, the number of terms in these
summations is quite small. However, the summation over κf
is unconstrained, with convergence coming from the
decreasing overlap between the initial bound and final
continuum electron eigenfunctions with increasing κf in
the radial integrals.
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For κi ¼ −1, the special case

AðI;IÞ
l̄l

ðlf; 0; lf; 0Þ ¼ Aðλ;λÞ
l̄l

ðlf; 0; lf; 0Þ

¼ δl̄;lδl;lf
2jf þ 1

ð2lf þ 1Þ2 ð78Þ

can be used to check the evaluation of the A coefficients. A
similar result holds for κi ¼ 1 with lf replaced by l0f.
The required elements of the neutrino tensor are

calculated from (32) where, with our choice of coordinate
system, pνi ¼ ðEνi sinðγ − θÞ; 0; Eνi cosðγ − θÞÞ and pνf ¼ðEνf sin γ; 0; Eνf cos γÞ. Here, γ is the angle between q and
pνf and is related to the scattering angle θ via

tan γ ¼ sin θ
cos θ − Eνf=Eνi

: ð79Þ

These elements can be expressed [16] in terms of the energy
transfer T ≡ Eνi − Eνf and the quantity Q2 ≡ q2 − T2, that

is, Q2 ¼ −t > 0. Explicitly,

LðνÞ0;0 ¼ 16EνiEνfcos
2

�
θ

2

�
;

LðνÞ1;1 ¼ 16EνiEνfcos
2

�
θ

2

�	
tan2

�
θ

2

�
þQ2

q2



;

LðνÞ2;2 ¼ 16EνiEνfcos
2

�
θ

2

�
tan2

�
θ

2

�
;

LðνÞ3;3 ¼ 16EνiEνfcos
2

�
θ

2

�
T2

q2
;

LðνÞ1;2 ¼ −LðνÞ2;1 ¼ −16iEνiEνfcos
2

�
θ

2

�
tan

�
θ

2

�

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tan2

�
θ

2

�
þQ2

q2

s
;

LðνÞ0;3 ¼ LðνÞ3;0 ¼ 16EνiEνfcos
2

�
θ

2

�
T
q
: ð80Þ

For antineutrino scattering, Lðν̄Þβ;α ¼ ðLðνÞβ;αÞ�. The
difference between νe and ν̄e scattering therefore arises
solely from the (1,2) and (2,1) components.

V. RESULTS AND DISCUSSION

The energy spectra dσ=dEf of the ionization electrons
produced in low energy scattering of electron neutrinos and
antineutrinos by atomic electrons have been calculated as a
function of the electron kinetic energy ϵf ¼ Ef −me.
Results are obtained for scattering of 5, 10, 20, and
30 keV neutrino energies by the ground state systems
H(1s), He(1s2), and Ne(1s22s22p6) where, for He and Ne,

the electrons are considered as independent scattering
centers.
The energy spectra are compared to that for scattering

from free electrons, for which, in the laboratory frame,
Ei ¼ me;pei ¼ 0 and the kinematic variables simplify to

s ¼ meðme þ 2EνiÞ;
u ¼ meðme − 2EνfÞ;
t ¼ 2meðme − EfÞ: ð81Þ

Setting m̃ ¼ me in (3), the energy spectrum of the scattered
electron for νe scattering is then [10]

�
dσðνÞ

dEf

�
ðFreeÞ

¼ G2
Fme

8πE2
νi

fðv̄e − āeÞ2E2
νi

þ ðv̄e þ āeÞ2ðEνi þme − EfÞ2
þmeðv̄2e − ā2eÞðme − EfÞg; ð82Þ

where me ≤ Ef ≤ me þ ϵmax
f and the maximum kinetic

energy is

ϵmax
f ¼ 2E2

νi

me þ 2Eνi

: ð83Þ

For low energy transfers T ≪ Eνi ,�
dσðνÞ

dEf

�
ðFreeÞ

¼ G2
Fme

2π
ð1þ 4sin2θW þ 8sin4θWÞ

×

	
1þO

�
T
Eνi

�

: ð84Þ

The total cross section for scattering off free electrons
is [10]

σðνÞðFreeÞ ¼
G2

FmeEνi

8π

	
ðv̄e − āeÞ2

2Eνi

me þ 2Eνi

þ 1

3
ðv̄e þ āeÞ2

�
1 −

m3
e

ðme þ 2EνiÞ3
�

− ðv̄2e − ā2eÞ
2meEνi

ðme þ 2EνiÞ2


: ð85Þ

For ν̄e scattering, the interchange s ↔ u in (3) is
equivalent to āe ↔ −āe in (82) and (85). The low T limit
is unaltered.
Energy spectra and total cross sections for νe and ν̄e

scattering by free electrons are given in Table I.
Results for νe (ν̄e) scattering by H are given in Table II

(Table III), by He in Table IV (Table V), and by Ne in
Table VI (Table VII), respectively. The energy spectra and
cross sections are expressed as ratios
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RðνÞðEfÞ ¼
dσðνÞ=dEf

ZðdσðνÞ=dEfÞðFreeÞ
; ð86Þ

and σðνÞ=ZσðνÞðFreeÞ, to the corresponding quantities for

scattering by Z free electrons. Also listed are results for
the case where the final continuum electron is treated as
free, for which the radial eigenfunctions normalized
according to (C9) are

 
gκf;Ef

ðrÞ
fκf;Ef

ðrÞ

!
¼

ffiffiffiffiffiffiffiffiffiffiffi
pfme

π

r  ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Efþme

p
rjlfðpfrÞ

Sκf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ef−me

p
rjl0fðpfrÞ

!
; ð87Þ

where Sκf ≡ κf=jκfj.
The energy spectra of electrons resulting from the

scattering of neutrinos by free electrons are shown in
Fig. 1, and the energy spectra ratios for scattering of
neutrinos by H, He, and Ne are shown in Figs 2–4
respectively. Plots for scattering of antineutrinos differ
only very slightly from those for scattering by neutrinos

TABLE II. Energy spectra dσðνÞ=dEf of the ionization electrons from scattering of incident neutrinos of energy
Eνi by hydrogen. The results are expressed as ratios to the spectra ðdσðνÞ=dEfÞðFreeÞ for scattering by free electrons
and are given as a function of the kinetic energy ϵf of the electron. Results are shown for a Coulombic final electron
and, in parentheses, for a free final electron. Also shown are the integrated spectra σðνÞ expressed as a ratio to the

integrated spectra σðνÞðFreeÞ for a free electron.

ϵf=ϵmax
f Eνi ¼ 5 (keV) Eνi ¼ 10 (keV) Eνi ¼ 20 (keV) Eνi ¼ 30 (keV)

0.1 0.7780(0.8467) 0.9472(0.9776) 0.9880(0.9970) 0.9952 (0.9991)
0.2 0.7680(0.9169) 0.9465(0.9877) 0.9877(0.9976) 0.9953 (0.9994)
0.3 0.7482(0.9345) 0.9427(0.9890) 0.9870(0.9976) 0.9952 (0.9995)
0.4 0.7192(0.9354) 0.9368(0.9883) 0.9861(0.9976) 0.9945 (0.9991)
0.5 0.6795(0.9254) 0.9267(0.9857) 0.9849(0.9974) 0.9930 (0.9981)
0.6 0.6273(0.9033) 0.9074(0.9782) 0.9828(0.9968) 0.9906 (0.9961)
0.7 0.5624(0.8664) 0.8669(0.9574) 0.9773(0.9942) 0.9868 (0.9931)
0.8 0.4872(0.8125) 0.7819(0.9022) 0.9545(0.9796) 0.9780 (0.9864)
0.9 0.4075(0.7428) 0.6286(0.7797) 0.8376(0.8877) 0.9183 (0.9383)
1.0 0.3308(0.6630) 0.4256(0.5840) 0.4629(0.5367) 0.4643 (0.5122)
ϵmax
f (eV) 95.969 376.65 1451.9 3152.4

σðνÞ=σðνÞðFreeÞ
0.6626(0.8696) 0.8811(0.9472) 0.9568(0.9741) 0.9729(0.9802)

TABLE I. Energy spectra ðdσðνÞ=dEfÞðFreeÞ of electrons resulting from scattering of incident neutrinos of energy
Eνi by free electrons. The results, in units of 10−14 GeV−3, are given as a function of the kinetic energy ϵf of the

electron. Also shown are the integrated spectra σðνÞðFreeÞ in units of 10−20 GeV−2. Results for scattering of

antineutrinos are given in parentheses.

ϵf=ϵmax
f Eνi ¼ 5 (keV) Eνi ¼ 10 (keV) Eνi ¼ 20 (keV) Eνi ¼ 30 (keV)

0.0 2.6029(2.6029) 2.6029(2.6029) 2.6029(2.6029) 2.6029 (2.6029)
0.1 2.4553(2.4471) 2.4571(2.4411) 2.4607(2.4299) 2.4641 (2.4195)
0.2 2.3076(2.2912) 2.3114(2.2794) 2.3185(2.2571) 2.3252 (2.2367)
0.3 2.1599(2.1354) 2.1656(2.1177) 2.1764(2.0846) 2.1865 (2.0543)
0.4 2.0122(1.9796) 2.0198(1.9561) 2.0342(1.9124) 2.0478 (1.8725)
0.5 1.8645(1.8238) 1.8740(1.7946) 1.8921(1.7403) 1.9091 (1.6912)
0.6 1.7168(1.6681) 1.7283(1.6331) 1.7500(1.5686) 1.7705 (1.5104)
0.7 1.5692(1.5123) 1.5825(1.4717) 1.6080(1.3970) 1.6319 (1.3301)
0.8 1.4215(1.3566) 1.4368(1.3104) 1.4660(1.2258) 1.4934 (1.1504)
0.9 1.2738(1.2009) 1.2910(1.1491) 1.3239(1.0547) 1.3550 (0.9712)
1.0 1.1261(1.0452) 1.1453(0.9879) 1.1820(0.8840) 1.2166 (0.7925)
ϵmax
f (eV) 95.969 376.65 1451.9 3152.4

σðνÞðFreeÞ
0.31980(0.31590) 1.2483(1.2185) 4.7624(4.5434) 10.241(9.5600)
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and are not shown. The energy spectra ratios for scattering
of 10, 20, and 30 keV neutrinos by H, He, and Ne become
constant at low kinetic energies and can safely be extrapo-
lated to lower kinetic energies by assuming the ratios are
constant.
The calculations involve a sum over κf with convergence

decreasing with increasing ϵf. The choice jκfj ≤ 20 for
Eνi ¼ 5 keV, jκfj ≤ 30 for Eνi ¼ 10 keV, and jκfj ≤ 50 for
Eνi ¼ 20 keV, gave convergence of much better than
1 × 10−4 for each energy spectrum. For the larger electron
kinetic energies at Eνi ¼ 30 keV, the imposed practical
limit jκfj ≤ 50 gave convergence of better than 1 × 10−4 for

ϵf ≲ 1.5 keV in the spectrum but, for higher energies, the
convergence decreased to 1 × 10−3 at ϵmax

f , so the numbers
shown for the high energy end of the spectra are slight
underestimates. For Ne, this decrease in convergence to
below 1 × 10−4 only occurred for the LIII subshell.
It is evident in the calculated spectra that binding effects

increase strongly with atomic number, are greatest for low
Eνi and, for each Eνi , most significant at the high electron
energy end of the spectrum. As expected, the binding
effects are less for a free final electron than for a Coulombic
final electron. For Ne, the binding effects were strongest for
the K shell. The K shell results also showed the greatest

TABLE III. Energy spectra dσðν̄Þ=dEf of the ionization electrons from scattering of incident antineutrinos of
energy Eνi by hydrogen. The results are expressed as ratios to the spectrum ðdσðν̄Þ=dEfÞðFreeÞ for scattering by free
electrons and are given as a function of the kinetic energy ϵf of the electron. Results are shown for a Coulombic final
electron and, in parentheses, for a free final electron. Also shown are the integrated spectra σðν̄Þ expressed as a ratio
to the integrated spectra σðν̄ÞðFreeÞ for a free electron.

ϵf=ϵmax
f Eνi ¼ 5 (keV) Eνi ¼ 10 (keV) Eνi ¼ 20 (keV) Eνi ¼ 30 (keV)

0.1 0.7690(0.8448) 0.9415(0.9768) 0.9855(0.9969) 0.9938 (0.9993)
0.2 0.7587(0.9148) 0.9401(0.9868) 0.9850(0.9977) 0.9940 (0.9999)
0.3 0.7389(0.9324) 0.9356(0.9879) 0.9840(0.9979) 0.9938 (1.000)
0.4 0.7105(0.9336) 0.9287(0.9870) 0.9827(0.9978) 0.9930 (1.000)
0.5 0.6720(0.9244) 0.9178(0.9841) 0.9807(0.9975) 0.9912 (0.9992)
0.6 0.6219(0.9043) 0.8985(0.9768) 0.9775(0.9965) 0.9882 (0.9972)
0.7 0.5599(0.8706) 0.8599(0.9576) 0.9578(0.9934) 0.9833 (0.9937)
0.8 0.4882(0.8213) 0.7804(0.9074) 0.9485(0.9795) 0.9731 (0.9862)
0.9 0.4123(0.7577) 0.6361(0.7943) 0.8416(0.8966) 0.9179 (0.9422)
1.0 0.3393(0.6852) 0.4415(0.6093) 0.4844(0.5693) 0.4880 (0.5399)
ϵmax
f (eV) 95.969 376.65 1451.9 3152.4

σðν̄Þ=σðν̄ÞðFreeÞ
0.6590(0.8717) 0.8794(0.9505) 0.9576(0.9779) 0.9749(0.9843)

TABLE IV. Energy spectra dσðνÞ=dEf of the ionization electrons from scattering of incident neutrinos of energy
Eνi by helium. The results are expressed as ratios to the spectra 2ðdσðνÞ=dEfÞðFreeÞ for scattering by two free
electrons and are given as a function of the kinetic energy ϵf of the electron. Results are shown for a Coulombic final
electron and, in parentheses, for a free final electron. Also shown are the integrated spectra σðνÞ expressed as a ratio
to the integrated spectra 2σðνÞðFreeÞ for two free electrons.

ϵf=ϵmax
f Eνi ¼ 5 (keV) Eνi ¼ 10 (keV) Eνi ¼ 20 (keV) Eνi ¼ 30 (keV)

0.1 0.6179(0.7209) 0.9020(0.9444) 0.9778(0.9929) 0.9910 (0.9977)
0.2 0.5983(0.8258) 0.9000(0.9719) 0.9774(0.9951) 0.9910 (0.9983)
0.3 0.5705(0.8607) 0.8920(0.9766) 0.9761(0.9954) 0.9907 (0.9986)
0.4 0.5358(0.8692) 0.8787(0.9757) 0.9743(0.9952) 0.9902 (0.9987)
0.5 0.4952(0.8626) 0.8568(0.9697) 0.9715(0.9947) 0.9894 (0.9986)
0.6 0.4498(0.8444) 0.8200(0.9549) 0.9659(0.9929) 0.9879 (0.9982)
0.7 0.4015(0.8164) 0.7585(0.9222) 0.9512(0.9857) 0.9842 (0.9964)
0.8 0.3528(0.7801) 0.6627(0.8579) 0.9031(0.9549) 0.9680 (0.9861)
0.9 0.3062(0.7385) 0.5331(0.7511) 0.7513(0.8359) 0.8671 (0.9068)
1.0 0.2641(0.6953) 0.3904(0.6088) 0.4472(0.5492) 0.4607 (0.5268)
ϵmax
f (eV) 95.969 376.65 1451.9 3152.4

σðνÞ=σðνÞðFreeÞ
0.5019(0.7988) 0.8129(0.9235) 0.9343(0.9644) 0.9635(0.9769)

SCATTERING OF LOW ENERGY NEUTRINOS AND … PHYS. REV. D 105, 013008 (2022)

013008-11



enhancement from the use of Coulombic final electron
states. To a lesser extent, this was also the case for the LI
subshell at the lower neutrino energies.
The sharp decrease in the spectra at the high energy end

is a consequence of the very small range of the q2

integration in (70) for this region. Since qmax ¼ Eνi þ
Eνf and qmin ¼ Eνi − Eνf , the range 2Eνf is minimized at
Emax
f . Also, for this region, q ≈ Eνi , so that the high energy

tail will increase as Eνi increases.
The shape of the Coulombic and free final electron

energy spectra ratios RðEfÞ differ slightly. The Coulombic
final electron spectra ratios are approximately constant over
the region just above ϵmin

f ¼ 0.1ϵmax
f before decreasing, in

most cases, monotonically, whereas the free final electron
spectra ratios increase initially with ϵf to a small peak
before decreasing monotonically.
Existing calculations [10,11] model the scattering by a

bound electron as scattering from a free electron with
effective mass m̃. The cross section obtained from (5) is

dσðAtomÞ ¼ 1

4EνiEi

Z
d3pei

ð2πÞ3 jΨnilimi
ðpeiÞj2

× jFðνee− → νee−Þj2dΦð2Þðpef ; pνfÞ; ð88Þ

where the two-body phase space is

TABLE VI. Energy spectra dσðνÞ=dEf of the ionization electrons from scattering of incident neutrinos of energy
Eνi by neon. The results are expressed as ratios to the spectra 10ðdσðνÞ=dEfÞðFreeÞ for scattering by 10 free electrons
and are given as a function of the kinetic energy ϵf of the electron. Results are shown for a Coulombic final electron
and, in parentheses, for a free final electron. Also shown are the integrated spectra σðνÞ expressed as a ratio to the

integrated spectra 10σðνÞðFreeÞ for 10 free electrons.

ϵf=ϵmax
f Eνi ¼ 5 (keV) Eνi ¼ 10 (keV) Eνi ¼ 20 (keV) Eνi ¼ 30 (keV)

0.1 0.09921(0.2905) 0.2847(0.4001) 0.4694(0.5130) 0.5697 (0.5901)
0.2 0.09333(0.2971) 0.2783(0.4188) 0.4789(0.5533) 0.5793 (0.6365)
0.3 0.08777(0.2892) 0.2685(0.4277) 0.4818(0.5755) 0.5798 (0.6561)
0.4 0.08329(0.2760) 0.2554(0.4310) 0.4798(0.5882) 0.5757 (0.6641)
0.5 0.08068(0.2594) 0.2384(0.4283) 0.4720(0.5951) 0.5691 (0.6652)
0.6 0.08027(0.2411) 0.2164(0.4167) 0.4548(0.5967) 0.5597 (0.6617)
0.7 0.08149(0.2244) 0.1908(0.3922) 0.4225(0.5885) 0.5424 (0.6536)
0.8 0.08286(0.2131) 0.1696(0.3555) 0.3641(0.5543) 0.4997 (0.6314)
0.9 0.08277(0.2100) 0.1623(0.3235) 0.2773(0.4672) 0.3880 (0.5438)
1.0 0.08036(0.2161) 0.1578(0.3157) 0.2334(0.3973) 0.2720 (0.4043)
ϵmax
f (eV) 95.969 376.65 1451.9 3152.4

σðνÞ=σðνÞðFreeÞ
0.08732(0.2613) 0.2383(0.3998) 0.4375(0.5494) 0.5395(0.6220)

TABLE V. Energy spectra dσðν̄Þ=dEf of the ionization electrons from scattering of incident antineutrinos of energy
Eνi by helium. The results are expressed as ratios to the spectrum 2ðdσðν̄Þ=dEfÞðFreeÞ for scattering by two free
electrons and are given as a function of the kinetic energy ϵf of the electron. Results are shown for a Coulombic final
electron and, in parentheses, for a free final electron. Also shown are the integrated spectra σðν̄Þ expressed as a ratio
to the integrated spectra 2σðν̄ÞðFreeÞ for two free electrons.

ϵf=ϵmax
f Eνi ¼ 5 (keV) Eνi ¼ 10 (keV) Eνi ¼ 20 (keV) Eνi ¼ 30 (keV)

0.1 0.6070(0.7180) 0.8919(0.9427) 0.9729(0.9925) 0.9880 (0.9977)
0.2 0.5877(0.8226) 0.8889(0.9699) 0.9720(0.9949) 0.9879 (0.9987)
0.3 0.5608(0.8579) 0.8800(0.9744) 0.9700(0.9951) 0.9874 (0.9991)
0.4 0.5274(0.8673) 0.8659(0.9732) 0.9672(0.9947) 0.9864 (0.9994)
0.5 0.4885(0.8624) 0.8441(0.9674) 0.9630(0.9938) 0.9848 (0.9992)
0.6 0.4454(0.8469) 0.8090(0.9539) 0.9560(0.9914) 0.9821 (0.9984)
0.7 0.3997(0.8227) 0.7517(0.9249) 0.9408(0.9842) 0.9766 (0.9959)
0.8 0.3538(0.7917) 0.6629(0.8678) 0.8967(0.9571) 0.9600 (0.9856)
0.9 0.3102(0.7569) 0.5423(0.7717) 0.7597(0.8520) 0.8705 (0.9167)
1.0 0.2712(0.7224) 0.4074(0.6413) 0.4732(0.5848) 0.4906 (0.5637)
ϵmax
f (eV) 95.969 376.65 1451.9 3152.4

σðν̄Þ=σðν̄ÞðFreeÞ
0.4975(0.8008) 0.8091(0.9272) 0.9340(0.9696) 0.9649(0.9818)
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dΦð2Þðpef ; pνfÞ ¼
1

8π

1

s − m̃2
dt: ð89Þ

The ejected electron energy spectrum is then

dσðAtomÞ

dEf
¼ 1

32πEνiEi

Z
d3pei

ð2πÞ3 jΨnilimi
ðpeiÞj2

× jFðνee− → νee−Þj2
1

s − m̃2

dt
dEf

: ð90Þ

In the rest frame of the atom, with the incoming neutrino
along Oz and the outgoing electron lying in the Oxz
plane,

s ¼ m̃2 þ 2EνiðEi − pei cos θeiÞ ð91Þ

and

t ¼ 2EνiðEf − pef cos θef − Ei − pei cos θeiÞ: ð92Þ
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FIG. 1. Energy spectra ðdσðνÞ=dEfÞðFreeÞ [Eq. (82)], as a
function of electron kinetic energy ϵf, of electrons resulting
from scattering of neutrinos by free electrons. Results are shown
for scattering of 5 keV (solid line), 10 keV (dashed line), 20 keV
(dash-dotted line), and 30 keV (dotted line) incident neutrino
energies.
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FIG. 2. Energy spectra ratios RðνÞðEfÞ [Eq. (86)], as a function
of electron kinetic energy ϵf, of ionization electrons resulting
from scattering of neutrinos by ground state hydrogen. Results
are shown for scattering of 5 keV (solid line), 10 keV (dashed
line), 20 keV (dash-dotted line), and 30 keV (dotted line) incident
neutrino energies.

TABLE VII. Energy spectra dσðν̄Þ=dEf of the ionization electrons from scattering of incident antineutrinos of
energy Eνi by neon. The results are expressed as ratios to the spectrum 10ðdσðν̄Þ=dEfÞðFreeÞ for scattering by 10 free
electrons and are given as a function of the kinetic energy ϵf of the electron. Results are shown for a Coulombic final
electron and, in parentheses, for a free final electron. Also shown are the integrated spectra σðν̄Þ expressed as a ratio
to the integrated spectra 10σðν̄ÞðFreeÞ for 10 free electrons.

ϵf=ϵmax
f Eνi ¼ 5 (keV) Eνi ¼ 10 (keV) Eνi ¼ 20 (keV) Eνi ¼ 30 (keV)

0.1 0.09751(0.2881) 0.2780(0.3981) 0.4588(0.5100) 0.5539 (0.5865)
0.2 0.09183(0.2946) 0.2721(0.4169) 0.4686(0.5509) 0.5651 (0.6338)
0.3 0.08653(0.2870) 0.2630(0.4260) 0.4716(0.5747) 0.5675 (0.6553)
0.4 0.08230(0.2746) 0.2507(0.4299) 0.4700(0.5894) 0.5656 (0.6661)
0.5 0.07993(0.2592) 0.2349(0.4284) 0.4630(0.5987) 0.5611 (0.6711)
0.6 0.07975(0.2424) 0.2145(0.4191) 0.4479(0.6036) 0.5538 (0.6724)
0.7 0.08126(0.2274) 0.1909(0.3982) 0.4194(0.6005) 0.5397 (0.6705)
0.8 0.08310(0.2179) 0.1718(0.3667) 0.3669(0.5751) 0.5036 (0.6577)
0.9 0.08373(0.2171) 0.1664(0.3405) 0.2876(0.5015) 0.4033 (0.5863)
1.0 0.08234(0.2263) 0.1650(0.3406) 0.2509(0.4474) 0.3138 (0.4671)
ϵmax
f (eV) 95.969 376.65 1451.9 3152.4

σðν̄Þ=σðν̄ÞðFreeÞ
0.08669(0.2586) 0.2366(0.4029) 0.4351(0.5558) 0.5375(0.6309)
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The collision kinematics restrict the range of Ef to Eð2Þ
f ≤

Ef ≤ Eð1Þ
f where [11] the limits Eð1;2Þ

f depend on pei .
The energy spectra ratios calculated by [11] have a

similar shape to the free final electron spectra ratios
calculated here in that the ratios increase initially to a
small peak before decreasing monotonically. The present
free final electron ratios, however, differ significantly in

magnitude to those of [11] and have a much smoother
energy dependence.
The integrated cross sections

σðνÞ ¼
Z

Eu

El

dEf
dσðνÞ

dEf
; ð93Þ

where El ¼ me and Eu ¼ me þ ϵmax
f , can be estimated

from the calculated energy spectra. As these spectra were
only calculated for Ef ≥ me þ 0.1ϵmax

f , we assume the
spectra at Ef ¼ me are the same as at me þ 0.1ϵmax

f .
This assumes the lower energy part of the spectrum is
flat. These integrated cross sections are given in the tables,

expressed as ratios to the integrated cross sections ZσðνÞðFreeÞ
[Eq. (85)] for Z free electrons.

VI. SUMMARY AND CONCLUSIONS

The energy spectra dσ=dEf of the ionization electrons
produced in the scattering of electron neutrinos and
antineutrinos with energies 5, 10, 20 and 30 keV by atomic
electrons have been calculated for scattering by the ground
state systems Hð1sÞ, Heð1s2Þ, and Neð1s22s22p6Þ where,
for He and Ne, the electrons are considered as independent
scattering centers. Results are also obtained for the inte-
grated cross sections.
The present calculations maintain the full collision

dynamics by formulating the scattering in configuration
space using the bound interaction picture, rather than the
usual formulation in the interaction picture in momentum
space as appropriate to scattering by free electrons. The
energy spectra are expressed as an integral over the
momentum transfer q from the neutrino or antineutrino to
the atomic system. The integrand is the contraction of the
second rank neutrino tensor LðνÞ [Eq. (32)] or antineutrino
tensor Lðν̄Þ [Eq. (33)], and the second rank electron tensor
LðeÞ [Eq. (65)]. This electron tensor involves radial integrals
over Dirac central field radial eigenfunctions for the initial
bound electron and final continuum electron, together with a
spherical Bessel function arising from the momentum trans-
fer. Screened point-Coulomb radial eigenfunctions have
been used, with the continuum state eigenfunctions calcu-
lated by direct integration of the Dirac equations.
The calculated energy spectra have been expressed as

ratios to the energy spectra for scattering by free electrons.
Binding effects increase strongly with atomic number, are
largest for low Eνi and, for each Eνi , greatest at the high
electron energy end of the spectrum. The most extreme
effects of binding are for Eνi ¼ 5 keV scattering by Ne
where the ratios are less than 0.1. The energy spectra have
been calculated for both a Coulombic final electron state and
a free final electron state. The results indicate that the
binding effects from the continuum state of the final electron
are significant and can be comparable to those arising from
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FIG. 3. Energy spectra ratios RðνÞðEfÞ [Eq. (86)], as a function
of electron kinetic energy ϵf, of ionization electrons resulting
from scattering of neutrinos by ground state helium. Results are
shown for scattering of 5 keV (solid line), 10 keV (dashed line),
20 keV (dash-dotted line), and 30 keV (dotted line) incident
neutrino energies.
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FIG. 4. Energy spectra ratios RðνÞðEfÞ [Eq. (86)], as a function
of electron kinetic energy ϵf, of ionization electrons resulting
from scattering of neutrinos by ground state neon. Results are
shown for scattering of 5 keV (solid line), 10 keV (dashed line),
20 keV (dash-dotted line), and 30 keV (dotted line) incident
neutrino energies.
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the bound initial electron state. This especially occurs at the
high energy end of the spectra for scattering of 5 and 10 keV
neutrinos and antineutrinos. As the continuum radial eigen-
functions increase as rγf until the point rs ≈ jκfj=pf where
they become oscillatory (see Appendix C), the continuum
state for high Ef and pf contributes strongly at small
distances where the Coulomb interaction is significant.
All existing calculations assume a free final electron and
therefore under estimate the total binding effects.
The neutrino and antineutrino energy spectra are very

similar, with the small difference of ≲1% arising from the
(1,2) and (2,1) elements of the lepton tensor LðνÞβ;α. In all
cases the free electron and bound electron energy spectra
for neutrino scattering are higher than those for antineu-
trinos, although the ratios at the high energy end of the
spectra do not reflect this.
The results for the Ne energy spectra show that binding

effects are still very significant at Eνi ¼ 30 keV, the
integrated spectra ratios being ≲0.6. This suggests the
calculations should be extended to higher neutrino energies
for this element. However, this would require a substantial
increase in the maximum value of jκfj used as the κf
convergence is very slow at higher energies, which is not

practical. As the results form a monotonic sequence for
increasing values of κf, a convergence acceleration tech-
nique such as the θ-algorithm [29] may be beneficial.
The formalism and techniques developed in the present

calculations have assumed the atomic electrons for Z ≠ 1 are
in a closed shell or subshell [see Eq. (54)]. They can be
readily applied to other closed shell or subshell atomic
systems provided these systems can be represented by
central field eigenfunctions. Only the calculation of the
radial integrals would require modification to deal with non-
Coulombic self-consistent relativistic radial eigenfunctions.

APPENDIX A: SCATTERING MATRIX

The second order S operator for the interaction (16)
between an electron-neutrino and an electron is

Sð2Þ ¼ −
1

2

Z
d4x1

Z
d4x2TfLνee

I ðx1ÞLνee
I ðx2Þg; ðA1Þ

where T is the time ordering operator. Of relevance to νe − e
scattering are the terms

Sð2Þνee ¼ −
1

2

Z
d4x1

Z
d4x2TfLνeWe

I ðx1ÞLνeWe
I ðx2Þ þ LνeZνe

I ðx1ÞLeZe
I ðx2Þ þ LeZe

I ðx1ÞLνeZνe
I ðx2Þg: ðA2Þ

Using Wick’s theorem, the three time-ordered terms become

TfLνeWe
I ðx1ÞLνeWe

I ðx2Þg ¼
�

−g
2
ffiffiffi
2

p
�

2

fN½νeðx1Þγαð1 − γ5Þeðx1ÞWðþÞ
α ðx1ÞWð−Þ

β ðx2Þeðx2Þγβð1 − γ5Þνeðx2Þ� þ ðx1 ↔ x2Þg

ðA3Þ

TfLνeZνe
I ðx1ÞLeZe

I ðx2Þg ¼
�

−g
4 cos θW

�
2

N½νeðx1Þγαð1 − γ5Þνeðx1ÞZαðx1ÞZβðx2Þeðx2Þγβðve þ aeγ5Þeðx2Þ� ðA4Þ

TfLeZe
I ðx2ÞLνeZνe

I ðx1Þg ¼ TfLνeZνe
I ðx1ÞLeZe

I ðx2Þgðx1 ↔ x2Þ: ðA5Þ

Here the contracted operators WðþÞ
α ðx1ÞWð−Þ

β ðx2Þ and

Zαðx1ÞZβðx2Þ are the W and Z gauge boson propagators

respectively, which we denote by iDA
αβðx1; x2Þwith A ¼ W,

Z. As x1 and x2 are dummy integration variables, the
interchanges in (A3) and (A5) produce terms identical to
the original terms.
In order to identify the terms in (A3) and (A4) specific to

the scattering of electron neutrinos by electrons, the
neutrino and electron field operators are expanded in terms
of appropriate basis sets of states, with the coefficients
identified as the corresponding particle and antiparticle
creation and annihilation operators. For the neutrino field
we have the usual expansion in terms of neutrino uðsÞðpÞ
and antineutrino vðsÞðpÞ plane wave spinors:

νeðxÞ ¼ νðþÞ
e ðxÞ þ νð−Þe ðxÞ; ðA6Þ

where

νðþÞ
e ðxÞ¼ 1

ð2πÞ3
X

s¼�1=2

Z
d3p

1

2Eν
uðsÞðpÞbsðpÞe−ip·x ðA7Þ

and

νð−Þe ðxÞ¼ 1

ð2πÞ3
X

s¼�1=2

Z
d3p

1

2Eν
vðsÞðpÞd†sðpÞeip·x: ðA8Þ

The expansions for the conjugate field νe ≡ ν†eγ0 are
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νeðxÞ ¼ νe
ðþÞðxÞ þ νe

ð−ÞðxÞ; ðA9Þ

where

νe
ðþÞðxÞ ¼ 1

ð2πÞ3
X

s¼�1=2

Z
d3p

1

2Eν
vðsÞðpÞdsðpÞe−ip·x:

ðA10Þ

and

νe
ð−ÞðxÞ ¼ 1

ð2πÞ3
X

s¼�1=2

Z
d3p

1

2Eν
uðsÞðpÞb†sðpÞeip·x:

ðA11Þ
In the above, bsðpÞ (dsðpÞ) are the neutrino (antineutrino)
one-particle annihilation operators, and b†sðpÞ (d†sðpÞ) the
neutrino (antineutrino) one-particle creation operators, for
particles with momentum p and helicity s. Choosing the
normalization

ūðs0ÞðpÞγ0uðsÞðpÞ ¼ 2p0δs0;s;

v̄ðs0ÞðpÞγ0vðsÞðpÞ ¼ 2p0δs0;s; ðA12Þ

then the annihilation and creation operators satisfy

fbsðpÞ; b†s0 ðp0g ¼ ð2πÞ32p0δs0;sδðp − p0Þ;
fdsðpÞ; d†s0 ðp0g ¼ ð2πÞ32p0δs0;sδðp − p0Þ: ðA13Þ

For the electron field, however, the decomposition is in
terms of solutions ϕðxÞ of (15) for an electron in the
external field AðextÞ. Assuming the positive and negative

energy solutions ϕð�Þ
n ðxÞ form two distinct sets, each

separated from the zero energy by a finite interval, we
can make the expansion (En > 0)

eðxÞ ¼ eðþÞðxÞ þ eð−ÞðxÞ; ðA14Þ

where

eðþÞðxÞ ¼
X
n

anϕ
ðþÞ
n ðxÞe−iEnx0 ; ðA15Þ

and

eð−ÞðxÞ ¼
X
n

cnϕ
ð−Þ
n ðxÞeiEnx0 : ðA16Þ

Similarly, for the conjugate field,

ēðxÞ ¼ ēðþÞðxÞ þ ēð−ÞðxÞ; ðA17Þ

where

ēðþÞðxÞ ¼
X
n

c†nϕ̄
ðþÞ
n ðxÞe−iEnx0 ; ðA18Þ

and

ēð−ÞðxÞ ¼
X
n

a†nϕ̄
ð−Þ
n ðxÞeiEnx0 : ðA19Þ

Here, n represents the set of quantum numbers, including
En, specifying the states in the external field, an (cn) are
annihilation operators for electrons with positive (nega-
tive) energies, and a†n (c†n) are the corresponding creation
operators. If the external-field solutions are normalized
according to

hϕð�Þ
n0 jϕð�Þ

n i ¼ δn0;n; ðA20Þ

then these operators satisfy

fan; a†n0g ¼ fcn; c†n0 g ¼ δn0;n: ðA21Þ

The relevant terms in (A3) are

TWðx1; x2Þ ¼ N½νeð∓Þðx1ÞVαeðþÞðx1ÞiDW
αβðx1; x2Þ

× eð−Þðx2ÞVβνð�Þ
e ðx2Þ�; ðA22Þ

where we have defined the vertex factor

Vα ≡ −g
2
ffiffiffi
2

p γαð1 − γ5Þ: ðA23Þ

From (A4), the terms are

TZðx1; x2Þ ¼ N½νeð∓Þðx1ÞVα
νν

ð�Þ
e ðx1ÞiDZ

αβðx1; x2Þ
× eð−Þðx2ÞVβ

eeðþÞðx2Þ�; ðA24Þ

where the vertex factors are

Vα
ν ≡ −g

4 cos θW
γαð1 − γ5Þ; ðA25Þ

Vβ
e ≡ −g

4 cos θW
γβðve þ aeγ5Þ: ðA26Þ

The upper (lower) signs on the neutrino field operators in
(A22) and (A24) refer to νe (νe) scattering.
Introducing the Fourier transform of the gauge boson

propagator

DA
αβðx1; x2Þ ¼

1

ð2πÞ4
Z

d4kDA
αβðkÞeik·ðx1−x2Þ; ðA27Þ
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where

iDA
αβðkÞ ¼ −

i
k2 −M2

A − iϵ

	
gαβ −

ð1 − ξÞkαkβ
k2 − ξM2

A



; ðA28Þ

and substituting the expansions (A7), (A11), (A15) and (A19) for the field operators in (A18) allows the integrations over
dx01; dx

0
2 and dk

0 to be performed, yielding the energy conservation condition δðE0
n þ Eν − En − E0

νÞ and the S-operator for
W mediated νe scattering

SðW;νÞ ¼ −
1

ð2πÞ8
X
n0;n

X
s0;s

Z
d3p0

Z
d3p

Z
d3k

1

4E0
νEν

δðE0
n þ Eν − En − E0

νÞ
Z

d3x1

Z
d3x2e−iðp

0þkÞ·x1eiðpþkÞ·x2

× uðs0Þðp0ÞVαϕðþÞ
n ðx1ÞiDW

αβðk0;kÞϕ̄ðþÞ
n0 ðx2ÞVβuðsÞðpÞN½b†s0 ðp0Þan0a†nbsðpÞ�; ðA29Þ

where k0 ¼ En − Eν. The same substitutions into (A24) allows the integrations over d4x1; d4k and dx02 to be performed,
resulting in the S-operator for Z-mediated νe scattering

SðZ;νÞ ¼ −
1

ð2πÞ5
X
n0;n

X
s0;s

Z
d3p0

Z
d3p

1

4E0
νEν

δðE0
n þ E0

ν − En − EνÞ
Z

d3x2eiðp−p
0Þ·x2

× ūðs0Þðp0ÞVα
νuðsÞðpÞiDZ

αβðp0 − pÞϕ̄ðþÞ
n0 ðx2ÞVα

eϕ
ðþÞ
n ðx2ÞN½b†s0 ðp0ÞbsðpÞa†n0an�: ðA30Þ

Forming the S-matrix between the initial state

jii ¼ b†siðpνiÞa†ni jVaci ðA31Þ

and the final state

jfi ¼ b†sfðpνfÞa†nf jVaci ðA32Þ

gives

SðW;νÞ
fi ¼ −

1

ð2πÞ2 δðE
ðνÞ
fi Þ
Z

d3k
Z

d3x1

Z
d3x2e

−iðpνf
þkÞ·x1eiðpνi

þkÞ·x2

× ūðsfÞðpνfÞVαϕðþÞ
ni ðx1ÞiDW

αβðk0;kÞϕ̄ðþÞ
nf ðx2ÞVβuðsiÞðpνiÞ ðA33Þ

and

SðZ;νÞfi ¼ −2πδðEðνÞ
fi Þ
Z

d3x2e
iðpνi

−pνf
Þ·x2 ūðsfÞðpνfÞVα

νuðsiÞðpνiÞiDZ
αβðpi − pfÞϕ̄ðþÞ

nf ðx2ÞVα
eϕ

ðþÞ
ni ðx2Þ; ðA34Þ

where

δðEðνÞ
fi Þ≡ δðEnf þ Eνf − Eni − EνiÞ: ðA35Þ

Since the scattering occurs at low momentum transfers
k2 ≪ M2

A, the gauge boson propagator, in the Feynman
gauge ξ ¼ 1, simplifies to

iDA
αβðkÞ ¼

i
M2

A
gαβ; ðA36Þ

and the integrations over d3k and d3x1 in (A33)
can now be performed. Noting that MW ¼ MZ cos θW
and g2=ð8M2

WÞ ¼ GF=
ffiffiffi
2

p
, the S-matrix elements

become
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SðW;νÞ
fi ¼ −2πi

GFffiffiffi
2

p δðEðνÞ
fi Þ
Z

d3x2e
iðpνi

−pνf
Þ·x2

× ½ūðsfÞðpνfÞγαð1 − γ5ÞϕðþÞ
ni ðx2Þ�

× ½ϕ̄ðþÞ
nf ðx2Þγαð1 − γ5ÞuðsiÞðpνiÞ�; ðA37Þ

and

SðZ;νÞfi ¼ −πi
GFffiffiffi
2

p δðEðνÞ
fi Þ
Z

d3x2e
iðpνi

−pνf
Þ·x2

× ½ūðsfÞðpνfÞγαð1 − γ5ÞuðsiÞðpνiÞ�
× ½ϕ̄ðþÞ

nf ðx2Þγαðve þ aeγ5ÞϕðþÞ
ni ðx2Þ�: ðA38Þ

Using the Fierz transformation

½ūðsfÞðpνfÞγαð1 − γ5ÞϕðþÞ
ni ðx2Þ�

× ½ϕ̄ðþÞ
nf ðx2Þγαðve þ aeγ5ÞuðsiÞðpνiÞ�

¼ ½ūðsfÞðpνfÞγαð1 − γ5ÞuðsiÞðpνiÞ�
× ½ϕ̄ðþÞ

nf ðx1Þγαðve þ aeγ5ÞϕðþÞ
ni ðx1Þ� ðA39Þ

we can combine the S-matrices for W- and Z- mediated
scattering to give the result (20).

APPENDIX B: EXPLICIT EXPRESSIONS FOR
ELECTRON SCATTERING TENSORS

Explicit expressions for the electron scattering tensors
Lβα
veve ; L

βα
aeae ; L

βα
veae , and Lβα

aeve appearing in (65) are given
here. For the case ðα; βÞ ¼ ð0; 0Þ, we have

L0;0
veve ¼ Igg�

l̄
Iggl Ã

0;0
l̄l
ðlf; li; lf; liÞ þ Igg�

l̄
Iffl Ã0;0

l̄l
ðlf; li; l0f; l0iÞ þ Iff�

l̄
Iggl Ã

0;0
l̄l
ðl0f; l0i; lf; liÞ þ Iff�

l̄
Iffl Ã0;0

l̄l
ðl0f; l0i; l0f; l0iÞ;

L0;0
aeae ¼ Igf�

l̄
Igfl Ã0;0

l̄l
ðlf; l0i; lf; l0iÞ − Igf�

l̄
Ifgl Ã0;0

l̄l
ðlf; l0i; l0f; liÞ − Ifg�

l̄
Igfl Ã0;0

l̄l
ðl0f; li; lf; l0iÞ þ Ifg�

l̄
Ifgl Ã0;0

l̄l
ðl0f; li; l0f; liÞ;

L0;0
veae ¼ i½Igg�

l̄
Igfl Ã0;0

l̄l
ðlf; li; lf; l0iÞ − Igg�

l̄
Ifgl Ã0;0

l̄l
ðlf; li; l0f; liÞ þ Iff�

l̄
Igfl Ã0;0

l̄l
ðl0f; l0i; lf; l0iÞ − Iff�

l̄
Ifgl Ã0;0

l̄l
ðl0f; l0i; l0f; liÞ�;

L0;0
aeve ¼ −i½Igf�

l̄
Iggl Ã

0;0
l̄l
ðlf; l0i; lf; liÞ þ Igf�

l̄
Iffl Ã0;0

l̄l
ðlf; l0i; l0f; l0iÞ − Ifg�

l̄
Iggl Ã

0;0
l̄l
ðl0f; li; lf; liÞ − Ifg�

l̄
Iffl Ã0;0

l̄l
ðl0f; li; l0f; l0iÞ�: ðB1Þ

The other cases can be obtained through the substitutions

Lk0;k
veve ¼ L0;0

aeae ½Ã0;0
l̄l
ðl1; l2; l3; l4Þ→ Ãk0;k

l̄l
ðl1; l2; l3; l4Þ�

Lk0;k
aeae ¼ L0;0

veve ½Ã0;0
l̄l
ðl1; l2; l3; l4Þ→ Ãk0;k

l̄l
ðl1; l2; l3; l4Þ�

Lk0;k
veae ¼ L0;0

veae ½Ã0;0
l̄l
ðl1; l2; l3; l4Þ→ Ãk0;k

l̄l
ðl1; l2; l3; l4Þ�

Lk0;k
aeve ¼ L0;0

aeve ½Ã0;0
l̄l
ðl1; l2; l3; l4Þ→ Ãk0;k

l̄l
ðl1; l2; l3; l4Þ�

L0;k
veve ¼ L0;0

veae ½Ã0;0
l̄l
ðl1; l2; l3; l4Þ→ Ã0;k

l̄l
ðl1; l2; l3; l4Þ�

L0;k
aeae ¼ L0;0

aeve ½Ã0;0
l̄l
ðl1; l2; l3; l4Þ→ Ã0;k

l̄l
ðl1; l2; l3; l4Þ�

L0;k
veae ¼ L0;0

veve ½Ã0;0
l̄l
ðl1; l2; l3; l4Þ→ Ã0;k

l̄l
ðl1; l2; l3; l4Þ�

L0;k
aeve ¼ L0;0

aeae ½Ã0;0
l̄l
ðl1; l2; l3; l4Þ→ Ã0;k

l̄l
ðl1; l2; l3; l4Þ�: ðB2Þ

Using the symmetry

AðI;IÞ
ll ðl1; l2; l3; l4Þ ¼ AðI;IÞ

ll ðl3; l4; l1; l2Þ; ðB3Þ

and noting that the radial integrals are real, then

L0;0
veae ¼ L0;0

aeve ; ðB4Þ

and these terms cancel in (65). Similarly, the symmetry

Aðλ;λÞ
l̄l

ðl1; l2; l3; l4Þ ¼ ð−1Þlþl̄Að−λ;−λÞ
ll̄

ðl3; l4; l1; l2Þ; ðB5Þ

gives

Lk;k
veae ¼ Lk;k

aeve ¼ 0: ðB6Þ

Hence all the diagonal elements of LðeÞ
fi ðq̃Þβα are real.

APPENDIX C: EVALUATION OF RADIAL
MATRIX ELEMENTS

The evaluation of the radial matrix elements (45)
requires the integration of the radial Dirac equations (38)
to obtain the continuum eigenfunction

yκf;Ef
ðrÞ≡

 
gκf;Ef

ðrÞ
fκf;Ef

ðrÞ

!
; ðC1Þ

and the subsequent integration over a product of the initial
bound state eigenfunction (71), this continuum eigenfunc-
tion, and the spherical Bessel function jlðqrÞ.
The continuum eigenfunctions are regular at the origin

and asymptotic to standing waves. These solutions increase
as rγf until the point rs ≈ jκfj=p where they become
oscillatory with approximately constant amplitude. As γf
can be quite large, the smoothed functions [30,31]

Yκf;Ef
ðrÞ≡ r−γfyκf;Ef

ðrÞ; ðC2Þ
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are integrated outwards from r ¼ 0 until the first maximum
or minimum of Yκf;Ef

ðrÞ is reached. These smoothed
solutions satisfy

dYκf;Ef
ðrÞ

dr
¼ aðr; γfÞYκf;Ef

ðrÞ; ðC3Þ

where

aðr;γfÞ¼
 

−ðκfþγfÞ=r Efþme−VðrÞ
−ðEf−me−VðrÞÞ ðκf−γfÞ=r

!
: ðC4Þ

The starting values were obtained from a series expansion
about the origin

Yκf;Ef
ðrÞ ¼

X
n¼0

�
an
bn

�
rn; ðC5Þ

where the coefficients an and bn (n ≥ 1) satisfy the
recurrence relations

an ¼ ½αZðme − EfÞan−1
þ ðme þ EfÞðnþ γf − κfÞbn−1�=nð2γf þ nÞ;

bn ¼ −½αZðme þ EfÞbn−1
þ ðEf −meÞðnþ γf þ κfÞan−1�=nð2γf þ nÞ; ðC6Þ

with a0 and b0 determined from

b0 ¼
�

αZ
κf − γf

�
a0; ðκf < 0Þ; ðC7Þ

and

a0 ¼
�

αZ
κf þ γf

�
b0; ðκf > 0Þ: ðC8Þ

As the differential equations (C3) are linear, the values
a0 ¼ 1 (κf < 0) and b0 ¼ 1 (κf > 0) may be used as initial
conditions. However, the energy normalization conditionZ

∞

0

ðg�κ0fE0
f
gκfEf

þf�κ0fE0
f
fκfEf

Þdr¼δκ0f;κfmeδðE0
f−EfÞ ðC9Þ

requires that the computed solutions be corrected by the
factors [31]

a0 ¼ 2Nf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ef þme

p ð2pfÞγffγf cos η − y sin ηg; ðC10Þ

for κf < 0, and

b0 ¼ −2Nf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ef −me

p ð2pfÞγffγf sin ηþ y cos ηg; ðC11Þ

for κf > 0.
The differential equations (C3) were integrated using a

fifth-order Runge-Kutta method [32]. The rapid propaga-
tion of initial errors that arises from the r−1 term in aðr; γfÞ
was controlled by the use of the series expansion for the
first 5jκfj points of the integration mesh [31]. The inte-
gration algorithm correctly reproduced the free field sol-
utions (87) for Z ¼ 0 and the asymptotic forms

 
gκf;Ef

ðrÞ
fκf;Ef

ðrÞ

!
¼

ffiffiffiffiffiffiffiffi
me

πpf

r  ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ef þme

p
cosðpfrþ δfÞ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ef −me

p
sinðpfrþ δfÞ

!
;

ðC12Þ

for Z ≠ 0, where the Coulombic phase is [23]

δf ¼ yf logð2pfrÞ− arg½Γðγf þ iyfÞ�þ ηf − πγf=2: ðC13Þ

The radial integrals (45) have the form

I lðqÞ ¼
Z

∞

0

ðλirÞγiþβi e−λirjlðqrÞyκf;Ef
ðrÞdr; ðC14Þ

where βi ¼ 0, 1, and were evaluated using an upper limit
r∞ ¼ x∞=λi with x∞ chosen to ensure rjlðqrÞ and yκf;Ef

ðrÞ
had attained their oscillatory forms. This required the
condition

r∞>max

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ1Þp
q

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lfðlfþ1Þp
pf

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0fðl0fþ1Þ

q
pf

1
CA ðC15Þ

to be satisfied. Since qmin ¼ ϵf þ ϵi, then, for ϵf in the
range [11] (0.01–5.0) keV, the smallest value of qmin occurs
for H and is 4.6 × 10−5. Since pf ≈

ffiffiffiffiffiffiffi
2ϵf

p
for small ϵf, then

pf;min ∼ 6.3 × 10−3. Thus the condition on jlðqrÞ is the
most challenging to meet.
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