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Abstract

In this paper we analyze metastability and nucleation in the context of the Kawasaki
dynamics for the two-dimensional Ising lattice gas at very low temperature with periodic
boundary conditions. Let 3 > 0 be the inverse temperature and let A C A? C Z? be two
boxes. We consider the asymptotic regime corresponding to the limit as 8 — oo for finite
volume A and limg_, %1og |AP| = co. We study the simplified model, in which particles

perform independent random walks on A\ A and inside A particles perform simple exclusion,
but when they occupy neighboring sites they feel a binding energy —U; < 0 in the horizontal
direction and —Usz < 0 in the vertical one. Thus the Kawasaki dynamics is conservative
inside the volume A”. The initial configuration is chosen such that A is empty and p|A?|
particles are distributed randomly over A?\ A. Our results will use a deep analysis of a local
model, i.e., particles perform Kawasaki dynamics inside A and along each bond touching
the boundary of A from the outside to the inside, particles are created with rate p = e =27,
while along each bond from the inside to the outside, particles are annihilated with rate 1,
where A > 0 is an activity parameter. Thus, in the local model the boundary of A plays
the role of an infinite gas reservoir with density p. We take A € (Uy, Uy + Us), so that the
empty (respectively full) configuration is a metastable (respectively stable) configuration.
We investigate how the transition from empty to full takes place in the local model with
particular attention to the critical configurations that asymptotically have to be crossed
with probability 1. The derivation of some geometrical properties of the saddles allows us
to identify the full geometry of the minimal gates and their boundaries for the nucleation in
the strongly anisotropic case (U; > 2U;). We observe very different behaviors for this case
with respect to the isotropic (U; = Us) and weakly anisotropic (U; < 2Us) ones. Moreover,
we derive mixing time, spectral gap and sharp estimates for the asymptotic transition time
for the strongly anisotropic case.
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1 Introduction

Metastability is a dynamical phenomenon that occurs when a thermodynamic system is close
to a first order phase transition, that takes place when some physical parameter such as the
temperature, pressure or magnetic field abruptly changes. The phenomenon of metastability is
characterized by the tendency of the system to remain for a long time in a state (the metastable
state m) different from the stable states X'*. Moreover, the system leaves this apparent equilib-
rium at some random time performing a sudden transition to the stable state. This transition



is called metastability or metastable behavior. In the study of metastablity there are three main
issues that are tipically investigated. The first one is the study of the typical transition time
from the metastable to the stable state. The second and third issues, that are physically more
interesting, concern the geometrical description of the gate configurations (also called critical
configurations) and the tube of typical trajectories, that we will discuss in the sequel. A central
role in these descriptions is played by the optimal paths, i.e., the set of paths realizing the min-
imal value among all the paths going from m to X® of the maximal energy reached in a single
path. A basic notion for the second issue is the set of saddles S(m,X*) defined as the set of
all maxima in the optimal paths between m and X®. Since we want to focus on the subsets of
saddles that are typically visited during the last excursion from m to X'®, we introduce the gates
W(m, X*®) from m to X*®, defined as the subsets of S(m, X'*) that are visited by all the optimal
paths. The process, while performing the transition, is likely (with probability that tends to
1 in the chosen asymptotic regime) to follow a subset of the optimal paths. Therefore, gates
are subsets of S(m,X®) that are typically visited during the transition. A minimal gate has
the physical meaning of “critical configurations” and it is defined as a gate such that removing
any configuration from it, the new set has not the gate property. In [45] Theorem 5.1] there is
a characterization of the set G(m, X*) C S(m, X'®), defined as the union of minimal gates (see
B13), in terms of essential saddles (see Section [3 point 4 for the definition of essential saddle).
These are defined as the configurations in S(m, X'*) that cannot be avoided with a short-cut of
an optimal path (where a short-cut of a path w is a path w’ whose set of maxima is a subset
of the set of maxima in w). The third issue, the so-called tube of typical trajectories, is the
set of typical paths followed by the system during the transition from the metastable to the
stable state. We note that the hypotheses needed to discuss the gates are weaker than the ones
necessary to completely characterize the tube of typical paths. The geometrical characterization
of the union of minimal gates G(m, X'®) is a central issue both from a probabilistic and from
a physical point of view and it is a crucial point in the description of the typical trajectories.
Metastability is an ubiquitous phenomenon with many examples from physical systems such as
supersatured vapour, superheated and supercooled water, magnetic hysteresis loop, and from
wireless networks. We remark that in several models proposed to describe ferromagnetic sys-
tems and analyze in the literature in the context of F-W Markov chains evolving under Glauber
dynamics, the minimal gate was unique but, in general, there may exist many minimal sets with
the gate property, either distinct or overlapping. To model mathematically phenomena such
as superheated or supercooled water is often proposed the use of lattice gas models evolving
according to Kawasaki dynamics since the dynamics conserves the number of particles.

In this paper we consider the metastable behavior of the two-dimensional Ising lattice gas
with strongly anisotropic interactions at very low temperature and low density that evolves under
Kawasaki dynamics, i.e., a discrete time Markov chain defined by the Metropolis algorithm with
transition probabilities given in ([Z3)). Let 8 > 0 be the inverse temperature and let A C A? C Z?
be two boxes. We consider periodic boundary conditions and we fix the density p of particles
in A? such that limg_; o0 %log |AP| = co. Particles live and evolve in a conservative way in AP,
but when they occupy neighboring sites they feel a binding energy —U; < 0 in the horizontal
direction and —Us < 0 in the vertical one. Without loss of generality we may assume U; > Us.
Unfortunately, we are unable to handle this model. Thus we consider a simpified model (see
Section for more details) obtained by removing the interactions outside A \ 0~ A and the
exclusion outside A, i.e., the dynamics of the gas in A®\ A is that of independent random walks.

For this semplified model, our goal is to identify the full geometry of the union of the
minimal gates for the strongly anisotropic case together with the characterization of a gate, the
estimate in probability of the transition time from the metastable to the stable state and the



description of the subcritical and supercritical rectangles (see Theorem [B.1]). In oder to obtain
these results, we rely on the study of the local version of the model inside the box A with open
boundary conditions (see Section 2.1] for more details). In particular, along each bond touching
the boundary of A from the outside to the inside, particles are created with rate p = e 25,
while along each bond from the inside to the outside, particles are annihilated with rate 1,
where A > 0 is an activity parameter. Thus, in the local model the boundary of A plays the
role of an infinite gas reservoir with density p. We fix the parameters Uy, Us and A such that
Uy > 2U; in what we call the strongly anisotropic case. We take A € (U, Uy + Us), so that the
empty (respectively full) configuration can be naturally related to metastability (respectively
stability). We consider the asymptotic regime corresponding to finite volume A in the limit of
large inverse temperature 5. We investigate how the system nucleates, i.e., how it reaches l
(box full of particles) starting from OJ (empty box).

For this local model, one of the main goals of the paper is to investigate this two-dimensional
model in the strongly anisotropic case giving the geometrical description of the set G(CJ, W) in
Theorem 10l We will prove that there are many distinct minimal gates that we will geometri-
cally characterize together with their union. Let us explain the strategy we adopt in our paper.
Thanks to the equivalence given in [45, Theorem 5.1], we reduce our study to the identification
of the set of all the essential saddles that has to be crossed during the transition between the
metastable state [ and the stable state ll. We apply the model-independent strategy carried
out in [2, Section 3.2] to the strongly anisotropic two-dimensional case, where m = [0 and
X = {M}, in order to to eliminate some unessential saddles, i.e., those that are not essential.
Thus we need to verify that the required model-dependent inputs are valid in our case. This
study together with the characterization of the essential saddles rely on a detailed analysis of
the motion of particles along the border of the droplet. On the one hand this is a typical feature
of the Kawasaki dynamics, on the other hand this is peculiar in the strongly anisotropic case.
Indeed in the metastable regime, particles move along the border of a droplet more rapidly
than they arrive from the boundary of the box. More precisely, before the arrival of the next
particle, we have that single particles attached to one side of a droplet tipycally detach (because
eU18 <« AP and V28 « AP ), while bars of two or more particles tipycally do not detach (be-
cause 2P < eU1102)8 ). Roughly speaking, we will investigate the saddles that are crossed “just
before visiting” and “just after visiting” the gate of the transition G(CJ,M). For the isotropic
case, in [I3] Theorem 1.4.3(ii)] the authors give a description of a gate and the geometrical
characterization of the set G(CJ, W) is given in [2, Theorem 4.8]. For the weakly anisotropic case,
these descriptions are given in [2] Theorems 4.11, 4.12]. This suggests that an analogue detailed
description for the strongly anistropic case is needed and we give it in Theorems 4.8 and .10
Additionally, we prove sharp asymptotics for the transition time in Theorem 11l Moreover, in
Theorem .14 we investigate the spectral gap and mixing time.

The corresponding analysis for the isotropic and weakly anisotropic cases, i.e., U = Us and
Uy < 2Uy—2¢ respectively, with € := U1 +Uy— A, is given in [2] and we discuss the differences and
similarities below. Despite the structure of the gate is similar for the three cases, we emphasize
that the entrance in them is very different. In particular, for the strongly anisotropic case there
are two different mechanisms to enter the gate (see Lemma [6.17]), while for the other two cases
there is a unique one (see [2, Lemma 7.16]). On the other hand, it is clear that the properties
that are strictly related to the horizontal and vertical interactions are the same for both weakly
and strongly anisotropic cases. While some properties that involve the motion of particles along
the border of the droplet are very different. Intuitively, we can think of the weakly anisotropic
case as a “sort of interpolation” between the isotropic and strongly anisotropic ones, indeed it
has some properties similar to the first, others to the latter. This specific difference between



these cases motivates together with applications the rigorous investigation of the anisotropic
cases. Moreover, we highlight this difference in the description of the set G(CJ, ®), indeed for the
isotropic case more motions along the border are allowed and thus a totally explicit geometric
description of the set is more difficult (see [2, Theorem 4.18]), but for the anisotropic cases we
fully obtain it, since the condition U; # Us makes more difficult the sliding of particles along
the border of the droplet. Among the anisotropic cases, by [2l Theorem 4.12] and Theorem [£.10]
it is clear that the structure of the set G(CI, M) “strongly” depends on “how large” is U; with
respect to Us, indeed in the case Uy > 2U; less slidings along the border are allowed and thus
the structure of the union of minimal gates is less rich than the weak anisotropic case.

Some properties of the metastable behavior for these three cases have been already derived
in the literature. In particular, for the isotropic interactions in [40] the authors investigated
the simplified and local models. In particular, they studied the asymptotic properties of the
transition time together with an intrinsic description of a gate (see Section [ point 4 for the
precise definition). This paper initiated the study of the local model that we describe in the
following discussion. In [13] a geometric characterization of a subset of G(OJ, W) is given and this
result is improved in [2, Theorem 4.8] with the identification of the minimal gates and their union
G(O, M). For the three-dimensional lattice gas we refer to [36], where the authors investigated the
asymptotic properties of the transition time and an intrinsic description of a gate. Moreover, for
both two and three-dimensional isotropic case, using the potential theoretic approach the authors
investigated in [I3] the sharp asymptotics of the mean transition time, the so-called pre-factor.
They proved that it is a constant that asymptotically depends only on the size of the box and
the cardinality of the gate that they identified, but not on the parameter 8. In the framework
of the pathwise approach it is natural to study the third issue of metastability, namely the tube
of typical trajectories realizing the transition between [J and M. This has been analyzed only in
[34] for two dimensions, indeed actually there are no known results about the tube for the three-
dimensional isotropic case and for the anisotropic one. Concerning the anisotropic case, the
asymptotic behavior of the transition time in probability, law and expectation has been derived
for the weakly anisotropic interactions (see [49]) and for the strongly anisotropic interactions
(see [3]). In those papers there is also the geometric description of a gate, but with less control
over the geometry of the minimal gates, their union and the entrance in it, with respect to what
we give in Theorems [4.8] and [0l for the strongly anisotropic case.

State of the art. The first dynamical approach, known as pathwise approach, was initiated
in 1984 in [16], developed in [53, 54] and summerized in the monograph [55]. For Metropolis
chains associated with statistical mechanics systems, metastability has been described by this
approach in an elegant way in terms of the energy landscape associated to the Hamiltonian of
the system. This approach focuses on the dynamics of the transition from metastable to stable
states and it is so flexible that has been later developed to treat the tunnelling, namely the
transition from a stable state to another stable state or stable states. Independently, a graphical
approach was introduced in [I7] and later used for Ising-like models [I8]. Using the pathwise
approach it is possible to obtain a detailed description of metastable behavior of the system
and it made possible to answer all the three questions of metastability. A modern version of
the pathwise approach can be found in [45, 22 23] 51]. In particular, in [45], for the Metropolis
markov chains, there are model-independent results concerning the transition time in probability,
expectation and distribution, and concerning minimal gates and their union disentangled with
respect to the tube of typical trajectories. In [45] the results on hitting times are obtained with
minimal model-dependent knowledge, i.e., find all the metastable states and the minimal energy
barrier which separates them from the stable states. In [22 Sections 2-3] the authors prove
model-independent results to treat systems with multiple metastable states and give a sufficient



condition to identify them. In [23] the authors extend the results of [45] to general Markov chains
(reversible and non reversible) with rare transitions setup, also called Freidlin-Wentzel Markov
chains. These results are a useful tool to approach metastability for non-Metropolis systems
such as Probabilistic Cellular Automata. In [5I, Section 3] the authors extended the model-
independent framework of [45] to study the first hitting times from any starting configuration
(not necessarily metastable) to any target subset of configurations (not necessarily the set of
stable configurations). This approach developed over the years has been extensively applied to
study metastability in Statistical Mechanics lattice models. In this context, this approach and
the one that follows ([11, 45, 55]) have been developed with the aim of finding answers valid with
maximal generality and to reduce as much as possible the number of model dependent inputs
necessary to describe the metastable behavior of any given system.

Another approach is the potential-theoretic approach, initiated in [I1]. We refer to [12] for
an extensive discussion and applications to different models. In this approach, the metastability
phenomenon is interpreted as a sequence of visits of the path to different metastable sets. This
method focuses on a precise analysis of hitting times of these sets with the help of potential
theory. In the potential-theoretic approach the mean transition time is given in terms of the so-
called capacities between two sets. Crucially capacities can be estimated by exploiting powerful
variational principles. This means that the estimates of the average crossover time that can
be derived are much sharper than those obtained via the pathwise approach. The quantitative
success of the potential-theoretic approach is however limited to the case of reversible Markov
processes.

These mathematical approaches, however, are not equivalent as they rely on different def-
initions of metastable states (see [22, Section 3] for a comparison) and thus involve different
properties of hitting and transition times. The situation is particularly delicate for evolutions of
infinite-volume systems, for irreversible systems, and degenerate systems, i.e., systems where the
energy landscape has configurations with the same energy (as discussed in [22] 23| 27]). More
recent approaches are developed in [4] [6l 10].

Statistical mechanical models for magnets deal with dynamics that do not conserve the total
number of particles or the total magnetization. They include single spin-flip Glauber dynamics
and many probabilistic cellular automata (PCA), that is a parallel dynamics. The pathwise
approach was applied in finite volume at low temperature in [16], 52} [18] [42] 43 28] 48, 20, 1
7, 8] for single-spin-flip Glauber dynamics and in [21), 24], 25 26] for parallel dynamics. The
potential theoretic approach was applied to models at finite volume and at low temperature
in [I5] 13, B9, B8, B0, 37, O]. The more involved infinite volume limit at low temperature or
vanishing magnetic field was studied in [29] 30, 506, 57, 46, 47, [40, 31, 33| 4], 191 32] for Ising-like
models under single-spin-flip Glauber and Kawasaki dynamics.

The outline of the paper is as follows. In Section 2] we define the simplified model with
periodic boundary conditions and the local model with open boundary conditions, and the
Kawasaki dynamics. In SectionBlwe give some model-independent definitions and in Section @l we
give some geometric definitions valid for Kawasaki dynamics (see Sectiond.T]). We state our main
results for the local model concerning the gates in Section and about the sharp asymptotics
in Section 4.3l The results for the simplified model are given in Section Bl Sections [6] [7] and
Bl are devoted to the local model. In particular, in Section [6l we apply the model-independent
strategy carried out in [2, Section 3.2]. In Section [6.2] we give some model-dependent definitions,
in Section [6.3] some tools that are useful in Section for our model-dependent strategy. In
Section [1 we give the proof of the main results for the strongly anisotropic case regarding the
description of the gate (see Theorem [A.8]) and the geometric characterization of the union of all
the minimal gates (see Theorem .I0). In Section [§ we give the proof of the main theorems



about the sharp asymptotics (see Theorems [Tl and [14]). In Section [0 we give the proof of
the results for the simplified model (see Theorem [G.1).

2 Definition of the model

2.1 The model with open boundary conditions

Let A = {0,..,L}? C Z? be a finite box centered at the origin. The side length L is fixed, but
arbitrary, and later we will require L to be sufficiently large. Let

OAN={zeA:TJy¢A|y—z =1}, (2.1)

be the interior boundary of A and let Ag := A\ 0~ A be the interior of A. With each z € A
we associate an occupation variable n(z), assuming values 0 or 1. A lattice configuration is
denoted by n € X = {0,1}*. Each configuration 7 € X has an energy given by the following
Hamiltonian:

H(n)=-Ur > nnly) -Us > n@mny)+A) n), (2.2)

(zy)EA ), (zY)EAS zeA

where Ag, (resp. Af,) is the set of the horizontal (resp. vertical) unoriented bonds joining
nearest-neighbors points in Ag. Thus the interaction is acting only inside Ag; the binding energy
associated to a horizontal (resp. vertical) bond is —U; < 0 (resp. —Usz < 0). We may assume
without loss of generality that Uy > Us.

The grand-canonical Gibbs measure associated with H is

e—BH(m)

pn) = — nex, (2.3)

where

Z:=) e PH0 (2.4)

nex
is the so-called partition function.

2.2 Local Kawasaki dynamics

Next we define Kawasaki dynamics on A with boundary conditions that mimic the effect of an
infinite gas reservoir outside A with density p = e 8. Let b = (x — y) be an oriented bond,
i.e., an ordered pair of nearest neighbour sites, and define

oF Aot = {b = (;p — y) B S a_A,y ¢ A}’
AT = {b=(z—y):a g Ay €I A}, (2:5)
Amorie . {b — (:E — y) X,y € A},

and put A*°T ;= 9* A% U 9* A" U A* 97, Two configurations 7,7’ € X with n # 7’ are said to
be communicating states if there exists a bond b € A*°" such that 1 = Tyn, where Tyn is the
configuration obtained from 7 in any of these ways:

o for b= (x — y) € A* °"° Tyn denotes the configuration obtained from 7 by interchanging
particles along b:
n(z) if z#w,y,
Tyn(z) = § nlz) ifz=y, (2.6)
n(y) if z ==x.

7



e For b= (x — y) € 9*A° we set:

Tin(z) = { nz) ifz#e, (27)

0 if z=x.

This describes the annihilation of a particle along the border;

o for b= (z —y) € I*A™ we set:

Tyn(z) = { 717(2) E z i Z’ (2.8)

This describes the creation of a particle along the border.

The Kawasaki dynamics is the discrete time Markov chain (7;)eny on state space X given by
the following transition probabilities: for n # 7'

|A*, orie|—16_5[H(7]/)—H(n)}+ if 3p e Axorie . ,'7/ =Ty

2.9
0 otherwise (2.9)

P(n,n) = {
where [a]+ = max{a,0} and P(n,n) :== 13", P(n,1'). This describes a standard Metropolis
dynamics with open boundary conditions: along each bond touching 9~ A from the outside,
particles are created with rate p = e ®# and are annihilated with rate 1, while inside A
particles are conserved. Note that an exchange of occupation numbers 7(z) for any z inside the
ring A \ Ag does not involve any change in energy.

Remark 2.1 The stochastic dynamics defined by (2.9) is reversible w.r.t. Gibbs measure (2.3)
corresponding to H.

2.3 The model with periodic boundary conditions and its simplified version

In this Section we consider a lattice gas model to study the metastable behavior of conservative
systems. Let AP C Z2 be a large finite box centered at the origin, with periodic boundary
conditions. With each 2 € A® we associate an occupation variable n°(x), assuming the values 0
and 1. A lattice gas configuration is denoted by n° € X% = {0, 1}A6. We consider the interaction
defined by the following Hamiltonian

Hn?) =-th > P’ -0 Y @) +2> @), (2.10)

(zy)ehy , (zy)es , zeAs

where Aj, (resp. ABU) is the set of the horizontal (resp. vertical) unoriented bonds joining

nearest-neighbors points in A®. Thus the binding energy associated to a horizontal (resp. verti-
cal) bond is —U; < 0 (resp. —Us < 0). We may assume without loss of generality that Uy > Us.
We fix the particle density in Ag at

1 _
w2 @) =p =, (2.11)
TEAP

where A > 0 is an activity parameter. This corresponds to a total number of particles in A?
equal to N = p|A®|. From (@II) we see that in order to have particles at all we must pick |A®|



at least exponentially large in 4. This means that the regime where A? is fixed, as in the non
conservative case considered in Section 2.2] has no relevance here. We will in fact be interested
in the regime

Ac(ULUL+Th), B—o0, lim —log|A%| = oo. (2.12)

o0 3

We can not define the dynamics in A? as in Section due to the presence of periodic boundary
conditions, but if we change the open boundary conditions the model is too difficult to treat due
to the behavior of the gas in A?\ A. Indeed in this conservative case the dynamics is not really
local: particles must arrive from or return to the gas, which acts as a reservoir. It is therefore
not possible to decouple the dynamics of the particles inside A from the dynamics of the gas
in Ag \ A. For this reason we consider a simplified model, in which we remove the interactions
outside the box Ag = A\ 07A, where 07 A is defined in (2I)). Moreover, we also remove the
exclusion outside A, thus the dynamics of the gas in A%\ A is that of independent random walks.

Thus we replace the Hamiltonian defined in ([2.12]) with

H@’)=-Ur Y n@ny) -0z > n@nw)+A > 7z, (213

(zy)ENG (z,y)EAG,, zEAP

We will use the results for the local model that concern the Hamiltonian defined in (2.2]) to derive
results for the simplified model as it will be clear in Section [@ In this setting, we can view the
model described in Section 2.1] as the local version of the one described in this Section, where
the effect on A of the gas in A® \ A may be described in terms of the creation of new particles
with rate p = e~ 2P at sites on the interior boundary of A and the annihilation of particles with
rate 1 at sites on the exterior boundary of A.

Let Vy = {n® € X% : Nys = N} the set of configurations with N particles. For n € X =
{0,134, let vy denote the canonical Gibbs measure conditioned on the configuration inside A
being 7, i.e.,

B) B VN(UB)RJB(n)(TIﬁ)
— en(Tsm)

where J8(n) = {n® € A : 776\1\ = n}, with 776|A the restriction of n® to A, and vy is the
canonical Gibbs measure defined as

vl 0 e, (2.14)

—BH(n°)1
(& Y B8
() = ——— o e a”, (2.15)
N
where
Zy= Y PO (2.16)
nfeVn

For n € X, write P, and E,, to denote respectively the probability law and expectation for the
Markov process (1;)i>0 on X B following the Kawasaki dynamics with Hamiltonian

H' @) == > n@n) -V > nn), (2.17)

(z,y)EAG (z,9)EN].,

given that 79 is chosen according to 1. Write [J to denote the empty configuration in A, i.e.,

0% = 78(0).



3 Model-independent definitions and notations

We will use italic capital letters for subsets of A, script capital letters for subsets of X, and
boldface capital letters for events under the Kawasaki dynamics. We use this convention in
order to keep the various notations apart. We will denote by P, the probability law of the
Markov process (1;)¢>0 starting at ng and by E,, the corresponding expectation.

1. Paths and hitting times.
e A path w is a sequence w = (wy,...,wg), with k¥ € N, w; € X and P(w;,w;+1) > 0 for
1=1,...,k—1. We write w: n — 1’ to denote a path from 7 to n’, namely with w; =7,
wr =1n'. Aset AC X with |A| > 1is connected if and only if for all n,n’ € A there exists

a path w : n — 7’ such that w; € A for all i. We indicate with w; o ws the composition of
two paths wi and ws.

e Given a non-empty set A C X, define the first-hitting time of A as
T4 :=min{t > 0:n € A}. (3.1)

2. Min-max and communication height

e Given a function f: X — R and a subset A C X, we denote by

argmaxaf :={ne€A: f(n) = Iglgf(()} (3.2)

the set of points where the maximum of f in A is reached. If w = (wy,...,wy) is a path,
in the sequel we will write arg max,, H to indicate arg max4 H, with A = {wy,...,wr} e H
the Hamiltonian.

e The bottom F(A) of a non-empty set A C X is the set of global minima of the Hamiltonian
H in A:

F(A):={ne A:H(n) = IgggH(C)}- (3.3)

For a set A C X such that all the configurations have the same energy, with an abuse of
notation we denote this energy by H(A).

e The communication height between a pair n, ' € X is

®(n,n') := min max H((). (3.4)
wn—n' (Ew

Given A C X, we define the restricted communication height between 1,7’ € A as

®4(n,n') == min max H((). (3.5)
w;}naz’ (Ew

3. Stability level, stable and metastable states
o We call stability level of a state ( € X the energy barrier

Ve :=9(C,Ze) — H(C), (3.6)
where Z; is the set of states with energy below H(():
Toi={neX: Hip < HQ}. (3.7)

We set Vi := oo if Z; is empty.
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o We call V-irreducible states the set of all states with stability level larger than V:

Xy ={neXx :V,>V} (3.8)

e The set of stable states is the set of the global minima of the Hamiltonian:

XS = F(X). (3.9)

e The set of metastable states is given by

X" i={neX:V,= Vi) 3.10
{n [, ¢} (3.10)

We denote by I, the stability level of the states in X™.

. Optimal paths, saddles and gates

e We denote by (n — 1/)opt the set of optimal paths as the set of all paths from 7 to 1
realizing the min-max in X, i.e.,

(n = 0 )opt := {w : 7 — 7 such that max H(¢) = D(n,1')}- (3.11)

e The set of minimal saddles between 1,7’ € X is defined as

Stn,n)={CeXx: Fwem—n)opt, w> ¢ such that I?EaxH(f) =H()}. (3.12)

e Asaddle £ € S(n,7) is called unessential if for any w € (7 — n')opt such that wNE # 0 we
have {argmax,, H} \ {¢} # 0 and there exists w’ € (1 — 1)opt such that {arg max,, H} C

{argmax,, H} \ {¢}.

e A saddle £ € S(n,7) is called essential if it is not unessential, i.e., if either

(i) there exists w € (7 — 1/)opt such that {arg max, H} = {£{} or

(ii) there exists w € (n — 1/)opt such that {arg max, H} D {¢} and {arg max,,H} ¢
{arg max ,H} \ {¢} for all W’ € (n = 1) opt-

e Given a pair 7,7 € X, we say that W = W(n,n') is a gate for the transition n — n’ if
W(n,n') CS(n,n') and wnNW # 0 for all w € (n — 1/)ope. In words, a gate is a subset of
S(n,n’) that is visited by all optimal paths.

e We say that W(n,n') is a minimal gate for the transition n — 7’ if it is a gate and for any
W' C W(n,n') there exists w’ € (n — 1/)opt such that o’ N W' = (. In words, a minimal
gate is a minimal subset of S(n,n’) by inclusion that is visited by all optimal paths.

e For a given pair of configurations n,7n’, we denote by G(n,n') the union of all minimal
gates:

G(n,n') = U W(n,n') (3.13)

W(n,n') minimal gate

11



4 Main results: the gates for the local model

In this Section we state our main results: in Section we obtain the geometrical characteri-
zation of the union of all minimal gates for the strongly anisotropic case. In order to do this we
need some model-dependent definitions for the Kawasaki dynamics (see Section [4.]) and some
specific ones for the strongly anisotropic case (see Section [£2]). In Section [£.3] we derive sharp
estimates for the asymptotic transition time. Moreover, we derive the mixing time and spectral
gap. For the corresponding results obtained in the isotropic and weakly anisotropic cases, i.e.,
in the parameter regime U; = Uy and Uy < 2Us — 2¢ respectively, where ¢ is defined in (4.8,
we refer to [2, Sections 4.2,4.3] for the results concerning the gates and union of minimal gates
and to [2, Section 4.4] for the results concerning the asymptotic transition time, mixing time
and spectral gap.

4.1 Geometric definitions for Kawasaki dynamics
We give some model-dependent definitions and notations in order to state our main theorems.

1. Free particles and clusters

e For x € Ag, let nn(x) := {y € Ag: d(y,z) = 1} be the set of nearest-neighbor sites of x in
Ao, where d in the entire paper denotes the lattice distance.

e A free particle in n € X is a site x, with n(z) = 1, such that either x € n NI~ A, or
x € nNAg and Zyerm(m)ﬂ[\o n(y) = 0. We denote by 7y, the union of free particles in 0~A
and free particles in Ag. We denote by n(n) the number of free particles in 7.

We denote by 7. the clusterized part of the occupied sites of 7:
net = {o € Aot () = 1} \ ngpe (4.1)

e We denote by 1/P the addition of a free particle anywhere in A to the configuration 7.

e Given a configuration € X, consider the subset C(n.) of R? defined as the union of
the 1 x 1 closed squares centered at the occupied sites of 7, in Ay and call the maximal
connected components of this set the clusters of 7.

e Given a set A C R?, we define the number of 1 x 1 closed occupied squares in A as

Al == AN C(na)l (4.2)

and as ||A|| the numbers of 1 x 1 closed squares in A. Note that || - || takes into account
the possibility that the squares are occupied or not.

2. Projections, semi-perimeter and vacancies

e For n € X, we denote by ¢;1(n) (resp. g2(n)) one half of the horizontal (resp. vertical)
length of the Euclidean boundary of C(7.). Then the energy associated with 7 is given
by

H(n) = —(Ur + Uz — A)[C(na)| + Urg2(n) + U291(n) + An(n). (4.3)
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e Let pi(n) and pa(n) be the total lengths of horizontal and vertical projections of C(n.)
respectively. More precisely, let r;; = {z € Z? : (z); = j} be the j-th column and
rio = {x € Z*: (z)3 = j} be the j-th row, where (z); or (z)s denote the first or second
component of z. Let

mn) ={j €Z: rj1NCna) # 0} (4.4)

and p1(n) := |m1(n)]. In a similar way we define the vertical projection ma(n) and pa(n).

e We define ¢}(n) := gi(n) — pi(n) > 0; we call monotone a configuration such that g;(n) =
pi(n) for i =1,2.

o We define the semi-perimeter s(n) and the vacancies v(n) as

s(n) = pi(n) +p2(n),
o) = p(mpa(n) — [C(na)l. (4.5)

3. n-manifold, rectangles and corners

e The configuration space X can be partitioned as

X = Jvn, (4.6)

where V,, ;= {n € X : |C(ng)| + n(n) = n} is the set of configurations with n particles,
called the n-manifold.

e We denote by R(ly,l2) the set of configurations that have no free particle and a single
cluster such that C(n,) is a rectangle R(ly,l3), with l1,ly € N. For any n,7" € R(l1,12) we
have immediately:

X
=
]
=
=
3\
~—
i

H(R(l1,12)) = Uila + Usly — €lyly, (4.7)

where
e:=U; +Uy — A. (4.8)

e A cornerinn € X is a closed 1 x 1 square centered in an occupied site z € Ag such that, if
we order clockwise its four nearest neighbors z1,xs, x3, x4, then Zyenn(x) n(y) = 2, with
n(x;) = n(xiy1) =1, with ¢ = 1, ...,4 and the convention that x5 = x1 (see Figure[Ilon the
right-hand side).

4. Circumscribed rectangle, frames and bars

e If 1 is a configuration with a single cluster then we denote by CR(n) the rectangle circum-
scribing C(ng), i-e., the smallest rectangle containing 7.

We denote 0T CR(n) the external frame of CR(n) as the union of squares 1 x 1 centered at
sites that are not contained in CR(n) such that those sites have Euclidean distance with
sites in CR(7) less or equal than v/2 (see Figure [l on the right-hand side). Note that the
external frame of CR(7) contains only non occupied sites.
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i B i
B?U _ Be
CR™(n)

e B’ o

L crey

Figure 1: Here we depict the same configuration 1 on the left and on the right to emphasize
different geometrical definitions. The grey area in both pictures represents C'(7.). In particu-
lar, on the left-hand side we stress the frame-angles ¢*® (1), the bars B*(n), CR™(n) and the
circumscribing rectangle CR(7n) (respresented with a dashed line). While on the right-hand side
we stress the sites that are in a corner (represented with a dot), CR™(n) and the external frame
OTCR(n) (the dashed area).

We denote 0~ CR(n) the internal frame of CR(n) as the union of squares 1 x 1 centered
at sites that are contained in CR(n) such that those sites have Euclidean distance with
sites not in CR(n) less or equal than V2. If this distance is equal to /2, we say that
the unit square is a frame-angle ¢ (n) in 9~ CR(n), where aa’ € {ne, nw, se, sw}, with
n = north, s = south, etc. Note that the internal frame of CR(n) is a geometrical object
contained in R? that can contain both occupied and non occupied sites (see Figure [ on
the left-hand side). We partition the set 9~ CR(n) without frame-angles in two horizontal
and two vertical rows r*(n), with a € {n,w, e, s}.

Moreover, we set
CR™(n) = CR(n) \ 8~ CR(n),

CR*(n) = CR(5) U&* CR(). (4.9)

See Figure [Il for an example.

Remark 4.1 Note that, for example, the frame-angles ¢"¢(n) and ¢<™(n) are the same,
but this distinction will be useful in Definitions and[{.3

A wvertical (respectively horizontal) bar B*(n) of a single cluster of  with length k isa 1 x k
(respectively k x 1) rectangle contained in C(n), with o € {n,w, e, s}, k> 1, such that
each square 1 x 1 of the bar is attached only to one square of C(ny) \ B%(n) (see Figure
[ on the left-hand side). In the cases in which it is not specified if the bar is vertical or
horizontal we call it simply bar. If kK = 1 we say that the bar is a protuberance.

Remark 4.2 Note that two bars B*(n) and Bal(n), with a, o € {n, s,w,e}, can possibly
intersect in the frame-angle ¢*® (n). If this is the case, we get |BY(n)UB® ()| = |B*(n)|+
|BY ()] — 1.
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+U1 U

Figure 2: 1-translation of the horizontal bar B™(n) at cost Uj.

B o B = =

Figure 3: 1-translation of the vertical bar B¢(n) at cost Us.

—_—

0,...,0

+U2 U2

5. Motions along the border

Recall definitions of |- | and || - || in (£2]) and below. In the following, we give the precise notion
of translation by 1 of a bar, for example to the left or to the right, while keeping all the squares
of the bar attached to the cluster below.

Definition 4.3 Given n and a bar B*(n) of length k, with a € {n,s,e,w}, we say that it is
possible to translate the bar B*(n) if

k=|B%(n)| < |07 B*(n)|. (4.10)

We define the 1-translation of a bar B®(n) of length k as a sequence of configurations (01, ..., k)
such that my = n and n; is obtained from n;_1 translating by 1 a unit square along the rectangle
Ot B(n) NC(na) for any 2 <i < k.

In Figure 2] (resp. Figure B)we depict a 1-translation of a horizontal (resp. vertical) bar at cost
Ui (resp. Us).

In the following, we give the precise notion of sliding a unit square from row r*(n) to 7’0‘,(77)
passing through the frame angle ¢ (n).

Definition 4.4 Given n, let ac’ such that ¢! (n) is a frame-angle. We say that it is possible
to slide a unit square around a frame-angle c¢*® (1) C d~CR(7) from a row r®(n) € 8~ CR(n) to
a row r® (n) C 8~ CR(n) via a frame-angle ¢** (n) if

aa’ (

0, [r(m)>1, 1< () <|r ()] + 1. (4.11)

™ ()]

Let o # o such that oo (n) is a frame-angle. See Figure[]] for an example. We define a sliding
of a unit square around a frame-angle ¢ (n) € 9~ CR(n) as the composition of a sequence of 1-
translations of the bar B*(n) from r*(n) U e’ (n) to r*(n) U e’ (n), namely (', ...,n*), and the
1-translation of a bar B () = C’(nfl)ﬂ(ro‘/(n)Ucao‘l (1)) from r® (MU (1) to r® (n)Uc® " (n),
where o/ # a is such that <" () is a frame-angle.

The definition above is used only to define the following sliding of a bar from row r%(n) to
7‘0"(77) passing through the frame angle ¢ (n), that corresponds to iteratively apply the sliding
of a unit square around a frame-angle.

7

b

+U1

]

b

0

]

—

-U;

]

—

+U2

ﬂ__

-

0

]

—

—Us

-

Figure 4: Sliding of a unit square around the frame angle ¢"¢(n) at cost U;. In this case oo = n,

o =e,d =wand a

"

= S.
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Definition 4.5 Given 1, let aa’ such that ¢ (n) is a frame-angle. Before sliding a bar around
a frame-angle, we translate the bars B*(n) and B (n) at distance 1 to the frame-angle ¢® (n)
obtaining a configuration n/. We say that it is possible to slide a bar B*(n/) around a frame-angle
@ (') C - CR(1)) if it is possible to move all the unit squares in B(n') around a frame-angle

() from a row (') U (1) to a row v () U " (i), where o/’ # o/ and o # «
are such that ¢ () and " (/) are frame-angles. Namely,

B )]+ [ ()] < 117 ()] + 1. (4.12)

Moreover, we define a sliding of a bar B*(1) around a frame-angle ¢ (/) as the sequence of
|B*(1))| slidings of unit squares around a frame-angle ¢® (1').

See the path described in Figure[7], that connects the configuration 7 to the configuration (12) for
an example of sliding of the bar B¢(n) around the frame-angle ¢**(n), with 1 as the configuration

(3)-

4.2 Gate for strongly anisotropic interactions

In this Section we impose U # U, and Uy > 2Us in (2.2)), i.e., we consider strongly anisotropic
interactions between nearest neighboring sites. We will consider 0 < ¢ <« Us, where < means
suffiently smaller; for instance ¢ < 1UT20 is enough. Many interesting quantities that follow have
lower index sa to remind that they refer to strongly anisotropic interactions. In order to state
our main results for the gates in the strongly anisotropic regime we need the following definitions.

We define the critical vertical length I3 as

Us
X 4.1
b [U1+U2—J’ (4.13)

where | | denotes the integer part plus 1. We set the critical value of s, as
Sa, =315 — 1. (4.14)
Now we need the following definitions.

Definition 4.6 (a) We define Q, as the set of configurations having one cluster anywhere
in Ao consisting of a (215 — 3) x I rectangle with a single protuberance attached to one of
the shortest sides. Similarly, we define Q.. as the set of configurations having one cluster
anywhere in Ao consisting of a (215 — 3) x 5 rectangle with a single protuberance attached
to one of the longest sides.

(b) We define
T%, = Uil + 20515 + Uy — Uy — 2¢(13)? + 3ell — 2e. (4.15)

(c) We define the volume of the clusters in Qs, as

nt, = 15215 —3) + 1, (4.16)
and
ﬁsa = {T,/ € Vnﬁa’ dne Qsa : H(T,) = H(T]/) and (I)ana (77777/) < H(T,) + Ul}, (4 17)
Dso := {0 € Vne,| 31 € Qsa: H(n) = H(1') and (I)ana (n,m') < H(n) + Ut} '



205 -2 205 — 2
Figure 5: Critical configurations in C;, in the strongly anisotropic case. Moreover, if we remove

the free particle we obtain on the left a configuration in Qg, and on the right a configuration in
sta \ Qsa-

Note that the last condition in (4.I7) is the same as requiring that Dy, (n,n) < Tk, +
H(O) = TI'f,. We encourage the reader to consult Proposition [6.I where we give the
geometrical description of the set D, and 755(1- Roughly speaking, one can think of Dy,
as the set of configurations consisting of a rectangular cluster with four bars attached to
its four sides, whose lengths satisfy precise conditions.

(d) We define
c:, =DIp. (4.18)

The reason why only the set Dy, is relevant for the set C¥, will be clarified later (see Lemma
[6.9). Note that

H(C) = H(DIE)=H(Dy)+A=H(Q)+ A
= Uﬂ; + 2U2l§ —U; —3U; — 6[;(2[3 — 3) + 2A

4.19
= Uyl +2Usl5 + Uy — Uy — 2e(15)% + 3ely — 2¢ (4.19)
= I,
See Figure [b] for an example of configurations in Cj,.
Remark 4.7 Note that H(Qy) < H(Qsa), indeed
H 7sa =TI%, — Aa
(See) =T, (4.20)

H(Qq)=T% —A+U; — U
The first main result of Section is the following.

Theorem 4.8 (Gate for strongly anisotropic interactions). The set CX, is a gate for the tran-
sition from O to W

We refer to Section [Z1] for the proof of the Theorem H.8
Remark 4.9 Theorem[{.8 sharpen the previous results obtained in [3, Theorem 2.4/, indeed we

prove that C, is a gate instead of P1UPs (see (4.21) and (7.1) for the definitions of Psq,0 = P1
and Po respectively).
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I g I5+1

[ B
205 -1 205 -2

Figure 6: Critical configurations in the strongly anisotropic case: on the left hand-side is repre-

sented a configuration in Ps, 0 and on the right hand-side a configuration in Py 1.

In order to give the result regarding the geometric characterization of Gs,(CJ, M), we need
some definitions. For any ¢ = 0,1 we define Pyq; C Ssq(0, M) that consists of configurations
with a single cluster and no free particle, a fixed number of vacancies, that is not monotone with
circumscribed rectangles obtained from the one of the configurations in D,, via increasing by

one the horizontal or vertical length. More precisely,

Psai:= {n:n(n) =0,v(n) =205+ —i(i+1)—2, ¢i(n) =1, gh(n) =1 —i,ny is (4.21)
connected, with circumscribed rectangle in R(205 —i — 1,15+ 1)}, i =0, 1. '

See Figure [0] for an example of configurations in Ps, ¢ (on the left-hand side) and in Py, 1 (on
the right-hand side).

The set G5, (O, W) contains all the configurations that are in the sets defined in (@.21]) with the
following further conditions. First, we define the subsets Ag’ (resp. A) of the saddles in Pgyq 0
(resp. Psq,1) that contains only one occupied unit square in either a vertical (resp. horizontal)
row or in one of its two adjacent frame-angles. More precisely,

AS = {0 € Paao : [r¥ (n) U (n) U % ()] = 1}, (4.22)
for any o’ € {w,e} and &, a € {n, s} such that a # &, and
A = {0 € Poar - [r*(n) U (n) U™ ()| = 1}, (4.23)

for any a € {n, s} and o/, @ € {n, s} such that o’ # o”. Note that in Figure[6lthe configuration
on the right-hand side is in A}.

Next, we define the subsets AZ"O/ of the saddles in Py, that are obtained from 1 € Pyq 0
during the sliding of the bar B® (1) around the frame-angle ¢ ®(1). More precisely,

Agﬂ = {77 € Psa,(] : |Ta(77)| = /k -1 |Tal(77)| = l; — k, |CO/OC(77)| =1,
(r(n) U ¥ () N = 7' 0r%? with d(r%', r%?) = 2},

c '

(4.24)

where a € {n,s}, o/ € {w, e}, r?l’l, r?l’2 are two disjoint connected components in (" Uc®' ()

and k = 2,...,05. Note that the conditions in ([£24)) guarantee that these configurations are
obtained during a sliding of a bar around a frame-angle, that is identified by the indeces « and
o/. Note that in this case there is not the index k" as in [2}, eq. (4.19)] and [2] eq. (4.37)] for the
isotropic and weakly anisotropic cases respectively, because in the strongly anisotropic case less
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Figure 7: Transition column to row for R (25 — 1,15 — 1) in the strongly anisotropic regime: the
configuration (1) has energy equal to I'f, — A + Us — U; and thus the configurations (7) and
(11) have energy equal to I'},. In (12) we indicate with a dashed arrow the detachment of the
protuberance at cost Uy and afterwards movement of the free particle until it connects to the
cluster that decreases the energy by Uy + Us.

sliding on the border of the droplet are allowed. Indeed, in this case 5 — 1 denotes the length
of the bar that we are sliding and thus we can consider ¥’ = I3 — 1 fixed. The index k counts
the number of particles that are in 7%(n) U ¢®'®(n) during the sliding and can be less or equal
than 5. Referring to Figure [7, configuration (7) (resp. (11)) is an example of configuration

that belongs to A5 (resp. A%’e). Note that the set Ag’a/ contains k — 1 configurations for

any «, o and k, indeed these configurations are crossed during the sliding of the bar B% (n)
around the frame-angle ¢®'®(n), with 7 the configuration obtained by R(2l5 — 1,15 — 1) adding a
protuberance to one of its longest sides (in Figure [[1 n corresponds to the configuration (3) and
a=mn, o =e). Thus we set

Al — el goely (4.25)

Now we are able to give the second main result of Section

Theorem 4.10 (Union of minimal gates for strongly anisotropic interactions). We obtain the
following description for Gs,(O,M):

G
G (O, =, U U AP uJag ulAs (4.26)

a o k=2 o’

We refer to Section for the proof of Theorem .10l

4.3 Main results: sharp asymptotics for strongly anisotropic interactions

If the reader is interested in the sharp asymptotics below can find the proofs in Section 8 For
a model-independent discussion concerning the prefactor we refer to [2, Section 10.1]. Theorem
[4.17] investigates the prefactor for the strongly anisotropic case. This analysis for the isotropic
case is given in [I3] Theorem 1.4.4], while for the weakly anisotropic case is given in [2, Theorem
4.13].
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Theorem 4.11 There exists a constant Ks, = Ksq(A,13) such that
Eq(rm) = K ? [1+0(1)], B — oo, (4.27)

with

S Ksa § ‘~Nsa
o3 e3°

where ©3% and O3 are defined in (818) and (829) respectively. Moreover, as A — 72,

(4.28)

. 1 log|A|
with A
AN (T4 k-2
Nsa—z<k>< ok 1 > (4.30)

k=1
the cardinality of Ds, = Dsa(A,15) modulo shifts.

Remark 4.12 For the strongly anisotropic case we obtain a sharp estimate of Ks, in (4.28).
Nevertheless, the asymptotic behavior of the the prefactor Ks, as A — Z? (see ([-29)) is the
same as Ky (see [2, eq. (4.40)]) and K;s (see [13, eq. (1.4.9)]).

Remark 4.13 Note that [13, Theorem 1.4.3(iii)] and [2, Theorem 4.14] concerning the uniform
entrance distribution in the gate does not hold for the strongly anisotropic case due to the two
possible entrance mechanisms in C, (see Lemma[6.17).

We define the mizing time as

{5 (e) o= minfn = 0 ma | P3 (2, ) — (v < e, (431)

where ||y —V/||rv =2 3"y [v(z) —/(2)] for any two probability distributions v,2/ on X'. The
spectral gap of the Markov chain is defined as

pp = a) (4.32)

where 1 = a(ﬁl) > a(;) > > a|5X| > —1 are the eigenvalues of the matrix (P(z,y))s yex defined
in (2.9).
Theorem 4.14 For any ¢ € (0,1)

lim 1 log t7(e) =I'%, = lim 1 log p (4.33)

B—o0 ﬁ p sa B—o0 ﬁ A '
Furthermore, there exist two constants 0 < ¢; < co < oo independent of 5 such that for every
5>0

Cle_grza S pﬁ é C2e_ﬁrsa (434)

Theorem A.14] holds also for the isotropic and weakly anisotropic cases (see [2, Theorem 4.15]).
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5 Main results for the simplified model

In this Section we focus on the simplified model described in Section 2.3 for int = sa. The case
int = is has been already studied in [40], see [40, Theorem 1.53] and [2, Theorem 5.1] for the
main results, while for the case int = wa see [2], Theorem 5.2]. In this paper we extend the result
obtained in [40] for int = sa (see Theorem [5.I(a)-(c)) and we derive a further result concerning
the union of the minimal gates for int = sa (see Theorem [B.I[(d)). In this Section we set 74 as
the first hitting time of the dynamics in A for A C X%,

Theorem 5.1 Let int = sa. Fix A € (Uy + %, Uy + Us), with Uy /(Uy + Uy — A) not integer,
and Uy > 2U,. Suppose that limg_, % log |Ag| = 0.

(a) Let R=(nl2) (resp. RZULI?)) be the set of configurations whose single contour is a rectangle
contained in (resp. containing) a rectangle with sides l; and ly. Then

—00
—00
(5.1)

(b) The set of configurations J°(CZ,), with C, defined in ([{-18), is a gate for the tramsition
from OF to W® and there exists ¢ > 0 such that, for sufficiently large f3,

Py (T8cey > Tms) < e (5.2)

(¢) For any 6 > 0,
Bli_)n;(} P,y (BT5a=0) < s < AT5at0)) — 1, (5.3)

(d) The union of minimal gates Gso(01°, WP for the transition from 0° to W® is

13
Goo (O, W°) = 7Py U U U TPAr)y ul TP U ul TP As), (5.4

a o k=2 [e%

where the sets AY , A and Az’a, are defined in (4.29), (4-23) and (4.24) respectively.

We refer to Section [ for the proof of the Theorem.

6 Useful model-dependent definitions and tools
In this Section (and only here) we set
Qsa = Qsm Dsq = stay (61)

to show the similarites between the results with the isotropic model.
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6.1 Geometric description of the protocritical droplets

In [13,~The0rem 1.4.1] the authors obtain the geometric description of the set D;s as Djs =
Dis U D;s. In this Section we derivNe the geometric description of the analogous sets for the
strongly anistropic models Dy, and Ds, following the argument proposed in [13]. The geometric
description of the sets Dy, and Dy, is given in [2, Proposition 7.1]. Recall definition (ZI7)).

Proposition 6.1 (Geometric description of 755@ and @Sa). We obtain the following geometric
description of Ds, and Dy :

(a) Dyo ={ne€ X :n(n)=0,v(n) =205 —4, ny is connected and monotone,
1< [r(n) Ue (n)] <2,|r%(n)| < 1, with « € {n,s}, o/ € {w,e}, and
circumscribed rectangle in R(215 — 3,15+ 1)},

(b) Ds, is the set of configurations having one cluster n anywhere in Ao consisting of a (215 —
4) x (I5 — 2) rectangle with four bars B*(n), with o € {n,w, e, s}, attached to its four sides
satisfying

L<[BY()],[B* M| <15, 5 =1 <[B"(n)],[B*(n)] <25 -2, (6.2)

and

> 1Bl - > | ()] = 515 — 7. (6.3)

e ad/ e{nw,ne,sw,se}
Remark 6.2 Let 1 € Dy,.

(i) Note that (6.3) takes into account the number of occupied unit squares in 0~ CR(n) due
to Remark [{.2. We deduce that at most three frame-angles of CR(n) can be occupied,
otherwise |0~ CR(n)| = 615 — 8 > 5l5 — 7, which is absurd.

(ii) Since |B*(n)| + |B¢(n)| <315 — 6+ k — |c"™"(n)|, we get

[B™(n)] + B ()| = 5l5 =7 = (IB*()| + [B*()]) + k = 25 =1+ [c"*(n)|.  (6.4)

By symmetry, we generalize the inequality above for any «a € {n,s} and o/ € {w,e}: we
get |B*(n)| + |B* ()| = 213 — 1+ [c¢** (n)].

Proof of Proposition (a) We introduce only in the proof of this result the following
geometrical definition to make the argument more clear

DI = {neX:nn) =0,v(n) =205 — 4, ng is connected and monotone,
1< |ro(n) Ue (n)] < 2,|r%(n)| < 1, with o € {n,s}, o € {w,e}, and (6.5)
circumscribed rectangle in R (205 — 3,15 + 1)}.

The proof will be given in two steps:
(i) DL’ C Do
(ii) DL’ D Do
Proof of (i). To prove (i) we must show that for all 5 € DI,

(i) H(n) = H(Q);
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(i2) Jw: Quq — 7, L6, w = (wi,...,w, = n) such that max H(w;) < H(Qs) + Uy, with
lwi| =nS, for all i = 1,...,k (see (AI6) for the definition of n¢,).

Proof of (i1). Any n € DL’ satisfies n(n) = 0, |C(n)| = (215 — 3)(15 + 1) — v(n) = n<,, and
91(n) = 2l5 — 3 and ga(n)) = I3 +1 since the configuration is monotone. Thus by ([A.3) we deduce
that H is constant on DI, Since Qq C DI, this completes the proof of (i1).

Proof of (i2). Consider ¢ € Q,, and 1) € DI If n € Quu N DL, e, [r(n) U™ ()] = 1
for some a € {n, s} and o’ € {w, e}, then n can be obtained from ¢ by moving the protuberance
at zero cost along the side which is attached to if the protuberance in ( is on the same side as
the protuberance in 7, otherwise 7 can be obtained detaching the protuberance at cost Uz and
reattaching it to the other side at cost —Us. If n € DI\ Qsa, i-e., [r%(n) U (n)| = 2 with
|r*(n)| = 1 for some a € {n, s} and o’ € {w, e}, again we have two cases. If the protuberance in
¢ is contained in r%(n) (is in the same side of the rectangle), we deduce that n can be obtained
from ¢ by moving the protuberance at zero cost until it arrives at distance one from CO‘O‘,(C)
and then translate the bar B (¢) towards the frame-angle ¢*'®(¢) at cost Us. Otherwise, if the
protuberance in ¢ is contained in 7" (1) with o” € {n,s}\ {a} (is in the opposite side of the
rectangle), the path is constructed as before, provided that first the protuberance is detached
at cost Uy and reattached to the other side at cost —Us. This concludes the proof of (i2).

Proof of (ii). By (i2), we know that all the configurations in DI are connected via Uy-path to
@sa. Since @sa - ﬁsaﬂﬁggo, in order to prove (ii) it suffices to show that following U;-paths it is
not possible to exit DI, Let 7 € DIE°, thus by (il) and @20) we get H(y') = T'*,— A+U; —Us.
Note that no particle can arrive because we impose that the number of particles is constant to
n¢, thus, if ' € DI\ Q,q, the unique possibility is to translate the bar B (1), with o/ € {w, e},
at cost U, giving rise to a configuration that is in DI°N Q,,. Then it is possible either yo move
the protuberance at zero cost, or to detach the protuberance at cost Us and then necessarily
reattach it at cost —U,, giving rise to a configuration that is still in DI° N Q,,. Note that no
other moves are allowed, since it is not possible to complete the sliding of a vertical bar around
a frame-angle because the 1-translation of a horizontal bar costs U;. Indeed the latter implies
that the energy reaches the value I'}, — A 4+ 2U; — Uy > I'%, thus the path described is not a
Up-path. If of € DI’ N Qyq, with paths similar to the ones described above (possibly in different
order), we can conclude case (a).
(b) We denote by DZ;° the geometric set with the properties specified in point (b) that we
introduce to make the argument more clear. The proof will be given in two steps:

(i) DI’ C Dyy;
(i) DI’ D Dsq.

nNgeo

Proof of (i). To prove (i) we must show that for all n € Dg,",
(i1) H(n) = H(Qsa);
(i2) 3w : Qs — 1, e, w = (w1,...,wr = n) such that max H(w;) < H(Qsq) + Uy, with
|lwi| =nS, for all i = 1,....k and wy € Osq. Z

Proof of (i1). Any n € D’ satisfies n(n) = 0, |C(n)| = (215 — 2)(I5 — 2) + 515 — 7 = nS,,
and g1(n) = 2I5 —2 and g2(n) = I3 since the configuration is monotone. Thus by (4.3]) we deduce
that H is constant on DZ;°. Since Q,, C DZ:°, this completes the proof of (il).

Proof of (i2). Consider ¢ € Qg and 1 € DJ;°. Here, without loss of generality, we assume
that the protuberance is in r*(¢). Then we have
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- O] = e ()] = 1.

Using the sliding of a unit square around a frame-angle described in Figure[d] (see Definition [4.4)),
we move, one by one, |B"(¢)| — |B™(n)| particles around the frame-angle ¢"*(¢). After that we
move |B¢(¢)| — |B¢(n)| + |B*(¢)| — |B*(n)| particles around the frame-angle ¢**(¢). Finally, we
move |B¢(¢)| — |B¢(n)| particles around the frame-angle ¢“*(¢). The result is the configuration
n € DIs°. This concludes the proof of (i2).

Proof of (ii). By (i2), we know that all configurations in D%’ are connected via Uj-path to
Qsa- Since Qqq € Dy NDEL’, in order to prove (ii) it suffices to show that following Us-paths it
is not possible to exit D’. We call a path clustering if all the configurations in the path consist
of a single cluster and no free particles. Below we will prove that for any 7 € D%’ and any 7’
connected to 1 by a clustering Uj-path, the following conditions hold:

(A) CR(n') = CR(n);
(B) 7' 2 CR™(n).

Proof of (A). Starting from any n € X, it is geometrically impossible to modify CR(n)
without detaching a particle, that contradicts the hypotheses of clustering U;-path.

Proof of (B). Fix n € DZ;°. The proof is done in two steps.

1. First, we consider clustering U;-paths along which we do not move a particle from CR™(n).
Along such paths we only encounter configurations in D% or configurations obtained from DZ5°
by breaking one of the bars in 9~ CR(n) into two pieces at cost Uy (resp. Us) if the bar is
horizontal (resp. vertical). This holds because there is no particle outside CR(n) that can lower
the cost.

If the broken bar is horizontal, then only moves at zero cost are admissible, so any particle
can be detached. This implies that the unique way to regain U; and complete the U;-path is to
restore the bar.

If the broken bar is vertical, then the admissible moves in a Uj-path are those with cost
less or equal than U; — Us. Again any particle can not be detached, indeed its cost is at least
Ui1. The moves at cost Uy are possible, thus it is possible to break another vertical bar. From
now on, depending on U; — 2Us > 0, it is possible to break other vertical bars. More precisely,
let Uy = nUs + 9§, with n > 2 and 0 < § < U, fixed, thus it is possible to break other n — 2
vertical bars in addition to the previous two. When this sequence of moves is completed, the
unique way to complete the U;-path is to restore all the broken bars. Thus we have proved that
7 2 CR™ ().

2. Consider now a general clustering U;-path along which we move a particle from a corner of
CR™(n). It is not allowed to move at cost U + Us, because it exceeds Uy, thus the overshoot Us
must be regained by letting the particle slide next to a bar that is attached to a side of CR™(n)
(see Figure [§). If the particle moves vertically (resp. horizontally), we regain Uj (resp. Us).
Since there are never two bars attached to the same side, we can at most regain Uy, thus it is
not possible to move a particle from CR™ () other than from a corner. If the corner particle has
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SO

Figure 8: Creation and motion of the recess at cost 0.

been moved vertically (increasing the energy by Us), the same moves (if possible) are allowed on
another corner. Depending on the difference U; — 2Us > 0, it is possible to break some vertical
bars. More precisely, let U3 = nUs + §, with n > 2 and 0 < § < Us fixed, it is possible to break
n — 2 vertical bars. From now on, only moves at cost at most zero are admissible. There are
no protuberances present anymore, because only the configurations in Q,, have a protuberance.
Thus no particle outside CR™ (1) can move, except those just detached from CR™(n). These
particles can move back, in which case we return to the same configuration 7 (see Figure ). In
fact, all possible moves at zero cost consist in moving the recess just created in CR™ () along the
same side of CR™(n), until it reaches the top of the bar, after which it cannot advance anymore
at zero cost (see Figure []). All these moves do not change the energy, except the last one that
returns the particle to its original position and regains U;. This concludes the proof of (B).

From (A), we deduce that CR(n') = R(2l5 — 2,03). From (A) and (B), we deduce that
the number of particles that are in 9~ CR(n) is equal to the number of particles that are in
&~CR(y), thus @3), 1 < |B(if), |Br)| < I3 and 1 < [B"()[, |B*(5/)| < 203 — 2 hold. In
order to prove that following clustering U;-paths it is not possible to exit D", we have to prove
the lower bound in (6.2]) for the lengths |B" ()| and |B*(n)|. We set

k= > [ (o). (6.6)

aa’ e{nw,ne,sw,se}
Since |B*(1)| + |B¢(n)| < 215 — 4 + k, by (6.3]) we get
[B™ ()| + |B*(n)| = 513 — 7= (IB* ()| + [B*(n)]) + k > 313 — 3. (6.7)
Since |B*(n)| < 205 — 2, (6.7) implies
[B"(n)| = 315 =3 —[B ()| > 15 — 1. (6.8)

By symmetry we can similarly argue for the length |B*(n)|. This implies that following Uj-
paths it is not possible to exit DI’ . The argument goes as follows. Detaching a particle costs
at least Uy + Us unless the particle is a protuberance, in which case the cost is U;. The only
configurations in DJ;° having a protuberance are those in Q,,. If we detach the protuberance
from a configuration in Qy,, then we obtain a (205 — 3) x I3 rectangle with a free particle. Since
in the sequel only moves at zero cost are allowed, it is only possible to move the free particle.
Since in a Uj-path the particle number is conserved, the only way to regain U; and complete
the Uyj-path is to reattach the free particle to a vertical side of the rectangle, thus return to Q..
This implies that for any n € D’ and any 7' connected to by a Uj-path we must have that
n' € DIs°. This concludes the proof. O
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6.2 Definitions

Since we are considering the strongly anisotropic model and some properties are in common
with the isotropic and weakly anisotropic models, we choose the lower index int € {is, wa, sa}
to make clear in the notation which of the three models we are referring to. We set

L, =L-1I (6.9)

For n € C%,, we associate (7, x) with 7 € D, protocritical droplet and = € A the position of
the free particle. We denote by C% (7)) (resp. CE (7)) the configurations that can be reached
from (7, z) by a path that moves the free particle towards the cluster and attaches the particle
in 9~ CR(n) (resp. 0T CR(7))). In Figure @ on the left-hand side we depict explicitly the good
and bad sites for a specific 7, where for int = sa the horizontal and vertical lengths have to be

changed to 215 — 2 and [5 respectively. Let
ci= U cam. ci= U cam. (6.10)
ﬁGDsa ﬁeDsa

For n € C},, let ) € Dy, be the configuration obtained from 7 by removing the free particle. For
A C A and x € A, recall that d(x, A) denotes the lattice distance between = and A. As in [13]
Section 3.5], we need the following definitions.

Definition 6.3 Let Ay be A without its four frame-angles. We define, recursively,

Bi(n) :={z € Ay z ¢ 7, d(z,n) =1} (6.11)
and
By () :={z € M| & ¢ 0), d(z, B1(D)) = 1},
Ba() = Bali), (6.12)
and
By(3) = {x € Aal = ¢ Ba(i), d(z, Bo(a)) = 1} 613
Bs (1) := B3 (1) U{Ba2() N0~ A4}, '
and fori=4,5,...,L%,
Bi(1) == {x € M| = & Bi—2(n), d(z,Bi—1()) = 1}, (6.14)

Bi() == Bi(1) U{Bi-1(7) N 0~ A4}.

In words, B1(n) is the ring of sites in A4 at distance 1 from ), while B;(#) is the ring of sites in
A4 at distance ¢ from 7) union all the sites in 9~ A4 at distance 1 < j < i from 7 (i = 2,3,..., L%,)
(see Figure @ on the right-hand side). Note that, depending on the location of 7 in A, the B;(7)
coincide for large enough ¢. The maximal number of rings is LZ,.

Now we need to introduce specific sets that will be crucial later on.

Definition 6.4 We define
Cia(@) :={(N,2): )€ Do, x € B;i(N)}, i=2,3,....,L%,. (6.15)
First, note that the sets CZ,(i) are not disjoint.

Remark 6.5 From the definitions of the set CX,, we deduce that

sa’
Lia
Cr, = e (6.16)
=2
For this discussion in the case int € {is, wa} we refer to [2, Section 7.2].
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Figure 9: On the left-hand side we represent good sites (G) and bad sites (B) in the isotropic
case. On the right-hand side we depict with x the sites in Bi(7), with y the sites in Ba(7), with
z and Z the sites in Bs(7)) and with Z and w the sites in By(7)).

6.3 Useful lemmas for the gates

In this Section we give some useful Lemmas that help us to characterize the gates. Here we state
Lemma for the case int = sa, but it holds also for the case int € {is,wa} (see [2, Lemma
7.6]). The proof is the same done in [2, Lemma 7.6] for the weakly anisotropic case.

Lemma 6.6 Starting from C%, \ ofr , if the free particle is attached to a bad site obtaining
nB € CB, the only transitions that does not exceed the energy T'%, are either detaching the
protuberance, or a sequence of 1-translations of a bar or slidings of a bar around a frame-angle.

Moreover, we get:

(i) if it is possible to slide a bar around a frame-angle, then the saddles that are crossed are
essential;

(i) if it is not possible to slide a bar around a frame-angle, then the path must come back to
the starting configuration and the saddles that are crossed are unessential.

Lemmas and [69] are valid also in the case int = wa (see [2, Lemma 7.8] and [2, Lemma
7.9] respectively), while Lemma has a corresponding version for the case int = wa (see [2,
Lemma 7.7]).

Lemma 6.7 Starting from n® € CB | the saddles obtained by a 1-translation of a bar are essen-

tial and in AS‘, UAS. Moreover, all the saddles in AS‘, UA$ can be obtained from this n® by a
1-translation of a bar.

Proof. Note that H(n?) = I', — Us (vesp. H(n®) = T'¥, — Uy) if the free particle has been
attached to an horizontal (resp. vertical) bar. In the first case, in order to avoid exceeding the
energy value I'}, it is possible to translate only the vertical bars. These saddles are in A{. In
the latter case, it is possible to translate both vertical and horizontal bars. If the translated
bar is horizontal, the saddles that are crossed are in AS‘I. If the translated bar is vertical, the

configurations obtained do not reach the level I'},, thus they are not saddles. To conclude, all
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the configurations in Ag’ UA§ can be obtained from a configuration n” via a 1-translation of a
bar.

It remains to prove that the saddles in .AS‘/ U A are essential. This part of the proof is
analogue to the corresponding one done for int = is in [2] Lemma 8.2]. O

Lemma 6.8 Starting from a configuration n € C;,, it is not possible to slide a vertical bar

around a frame-angle without exceeding the energy I'%,.
With the following Lemma we can justify the definition of C}, given in (AIS]).

Lemma 6.9 Starting from ﬁsa, the dynamics either passes through Ds, or it is not possible
that a free particle is created without exceeding the energy level I'%,.

The proof of Lemmas [6.8 and are analogue to the ones done for [2 Lemma 7.8] and [2,
Lemma 7.9] respectively in the case int = wa by replacing I'} , (resp. Dyq) with I'Y, (resp. Dsg,).

6.4 Model-dependent strategy

Our goal is to characterize the union of all the minimal gates for the strongly anisotropic in-
teractions. To this end, due to [45], Theorem 5.1], we will characterize all the essential saddles
for the transition from the metastable to the stable state. In this Section we apply the model-
independent strategy explained in [2, Section 3.2] in order to identify some unessential saddles.
Let int = sa. We apply [2, eq. (3.15)] both for ¢ = 0, A = {B} and I = T}, defining Cg(T%,),
and for o =B, A= {0} and I' = I}, — H(M) defining C8(I':, — H(M)). We chose this notation
in order to emphasize the dependence on I'},. First, we prove the required model-dependent
inputs (iii)-(a) and (iii)-(b) in [2, Section 3.2] (see Proposition [6.10(i) and Proposition G.10(ii)).
Second, by Theorem (.8 we know that C}, is a gate for the transition from 00 to l. Thus we
apply the model-independent strategy explained in [2] Section 3.2] to Kawasaki dynamics by
taking m = 0, X* = {B}, W(m, X*) = C,, LP = CE and L% = C%. In Proposition GBIl we
prove that C}, C Gs,(CJ, M), that allows us to study the essentiality only of the saddles that are
not in Cj,.

In order to apply [2, Propositions 3.3, 3.5], we need to characterize the sets Ky, and K sa (see
[2, eq. (3.16)] and |2, eq. (3.17)] respectively for the definitions). This is done in Proposition [6.12]
Due to this result, our strategy consists in partitioning the saddles that are not in C}, in three
types: the saddles that are in the boundary of Cg(I'%,), i.e., 0 € 9Cg (I':,) N (Sine (0, M)\ CZ,), the
saddles that are in the boundary of CH(T';, — H(M)) and not in Ky, i, C € oc®(r:, — H(m)N
(Ssa(C1, M) \ (C%, U Ky,)), and the remaining saddles & € S, (0], M) \ (9Cq(T%,) U (OCH(I*, —
H(M)\ K,,) U C:.). By [2, Propositions 3.3, 3.5], we obtain Corollary [6.I3] that states that
the saddles of the first and second types are respectively unessential. In Proposition we
highlight some of the saddles of type three that are unessential. We need to distinguish these two
cases due to the different entrance in C},, for int € {is,wa} and int = sa (see [2, Lemma 7.15]
and Lemma respectively). Note that in Proposition the set OC(I'*, — H(M)) \ Ky
reduces to OCB(I':, — H(M)) due to Proposition B.12(ii). For the case int € {is,wa} this strategy
is presented in [2| Section 7.4]. Finally, we identify the essential saddles of the third type in
Proposition [7.3]
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6.4.1 Main Propositions

In this Subsection we give the main results for our model-dependent strategy.

The next proposition shows that when the dynamics reaches CSC{; it has gone “over the hill”,
while when it reaches CZ the energy has to increase again to the level I'}, to visit J or . An
analogue version for int = is is proven in [I3] Proposition 2.3.9] and for int = wa is proven in
[2, Proposition 7.10], while here we extend that result to int = sa following a similar argument.

Proposition 6.10
(i) If n € CS., then there exists a path w : n — M such that maxe, H(¢) < T'%,.

sa’

(ii) If n € CB, then there are no w:n — O or w:n — M such that maxce, H(¢) < T%,.

sa’

Proof. The proof is analogue to the one done in [2, Proposition 7.10] for the weakly anisotropic
case by using the reference path for the nucleation constructed in [3 Section 3.2]. O

The next Proposition holds also in the case int € {is,wa} (see [2, Proposition 7.11]). We refer
to Subsection for the proof of Propositions [6.11] and

Proposition 6.11 C:, C G, (O, W).

sa

For the corresponding result of Proposition [6.11] for int € {is,wa} we refer to [2, Proposition
7.11].

Proposition 6.12 The following hold:
(Z) Ksa = (b;
(ii) KeoNOCHT*, — H(M)) = 0.

For the corresponding result of Proposition for int € {is,wa} we refer to |2 Proposition
7.12).

Corollary 6.13 The following hold:
(i) The saddles of the first type o € OCg(I'%,) N (Ssa (0, M)\ C,) are unessential;
(i) The saddles of the second type ¢ € OCM(T:, — H(M)) N (Sso (0, M) \ CZ,) are unessential.

Proof. Combining [2, Propositions 3.3, 3.5] and [6.12] we get the claim. O
For the corresponding result of Corollary for int € {is,wa} we refer to [2 Corollary 7.13].

Proposition 6.14 Any saddle £ that is neither in Cl,, nor in Ukﬂ’a, AZ"O‘/, nor in the boundary

of the cycles Cg(T'%,) or CB(I'z, — H(M)), i.e., £ € Sso(0, M)\ (9Cg(T:,) UOCR(T:, — H(M)) U
Cia YUlUkaar Az’al), such that 7¢ < 7¢p is unessential. Therefore it is not in Gy, (L, M).

For the corresponding result of Proposition for int € {is,wa} we refer to [2, Proposition
7.14).
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6.4.2 Useful Lemmas for the model-dependent strategy

In this Subsection we give some useful lemmas about the entrance in the gate and some properties
of the sets Ci,(i) with ¢ = 3,...,L¥,. We stress that the behavior for int € {is,wa} is very
different from that observed for int = sa, indeed we note that the weakly anisotropic model has
some characteristics similar to the isotropic and some similar to the strongly anisotropic model.
For the corresponding results obtained in the case int € {is, wa} we refer to [2, Subsection 7.4.2].
Recall (6.1) and (AI8]) for the definitions of Qg,, Ds, and CJ,. The next lemma generalizes [13]
Proposition 2.3.8], proved for int = is, to the case int = sa following similar arguments. In the
case int = wa, this result is given in [2] Lemma 7.14]. The proof of Lemma is analogue to
the one done in [2] Lemma 7.15] for the weakly anisotropic case.

Lemma 6.15 (i) Starting from C:, \ QIF, the only transitions that do not raise the energy
are motions of the free particle in the region where the free particle is at lattice distance
> 3 from the protocritical droplet.

(ii) Starting from ofr , the only transitions that do not raise the energy are motions of the free
particle in the region where the free particle is at lattice distance > 3 from the protocritical
droplet and motions of the protuberance along the side of the rectangle where it is attached.
When the lattice distance is 2, either the free particle can be attached to the protocritical
droplet or the protuberance can be detached from the protocritical droplet and attached to
the free particle, to form a rectangle plus a dimer. From the latter configuration the only
transition that does not raise the energy is the reverse mowve.

(iii) Starting from C%,, the only configurations that can be reached by a path that lowers the
energy and does not decrease the particle number, are those where the free particle is

attached to the protocritical droplet.
Lemma 6.16 The saddles in C},(2) are essential.

The proof of Lemma is analogue to the one done in [2, Lemma 7.19] for the case int €
{is,wa}. The next Lemma investigates how the entrance in C}, occurs. For the corresponding
result that holds in the case int € {is,wa} see |2, Lemma 7.16]. We encourage the reader to
inspect the difference between Lemma[6.I7and [2, Lemma 7.16], indeed the entrance in the gate
in the strongly anisotropic case is peculiar and different with respect the isotropic and weakly

anisotropic ones. Recall (£24]) and (4.25)).

Lemma 6.17 Any w € (O — M), enters C;, in one of the following ways:
(i) w passes first through Qs,, then possibly through Dy, \ Qsa, and finally reaches C%,;

(ii) w passes through the configuration R(2l5 — 1,15 — 1), then a free particle is created and
moved towards the rectangle until it is attached to an horizontal side o € {n,s}. Then for

some o € {w,e} the path w passes through the sets Az"a, forall k =2,..,15, and finally
reaches C%,(2).

Since in Lemma we have proved that there are two possible ways to reach C;,(2), where
the possibility (i) is analogue to the cases int = is and int = wa, to find the minimal gates for
sa for any i = 3, ..., L%, we need to consider C},(i) union some particular saddles belonging to
the paths described in (ii).
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Lemma 6.18 For any i =3,..,L%, and k = 2,....15 the set C},(i) U Umal{é’;‘(’g} is a minimal
gate for all 1 < j(k) < k — 1, where {5]0.‘(’;:)/} are the elements in Az’al defined in ([{.23) and

4:29).

Remark 6.19 We encourage the reader to inspect the difference between the statement of
Lemma [6.18 and [2, Lemma 7.16]: the sets C (i), with i = 3,...,L ,, are minimal gates if

int int’
int € {is,wa}, while C%,(i) are not minimal gates for any i =3,...,L%,.

Lemma 6.20 For the strongly anisotropic interactions, we have

N
Ci, U U AP € Ga(O,m) (6.17)

k=2 a,a’

6.4.3 Proof of Propositions
Proof of Proposition [6.11] The statement of the Proposition follows by Lemma [6.20] U

Proof of Proposition The proof of (i) is analogue to the one done in [2, Proposition
7.12] for int € {is,wa}.

Now we prove (ii). Let 7 € K N ocB(I':, — H(M)). By the definition of the set Ko we
know that there exist n € C}, and w = w; o wy from 7 to M with the properties described in [2,
eq. (3.17)]. We know that n is composed by the union of a protocritical droplet 7 € Ds, and
a free particle. Since w; NCZ, = {n}, we note that n € CZ,(2), otherwise the free particle has
to cross at least Bo(7) and Bs(7), the latter in the configuration n’ € C%,, with ' # n, which
contradicts the conditions in [2, eq. (3.17)]. Therefore, starting from 7, by the optimality of the
path we deduce that the unique admissible move is to attach the free particle to the cluster. If
7 is obtained from 7 by attaching the free particle in a good site giving rise to a configuration
in C% (7)), by Proposition GI0(i) we know that w; N CB(I':, — H(M)) # (), that contradicts [2,
eq. (3.17)], thus t is not possible to find wy and ws, therefore 7 ¢ K4q, which is in contradiction
with the assumption.

Assume now that 7 is obtained from 7 by attaching the free particle in a bad site giving rise
to a configuration in Cffl(ﬁ). Ifne Q£5 , then by Lemma [6.15[(ii) the unique admissible move is
the reverse one, thus we may assume that n € C%,\ Q£,§’ and that the path does not go back to 7,
otherwise we can iterate this argument for a finite number of steps since the path has to reach H.
Starting from 7, by Lemmal[6.6l we know that 7 is obtained either via a sequence of 1-translations
of a bar or via a sliding of a bar around a frame-angle. If a sequence of 1-translations takes
place, by the optimality of the path we deduce that the unique possibility is either detaching
the protuberance or sliding a bar around a frame-angle. In the first case the configuration that
is obtained is in C}, and thus 7 ¢ K,q, which contradicts the assumption. by ([4.12), Proposition
6.Ii(b) (in particular conditions in (6.2])) and Lemma [6.8 we deduce that the only possibility to
slide a bar around a frame-angle is that the bar is horizontal and it has length exactly 5 — 1.
Thus the configurations visited by the path w during this sliding are 71, ..., 7y, € Ag’a, for some
a € {n,s}, o/ € {w,e} and k = 2,...,15 — 1, while the last configuration 7 obtained when the last
particle of the bar is detached is composed by the union of R(2l5 — 1,15 — 1) and a free particle
(see the time-reversal of the path described in Figure[7] in particular 7, is the configuration (7)
and 7] is the configuration (2)). Therefore 77 belongs to the set B defined in [3 eq. (3.29)] since
s(7) = s%, — 1 and pa(7) = I5 — 1. Thus by [3, Theorem 3.7] we deduce that 7 ¢ C®(T', — H(H))
and therefore #,, ¢ OCB(I':, — H(M)), that implies KN oc¥(r:, — H(M)) = 0. O
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Proof of Proposition The proof is analogue to the one done for [2, Proposition 7.13] in
the case int € {is,wa}, but in this case we use Lemmas [6.15(ii) and [6.I7 and 7 is the union of
a cluster 77 € Q4 and a free particle at distance 2 from the cluster. Moreover, §; is the union of
a rectangle (205 — 3) x [5 with an horizontal dimer. O

6.4.4 Proof of Lemmas

Proof of Lemma By Theorem 8 we know that any w € (O — W), passes through
C:,. We denote by n this configuration, that is composed by the union of a protocritical droplet
) € Ds, and a free particle in the site 2. Note that there exists i = 2, ..., L%, such that either
r € Bi(n) if d(07A4,R) > i or x € Bi(n) if d(07Ag,n) < i. We set w = (0, wi,...,ws,n) 0 @,
where @ is a path that connects 1 to B such that max,e, H(0) < T,. In order to analyze the
entrance in C}, we consider the time-reversal of the path w. Since H(n) = I'},, the move from
7 to wr must have a non-positive cost and thus the unique admissible moves are:

(i) either moving the free particle at zero cost;
(ii) or removing a free particle at cost —A;

(iii) or attaching the free particle at cost —Up (resp. —Us) or —U; — Us.

Case (i). In this case we obtain that the configuration wy, is still in C?,, thus it is analogue to

1 and therefore we can iterate the argument by taking this configuration as 7.

Case (ii). In this case H(wy) = I't, — A and wi € Dy,. If wi € Qg We get the claim, thus in the
sequel we assume that wy, € Dyq \ Qaq. Since the path w starts from O, there exist ky < ko < k
such that |wg,| = |wk| — 1 and there is a free particle in wyg,, i.e., n(wy,) = 1. Starting from wy,
and considering the time-reversal of the path w, in order to obtain a free particle in wy, we note
that the minimal cost for detaching a particle is U; 4+ Us giving rise to the energy value greater
or equal than I';, — A + Uy + Uy > I';,, which is in contradiction with the optimality of the
path. Thus the unique possibility is detaching the protuberance from a configuration in Q,, at

cost Uy. This implies that wy is obtained via a Uj-path starting from a configuration in Qg,.

Case (iii). First, we consider the case where from 7, again considering the time-reversal, we
attach a particle at cost —U; giving rise to the configuration wy, i.e., H(wy) = I'}, — U;. Since
the path w starts from [, there exists k1 < k such that |wy,| = |wg| — 1, that implies that there
exists a configuration wy, with a free particle during the transition from wy, to wy (see Figure
[7 where wy, is configuration (12) and wj, is configuration (2)). If w; € Ck,, we can iterate the
argument by taking this configuration as 1. Otherwise if wy, ¢ C%,, we deduce that (wj)e ¢ Dsa-
Starting from wy, since the activation of a sequence of 1-translations of bars of configurations
in D, gives rise to configurations that are in D,,, the unique possibility in order not to exceed
I';, is that wy is obtained from wy via a sliding of a bar, say B (wy), around a frame-angle,
say ¢ %(wy,). In order to do that, by @IZ) and Proposition [E.1(b), we deduce that the unique
possibility to match the two conditions in (6.2)) is that during the transition the path w crosses
Ssq(0, M) through the sets AZ"O/ for any k = 2,...,13, with a € {n, s}, o/ € {w,e}. In Figure[
we represent this transition with & = n, o/ = e and the configurations (11)-(3) for the sliding,.
At the end of this sliding we obtain the configuration R(2(5 — 1,15 — 1) union a free particle.
This configuration must be obtained from R (2[5 — 1,15 — 1) via adding a free particle, otherwise
the path w is not optimal.
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Second, we consider the case where from 71 we attach a particle at cost —Us giving rise to the
configuration wy, i.e., H(wy) = I'f, — Us. We argue in a similar way as above, but the difference
is that in this case the sliding of a bar around a frame-angle at cost Us is not allowed by Lemma
0.95]

Third, we consider the case where from 7 we attach a particle at cost —U; — Uy giving rise
to the configuration wy, i.e., H(wy) = I'*, — Uy — Us. Since 1y € Ds,, the unique possibility is
that wy € C (7)), therefore by Lemma [6.10(i) we get wy, € C(T%, — H(M)). Since by Theorem
1.8 we know that C;, is a gate for the transition, we deduce that there exists k; < k such that
wg, € C;,. Thus we can iterate the argument by taking this configuration as 7. O

Proof of Lemma [6.18 Let ¢ € {3,...,L* }, k€ {1,...,n} and 1 < j(k) <k —1.

First, we prove that CZ,(i) U Ua7 a,{{;‘(’;‘;} is a gate. By Theorem [4.8] we know that any
w € (0 — M), crosses Ci,. If the path w enters C}, without crossing the set Psq 0, then by
Lemma[6.17)(i) we know that w has to pass through C}, (7). If the path w enters C}, after crossing
the set Psq,0, then by Lemma G.17(ii) we know that w N {J, a,{{;‘(’g)l} £ ().

Now we prove that C5,(i1) U U, o {§a’o‘l} is a minimal gate by showing that for any n €

Ci. () ul,, a,{£ }the set (€34 (1)U, o {50‘ o B\ {n} is not a gate: there exists w € (O — W)yp;

such that wN((C} ( YU, {ﬁj(k) P\{n}) = (D. We consider separately the cases ) € Umaz{ﬁ;‘(’?{}
and n € Ck,(i).

Case 1. Let i) € Umal{f } thus n = 5 for some @ € {n, s} and & € {w,e}. We can deﬁne

w as the reference path deﬁned in [3] Sectlon 3.2] that crosses the configurations §1’ ) ,§k 1
then it enters C},(2) and finally the free particle is attached in a good site without passing through
Ck, (i) with i = 3,..., L%, (see Figure[7). From this configuration, the path proceeds towards B
as the one in Proposition [EI0(i). The constructed w is optimal and w N J,,, a,{ﬁ;‘(’g} = {5?(’;3)/},
thus this case is concluded.

Case 2. Let n € Ci,(i). We take an arbitrary path starting from [J and that enters C}, (i) in
n = (A, z), where 7 € Dy, is the protocritical droplet and z is the position of the free particle at
distance ¢ from the cluster. Then the path proceeds by moving the free particle from z to 7 such
that, the distance between the free particle and 7 at the first step is strictly decreasing, and at
the later steps is not increasing. Finally the free particle is attached in a good site z € 9~ CR(7)
giving rise to a configuration in CS (7). From this configuration, the path proceeds towards W
as the one in Proposition [6.10(i). Since the constructed w € (0 — M),y and w N CE, (1) = {n},
the proof is completed. O

Proof of Lemma [6.20] By Lemma [6.16] we know that the saddles in CZ,(2) are essential and
thus are in the set Ggo(CJ, @) due to [45] Theorem 5.1]. Furthermore, by Lemma we know

that C!, (i) U Uaﬂ,{ﬁ?(’g)l} is a minimal gate for any ¢ = 3,..., L%, and j(k) = 1,....,k — 1, with
k =2,...,15. Therefore we get

s B i
Geo (O, M) D C5,(2) U U U U @.ouigpp=c.ulJ A (6.18)

i=3 k= 2j(k‘)aa k=2 a,a’

O
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7 Proof of the main results: strongly anisotropic case

In this Section we give the proof of the main Theorems E.8 and .10 (see Sections [T.J] and
respectively).

7.1 Proof of the main Theorem [4.§

In this Section we give the proof of the main Theorem [£.8 Now we recall the definition of the
set Py given in [3] as

Py :={n :n(n) =1,v(n) =15—1, ny is connected, monotone,

with circumscribed rectangle in R(215 —2,13)}. (7.1)

In particular, in order to state that the set C¥, is a gate for the transition from [J to B, we need
the following

Lemma 7.1 Ifw € (O — W),y is such that w N Pa, then wNCl, # 0.
We postpone the proof of Lemma [Z1] after the proof of the main Theorem 4.8
Proposition 7.2 If w € (O — M),y is such that w N Psgo # 0, then wNCE, # 0.

We postpone the proof of Proposition after the proof of Lemma [Tl

Proof of the main Theorem [4.8 By [3, Theorem 2.4] taking P; = Ps,, we know that the
set Psq,0 U P2 is a gate for the transition from O to WM. By Lemma [T.I] we know that every
w € (O — M), that crosses Py then crosses C},, thus we deduce that the set Pyq 0 UCY, is a
gate. Furthermore, by Proposition we obtain that every path w € (O — M), that crosses
Psa,0 then crosses also C;,. This implies that every optimal path w from [ to B is such that
wNC:, # 0, thus C%, is a gate. O

Proof of Lemma [7.1] Consider w € (O — W),y.. If wNCl, # 0, we get the claim. Thus we
can reduce our analysis to the case in which the path w reaches the set P, in a configuration
n € P \Cl,. Wesetw=(0,w,...,w,n) ow, where @ is a path that connects 7 to B such that
maxye, H(o) < I'%,. We are interested in the time-reversal of the path. Since n € P\ C%,,
we know that it is composed by the union of a cluster CR™(n) = R(2l5 — 4,15 — 2), such that
at least one frame-angle of CR™ () is empty, a free particle and four bars attached to the four
sides of CR™(n) in such a way that n contains n¢, + 1 particles (see (416 for the definition of
nS,). Suppose that CR™(n) contains z empty frame-angles, with 1 < z < 4. See Figure[I0(a) to
visualize the configuration 7 in the case x = 1. Since H(n) = I'},, the move from 7 to wy must
have a non-positive cost and thus the unique admissible moves are:

(i) either moving the free particle at zero cost;
(ii) or removing the free particle;
(iii) or attaching the free particle at cost —U; (see Figure [I0(b)) or —Us, or —U; — Us.

Case (i). In this case the configuration wy is analogue to n and therefore we can iterate this
argument by taking this configuration as 7.

Case (ii). In this case H(w) = I'f, — A. We may assume that the configuration wy_1 is not
obtained by wj via adding a free particle, otherwise wy_1 is analogue to 1 and thus we can
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() (b) (©) (@)

Figure 10: Here we depict in (a) the configuration 7; in (b) the configuration obtained by n
by attaching the free particle at cost —U; to B¥(n); in (c) the configuration 7’ obtained from
n by attaching the free particle to ¢*¢(n) and then detaching the particle in ¢"(CR™(n)) and
attach it to B¢(n), and in (d) the configuration " obtained from 7’ by detaching the particle in
"*(CR™ (1)) attach it to B"(1).

iterate the argument by taking this configuration as n. By the optimality of the path, again
considering the time-reversal, we deduce that the unique admissible move to obtain wy_; from
wy is breaking a horizontal (resp. vertical) bar at cost U; (resp. Uz). Thus it is possible that
either a sequence of 1-translations of a bar or a sliding of a bar around a frame-angle takes
place. In the first case, we obtain a configuration that is analogue to wi_; and thus we can
iterate the argument for a finite number of steps, since the path has to reach (. In the latter
case, by Remark [6.2/(ii) we deduce that the condition ([4.12]) is not satisfied and therefore it is
not possible to complete any sliding of a bar around a frame-angle. This implies that the unique
admissible moves are the reverse ones, thus we obtain a configuration that is analogue to wy_1
and therefore we can iterate the argument for a finite number of steps, since the path has to
reach [J. In this way we can reduce ourselves to consider the case (iii).

Case (iii). (a) We consider the case where from 7, again considering the time-reversal, we attach
a particle at cost —U; in 9T CR(n) giving rise to the configuration wy, i.e., H(wg) = ¥, — U;
(see Figure [[0(b)). Thus it is possible that either a sequence of 1-translations of a bar or a
sliding of a bar around a frame-angle takes place. In the first case, we obtain a configuration
that is analogue to wy and thus we can iterate the argument for a finite number of steps, since
the path has to reach OJ. In the latter case, by Remark [6.2(ii) we deduce that the condition
([412)) is not satisfied and therefore it is not possible to complete any sliding of a bar around a
frame-angle. This implies that the unique admissible moves are the reverse ones, thus we obtain
a configuration that is analogue to wy and therefore we can iterate the argument for a finite
number of steps, since the path has to reach [.

(b) We consider the case where from 7, again considering the time-reversal, we attach a
particle at cost —Us in T CR(n) giving rise to the configuration wg, i.e., H(wy) = I'%, — Us. We
argue in a similar way as above.

(c) We consider the case where from 7, again considering the time-reversal, we attach a
particle at cost —U; — Us in 9~ CR(n) giving rise to the configuration wy, i.e., H(wg) = I'%, —
Uy—Us. Thus it is possible either to have a sequence of 1-translations of a bar, or to have a sliding
of a bar around a frame-angle, or to detach a particle at cost U1 +Us. In the first two possibilities,
analogously to what has been discussed previously in (a) and (b), the unique admissible moves
are the reverse ones and therefore we conclude as above. In the latter possibility, we have that
either wy_1 is obtained from w; by detaching a particle from a bar at cost U; + Us or from a
corner of n that is in CR™ (7). In the first case, the particle can be attached to an empty frame-
angle of CR™(n) and we can repeat these steps at most = — 1 times (if x > 2), that implies that
there exists k < k — 1 such that wy, is composed by the union of a free particle and a rectangle
R(205 — 4,15 — 2) with four bars attached to its four sides in such a way that w; contains n$, + 1
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particles, namely wj, € Cy,. In the second case, we may assume that the detached particle is
attached to a bar in 9~ CR(n) giving rise to a configuration 7’ (see Figure [I0(c)), otherwise we
obtain a configuration that is analogue to n. Starting from 7/, similarly we obtain n” (see Figure
M0(d)) if " has a corner in CR™ (). If this is the case, we can proceed in a similar way until we
obtain a configuration 7" that has no corner in CR™ (). Starting from 7", by the optimality
of the path we deduce that the unique admissible moves are the reverse ones and therefore the
path goes back to 7. This concludes the proof. O

Proof of Proposition Consider any w € (O — M),y such that wNPsqo # 0. We consider
separately the following three cases.

Case (i). Assume that the path w crosses the set A :=J, o A:’O‘/, with a € {n, s}, o/ € {w,e}
and k = 2,...,13, in the configuration 7. Since H(n) = I';,, as long as the energy does not exceed
I'%,, it is impossible to create a free particle before further lowering the energy by a quantity
greater or equal than Uy + Us. Since gh(n) = 1, it is possible to connect at cost —U; the two
protuberances or a bar and a protuberance. Moreover, there is no admissible move that costs
—Us, since ¢}(n) = 0 and there is no free particle that could been attached to an horizontal
side of the cluster. Thus the only admissible moves are starting a sliding of a bar around a
frame-angle ¢ () or ¢®'®(n), with a € {n, s}, o/ € {w,e}, at cost less or equal than U;. We
consider separately these two possibilities, that correspond to the two different directions to
cross the path described in Figure [7] starting from the configuration 7. More precisely, one of
these possibilities (that we will analyze in (iA)), gives rise to the configuration (12), while the
other (that will be treated in (iB)) corresponds to the time-reversal of the path described in
Figure [ starting from the configuration 7.

(1A). In this situation it is possible to obtain one or more saddles &, ...,&,—1 such that
g e Aforalli=1,...n—1 and for the last configuration we have [r® (£,_1) U c®® (&_1)| = 1,
with a € {n, s}, o« € {w,e} and ¢g5(&,—1) = 1 (see configuration (12) in Figure [[). From this
configuration, since H(&,—1) = I'},, by the optimality of the path w it is impossible to detach the
protuberance before lowering the energy. Thus the unique admissible moves are either the reverse
move or connect the protuberance and the bar at cost —U; and then detach the protuberance
at cost U; (see the move starting from the configuration (12) in Figure [7] that is described with
a dashed arrow). In the latter situation the path reaches a configuration &, € CZ,. Thus we
have to consider the possibilities that w visits &, and w does not visit &,. In the first possibility,
since w passes through &, € CZ, we get the claim. In the latter possibility, the path w does not
pass through the configuration ,, but assume that the path w visits the saddles &;,...,§; for
some 1 <i<j<n-—1 Wesetw= (0,wi,....wk &: G,y Chr it 15 Cht1s oos Chtmy -» &) © @,
where (;,...,(x are not saddles, but are crossed during the sliding of a bar around a frame-
angle connecting &; to §;41 and so on. Moreover, w is a path that connects £; to B such that
maxqe, H(o) < I';,. Note that the configuration §; coincides with &1 in the case j =i + 1.
If i = 7, we set w = (0,wy,...,wk, &) © w, where @ is a path that connects & to B such
that max,e, H(o) < I'%,. To prove our statement we investigate the structure of the path w
before entering A, namely we consider the time-reversal of the path. Since &; € A that implies
H(&;) = T't,, we note that the move from & to wp must have a non-positive cost. Thus the
admissible transitions from &; to wy are either moving the particle at zero cost or moving a
particle at cost —U;. In the first case, we obtain a configuration that is analogue to &; and
therefore we can iterate for a finite number of steps this argument until we get the situation
described in the latter case. In the latter case H(wy) = I'i, — Uy, thus wi_1 can be obtained
from wy, by breaking a bar at cost U; or Us, since it is not possible to detach any particle because
its cost is at least Uy + Uy. If the cost is Uy, we deduce that wi_1 is analogue to the initial
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configuration &; and thus we can iterate this argument for a finite number of steps, because the
path has to reach . If the cost is Uz, we can iterate this argument to deduce that starting
from wy, a sliding of a bar around a frame-angle takes place (see the time-reversal of the path
described in Figure [7] where w1 can be, for example, the configuration (9)). Since the path
has to reach 0, this implies that there exists k1 < k such that wy, is composed by the union
of a rectangle R(2l5 — 1,15 — 1) and a protuberance attached to one of the longest sides. Note
that H(wy,) = I't, — U;. Furthermore, since either moving the protuberance along the side
or detaching it from the cluster are the only admissible moves with maxye, H(o) < I'%,, w
note that there exists ko < kj such that the configuration wy, is composed by the union of
R(2l5—1,15—1) and a free particle. Note that wy, belongs to the set B defined in [3], Definition
3.5] because pa(wg,) = I3 — 1. Thus by [3, Theorem 3.7] we know that w reaches a configuration
in Py. We get the claim by using Lemma [7.1]

(iB). Note that this situation can be treated as in (iA) for the case in which w does not visit
&n, indeed without loss of generality we may assume that n = & and then we proceed as above.

Case (ii). Assume that w crosses the set A3 U A in the configuration 7, with o € {n s} and
o € {w,e}. By Lemma [6.7 we know that 7 has been obtained from a configuration n? ¢ C2
thus there exists a configuration 77 € CZ, such that w passes through 7 before crossing n”.

Case (iii). Assume that w crosses the set Psa0 \ (Uqo 1 Az’a/ UUy AY UU,Ag) in the
configuration 7, thus the path w crosses either n? € CB or n© € C& before passing through .
In the first case, 7 is obtained either via a 1-translation of a bar or via a sliding of a bar around a

ASY U, AY U
Uq AT Therefore the path w, before crossing n®, passes through a configuration 77 € C¥,
the latter case, we argue similarly. This concludes the proof. O

sa’

frame-angle that in both cases can not be completed because 7 is not in | J,, ./ «

7.2 Proof of the main Theorem [4.10]

In this Section we analyze the geometry of the set G, (O], M) (recall (8.13)). In particular, we give
the proof of the main Theorem .10 by giving in Proposition [T.3] the geometric characterization
of the essential saddles of the third type that are not in C}, and that are visited after crossing
the set CZ.

Proposition 7.3 Any saddle ¢ that is neither in C},, nor in the boundary of the cycles Cg(T'%,)
nor CR(T:, — H(M)) such that 7¢ > Ten can be essential or mot. For those essential we obtain
the following description:

Goa (O, M) N (S, (0, M)\ (9CE (I;,) UOCK(T:, — HM) UCL,)) = U A% uUAa UUA”
a o k=2
(7 2)

Remark 7.4 In Proposition we have proved that the saddles & of type three in Section[6.4)
that are not in Ukﬂ’a, ALY and such that T < T are unessential. Note that we have not to

study separately the essentiality of the saddles &£ € Uk’aﬂ, Az’a/, since Ukﬂ’a, Az"a, 1s included
in the essential saddles § of type three such that ¢ > Tes , analyzed in Proposition 73
We postpone the proof of Proposition [7.3] after the proof of the main Theorem E.T0.

Proof of Theorem .10 By Corollary we know that the saddles of the first and second
type, defined in [2, Definition 3.2] and [2] Definition 3.4] respectively, are unessential. By
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Figure 11: Case A: on the left-hand side we represent a possible starting configuration n € C%,
and on the right-hand side the configuration 7’ obtained from 7 after the sliding of the bar B™(n)
around the frame-angle ¢™ ().

Propositions [6.14] and [.3] we have the characterization of the essential saddles of the third type
in Section We use Proposition [6.11] to get the claim. O

Proof Proposition [7.3] Consider a configuration n € CZ,(2) such that n = (), ), with /) € Dsq
and d(7, z) = 2. By Proposition [6.IIb), note that 7 consists of an (215 —4) x (I5 — 2) rectangle
with four bars B%*(n), with « € {n, s, w, e}, attached to its four sides satisfying

LB, B )| <15, 15 -1<[B"(n)l,|B*(n)| <205 -2, (7.3)
and

> IB(n)| — k=515 -1, (7.4)

with k = Zaa’e{nw,ne,sw,se} |c*@(n)|. Assume that the free particle is attached in a bad site

obtaining a configuration 1 € CE. Due to [45], Theorem 5.1], our strategy consists in character-
izing the essential saddles that could be visited after attaching the free particle in a bad site.
By Remark [6.2(i) we consider separately the following cases:

three frame-angles of CR(7)) are occupied;

two frame-angles of CR(7) are occupied;

o a w =

one frame-angle of CR(7) is occupied;
)

no frame-angle of CR(7) is occupied.

Note that from case A one can go to the other cases and viceversa, but since the path has
to reach M this back and forth must end in a finite number of steps.
Case A. Without loss of generality we consider n as in Figure [Tl on the left-hand side. If we are
considering the case in which a sequence of 1-translations of a bar is possible and takes place,
then by Lemma [6.7] the saddles that are crossed are essential and in A§ U A$. If a sequence
of 1-translations of a bar takes place in such a way that the last configuration has at most two
occupied frame-angles, then the saddles that are visited starting from it will be analyzed in cases
B, C and D. Thus we are left to analyze the case in which there is the activation of a sliding of
a bar around a frame-angle. In the following we quickly exclude the cases in which the particles
is attached to B"(n), B*(n) or B¢(n) and then explain the more interesting case in which it is
attached to B"(n) giving rise to Figure [Tl on the right-hand side. If the free particle is attached
to the bar B"(n) (resp. B*(n)), by Lemma [6.8] we know that it is not possible to complete the
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Figure 12: Case B(i): in (a) we depict a possible starting configuration n € C},. Case B(ii): in
(b) we depict a possible starting configuration n € CZ,. Case B(iii): in (c¢) we depict a possible
starting configuration n € CJ,.

sliding of the bar B*(n) (resp. B¢(n)) around the frame-angle ¢*™(n’) (resp. ¢**(n’)). If the free
particle is attached to the bar B¢(n) or B¥(n), then it is not possible to slide the bar B*(n)
around the frame-angle ¢*¢(n’) or ¢*" (1) respectively, since ([EI2) is not satisifed. In the last two
cases by Lemma [6.6((ii) we know that the saddles that are visited are unessential. This implies
that the unique possibility to activate and complete a sliding of a bar around a frame-angle is
attaching the free particle to the bar B (n), then sliding the bar B™(n) around the frame-angle
™ (n') when |B"(n)| =15 — 1 and |B"(n)| = I3, otherwise (£.I12)) is not satisifed. The saddles
that are possibly visited by the path we described are in AZ‘:;:,, except the last one, thus by
Lemma [6.6](i) they are essential. The last configuration visited during this sliding of a bar is
depicted in Figure [[1] on the right-hand side. This configuration has energy I't, — Uy + Uy and
therefore it is not a saddle. Starting from this configuration, by Lemma we know that the
saddles that could be visited are in C}, or again in AZ‘:;:,,. This concludes case A.

Case B. If we are considering the case in which a sequence of 1-translations of a bar is possible
and takes place, then by Lemma 67 the saddles that are crossed are essential and in A§ U Af.
We consider separately the following subcases:

(i) The two occupied frame-angles are ¢ (1) and ¢ " (1), with all the indeces o, o/, o, o/
different between each other (see Figure [2{(a));

(ii) The two occupied frame-angles are ¢*® (1) and ¢ (1), with o/ € {n,s} and a # o’ (see

Figure 12I(b));

(iif) The two occupied frame-angles are ¢®® () and ¢ " (n), with o/ € {e,w} and a # o’ (see

Figure I2(c)).

Case B(i). Without loss of generality we consider 7 as in Figure [2(a). We can reduce our
proof to the case in which there is no translation of a bar and therefore there is the activation of
a sliding of a bar around a frame-angle. If the free particle is attached to the bar B"(n) (resp.
B?*(n)), by Lemma [6.8] we know that it is not possible to complete the sliding of the bar B*(n)
(resp. B€(n)) around the frame-angle ¢*"(n) (resp. ¢**(n’)). By Lemma [6.6(ii), this implies
that the saddles that could be crossed are unessential. If the free particle is attached to the bar
B™(n) (resp. B¢(n)), it is possible to slide the bar B"(n) (resp. B*(n)) around the frame-angle
c™(n') (resp. ¢**(n)) when |B"(n)| < |B*(n)| (vesp. |B*(n)| <[B(n)|), otherwise [@A.I2) is not
satisifed. By (73] and (7.4]) we note that |B™(n)| < |B“(n)| (resp. |B*(n)| < |B¢(n)|) is not
possible and the case B(i) is concluded.
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Figure 13: Case C: on the left-hand side we depict a possible starting configuration n € C%,.
Case D: on the right-hand side we depict a possible starting configuration n € C,.

Case B(ii). Without loss of generality we consider 7 as in Figure [2|(b). If one bar among
B"¥(n) and B¢(n) is full, it is possible to translate B*(n) in order to have three occupied frame-
angles. This situation has already been analyzed in case A. Thus we can reduce our proof to the
case in which there is no translation of a bar and therefore there is the activation of a sliding
of a bar around a frame-angle. If the free particle is attached to the bar B"(n) (or B*(n)), by
Lemma we know that it is not possible to complete the sliding of a vertical bar around any
frame-angle. If the free particle is attached to the bar B*(n) or B¢(n), since the bar B™(n) is
full, we deduce that ([4.12) is not satisfied. This implies that it is not possible to slide the bar
B™(n) around the frame-angle ¢"*(n’) and ¢"¢(n’). In the last two cases by Lemma [6.0ii) we
know that the saddles that could be visited are unessential. This concludes case B(ii).

Case B(iii). Without loss of generality we consider 7 as in Figure [2{(c). If the bar B"(n)
(or B#(n)) is full, it is possible to translate B¢(n) to occupy the frame-angle ¢"¢(n’) (or ¢*¢(n')).
This situation has already been analyzed in case A. Otherwise, it is possible to translate a bar
with one occupied frame-angle in order to have two occupied frame-angles in such a way that
they have no bar in common. This situation has already been analyzed in case B(i). Thus
we can reduce our proof to the case in which there is no translation of a bar and therefore we
can consider only the activation of a sliding of a bar around a frame-angle. If the free particle
is attached to the bar B™(n) (resp. B*(n)), by Lemma [6.8] we know that it is not possible to
complete the sliding of the bar B¥(n) around the frame-angle ¢ (/) (resp. ¢“*(n)). If the free
particle is attached to the bar B¢(n), we deduce that (£IT]) is not satisfied. In the last two cases
by Lemma[6.0[ii) we know that the saddles that are visited are unessential. If the free particle is
attached to the bar B"(n), it is possible to slide the bar B™(n) (resp. B*(n)) around the frame-
angle ¢ (1)) (resp. ¢ (1)) when [B"(n)| < |B*(n)| (resp. |B*(n)| < |B*(n)|), otherwise [@.12)
is not satisifed. By (73] and (7.4)) we note that |B"(n)| < |B*(n)| (resp. |B*(n)| < |B™(n)]) is
not possible and the case B(iii) is concluded.

Case C. Without loss of generality we consider n as in Figure[I3on the left-hand side. If we are
considering the case in which a sequence of 1-translations of a bar is possible and takes place,
then by Lemma the saddles that are crossed are essential and in A§ U A$. Starting from
this configuration it is possible to obtain two occupied frame-angles, that it has been already
analyzed in Case B. Thus we can reduce our proof to the case in which there is no translation
of a bar and therefore there is the activation of a sliding of a bar around a frame-angle. If the
free particle is attached to the bar B™(n) (resp. B*(n)), by Lemma we know that it is not
possible to complete the sliding of the bar B*(n) around the frame-angle ¢ () (resp. ¢**(1')).
If the free particle is attached to the bar B¢(n), we deduce that (£I2]) is not satisfied. In the
last two cases by Lemma [6.6l(ii) we know that the saddles that are visited are unessential. If
the free particle is attached to the bar B*(n), it is possible to slide the bar B™(n) around the
frame-angle ¢ (n’) when |B™(n)| < |B"(n)|, otherwise (412 is not satisfied. By (7.3]) and (7.4)
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we note that |B"(n)| < |B“(n)| is not possible and the case C is concluded.

Case D. Without loss of generality we consider n as in Figure [[3] on the right-hand side. If we
are considering the case in which a sequence of 1-translations of a bar is possible and takes place,
then by Lemma the saddles that are crossed are essential and in A U A§. Starting from
this configuration, it is possible to obtain one or two occupied frame-angles: these situations
have been already analyzed in cases C and B respectively. Thus we can reduce our proof to the
case in which there is no translation of a bar and therefore there is the activation of a sliding of
a bar around a frame-angle. If the free particle is attached to the bar B"(n) (resp. B*(n)), by
Lemma we know that it is not possible to complete the sliding of the bar B*(n) around the
frame-angle ™ (1) (resp. ¢“*(n’)). If the free particle is attached to the bar B*(n) or B¢(n),
we deduce that (41I)) is not satisfied. In the last two cases by Lemma [6.6((ii) we know that the
saddles that are visited are unessential. This concludes case D. (]

8 Proof of the sharp asymptotics

For the model-independent discussion we refer to [2, Section 10.1]. Following the strategy given
in [I3] for the isotropic case, here we apply this argument for the strongly anisotropic one. For
the corresponding strategy in the isotropic and weakly anisotropic cases we refer to [2, Section
10.2].

8.1 Application of the potential theory to the strongly anisotropic case

In [12] the authors let the protocritical and critical sets as &*(m, s) and €™*(m, s) respectively
(see [12, Definition 16.3] for the definition of &*(m,s) and €*(m,s)). Since they differ from
our notation, we refer to them as #}p,(m,s) and €pp4(m, s). In [12] the authors proved [12,
Theorem 16.4] and [12, Theorem 16.5] subject to the two hypotheses

(H1) &™ ={m} and X* = {s};
(H2) & = {§ € Phpa(m,s): &~ &'} is constant on Gpp (M, s).

For our model X7 = {0} and X3, = {M}, thus (H1) holds and T* = (O, W) — H(O) =T%,.
Now we abbreviate 2}, = Zpp4(0, W) and €54 = € (0, W). Moreover, we prove that
geometrically Ppp, = Dsq U Un.o A;"a, (see (B.6]) for the definition of ﬁg"a/) and Cpry =
Ci (L) UU, o Ag’al (recall (£24) for the definition of Ag’al) with @ € {n, s} and o € {e,w}.
Therefore it is clear that Ci, # €pp4- Note that (H2) follows from Lemma 6.17] indeed each
configuration in ¢}, has exactly one configuration in &%, from which it can be reached
via an allowed move. In particular, the configurations in C%,(L*,) and Ds, are connected by
removing the free particle in 0~ A, while those in Ag’a/ and f@’o‘l are connected between each
other by attaching the two particles separated by an empty site at cost —U;. Since (H1) and (H2)
hold, [12] Theorem 16.4] and [12] Theorem 16.5] should hold, but for the strongly anisotropic
case this is not true. On the one hand, [I2, Theorem 16.4(a)] and [12, Theorem 16.5] are valid,
but on the other hand [12, Theorem 16.4(b)] does not hold, since the entrance in ¢}, can
not be uniform due to the two possibile different entrance mechanisms, as claimed in Lemma
This depends on the hypothesis (H2), that takes into account only the map from €54 to
P%r 4 and not the reverse one. Therefore we propose to replace the hypothesis (H2) with

(H2)) & — {§ € Pppa(m,s): &~ '} is constant on €pp4(m, s) and & — |{§' € Cppa(m,s) :
¢ ~ &} is constant on Ppp (M, s).
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Figure 14: We depict the transition that, starting from a configuration in C},, passes trough Cgl
and after two moves reaches an unessential saddle (g,.

Now it is clear that (H2’) is not satisfied, indeed each configuration in D, has exactly 4L — 4
configurations in Cj, from which it can be reached via an allowed move, while each configuration
in Ag’a, has only one configuration in Ag’a/ with this property.

Recall [2, Definition 10.4] for the definition of the wells ZSDW- and Zs.w- and [2, Definition
3.2] and [2, Definition 3.4] for the definition of the saddles o4, ; of the first type and (sq; of
the second type respectively. Concerning [12, Theorem 16.5], by [12, Lemma 16.16] for the case
int = sa, we know that h is constant on each wells. Thanks to the model-independent discussion
given in [2] Section 10.1] and [2, Lemma 10.7], [2, eq. (10.17)] becomes

5

1 onCaTi) Ul J({os, U sa,J)
j=1

h = - m . (8.1)
0 on CD(Psa —H(m))U U ({Csa,j} UZs ])
j=1
¢ on Xe(i),i=1,..,1,
N - = .. J Ji
where Xs4(7), i = 1,...,1, are all the wells of the transition except Ujgl sa,; and ;2 Zs.w

This implies that the unessential saddles can not be neglected in the study of the prefactor The
variational formula for © in [2, eq. (10.11)] is non-trivial because it depends on the geometry of
all the wells and on the form of the function h on the configurations in X, \ X** namely the
saddle configurations.

Remark 8.1 In Figure [14] we depict a transition that, starting from a configuration in C},,
gives an unessential saddle (sq of the third type.

8.2 Proof of Theorem [4.17]

Using [2, Lemma 10.7], in order to prove Theorem [LIT] it remains to analyze in detail the
number of possible transitions inside the gates and in-between their boundaries. Finally, we
need to count the cardinality of Dy, modulo shifts. We denote by Ny, that quantity.

8.2.1 Lower bound
Recall [2, Definition 10.4] for the definition of the wells ZSDa,- and Z® . and [2, Definition 3.2]

sa,j

and [2, Definition 3.4] for the definition of the saddles oy, ; of the first type and (s, ; of the
second type respectively. Thus we consider the following sets:

Jo

% = CE’(F: ) U ({O-SGJ} U saJ) (82)

J=1
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/m
| |_Fants
Xsa = CD(Fsa _H( )) U({CSGJ}U sa]) (83)
‘]:
The lower bound Oy, > ©7% is obtained by removing all the transitions that do not involve
either a protocritical droplet and a free particle that moves or the path described in Figure [7
The first type of transitions gives a contribute that can be treated in a similar way as in the
lower bound in [I3], Proposition 3.3.4]. Indeed we obtain:

S i inin > Y L) 9P

ﬁeﬁsa ¢j(1),j=1,2,3,4 g\aG =0, 9‘8391227]»[&11,]2,3,4,9‘6+Azl z,ifweﬁvL (84)
> > caph T(9T A, CR(A))
nEDsa

where g(z) := h(n,z) = ( ) for 7 € Dy, and € A\ CRTT (), and 0% denotes the set of good

sites in 0~ CR(7), E?B i = 1,2,3,4, denote the four bars of bad sites in 9" CR(7)) and

1
CAPA+(8+A,F) = min — Z [g(z) — g(2)]?, for any F C AT, (8.5)
g:AT—[0,1]

z,z! AT

g‘6+AEI,g‘FEO )

T~T

For o € {n, s}, o/ € {w,e} and k =2, ..., 15, we define

AP ={n:nn) =0,0(n) =215 — 2,|r*(n)| =k — 1, |[r*(n)| =15 — k,|c* (n)| = 1,

8.6
Ne; is connected, monotone, with circumscribed rectangle in R(205 — 1,15)} (86)

and

Ap = {0 n(n) = 0,0(n) = 215 = 2,[r%(n)] = k. [r(n)] = 15 — &, |c* ()] =0,

8.7
N is connected, monotone, with circumscribed rectangle in R(2l5 — 1,13)} (8.7)

Referring to Figure [7 note that the configuration (6) is in A5 and the configuration (10) is in
A2°, while the configuration (8) is in Aj°.

Now we analyze the transitions described in Figure [[l The configuration (6) is in A;"e c
Ca(T%,) C XL and therefore h(|J,, ,» Ay) = 1. Thanks to [I3| Lemma 3.3.2], we know that h is
constant on the wells and thus we 7analyze the transitions to and from each wells. In particular,
note that during the transition from .Zg’a/ and Azfll only configurations with energy strictly
smaller than I'f, are crossed, thus they belong to the same well and therefore we can set h
Ag’a/) =c,h=cponlJ j‘;’a/ and on its
wells, and so on until the last set h(U, . ﬁ%’o‘/) = capy—2 and h(n) = cyz—1 for any n € C5,(2).
Thus we have to minimize w.r.t. ¢, co, ..., Catz—1 the following term:

constant on these configurations. We set h(U,, o/ ol

(1 — 01)2 + (Cl — 62)2 + ...+ (6213_3 — 6213_2)2 + (6213_2 — 6213_1)2 + kc%l;—l (8.8)

where k =[5 — 1 is the number of good sites of the configuration (12) in Figure[7l We prove by

induction over n that
1+ Kpepta

K,+1 "~
where K, satisfies the following recurrence relation

Cn = 1<n<2i5-2, (8.9)

(8.10)

Knp=(Kn1+1)? 2<n<2-2,
K, =1.
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n = 1 We have to prove that ¢; = HTQ This can be easily checked by minimizing the function
fler,e2) = (1 —¢1)? 4 (c1 — c2)? with respect to ¢;. Indeed we get:

of 1+co

661 “ 2 “ 2 ( )

2 <n < 2[5 —2 Assume now that ([83]) holds for n — 1 and we prove that it holds also for n.
We consider the function f(c,_1,cn,cni1) = (cno1 — cn)? + (cn — cny1)? and we replace the
expression of ¢,_1 in terms of ¢,. Thus we get

2
14+ K, c
f(cmcn+1) = (ﬁ - Cn> + (Cn - Cn+1)2 (8.12)
n—

and therefore

of Ky 1+ Kyicq
LENY TS R I T ST R T 8.13
ey, (Kn—l +1 ) ( K, 1+1 en | +2(e Cnt1) ( )

The equation % = 0 gives
cp— 1
(Kn—l + 1)2
that implies (89) by using (8I0). Thus we get the claim.
Now we have to find the value of the constant Calz—1 that minimizes (838]). By considering
the function f(caz—2,co53-1) = (caiz—2 — 02l3_1)2 + (15— 1)0515_1 and proceeding in a similar way
as above, we deduce that

=Cpt1 — Cn (8.14)

1

Copx_1 = 8.15
2 G D (K2 1P 41 (319)
Finally, by (89) and (8I5]) we get
1-— 1—c,

Il—c = = and c¢p,1—cp = ﬁil (8.16)

Finally, by (8I6]) we deduce that the minimizer of the quantity in (8.8]) is given by

1—02>2 S T—cy \2 I5—1

+ ( ) + 8.17
< 2 HZ::Q Kp1+1 ((I5 = 1)(Kapg 2 + 1) 4+ 1)? (8.17)

where the coefficients cg, ..., cg;; -1 can be explicitly derived from (83) e (8IH). Combining (8.4)
and (8I7), we get

25 —1
1—c\2 ¢ 1—cp \2
Os > Z CAPA+(8+A, CR(ﬁ)) +4 ( 202) + Z (ﬁ)
7D n=z (8.18)
-1
+ = 07
(5 = 1) (Kay—2 +1)2 + 1J? !

The first term in the r.h.s. of (8I8]) can be treated in a similar way as [I3| Lemma 3.4.1] for
A — Z2. Since the remaining part of the r.h.s. of (8I8) does not depend on the size of the box,
that implies that we can neglect its contribute as A — Z2, we deduce that

A
log |A

where N, is computed in Proposition

O3 — 47Ny, as A —7Z7% (8.19)
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8.2.2 Upper bound

We define
Cit={n=2): 7€ Ds, x€ A\ CRTT(A)}. (8.20)

and we consider the following test function

1 if ne &,
ci ifne Xe(i),i=1,...,1
h(n) = 9 (8.21)
g(z) ifne Csa ,
0 ifne X sa,

where g(x) := h(f),x) = h(n) for ) € Dy, and x € A\ CRTT (%), i.e., n € C5T. Thus by [2, eq
(10.11)] we get

CAP(C, M) < (1+0(1))< > captT (9T A, CRTH (7))
ﬁeﬁsa
+ min min
Cl,..,CT h:X¥,—[0,1] -
Ry D =R B =0k g y=eii= T

Z s(n, 1 )eg(n, ') [h(n) = h(n)]?

l\’)l}—t

(8.22)
where CAPAT (9T A, F) is defined in (83). We have to analyze the possible transitions between
X and X, (i )UU;j{&sa,j}: Detween Xyq(i) and Xso(j) with i # j and between Xsq (i) UU;{&sa,5}
and X5, where the saddles &sa,j are neither saddles of the first type nor saddles of the second
type (recall [2] Definitions 3.2, 3.4]). We set Xsa(1) = Uneqn,st Uaefw,el Ag’al (an example is
given in Figure [7] by the configuration (7)). We set Xs,(2) as the union of .Zg"al, ftg’a/ and
the configurations connecting these sets in the path described in Figure [7] that are in the same
well. We iterate this construction until the last set Xq(205 — 1) as we did for the lower bound.
Furthermore, we set

Xa(23)=CE,  Xa@+1)= | A Xa23+2)= | AP (8.23)

o’ e{e,w} o’e{e,w}

Now we analyze all the transitions that give a non-trivial contribute to (8.22]).

Transitions between X, and X, (i) Ul {€sa,7}+ The transition via one step of the dynamics
from 7 € X5 and 7 € X (i) U U {€sa,} is possible only if either 1) € Dyy and 7' € C, or
n e A‘;’O" and 7' € A‘;’O" for some a € {n,s} and o € {w,e}. The latter transition contributes
4 times to the quantity in (822]) depending on which frame-angle is involved in the transition.

Transitions between X, (i) and X,,(j). We consider the sequence of transitions that forms
the path described in Figure[7] the transitions between C,(2) and C% , between CBZ and X, (215 +
1) and between CZ and X, (205 + 2).

Transitions between X,,(i) and AM. The transition via one step of the dynamics from
N € Xea(i) and 1/ € XM is possible only if n € C*,(2) and 7' € C$,
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Collecting all these transitions, by (821 and (822]) we get

—Br*
e Phsa .
cap(O,m) < (I4+0(1))  min 4[(1 —c1)? 4+ (e1 — )? + o+ (cas—n — ez 1)?
Zﬁ C\CLyensCorg 2 2 2
+(15 — 1)c§l3_1] + Z &+ Z (@ - 6215)2
n€CE.(2) n€CEq(2)
n’GCSGa 77,6/\’511(2%)
+2 > (ewy —caz)® 2 Y. (oo — cagra)’
nexsa(zzg) n€EXsa(213)
n exw(zl +1) n’exsa(213+2)
+ ) cap? (9T, CRT (7))

UEDsa

Rearragging the term, we get

—BT%,
capC,m) <5 " (1+o01)| min 4[(1 — )2+ (e — e2)?
Zg 017---7021371
++ (corg—o — cops—1)* + (15 — 1)6515—1} + _ min Z &
O s b2 necy, (2)
n'ecS,
+ Z (E — 621§)2 + 2 Z (C2l§ — 62134_1)2
neck,(2) nEXsa(213)
n'€Xsa (213) 7 €Xsq (205+1)
+ A~
2 Y (et Y cart @A, cR++<n>>)
nEXsa(213) H€Dsa

"IIEXsa(ZZE +2)

Now we analyze separately the two following terms:

O,, = min 4[(1 — 1)+ (c1— )’ + .+ (cag—2 — cai3—1)* + (I3 — 1)0313—1}

Cly-Co1—1

O = min Yoo+ Y (e—cw)+2 > (e —cay1)’

0021*7 21542

nECky(2) neCia(?) nexsa(zz;)
n ECSCfl n GXsa(ZZ ) n EX‘sa(2l +1)
+
+2 > (emy —cag2)’ + Y AP (9FA,CRTT(9)
7I€Xsa(2l3) 7’]€Dsa

n’ €Xsa(205+2)

(8.24)

(8.25)

(8.26)

(8.27)

Note that the minimum of (826)) coincides with 4 times the minimum of (8] and therefore O,
can be computed in the same way as in the lower bound (see (8.9), (8I5) and (8IT)). It is easy
to check that the minimum of 827) w.r.t. ¢, cy,..., o342 is obtained for & = coy = co341 =

cai3+2 = 0. Thus the term ésa becomes

O, = Y CAPAT(OTA, CRTH (i)

ﬁeﬁsa
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and therefore

e_ﬁrza
@sa < Zﬁ (1+0 +
205 —1
_ﬁl"* _ 2 _
e Pl sa 1 62 1—c, \2
= 3 (@53
z, U ( 2 R (8.29)

+ > aapM (91 A, CRM ()

nGDsa

—— sa
= 0}

" [(l5 — 1)(K2l;—2 +1)2 +1)? )

where the coefficients ca, ..., caj5 2, ci3—1 can be explictly derived from (8.9) and (8.15), where
the sequence K, is defined in (8I0)). The first term in the r.h.s. of (829]) does not depend on
the size of the box, thus we can neglect its contribution as A — Z?2. Since the remaining part of
the r.h.s. of (829) can be treated in a similar way as [I3, Lemma 3.4.1] for A — Z2, we deduce
that

sa A
05" — 4WNS“M as A —7Z7% (8.30)

where Ny, is computed in Proposition

Z‘*: < > <z2 - 2>

prt 2k — 1
Proof. We have to count the number of different shapes of the clusters in Dy,. We do this by
counting in how many ways [5 — 1 particles can be removed from the four bars of a (215 —2) x I3
rectangle starting from the corners. We split the counting according to the number k = 1,2, 3,4
of corners from which particles are removed. The number of ways in which we can choose k
corners is (2) After we have removed the particles at these corners, we need to remove [5—1—k

more particles frome either side of each corner. The number of ways in which this can be done
is

Proposition 8.2

’{( mgk) €N2 : m12]j— —i—mgk:l;—l—k}‘
M1, eeyMog) ENF o my+ o d+mop =105 —14+k
gm : 23“ e 1)
Thus we get the claim. O

8.3 Proof of Theorem [4.14]

Thanks to [51, Lemma 3.6}, we deduce that for our model the quantity I'(B), with B C X,
defined in [51], eq. (21)] is such that T'(X \ {M}) = T'%,. Thus Theorem (414l follows by the
following proposition.

Proposition 8.3 [51, Proposition 3.24] For any ¢ € (0,1) and any s € X'*

1 ~ . 1
lim Blogtﬁmm( g)=T(x\{s}) = Bh_)ngo—glogpg (8.32)

B—o0

Furthermore, there exist two constants 0 < ¢ < co < 0o independent of 5 such that for every
5>0 - -
cre AT\ < pp < coe PT(X\{s}) (8.33)
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9 Proof of the main results for the simplified model

In this Section we provide the proof of results in Section [0l that are extensions to the simplified
model (described in Section 2.3]) of the local model. Now we consider int = sa and we follow the
strategy proposed in [40] for int = is. In [40], Section 2] the authors give several large deviation
estimates concerning exponential clocks, that hold also for the anisotropic cases. In [40, Section
3] the authors give several large deviation estimates concerning random walks. All these results
are valid for the cases int € {wa, sa} without changes except for [40, Proposition 3.13], in which
we have to replace U with U;. The recurrence property for the anisotropic simplified model
is obtained with similar arguments carried out in [40, Section 6]. To this end, we modify the
definition of the set X given in [40, eq. (5.8)] by replacing U with U;. Therefore also the
definition of the set X5 given in [40l eq. (6.1)] should be modified accordingly. Thus, if we define
for the anisotropic model T} = €%, Ty = U8 and T3 = e, [40, Proposition 6.2] holds also
for the anisotropic cases. Concerning the reduction, we follow the strategy proposed in [40,
Section 7]. In particular, we have to study the behavior of the gas and its interaction with the
dynamics in the box A. There are two classes of gas particles with different behavior: particles
that have been in Ag \ A for a long time (say of order 73), which we call green particles; and
particles that exit from A and afterwards return to A in a short time (say of order 1), which we
call red particles. The effect of green (resp. red) particles is studied in [40, Section 7.6] (resp.
[40, Section 7.7]) and can be extended to the cases int € {wa, sa} by modifying the times 77,
Ty and T3, and the sets X and X, as above. In the case int = sa, from this discussion and
[3, Theorem 2.5] (resp. Theorem [A.8]) for the local model, Theorem [5.1l(a) (resp. B5.IIb)) follows.
Analogously, using [3l Theorem 2.3] (resp. Theorem E.I0) for the local model, Theorem [5.1](c)
(resp. Theorem [5.1K(d)) holds.
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