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❲❡ ✐♥tr♦❞✉❝❡ ❛♥ ❛❧❣♦r✐t❤♠ t♦ ❡✈❛❧✉❛t❡ ❛ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣❝✐❡♥ts ❛s

❛❝❝✉r❛t❡❧② ❛s t❤❡ ❍♦r♥❡r s❝❤❡♠❡ ♣❡r❢♦r♠❡❞ ✐♥ K t✐♠❡s t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✱ ❢♦r K ❛♥ ❛r✲

❜✐tr❛r② ✐♥t❡❣❡r✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ✐s t♦ ✐t❡r❛t❡ t❤❡ ❡rr♦r✲❢r❡❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❡♥s❛t❡❞

❍♦r♥❡r ❛❧❣♦r✐t❤♠ ❛♥❞ t♦ ❛❝❝✉r❛t❡❧② s✉♠ t❤❡ ✜♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❲❡ ♣r♦✈❡ t❤✐s ❛❝❝✉r❛❝②

♣r♦♣❡rt② ✇✐t❤ ❛♥ ❛ ♣r✐♦r✐ ❡rr♦r ❛♥❛❧②s✐s✳ ❲❡ ✐❧❧✉str❛t❡ ✐ts ♣r❛❝t✐❝❛❧ ❡✣❝✐❡♥❝② ✇✐t❤ ♥✉♠❡r✐❝❛❧

❡①♣❡r✐♠❡♥ts ♦♥ s✐❣♥✐✜❝❛♥t ❡♥✈✐r♦♥♠❡♥ts ❛♥❞ ■❊❊❊✲✼✺✹ ❛r✐t❤♠❡t✐❝✳ ❈♦♠♣❛r✐♥❣ t♦ ❡①✐st✐♥❣

❛❧t❡r♥❛t✐✈❡s ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤✐s K✲t✐♠❡s ❝♦♠♣❡♥s❛t❡❞ ❛❧❣♦r✐t❤♠ ✐s ❝♦♠♣❡t✐t✐✈❡ ❢♦r K ✉♣

t♦ ✹✱ ✐✳❡✳✱ ✉♣ t♦ ✷✶✷ ♠❛♥t✐ss❛ ❜✐ts✳

❑❡②✇♦r❞s✿ ❆❝❝✉r❛t❡ ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥✱ ❝♦♠♣❡♥s❛t❡❞ ❛❧❣♦r✐t❤♠s✱ ❡rr♦r✲❢r❡❡ tr❛♥s❢♦r♠❛✲

t✐♦♥s✱ ✢♦❛t✐♥❣ ♣♦✐♥t ❛r✐t❤♠❡t✐❝✳

✶ ▼♦t✐✈❛t✐♦♥s ❛♥❞ s②♥t❤❡s✐s

❚❤❡ ❍♦r♥❡r s❝❤❡♠❡ ✐s ♦❢ ❛♥ ✉♥❞❡♥✐❛❜❧❡ ♣r❛❝t✐❝❛❧ ✐♥t❡r❡st t♦ ❡✈❛❧✉❛t❡ ❛ ♣♦❧②♥♦♠✐❛❧ p ❛t t❤❡ ♣♦✐♥t
x ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❛r✐t❤♠❡t✐❝✳ ❙✐♥❝❡ ✐t ✐s ❜❛❝❦✇❛r❞ st❛❜❧❡✱ t❤❡ ❍♦r♥❡r s❝❤❡♠❡ r❡t✉r♥s r❡s✉❧ts
❛r❜✐tr❛r✐❧② ❧❡ss ❛❝❝✉r❛t❡ t❤❛♥ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ u ✖ ✇❤❡♥ ❡✈❛❧✉❛t✐♥❣ p(x) ✐s ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞✳
❚❤✐s ✐s ❢♦r ❡①❛♠♣❧❡ t❤❡ ❝❛s❡ ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ♠✉❧t✐♣❧❡ r♦♦ts ✇❤❡r❡ ♠♦st ♦❢ t❤❡ ❞✐❣✐ts✱ ♦r
❡✈❡♥ t❤❡ ♦r❞❡r✱ ♦❢ t❤❡ ❝♦♠♣✉t❡❞ ✈❛❧✉❡ ♦❢ p(x) ❝❛♥ ❜❡ ❢❛❧s❡✳

❲❤❡♥ t❤❡ ■❊❊❊✲✼✺✹ ✢♦❛t✐♥❣ ♣♦✐♥t ❛r✐t❤♠❡t✐❝ ✐s ❛✈❛✐❧❛❜❧❡ ❜✉t ♥♦t ♣r❡❝✐s❡ ❡♥♦✉❣❤✱ ✏❞♦✉❜❧❡✲
❞♦✉❜❧❡✑ ❛♥❞ ✏q✉❛❞✲❞♦✉❜❧❡✑ ❧✐❜r❛r✐❡s ❛r❡ ❝❧❛ss✐❝ s♦❢t✇❛r❡ s♦❧✉t✐♦♥s t♦ r❡s♣❡❝t✐✈❡❧② s✐♠✉❧❛t❡ t✇✐❝❡
♦r ❢♦✉r t✐♠❡s t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ ❬✸❪✳ ❚❤❡ ❝♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r s❝❤❡♠❡ ✐s ❛♥ ❡✣❝✐❡♥t ❛❧t❡r✲
♥❛t✐✈❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✽❪✳ ❚❤✐s ❝♦♠♣❡♥s❛t❡❞ ❡✈❛❧✉❛t✐♦♥ ②✐❡❧❞s t❤❡ s❛♠❡ ❛❝❝✉r❛❝② ❛s t❤❡ ❍♦r♥❡r
❛❧❣♦r✐t❤♠ ❝♦♠♣✉t❡❞ ✐♥ ❞♦✉❜❧❡❞ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳

❲❡ ♣r❡s❡♥t ❛♥♦t❤❡r ❝♦♠♣❡♥s❛t❡❞ ❛❧❣♦r✐t❤♠ t❤❛t ❝♦♠♣✉t❡s ❛♥ ❛♣♣r♦①✐♠❛t❡ r ♦❢ p(x) t❤❛t ✐s
❛s ❛❝❝✉r❛t❡ ❛s ✐❢ ❝♦♠♣✉t❡❞ ✐♥ K✲t✐♠❡s t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ ✭K ≥ 2✮✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ✐t❡r❛t❡ t❤❡
❝♦♠♣❡♥s❛t✐♦♥ ♦❢ t❤❡ ❍♦r♥❡r s❝❤❡♠❡ ♣r♦♣♦s❡❞ ✐♥ ❬✽❪✱ ✐♠♣r♦✈✐♥❣ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦♠♣✉t❡❞
r❡s✉❧t ❜② ❛ ❢❛❝t♦r u ❛t ❡✈❡r② ✐t❡r❛t✐♦♥ st❡♣✳ ■♥ t❤❡ s❡q✉❡❧ ✇❡ ♥❛♠❡ ❈♦♠♣❍♦r♥❡r❑ t❤✐s ❛❧❣♦r✐t❤♠✳
●✐✈❡♥ p(x) :=

∑n
i=0 aix

i✱ ❛ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣❝✐❡♥ts✱ ❛♥❞ x ❛ ✢♦❛t✐♥❣ ♣♦✐♥t
✈❛❧✉❡✱ ✇❡ ♣r♦✈❡ t❤❡ ❛♥♥♦✉♥❝❡❞ ❜❡❤❛✈✐♦r✱ ✐✳❡✳✱ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦♠♣❡♥s❛t❡❞ r❡s✉❧t r ❝♦♠♣✉t❡❞
✇✐t❤ ❈♦♠♣❍♦r♥❡r❑ ✐s ❜♦✉♥❞❡❞ ❛s ❢♦❧❧♦✇s✱

|r − p(x)|

|p(x)|
≤ u + O(uK) cond(p, x). ✭✶✮

✶



❚❤❡ ❝❧❛ss✐❝ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r cond(p, x) ❞❡s❝r✐❜❡s t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥✱

cond(p, x) :=
p̃(x)

|p(x)|
≥ 1, ✭✷✮

✇✐t❤✶ p̃(x) :=
∑n

i=0 |aix
i| ❬✹❪✳ ❈♦♠♣❍♦r♥❡r❑ ♦♥❧② r❡q✉✐r❡s ■❊❊❊✲✼✺✹ ✢♦❛t✐♥❣ ♣♦✐♥t ❛r✐t❤♠❡t✐❝

✇✐t❤ r♦✉♥❞✐♥❣ t♦ t❤❡ ♥❡❛r❡st✳ ❖✉r ♠❛✐♥ t♦♦❧ t♦ ✐♠♣r♦✈❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧t ✐s
❛♥ ✏❡rr♦r✲❢r❡❡ tr❛♥s❢♦r♠❛t✐♦♥✑ ✭❊❋❚✮ ❢♦r t❤❡ ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥ ✇✐t❤ t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠✳

❚❤❡ t✐♠❡ ♣❡♥❛❧t② t♦ ✐♠♣r♦✈❡ t❤❡ ❛❝❝✉r❛❝② ✇✐t❤ ❈♦♠♣❍♦r♥❡r❑ ✐s ✈❡r② r❡❛s♦♥❛❜❧❡ ❢♦r K ≤ 4✳
Pr❛❝t✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡s r❡♣♦rt❡❞ ❤❡r❡❛❢t❡r ❡①❤✐❜✐t t❤❛t ❈♦♠♣❍♦r♥❡r❑ ✐s ❛♥ ❡✣❝✐❡♥t ❛❧t❡r♥❛t✐✈❡ t♦
♦t❤❡r s♦❢t✇❛r❡ s♦❧✉t✐♦♥s✱ s✉❝❤ ❛s t❤❡ q✉❛❞✲❞♦✉❜❧❡ ❧✐❜r❛r② ♦r ▼P❋❘✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦✉r ♦♣t✐♠✐③❡❞
✈❡rs✐♦♥ ♦❢ ❈♦♠♣❍♦r♥❡r❑ ✇✐t❤ K = 4 r✉♥s ❛❜♦✉t ✹✵✪ ❢❛st❡r t❤❛♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r♦✉t✐♥❡ ✇✐t❤
q✉❛❞✲❞♦✉❜❧❡ ❛r✐t❤♠❡t✐❝✳ ❚❤✐s ❥✉st✐✜❡s t❤❡ ♣r❛❝t✐❝❛❧ ✐♥t❡r❡st ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ✇❤❡♥
♦♥❧② ❛ r❡❛s♦♥❛❜❧❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ ✐s ♥❡❝❡ss❛r②✳

▼❛♥② ♣r♦❜❧❡♠s ✐♥ ❈♦♠♣✉t❡r ❆ss✐st❡❞ ❉❡s✐❣♥ ✭❈❆❉✮ r❡❞✉❝❡ t♦ ✜♥❞ t❤❡ r♦♦ts ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧
❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ✐s s✉❜❥❡❝t❡❞ t♦ ❛❝❝✉r❛❝② ♣r♦❜❧❡♠s ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ♠✉❧t✐♣❧❡ r♦♦ts✳ ▼♦r❡
❛❝❝✉r❛t❡ ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❛r❡ ✉s❡❞ ❜② s♦♠❡ ❛✉t❤♦rs ✐♥ t❤✐s ❛r❡❛ ❬✺❪✳ ❖✉r
❈♦♠♣❍♦r♥❡r❑ ❛❧❣♦r✐t❤♠ ♠❛② ❜❡ ✉s❡❞ ✇✐t❤ s✉❝❝❡ss ✐♥ s✉❝❤ ❝❛s❡s s✐♥❝❡ ♥♦ r❡str✐❝t✐♦♥ ❛♣♣❧✐❡s t♦
t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ |x|✱ ♥♦r t♦ t❤❡ ❝♦❡✣❝✐❡♥ts ♥❡✐t❤❡r t♦ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧✳

❲❡ st❛rt ✐❧❧✉str❛t✐♥❣ t❤✐s ♠♦t✐✈❛t✐♦♥ ✇✐t❤ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❡✈❛❧✉❛t✐♦♥
✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ✐ts ♠✉❧t✐♣❧❡ r♦♦ts ♦❢ p(x) = (0.75 − x)5(1 − x)11 ✖p(x) ✐s ✇r✐tt❡♥
✐♥ ✐ts ❡①♣❛♥❞❡❞ ❢♦r♠✳ ❉♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ■❊❊❊✲✼✺✹ ❛r✐t❤♠❡t✐❝ ✐s ✉s❡❞ ❢♦r t❤❡s❡ ❡①♣❡r✐♠❡♥ts
❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ p ✐♥ t❤❡ ♠♦♥♦♠✐❛❧ ❜❛s✐s ❛r❡ ❡①❛❝t ■❊❊❊✲✼✺✹ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ♥✉♠❜❡rs✳
❲❡ ❞❡♥♦t❡ ❜② ❍♦r♥❡r t❤❡ ❝❧❛ss✐❝ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ❢♦r ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥✳ ❚❤❡ t♦♣ t✇♦
❞r❛✇✐♥❣s ♦❢ ❋✐❣✉r❡ ✶ ✐❧❧✉str❛t❡ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ p(x) ❢♦r ✹✵✵ ❡q✉❛❧❧② s♣❛❝❡❞ ♣♦✐♥ts ✐♥ t❤❡ ✐♥t❡r✈❛❧
[0.72, 1.09]✱ ✉s✐♥❣ ❍♦r♥❡r ❛♥❞ ❈♦♠♣❍♦r♥❡r❑ ✇✐t❤ K = 2✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❍♦r♥❡r ❡✈❛❧✉❛t✐♦♥
✐s t♦t❛❧❧② ✐♥❛❝❝✉r❛t❡ ❛♥❞ t❤❛t t✇✐❝❡ t❤❡ ■❊❊❊✲✼✺✹ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ✐s s✉✣❝✐❡♥t ❤❡r❡ t♦ ♣r♦✈✐❞❡
t❤❡ ❡①♣❡❝t❡❞ s♠♦♦t❤ ❞r❛✇✐♥❣ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧✳ ❖♥ t❤❡ ❜♦tt♦♠ t❤r❡❡ ❞r❛✇✐♥❣s ♦❢ ❋✐❣✉r❡ ✶✱
✇❡ ③♦♦♠ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ p(x) ❢♦r ✹✵✵ ❡q✉❛❧❧② s♣❛❝❡❞ ♣♦✐♥ts ✐♥ t❤❡ ✐♥t❡r✈❛❧ [0.99975, 1.00025]✱
✉s✐♥❣ ❈♦♠♣❍♦r♥❡r❑ ✇✐t❤ K = 2, 3 ❛♥❞ ✹✳ ❲❡ s❡❡ t❤❛t ✉s✐♥❣ t✇✐❝❡ ♦r ✸✲t✐♠❡s t❤❡ ■❊❊❊ ❞♦✉❜❧❡
♣r❡❝✐s✐♦♥ ✐s ♥♦t s✉✣❝✐❡♥t t♦ ♦❜t❛✐♥ ❛ s♠♦♦t❤ ❞r❛✇✐♥❣ ❛t t❤✐s s❝❛❧❡✳ ❆s ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❡s❡
s✐♠♣❧❡ ❡①♣❡r✐♠❡♥ts ❝❧❡❛r❧② ✐❧❧✉str❛t❡ t❤❛t ✐t ♠❛② ❜❡ ✉s❡❢✉❧ t♦ ✐♥❝r❡❛s❡ t❤❡ ♣r❡❝✐s✐♦♥ t♦ ♣r♦✈✐❞❡
❛♥ ❛❝❝✉r❛t❡ ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥ ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ✐ts ♠✉❧t✐♣❧❡ r♦♦ts✳

■♥ s❡❝t✐♦♥ ✷ ✇❡ r❡❝❛❧❧ s♦♠❡ ❝❧❛ss✐❝ ♥♦t❛t✐♦♥s ❛♥❞ ✇❡❧❧ ❦♥♦✇♥ r❡s✉❧ts ❛❜♦✉t t❤❡ ❊❋❚ ♦❢
❛r✐t❤♠❡t✐❝ ♦♣❡r❛t♦rs✳ ❲❡ ❛❧s♦ ❜r✐❡✢② r❡❝❛❧❧ t❤❡ ❊❋❚ ❢♦r t❤❡ ❍♦r♥❡r ❡✈❛❧✉❛t✐♦♥ ❛❧r❡❛❞② ❞❡s❝r✐❜❡❞
✐♥ ❬✽❪✳ ■♥ s❡❝t✐♦♥ ✸ ✇❡ ✉s❡ t❤✐s r❡s✉❧t ✐♥ ❛s ❛ ❜❛s✐❝ ❜❧♦❝❦ t♦ ❞❡s✐❣♥ ❛ ♥❡✇ ❊❋❚ ❢♦r ♣♦❧②♥♦♠✐❛❧
❡✈❛❧✉❛t✐♦♥✳ ■♥ s❡❝t✐♦♥ ✹ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❛❧❣♦r✐t❤♠ ❈♦♠♣❍♦r♥❡r❑ ❛♥❞ ♣❡r❢♦r♠ ✐ts ❡rr♦r ❛♥❛❧②s✐s✳
❙❡❝t✐♦♥s ✺ ❛♥❞ ✻ ❛r❡ ❞❡✈♦t❡❞ t♦ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts t❤❛t r❡s♣❡❝t✐✈❡❧② ✐❧❧✉str❛t❡ t❤❡ ❛❝t✉❛❧
❛❝❝✉r❛❝② ❛♥❞ t❤❡ ♣r❛❝t✐❝❛❧ t✐♠❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❈♦♠♣❍♦r♥❡r❑ ❛❧❣♦r✐t❤♠✳

✷ ◆♦t❛t✐♦♥s ❛♥❞ ♣r❡✈✐♦✉s r❡s✉❧ts

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ ❛ss✉♠❡ ❛ ✢♦❛t✐♥❣ ♣♦✐♥t ❛r✐t❤♠❡t✐❝ ❛❞❤❡r✐♥❣ t♦ t❤❡ ■❊❊❊✲✼✺✹ ✢♦❛t✐♥❣
♣♦✐♥t st❛♥❞❛r❞ ❬✻❪✳ ❲❡ ❝♦♥str❛✐♥t ❛❧❧ t❤❡ ❝♦♠♣✉t❛t✐♦♥s t♦ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ ♦♥❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✱
✇✐t❤ t❤❡ ✏r♦✉♥❞ t♦ t❤❡ ♥❡❛r❡st✑ r♦✉♥❞✐♥❣ ♠♦❞❡✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t ♥♦ ♦✈❡r✢♦✇ ♥♦r ✉♥❞❡r✢♦✇
♦❝❝✉rs ❞✉r✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✳ ◆❡①t ♥♦t❛t✐♦♥s ❛r❡ st❛♥❞❛r❞ ✭s❡❡ ❬✹✱ ❝❤❛♣✳ ✷❪ ❢♦r ❡①❛♠♣❧❡✮✳ F

✐s t❤❡ s❡t ♦❢ ❛❧❧ ♥♦r♠❛❧✐③❡❞ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡rs ❛♥❞ u ❞❡♥♦t❡s t❤❡ ✉♥✐t r♦✉♥❞✲♦✛✱ t❤❛t ✐s ❤❛❧❢

✶❲❡ ❛♣♣❧② t❤✐s t✐❧❞❡ ♥♦t❛t✐♦♥ t♦ ♦t❤❡r ♣♦❧②♥♦♠✐❛❧s ❢✉rt❤❡r ✐♥ t❤✐s ♣❛♣❡r✳

✷
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CompHornerK, K=3
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CompHornerK, K=4

❋✐❣✉r❡ ✶✿ ▼♦r❡ ✐t❡r❛t✐♦♥s ♦❢ ❈♦♠♣❍♦r♥❡r❑ ❛r❡ ♥❡❝❡ss❛r② t♦ ③♦♦♠ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥ ✖
❤❡r❡ p(x) = (0.75 − x)5(1 − x)11 ✐♥ ✐ts ❡①♣❛♥❞❡❞ ❢♦r♠✳

t❤❡ s♣❛❝✐♥❣ ❜❡t✇❡❡♥ 1 ❛♥❞ t❤❡ ♥❡①t r❡♣r❡s❡♥t❛❜❧❡ ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡✳ ❋♦r ■❊❊❊✲✼✺✹ ❞♦✉❜❧❡
♣r❡❝✐s✐♦♥ ✇✐t❤ r♦✉♥❞✐♥❣ t♦ t❤❡ ♥❡❛r❡st✱ ✇❡ ❤❛✈❡ u = 2−53 ≈ 1.11 · 10−16✳

❚❤❡ ♥♦t❛t✐♦♥ fl(·) ❞❡♥♦t❡s t❤❡ r❡s✉❧t ♦❢ ❛ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦♠♣✉t❛t✐♦♥ ✇❤❡r❡ ❡✈❡r② ♦♣❡r❛t✐♦♥
✐♥s✐❞❡ t❤❡ ♣❛r❡♥t❤❡s✐s ✐s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳ ❲❤❡♥ ♥♦ ✉♥❞❡r✢♦✇ ♥♦r ♦✈❡r✢♦✇
♦❝❝✉rs✱ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ ♠♦❞❡❧ ❞❡s❝r✐❜❡s t❤❡ ❛❝❝✉r❛❝② ♦❢ ❡✈❡r② ❝♦♥s✐❞❡r❡❞ ✢♦❛t✐♥❣ ♣♦✐♥t
❝♦♠♣✉t❛t✐♦♥✿ ❢♦r a, b ∈ F ❛♥❞ ❢♦r ◦ ∈ {+,−,×, /}✱ ✇✐t❤ ❤❛✈❡

fl(a ◦ b) = (a ◦ b)(1 + ε1) = (a ◦ b)/(1 + ε2), ✇✐t❤ |ε1|, |ε2| ≤ u. ✭✸✮

❚♦ ❦❡❡♣ tr❛❝❦ ♦❢ t❤❡ (1 + ε) ❢❛❝t♦rs ✐♥ t❤❡ ❡rr♦r ❛♥❛❧②s✐s✱ ✇❡ ✉s❡ t❤❡ ❝❧❛ss✐❝ (1 + θk) ❛♥❞ γk

♥♦t❛t✐♦♥s ❬✹✱ ❝❤❛♣✳ ✸❪✳ ❋♦r ❛♥② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k✱ θk ❞❡♥♦t❡s ❛ q✉❛♥t✐t② ❜♦✉♥❞❡❞ ❛❝❝♦r❞✐♥❣ t♦
|θk| ≤ γk := ku/(1 − ku). ❲❤❡♥ ✉s✐♥❣ t❤❡s❡ ♥♦t❛t✐♦♥s✱ ✇❡ ❛❧✇❛②s ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡ ku < 1✳ ■♥
❢✉rt❤❡r ❡rr♦r ❛♥❛❧②s✐s✱ ✇❡ ❡ss❡♥t✐❛❧❧② ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s✿ (1 + θk)(1 + θj) ≤ (1 + θk+j)✱
ku ≤ γk✱ ❛♥❞ γk ≤ γk+1✳

◆♦✇ ✇❡ ❜r✐❡✢② r❡✈✐❡✇ ✇❡❧❧ ❦♥♦✇♥ r❡s✉❧ts ❛❜♦✉t t❤❡ ❡rr♦r✲❢r❡❡ tr❛♥s❢♦r♠❛t✐♦♥s ✭❊❋❚✮ ❢♦r ❡❧❡✲
♠❡♥t❛r② ❛r✐t❤♠❡t✐❝ ♦♣❡r❛t♦rs✳ ❋♦r t❤❡ ❊❋❚ ♦❢ t❤❡ ❛❞❞✐t✐♦♥ ✇❡ ✉s❡ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❚✇♦❙✉♠ ❛❧❣♦✲
r✐t❤♠ ❜② ❑♥✉t❤ ❬✼✱ ♣✳✷✸✻❪ t❤❛t r❡q✉✐r❡s ✻ ✢♦♣ ✭✢♦❛t✐♥❣ ♣♦✐♥t ♦♣❡r❛t✐♦♥s✮✳ ❚✇♦Pr♦❞ ❜② ❱❡❧t❦❛♠♣
❛♥❞ ❉❡❦❦❡r ❬✶❪ ♣❡r❢♦r♠s t❤❡ ❊❋❚ ♦❢ t❤❡ ♣r♦❞✉❝t ❛♥❞ r❡q✉✐r❡s ✶✼ ✢♦♣✳ ❚❤❡ ♥❡①t t❤❡♦r❡♠ s✉♠✲
♠❛r✐③❡s t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❚✇♦❙✉♠ ❛♥❞ ❚✇♦Pr♦❞✳

❚❤❡♦r❡♠ ✶ ✭❬✾❪✮✳ ▲❡t a, b ✐♥ F ❛♥❞ ◦ ∈ {+,×}✳ ▲❡t x, y ∈ F s✉❝❤ t❤❛t [x, y] = TwoSum(a, b)
✐❢ ◦ = +✱ [x, y] = TwoProd(a, b) ♦t❤❡r✇✐s❡✳ ❚❤❡♥✱

a + b = x + y, x = fl(a ◦ b), |y| ≤ u|x|, |y| ≤ u|a ◦ b|.

❲❡ ❛❧s♦ r❡❝❛❧❧ t❤❡ ❊❋❚ ❢♦r t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ♣r❡s❡♥t❡❞ ❜② ▲❛♥❣❧♦✐s ❛♥❞ ▲♦✉✈❡t ❬✽❪✳ ❚❤✐s
❊❋❚ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥ ✇✐t❤ t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ❡①❤✐❜✐ts t❤❡ ❡①❛❝t r♦✉♥❞✐♥❣ ❡rr♦r
❣❡♥❡r❛t❡❞ ❜② t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ t♦❣❡t❤❡r ✇✐t❤ ❛♥ ❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡ ✐t✳ ❲❡ ✉s❡ t❤✐s ❊❋❚
❛s ❛ ❜❛s✐❝ ❜❧♦❝❦ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ t♦ ❞❡s✐❣♥ ❛ ♥❡✇ ❊❋❚ ❢♦r ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥✳

❆❧❣♦r✐t❤♠ ✷ ✭❬✽❪✮✳ ❊❋❚ ❢♦r t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠

❢✉♥❝t✐♦♥ [s0, pπ, pσ] = EFTHorner(p, x)
sn = an

❢♦r i = n − 1 : −1 : 0
[pi, πi] = TwoProd(si+1, x)

✸



[si, σi] = TwoSum(pi, ai)
▲❡t πi ❜❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❞❡❣r❡❡ i ✐♥ pπ

▲❡t σi ❜❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❞❡❣r❡❡ i ✐♥ pσ

❡♥❞

❚❤❡♦r❡♠ ✸ ✭❬✽❪✮✳ ▲❡t p(x) =
∑n

i=0 aix
i ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ n ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣✲

❝✐❡♥ts✱ ❛♥❞ ❧❡t x ❜❡ ❛ ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡✳ ❚❤❡♥ ❆❧❣♦r✐t❤♠ ✷ ❝♦♠♣✉t❡s ❜♦t❤ ✐✮ t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t
❡✈❛❧✉❛t✐♦♥ Horner(p, x) ❛♥❞ ✐✐✮ t✇♦ ♣♦❧②♥♦♠✐❛❧s pπ ❛♥❞ pσ✱ ♦❢ ❞❡❣r❡❡ n − 1✱ ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t
❝♦❡✣❝✐❡♥ts✱ s✉❝❤ t❤❛t [Horner(p, x), pπ, pσ] = EFTHorner(p, x)✳ ■❢ ♥♦ ✉♥❞❡r✢♦✇ ♦❝❝✉rs✱

p(x) = Horner(p, x) + (pπ + pσ)(x). ✭✹✮

▼♦r❡♦✈❡r ✇❡ ❤❛✈❡✱ ✉s✐♥❣ ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ t✐❧❞❡ ♥♦t❛t✐♦♥s✱

( ˜pπ + pσ)(x) ≤ γ2np̃(x). ✭✺✮

❘❡❧❛t✐♦♥ ✭✹✮ ♠❡❛♥s t❤❛t ❛❧❣♦r✐t❤♠ ❊❋❚❍♦r♥❡r ✐s ❛♥ ❊❋❚ ❢♦r ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥ ✇✐t❤ t❤❡
❍♦r♥❡r ❛❧❣♦r✐t❤♠✳

✸ ❆ ♥❡✇ ❊❋❚ ❢♦r ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥

■♥ t❤❡ s❡q✉❡❧ ♦❢ t❤❡ ♣❛♣❡r✱ p1 ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ n ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣❝✐❡♥ts✱ ❛♥❞
x ✐s ❛ ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡✳ ●✐✈❡♥ ❛♥ ✐♥t❡❣❡r K ≤ 2✱ ✇❡ ♥♦✇ ❞❡✜♥❡ ❛ ♥❡✇ ❊❋❚ ❢♦r ♣♦❧②♥♦♠✐❛❧
❡✈❛❧✉❛t✐♦♥✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤✐s ❊❋❚ ✐s t♦ ❛♣♣❧② ❛❧❣♦r✐t❤♠ ❊❋❚❍♦r♥❡r ✭❆❧❣♦r✐t❤♠ ✷✮ r❡❝✉rs✐✈❡❧②
t♦ K − 1 ❧❡✈❡❧s✳

✸✳✶ ❘❡❝✉rs✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❊❋❚❍♦r♥❡r

❋✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts ✇✐❧❧ ❜❡ ❡❛s✐❡r t♦ r❡❛❞ ✐♥tr♦❞✉❝✐♥❣ ❛ ❣r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♦♥❡ ❛♣✲
♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❊❋❚❍♦r♥❡r tr❛♥s❢♦r♠❛t✐♦♥ ✭❆❧❣♦r✐t❤♠ ✷✮✳ ●✐✈❡♥ pi ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ d
✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣❝✐❡♥ts ❛♥❞ x ❛ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡r✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t
✈❛❧✉❡ hi ❛♥❞ t❤❡ ♣♦❧②♥♦♠✐❛❧s p2i ❛♥❞ p2i+1 ♦❢ ❞❡❣r❡❡ ❛t ♠♦st d − 1 s✉❝❤ t❤❛t [hi, p2i, p2i+1] =
EFTHorner(pi, x)✳ ❋r♦♠ ❚❤❡♦r❡♠ ✸✱ ✇❡ ❤❛✈❡ hi = Horner(pi, x) ❛♥❞

pi(x) = hi + (p2i + p2i+1)(x).

❲❡ r❡♣r❡s❡♥t t❤✐s ❊❋❚ ♦❢ pi(x) ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❡❧❧ ✇❤❡r❡ ❡❞❣❡s ❛r❡ ♣♦❧②♥♦♠✐❛❧s ✭♦♥❡ ❡♥tr②
❛♥❞ t✇♦ ♦✉t♣✉ts✮ ❛♥❞ t❤❡ ♥♦❞❡ ✐s ❛ ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡✳

pi

hi

p2i p2i+1

◆♦✇ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ❊❋❚❍♦r♥❡r❑ ❛❧❣♦r✐t❤♠ ❛s t❤❡ ❜✐♥❛r② tr❡❡ ♦❢ ❞❡♣t❤ K
r❡♣r❡s❡♥t❡❞ ✇✐t❤ ❋✐❣✉r❡ ✷✳ ❋♦r ❧❡✈❡❧s 1 t♦ K − 1✱ ✇❡ r❡❝✉rs✐✈❡❧② ❛♣♣❧② ❊❋❚❍♦r♥❡r✳ ❆t t❤❡ ❧❛st
❧❡✈❡❧ K t❤✐s ❣✐✈❡s 2K−1 ♣♦❧②♥♦♠✐❛❧s ❤❡r❡ r❡♣r❡s❡♥t❡❞ ❛s r❡❝t❛♥❣❧❡s✳

❲❤❡♥ ❊❋❚❍♦r♥❡r ✐s ❛♣♣❧✐❡❞ t♦ ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ d t❤❡♥ t❤❡ t✇♦ ❣❡♥❡r❛t❡❞ ♣♦❧②♥♦♠✐❛❧s
❛r❡ ♦❢ ❞❡❣r❡❡ d − 1✳ ❙✐♥❝❡ p1 ✐s ♦❢ ❞❡❣r❡❡ n ❛♥❞ ❊❋❚❍♦r♥❡r ✐s ❛♣♣❧✐❡❞ t♦ K − 1 ❧❡✈❡❧s✱ t❤❡
♣♦❧②♥♦♠✐❛❧s ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❧❡✈❡❧ K ❛r❡ ♦❢ ❞❡❣r❡❡ ❛t ♠♦st n−K+1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ n−K+1 =
0 t❤❡♥ t❤❡ ♣♦❧②♥♦♠✐❛❧s ❝♦♠♣✉t❡❞ ❛t t❤❡ ❧❡❛✈❡s ♦❢ t❤❡ ❜✐♥❛r② tr❡❡ ❛r❡ ❝♦♥st❛♥ts ❛♥❞ s♦ ✐t ✐s
✉s❡❧❡ss t♦ ❛♣♣❧② ❛❣❛✐♥ ❊❋❚❍♦r♥❡r✳ ❚❤❡r❡❢♦r❡✱ t♦ s✐♠♣❧✐❢② t❤❡ ❞✐s❝✉ss✐♦♥ ✇❡ ✇✐❧❧ ❛❧✇❛②s ❛ss✉♠❡
2 ≤ K ≤ n + 1 ✐♥ t❤❡ s❡q✉❡❧✳

❚♦ ❡❛s✐❧② ✐❞❡♥t✐❢② t❤❡ ♥♦❞❡s ✐♥ t❤✐s ❜✐♥❛r② tr❡❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡ts ♦❢ ✐♥❞✐❝❡s✳

✹



p2K−1

h2K−1−1

4

3

2

1

K

K − 1

p2K−1+1p2K−1

h2K−2

p2K−2

h1

h2 h3

h4 h5 h6 h7

h8 h15h14h13h12h11h10h9

p2 p3

p4 p6p5 p7

p9 p15p13p11p8 p10 p12 p14

p2K−2 p2K−1p2K−1+1p2K−1

p1level

n − K + 1

n − K + 2

n − 3

n − 2

n − 1

n

degree

❋✐❣✉r❡ ✷✿ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❊❋❚❍♦r♥❡r❑ ❛s ❛ ❜✐♥❛r② tr❡❡✳

• NK
T = {1, . . . , 2K − 1} ✐s t❤❡ s❡t ♦❢ ❛❧❧ t❤❡ ♥♦❞❡s ✐♥ t❤❡ tr❡❡✱ ❛♥❞ card(NK

T ) = 2K − 1❀

• NK
I = {1, . . . , 2K−1 − 1} ✐s t❤❡ s❡t ♦❢ t❤❡ ✐♥t❡r♥❛❧ ♥♦❞❡s✱ ❛♥❞ card(NK

I ) = 2K−1 − 1❀

• NK
L = {2K−1, . . . , 2K − 1} ✐s t❤❡ s❡t ♦❢ t❤❡ ❧❡❛✈❡s✱ ❛♥❞ card(NK

L ) = 2K−1✳

■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ NT = NI ∪ NL ❛♥❞ NI ∩ NL = ∅✳ ❲❡ ❛✈♦✐❞ ❡①♣♦♥❡♥t K ✐♥ t❤❡ s❡t
♥♦t❛t✐♦♥s ❡①❝❡♣t ✇❤❡♥ ♥❡❝❡ss❛r②✳ ❚❤❡ r❡❝✉rs✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❊❋❚❍♦r♥❡r t♦ K −1 ❧❡✈❡❧s ✐s t❤❡♥
❞❡✜♥❡❞ ❜②

[hi, p2i, p2i+1] = EFTHorner(pi, x), ❢♦r i ∈ NI , ✭✻✮

✇✐t❤ hi ∈ F ❢♦r i ∈ NI ❛♥❞ pi ❜❡✐♥❣ ❛ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣❝✐❡♥ts ❢♦r ❡✈❡r②
i ∈ NT ✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✸✱ ❡✈❡r② hi ❞❡✜♥❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥ ✐s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢
t❤❡ ♣♦❧②♥♦♠✐❛❧ pi ❛t x ❜② t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠✱ ✐✳❡✳✱

hi = Horner(pi, x), ❢♦r i ∈ NI . ✭✼✮

❙✐♥❝❡ ❊❋❚❍♦r♥❡r ✐s ❛♥ ❊❋❚ ❢♦r t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠✱ ❚❤❡♦r❡♠ ✸ ❛❧s♦ ②✐❡❧❞s

pi(x) = hi + (p2i + p2i+1)(x), ❢♦r i ∈ NI . ✭✽✮

❚❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡s hi∈NI
❛♥❞ t❤❡ ♣♦❧②♥♦♠✐❛❧s pi∈NL

❛r❡ ❝♦♠♣✉t❡❞ t❤❛♥❦s t♦ t❤❡ ♥❡①t
❊❋❚❍♦r♥❡r❑ ❛❧❣♦r✐t❤♠✳

❆❧❣♦r✐t❤♠ ✹✳ ❘❡❝✉rs✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❊❋❚❍♦r♥❡r t♦ K − 1 ❧❡✈❡❧s

❢✉♥❝t✐♦♥ [hi∈NI
, pi∈NL

] = EFTHornerK(p1, x)
❢♦r i ∈ NI ✱ [hi, p2i, p2i+1] = EFTHorner(pi, x)

✸✳✷ ◆✉♠❡r✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❊❋❚❍♦r♥❡r❑

❋✐rst ✇❡ ♣r♦✈❡ t❤❛t ❊❋❚❍♦r♥❡r❑ ✭❆❧❣♦r✐t❤♠ ✹✮ ✐s ❛❝t✉❛❧❧② ❛♥ ❊❋❚ ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ p1(x)✳

✺



❚❤❡♦r❡♠ ✺✳ ●✐✈❡♥ ❛♥ ✐♥t❡❣❡r K ✇✐t❤ 2 ≤ K ≤ n + 1✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡rs
hi∈NI

❛♥❞ t❤❡ ♣♦❧②♥♦♠✐❛❧s pi∈NL
✱ s✉❝❤ t❤❛t [hi∈NI

, pi∈NL
] = EFTHornerK(p1, x) ✭❆❧❣♦r✐t❤♠ ✹✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❤♦❧❞s✱

p1(x) =
∑

i∈NI

hi +
∑

i∈NL

pi(x). ✭✾✮

❆❧❣♦r✐t❤♠ ❊❋❚❍♦r♥❡r❑ ❝♦♠♣✉t❡s t❤❡ ❡✈❛❧✉❛t✐♦♥ hi = Horner(pi, x) ♦❢ ❡✈❡r② ♣♦❧②♥♦♠✐❛❧ pi✱
❢♦r i ∈ NI ✳ ❋♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✱ ✇❡ ❛❧s♦ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s
pi(x)✱ ❢♦r i ∈ NL✳ ❙♦ ❧❡t ✉s ❛❧s♦ ❞❡♥♦t❡ hi = Horner(pi, x)✱ ❢♦r i ∈ NL✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ K✳ ❋♦r K = 2✱ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✸
✇❡ ❤❛✈❡ p1(x) = Horner(p1, x) + (p2 + p3)(x) = h1 + p2(x) + p3(x)✱ ❛♥❞ t❤❡r❡❢♦r❡ [h1, p2, p3] =
EFTHorner(p1, x)✳ ◆♦✇ ❧❡t ✉s ❛ss✉♠❡ t❤❛t r❡❧❛t✐♦♥ ✭✾✮ ✐s s❛t✐s✜❡❞ ❢♦r K s✉❝❤ t❤❛t 2 ≤ K < n+1✳
❚❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣♦❧②♥♦♠✐❛❧s p2K , . . . , p2K+1−1 s✉❝❤ t❤❛t [hi, p2i, p2i+1] = EFTHorner(pi, x)✱
❢♦r i ∈ NK

L ✳ ❋♦r i ∈ NK
L ✱ ❚❤❡♦r❡♠ ✸ ♣r♦✈❡s t❤❛t pi(x) = hi + (p2i + p2i+1)(x)✳ ❚❤✉s✱

∑

i∈NK

L

pi(x) =
∑

i∈NK

L

hi +
∑

i∈NK

L

(p2i + p2i+1)(x) =
∑

i∈NK

L

hi +
∑

i∈NK+1

L

pi(x).

❘❡♣♦rt✐♥❣ t❤❡ ❧❛st ❡q✉❛❧✐t② ✐♥ ❘❡❧❛t✐♦♥ ✭✾✮✱ ✇❡ ♦❜t❛✐♥

p1(x) =
∑

i∈NK

I

hi +
∑

i∈NK

L

hi +
∑

i∈NK+1

L

pi(x) =
∑

i∈NK+1

I

hi +
∑

i∈NK+1

L

pi(x),

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳ �

Pr♦♣♦s✐t✐♦♥ ✻✳ ❲✐t❤ t❤❡ s❛♠❡ ❤②♣♦t❤❡s✐s ❛s ✐♥ ❚❤❡♦r❡♠ ✺✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s ❤♦❧❞✱
∣∣∣∣∣∣
p1(x) −

∑

i∈NT

hi

∣∣∣∣∣∣
=

∣∣∣∣∣∣

∑

i∈NL

pi(x) − hi

∣∣∣∣∣∣
≤ γ2(n−K+1)γ

K−1
4n p̃1(x). ✭✶✵✮

❚❤❡ ❡rr♦r ❣❡♥❡r❛t❡❞ ✇❤❡♥ ❛♣♣r♦①✐♠❛t✐♥❣ p1(x) ❜② t❤❡ ❡①❛❝t s✉♠
∑

i∈NT
hi ✐s t❤❡r❡❢♦r❡ ❡q✉❛❧

t♦ t❤❡ s✉♠ ♦❢ t❤❡ ❡rr♦rs ❣❡♥❡r❛t❡❞ ✇❤❡♥ ❛♣♣r♦①✐♠❛t✐♥❣ ❡✈❡r② pi(x) ❜② hi = Horner(pi, x)✱ ❢♦r
i ∈ NL✳ ❚❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥ ❛❧s♦ ♣r♦✈✐❞❡s ❛♥ ❛ ♣r✐♦r✐ ❜♦✉♥❞ ♦♥ t❤✐s ❡rr♦r ✇✐t❤ r❡s♣❡❝t t♦
p̃1(x) =

∑
i=0 |ai||x|

i✳

Pr♦♦❢✳ ❋r♦♠ ❘❡❧❛t✐♦♥ ✭✾✮✱ s✐♥❝❡ NT = NI ∪NL ❛♥❞ NI ∩NL = ∅ ✇❡ ❤❛✈❡

p1(x) −
∑

i∈NT

hi =
∑

i∈NI

hi +
∑

i∈NL

pi(x) −
∑

i∈NI

hi −
∑

i∈NL

hi =
∑

i∈NL

pi(x) − hi.

▲❡t ✉s ❞❡♥♦t❡ ❜② e t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ✐♥ ■♥❡q✉❛❧✐t② ✭✶✵✮✳ ❚❤❡♥ ✇❡ ❤❛✈❡ e ≤
∑

i∈NL
|pi(x) − hi|✳

❚❤❡ ♣♦❧②♥♦♠✐❛❧s pi∈NL
❛r❡ ♦❢ ❞❡❣r❡❡ n − K + 1✳ ❙✐♥❝❡ hi = Horner(pi, x)✱ ✇❡ ❤❛✈❡

|pi(x) − hi| ≤ γ2(n−K+1)p̃i(x), ❢♦r i ∈ NL.

❙✐♥❝❡ [hi, p2i, p2i+1] = EFTHorner(pi, x)✱ ❢r♦♠ ❚❤❡♦r❡♠ ✸ ✇❡ ❤❛✈❡ p̃2i(x) + p̃2i+1(x) ≤ γ2np̃i(x)✱
t❤✉s p̃2i(x) ≤ γ2np̃i(x) ❛♥❞ p̃2i+1(x) ≤ γ2np̃i(x)✳ ❚❤❡♥ ✐t ❝❛♥ ❜❡ ♣r♦✈❡❞ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t
p̃i(x) ≤ γK−1

2n p̃1(x)✱ ❢♦r i ∈ NL, ❛♥❞ t❤✉s

|pi(x) − hi| ≤ γ2(n−K+1)γ
K−1
2n p̃1(x), ❢♦r i ∈ NL.

❙✐♥❝❡ card(NL) = 2K−1✱ ✇❡ ♦❜t❛✐♥ e ≤ γ2(n−K+1)γ
K−1
2n 2K−1p̃1(x)✱ ❛♥❞ ❢r♦♠ γK−1

2n 2K−1 ≤ γK−1
4n ✱

■♥❡q✉❛❧✐t② ✭✶✵✮ ❤♦❧❞s✳ �

✻



❖✉r ❛♣♣r♦❛❝❤ ✐s ♠♦t✐✈❛t❡❞ ❜② ■♥❡q✉❛❧✐t② ✭✶✵✮✳ ❚❤✐s ✐♥❡q✉❛❧✐t② s❤♦✇s t❤❛t ✇❤❡♥ t❤❡ ♣❛r❛♠❡✲
t❡r K ✐s ✐♥❝r❡♠❡♥t❡❞ ❜② ♦♥❡✱ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ p1(x) ❛♥❞ t❤❡ ❡①❛❝t s✉♠

∑
i∈NT

hi ❞❡❝r❡❛s❡s
❜② ❛ ❢❛❝t♦r γ4n✱ t❤❛t ✐s r♦✉❣❤❧② ❛♥ ❛❝❝✉r❛❝② ✐♠♣r♦✈❡♠❡♥t ❜② ❛ ❢❛❝t♦r 4nu✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥
✇❡ ♣r♦♣♦s❡ t♦ ❝♦♠♣✉t❡ t❤✐s s✉♠ ✇✐t❤ t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t s✉♠♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❙✉♠❑ ❢r♦♠ ❬✾❪✳
❲❡ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧t ✐s ❛s ❛❝❝✉r❛t❡ ❛s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ p1(x) ❝♦♠♣✉t❡❞ ❜② t❤❡
❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✐♥ K t✐♠❡s t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳

✹ ❆❧❣♦r✐t❤♠ ❈♦♠♣❍♦r♥❡r❑

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❢♦r♠✉❧❛t❡ t❤❡ ❛❧❣♦r✐t❤♠ ❈♦♠♣❍♦r♥❡r❑ ✭❆❧❣♦r✐t❤♠ ✽✮✱ ❛♥❞ t❤❡♥ ✇❡ ♣r♦✈✐❞❡
❛♥ ❛ ♣r✐♦r✐ ❡rr♦r ❛♥❛❧②s✐s ❢♦r t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❡✈❛❧✉❛t✐♦♥ ♣❡r❢♦r♠❡❞ ❜② t❤✐s ❛❧❣♦r✐t❤♠✳

✹✳✶ Pr✐♥❝✐♣❧❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠

❆s ♣r❡✈✐♦✉s❧②✱ t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡s hi∈NT
❛r❡ ❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡❧❛t✐♦♥s [hi∈NI

, pi∈NL
] =

EFTHornerK(p1, x)✱ ❛♥❞ hi = Horner(pi, x) ❢♦r i ∈ NL✳ ❚❤❡♥ ■♥❡q✉❛❧✐t② ✭✶✵✮ s❤♦✇s t❤❛t

∣∣∣∣∣∣
p1(x) −

∑

i∈NT

hi

∣∣∣∣∣∣
≤ (4nu)K p̃1(x) + O(uK+1). ✭✶✶✮

❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✇❡ ♣r♦♣♦s❡ ❤❡r❡ ✐s t♦ ❝♦♠♣✉t❡ ❛♥ ❛♣♣r♦①✐♠❛t❡ r ♦❢
∑

i∈NT
hi ✐♥

K t✐♠❡s t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✱ s♦ t❤❛t

|r − p1(x)|

|p1(x)|
≤

(
u + O(u2)

)
+

(
(4nu)K + O(uK+1)

)
cond(p1, x). ✭✶✷✮

■♥ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t② t❤❡ ❢❛❝t♦r (4nu)K + O(uK+1) r❡✢❡❝ts t❤❛t t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❝♦♠♣✉✲
t❛t✐♦♥ ✐s ❛s ❛❝❝✉r❛t❡ ❛s ✐❢ ♣❡r❢♦r♠❡❞ ✐♥ ♣r❡❝✐s✐♦♥ u

K ✳ ❚❤❡ ✜rst t❡r♠ u +O(u2) r❡✢❡❝ts t❤❡ ✜♥❛❧
r♦✉♥❞✐♥❣ ♦❢ t❤❡ r❡s✉❧t t♦ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ u✳

❋♦r t❤❡ ✜♥❛❧ s✉♠♠❛t✐♦♥✱ ✇❡ ✉s❡ ❛❧❣♦r✐t❤♠ ❙✉♠❑ ♣r♦♣♦s❡❞ ❜② ❖❣✐t❛✱ ❘✉♠♣ ❛♥❞ ❖✐s❤✐ ✐♥ ❬✾❪✳
❚❤✐s ❛❧❣♦r✐t❤♠ ❛❧❧♦✇s ✉s t♦ ❝♦♠♣✉t❡ ❛♥ ❛♣♣r♦①✐♠❛t❡ ✈❛❧✉❡ ♦❢

∑
i∈NT

hi ✇✐t❤ t❤❡ s❛♠❡ ❛❝❝✉r❛❝②
❛s ✐❢ ✐t ✇❛s ❝♦♠♣✉t❡❞ ✐♥ K t✐♠❡s t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ s✉♠♠❛r✐③❡s t❤❡
♣r♦♣❡rt✐❡s ♦❢ ❛❧❣♦r✐t❤♠ ❙✉♠❑✳

❚❤❡♦r❡♠ ✼ ✭♣r♦♣♦s✐t✐♦♥ ✹✳✶✵ ✐♥ ❬✾❪✮✳ ●✐✈❡♥ ❛ ✈❡❝t♦r z = (z1, . . . , zn) ♦❢ n ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡s✱
❧❡t ✉s ❞❡✜♥❡ s =

∑n
i=1 zi ❛♥❞ s̃ =

∑n
i=1 |zi|✳ ❲❡ ❛ss✉♠❡ 4nu < 1 ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② s t❤❡ ✢♦❛t✐♥❣

♣♦✐♥t ♥✉♠❜❡r s✉❝❤ t❤❛t s = SumK(z, K)✳ ❚❤❡♥✱ ❡✈❡♥ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ✉♥❞❡r✢♦✇✱

|s − s| ≤ (u + 3γ2
n−1)|s| + γK

2n−2s̃. ✭✶✸✮

◆♦✇ ✇❡ ❢♦r♠✉❧❛t❡ ♦✉r ❝♦♠♣❡♥s❛t❡❞ ❛❧❣♦r✐t❤♠ ❈♦♠♣❍♦r♥❡r❑✳ ❲❡ ♣r♦✈❡ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥
t❤❛t ✐t ✐s ❛s ❛❝❝✉r❛t❡ ❛s t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❡❞ ✐♥ K t✐♠❡s t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳

❆❧❣♦r✐t❤♠ ✽✳ ❈♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ♣r♦✈✐❞✐♥❣ K t✐♠❡s t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳

❢✉♥❝t✐♦♥ r = CompHornerK(p1, x,K)

[hi∈NI
, pi∈NL

] = EFTHornerK(p1, x)

❢♦r i ∈ NL✱ hi = Horner(pi, x)

r = SumK (hi∈NT
, K)

✼



■♥ ❛❧❣♦r✐t❤♠ ❊❋❚❍♦r♥❡r❑✱ ♣♦❧②♥♦♠✐❛❧s pi∈NI
❛r❡ ♦❢ ❞❡❣r❡❡ ❛t ♠♦st n✳ ❆♣♣❧②✐♥❣ ❊❋❚❍♦r♥❡r t♦

❡❛❝❤ ♦❢ t❤❡s❡ ♣♦❧②♥♦♠✐❛❧s r❡q✉✐r❡s O(n) ✢♦❛t✐♥❣ ♣♦✐♥t ♦♣❡r❛t✐♦♥s ✭✢♦♣✮✳ ❙✐♥❝❡ card(NI) =
2K−1 − 1✱ t❤❡ ❝♦st ♦❢ ❊❋❚❍♦r♥❡r❑ ✐s t❤❡r❡❢♦r❡ O

(
n2K

)
✢♦♣✳ ■♥ ❈♦♠♣❍♦r♥❡r❑✱ t❤❡ ❡✈❛❧✉❛✲

t✐♦♥ ♦❢ t❤❡ 2K−1 ♣♦❧②♥♦♠✐❛❧s pi∈NL
❛❧s♦ r❡q✉✐r❡s O(n2K) ✢♦♣✳ ❋✐♥❛❧❧②✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢

SumK (hi∈NT
, K) ✐♥✈♦❧✈❡s (6K − 5)(2K−1 − 1) = O(n2K) ✢♦♣✳ ❖✈❡r❛❧❧✱ t❤❡ ❝♦st ♦❢ ❛❧❣♦r✐t❤♠

❈♦♠♣❍♦r♥❡r❑ ✐s t❤❡r❡❢♦r❡ O
(
n2K

)
✢♦♣✳ ❲❡ ✇✐❧❧ ❢✉rt❤❡r s❡❡ t❤❛t t❤✐s ❡①♣♦♥❡♥t✐❛❧ ❝♦♠♣❧❡①✐t②

❞♦❡s ♥♦t r❡❞✉❝❡ t❤❡ ♣r❛❝t✐❝❛❧ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ❢♦r r❡❛s♦♥❛❜❧❡ ✈❛❧✉❡s ♦❢ ❑✱
❡✳❣✳✱ ✇❤✐❧❡ K ≤ 4✳

✹✳✷ ❆ ♣r✐♦r✐ ❡rr♦r ❜♦✉♥❞

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✇❡ ♣r♦✈❡ ❛♥ ❛ ♣r✐♦r✐ ❜♦✉♥❞ ❢♦r t❤❡ ❢♦r✇❛r❞ ❡rr♦r ✐♥ t❤❡ ❝♦♠♣❡♥s❛t❡❞
r❡s✉❧t ❝♦♠♣✉t❡❞ ❜② ❈♦♠♣❍♦r♥❡r❑✳

❚❤❡♦r❡♠ ✾✳ ▲❡t K ❜❡ ❛♥ ✐♥t❡❣❡r s✉❝❤ t❤❛t 2 ≤ K ≤ n + 1✳ ❲❡ ❛ss✉♠❡ (2K − 2)γ2n+1 ≤ 1✳
❚❤❡♥ t❤❡ ❢♦r✇❛r❞ ❡rr♦r ✐♥ t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❡✈❛❧✉❛t✐♦♥ ♦❢ p1(x) ✇✐t❤ r = CompHornerK(p1, x)
✭❆❧❣♦r✐t❤♠ ✽✮ ✐s ❜♦✉♥❞❡❞ ❛s ❢♦❧❧♦✇s✱

|r − p1(x)| ≤
(
u + 3γ2

2K−2 + γK
2K+1−4

)
|p1(x)| +

(
γK

4n + γ2n+1γ
K
2K+1−4 + γK+1

4n

)
p̃1(x). ✭✶✹✮

❋♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✾✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ t♦ ❜♦✉♥❞ t❤❡ ❛❜s♦❧✉t❡ ❝♦♥❞✐t✐♦♥
♥✉♠❜❡r ❢♦r t❤❡ ✜♥❛❧ s✉♠♠❛t✐♦♥ ♦❢ t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡rs hi∈NT

✳

▲❡♠♠❛ ✶✵✳ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❆❧❣♦r✐t❤♠ ✽✱ ❛ss✉♠✐♥❣ (2K−2)γ2n+1 ≤ 1✱ ✇❡ ❤❛✈❡
∑

i∈NT
|hi| ≤

|p1(x)| + γ4np̃1(x)✳

Pr♦♦❢✳ ❲❡ ❞❡❝♦♠♣♦s❡ t❤❡ s✉♠ ❛s ❢♦❧❧♦✇s✱
∑

i∈NT
|hi| = |h1| +

∑
i∈NT−{1} |hi|✳ ❙✐♥❝❡ h1 =

Horner(p1, x)✱ ✇❡ ❤❛✈❡ |h1| ≤ |p1(x)| + γ2np̃1(x)✳ ▼♦r❡♦✈❡r✱ ❢♦r i ∈ NT − {1} ✇❡ ❛❧s♦ ❤❛✈❡
hi = Horner(pi, x) ✇✐t❤ pi ♦❢ ❞❡❣r❡❡ ❛t ♠♦st n − 1 ❛♥❞ p̃i(x) ≤ γ2np̃1(x)✱ t❤✉s

|hi| ≤ |pi(x)| + γ2(n−1)p̃i(x) ≤ (1 + γ2(n−1))p̃i(x) ≤ (1 + γ2(n−1))γ2np̃1(x) ≤ γ2n+1p̃1(x).

❚❤❡r❡❢♦r❡
∑

i∈NT
|hi| ≤ |p1(x)|+γ2n(1+(2K−2)γ2n+1)p̃1(x)✳ ❇② ❛ss✉♠♣t✐♦♥ (2K−2)γ2n+1 ≤ 1✱

s♦ t❤❛t γ2n(1 + (2K − 2)γ2n+1) ≤ 2γ2n ≤ γ4n✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❡ ❧❡♠♠❛✳ �

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✾✳ ❉❡✜♥✐♥❣ t❤❡ t❡r♠s e1 :=
∣∣∣p1(x) −

∑
i∈NT

hi

∣∣∣ ❛♥❞ e2 :=
∣∣∣
∑

i∈NT
hi − r

∣∣∣✱ ✇❡
❤❛✈❡ |r − p1(x)| ≤ e1 + e2✳ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✻ ✐t ❢♦❧❧♦✇s t❤❛t e1 ≤ γ2nγK−1

4n p̃1(x)✳ ❚❤❡
s❡❝♦♥❞ t❡r♠ e2 ❞❡♥♦t❡s t❤❡ ❡rr♦r ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ✜♥❛❧ s✉♠♠❛t✐♦♥ ✇✐t❤ ❛❧❣♦r✐t❤♠ ❙✉♠❑✳ ❯s✐♥❣
t❤❡ ❡rr♦r ❜♦✉♥❞ ✭✶✸✮✱ ✇❡ ❞❡❞✉❝❡ e2 ≤ (u + 3γ2

2K−2
)|s| + γK

2K+1−4
s̃✱ ✇✐t❤ s =

∑
i∈NT

hi ❛♥❞

s̃ =
∑

i∈NT
|hi|✳ ❯s✐♥❣ ❚❤❡♦r❡♠ ✺ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✻✱ ✇❡ ❤❛✈❡ |s| ≤ |p1(x)|+ γ2nγK−1

4n p̃1(x)✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞ s̃ ✐s ❜♦✉♥❞❡❞ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳ ❚❤✉s ✇❡ ✇r✐t❡

e2 ≤ (u + 3γ2
2K−2)

(
|p1(x)| + γ2nγK−1

4n p̃1(x)
)

+ γK
2K+1−4 (|p1(x)| + γ4np̃1(x))

≤
(
u + 3γ2

2K−2 + γK
2K+1−4

)
|p1(x)| +

(
γ4nγK

2K+1−4 + γK+1
4n

)
p̃1(x).

❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ t❤❡ ✐♥❡q✉❛❧✐t②

|r − p1(x)| ≤
(
u + 3γ2

2K−2 + γK
2K+1−4

)
|p1(x)| +

(
γ2nγK−1

4n + γ4nγK
2K+1−4 + γK+1

4n

)
p̃1(x),

✇❤✐❝❤ ♣r♦✈❡s ❚❤❡♦r❡♠ ✾✳ �

✽



✺ ◆✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ ❈♦♠♣❍♦r♥❡r❑

❚♦ ❡①❤✐❜✐t t❤❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ ❈♦♠♣❍♦r♥❡r❑ ✭❆❧❣♦r✐t❤♠ ✽✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥❞✐t✐♦♥
♥✉♠❜❡r ✇❡ ❤❛✈❡ ❣❡♥❡r❛t❡❞ ❛ s❡t ♦❢ 700 ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r r❛♥❣✐♥❣ ❢r♦♠ 102

t♦ 10100✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡s❡ ♣♦❧②♥♦♠✐❛❧s ❛r❡ ❡①❛❝t ✐♥ ■❊❊❊✲✼✺✹ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ✇❡ ✉s❡❞
❛s t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ ✐♥ t❤❡s❡ ❡①♣❡r✐♠❡♥ts✳ ❚❤❡ ♠❡t❤♦❞ ❢♦r ❣❡♥❡r❛t✐♥❣ t❤❡s❡ ❡①tr❡♠❡❧② ✐❧❧✲
❝♦♥❞✐t✐♦♥❡❞ ♣♦❧②♥♦♠✐❛❧s ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❬✽❪✳ ❲❡ r❡♣♦rt ✇✐t❤ ❋✐❣✉r❡ ✸ t❤❡ r❡❧❛t✐✈❡ ❛❝❝✉r❛❝②
♦❢ ❡✈❡r② ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥ ♣❡r❢♦r♠❡❞ ✇✐t❤ ❈♦♠♣❍♦r♥❡r❑✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥❞✐t✐♦♥
♥✉♠❜❡r cond(p, x) ❛♥❞ ❢♦r s✉❝❝❡ss✐✈❡ ✐t❡r❛t❡s K ✐♥ 2, . . . , 6✳ ❲❡ ❛❧s♦ r❡♣r❡s❡♥t ♦♥ t❤✐s ✜❣✉r❡ t❤❡
❛ ♣r✐♦r✐ r❡❧❛t✐✈❡ ❡rr♦r ❜♦✉♥❞ ✭✶✷✮✳

10
-18

10
-16

10
-14

10
-12

10
-10

10
-8

10
-6

10
-4

10
-2

1

10
16

10
32

10
48

10
64

10
80

R
e

la
ti
v
e

 a
c
c
u

ra
c
y

cond(p,x)

u

1/u
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2
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2
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3

1/u
3
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=
4

1/u
4

K
=
5

1/u
5

K
=
6

❋✐❣✉r❡ ✸✿ ❘❡❧❛t✐✈❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❡✈❛❧✉❛t✐♦♥ ♣❡r❢♦r♠❡❞ ✇✐t❤ ❈♦♠♣❍♦r♥❡r❑ ✭❆❧✲
❣♦r✐t❤♠ ✽✮ ✇✐t❤ r❡s♣❡❝t t♦ cond(p, x)✱ ❢♦r K = 2, . . . , 6✳

❆s ❡①♣❡❝t❡❞ ❢r♦♠ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✱ ❛❧❣♦r✐t❤♠ ❈♦♠♣❍♦r♥❡r❑ ✐s ✐♥ ♣r❛❝t✐❝❡
❛s ❛❝❝✉r❛t❡ ❛s t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❡❞ ✐♥ K t✐♠❡s t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ ✇✐t❤ ❛ ✜♥❛❧
r♦✉♥❞✐♥❣ t♦ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳ ❋♦r ❡✈❡r② ❝♦♥s✐❞❡r❡❞ ✈❛❧✉❡ ♦❢ K t❤❡ r❡❧❛t✐✈❡ ❛❝❝✉r❛❝② ♦❢ t❤❡
❝♦♠♣❡♥s❛t❡❞ ❡✈❛❧✉❛t✐♦♥ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ u ❛s ❧♦♥❣ ❛s cond(p, x) ✐s s♠❛❧❧❡r
t❤❛♥ u

−K ✳ ❲❤❡♥ K = 2 ✇❡ ❛❧s♦ ♥♦t✐❝❡ t❤❛t ❈♦♠♣❍♦r♥❡r❑ ❡①❤✐❜✐ts t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r
❛s t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❛❧❣♦r✐t❤♠ ♣r❡s❡♥t❡❞ ✐♥ ❬✽❪✳

❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t t❤❡ ❛ ♣r✐♦r✐ ❜♦✉♥❞ ✭✶✷✮ ♦❢ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ✐♥ t❤❡ ❝♦♠♣✉t❡❞ ❡✈❛❧✉❛t✐♦♥
✐s ❛❧✇❛②s ♣❡ss✐♠✐st✐❝ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛❝t✉❛❧ ✭♠❡❛s✉r❡❞✮ ❡rr♦r ❜② ♠❛♥② ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡✳
▼♦r❡♦✈❡r t❤✐s ❡rr♦r ❜♦✉♥❞ ✐s ♠♦r❡ ❛♥❞ ♠♦r❡ ♣❡ss✐♠✐st✐❝ ✇❤❡♥ t❤❡ ♣❛r❛♠❡t❡r K ✐♥❝r❡❛s❡s ✖ t❤✐s
♣❤❡♥♦♠❡♥♦♥ ✐s ❛❧s♦ ♦❜s❡r✈❡❞ ✐♥ ❬✾❪ ❢♦r t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❞♦t ♣r♦❞✉❝t ❛❧❣♦r✐t❤♠ ❉♦t❑✳

✻ ❚✐♠❡ P❡r❢♦r♠❛♥❝❡s

▲❡t ✉s ✜rst ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❛❧❣♦r✐t❤♠s ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡
❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧✱ ♥♦r ♦♥ t❤❡ ❛r❣✉♠❡♥t x✱ ❜✉t ♦♥❧② ♦♥ t❤❡ ❞❡❣r❡❡ n✳ ❲❡ ✉s❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❡①♣❡r✐♠❡♥t❛❧ ❡♥✈✐r♦♥♠❡♥ts✳

✭■✮ ■♥t❡❧ P❡♥t✐✉♠ ✹✱ ✸✳✵●❍③✱ ●◆❯ ❈♦♠♣✐❧❡r ❈♦❧❧❡❝t✐♦♥ ✹✳✶✳✷✱ ❢♣✉ ①✽✼❀
✭■■✮ ❆▼❉ ❆t❤❧♦♥ ✻✹✱ ✷ ●❍③✱ ●◆❯ ❈♦♠♣✐❧❡r ❈♦❧❧❡❝t✐♦♥ ✹✳✶✳✷✱ ❢♣✉ ss❡❀
✭■■■✮ ■t❛♥✐✉♠ ✷✱ ✶✳✺ ●❍③✱ ●◆❯ ❈♦♠♣✐❧❡r ❈♦❧❧❡❝t✐♦♥ ✹✳✶✳✶❀
✭■❱✮ ■t❛♥✐✉♠ ✷✱ ✶✳✺ ●❍③✱ ■♥t❡❧ ❈ ❈♦♠♣✐❧❡r ✾✳✶✳

✾



■♥ t❤❡ ✜rst ♣❛rt ♦❢ ♦✉r ❡①♣❡r✐♠❡♥ts✱ ✇❡ st✉❞② t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ ❛❧❣♦r✐t❤♠ ❈♦♠♣❍♦r♥❡r❑ ✭❆❧✲
❣♦r✐t❤♠ ✽✮ ❛ss✉♠✐♥❣ t❤❛t K ✐s ❛♥ ❛r❣✉♠❡♥t ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❡❞ r♦✉t✐♥❡✳ ❙✐♥❝❡ ✇❡ ✉s❡ ■❊❊❊✲
✼✺✹ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ❛s ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✱ ❈♦♠♣❍♦r♥❡r❑ s✐♠✉❧❛t❡s ❛ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ♦r❞❡r ♦❢
K × 53 ❜✐ts✳ ❲❡ ❝♦♠♣❛r❡ ❈♦♠♣❍♦r♥❡r❑ t♦ t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤ t❤❡ ▼P❋❘
❧✐❜r❛r②✷ ❬✷❪ ✉s✐♥❣ ❛ ♣r❡❝✐s✐♦♥ ♦❢ K × 53 ❜✐ts❀ ✇❡ ❞❡♥♦t❡ ❜② ▼P❋❘❍♦r♥❡r❑ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥✳
❋♦r ♦✉r ♠❡❛s✉r❡s ✇❡ ✉s❡ ❛ s❡t ♦❢ ✸✾ r❛♥❞♦♠ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ ✈❛r②✐♥❣ ❢r♦♠ ✶✵ t♦ ✷✵✵✱ ❜②
st❡♣ ♦❢ ✺✳ ❋♦r ❡✈❡r② ❝♦♥s✐❞❡r❡❞ ❞❡❣r❡❡ n ✇❡ ♠❡❛s✉r❡ t❤❡ ♦✈❡r❤❡❛❞ ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠s
❈♦♠♣❍♦r♥❡r❑ ❛♥❞ ▼P❋❘❍♦r♥❡r❑ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝❧❛ss✐❝ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✭✇❡ ♠❡❛s✉r❡ t❤❡
r❛t✐♦ ♦❢ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❈♦♠♣❍♦r♥❡r❑ ♦✈❡r t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❍♦r♥❡r✱ ❛♥❞ ✇❡ ♣❡r❢♦r♠ t❤❡
s❛♠❡ ♠❡❛s✉r❡♠❡♥t ❢♦r ▼P❋❘❍♦r♥❡r❑✮✳ ❲❡ r❡♣♦rt t❤❡ ❛✈❡r❛❣❡ ♦✈❡r❤❡❛❞s ❢♦r ❜♦t❤ ❛❧❣♦r✐t❤♠s
✇✐t❤ r❡s♣❡❝t t♦ K ♦♥ t❤❡ ❧❡❢t s✐❞❡ ♦❢ ❋✐❣✉r❡ ✹✳

❈♦♠♣❍♦r♥❡r❑ ✐s ❝❧❡❛r❧② ♥♦t ❝♦♠♣❡t✐t✐✈❡ ❝♦♠♣❛r❡❞ t♦ ▼P❋❘❍♦r♥❡r❑ ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ K✳
◆❡✈❡rt❤❡❧❡ss✱ ✐♥ ♦✉r ❡①♣❡r✐♠❡♥ts ❈♦♠♣❍♦r♥❡r❑ r✉♥s ❛❧✇❛②s ❢❛st❡r t❤❛♥ ▼P❋❘❍♦r♥❡r❑ ✇❤✐❧❡ K
✐s s♠❛❧❧❡r t❤❛♥ ✹✳ ❚❤✐s ✐❧❧✉str❛t❡s t❤❡ ♣r❛❝t✐❝❛❧ ✐♥t❡r❡st ♦❢ ❈♦♠♣❍♦r♥❡r ❢♦r s✐♠✉❧❛t✐♥❣ ❛ s♠❛❧❧
✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳

◆❡①t ✇❡ st✉❞② ❛♥ ♦♣t✐♠✐③❡❞ ✈❡rs✐♦♥ ♦❢ ❈♦♠♣❍♦r♥❡r❑ ❛ ♣r✐♦r✐ s❡tt✐♥❣ ❛ ✈❛❧✉❡ ❢♦r K✳ ❲❡
♥❛♠❡ ❈♦♠♣❍♦r♥❡r✹ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r K = 4✳ ❙❡tt✐♥❣ t❤❡ ♣❛r❛♠❡t❡r K t♦
❛ ♣❛rt✐❝✉❧❛r ✈❛❧✉❡ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❜✉t ❛❧❧♦✇s t❤❡ ❝♦♠♣✐❧❡r t♦
♣❡r❢♦r♠ ♠♦r❡ ♦♣t✐♠✐③❛t✐♦♥s ❛♥❞ t♦ ♣r♦✈✐❞❡ ❜❡tt❡r ♣r❛❝t✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡s✳ ■♥ t❤❡s❡ ❡①♣❡r✐♠❡♥ts✱
✇❡ ❝♦♠♣❛r❡ ❈♦♠♣❍♦r♥❡r✹ t♦ t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤ t❤❡ q✉❛❞✲❞♦✉❜❧❡ ❧✐❜r❛r②✸

t❤❛t ❛❧s♦ s✐♠✉❧❛t❡s ✹ t✐♠❡s t❤❡ ■❊❊❊✲✼✺✹ ♣r❡❝✐s✐♦♥ ❬✸❪✳ ❲❡ ❞❡♥♦t❡ ❜② ◗❉❍♦r♥❡r t❤❡ ❍♦r♥❡r
❛❧❣♦r✐t❤♠ ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤ q✉❛❞✲❞♦✉❜❧❡ ❛r✐t❤♠❡t✐❝✳ ❋♦r ❛ ❢❛✐r ❝♦♠♣❛r✐s♦♥✱ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥
♦❢ ◗❉❍♦r♥❡r ✐♥❧✐♥❡s t❤❡ q✉❛❞✲❞♦✉❜❧❡ ❛r✐t❤♠❡t✐❝ ❞❡s❝r✐❜❡❞ ✐♥ ❬✸❪ ❛♥❞ ✐s ❛❧s♦ ❝♦♠♣✐❧❡❞ ✇✐t❤ t❤❡
s❛♠❡ ♦♣t✐♠✐③✐♥❣ ♦♣t✐♦♥ ❛s ❈♦♠♣❍♦r♥❡r✹✳ ❲❡ ❛❧s♦ ❝♦♠♣❛r❡ ❈♦♠♣❍♦r♥❡r✹ t♦ ▼P❋❘❍♦r♥❡r✹ ✉s✐♥❣
t❤❡ ▼P❋❘ ❧✐❜r❛r② ✇✐t❤ ❛ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ ♦❢ 212 ❜✐ts✳
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[Environment I: P4, gcc, x87]
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[Environment II: Athlon 64, gcc, sse]
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[Environment III: Itanium, gcc]
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[Environment IV: Itanium, icc]
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❋✐❣✉r❡ ✹✿ ❆✈❡r❛❣❡ ♠❡❛s✉r❡❞ ♦✈❡r❤❡❛❞s ❢♦r ❈♦♠♣❍♦r♥❡r❑ ❛♥❞ ▼P❋❘❍♦r♥❡r❑ ✭❧❡❢t✮ ❛♥❞ ♠❡❛s✉r❡❞
♦✈❡r❤❡❛❞s ❢♦r ❈♦♠♣❍♦r♥❡r✹✱ ◗❉❍♦r♥❡r ❛♥❞ ▼P❋❘❍♦r♥❡r✹ ✭r✐❣❤t✮✳

❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡①♣❡r✐♠❡♥ts✱ ✇❡ ✉s❡ ❛ s❡t ♦❢ ✸✾ r❛♥❞♦♠ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ ✈❛r②✐♥❣ ❢r♦♠
✶✵ t♦ ✷✵✵ ❜② st❡♣ ♦❢ ✺✳ ❋♦r ❡✈❡r② ♣♦❧②♥♦♠✐❛❧✱ ✇❡ ♠❡❛s✉r❡ t❤❡ ♦✈❡r❤❡❛❞ ♦❢ ❈♦♠♣❍♦r♥❡r✹ ❝♦♠♣❛r❡❞
t♦ t❤❡ ❝❧❛ss✐❝ ❍♦r♥❡r ❛❧❣♦r✐t❤♠✳ ❋♦r ❡✈❡r② ❡♥✈✐r♦♥♠❡♥t ❧✐st❡❞ ❛❜♦✈❡ ✇❡ r❡♣♦rt t❤❡ ♠✐♥✐♠✉♠✱
t❤❡ ❛✈❡r❛❣❡ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ t❤✐s ♦✈❡r❤❡❛❞ ♦♥ t❤❡ r✐❣❤t s✐❞❡ ♦❢ ❋✐❣✉r❡ ✹✳ ❲❡ ❛❧s♦

✷❚❤❡ ▼P❋❘ ❧✐❜r❛r② ✐s ❛✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴✇✇✇✳♠♣❢r✳♦r❣✴✳ ❲❡ ✉s❡ ✈❡rs✐♦♥ ✷✳✷✳✶ ✐♥ ♦✉r ❡①♣❡r✐♠❡♥ts✳
✸❚❤❡ q✉❛❞✲❞♦✉❜❧❡ ❧✐❜r❛r② ✐s ❛✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴❝r❞✳❧❜❧✳❣♦✈✴⑦❞❤❜❛✐❧❡②✴♠♣❞✐st✴✳

✶✵

http://www.mpfr.org/
http://crd.lbl.gov/~dhbailey/mpdist/


r❡♣♦rt t❤❡ s❛♠❡ ❛✈❡r❛❣❡ ♦✈❡r❤❡❛❞s ❢♦r ◗❉❍♦r♥❡r ❛♥❞ ▼P❋❘❍♦r♥❡r✹✳
❖✉r ❈♦♠♣❍♦r♥❡r✹ ✐s ❛❧✇❛②s s✐❣♥✐✜❝❛♥t❧② ❢❛st❡r t❤❛♥ ❜♦t❤ ◗❉❍♦r♥❡r ❛♥❞ ▼P❋❘❍♦r♥❡r✳ ■♥

♣❛rt✐❝✉❧❛r ❈♦♠♣❍♦r♥❡r✹ r✉♥s ❛❜♦✉t ✽ t✐♠❡s ❢❛st❡r t❤❛♥ ◗❉❍♦r♥❡r ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✭■❱✮ ✇❤✐❝❤
✐s t❤❡ ■t❛♥✐✉♠ ❛r❝❤✐t❡❝t✉r❡ ✇✐t❤ t❤❡ ■♥t❡❧ ❝♦♠♣✐❧❡r✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❚✳ ❏✳ ❉❡❦❦❡r✳ ❆ ✢♦❛t✐♥❣✲♣♦✐♥t t❡❝❤♥✐q✉❡ ❢♦r ❡①t❡♥❞✐♥❣ t❤❡ ❛✈❛✐❧❛❜❧❡ ♣r❡❝✐s✐♦♥✳ ◆✉♠❡r✳ ▼❛t❤✳✱
✶✽✿✷✷✹✕✷✹✷✱ ✶✾✼✶✳

❬✷❪ ●✳ ❍❛♥r♦t✱ ❱✳ ▲❡❢è✈r❡✱ P✳ Pé❧✐ss✐❡r✱ ❛♥❞ P✳ ❩✐♠♠❡r♠❛♥♥✳ ❚❤❡ ▼P❋❘ ❧✐❜r❛r②✳ ❆✈❛✐❧❛❜❧❡ ❛t
❤tt♣✿✴✴✇✇✇✳♠♣❢r✳♦r❣✴✳
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