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( �fg;E5MT95áU*X?H>T946PE5*7[=_A946X?HQT�L65M=?PÿA9XÔA8;E5GU[;EX?4ØU�5
n = 4k2/3 + 1

ü�;>5*785
k ≡ 0 F XRP6, �fg;E5�4ZH�A85*ø?5M7

n
4ØTzA9;E5MH`XKP>P C T9X

f(bn/2c) = f(n/2 − 1/2) = n/4− 1/4

f(dn/2e) = f(n/2 + 1/2) = −n/4 + 1/4

� JE79A9;E5M7 F XO795 C 4Zb k ≥ 2
A8;E5*H √

3n− 2 =
√

4k2 + 1
4ØTÜ=_A F X�T�A 1/8

=�üz= ] bc79X F 2k CThXrA9;Q=_A

f(bn/2 +
√

3n − 2/2c) = f(n/2 − 1/2 + k)
= f(n/2 − 1/2 +

√
3n − 3/2) = −n/2 + O(

√
n).

\ 4 F 46L6=?79L ]?C A8;E5GXIA9;>5*7ÓA9;E785*5r4ZH�A85*ø?5M78T¢=I78X?J>H>PÿA8;E57�M5*78XOTÓ;>=�^?5 Ω(n)
=?TÓ4 F =IøO5 � \ 46H>U�5A9;E5�A8XIA[=ILWHKJ F @®5*7 N

X?baT9JE@>T95�A[T�XIb A9;>795M5�5*L65 F 5*H�A8TY= F X?HEø n
46T

O(n3) C A8;E5�5*7878X?7g46T=_A�LZ5w=?ThA
Ω(N1/3) � ut
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 5*L65 F 5MHOA[T ] 4Z5ML6PET =?H
Ω(|Fn|2/5)

L6X_üz5*7�@QXOJEH>P � fg;E5�@Q5wT�A L6X_ü<5M7þ@®X?JEHQP A8;>=_Aµü<5�;>=�^O5 X?@RA[=I46HE5MP 46T
Ω(

√

|Fn|/(log |Fn|)1/4) � � TÂT9;EX_ü�Hþ@®5*L6X_ü C A9;E4ØTÔ=?L F XOThAGX?eRA84 F =IL�L6X_üz5*7G@QXOJEH>P/46T
=?U[;E465*^O5MPÔ@ ] A8=
�K46HEørbcX?7 Fn

A9;E5�T95�A�X?b =IL6L«T9JE@>T95�A8T�XIb T941�*5
(n − 1)/2 �

-/.�0 � � 0	1 ���/2 "�� Fn
� " �! #"��� :/� � � � �L5=< �B5�"���5 ��� (n−1)/2 "���"B:0"�� ��5 ��� {1, . . . , n} 
G� �"�	 " n �?5/��� � 7 73�!� � " �/"	�' >  #"	 " "�� �?5 ��5 ��C ���D5�� ��� � c > 0 5A<DC  �  �
� ���,	&�!� 3 � ��� "�� �

: ��� � n 
 ���,	 ��� � 5=< �B5�"� G ��� {1, . . . , n} 

∣

∣

∣

∣

|{F ∈ Fn : |F ∩ G| "BE�"�� }| − |Fn|
2

∣

∣

∣

∣

≥ c
√

|Fn|/(log |Fn|)1/4.

F 	 �	� ��' ��5MUM=IL6L©A9;E5�PR5��>HE4ZA946X?H`XIb A9;>5�@E4ZH>X F 46=?L«U�XK5��ÔU*4Z5MHOA	8KbcX?7 x ∈ R
=?H>P

k ∈ N
C

(

x

k

)

=

∏k−1
i=0 (x − i)

k!
.

fg;E5zT9e®5MU�4Ø=ILRUM=?T95�ü�;E5MH
x
46T ;>=?LBb®=IH�46H�A95Mø?5*7 ü�46LZLR@®5<JQTh5*bcJEL ��� = F 5*L ]?C bcXO7 n < k−1ü<5Ü;>=�^O5

(

n + 1/2

k

)

=

∏k−1
i=0 (n + 1/2− i)

k!
=

(−1)k−n+1(2n + 1)!(2k − 2n − 3)!

22k−2n!(k − n − 2)!k!
. $ , (

� X_ü C L65�A1J>T<U�XOH>Th4ØPR5M71=�Th5*A X
ü�4ZA9;

n = 4k+1
5*L65 F 5*H�A8T�=IH>PGL65�A F @®5�A8;E5YT95�A1XIb

=IL6L�ThJ>@>Th5*A8T�X?b
X
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j
46HOA85*7[Th5wU%A[Tz=?H`5*^?5MH�HKJ F @Q5M7�XIb A94 F 5MTg4ØT�8

f(j) =
∑

p even

(

j

p

)(

n − j

2k − p

)

.
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|F| =

(

n

2k

)

=
∑

p

(

j

p

)(

n − j

2k − p

)

,
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g(j) = f(j) − |F|
2

=
1

2

∑

p

(−1)p

(

j

p

)(

n − j

2k − p

)

.
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g(j) = −42k

((

(j − 1)/2

2k + 1

)

−
(

j/2

2k + 1
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. $ � (

2 5�ThA8=?7hAgbc78X F A8;E5ÜbcX?L6LZX_ü�46HEøG4ØPR5*H�A94ZA ] $ ù � 
 û C 46PR5MH�A94ZA ] , � �/)�X?7�ù���,_û�(�8
∑

p

(−1)p

(

j

p

)(

2m − j

m − p

)

= (−4)m

(

(j − 1)/2

m

)

.
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(

j

p

)(

4k + 1 − j

2k − p

)

−
(

j

p − 1

)(

4k + 1 − j

2k − (p − 1)

)

=

(

j

p

)(

4k + 2 − j

2k + 1 − p

)

−
(

j + 1

p

)(

4k + 2 − (j + 1)

2k + 1 − p

)

.

� T�=GU�XOH>T95���JE5*HQU�5 C

2
∑

p(−1)p
(

j
p

)(

4k+1−j
2k−p

)

=
∑

p(−1)p
[

(

j
p

)(

4k+1−j
2k−p

)

−
(

j
p−1

)(

4k+1−j
2k−(p−1)

)

]

=
∑

p(−1)p
[

(

j
p

)(

4k+2−j
2k+1−p

)

−
(

j+1
p

)(

4k+2−(j+1)
2k+1−p

)

]

= (−4)2k+1
(

(

(j−1)/2
2k+1

)

−
(

j/2
2k+1

)

)

,

ü�;E46U[;`eE78X_^?5wT $ � ( ��2 ;E5*H
j
46Tg5M^?5*H C g(j)

785MPRJQU�5MTzA8X

g(j) = −(−4)2k

(

(j − 1)/2

2k + 1

)

.

fg;E46T<4ØT<=�eE79XRPRJQU%AgXIb«;>=?LBb�46H�A95Mø?5*7[T � fg;E4ØTzeE79XRPRJQU%A<4ØT�A9;E5M795*bcX?785 F 4ZH>4 F =IL©46HÖ=I@QThX%�LZJRA85á^_=?LZJE5áü�;E5*H 4BA¢46TÜU*5*H�A95M795wPÿ=I78X?JEH>P
0 C A9;>=IAÓ4ØTÓü�;>5*H j = 2k

XO7
j = 2k + 2 � ��H@QX?A9;ÿU*=OTh5wT C üz5�;>=�^?5

|g(j)| = 42k

∣

∣

∣

∣

(

k − 1/2

2k + 1

)∣

∣

∣

∣

.

2 ;E5*H
j
4ØTgXRPEP C |g(j)| 785MPRJQU�5MTzA8X

|g(j)| = 42k

(

j/2

2k + 1

)

ü�;E46U[;ÿ4ØT F 46HE4 F =?L�ü�;E5MH j = 2k − 1
XO7

j = 2k + 1 � fg;>5 F 4ZHE4 F J F 4ØT�A8;E5�T8= F 5�=OT
4ZH�A9;>5�5*^?5MH�UM=?T95 ��� ] $ , ( C A9;E5 F 46HE4 F =?L«=I@>T9X?L6JRA95Ü^_=IL6JE5ÜA8;>=_A g

A[=
�?5wTz46TgA8;E5*785�bcXO795

µ = 42k

∣

∣

∣

∣

(

k − 1/2

2k + 1

)∣

∣

∣

∣

=

(

2k − 1

k

)

∼ 22k−1

√
πk

ü�;E5*785M=OT

|F| =

(

4k + 1

2k

)

∼ 24k+1

√
2πk

.

+ 5*HQU�5 µ = Ω(
√

|F|/ 4

√

log |F|).
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� � ��� $�$%! ��� �*� 2 "�� u1, . . . , uN ∈ E = (F2)
d �&" 7
�?5�� �!�8C� � ��� �	"�	 � E "AC�� �
	A5�' >  �"�	 "

"�� �?5��%5&�@E�"AC� �,	 v ∈ E 5=<DC  �  �
�

−
√

N

2
≤ |{1 ≤ i ≤ N : ui.v = 0}| − N

2
≤

√
N

2
.

��H ü�;>=IA�bcXOLZL6X_ü�T C =/^?5wU%A9XO7
v ∈ E

=?T�4ZHÞA9;>5 U*X?78X?L6L6=?7 ] 46TÿUM=IL6LZ5wP  hø?XKXRP " bcX?7
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N
PR46ThA946H>U�AYHEX?H#�*5*78XG^?5wU%A9XO78T
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XIb
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( � fg;E5�XOJRA9eEJEA�ü�4ZL6L>@®5Y=ÜøOX�XRPá^?5wU%A9XO7SbcX?7
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ü�;E5M795�=ÖThJE4ZA8=?@EL65�^?5wU%A9XO7

v
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� ��'!"	'
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 �  �"�	 " �?5 v ∈ V 5�� �  �,� v.(ui − uj) = 1 � ���,7 � � ������" ���
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@®5�=¢@>=?T946T X?b

V � fg;E5�U�X?HQPR4BA84ZXOH�A8;>=_A V
4ØTaX?79A9;EXOø?X?HQ=ILOA9XÜHEX?H>5

XIb�A9;>5
ui − uj

4 F e>LZ465MTáA9;Q=_A�A8;E5�HE5*ü�^O5MU%A8X?7[T
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i

PR5��>HE5wP @ ] u′
i =
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l=1(ui.vl)vl=I785 e>=I4678ü�46T95 PR4ØThA946H>U%A � fg;>46T�46T�@®5MUM=IJ>T95 bcXO7�=?LZL i 6= j C A8;E5*785�5�R46ThA8T l
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A9;EXOJEø?;�A�XIbS=?TzA8;E5�eE78X���5MU�A946X?H�X?H�A9X
V �

2 5`HEX_ü PR5�>H>5�XOH
V
=�HE5Mü eE78XRPRJ>U%A � : V × V → F2 $ =?T8ThXRU*46=IA95MP A9X�A9;>5

@>=?T946T
(v1, . . . , vk)

(z@ ] A8;E5ÜbcX?7 F J>L6= (
∑

l λlvl)� (
∑

l µlvl) =
∑

l λlµl � � X?7zA8;E46TgH>5*üeE79XRPRJQU%A $ ü�;E4ØU[;ÞU*X F 5MT ��J>ThA�bc78X F =/U[;>=IHEøO5ÚX?b�@>=?T946T�U�X F e>=I785MPµA8X A8;E5 X?784ZøO4ZH>=?L
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w =
∑

l λlvl
ü�;E46U[;�4ØT � �X?79A9;EXOø?X?HQ=ILWA8X�=IAÓL65M=?ThA

N/2 −
√

N/2
^O5MU�A9X?7[T

u′
i

=IH>PÚ=_A F X�T�A N/2 +
√

N/2 � � JRA
w � u′

i =
∑

l λlvl � u′
i =

∑

l λl(ui.vl) = w.ui
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E � � X?7 d = 0 C |U | = 0
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XIb
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XIb
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