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Abstract

In this paper, we study a class of (p, ¢)-Schrodinger—Kirchhoff type equations involving a
continuous positive potential satisfying del Pino—Felmer type conditions and a continuous
nonlinearity with subcritical growth at infinity. By applying variational methods, penaliza-
tion techniques and Lusternik—Schnirelman category theory, we relate the number of posi-
tive solutions with the topology of the set where the potential attains its minimum values.
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1 Introduction
1.1 Background and motivations

In this paper, we consider the following class of (p, g)-Schrodinger—Kirchhoff type
problems:

—<1 + a/ |Vul? dx>Apu - <1 +b [ |Vul? dx)Aqu + V()@ + ut™h = f(u) in RY,
RN RN

ue W»RMHNWHRYN), u>0inR",

(H
where € > 0 is a small parameter, a,b > 0,1 <p<qg<N <2q, Au= div (|Vu|">Vu),
with € {p, q}, is the r-Laplacian operator, the potential V : R¥ — R and the nonlinearity
f : R — R are continuous functions.
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When a = b = 0, the equation in (1) becomes a (p, g)-Schrodinger equation of the form
—Au—Au+ V@™ +u™) =fo,u)  inRY, )
whose study is motivated by the general reaction diffusion system
u, = div [D(u)Vu] + c(x, u)

where D(u) = |Vu|P~2 + |Vu|¢~2. This system has a wide range of applications in physics
and related sciences such as biophysics, plasma physics and chemical reaction design. In
these applications, the function u describes a concentration; the first term on the right-hand
side of (2) corresponds to the diffusion with a diffusion coefficient Du, whereas the second
one is the reaction and relates to source and loss processes. Typically, in chemical and
biological applications, the reaction term c(x, u) has a polynomial form with respect to the
concentration u; see [14] for more details about the applications.

We point out that several existence, multiplicity and regularity results for (2) have been
established in these last years by several authors. In [28], the authors established some regu-
larity results for (2). By combining concentration-compactness principle and mountain pass
theorem, an existence result has been obtained in [29]. The author in [22] proved the exist-
ence of a ground-state positive solution for a (p, g)-Schrodinger equation with critical growth.
The multiplicity and concentration of nontrivial solutions for (2) have been established in [3].
The authors in [39] combined refined variational methods based on critical point theory with
Morse theory and truncation techniques to obtain a multiplicity result for a (p, g)-Laplacian
problem in bounded domains. For other interesting results, one can consult [2, 7, 8, 34, 40, 44]
and references therein.

When p = ¢, (2) boils down a p-Schrodinger equation of the type

—Au+Vuw™" =fxu)  inRY, 3)

for which different and interesting results have been obtained in the literature; see for
instance [3, 4, 19, 23, 52]. Note that, in the case p = ¢ = 2, Eq. (3) reduces to the well-
known Schrodinger equation which has been widely studied in the last three decades; see
for example [18, 25, 43, 48, 50].

Whena=b+#0, p=g=2and N = 3, problem (1) becomes a Kirchhoff equation of the
form

—<l +a |Vu|2dx>Au+V(x)u =f(x,u) in R3. 4)
R3
Equation (4) is related to the stationary analog of the Kirchhoff equation [32]
U, — <a + ﬂ/ |Vu|2dx> Au=f(x,u) inQ,
Q

where Q ¢ RV is a smooth bounded domain, & > 0, § > 0, and u satisfies some bound-
ary conditions, which was proposed by Kirchhoff in 1883 as a nonlinear extension of
D’Alembert’s wave equation for free vibration of elastic strings
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Here, u = u(x, 1) is the transverse string displacement at the space coordinate x and the time
t, L is the length of the string, 4 is the area of the cross section, E is the Young’s modulus
of the material, p is the mass density and p, is the initial axial tension.

From a purely mathematical point of view, it is important to mention that the early stud-
ies dedicated to the Kirchhoff equation (5) were given by Bernstein [10] and Pohozaev
[42]. However, the Kirchhoff equation (5) began to attract the attention of more researchers
only after the paper by Lions [36], in which a functional analysis approach was proposed
to attack it. For some interesting results on Kirchhoff problems, we refer to [13, 24, 30, 41,
49].

Finally, if a=b #0, p=g > 1and N =3 in (1), we have the following p-Laplacian
Kirchhoff type equation

—(1 + a/ [VulP dx> A u+ VO)lul’u = f(x,u)  in R, ©)
R3

which has been investigated in several works; see for instance [15, 16, 27, 35, 51].

Due to the interest shared by the mathematical community toward quasilinear problems
and Kirchhoff type equations, in [12, 31], the authors studied Kirchhoff type equations
involving the (p, g)-Laplacian operator with p # ¢, in a bounded domain and in the whole
of R3, respectively.

Motivated by the above works, the purpose of this paper is to study the multiplicity and
the concentration of solutions for (1).

1.2 Assumptions and main result

For simplicity, we assume that @ = b = 11in (1). Let us now introduce the hypotheses on the
potential V and the nonlinearity f that we are going to consider throughout the paper.

Let V : RY — R be a continuous function that satisfies the following assumptions due
to del Pino—Felmer [18]:

(V,) there exists V;, > 0 such that V,, = ng V(x);
(V,) there exists an open bounded set A C RY such that

V0<nalli\nV and 0eM={xeA:Vkx) =V}

Assume that f : R — R is a continuous function such that f(¢) = 0 for < 0 and fulfills
the following hypotheses:

Fol _
() Jim o =0

there exists v € s such that lim = €re q —_—
) th (24,4°) such that lim Ki)! 0, where ¢* = 3%

(f;) there exists y € (2¢, v) such that 0 < uF(t) = / f(r)dr <tf(¢r)forallt > 0O
f (1 )

(fy) the map 7 — —— is increasing for 7 > 0.

In order to give the precise statement of our main theorem, let us recall that, for any
closed subset Y of a topological space X, the Lusternik—Schnirelman category of Y in
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X, caty(Y), stands for the least number of closed and contractible sets in X which cover
Y; see [50]. Then, we can state the following result.

Theorem 1 Let V satisfy (V,) and (V,), and let f be a continuous function such that the
hypotheses (fy)~(f,) hold. Then, for any 6 > 0 such that

Ms={xe RN : dist(x, M) <5} C A,

there exists €5 > 0 such that, for any € € (0, €;), problem (1) has at least caty, (M) positive
solutions. Moreover, if u, denotes one of these solutions and x, € RN is a global maximum
point of u, then

lim V(ex,) = V.
e-0

1.3 Main difficulties and ideas

Due to the lack of information about the behavior of the potential V at infinity and
the fact that our problem is set in an unbounded domain, we adapt the local mountain
pass argument introduced by del Pino and Felmer [18]. It consists in making a suitable
modification on f, solving a modified problem, whose corresponding energy functional
has a nice geometric structure, and then checking that, for € > 0 small enough, the
solutions of the new problem are indeed solutions of the original one. We note that,
because of the presence of the (p, g)-Laplacian operators and Kirchhoff terms, even
for the corresponding modified energy functional, it is hard to obtain compactness,
and an accurate analysis will be done to prove a first existence result for the modi-
fied problem; see Lemmas 5, 6 and 7. Secondly, we make use of a technique given by
Benci and Cerami [9] to establish a relationship between the category of the set M
and the number of solutions for the modified problem. We underline that, since f is
merely continuous, standard C'-Nehari manifold arguments as in [2-5, 30, 50] do not
work in our setting, and so we take advantage of some abstract results due to Szulkin
and Weth [46]. Note that, this type of approach has been also used in [24] where a
Schrodinger—Kirchhoff elliptic equation was considered. Clearly, with respect to [24],
a more careful analysis will be needed and some refined estimates will be used to over-
come some technical difficulties. Finally, to obtain a uniform L*-estimate for an appro-
priate translated sequence of solutions to the modified problem, we do not use the clas-
sical Moser iteration argument [38] as in [3, 19, 23, 24, 30], because such technique
does not seem to work well in our situation, but we follow some arguments found in [2,
21, 26, 33] which are inspired by the well-known method pioneered by De Giorgi [17];
see Lemma 15.

As far as we know, all results presented in this work are new in the literature. Moreo-
ver, we believe that the ideas developed here can be applied in other situation to study
(p, q)-Schrodinger—Kirchhoff type problems involving potentials satisfying local condi-
tions and continuous nonlinearities.

The outline of the paper is the following. In Sect. 2, we introduce the modified prob-
lem. Section 3 is devoted to the study of the autonomous problem associated with (1). In
Sect. 4, we prove a multiplicity result for the modified problem. The proof of Theorem 1
is given in Sect. 5.
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2 The modified problem
2.1 Notations and preliminary results

In order to simplify the presentation, we denote by C a generic positive constant, which
may change from line to line, but does not depend on crucial quantities. Let A be a measur-
able subset of RV. By A°, we denote the complement of A. Let1 < r < co. We will use the
notation | - |4, for the norm in L’(A), and when A = R, we simply write | - |,. By B,(xy),
we indicate the open ball in R" centered at x, € R" and radius r > 0. In the case x, = 0,
we simply write J3,.

Letl < r < co and N > r. By D" (RY), we mean the closure of CS"(RN) functions with
respect to the norm

|Vul” =/ |Vu|"dx.
RN

By W(RM), we denote the Sobolev space equipped with the norm

1

The following embeddings are well known.

Theorem 2 [1] Let p € (1, 0) and N > p. Then, there exists a constant S, > 0 such that,
for any u € D'"P(RV),

P —1 P
|u|p* <SS, |Vu|p.

Moreover, W'"?(RN) is continuously embedded in L'(RN) for any t € [p, p*] and compactly
in L'(Bg), for all R > 0 and any t € [1, p*).

For the reader’s convenience, we also recall the following vanishing lemma.

Lemma 1 [37] Let p € (1,00), N > pandr € [p,p*). If {u, } e is @ bounded sequence in
WLP(RNY and if

lim sup / lu,|"dx =0,
"% yeRY J By(y)
where R > 0, then u, — 0in L'(R") for all t € (p, p*).
Let p,q € (1, 00) and set
WP = W (RY) n WH(RY)
endowed with the norm
||u”Wl’-4 = ”“”WLP(RN) + ||’4||wl-q([RN)-

For any € > 0, we introduce the space
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W, = {u e WP ; / Viex)(lul? + |u|?)dx < oo}
RN

endowed with the norm
el = llully, , + lully, 4

where

1
lully , = <|W|;+/ V(ex)|u|’dx>' for all r € (1, o).
& RN

Finally, we recall the following well-known elementary inequalities [45] which will be
used in the sequel: for any &, 7 € RN, we have

(E2E =1 m - E—m = lE—nl" forr>2, 7)

|& —n?

r—2g _ =2y . _ >0 0
(8728 =02 € = 2 ey

forl <r<2, (8)

for some ¢, ¢, > 0 constants. In particular,
(12 = nl"m - (¢ =m >0 forall & #1n. ©)
Note that, when 1 < r < 2 using (8) and the following elementary inequality
(el + Il <277 'El" + Inl")  forall &1 € RY,

we deduce that there exists ¢; > 0 such that for any &, € RY, the following relation
satisfies

: 263|§_—’1|2,,
(EI"+ |n") =

SR

(&2 = 1n"m) - (€ = )] forl <r<2. (10)

2.2 The penalization approach

To deal with (1), we use a del Pino—Felmer penalization type approach [18]. Firstly, we note
that the map ¢ — is increasing in (0, o0). Indeed, once we write

f@ f@) !

=gl 2a-l -l gl
£

24-1

=1 441

then, by (f;), we know that ¢ — is increasing in (0, o0), and since 2¢g > p, we deduce

that t —

[ . in (0
pr 1S Increasing in ( , 00).
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Take

and let a > 0 be such that
v
fl@)= 2@ +a'™.

Consider the function f : R — R given by

. f@® ift<a,
[ = { Vo

?(t”‘1 +17Y ift > a.

Denote by y, the characteristic function of A CRM, and define the function
g :RVXR > Ras

1- F(r) ift>0
glx, 1) = { gA(x)f(’) + (1 = xa)V (@) :f; Z ()i

Using the hypotheses on f, we infer that g is a Carathéodory function such that

. gx 0
(g lim s

(g,) g, <f@®forallx e R¥Nandt> 0, .
(g3) ()0 < puG(x,t) < glx,Ht forall x € A and t > 0, where G(x, 1) = / g(x, 7)dr,
0

= 0 uniformly with respect to x € R¥,

V,
1) 0 £ pG(x, 1) < glx, )t < %(r” + ) forall x € A°and r > 0,
g(x, 1)

———— is increasing in (0, o), and for each
@t 41971

(g4) for each x € A, the function ¢ —

gx, 1)

x € A, the functiont » —————
@+ 1971

is increasing in (0, a).
We point that, from (g,), (8,), (f;) and (f,), for any ¢ > 0, there exists C, > 0 such that

lgCe, 0] < ¢~ + C o™ forall (x,1) € RV X R. (an
Let us introduce the following auxiliary problem:

—<1 +/ |Vul? dx> Au— (1 +/ |Vul|? dx> Agu+ V(e ™" +ul™") = glex, u) in RY,
[RN [RN
ueWwri, u>0inRN.

12)
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Define the set A, = {x € RV : ex € A}. We underline that if u, is a solution to (12) satis-
fying u,(x) < a for all x € A{, then u, is also a solution to (1).
Let us introduce the functional L, : W, — R associated with (12), that is

N 1 p 1 q 1 2q
L) =l + 5o Val? + 2l + 501V | Glexwax
We note that L, € C'(W,,R) and
(L;(u),(p>=(1+|w|1;)/ |Vu|P—2Vu-v(pdx+(1+|W|g)/ |Vul?2Vu - Ve dx
RN RN
+/ V(ex)|u|p_2u<pdx+/ V(sx)|u|"_2u<pdx—/ g(ex, u)p dx
RN RN RN

forany u, p € W..
The Nehari manifold associated with L, is given by

N, ={ueW, : (L. (w,u) =0},
and let
c, = uleI}\ffE L, (u).

LetS, ={ueW, : lullw, = 1} be the unit sphere in W,, and set ST = S, N W}, where
W stands for the open set

WF = {ueW, : [supp™) nA.| > 0}.

Note that, S: is an incomplete C"'-manifold of codimension one. Hence, for all u € S:,
W, = T,S' @ Ru, where

T,SH = {v ew, : (1+ IVulﬁ)/ |VulP2Vu - Vvdx
RN
+(1+ |Vu|g)/ |Vul92Vu - Vvdx
RN
+/ V(ex)(JulP2uv + |u|72uv) dx = 0}.
RN
First, we show that L, has a mountain pass geometry [6].

Lemma 2 The functional L, has the following properties:

() There exista, p > 0 such that L, (u) > a for|lully,_= p.
(i1) There exists e € W, with ||e||WE > pand L,(e) <0.
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Proof (i) Fix ¢ € (0, V,)). From (11), we have
L > C p 1 q C§ v
0 2 Cyllal, ,+ el , = =l

Choosing [|ully, =p € (0,1) and using 1<p<g, we have |lully ,<1 and thus
llall}, , > llull}, . Recalling that

a+b >Cla+b) foralla,b>0,t>1,

and using Theorem 2, we find
q CC \ q \2
Lo(w) 2 Cyllullfy = —*1ul} = Cllullf, = Csluly,

Since v > g, there exists a > 0 such that L_(u) > « for ”””W =p.
(i1) By (f3), we deduce that
F(t) > At* — B forallt> 0.

Then, for all u € W: and ¢t > 0, we have
Lty < D0l + 2 1val + L e+ v
3 - p E,p 2p P q 49 21] q
—At"/ (u*)* dx + B|supp(ut) N A, |,
Aé

and observing that y > 2¢g > 2p we deduce that L_(fu) - —ocoast — oo. a

In order to overcome the non-differentiability of N, and the incompleteness of S}, we
prove the following results.

Lemma 3 Under the assumptions (V,)~V,) and (f,)f,), the following properties hold:

(i) For eachue W:, there exists a unique t, > 0 such that if a,(t) = L (tu), then
al(t)> 0for0 <t <t anda/(t) <0fort>t,
(ii) There exists T > 0 independent of u such that t, > t for anyu € S} and for each com-
pact set W C S, there is a positive constant Cy, such that t, < Cyy, for anyu € W.
(iii) The map i, : W} — N, given by i (u) = t,u is continuous and m, = e |ss is a
homeomorphism between S: and N. Moreover, m;l (u) = =

Tl
(iv) [Ifthereis a sequence{u,},en C S, such thatdist(u,, 0S}) — O,then||m£(un)||w{ — ©
and L,(m,(u,)) — oo.

Proof (i) Similar to the proof of Lemma 2, we can see that «,(0) =0, a,(f) > 0 forz> 0

small enough and «,(f) < O for ¢ > 0 sufficiently large. Then, there exists a global maxi-
mum point 7, > 0 for a, in [0, co) such that &/(z,) = 0 and #,u € N,. We claim that 7, > 0
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is unique. We argue by contradiction and suppose that there exist ¢, > ¢, > 0 such that
al(t)) = a/(t,) = 0. Therefore,

lullf, llull?, [Vu|?

P Vg glex, tyu)
et — +|Vu|2q=/ = uMdx
£ f £ ry (tu)%~

s

and

lull, flull}, |Vul? €X, 1ol
o T Veq D +|W|2q:/ 8ELBU) 204,
R:

2q—p q 2g-2p 2g—1
12 t2 [2 N ([214)

From the definition of g, (g,) and (f;), we get

1 1 1 1 1 2
- - [lue || [l || [Vl
(tfq—p ;q p) ,1 ,;1 t%q—zp t;q 2p
_ / g glexnn) 5,
RN (t1u)zq_l (tzu)zq_l
Z / |:g(6x’ tlu) _ g(sx’ tzu):l u2qu
Aen{tu>a) (tlu)zq_l (tzu)zq_l
X, tu X, thu
+/ [g( 21_]) _ 8( 22_])]u2qu
Acn{tusa<tiu} (tu)* (tyu)*
glex,tiu)  glex, tyu)
/ [ 21—1 - 22—1 udx
Acn{tu<a} (t1”) a (tzu) g
2% oo |~ s ) * (G~ )|
Aen{nu>a) (tu)?a—r  (t,u)>a> tHuyt  (tyu)

\% thu
+/ [—°< 12_ + 1 ) f(zz)l w¥dx.
Aen{tyuga<tyu} K\ (fyw2r — (fju) (Y )

(fﬂz)
2f1 D _ 24 —-p

+

Multiplying both sides by

< 0 (since t; > t,), we have
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(t t )‘1—17
p 1h 9 _ 4 q
Il + e fﬂllullw )
2 1
q_
L) 1
= [lully, |+ 5> || [
P tzl]—]’ 2q =P (t,t,)4
V, Vo ()% =1
< -0 udx + -0 2(_1 2) 2 - / uldx
K Acn{tu>a} K q P _ 1q P (t2tl)q Acn{tyu>a}
(t,1,)°P / [ @( 1 1 ) )
éq—p - tfq_p An(usa<nuy LK\ @Qu2ar ()t ()2
\% Vo (1p)7P
<0 Wy + -2 2_2—2_@;1 _ t‘ll)/ widx
K Aenftyu>a} K q P th P Aenftyu>a}
2q—, —p 20—
Vy tzq P Vy (AP 24P
T u dx + — ———— u? dx
K tzq P th P Aen{tyuga<tiu} K tzq P th 4 Acn{tyu<a<tiu}
3 (1112)24—17 / Sf(tu) 2
t;q_p - t?q_p Acn{tyuga<tiu} (tzu)zq_l
% Vo (41,)77P
S _0 pdx 0 212—2_0;1 - [il) uqu
K Jxcninusa) K ¢ = Aenftusal
2q—, —p 2g—
Vy tzq P Vy 4 17tzq P
e u”dx+——2_ S u dx
K t2q P th P Aen{tuga<t,u} K t2q P th ’ A¢{n{nusa<tyu}
2q-p 2q9-p q4-p
\% t Vv 1 t
__02_1—2_/ updx__Oﬁ/ W dx
K tzq P — th P Aen{tu<a<t u} K tzq - th ? Agn{nusa<tu}
V Vo (41)77P
=% S el Gt uld
K Aenftyu>a} K q P t P Aenftyu>a}
2q-p 9-p 24—p
Vo b p Vo 41h 4
= 5 5 wdx+ — 5= 5= u? dx
K tzq P th P Aen{tu<a<t u} K l2q P th b ‘n{tu<a<tu}
Vo t?q—p Vo t2q—ptq—p
- =50 o u”dx——z_ o u? dx
K tzq P _ Ilq P Aen{nu<a<tyu} K l‘zq P _ th P Aen{tu<a<tu}
Vi Vo (t1,)77P
<2 wded 22— 1) [ widx
K Jj K pa-r _ 2a-p Ac
3 2 1 3
1 ()P
<= I| II + = — t)]lull]
K 2a-p t2q p2 1 Ve
I

where we used the fact that (f;) and our choice of the constant a give
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fu) J(tyu) (Luy ™" + (u)"!
(tw2a=' (up~! + (tu)i! (tyu)2a-!
f@ "+ (tuyt!
T a7t ai! (tu)?a=1

_& ;.FL in AN {t,u <a<tu}
K\ (P (tu) T .

Since u # 0 and K > 1, we get a contradiction.

(i) Letu € S:. Using (i), we can find ¢, > 0 such that a;(tu) =0, that is

-1 -1 2p—1 2 2g-1 2
4 ||u||f/“p + 1l ||u||‘"/“q +tr |Vu|pp +t1 |Vu|q‘1 = /N g(ex, t,u) udx.

R

Fix { > 0. By (11) and Theorem 2, we have
-1 -1 -1 -1
ﬁIM&W+€IMQHSA;Mw@wuﬂséﬁlMﬁw+QﬁIMMJ

Taking ¢ > O sufficiently small, we find

—1 —1 -1 -1
o ullf, 4 67l < C Ml < €,

Now, if 7, < 1, then #/~' <#7', and using the facts that 1 = [|ufl,, > llully, , and g > p

imply that ||u||“’/pp > ||u||“’,pp, we can see that
q-1 _ gq—1 q gq—1 q q q—1 4 q v—1
Cry— = Cr lully, < 7 (Cllully, , +llully, ) <67 (Cllully, , +llully, ) < Cr~

Thanks to v > ¢, we can find 7 > 0, independent of u, such thatz, > 7.
When 7, > 1, then #7' > #7' and noting that 1 = llully > llully , and g > p imply
llully, , = llullf, . we obtain

-1 —1 —1 -1 -1
el = co M ull, < &7 Clull,, + lully, ) < &7 (Cllly, |+ lullf, ) < €7

Since v > g > p, there exists 7 > 0, independent of u, such that¢, > .

Now, let W C S be a compact set and assume by contradiction that there exists a
sequence {u,},ey C W such that z, = f, — oo. Then, there exists u € YV such that u, — u
in W,. From (ii) of Lemma 2, we have that

L, (t,1,) = —co. (13)
On the other hand, if v € NV, by (L; (v),v) = 0 and (g3), we have that
— L, 7 P q
L) = L) = (L 0) 2 CAVIE, + V1Y,
Taking v, =1, u, € N, in the above inequality, we find
L) 2 CAl I+ Iv,ll9, ).
Since ||Vn||w5 =t, = oo and ||vn||W£ = vullep + 11vylle,» we can use (13) to get a

contradiction.
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(iii) Let us observe that 71, m, and m;l are well defined. Indeed, by (i), for eachu € W:,
there is a unique m, (u) € N,. On the other hand, if u € N, then u € W*. Otherwise, we
have

| supp )N A,| =0,

and by (g3)-(ii), we deduce that

p q
u + ||u < (sx,u)udx=/
Il + < | s

A
= / glex,u™)ut dx
A

¢
€

glex,u)udx + / glex,u)udx
A

c
€ 3

1
< [ Ve + umas

1
<1 p q )
< [((“u”Vpp + llully, ,

which is impossible due to K > 1 and u # 0. Therefore, me‘l(u) =

u

Nl

€S/ is well
defined and continuous. From

tuu u

m m,w) =m ' tu) = ———=——=u forallu€es],
lz,ully, iy,

we infer that m, is a bijection. To prove that /1, : Wr — N, is continuous, let
{4, }ien € WH and u € WS be such that u, — u in W,. Since 7(tu) = fi(u) for all ¢ > 0,
we may assume that ||”n||wf = ||“||w§ = 1for all n € N. By (ii), there exists #, > 0 such that
t, =1, — ty. Since t,u, € N,

p q 2 %, 2 2
tf:||un||‘/d7 + tZ||u,,||qu +t7|Vu, |p” + tn"|Vu,,|q" = /RN g(ex, t,u,) t,u, dx,
and passing to the limit as n — oo, we obtain
2, 2 2 2
tg||u||f/“p + tg||u||“’,pq + t0p|Vu|p” + t0q|Vu|qq = /RN gex, tyu) tyu dx,

which yields tyu € N,. From (i), t, = t,, and this means that /71, (u,) — /i1, (u) in W. Thus,
m, and m, are continuous functions.

(iv) Let {u, },en C S/ be a sequence such that dist(x,, 0S}) — 0. Then, for each v € S}

and n € N, we have u:: < |u, —v| a.e. in A,. Therefore, by (V,), (V,) and Theorem 2, we
can see that for each r € [p, qj], there exists C, > 0 such that

+ . .
Ly 11,y < vé3£+ lit, =Vl < C, vélalg llu, = vlly, forallneN.

By virtue of (g,), (g,). (g3)-(ii) and g > p, we get, for allt > 0,
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/ G(ex, tu,) dx =/ G(ex, tun)dx+/ G(ex, tu,) dx
RV c .

Al A
3

V,
<2 (tplun|”+tq|un|q)dx+/ F(tu,) dx
Kp Jac A

3

P 1
< — V(ex)|u,|P dx + — Viex)|u,|?dx
< [ velnpars £ [ vl

+C1tP/A(u:)de+C2tV/ (uh)"dx
€ AE

si V(sx)lun|”dx+ﬁ/
Kp Jpv Kp J

+ C,'yt”dist(un, oSy + Clr*dist(u,, 0S})".

V(ex)|u,|? dx
N

Therefore,

P 1
/RN G(ex, tu,)dx < K_p /RN V(ex)|u,|” dx + K_p /RN V(ex)|u,|?dx+o0,(1). (14)

Now, we note that K > 1, and that 1 = ||“n||w£ > ||”n||v£,p implies that ||un||1"/pp > ||u”||?/pp.
Then, for all ¢ > 1, we obtain that

r » 1 q r 1
—lluylty, , + =l lly, ;== [ VD, | dx == [ V(ex)|u,|* dx
p g “1 Kp Jrv Kp Jv

i » 1 1 » t q
:;|Vun|p+t1’ ;_K_p NV(ex)|un| dx + ;IVMHLI
R
+tq<l—i)/ V(ex)|u,|? dx
qg Kp) Jry (15)

> Cyllu, I, + Cot?llu, I,
> Cilu, Iy, , + Cotllu, I, ,
> Ol I, , + Cot I,
> Gt (lu,lly,  + lu,lly, ) = Cst”.
Bearing in mind the definition of m, (u,) and using (14), (15), we find

liminf L, (m,(u,)) > liminf L, (tu,)
4 q
> liminf | =l 17, + Sl |17 —/ Glex,tu,)dx| > Cy# forallt > 1.
n—oo p P q ed RN

By sending t — oo, we get L_(m (u,)) — oo as n — oo. On the other hand, by the definition
of L., we see that for alln € N
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1 P P 1 q q
R CACAIRCRS ORI IARE S X CH AR CRY EACATTAS
1 1 1 1
2 Slme )l + ZWmE(u,,)l;" + I w)lly , + Z—qwmé(u,,)lff > L, (m,(u,))
which implies that ||me(un)||WE — ooasn — oo. O

Remark 1 1f u € N, it follows from (11) and Theorem 2 that

P q P q i P ’ q
lulty, , + Il < /R | gte ) ud < CJulf + Celulfs < p-lulfy, + Celully

Choosing ¢ € (0, V) we find [lully, , > k = (Cé)_ﬁ which implies that ||u||, > ||u||VE’q > K.

Define the maps
P, tWF >R and y, :S! >R,

by ¥, (1) = L, (i1, (u)) and y, =, |s.. From Lemma 3 and arguing as in the proofs of Prop-
osition 9 and Corollary 10 in [46], we may obtain the following result.

Proposition 1 Assume that (V,){V,) and (f;}f,) are satisfied. Then,

@ ¥, €C' (W R)and

nr ”ﬁ,lg(u)”\/\/é 1A +
(W (w),v) = W(Ls(mﬁ(u)), vy forallue W' ,veW,.

(b) w, €C (S, R)and
(W ), v) = llm @llw (L (mw)),v), forallveT,S].

() If{u,},en is a (PS), sequence for y,, then {m_(u,)},cy is a (PS), sequence for L_. If
{1, }en C N, is a bounded (PS), sequence for L., then {m~"(u,)},cy is a (PS), sequence

fory,.
(d) wuis a critical point of y, if, and only if, m,(u) is a critical point for L,. Moreover, the
corresponding critical values coincide and

inf = inf L (u).
L v () = nf L)

Remark 2 As in [46], we have the following variational characterization of the infimum of
L, over N.:

Ce = 0 L0 = jnf, max L, () = Jf, e L o

Next, we claim that L, satisfies the Palais—Smale condition. First of all, we have the fol-
lowing result.

Lemma4 Let{u,},on CW, be a(PS), sequence for L,. Then, {u,},cy is bounded in W,.
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Proof From (g;), ¢ > p and u > 2q, we have that

C+ lluyll,) > L, () — l<L;<u,,>, u,)

(1 I o (11 .
= <1—7 - —>|| ”v » <_p - ;)WH | (5 - ;)”un”m
1 2
2 _ L)y
+(Zq >| &
1

[g(ex, u,)u, — uG(ex,u,)]dx + — / [g(ex, u,)u, — uG(ex,u,)] dx
Al

1 » p 11 1/
>(--- -(===)=/ v p ) dx
_<q )[n A TAT (p #)K VIl + 11,1

1 1 1 1\1
SsI(2_L2Yy_(2_1)\1 P q
> [(q ”) <p M>K](|Iunllvp,,+IIMnIIVEq)

= Cllu, 15, , + llu,II5, )

where C = ( —1>—<l—1> >0s1nceK>( )q
q H p M H—q
Now, we assume by contradiction that ||u, ||w — oo and consider the following cases:

(D) Nuylly, , = oo and [l Iy, , — oo
2 ||“n||v£,p — oo and ||un||qu is bounded;
3) lu, ||qu — oo and ||“n||v£,p is bounded.

In case (1), for n large, we have ||un||?/:’1; > 1, that is ||un||‘\1/pq > ||un||1‘?,£’q. Therefore,
Co(L + lluyllw,) = C(||un||[‘)/p,, + ||un||1‘7/£’q) = Ci(lluylly_, + Nluylly oY = C, ||“n||§)NE
that is an absurd. In case (2), we have

Co(L + lluylly, ,, + llitylly, o) = Co( + lluyllw,) = Cllu, I, ,

and consequently

1 1 ”un”\/pq

+ >C.
0 P p—1 P =
llually, , Nl |15, llually, ,

Since p > 1 and passing to the limit as n — oo, we obtain 0 < C < 0 which is impossible.
The last case is similar to the case (2), so we omit the details. Consequently, {u,},cy 1S
bounded in W,. O

Lemmas5 Let{u,},cn C W, be a (PS), sequence for L,. Then, for any n > 0, there exists
R = R(n) > 0 such that

limsup | (Vi l” + Vi, | + V(ex)(u,I” + |, |9) dx < n. (16)

n—oo B;
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Proof For R > 0, let w;, € C*(RM) be such that 0 <y < 1, w, = 0 in BR wr = lin B,
and |Vyyg| < £, for some constant C > 0 independent of R. From the boundedness of
{wg, },en in W, it follows that (L! (u,), yzu,) = 0,(1), namely
a+ |Vun|p)/ |Vu, [Pyg dx + (1 + |Vun|q)/ [Vu, | Ty dx
P fan gy P
+ / V(ex)|u, |Pwg dx + / V(ex)|u,|Tyg dx
RN RN
=o0,(1)+ / g(ex, u, ) wpu, dx — (1 + |Vun|Z)/ |V, |P~Vu, - Vygu, dx
RN RN
-1+ |Vun|g)/ |Vu, |2 Vu, - Vg, dx.
RN
Take R > 0 such that A, C Bz. From the definition of y, and (g5)-(ii), we see that
2
|Vun|de+/ Vi, 17 dx+ (1 - l)/ V(ex)(Ju, P + u,|9) dx
B B K/ Jg
R R R
<o,(H)—(+ |Vun|g)/ |Vu,|P~>Vu, - Vygu, dx 17
RN

-1+ |Vun|3)/v |Vu, |92 Vu, - Vygu, dx.
R

Now, using the Holder inequality and the boundedness of {u,},cy in W,, we have, for
te{p.q}

/ |Vu,|"2Vu, - Vygu, dx' = Vu, |y, < z
which implies that
11_)[1010 lim sup /RN |Vu,|"2Vu, - Vygu, dx‘ =0. (18)
Thanks to (17) and (18), we deduce that (16) holds true. O

Due to the presence of the Kirchhoff terms, the following lemma plays a crucial role
to get the strong convergence of bounded Palais—Smale sequences.

Lemma6 Let{u,}, o CW, be a(PS), sequence for L,, and let R > 0. Then,

lim / |Vu,|” + |Vu, |7 + V(ex)(|u,|P + |u,|?) dx
By

(19)
= / [Vul? + |Vul|? + V(ex)(Jul? + |u|?) dx.
By

Proof Take 5, € C*(R") such that
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) = lfoerB/,,
=30 forx & B,,,

with 0 < 7,(x) < Land |Vn,| < %. Since {u,,} ¢y is bounded in W, (by Lemma 4), we may

assume that

|Vun|z - T, and IVun|Z - T, asn— o. (20)
Fix R > O and take p > R. Fort € {p,q}and n € N, define

Al =(1+ |Vun|;)/ (1Vu, "2V, — |VulVu) - (Vu, — Vu) dx
BR
+ / V(ex)(lu, " 2u, — |ulu) (u, — u) dx.
By

By (9), we note that A’ > 0. Moreover, we see that
0= (141Va ) [ (Va2 = 9 50) - (Vg =V,
R
+/ V(sx)(lun|’_2un - |u|’_2u) (un—u)npdx
By
< (1+Vu,l) / (IVu, |V, — |Vl =*Vu) - (Vu, — Vi), dx
RN
+/ V(ex)(lu, 2w, — |ulu) (u, — u)n, dx
RN
= (1+|Vun|§)/ |Vun|’npd.x+/ V(ex)|u,|'n, dx
RV RN
+(1+|Vun|;)/ |Vu|’r/pdx+/ V(ex)|ul'n, dx
RN RN
- [(l + |Vun|§)/ |Vu,|>Vu, - Vzmpdx+/ V(ex)|un|’_2ununpdx]
RN RV

_ [(1+|Vun|ﬁ)/ |Vu|’"2Vu'Wn’7pdx+/ V(fx)|”|t_2””n’7pdx]'
RN RN

Set
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I = (1 + |Vun|1’) Vi, [Pn dx+ | Vex)|u, Py, dx
n,p p RN P RN 14
+ <1 + |Vun|q) / |Vun|q;1pdx+/ V(ex)|u,|?n, dx — / glex, u,)u,n, dx,
) Jmy RN RN
I’ip = (1 + |Vun|2) /RN |Vu|P;1pdx+/RN V(ex)|ul’n, dx
- <1 + |Vun|”>/ [VulP2Vu - Vunnpdx+/ V(ex)lu|”‘2uunnpdx
P7 Sy RN
+ <1 + |Vun|‘1)/ |Vu|‘1;1pdx+/ V(ex)|ul?n, dx
7 Jmy RY
- <1 + |Vun|‘1) / |Vul|92Vuy - Vunnpdx+/ V(ex)lul"‘zuunnp dx,
q RN RN
13,p = (1 + |Vun|Z) /RN |Vu,|P~>Vu, - Vun, dx + /RN V(ex)lunl”_zununpdx
+ <1 + |Vun|3) /RN |Vu,|"*Vu, - Vun, dx + /RN V(sx)lunlq_zununpdx
- / g(ex, u,)un, dx
RN
and
4
L,= / glex, u,)(u, —u)n, dx.
RN
Then, we have
1 2 3 4
0<Al+AT < IIMI + IIMI + IIMI + |1n,,,|- 1)
We note that
Iip =(L;(un), UM, = [(1 +|Vu, |Z> —/RN IVun|P—2VununVnpdx
+(1 + |Vun|3>/ |V’4n|‘1_2V”n“nV’7p dx]
RN

and since {u,7,},¢y is bounded in W,, we have (L] (u,), u,n,) = 0,(1). A direct computa-
tion and (20) yield

p— n—oo

lim [limsup (1+|Vun|;)/ |Vu”|[_2VununV;1pdxH =0 fort€ {p,q}. (22)
RN

and so
. . 1 _
}1_)1{.10 [hgligp ’IW” =0. (23)

On the other hand, the weak convergence and (20) imply
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n—oo

lim |2 | = lim (1 + |Vun|p> |VulP2Vu - (Vu, — Vu)y, dx
P n— oo P RV ,
+/ V(ex)|ulP">u(u, — u)n, dx
RN
+ <1 + |Vun|3) / [Vul|972Vu - (Vu, — Vu)n, dx
RN
+/ V(ex)|u|q_2u(un —un, dx’ =0.
RN
Furthermore,

1, =), un,) -

(1 + |wn|§) / Vi, "2V, uVn, dx
Rl
+(1 + |Wn|3>/ |Vun|q—2Vuanr]p dx],
RN
and by (20), (22) and (L;(un), un,) = 0,(1), we deduce

m [lim sup |Iiﬂ|] =0.

li
=0 | n-o
Finally, from the growth assumptions on g and Theorem 2, we see that
lim |1:'p| =0 foranyp>R. (24)

Combining (21), (23), (24), we get

0 < limsup (A? + A7) < 0.

Consequently,
lim [/ (IVu, |2V, — |Vu|*Vu) - (Vu, — Vu) dx
n—-oo BR

+/ V(ex)(lu,|"u, = lul"u) (u, = u) dx| =0 fors € {p.q}.
By
In particular, if ¢ > 2, from (7), we have

|Vu, — Vu|' dx < C/ (1Vu, ">V, — |Vu|Vu) - (Vu, — Vu) dx > 0.

By By

When1 < ¢ < 2, by (10) and Holder inequality, we obtain
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|Vu, — Vu|' dx
By
2-t
<C / (1Vu, "2V, — |Vul>Vu) - (Vu, — Vu) dx] [IVu, |t + | Vul]] =
By
3
<cC / (1Vu, |2V, — |Vu|>Vu) - (Vu, — Vu) dx] - 0.
By

Arguing as before, we deduce that for t € {p, g}

/ V(ex)|u, —ul"dx - 0asn - co.
By

Accordingly, fort € {p, g}, we get

lim [ [IVu,| + V(ex)|u,|'] / [IVul" + V(ex)|ul'] dx,

n= J By
which gives (19). O
Now, we show that L, verifies the Palais—Smale compactness condition.
Lemma 7 L, satisfies the Palais—Smale condition at any level ¢ € R.

Proof Let{u,},cn C W, be a (PS), sequence for L,. From Lemma 4, we know that {u, },cy
is bounded in W,. Up to a subsequence, we may assume that #,, — u in W, and u, — u in
Ly (RN) for all r € [1,¢*). By Lemma 5, for each 7 > 0, there exists R = R() > %, with

C > O independent of 1, such that (19) is satisfied. This together with Lemma 6 implies that
P q s P q
el + lll, , < timinf (|, , + Ml 1, )

< timsup (lu, I}, , + I3, )

n—oo

= lim sup [ [Vu,|” + |Vu, |7+ V(ex)(|u,|P + |u,|?) dx
BR

n—oo
+/ |Vu,|? + |Vu,|? + V(ex)(Ju, | + |un|q)dX]
By
= / [Vul? + |Vul|? + V(ex)(|ul?” + |u|?) dx
By
+ lim sup l/ [Vu,|” + |Vu,|? + V(ex)(Ju,|” + |u,|?) dx}
n—oo B;

< / |Vul? + |Vul|? + V(ex)(|ul? + |u|?) dx + 7.
By

Since R — oo when 5 — 0, it follows that
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el Wl < imm il Iy, + eI, )
< lim sup(llunllf/p,, + ”“n”?/pq)
P
< Mlully, , + lullf,
and thus
””n“[\)/k,p + ||un||“],“q = ”M”I‘z,p + ||M||;]/pq +0,(1).

From the Brezis—Lieb lemma [11], we have

M, = ally, = NI, = lly, , +0,(1)

and
9 _ a9
Ml = ulld, = N1, = lll?, , +0,(1).
Therefore,
p I
la, = ull), |+ N, = ll?, = 0,(1)
which yields u, - uin W, as n — oo. O

Remark 3 We can assume that any (PS) sequence {u,,},c Of L, is nonnegative. To see this,
from (L] (u,), u,) = 0,(1) and g(ex, ) = 0 fort < 0, we have

A+ |Vu, ) | |Vu,|P>Vu, - Vu_ dx+ (1 +|Vu,|9) [ |Vu,|>Vu, - Vi dx
P RY n q RN n
+ / Ve (P2, + |92, 1 dx = 0,(1),
RN

where u = min{u,, 0}, and then
e, I, + 1l 1Y, = 0,(D),

namely u; -0 in W, In particular, {u'},y is bounded in W,. Since
[Vu, |} = [Vul | +0,(1) and |lu,lly , = lluflly , +0,(1) for # € {p,q}, we deduce that
L, (u,) =L, (') +0,(1) and L/ (u,) = L (u*) + 0,(1). Hence, L («) — ¢ and L (u*) - 0

asn — oo.

Corollary 1 The functional y, satisfies the Palais—Smale condition on St at any level
ceR.

Proof Let{u,},cy C S} be a Palais—Smale sequence for y, at the level c. Then,
v, (u,) = c and () —0in (TMHS:)'.
By Proposition 1-(c), we see that {m,(u,)},eny C W, is a Palais—Smale sequence for L, at

the level c. From Lemma 7, we deduce that L, satisfies the (PS), condition in W,. Then, up
to a subsequence, we can find u € S: such that
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m,(u,) = m_(u) in W,.

In view of Lemma 3-(iii), we conclude that u#, — u in S:. O

3 The autonomous problem
In this section, we consider the following autonomous problem related to (1):
—< [Vul? dx)A u— (1 + [ |Vul? dx> Agu+ Vo™ +ut™) = f(u) in RV,
RN

ue WIP(RN)nWI"(IRN) u>0in RN,

(25)
Set Vy, = Wh?(RN) n Wh4(RY) endowed with the norm

llully, = laelly, + lleelly g5
where
Nully, = (1Vul} + Volul! )1l forall 1 € {p, q}.
Let £y @Yy, — Rbe the energy functional associated with (25), then
Ly = SNl + 2= 1Val + Ll + - vul —/ Flu)dx.
p P 2p P g M 2¢ 1 g
It is easy to check that EVO IS CI(YVU, R) and that

(c, (u),¢)=(1+|Vu|p)/ |Vu|P—2Vu-V¢dx+(1+|Vu|‘f)/ |Vul92Vu - Vo dx
0 p RN q RN

+Vo[/ |u|P-2u(pdx+/ |u|q-2u¢dx]—/ Fupdr
RN RN RN

for any u, p € YVU.
The Nehari manifold M, associated with Ly, is

My, = {ue vy \ (0} : (£}, .u) =0},
and we set
dy, = uei/r\l/fva Ly, ).
Denote by Sy, the unit sphere of V;, and set S; =Sy, N Y+, where
{u €Y, : |suppt)| > 0}
Note that, SJ‘;O is an incomplete C"'-manifold of codimension one contained in Y‘Z. Thus,

Yy, = TMS‘J;0 @ Ru for each u € S;ﬂ, where
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TuS‘t = {v eV, 1 (1+ |Vu|g)/ |VulP=2Vu - Vvdx + (1 + |Vu|g)/ |Vul?2Vu - Vvdx
RN RN
+V0/ (luelP~2u + Ju|9 2wy dx = O}.
[RN
Arguing as in Sect. 2, we can see that the following results hold.

Lemma 8 Under the assumptions (f,)-(f;), the following properties hold:

(i) For eachu e Y‘j’n, there exists a unique t, > 0 such that if a,(t) = Evﬂ(tu), then
al(t)> 0for0 <t <t anda/(t) <O0fort>t,

(i) There exists T > 0 mdependent of u such that t, > 7 for any u € S‘tn and for each
compact set YW C S Vﬂ, there is a positive constant Cyy, such that 1, < Cy,, for any
uew.

Lt . N _ . . A

(iii) The map fy, : YVO — My, given by iny, (u) = t,u is continuous and my, = fiy, |§;0

u

is a homeomorphism between S‘t and MVO. Moreover, m‘_,l(u) i
0 0 u VV

(iv) If there is a sequence {un}neNCS‘tU such that dist(u,, 0§+)—>0 then
||mv(](un)”vv0 — coand L:Vo(mvo(un)) — ©0.

Let us consider the maps
By, Yy >R and  yy 1 S) >R,
defined as gy, (u) = Ly, (hy, () and yy, = Py, |s; .
Proposition 2 Assume that (f,)-(f,) are satisfied. Then,

@ Wy, €C'(Yy R)and

v, @0,
(ry, (), v) = Tl (L), Gy, () v) Vi € Y ¥ € ¥y,
Yy,

(b) wy, €C(S},.R)and

<W\l/0(u)’ V> ||mV0(u)”YV <£ ((mVO(u)) V> VV € Tugt

(¢) If{u,},enis a(PS), sequence for Wy, then {mVO(u ) enisa (PS)d sequence for EV If
{u,}hen C MV is a bounded (PS)d sequence for EV, then {m, (u Ven i a (PS)d
sequence for Wy,

(d) wuis a critical point ofylv0 if, and only if, mvo(u) is a nontrivial critical point for EVO.
Moreover, the corresponding critical values coincide and

inf vy, (n) = i}\l/lfv0 £V0(u).

u€§Jr

Remark 4 As in [46], we have the following characterization of the infimum of EVO over

My,
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0<dy, = inf Ly (u)= inf max Ly, (tu) = inf max L, (tu).
Yo ueMy, V"() ue\{‘jo >0 V“( ) ue§§0 >0 V“( )

The next lemma allows us to assume that the weak limit of a (PS), sequence of Ly, is
0
nontrivial.

Lemma9 Let{u,},en C Yy, bea (PS)dVO sequence for Ly such that u,, — 0 in Yy, . Then,

one and only one of the following alternatives occurs:

(@ u,—>0inYy,or
(b) there is a sequence {y,},eny C RY and constants R, p > 0 such that

n—oo

liminf/ [u,|7dx > p.
Br(y,)

Proof Assume that (b) does not hold. Since {u,},cy is bounded in VYy,» we can apply
Lemma 1 to see that

u, —» 0 in L'(RY) for all r € (p, g*).
In particular, by (f;)f,), it follows that
fw)u,dx=0,(1) asn— oo.

RN
Recalling that (L}, (u,), u,) = 0,(1), we have

p q -

i, + ], < [ ey, e = 0,01,
that is [|u,|ly, — Oasn — oo and the item (a) holds true. a
0

Remark 5 From the above result, we deduce that if u is the weak limit of a (PS)dV sequence
0

for EVU, then we can assume u # 0. In fact, ifu, — Oin YVO and, ifu,, » 0in YVU, by Lemma
9, we can find {y,},en C RY and R, # > 0 such that

n—oo

liminf/ lu,|?dx > p.
Bg(y,)

Set v,(x) = u,(x +y,). Then, using the invariance of RY by translation, we see that {v, },,cx
is a bounded (PS), sequence for £y, such thatv, — vinY, for some v # 0.
0

In what follows, we prove the existence of a positive ground-state solution for (25).

Theorem 3 Let {u,},cy C Yy, be a Palais—Smale sequence of Ly, at the level dy, . Then,
there exists u € YVO \ {0} with u > O such that, up to a subsequence, u,, — u in YVG. Moreo-
ver, u is a positive ground-state solution to (25).

Proof As in the proof of Lemma 7, we can see that {u,,},cy
so, going if necessary to a subsequence, we may assume that

is a bounded sequence in Yy,
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u, = u mYV,
u, = u inL; (RY)forallre [1,p*). (26)

From Remark 5, we may suppose that u # 0. Moreover, we may assume that

IVu, |y — 1, and  |Vu,|T — 1.

Step 1 Vu, —» Vuae. inRY,
Fix @ €C@RM). Since u,—=u in Y, and E;{)(un) — 0, we have that
(ELO(M,,) - EQ,O(M), (u, — u)@) = 0,(1). Therefore,

0,(1) = (L}, (w,) = L}, @), (u, — W)

=1+ |Vun|5)/ (IVu, [P~ Vu, — |VulP~>Vu) - V[(u, — u)p] dx
RN
+(1 +|Vu,,|g)/ (IVu, |92V, — |Vul*">Vu) - V[(u, — u)p] dx
RN
+[(1+ |Vun|§) -1+ IVulﬁ)]/ [VulP2Vu - V[(u, — u)p] dx
RN
+ 1A+ [V, [ - (1 + IVuIZ)]/ |Vul"2Vu - Vi, — wg] dx
RN
+/ Volu, [P~ u, (u n—u)qodx+/ Volu, |9, (u, — u)g dx
RN RN
S, — u)p dx
RN
+(1+|Vu|£)/ |VulP~*Vu - V(u, — w)e] dx
i 27
+(1+|Vu|g)/ |Vul9™2Vu - V[(u, — w)@]l dx + 0,(1)
RN
=(1+|Vun|§)/ (IVu, P~ Vu, — |VulP~2Vu) - V[(u, — u)p] dx
RN
+(1+|wn|g)/ (IVu, |97V, — |Vul"2Vu) - V[(u, — u)p] dx
RN
+(1+|Vun|1p’)/ |VulP2Vu - V[(u, — u)p] dx
RN
+(1+|wn|§1)/ |Vul*2Vu - V[(u, — u)p] dx
RN
+/ Volun|”_2un(un—u)(pdx+/ Volu, |92 u, (u, — u)gp dx
RN RN

f (), = Wy dx + 0,(1)
RN
= AL+ A1+ B+ B+ +C =D, +0,(1).

By using (26) and the boundedness of {u, },cy in YVO, it is easy to check that, fort € {p, g},
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. |Vul"™*Vu - (Vu, — Vup dx — 0, (28)

. |Vu|"">Vu - Vo(u, — u)dx — 0, (29)
/RN(|VL£”|[_2VMH — | Vu|"2Vu) - Vo(u, — u)dx — 0, (30)
C = /RN Volu,|u,(u, — u)e dx — 0, 31)

D, = /R S, — e dx = 0. (32)

In particular, from the boundedness of {|Vu,|,},cy in R together with (28) and (29), we
deduce that

(1+ |Vun|§>/ |Vul""2Vu - (V[(u, — u)g]) dx
[RN

=(1+|Vu,,|§)[/ [Vu|2Vu - (Vu, - Vwypde+ [ |Vu|2Vu- Vo, — u)dx| — 0.
RN RN

(33)
Hence, by combining (27)—(33), we have

0,(1)= A"+ AT +0,(1),

from which
/N(|w,l|’—2wn — |Vu|"2Vu) - (Vu, — Vu)p dx — 0
R
fort € {p, q}. Now, if t > 2, from (7), we get
/RN |Vu, — Vu|'pdx < C/RN(WunV—Zw” — |Vu|""2Vu) - (Vu, — Vu)p dx — 0.

When1 < ¢ < 2, from (7), we obtain

2-t

T Vu. — Vul? T
( [Vu, — Vu|[(pdx> < (/ —| U ul (pdx) </ (|Vu,| + |Vu|[)(pdx)
RV rY ([Vi,| + [ Vul)> RV

< C/ (|Vun|'_2Vun - |Vu|’_2Vu) - (Vu, = Vu)pdx — 0.
RN
Therefore, for t € {p, g}, we have

/ |Vu, — Vul|'@dx — 0.
[RN
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Then, for some subsequence of {u, },cy» We have Vu, — Vua.e. inRY.

Step 2|Vu,|, —» |Vu|, fort € {p,q}.

By Step 1 and Fatou’s lemma, we know that |Vu|£ <t and |Vu|Z < t,. Now, we show
that

|Vu|£ =t and |Vu|Z =1,.

Assume by contradiction that |Vu|) <t and [Vu|] < 1,. Since (£;,0(un),(p) — 0 for all
@ € CX(RY) and C(R") is dense in Yy, we see that

A+ )| Vul? + (1 + )| Vul? + Vo(Jul? + |u]?) = / f(w)u dx.
P q P q RN
Hence,
I+ Vul))IVul? + (1 + | Vul D Vul? + Vy(|ul? + |u]?) —/ fwudx
p p q q p q v
< (T+)|Vul? + (1 + )| Vul? + Vo(Jul? + [u]?) — / fwudx =0,
p q P q e

which implies that (£, (), u) <0. Using (f;) and (f,), we see that (L, (tou), tou) > O for
some 0 <7, < 1. Then we can find 7 € (to, 1) such that ([Z' (TM) ru) 0. This fact
together with the characterization of dV , 1 qf (Nt —F(t) is 1ncreasmg (by (f3) and (f})),

the Fatou’s lemma gives
dVo < EVO(TM) = ﬁvo(fu) - %I(ﬂi,o(ru), Tu)
< Ly, = 5L}, @0.1)
<liminf | £y, (u,) - 2—1q<£’vo(u,,), u)| = dy,.
and this is an absurd. Consequently, |Vu, |, — |Vu|, for t € {p, g} and we have E(,O(u) =0

Step 3 u is positive.
Using (E;()(u), u~) =0, where u~ = min{u, 0}, and f(r) = 0 for ¢ < 0, we have

NuIlY, + NI, <0
which gives u~ = 0, that is u > 0 in R". Therefore, u > 0 and u # 0 in RY. Arguing as in
[28], we deduce that u € L®(RY) n C}(;Z(IRN) and |u(x)| = 0 as |x| — co. By means of the
Harnack inequality [47], we conclude that u > 0 in R". a

The next compactness result will be used in the sequel.

Lemma 10 Let{u,},en C My, be a sequence such that Ly, (u,) — dy,. Then, {u, }, ey has a
convergent subsequence in VVO.

Proof By Lemma 8-(iii), Proposition 2-(d) and the definition of dv[, we have that
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u,) = L GST,O foralln €N

and

Wvo(v”) = £VO (w,) - dVO - vgg Wvo(v)'
Yo

—+ . . .
Note that, (Svo’ 6\,0), where 5V0(u, v)=|lu— v||vv(], is a complete metric space. Consider the

map G : §;) — R U {0} given by

I RZAC! ifuesy,
g0 = { o ifuedsy.

By Lemma 8-(iv). G € C(S,,.R U {co}). and by Proposition 2(d), we have that G is

bounded below. Then, we can apply Ekeland’s variational principle [20] to deduce that

there exists a sequence {9, },cny C S:;O such that {9, },ey is a (PS),, sequence for yy, at the
0

level dy and||9, — v,lly, = 0,(1). At this point, the proof follows from Proposition 2, The-
0

orem 3, and arguing as in the proof of Corollary 1. a

For the minimax levels ¢, and dy, , we have the following relation.
Lemma 11 lim,_,c, =dy,.

Proof By Theorem 3, we know that there exists a positive ground-state w of (25). Define
o, (x) =y (x)w(x), where y,_(x) = w(ex) with y € C;"(RN) suchthat 0 <y <1, y(x) =1
if [x] < 1 and w(x) =0 if |x| > 2. We also assume that supp(y) C B, C A. By the domi-
nated convergence theorem, it follows that

w, > oin W and Ly (o) > Ly (0) =dy, ase 0. (34)
Now, for each € > 0, there exists z, > 0 such that

L(tw,)= max L, (tw,).

Consequently, (L (t,0,), ®,) = 0, that is

2 2 2 2
#|Vo, |§ +' Vo, |p"7 + Vo, |Z +t Vo, |q‘1
+ / V(ex)w? dx + tg/ V(ex)w! dx = / ft.o)t ., dx.
RN RN RN

Let us prove thatz, — ¢, € (0, o). Assume by contradiction that #, — co. Since

—2 2p—2 2] — 2
24|V, L + 20|V, |2 + 9| Vo, |7 + Ve, |
f(tgwg) wzq dx, (35)

+ P2 / V(ex)w’ dx + 174 / V(ex)w? dx =
¢ RY ¢ RV ¢ Ry (L@ )71 ¢
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using (34), p <2q and (f;), we deduce that |Va)|$q = oo which is impossible. Hence,
ty € [0, 00). If by contradiction f, = 0, from (f;) and (f,), we see that, for { € (0, V,)) fixed,
we have

¢ _ _ *
(1 = g el + o, < Cort el

This combined with g > p gives ||a)||p = 0, that is a contradiction.
Now, letting € — 0 in (35), we obtaln

-2q P 2P—2q 2 4 q 2
f IVol? + 17 Vol 7 + 17| Vol + |Vl

1
+z”0‘2‘1/ Vowf’dxﬂgq/ Vow? dx = S o)
RV RN

L w¥dx.
RN (tow)zq_1

Using 2¢g > ¢ > p, (fy) and @ € M, , we conclude that 7, = 1.
Finally, we observe that

P
<maxL, (tw,) =L (t,w,) = Ly (t,0,) + = / (V. (x) — Vy)o’ dx
>0 0 P Jry €
4
+ = / (V. (x) = Vp)a! dx.
q Jrvy
Since V(g-) is bounded on the support of w,, we use the dominated convergence theorem,

(34) and the above inequality to see that limsup,_,, ¢, < dy,. On the other hand, it follows
from (V) that liminf,_; ¢, > dy, . In conclusion, lim,_,, ¢, = dy, . O

4 Multiplicity of solutions to (12)

In this section, we collect some technical results which will be used to implement the bar-
ycenter machinery below. Take 6 > 0 such that

= {xeR" : dist(x, M) <5} C A,

and choose a non-increasing function n € C*([0, o), [0, 1]) such that n(r) = 1if 0 < ¢ < g,
n() =0if ¢t > 6 and |%'(¢)| < ¢ for some ¢ > 0. For any y € M, we define

¥, 00 = nllex = yhw( =),

and take 7, > O satisfying
II[])E})X Lg(t‘{‘g,y) = Lg(tg‘Pg’y),
where w € YVO is a positive ground-state solution to (25) whose existence is guaranteed by

Theorem 3.
Let®, : M — N_be given by

q)e (y) =1, lPe,y'
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By construction, ®,(y) has compact support for any y € M.

Lemma 12 The functional ®@, verifies the following limit:
lim L (®(y)) = dy, uniformly iny € M.
Proof Suppose that the thesis of the lemma is false. Then, we can find §, > 0, {y, },,eny € M
and g, — O such that
IL, (@, (v,))) = dy,| = 6. (36)
Now, for each n € N and for all z € B, we have ¢,z € B, and so

£,2+y, € Bs(y,) C Mz C A.

Using the definition of @, (yn) that G = F in A X R and taking the change of variable

7= ”E—} we have
tp t2p q t2p
L, (9, 0,) = » — Y, \n|| T 2_1’;|V1P5n,y“ l, En,yn”il/gn,q + 2_;|V1Psn,y“|;q
—/ G(e,x,t, P, | )dx
RN n nn
fe,
=— Ve, - DWIE + [ V(e z+y,)n(le,zhw(@)) dz
p P fan
2p
1
. 2p
n DI
i
" ;”(IV(H(IE,, g+ [ Vet s, dz)
[RN
2q
t
. 2q
n DI
- / F(1, n(le,z)w(z)) dz.
RN
37

Our purpose is to show that 7, — 1asn — oo. First, we prove that 7, — 1, € [0, c0). Note
that, (L’ (@, )P, () = Oandg fonAXRyield

1

gl L S tzq 5
£

2] 2
IV, [+ 5 ||l1g ol + IV 1

EnYn'p

n

(38)

3 / [ f@, n(le,zDw(z)
RN

(1, n(Je,zhw(2)-T (n(le,zhw()* dz.

Since 5(|x]) = 1forx € Bs and Ba C B for all n large enough, from (38) we deduce that

£n

@ Springer



V. Ambrosio, T. Isernia

1 » 1
2 | Sn’yn”VE,ﬁer 2|V Ye,,
te,, te

> Jt, w(2) vy
_/B.s e | MO &

Then, using (f;), we obtain

2
P V¥, |q‘1

2p l q
R TL AN
€

1 , 1 1 . ”
a7 e v, p ¥ 2 Ve ;7 + G I, lly, o 1V 1
tén " t, £ "
faw@) (39
2 [ﬁ]lw(z)l |B:,
(1, W)™ :

where w(z) = minZ B, w(z) > 0 (w is continuous and positive in RY). If, by contradiction,

t

2
. — 00, using 2¢g > g > p and the dominated convergence theorem, we have

”\Pgn,yn”VE”,r - ”W”],r € (09 00) Vr e {p’ q}s (40)

and

1 )
prer RO (A
£

1

+ —
2g-2,
[651 P

q 2 2
V¥, 1 enllv, gt IV I = IVOIE 4y

2p l
» +th|‘1’
&

On the other hand, condition (f3) gives
Flt, W)

e (1, WP “42)

In view of (39), (41) and (42), we obtain an absurd. Therefore, {tgﬂ}”eN is bounded, and
we may suppose that z, — ¢, for some 7, > 0. Taking into account (38), (40), (f,)f,), we
deduce thatz, € (0, oo).nNow, letting n — oo in (38), and using (40) and the dominated con-
vergence theorem, we obtain that

S@ow) W

29 P 2p=2q 2p 4 4 q 2 _
I+ W + I+ IV = [ e

Since w € ./\/lV“, then
4 2p q 2q _
I + 192+ ol 192 = [ o
Combining the above identities, we find

B2 DI, + G~ DIVWI + 7 = DIVl

= / [M — f(W) WZ‘I dx7
RN

(t(] W)Zq—] w2q-1

and using 2g > g > p and (f,), we deduce that 7, = 1 and the claim is proved.
By sending n — oo in (37), we have that
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lim L, (®, )= Ly, (W) =dy,

n—o00

which is in contrast with (36). This completes the proof of the lemma. a

Let p = p(5) > 0 be such that M; C B,. Define Y : RV — RY as Y'(x) = x for |x| < p
and Y(x) = ﬁ for |x| > p. Finally, we introduce the barycenter map §, : N, — RY given

by

/ Y (ex)(lu)” + |u(x)|?) dx
RN

Pe(u) =
/ ()" + |u(x)|* dx
RN

Since M C B, by the definition of Y and applying the dominated convergence theorem, we
conclude that

lg% f.(®,.(y)) =y uniformly iny € M. (43)

The next compactness result is fundamental for showing that the solutions of (12) are solu-
tions of (1).

Lemma 13 Let g, = 0 and {u,},e C ./\fgn be such that L, (u,) — dy,. Then, there exists
{5, uen C RY such that v, (x) = u,(x + §,) has a convergent subsequence in Yy, Moreover,
up to a subsequence, {y, },en = {€,5, ) nen IS Such that 'y, — y, € M.

Proof As in the proof of Lemma 7, we can prove that {u, } . is bounded in Yy, In view of
dV0 > 0, we have that ||u,, ”W -+ 0. Arguing as in the proof of Lemma 9 and Remark 5, we

can find {J, },ey € RY and R, § > 0 such that

n—oo

liminf/ lu,|9dx > p.
Br(F)

Putting v, (x) = u,(x + J,), we see that {v, }, is bounded in Yy, , and, up to a subsequence,
we may suppose that v, = v # 0 in Y, . Take 7, > 0 such that ¥, =1,v, € M, and set
Yn = €,5,- Usingu,, € N, and (g,), we get

dy, < Ly,(¥,)

1 1 1 1 1 1
< SIVP + =—|VP,|% + =|V,|9 + —|V¥ 2"+/V +y )| =5, + =[9,19 ) dx
_pl Tl 2p| ¥l ql bl 2ql Pl . (e,x +y,) plvnl qlvnl

- / F(v,)dx
RN

W o I P A f

U N N

< |Vun|§+Z|Vun|p”+Equn|Z+Zqu,,lq"-{-/NV(snx)<l—’|u,,|”+Elu,,l")dx
R

SRS

- / G(g,x, t,u,) dx
RN
=L, (t,u,) <L, (u,) =dy +o0,().

Hence,
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Ly, (3,) = dy, and {9,},en C My, . (44)

Moreover, {¥, },y 18 bounded in Yy, and we may suppose that ¥, — 7. We may assume that
t, = t, € (0, ). From the uniqueness of the weak limit, we have that ¥ = #,v #Z 0. By (44)
and Lemma 10, ¥, — ¥ in YVO and thus v, — vin YVO. In particular,

Ly (¥) =dy, and (L’Vo(v), 7y = 0.

Next, we prove that {y, }, <\ admits a bounded subsequence. Assume, by contradiction, that
there exists a subsequence of {y, },cy. still denoted by itself, such that|y,| = co. Let R > 0
be such that A C By. Then, for n large enough, we have |y,| > 2R, and for each x € Bz we

&n

obtain
e, X+ Y, 2 [yl = le,xl > R.

Then, taking into account that v, — v in YVU, the definition of g, and the dominated conver-
gence theorem, we deduce that

Il Il < [ ety e
RN

Br

€n

<[ Foov,dx+ / J,)v, dx
BL’R

&n

sl/'%mm+mmw+mn
KBR

£n

which implies that

1 » .
(1= 2 ) (I, + 1, ) < 0,00

and this gives a contradiction because of v, — v # 0 in Y, . Therefore, {y,},ey is bounded
in RY and, up to a subsequence, we may assume that y, — y,. If y, & A, we can proceed as
above to conclude v, — 0in Y;, . Hence, y € A. In order to prove that V(y,) = V;, we sup-
pose, by contradiction, that V(y,) > V;. Then, using ¥, — ¥ in Yy, , Fatou’s lemma and the
invariance of RY by translations, we deduce that

dy, = Ly, (%)

n—oo

+/ V(enx+yn)<l|vn|ﬂ+1|vn|q>dx—/ F(f/n)dx]
RN P q RN

<liminfL, (t,u,) < liminfL, (u,) = dy,
n—oco " n—oo "

<timinf [ 2195, 12 + 2195, 12 + Ljve 19+ L jvs 2
p P 2p Pg 7 2q 1

which yields a contradiction. Thus, V(y,) = V;and y, € M. From (V,), we get that y, & oM
and soy, € M. O

We now define the following subset of the Nehari manifold
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N, ={ueN,: Lw<dy, +x))},

where z(g) = sup,ey |L (D, () — dv0|- By Lemma 12, we deduce that z(¢) - O as € — 0.
By the definition of z(g), we have that, for all y € M and & > 0, ®,(y) € N, and NV, # §.
In what follows, we provide an interesting relation between N, and the barycenter map.

Lemma 14 For any 6 > 0, there holds that

lim sup dist(f, (1), M) = 0.
E—)O iy
uG./\fE

Proof Lete, — 0asn — oco. By definition, there exists {u,, },,eny C Kfe be such that

dist(ﬁgn(un),Mﬁ) = sup dist(f, (u),M;) + o0,(1).
WX, n

Then, it is enough to find a sequence {y, },eny C M such that
Jlim |5, () =y, | = 0.
Since Ly, (tu,) < L, (tu,) and {u, },ey C JT/’E" C ./\fén, we have that
dvo <c, < Ls,, (u,) < a’v0 + h(e,)

from which L, (,) — dy. Then, we can apply Lemma 13 to find {J,} C RY such that
Y. = €,¥, € M for n large enough. Hence,

/ (Y (6,2 + 3,) = 3,11ty + )17 + 1z + 5,1 dz
RN

ﬁg,,(un) =Yt
/ (@ + 3 I + lu, (2 +3,)|7) dz
RN

Since u,,(- + ¥,) strongly converges in Yy, and ¢,z +y, - y € Msforall z € RY, we deduce
that g, (u,) =y, + 0,(1). Therefore, {y, },\ satisfies the required property and the lemma
is proved. O

5 Proof of the main result

In this section, we give the proof of the main result of this work. We start by proving a
multiplicity result for (12). Note that, since S} is not a complete metric space, we cannot
use directly an abstract result as in [2-5, 23]. However, we can apply the abstract category
result in [46] to deduce the following result.

Theorem 4 Assume that (V\)<(V,) and (f)~(fy) hold. Then, for any given & > 0 such
that Mg C A, there exists €5 > 0 such that, for any € € (0,&;), problem (12) has at least
caty, (M) positive solutions.

Proof For each & > 0, we consider y, : M — S/ given by
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1.0 = m (@, ().
By Lemma 12, we get

lir% v, (r.(0) = lir%Lg(QJ6 ) = dvo uniformly iny € M.
£ E—
Hence, there exists £ > 0 such that

3: ={weS 1y (w) <dy +a(e)} #0

for all € € (0,€), in view of y, (M) C 3: Here, z(e) = SUPyen lw, (. () — dvo| — 0 as
e —0.

From the above considerations, and using Lemma 12, Lemma 3-(iii), Lemma 14 and
(43), we can find € = £€; > 0 such that the diagram of continuous mappings below is well
defined for € € (0, &):

@, m! ’ 3
M—=5®, (M)——y,(M)—>®, (M)~ M,

From (43), we can choose a function ¢(g,y) with |g(e, )| < g uniformly in y € M and
for all € € (0,€), such that f.(®.(y)) =y+¢(e,y) for all y € M. Therefore, the map
H :[0,1]XM — My given by H(t,y) =y+ (1 —15)c(e,y), with(z,y) €[0,1] XM is a
homotopy between f,o®, = (B,om,)o(m 'o®,) and the inclusion map id : M — M;.
Consequently,

cat, onYe(M) = caty, (M). (45)

Applying Corollary 1, Lemma 11, and Theorem 27 in [46], with c = ¢, < dv& + n(e)=d
and K =y, (M), we deduce that ¥, has at least cat, (7. (M) critical points on S, . Then, by
liroposition 1-(d) and (45), we can infer that L, admits at least caty, (M) critical points in
N.. O

The next result will be crucial to study the behavior of the maximum points of the solu-
tions. The proof is based on some arguments found in [2, 21, 26, 33].

Lemma 15 Lete, —» Oandu, € Kfen be a solution to (12). Then, Lgn(un) — an’ and there
exists {§,}peny € RY such that v, = u,(- +3,) € L*(RY) and for some C > 0 it holds

[V,lo < C foralln e N.

Moreover,
v,(x) = 0 as |x| = oo uniformly inn € N. (46)

Proof Observing that Lgn(u,,) < dVO + n(g,) with z(g,) — 0 as n — o0, we can repeat the
same arguments used at the beginning of the proof of Lemma 13 to show that L, (u,,) — dy,.
Then, applying Lemma 13, there exists {¥,},ey € RY such that v, = u,(- +3,) = v in Yy,
forsomev € Yy, \ {O}and¢,5, — y, € M.
Letxy € RV, Ry > 1,0 <t <5< 1<Rjand & € C(R") such that
2

0<&<L1, suppéCBx), &E=1lonB,(xy), |V&< —
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For{ > 1,setA, ., ={x € B,(xp) : v,(x) > {}and

Qn=/ (IVv, [P + Vv, |9)&? dx.
A

n,C.s

Note that, v, satisfies
A, / |Vv,|P~2Vv, - Vidx + B, / |Vv, |72V, - Vi dx
RN RN

+/ V,x0r! +V?,‘1)r1dx=/ (%, v, dx,
RN RN

forally € X,, where A, =1+ Ianlﬁ andB, =1+ |an|Z. Taking 5, = &9(v,, — {)* as test

function, we obtain

A, lq / & w, = OF | Vv, [PV, - VEdx + / &1V, |P dx]
ne.s Amg,x

Ang
+B, lq/ gq—‘(vn—g)+|an|q-2an~V§dx+/ 54|an|qu]
An.(.s

Angs

+ / V(027 e, = £t dx
A

nl.s

= / 8, (6, v, )€ (v, — )T dx.
An,[.s

Let us observe that v, > v#0 in VY, so that I <A, <C; and 1 <B, < C, for some
C,, C, > 0. Therefore, by (V;), we get

%50/ £ (v, = O IVEI (190,17 + [9v,197) dx
An.{,s

—/ %ﬁwfmmfwﬁﬂwf/gw%wm—ww.
A A/I,C,s

ne.s
Using the growth assumptions on g, for any a > 0 there exists C, > 0 such that

lgx, )| < alt]P~t 4+ C |t]9 7! forall (x,7r) € RY x R.

Then, choosing @ > 0 sufficiently small, we find

gsc/ (v, — O IVEN (1, [P 4+ [V, 171) da+
A

ne.s

/ VI lEd, - O dx.
A

ne.s

Proceeding similarly to the proof of Lemma 3.4 in [2], we get

v —C |7 *
Ay s—1 =

Exploiting the definition of &, we can infer that
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v,—¢
s

-
=l det €+ 1)|An,¢,sl>

/ |Vv,|?dx < C /
An,§,1 An,;,x

where C does not depend on { and { > ¢, > 1, for some constant ¢,
Now, fix R; > 0 and define

R, 1
= — l+f>,
% 2( 2
_ 1
6;=5(0+051).

& 1
5=5(1-5)
Ojn = / (0 = §)*)" .

n,{ff,a]v
Then, arguing as in Step 1 in Lemma 3.5 in [2], we can see that for eachn € N

0. <CATQ;;T forallj € NuU {0},

jon =
where C, 7 > 0 are independent of n and A > 1. Since v, — v in YVO, we see that

+\ 7
lim sup (lim sup QO,n> = lim sup (lim sup/ <(vn - %) > dx) =0.
n—o0o A

y— o n—oo =0 14000

Then, there exists n, € N and Ca‘ > 0 such that
1
Qo < CiA™Z  forn >ngand §y > ;.
Q;,, = 0forn > n,. On the other hand,

(%))

Exploiting Lemma 4.7 in [33], we have that limj_wo

lim Q,, = lim ((v,,—gj)+)"*dx=/
A Ry

j—)DO j—>00
Ak op 1
w5 5L
4.

Hence,

*

C +\ ¢
/ <(v,,——°>> dx=0 foralln > n,,
Ag«%,eTl 2

and so, for all n > ny,

v,(x) < C—ZO for a.e. x € Br, (xp).

From the arbitrariness of x, € R", we deduce that v,(x) < % for a.e. x € R" and for all

n > ny, that is

< @, for all n > n,.

Valoo
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Setting C = max { i—" Viloos -+ Wiyt o } we find that |v, |, < C for all n € N. Combin-
ing this estimate with the regularity results in [28], we can see that {v,} oy C CH(RN).

loc

Finally, we show that v,(x) — 0 as |x| — oo uniformly in n € N. Arguing as before, we
can see that for each 6 > 0, we have that

+\ ¢
lim sup <lim sup QO,n> = limsup | lim sup/ <<vn - é) ) dx | =0.
|xg| =00 n—-oo |xg| =0 n—oo A 4

n.Kg.00)
Therefore, applying lemma Lemma 4.7 in [33], there exist R, > 0 and n, € N such that

limQ;, =0 if |x| > R,, forn 2 ny,
J—

which yields

v,(x) < g for x € Bz, (xy) and |xy| > R,, for all n > n,.
2

Now, increasing R, if necessary, it holds
v,(x) < g for |x| > R,, for all n > n.
This completes the proof of the lemma. a

We are now ready to provide the main result of this section.

Proof of Theorem 1 Fix & > 0 such that M; C A. We first claim that there exists €5 > 0
such that for any € € (0, €;) and any solution u, € N of (12), it holds

|t |poag) < @ 47)

Suppose, by contradiction, that for some sequence ¢, — 0 we can find u, = u, € ng such
that L] (u, )=0and

u, |L°°(/\Z’ﬂ 2 a. (48)

As in Lemma 13, we have that L, (u )—=dy and therefore we can use Lemma 13 to find a
sequence {J, },en € RY such that 1 Vv, =u,(- +y,,) - vinYy and €.y, — yy € M.
Take >0 such that B.(y,) C B,,.(y,) CA, and so B ®)c A, . Then, for any

y € B (5,), it holds t

_ < —(r +0,(1)) < 2 for n sufficiently large.
£

n

-3

n n n

For these values of n, we have that AS C B¢, (3,). In view of (46), there exists R > 0 such

that
v,(x) <a forany|x| >R,neN,

from which
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u,(x) <a foranyx € By, ,n€N.
On the other hand, there exists v € N such that for any n > v it holds
A C B () © ByGy).
Consequently, u,(x) < a for any x € A{ and n > v, which contradicts (48).

Let £; > 0 be given by Theorem 4 and set 5 = min{&;, £5}. Take € € (0, &5). By Theo-
rem 4, we obtain at least NcatM‘S(M) positive solutions to (12). If u, is one of these solu-
tions, we have that u, € M, and we can use (47) and the definition of g to deduce that
g(ex,u,) = f(u,). This means that u, is also a solution of (1). Therefore, (1) has at least
caty, (M) solutions.

Now, we consider ¢, — 0 and take a sequence {u,},eny €W, of solutions to (12) as

above. In order to study the behavior of the maximum points of u,, we first note that, by the
definition of g and (g, ), there exists ¢ € (0, a) sufficiently small such that

1%
gex, Nt < f"(tp +19) foranyxeRM,0<7<o0. (49)

As before, we can take R > 0 such that

|ty |1 y5,) < 0 (50)
Up to a subsequence, we may also assume that

|ty | L 53,5, 2 O (51
Otherwise, if this is not the case, we see that |u,|, < o. Then, it follows from
(L;ﬂ(un), u,) = 0 and (49) that

VO
lwally, |, + Ml I, < / gle, % ), dx < — / (lot | + |, |9) dx
€n €n RN RN

which implies that ||un||"’,é » ||un||"’/é 4 — 0. and thus L, (u,) — 0. This last fact is impossi-

ble because L, (u,) — dy, > 0. Henée, (51) holds.

By virtue of (50) and (51), we can see that if p, is a global maximum point of u,,, then
Dn =, + g, for some g, € B;. Recalling that €,5, = y, € M and using the fact that
{q,}nen C By, we obtain that €,p,, — y,,. Since V is a continuous function, we deduce that

nlLrB: V(Snpn) = V(yO) = VO'

This completes the proof of Theorem 1. O
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