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Abstract. Critical thinking (CT) is convergent thinking that can be explored when students
learn mathematics. Yet, CT based on the level of mathematical ability has not been widely
explored. The participants involved 30 Year 11 students in Bandung, Indonesia. The research
instruments were a written CT ability test and a semi-structured interview guide. Interviews
were conducted in-depth to capture very high mathematical abilities until saturated data
were obtained. Data saturation occurred during the interview with the 10th participant,
where new categories and sub-categories were no longer found. Data was analyzed following
an intrinsic case study design based on the post-positivist paradigm through NVivo 12 plus.
This study found that students' CT ability level was very high, their thinking abilities varied,
and they able to provide solutions to anyone in solving similar problems. This finding will
have implications for the variety of students' critical thinking patterns in learning
mathematics on the application of the derivatives of algebraic function in high school.

Keywords: critical thinking ability, very high group mathematical ability, algebra function
derivative application, NVivo 12 plus
Introduction

Thinking is an activity to process the power of reasoning that a person does when faced
with a problem that needs to be solved (Ennis, 1993; McGregor, 2007). According to (Sobur,
2010), thinking is a process that affects the interpretation of stimuli that involves the process of
sensation, perception, and memorialization. In the scope of thinking, there is the term Critical
Thinking (CT), namely convergent thinking. Convergent thinking itself means thinking that is
done with an emphasis on the single most logical or appropriate answer (Ennis, 1991; Fisher,
2001; Halpern, 2014; McGregor, 2007; Munandar, 2016).

CT is one of the most important skills in the 21st century (Miller & Topple, 2020;
Sustekova et al., 2019). CT is very important because it allows a person to solve problems in
difficult situations, and has effective and accurate communication skills (Marzuki et al., 2019;
Setiyani et al., 2020). In the context of the new paradigm of learning curriculum (free learning)
in Indonesia, CT is one of the parts that is developed in the profile of Pancasila students
(Kementrian Pendidikan dan Kebudayaan, 2020), thus teaching and learning activities should
direct students to develop critical thinking skills.

CT capabilities have been identified as an area for development (Association of American

Colleges and Universities, 2005; Australian Council for Educational Research, 2002; Basri et
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al., 2019). Learning CT skills is a challenge for educators around the world (Wang & Woo,
2010), including in Indonesia. We realize that this is not an easy thing for teachers because
basically, critical thinking skills are not something that can be honed in a day or two, but it is
an ability that must be trained continuously. However, what is not easy does not mean it cannot.
We need to take this more seriously.

The importance of students' CT abilities in mathematics studied in educational settings
is that it allows individuals to go beyond simply storing information, to gain a more complex
understanding of the information presented to them (Dwyer et al., 2012; Halpern, 2014;
Widyatiningtyas et al., 2015). CT skills are also important in social and interpersonal contexts
where good decision-making and problem-solving are needed daily (As’ari et al., 2019; Hage,
2020; Liu & Hsueh, 2016). This shows that CT capabilities are important as a provision to face
the challenges of the 21st century.

In addition to the importance of CT skills for individual interests, and social interests,
this ability is also important in the child's learning process (Ennis, 1991; Fisher, 2001). CT
abilities can be explored when students learn mathematics, but in fact, the group's mathematical
CT ability is very high in solving mathematical problems, it has not been explored much,
especially in the application material of algebraic function derivatives. Where the function
derivative application material is a mandatory material that must be mastered by high school
students. Although there are several studies in the previous literature that have examined
mathematical CT abilities (Karpouza & Emvalotis, 2019; Marzuki et al., 2021; Miller & Topple,
2020; Sadeghi, 2020), they only considered only a few strategies, but they have not provided a
comprehensive source of CT capabilities in the application material of algebraic function
derivatives based on very high levels of mathematical ability.

The purpose of this study was to obtain a comprehensive picture of students'
mathematical CT abilities based on a very high level of mathematical ability in solving
mathematical problems in the application of derivatives of algebraic functions. The difference
between this researcher and previous research is that there are three new things; first, tracing
students' CT abilities through the treatment of derivative functions, and their application,
observation, CT skills tests, and in-depth semi-structured interviews; second, the data
processing uses a qualitative case study methodology assisted by the NVivo 12 plus software;
and third, the researcher collaborates with the teacher in the field of mathematics studies in
exploring the level of mathematical ability of students with a very high level of mathematical
ability, to achieve this goal, this research researcher uses a gqualitative methodology with the

type of case study, aiming to obtain comprehensive information about the ability The
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mathematical CT of students is based on a very high level of mathematical ability in solving

algebraic function derivative application problems at the high school level.

Method

Participants involved in this study amounted to 30 participants. To collect data on very high
level math skills, the researcher collaborated with a math teacher in class XI of senior high school
based on the results of daily tests, and report cards in the previous semester, then the researchers
grouped the students so that 10 students had very high levels of mathematical ability, consisting
of 4 students. boys, and 6 girls.

Instruments and materials used in data collection and analysis include: (1) CT ability test,
which consists of 4 questions that have been validated by experts. Before the critical thinking
ability test questions are used, validation, and reliability tests are carried out with the aim of
obtaining accurate data from the instruments used (Taherdoost & Group, 2017). Validity, and
reliability tests are carried out with reference to the opinion (Cohen et al., 2020). Content
validation was chosen to see the suitability of the context in the application material for
derivatives of algebraic functions both theoretically and practically, and to see the suitability of
Core Competence (CC), and Basic Competencies (BC). While the reliability test was carried out
to see how the context of the material provided affected the performance of students in answering
questions, so the researchers wanted to see the level of readability of critical thinking skills,
mathematics, (2) semi-structured interviews, which aims to find out how the CT ability of group
students is very high in completing mathematical problems in application material derived from
algebraic functions, (3) digital voice recorder, aims to record the voices of interviewed students,
researchers use a digital voice recorder in the form of a zoom application (Archibald,
Ambagtsheer, Casey, & Lawless, 2019). (4) NVivo 12 plus software, aims to analyze qualitative
data, whereas NVivo 12 plus can increase the efficiency of qualitative data analysis and facilitate
complex data management and analysis (Feng & Behar-Horenstein, 2019; Violetta Wilk,
Geoffrey N. Soutar, 2019). (5) Ethical considerations, permission to conduct this research was
granted by universities, schools, teachers in the field of mathematics studies, parents/guardians of
participants, and participating students. Consent letters were provided and signed by all
participants involved in this study. After the transcription was completed, the students had read
each transcript to ascertain whether the results of the interviews matched their agreement, and the
initials of the participants were used to disguise identity in this study.

This research is a qualitative, case study type with an intrinsic case study design based on
the post-positivist paradigm. According to (Stake, 1995), the purpose of intrinsic case studies is

not to find out general phenomena, but intrinsic interest in specific phenomena, so although theory
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can be built through this research, the main goal is not that, the case that wants to be disclosed is

by detecting how the individual ability of students to think critically whose level of student ability

is very high in solving algebraic function derivative application questions, here are the steps:

1. The first step, the researcher gave first treatment in class XI senior high school on the
application material of algebraic function derivatives, with the aim of getting closer to the
participants, so that they could get more information from them.

2. The second step, the researcher gave 4 questions on the CT ability test to 30 participants.

3. The third step, based on test result data, and data from collaboration with mathematicians for
class XI senior high school, namely the daily test results, and report cards in the previous
semester, obtained 10 students with a very high level of mathematical ability.

4. The fourth step, the researcher traced the answers of 10 participants, to be interviewed in
depth based on the criteria for the group's very high level of mathematical ability. For
interview data, researchers conducted in-depth interviews one by one, until the data reached
the saturated category (Charmaz, 2019). Data saturation occurred after interviewing the 10th
participant, which coincidentally, the number of participants with a very high level of thinking
ability was 10 people. The interview started by asking easy factual and personal questions,
such as after-school activities, studying outside of school, and students' daily activities. Then
conduct follow-up interviews, because some new questions can be detected each time the
interview. So we consider these questions in the next interview (Corbin & Strauss, 1990).
Researchers have conducted data analysis since the beginning of data collection, because the
results obtained lead to further interviews. If the data and information extracted from the
interview are not found in new categories, then the data is saturated, and the theory obtained
is sufficient (Eisenhardt, 1989).

Results and Discussion

The mathematical CT ability of group students is very high in solving mathematical problems in
the application material of algebraic function derivatives.

After analyzing sentence by sentence, word by word, on a written test of CT ability, and
semi-structured interviews, with the help of the Nvivo 12 Plus application software, the research
findings were obtained. In general, the findings on students' CT abilities are very high in solving
mathematical problems in the application material of algebraic function derivatives which include
9 categories, namely: (1) problem solving, (2) arguments, (3) derivative interpretation, (4)
strategy development, ( 5) reasoning, (6) analysis, (7) constructing meaning, (8) understanding

basic concepts, and (9) evaluating. The following is an analysis of the answers of 10 participants
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with very high levels of critical thinking skills with codes Al, A2, A3, A4, A5, A6, A7, A8, A9,

and A10.

1. Category problem-solving

Problem-solving carried out by participant A1, by looking for derivatives using the concept

of limit (A6, A7, & A10), then the result of the first derivative is seen as the gradient of the tangent

line (A7, & A8), then analyzing the results of f'(x) Vx, x # 0. Furthermore, knowing the concept

where the square number is always positive, the concept of the result of the operation of

multiplying and dividing between two negative and positive numbers, and finally, participant Al
concludes (A2) that the gradient is always negative (A2, A3, A4, A5, A6, A7, A8, A9, & A10).

In Figure 1, it can be seen from the beginning that participant Al solved the problem by

confirming a conclusion, namely "the gradient of the tangent is always negative", then participant

Al explained the solution that was carried out using the concept of limit so that the first derivative

was f'(x) = —%,x # 0. The next step is to analyze the results of the first derivative, namely

/ 2 . - .
f'(x) = X * 0, and in the end participant A1 concludes that, the gradient of the tangent to

the curve f(x) when x # 0 is always negative.
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Figurel. Participant answer A-1 to question number 1

2. Category Argument

Participant A2 was asked to provide an argument regarding the answer saying that, the

gradient of the tangent to the curve f is always negative. Participant A2 gives an argument about

f'(-2)=— % meaning that at the time of abscission (x

A4, A5, & AT). The graph of f(x) when the value of x

—2), the gradient is equal to —2 (A2,

—2, if from the sketch of the tangent

from the point abscissa —2, then it has a negative half gradient, and the graph on the left is slightly
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sloping towards the horizontal. Participant A2 also said that the graphic image f(x) = —%,x *
0 is in the quadrant 1 and 111 regions (See Figure 2). Furthermore, participants A2 were asked to
provide further arguments about the value of f'(—2) = —% in question number 1. Participants
A2 and A3 said when the value of x = —2 and 2, the slope of the slope (Al, A4, A5, & A7) at
that point is —%. This means that the gradient is negative (Al, A3, A4, A5, A6, A7, A8, A9, &
A10), and is always going down. Furthermore, A3's participation says, at time x = —%, the

function decreases, because the gradient of the tangent line is negative (— %,), andatx = — % the

first derivative is equal to — % meaning that there is no stationary point because — % not equal to

Zero.

x > 0, function f(x) down
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Figure 2. Answers of Participant A-2 to question number 1

3. Category derivative interpretation

Participant A3, in question number 1, part a, was asked about a conclusion about the graph
rising or falling of the function f when x > 0 or x < 0. Participant A3 said that f'(x) or the
gradient of the tangent line is always negative (A2, A5, A7, A9, & A10), when drawn (A2, & A4)
the gradient of each tangent line will point to the lower right, at every value of x in the function
f. This explains that the function f(x) always decreases for x > 0 or x < 0 (A3, A5, A6, A7,
A8, A9, & A10). Furthermore, participant A3 said that for any value of x (except zero) the
gradient will always be negative, so the graph will always go down (Al, A3, A5, A6, A7, A8,
A9, & Al0). So, for x < 0 or x > 0, it will not affect the monotony of the function or the rise

and fall of the function f(x). In addition, participant A2 also said that the graph of the function
flx) = f—c,x # 0 in quadrant | where the values of x and y are positive and in quadrant Il the x

value is negative and the y value is negative (see Figure 2).

83



Jurnal Didaktik Matematika Vol. 9, No. 1, April 2022

4. Category Strategy development

The development of a problem-solving strategy carried out by participant A4 in question
number 1, looks like the following expression of the interview conclusions:

"Choosing a strategy in reducing functions by using derivative formulas (A2, A3, A4, A5,

AB, A7, A8, A9, & A10), decreasing functions will be much faster when compared to using

the limit concept (A2, A3, A4, A6, A8, A9, & Al10). Then, choosing a strategy in concluding

f'(x) for those who do not know the concept of a quadratic number is always positive, may

have to use a multiple-point test (A5, & A10), and in the end, conclude some of the samples

that have been given”.

Meanwhile, participant A2 said that in developing the solution strategy, they used the
concept of limits (A1, A3, A4, A6, A8, A9, & A10), and the definition of derivatives (A1, A2,
A4, A6, A8, & A9). Besides that, you can also draw graphs (Al, & A3). From the graph it will
be seen that the function goes down or up, then proceeds to analyze the shape of the function (A1,
& ADb) to determine the negative definite nature. Furthermore, participant A3 said that the graph
of the function was displayed, then the tangent lines were drawn (the tangent line drawn at the
point of tangency with components x < 0 and x > 0). If you do this, you will see that the tangents
are all descending. This means that the slope of the tangent to f’(x) is negative and the function
decreases for both x < 0 and x > 0.

5. Category reasoning

The reasoning is a flow of thinking or student thinking that is used to produce statements
in concluding solving problems. The line of thinking used by participant Al in question number
2 includes; knowing where the function f(x) = y (A2), knowing that the roots on the graph of
the quadratic function are not only 3, but —3 as well (see Figure 3). Then participant Al looks
for the derivative, either by using the formula for the derivative of a polynomial or by using the
concept of limit (A2, A3, A9, & A10), after finding it, participant A1 continues by looking for
the equation of the line that passes through the point (x,,y;) with a gradient of m (A2, A3, A4,
A5, A6, A7, A9, & A10), then investigate how to sketch graphs (A4, A5, & A10) and their
analysis, both for graphs of linear equations and quadratic equations. Participant Al in question
number 2 was able to explain in more detail the process of solving the problem, it can be seen
from the following interview snippet:

“Especially for sketching a quadratic equation graph, knowing the concept of a stationary
point from the graph to determine the absolute minimum/maximum stationary point of the
graph".
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Figure 3. Participant A1 question number 2

The thinking flow of A2 participants includes the concept of a quadratic function, using the
equation formula for the tangent line (A1, A3, A4, A5, A6, A7, A9, & A10), the concept of limit
(A1, A3, A9, & A10) and the definition of derivative ( A1, A3, A6, A7, A9, & A10) to determine
the gradient of the tangent equation. Then proceed with sketching the graph of the function (A1,
A4, A5, & A10), and the equation of the tangent line.

A3 participants' thinking flow includes; (1) determining the properties of derivatives or the
concept of limits (A1, A2, A3, A9, & A10), in finding the first and second derivatives; (2) using
the linear equation formula if the gradient and point are known (y — y;) = m(x — x1); (3) to get
a stationary point, f'(x) = 0, is used, while the second derivative is used to determine the type of
stationary point. If f”(x) > 0 means the type of point is a relative minimum turning point if
f”(x) < 0 means the type of point is a relative maximum turning point (Al); (4) to get the
inflection point, f”(x) = 0 is used; (5) find the x-intercept of the graph, use f (x) = 0 and (6) find
the y-intercept of the graph, use x = 0.

6. Category analysis

In question number 2, participants are asked to analyze the graph of the y curve along with
the equations of the tangent lines, the analysis carried out by participant A1 in question number 2
is based on the graph that has been sketched by dividing the three interval regions, as seen in
participant Al (see Fig. 3), the combined graph of the quadratic function, and the two equations
of the tangent line. When x < 0, the y graph falls (A1, A2, A6, & A9). The downward y graph
is explained by the slope of the tangent line which is negative, when x = 0, the y graph
experiences a minimum. The graph of y experiencing a minimum can be explained by the slope
of the tangent line which is 0, and when x > 0, the graph of y increases (Al, A2, A6, & A9).

The rising y graph is described by the gradient of the tangent line which is positive. As an example
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of the answer, the tangent at x

—3 has a gradient of —6, the function descends at x. The tangent

line at x = 3 has a gradient of 6, the function goes up at that x.
7. Category building definition

Constructing meaning is to explain how the first derivative of a function can be viewed as
the rate of change. Participant A4 gave his opinion because the derivative formula itself comes
from the problem, for the example given a function, V (r), and suppose that V(r) is the volume
of a sphere determined by the radius. If the radius is increased by h, and his very small (towards
zero), we get V(r + h) is the final volume of the sphere. To calculate the average rate of change

of volume concerning the radius, we can use the concept of dividing the change in volume by the

-V (@)

change in radius, so that we get something like (V(TJr P . Since h is very small, towards zero,

h)- . .
M which represents the instantaneous rate of change of

we give a limit with ’lll_r)r(z)
volume concerning radius. Based on the example argument above, it can be concluded that the
first derivative of a function can be viewed as the rate of change.

Participant A5 said; For example, there is a variable y that depends on the variable x where
y = f(x). The change in x is x, — x4, while the change in y is y, — y,;. Broadly speaking, the
rate of change is divided into two, namely the average rate of change and the instantaneous rate
of change. To distinguish them, we can look at the value of x proposed in the problem, whether
it is an interval or a specific value. If it is an interval, then the rate of change is the average rate
of change. If it is a specific value, then the rate of change is the instantaneous rate of change. The

fx+h)—f(x) fx+h)—f(x)
h h

instantaneous rate of change can be expressed as , S0 that 1l1im can be

-0

viewed as the formula for the first derivative of a function, as explained by participant A5 below.
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X can be interpreted as the rate of change of function Against an
independent variable x, therefore, the rate of change of balloon
volume can also be interpreted as the first derivative of the balloon
volume equation

B.The rate of change of a function is the same as its first derivative,
provided that the limit value of x exists. Broadly speaking, the rate
of change of the function is divided into two, namely the average,
and the instantaneous, because the question does not mention the
interval x, but mentions the specific value of x (r = 25 cm), the
rate in question is the instantaneous rate, meaning the change in
the interval h is close to zero (h — 0), with a note that the limit
value is
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Figure 4. Participant A5 answered question number 3
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8. Category understanding basic concepts
There are several steps taken by participant A5 in examining the basic concepts used to
answer question number 4, following the answers of participant A5.
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Figure 4. Answers from Participant A-5 to question number 4

Participant A5 performs the basic concept used by investigating whether f(x) can be derived
for x = —1, by testing for continuity, f(x) at x = —1, using the concept that the left limit is
the same as the right limit. If the limits are the same, then the function can be derived. So the next
step is to reduce f(x) three times (A2, A4, A5, A6, A7, A8, A9, & A10), to find the first, second,
and third derivatives. The concept used by participant A5 here is by using the basic properties of
addition and subtraction derivatives (A3, & A4).

9. Category evaluating

To evaluate the statement in gquestion number 4 by participant A5 (See Fig. 6).
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Figure 6. Participant Answers A-5
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Participant A5 evaluates the derivative by substituting (A3, A4, A5, A6, A8, A9, & Al10)
the value of x = —1 in the equations obtained from the first, second, and third derivatives, then
operates it (A2) according to with the operations given to statements 1, 2, 3, and 4. Next, look for
which statements are wrong, so that the answers are fulfilled (A3, A4, & A5).

From the exploration of the answers of the participants whose mathematical abilities are
very high on the ability of the application material for the derivative of algebraic functions above,
conclusions are obtained about the subcategories and subcategories found in the extraction
process of the participants' answers which include, written tests, google forms, semi-interviews.
structured through the zoom application, obtained 9 categories, and 40 subcategories of students'
critical thinking skills that are correlated with each other. For the problem-solving category, 6
subcategories were obtained including the definition of the derivative, the concept of limit, the
gradient is always negative, substitution, the gradient is equivalent to the first derivative, must be
negative. The argument categories obtained are 6 sub-categories including definitely negative,
descending function, graph sketch, substitution, always gradient, negative f'(x) function is
negative. The category of derivative interpretation obtained 6 subcategories including graph
function f(x) always descends, the gradient of the tangent line, graph sketch, the gradient is
always negative, function f'(x) is always negative, graphic sketch. The strategy development
category obtained 8 sub-categories including graph sketch, mathematical induction, double point
test, derivative properties, the definition of derivative, graph method, limit concept, and functional
form analysis.

The categories obtained from 7 sub-categories include a definition of the derivative, the
concept of limit, relative maximum turning point, gradient equal to the first derivative, the concept
of quadratic function, x-axis, and y-axis intersection point, stationary point. Category analysis
obtained 6 sub-categories including positive and negative tangent gradient, minimum tangent
gradient, minimum relative turning point, decreasing function, the axis of symmetry, ascending
function. The category that builds meaning is obtained by 5 subcategories including the concept
of limit, the rate of change of the interpretation of the first derivative, the gradient of the first
derivative, the gradient of interpretation of the rate of change, the average rate of change. The
basic categories of the examination obtained are 4 sub-categories including substitution, (first,
second, and third derivative concepts), limit continuity, and conclusions. Categories obtained
from 8 sub-categories include a definition of the derivative, concept of limit, substitution, finding
false statements, operations, calculations, equations, and definitions of derivatives, to be clear,

see picture 7, NVivo 12 plus analysis balloon below.
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Figure 7. Categorles and sub- céfegorles of CT abllltles of very high group gtudents in solving
algebraic function derivative application problems.

The findings in the group of students with very high mathematical ability, students
mastered the problem better. All aspects in the category experienced a significant increase.
Students at a very high level of mathematical ability, students master the problem very well, this
can be seen from the category of argument and reasoning that appears with very significant
changes in the student problem-solving process. In addition, the strategies used are more varied,
and the process of examining the basic concepts and many sub-categories is found.

However, two aspects stand out the most at a very high level, namely argument and
reasoning. This is in line with several previous studies (Facione, 1990; Halpern, 2014; Lipman,
1988; Sadeghi, 2020; Sheromova etal., 2020) which emphasize the most important characteristics
of a critical thinker, namely argument, and reasoning, where the argument is described as a
cognitive activity, and reasoning is the key in developing critical thinking skills.

Many views from other researchers who say reasoning is the core of critical thinking
(Singer, 2018; Stella Cottrell, 2005; Sternberg, 2012), but in the results of this study, problem
solving skills are an important part of the process of critical thinking skills, the deeper the problem
solving process is, the more subcategories that can be explored from the participants' answers.

Furthermore, (Papp et al., 2014; Sadeghi, 2020) Critical thinking ability is very dependent
on the intellectual capacity of students, meaning that the higher the level of students' thinking
skills, the deeper the problem solving process. The process of developing students' critical
thinking skills should start from the learning process that uploads students' thoughts (Fahim &
Mirzaii, 2013). If the learning process inspires students' minds, and is supported by students'
intellectual capacity, it is certain that a variety of student problem solving strategies will be found.
Besides that, (Markey et al., 2020; Moon, 2007) said problem solving strategies are the most
important thing to strengthen critical thinking, where participants are required to see problems

from different perspectives.
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Conclusion

The findings in this study are expected to help educational practitioners in developing
students' CT abilities in the learning process, by paying attention to nine aspects of the
researchers' findings in CT abilities which include: problem-solving, arguments, derivational
interpretation, strategy development, reasoning, analysis, constructing meaning, a basic
understanding of concepts, and evaluation.

The critical thinking skills of group students are very high, critical thinking skills vary
widely in solving problems, and students can provide solutions to anyone who solves similar
problems. Aspects of problem-solving, argument, reasoning and analysis lead to the level of
creative thinking skills. This can be seen from the vocabulary that appears when students solve
problems. For example, analysis of the form of a function, continuity test, and identification of
each given equation.

The researcher's findings were limited to a very high level of mathematical ability, so
they did not find CT abilities in students with low, medium, and high mathematical ability levels
in the application material of algebraic function derivatives. Given the importance of exporting
CT abilities based on mathematical ability levels, further research on low, medium, and high

mathematical ability levels needs to be carried out further.
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