
On update schedules and dynamics of Boolean networks

Mathilde Noual

To cite this version:

Mathilde Noual. On update schedules and dynamics of Boolean networks. 2008. <hal-
00688157>

HAL Id: hal-00688157

https://hal.archives-ouvertes.fr/hal-00688157

Submitted on 16 Apr 2012

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
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✶ ■♥tr♦❞✉❝t✐♦♥

❖♥❡ ♦❢ t❤❡ ❝♦♠♠♦♥ ❛♣♣❧✐❝❛t✐♦♥s t❤❡r❡ ✐s ♦❢ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ✐s t❤❡ ♠♦❞❡❧✐s❛t✐♦♥ ♦❢ ❣❡♥❡t✐❝
♥❡t✇♦r❦s✳ ❖♥❝❡ t❤❡ ❛r❝❤✐t❡❝t✉r❡ ♦❢ ❛ ❣❡♥❡t✐❝ ♥❡t✇♦r❦ ✐s ❦♥♦✇♥✱ ✐t ♠❛② ❜❡ ✐♥t❡r❡st✐♥❣ t♦
st✉❞② ✐ts ❞②♥❛♠✐❝s ✐♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ ❜❡tt❡r ❤♦✇ t❤❡ ♥❡t✇♦r❦ ✇♦r❦s✳ ■❞❡♥t✐❢②✐♥❣ t❤❡
❛ttr❛❝t♦rs ♦❢ s✉❝❤ ❛ s②st❡♠ ✭t❤❛t ✐s✱ ✐ts ✜①❡❞ ♣♦✐♥ts ❛♥❞ ❧✐♠✐t ❝②❝❧❡s✮ ♠❛② ✐♥❞❡❡❞ ❤❡❧♣ ✉s t♦
❡①♣❧❛✐♥ ♣❤❡♥♦♠❡♥♦♥s s✉❝❤ ❛s ❝❡❧❧✉❧❛r ❞✐✈✐s✐♦♥s✱ ❞❡str✉❝t✐♦♥s ❛♥❞ ❞✐✛❡r❡♥❝✐❛t✐♦♥✳ ■♥ s♣✐t❡
♦❢ ✐ts r❛t❤❡r ❤✐❣❤ ❧❡✈❡❧ ♦❢ ❛❜str❛❝t✐♦♥✱ t❤❡ ♠♦❞❡❧✐s❛t✐♦♥ ♦❢ ❣❡♥❡t✐❝ ♥❡t✇♦r❦s ❜② ♠❡❛♥s ♦❢
❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ♠❛② t✉r♥ ♦✉t t♦ ❜❡ ✈❡r② ✉s❡❢✉❧ ❜❡❝❛✉s❡ ✐t ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ st✉❞② t❤❡
❧✐♠✐t ❜❡❤❛✈✐♦rs ♦❢ s✉❝❤ ❜✐♦❧♦❣✐❝❛❧ s②st❡♠s✳

❚❤❡ ❞②♥❛♠✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❛ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦ r❡❧② ♦♥ s❡✈❡r❛❧ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs✳
❉✉r✐♥❣ t❤✐s ✐♥t❡r♥s❤✐♣✱ ✇❡ ❤❛✈❡ ❡s♣❡❝✐❛❧❧② ❜❡❡♥ ❧♦♦❦✐♥❣ ❛t t❤r❡❡ ♦❢ t❤❡♠ ✇❤✐❝❤ ❛r❡ ✈❡r②
❝❧♦s❡❧② t✐❡❞ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ✐ts❡❧❢ ♦❢ ❛ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦ ✿ t❤❡ str✉❝t✉r❡ ♦❢ ❛ ♥❡t✇♦r❦✱ t❤❡ t②♣❡
♦❢ ❧♦❝❛❧ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s✱ ❛♥❞ t❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s
❜❡t✇❡❡♥ t❤❡ ❡❧❡♠❡♥ts ♦❢ ❛ ♥❡t✇♦r❦✱ t❤❡ ✇❛② ❡❛❝❤ ♦♥❡ ♦❢ t❤❡s❡ ❡❧❡♠❡♥ts ✐s ❛❝t✐✈❛t❡❞ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♦t❤❡r ❡❧❡♠❡♥ts ♦❢ t❤❡ ♥❡t✇♦r❦ ❛♥❞ t❤❡ ♦r❞❡r ❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤ t❤❡ st❛t❡s
♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♥❡t✇♦r❦ ❛r❡ ✉♣❞❛t❡❞✳

❚❤❡ ❝❡♥tr❛❧ q✉❡st✐♦♥ t❤❛t ❤❛s ❞✐r❡❝t❡❞ ♦✉r ✇♦r❦ ♥❛t✉r❛❧❧② ❢♦❧❧♦✇❡❞ ❢r♦♠ t❤❡ r❡s✉❧ts
♣r❡s❡♥t❡❞ ✐♥ ❬✶❪✳ ■t ✐s r❡❧❛t❡❞ t♦ t❤❡ ✐❞❡❛ ♦❢ t❤❡ r♦❜✉st♥❡ss ♦❢ ❛ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦ ✇✐t❤
r❡s♣❡❝t t♦ ♣❡rt✉r❜❛t✐♦♥s ♦❢ ✐ts ✉♣❞❛t❡ s❝❤❡❞✉❧❡✳ ❖♥ ♦♥❡ ❤❛♥❞✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡s❡
✉♣❞❛t❡ s❝❤❡❞✉❧❡s ✐♥ t❡r♠s ♦❢ s✐❣♥❡❞ ❞✐❣r❛♣❤s ✭❢♦r♠❛❧✐s♠ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶❪✮ ❛♥❞ ♦♥ t❤❡
♦t❤❡r ❤❛♥❞ ✇❡ ❤❛✈❡ ❡①❛♠✐♥❡❞ ♣❛rt✐❝✉❧❛r ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ✇❤♦s❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦rs
✇❡r❡ ✐❞❡♥t✐❝❛❧ ✇✐t❤♦✉t t❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ♦❢ t❤❡ ♥❡t✇♦r❦s ❜❡✐♥❣ ❛ ❞✐r❡❝t ❝❛✉s❡ ♦❢ ✐t✳ ❚❤✐s
♣❛♣❡r st❛rts ✇✐t❤ ❛ s❡r✐❡s ♦❢ ❞❡✜♥✐t✐♦♥s t❤❛t ✇❡ ✇✐❧❧ ❜❡ ✉s✐♥❣ ❡①t❡s✐✈❡❧② ❧❛t❡r ♦♥✳ ❙❡❝t✐♦♥ ✸
✐♥tr♦❞✉❝❡s t❤❡ ♣r♦❜❧❡♠s ✇❡ ❤❛✈❡ ✇♦r❦❡❞ ♦♥ ❞✉r✐♥❣ t❤✐s ✐♥t❡r♥s❤✐♣ ❛♥❞ t❤❡ ❧❛st t✇♦ s❡❝t✐♦♥s
♣r❡s❡♥t t❤❡ r❡s✉❧ts t❤❛t ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❛♥❞ t❤❡ ♦❜s❡r✈❛t✐♦♥s t❤❛t ✇❡ ❤❛✈❡ ♠❛❞❡✳

✷ ❉❡✜♥✐t✐♦♥s

❆ ❣❡♥❡t✐❝ ♥❡t✇♦r❦ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❞✐❣r❛♣❤ G = (V,A)✳ ❆♥ ❛r❝ (i, j) ♠❡❛♥s t❤❛t t❤❡
st❛t❡ ♦❢ t❤❡ ❣❡♥❡ ♦r ✈❡rt✐❝❡ j ❞❡♣❡♥❞s ♦♥ t❤❡ st❛t❡ ♦❢ t❤❡ ✈❡rt✐❝❡ i✳ ❚❤❡ st❛t❡ ♦❢ ❛ ✈❡rt✐❝❡ i
✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❜♦♦❧❡❛♥ ✈❛r✐❛❜❧❡ xi ∈ {0, 1}✳

◆♦t❛t✐♦♥s ✷✳✶ • ■❢ G ✐s ❛ ❞✐❣r❛♣❤✱ ✇❡ ✇✐❧❧ r❡❢❡r t♦ t❤❡ s❡t ♦❢ ✐ts ✈❡rt✐❝❡s ❛s V (G) ❛♥❞

t♦ t❤❡ s❡t ♦❢ ✐ts ❛r❝s ❛s A(G) ✇❤❡♥ t❤❡s❡ t✇♦ s❡ts ❤❛✈❡ ♥♦t ❛❧r❡❛❞② ❜❡❡♥ ♥❛♠❡❞✳

• ❆❧s♦✱ ✐♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ✇r✐t❡ [[a, b]] = {a, . . . , b} ❛♥❞

[[a, b[[= {a, . . . , b− 1}✱ ❢♦r ❛♥② ✐♥t❡❣❡rs a ❛♥❞ b✳

• G = (V,A) ❜❡✐♥❣ ❛ ❞✐❣r❛♣❤ ❛♥❞ i ∈ V ♦♥❡ ♦❢ ✐ts ✈❡rt✐❝❡s✱ N(i) ❞❡♥♦t❡s t❤❡ s❡t

{j ∈ V | (j, i) ∈ A}✳ ■❢ j ∈ N(i)✱ ✇❡ s❛② t❤❛t i ❞❡♣❡♥❞s ♦♥ j✳

❉❡✜♥✐t✐♦♥ ✷✳✷ ❆♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ♦❢ t❤❡ ✈❡rt✐❝❡s ♦❢ ❛ ❞✐❣r❛♣❤ G = (V,A) s✉❝❤ t❤❛t

|V | = n ✐s ❛ ❢✉♥❝t✐♦♥ s : V → [[1, n]] s✉❝❤ t❤❛t t❤❡ s❡t ♦❢ ❛❧❧ ✐♠❛❣❡s ♦❢ t❤❡ ✈❡rt✐❝❡s ♦❢ V ✐s

❛ s❡t ♦❢ ❝♦♥s❡❝✉t✐✈❡ ✐♥t❡❣❡rs ❝♦♥t❛✐♥✐♥❣ t❤❡ ✐♥t❡❣❡r 1✳

✶



❉❡✜♥✐t✐♦♥s

■❢ ∀i ∈ V, s(i) = 1✱ t❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ✐s s❛✐❞ t♦ ❜❡ ♣❛r❛❧❧❡❧✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ✇✐❧❧

✇r✐t❡ s = sp✳ ■❢ s ✐s ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ t❤❡ s❡t {1, . . . , n}✱ s ✐s s❛✐❞ t♦ ❜❡ s❡q✉❡♥t✐❛❧✳ ❆♥❞

✐♥ ❛❧❧ ♦t❤❡r ❝❛s❡s✱ s ✐s s❛✐❞ t♦ ❜❡ ❜❧♦❝❦ s❡q✉❡♥t✐❛❧✳

❆s ♠❡♥t✐♦♥♥❡❞ ✐♥ ❬✹❪✱ t❤❡ ♥✉♠❜❡r ♦❢ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s ❛ss♦❝✐❛t❡❞ t♦ ❛ ❣✐✈❡♥ ❞✐❣r❛♣❤ ♦❢
♦r❞❡r n ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♦r❞❡r❡❞ ♣❛rt✐t✐♦♥s ♦❢ ❛ s❡t ♦❢ s✐③❡ n✱ t❤❛t ✐s

In =

n−1∑

k=0

(
n

k

)
Ik.

◆♦t❛t✐♦♥ ✷✳✸ ▲❡t G = (V,A) ❜❡ ❛ ❞✐❣r❛♣❤ ❛♥❞ s ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡✳ ❲❡ ❞❡✜♥❡ Bs
t =

{i ∈ V | s(i) = t}✳

❉❡✜♥✐t✐♦♥ ✷✳✹ ▲❡t G = (V,A) ❜❡ ❛ ❞✐❣r❛♣❤ ❛♥❞ s ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡✱ ✇❡ ❞❡✜♥❡ t❤❡

❢✉♥❝t✐♦♥ signs : A→ {−,+} ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛② ✿

∀(j, i) ∈ A, signs(j, i) =

{
+ ✐❢ s(j) ≥ s(i)

− ✐❢ s(j) < s(i).

❆♥ ❛r❝ a ∈ A s✉❝❤ t❤❛t signs(a) = + ✐s ❝❛❧❧❡❞ ❛ ♣♦s✐t✐✈❡ ❛r❝ ❛♥❞ ❛♥ ❛r❝ a ∈ A s✉❝❤ t❤❛t

signs(a) = − ✐s ❝❛❧❧❡❞ ❛ ♥❡❣❛t✐✈❡ ❛r❝✳ ❆❧s♦✱ ❛ s❡t ♦❢ ♣♦s✐t✐✈❡ ✭r❡s♣✳ ♥❡❣❛t✐✈❡✮ ❛r❝s ✇✐❧❧

❜❡ s❛✐❞ t♦ ❜❡ ❛ ♣♦s✐t✐✈❡ ✭r❡s♣✳ ♥❡❣❛t✐✈❡✮ s❡t ♦❢ ❛r❝s✳ ▲❛❜❡❧✐♥❣ ❡✈❡r② ❛r❝ a ♦❢ A ❜② signs(a)✱
✇❡ ♦❜t❛✐♥ ❛ s✐❣♥❡❞ ❞✐❣r❛♣❤ ❞❡♥♦t❡❞ ❜② Gs✳ ■❢ t❤✐s s✐❣♥❡❞ ❞✐❣r❛♣❤ ❝♦♥t❛✐♥s ♦♥❧② ♣♦s✐t✐✈❡

✭r❡s♣✳ ♥❡❣❛t✐✈❡✮ ❛r❝s✱ ✇❡ ✇✐❧❧ ❝❛❧❧ ✐t ❛ ♣♦s✐t✐✈❡ ✭r❡s♣✳ ♥❡❣❛t✐✈❡✮ s✐❣♥❡❞ ❞✐❣r❛♣❤✳

◆♦t❛t✐♦♥ ✷✳✺ ❲❡ ✇r✐t❡ N+
s (i) = {j ∈ V | signs(j, i) = +} ❛♥❞ N−

s (i) = {j ∈ V | signs(j, i) =
−}✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ N(i) = N+

s (i) ∩N−
s (i)✳

+

+

+

−
1

3

2

4
−

−

❋✐❣✉r❡ ✶✿ ❆ ❞✐❣r❛♣❤ G = (V,A) s✐❣♥❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥ signs ✇❤❡r❡ ∀i ∈ V = {1, . . . , 4}✱
s(i) = i ✭t❤✐s ❡①❛♠♣❧❡ ✐s t❛❦❡♥ ❢r♦♠ t❤❡ ❛rt✐❝❧❡ ❬✶❪✮✳

❉❡✜♥✐t✐♦♥ ✷✳✻ ▲❡t G = (V,A) ❜❡ ❛ ❞✐❣r❛♣❤ s✉❝❤ t❤❛t |V | = n✱ t❤❡ ❧♦❝❛❧ ❛❝t✐✈❛t✐♦♥

❢✉♥❝t✐♦♥ ♦❢ ❛ ✈❡rt✐❝❡ i ✐s ❛ ❢✉♥❝t✐♦♥ fi : {0, 1}n → {0, 1} s✉❝❤ t❤❛t ✐❢ j ∈ N(i)✱ t❤❡♥

∃x1, . . . xj−1, xj+1, . . . xn ∈ {0, 1}n−1,

fi(x1, . . . , xj−1, 0, xj+1, . . . , xn) 6= fi(x1, . . . , xj−1, 1, xj+1, . . . , xn).

✷



Pr❡❧✐♠✐♥❛r② r❡s✉❧ts ❛♥❞ ♠♦t✐✈❛t✐♦♥s

❛♥❞ ✐❢ j /∈ N(i)✱ t❤❡♥ fi ✐s ✐♥❞❡♣❡♥❞❛♥t ♦❢ ✐ts jt❤ ❝♦♦r❞✐♥❛t❡✳ ▲❡t s ❜❡ ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ♦❢

t❤❡ ✈❡rt✐❝❡s ♦❢ G✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ fs
i ✈❡r✐❢②✐♥❣ ∀x = x1 . . . , xn ∈ {0, 1}n✱ fs

i (x) =
fi(g

s
i,1(x), . . . , gs

i,n(x)) ✇❤❡r❡

gs
i,j(x) =

{
xj s✐ s(j) ≥ s(i) ✐✳❡✳ ✐❢ signs(j, i) = +,

fs
j (x) s✐ s(j) < s(i) ✐✳❡✳ ✐❢ signs(j, i) = −.

❉❡✜♥✐t✐♦♥ ✷✳✼ ❲❡ s❛② ❛ ❢✉♥❝t✐♦♥ f : {0, 1}n → {0, 1} ✐s s②♠♠❡tr✐❝❛❧ ✐❢ ∀x1, . . . , xn ∈
{0, 1}n, ∀i < j ∈ [[1, n]], f(x1, . . . , xi, . . . , xj , . . . , xn) = f(x1, . . . , xj , . . . , xi, . . . , xn)✳ ■❢ f
✐s s②♠♠❡tr✐❝❛❧ ✇❡ ✇✐❧❧ s♦♠❡t✐♠❡s ✇r✐t❡ f(x) = f(xj | j ∈ [[1, n]])✳

■♥ t❤❡ s❡q✉❡❧✱ ❛❧❧ ❧♦❝❛❧ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s ✇✐❧❧ ❜❡ s✉♣♣♦s❡❞ t♦ ❜❡ s②♠♠❡tr✐❝❛❧✳

❉❡✜♥✐t✐♦♥ ✷✳✽ ▲❡t G ❜❡ ❞✐❣r❛♣❤ s✉❝❤ t❤❛t |V (G)| = n✱ s ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ❛♥❞ {fi | i ∈
V } ❛ s❡t ♦❢ ❧♦❝❛❧ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s✳ ❆ ❣❧♦❜❛❧ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❛ ❢✉♥❝t✐♦♥ F :
{0, 1}n → {0, 1}n s✉❝❤ t❤❛t ∀x ∈ {0, 1}n, F (x) = (fs

1 (x), . . . , fs
n(x))✳ ❚❤✉s✱ F s(x)i =

fs
i (x) = fi(g

s
i,1(x), . . . , gs

i,n(x))✳
❆♥❞ ✐❢ fi ✐s s②♠♠❡tr✐❝❛❧ ✇❡ ✇r✐t❡

F s(x)i = fi(xj | j ∈ N+
s (i) ; fs

j (x) | j ∈ N−
s (i)).

❉❡✜♥✐t✐♦♥ ✷✳✾ ❆ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦ ✐s ❛ tr✐♣❧❡t R = (G, F, s) ✇❤❡r❡ G ✐s ❛ ❞✐❣r❛♣❤✱ F
✐s ❛ ❣❧♦❜❛❧ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ s ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡✳

❲❡ ✇✐❧❧ s❛② t❤❛t t✇♦ ♥❡t✇♦r❦s R1 = (G, F, s1) ❛♥❞ R2 = (G, F, s2) ❤❛✈❡ t❤❡ s❛♠❡

❞②♥❛♠✐❝s ✐❢ F s1 = F s2✳

❉❡✜♥✐t✐♦♥ ✷✳✶✵ ❚❤❡ s❡t ♦❢ st❛t❡s {0, 1}n ❜❡✐♥❣ ✜♥✐t❡✱ ❛ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦ ❝❛♥ ♦♥❧② ❤❛✈❡

t✇♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❧✐♠✐t ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦r ✇❤✐❝❤ ✇❡ ❝❛❧❧ t❤❡ ❛ttr❛❝t♦rs ♦❢ t❤❡ ♥❡t✇♦r❦✿

• ❛ ✜① ♣♦✐♥t✱ ✐s ❛ ♣♦✐♥t x ∈ {0, 1}n s✉❝❤ t❤❛t F s(x) = x✱

• ❛ ✭❞②♥❛♠✐❝❛❧✮ ❝②❝❧❡ ♦❢ ❧❡♥❣t❤ l > 1✱ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦✐♥ts [x0, . . . , xl−1, xl] s✉❝❤

t❤❛t xl = x0✱ ∀t, r ∈ [[1, l]], xt 6= xr ❛♥❞ F s(xt) = xt+1✳

✸ Pr❡❧✐♠✐♥❛r② r❡s✉❧ts ❛♥❞ ♠♦t✐✈❛t✐♦♥s

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s t❛❦❡♥ ❢r♦♠ t❤❡ ❛rt✐❝❧❡ ❬✶❪✳

❚❤❡♦r❡♠ ✸✳✶ ▲❡t R1 = (G, F, s1) ❛♥❞ R2 = (G, F, s2) ❜❡ t✇♦ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s t❤❛t ❞✐✛❡r

♦♥❧② ❜② t❤❡✐r ✉♣❞❛t❡ s❝❤❡❞✉❧❡✳ ■❢ Gs1 = Gs2✱ t❤❡♥ R1 ❛♥❞ R2 ❤❛✈❡ t❤❡ s❛♠❡ ❞②♥❛♠✐❝s✳

✸



❖♥ s✐❣♥❡❞ ❞✐❣r❛♣❤s

❘❡♠❛r❦ ✸✳✷ ■❢ t∗ = min{s1(i) | ∃j ∈ N(i), signs1
(j, i) 6= signs2

(j, i)}, ✇❡ ❡✈❡♥ ❤❛✈❡

t❤❛t ∀i ∈ Bs1

t ✱ t < t∗✱ fs1

i = fs2

i ✳ ■♥❞❡❡❞✱ ❧❡t i ❜❡ s✉❝❤ ❛ ✈❡rt✐❝❡✳ ❙✐♥❝❡ ∀j ∈ N(i)✱
signs1

(j, i) = signs2
(j, i) ❜② ✐♥❞✉❝t✐♦♥ ♦♥ s1(i) ✭j ∈ N−

s1
(i)⇒ s1(j) < s1(i)✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣

❤♦❧❞s
fs1

i (x) = fi(xj | j ∈ N+
s1

(i) ; fs1

j (x)| j ∈ N−
s1

(i))

= fi(xj | j ∈ N+
s2

(i) ; fs2

j (x)| j ∈ N−
s2

(i)) = fs2

i (x)

❚❤❡♦r❡♠ ✸✳✶ ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ✇✐t❤ r❡s♣❡❝t t♦ s✐❣♥❡❞ ❞✐❣r❛♣❤s ✿ ✐❢
s ✐s ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ♦❢ t❤❡ ✈❡rt✐❝❡s ♦❢ ❛ ❞✐❣r❛♣❤ G✱ ✇❡ ✇r✐t❡ [s]GS t❤❡ s❡t ♦❢ ✉♣❞❛t❡

s❝❤❡❞✉❧❡s s′ s✉❝❤ t❤❛t s
GS
∼ s′✱ ✐✳❡✳✱ Gs = Gs′ ✳ ❚❤✉s✱ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✱ [s]GS ✱ ✐s ❛ s❡t

♦❢ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s t❤❛t ❛❧❧ ②❡✐❧❞ t❤❡ s❛♠❡ s✐❣♥❛t✉r❡ ♦❢ ❛ ❞✐❣r❛♣❤ G✳ ❆❧s♦✱ ✇❡ ❡①t❡♥❞ t❤✐s
♥♦t❛t✐♦♥ t♦ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ✿ R1 = (G, F, s1) ❛♥❞ R2 = (G, F, s2) ❜❡✐♥❣ t✇♦ ❜♦♦❧❡❛♥

♥❡t✇♦r❦s t❤❛t ❞✐✛❡r ♦♥❧② ❜② t❤❡✐r ✉♣❞❛t❡ s❝❤❡❞✉❧❡s✱ ✇❡ ✇r✐t❡ R1
GS
∼ R2 ✐❢ ❛♥❞ ♦♥❧② ✐❢

s1
GS
∼ s2✳

❉✉r✐♥❣ t❤✐s ✐♥t❡r♥s❤✐♣✱ ✇❡ ❤❛✈❡ t❛❦❡♥ ✐♥t❡r❡st ✐♥ t✇♦ ❞✐st✐♥❝t s❡r✐❡s ♦❢ q✉❡st✐♦♥s✳ ❙❡❝✲

t✐♦♥ ✹ ❞❡❛❧s ✇✐t❤ t❤❡ ✜rst ♦♥❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐t ❞❡❛❧s ✇✐t❤ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥
GS
∼ ✳

❇② st✉❞②✐♥❣ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ♦❢
GS
∼ ✱ ✇❡ ❤❛✈❡ ✇♦r❦❡❞ ♦♥ ❛ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ t❤❡ r♦✲

❜✉st♥❡ss ♦❢ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡✐r ✉♣❞❛t❡ s❝❤❡❞✉❧❡s✳ ❚❤❡ ❜✐❣❣❡r t❤❡ s✐③❡s
♦❢ t❤❡ ❝❧❛ss❡s [·]GS ❛♥❞ t❤❡ s♠❛❧❧❡r t❤❡✐r ♥✉♠❜❡r✱ t❤❡ ♠♦r❡ t❤❡ ♥❡t✇♦r❦s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞
❛s r♦❜✉st ✇✐t❤ r❡s♣❡❝t t♦ t❤❡✐r ✉♣❞❛t❡ s❝❤❡❞✉❧❡s✳

❚❤❡ s❡❝♦♥❞ s❡r✐❡s ♦❢ q✉❡st✐♦♥s t❤❛t ♣r♦♠♣t❡❞ s❡❝t✐♦♥ ✺ ♦❢ t❤✐s ❛❝❝♦✉♥t✱ ❝♦♥❝❡r♥s t❤❡

❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥
D
∼ ❞❡✜♥❡❞ ❜❡❧♦✇ ✿

R1
D
∼ R2 ⇔ ∀x ∈ {0, 1}|V (G)|, F s1(x) = F s2(x)

✇❤❡r❡ R1 = (G, F, s1) ❛♥❞ R2 = (G, F, s2)✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ❢♦r t❤✐s r❡❧❛t✐♦♥ ❛r❡

✇r✐tt❡♥✶ [R]D✳ ❖❜✈✐♦✉s❧②✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡♦r❡♠ ✸✳✶✱ ✐t ❤♦❧❞s t❤❛t R1
GS
∼ R2 ⇒ R1

D
∼ R2✳

❍♦✇❡✈❡r✱ t❤❡ ❡①❛♠♣❧❡ ❣✐✈❡♥ ✐♥ ✜❣✉r❡ ✸ s❤♦✇s t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❤❛✈❡ Gs 6= Gs′ ❛♥❞

F s = F s′ ✱ ✐✳❡✳✱ R1
D
∼ R2 ❜✉t ♥♦t R1

G
∼ R2 ✭✇❤❡r❡ R1 ❛♥❞ R2 ❞✐✛❡r ♦♥❧② ❜② t❤❡✐r ✉♣❞❛t❡

s❝❤❡❞✉❧❡s✮✳ ❚❤✉s✱ t❤❡ ❝♦♥✈❡rs❡ ♦❢ t❤❡♦r❡♠ ✸✳✶ ✐s ♥♦t tr✉❡✳ ❚❤❡ ✈❡r② ✜rst q✉❡st✐♦♥ r❛✐s❡❞
❞✉r✐♥❣ t❤✐s ✐♥t❡r♥s❤✐♣ ♣❡r✐♦❞ ✇❛s ❛❜♦✉t t❤❡ ❝♦♥❞✐t✐♦♥s t❤❛t ✇♦✉❧❞ ❛❧❧♦✇ ✉s t♦ ❢♦r♠✉❧❛t❡❞
❛ ❦✐♥❞ ♦❢ ❝♦♥✈❡rs❡ ♣r♦♣♦s✐t✐♦♥ t♦ t❤✐s t❤❡♦r❡♠✳ ❚❤❡ ♦❜s❡r✈❛t✐♦♥s ♠❛❞❡ ❢♦❧❧♦✇✐♥❣ t❤✐s
q✉❡st✐♦♥ ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✺✳

✹ ❖♥ s✐❣♥❡❞ ❞✐❣r❛♣❤s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ r❡❧❛t✐♦♥
GS
∼ ❛♥❞ t❤❡ s✐❣♥❛t✉r❡s ♦❢ ❛ ❣✐✈❡♥ ❞✐❣r❛♣❤ G✳ ❋✐rst✱

✇❡ ❣✐✈❡ ❛ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ t❤❡ s✐❣♥❛t✉r❡ ❢✉♥❝t✐♦♥s signG : A(G) → {+,−} t❤❛t ✐♥❞❡❡❞

✶❲❤❡♥ t❤❡r❡ ✇✐❧❧ ❜❡ ♥♦ ❛♠❜✐❣✉✐t② ♦♥ t❤❡ ❞✐❣r❛♣❤ G✱ ♥❡✐t❤❡r ♦♥ t❤❡ ❢✉♥❝t✐♦♥ F ✱ ❣✐✈❡♥ ❛ ♣r✐♦r✐✱ ✇❡ ✇✐❧❧
❛❧s♦ ❛❧❧♦✇ ♦✉rs❡❧✈❡s t♦ ✇r✐t❡ [s]D

✹



❖♥ s✐❣♥❡❞ ❞✐❣r❛♣❤s P♦ss✐❜❧❡s s✐❣♥❡❞ ❞✐❣r❛♣❤s

+

+

+

−
1

3

2

4
−

−

+

+

+

−
1

3

2

4
+

−

a) b)

❋✐❣✉r❡ ✷✿ ❚✇♦ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s R1 = (G, F, s1) ❛♥❞ R2 = (G, F, s2) ✇✐t❤ t❤❡ s❛♠❡
✉♥❞❡r❧②✐♥❣ ❞✐❣r❛♣❤ G ❛♥❞ t❤❡ s❛♠❡ ✉♥❞❡r❧②✐♥❣ ❧♦❝❛❧ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛❧❧ ♦❢ ✇❤✐❝❤ ❜❡✐♥❣
❡q✉❛❧ t♦ t❤❡ ❜♦♦❧❡❛♥ ❢✉♥❝t✐♦♥ OR✳ ❚❤❡s❡ t✇♦ ♥❡t✇♦r❦s ❤❛✈❡ ❞✐✛❡r❡♥t s✐❣♥❡❞ ❞✐❣r❛♣❤s ❜✉t
t❤❡✐r ❞②♥❛♠✐❝s ❛r❡ ✐❞❡♥t✐❝❛❧✳ ▲❡t ✉s ✇r✐t❡ s = x′

1x
′
2 . . . x′

n t♦ ❞❡♥♦t❡ t❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡
♦❢ ❛ s❡t ♦❢ n ✈❡rt✐❝❡s ♥✉♠❜❡r❡❞ ❢r♦♠ 1 t♦ n s✉❝❤ t❤❛t s(i) = x′

i✱ ∀i ∈ {1, . . . , n}✳ a.
❚❤❡ ♥❡t✇♦r❦ R1✳ s1 = 1234 b. ❚❤❡ ♥❡t✇♦r❦ R2✳ s2 = 1324✳ ■♥❝✐❞❡♥t❧②✱ ♥♦t❡ t❤❛t
[s1]

GS = {1234, 1123}✱ [s2]
GS = {1324, 1323, 1223} ❛♥❞ [s1]

D = [s1]
GS ∪ [s2]

GS ✳

❝♦rr❡s♣♦♥❞ t♦ t❤❡ s✐❣♥❛t✉r❡ ❢✉♥❝t✐♦♥s t❤❛t ❛r❡ ✐♥❞✉❝❡❞ ❜② ✉♣❞❛t❡ s❝❤❡❞✉❧❡s✳ ❚❤❡♥✱ ✇❡
❡①❛♠✐♥❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s s t❤❛t✱ ♣r❡❝✐s❡❧②✱ ❛r❡ s✉❝❤ t❤❛t signG = signs✳ ❚❤❡ s❡❝t✐♦♥ ❡♥❞s
✇✐t❤ s♦♠❡ ♦❜s❡r✈❛t✐♦♥s t❤❛t ✇❤❡r❡ ♠❛❞❡ t♦ ❤❡❧♣ ❞❡t❡r♠✐♥❡ t❤❡ ♥✉♠❜❡r ♦❢ [·]GS ❝❧❛ss❡s ❛♥❞
❡✈❡♥t✉❛❧❧② t♦ ❡♥✉♠❡r❛t❡ t❤❡♠ ❛s ✇❡❧❧✳

❲❡ ✜rst st✉❞② ❞✐❣r❛♣❤s G s✐❣♥❡❞ ❜② ❛ s✐❣♥❛t✉r❡ ❢✉♥❝t✐♦♥ signG ❛ ♣r✐♦r✐ ✐♥❞❡♣❡♥❞❛♥t
♦❢ ❛❧❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡✳ ❚❤❡ ♥♦♥✲s✐❣♥❡❞ ❞✐❣r❛♣❤ ✉♥❞❡r❧②✐♥❣ G ✐s ❞❡♥♦t❡❞ ❜② NS(G)✳

❉❡✜♥✐t✐♦♥ ✹✳✶ ■♥ t❤❡ s❡q✉❡❧✱ ✇❡ s❛② t❤❛t G ✐s ❛ ♣♦ss✐❜❧❡ s✐❣♥❡❞ ❞✐❣r❛♣❤ ✐❢ t❤❡r❡ ❡①✐sts

❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s s✉❝❤ t❤❛t ∀a ∈ A(G)✱ signG(a) = signs(a)✳ ❲❡ ❝❛❧❧ ✐t ❛♥ ✐♠♣♦ss✐❜❧❡

s✐❣♥❡❞ ❞✐❣r❛♣❤ ♦t❤❡r✇✐s❡✳

❲❡ ✇✐❧❧ ❛❧s♦ ❜❡ ♠❡♥t✐♦♥✐♥❣ ♣♦ss✐❜❧❡ ♦r ✐♠♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡s ❞❡s✐❣♥❛t✐♥❣ ❛ ❢✉♥❝t✐♦♥

signG t❤❛t ❣✐✈❡s ❛ s✐❣♥ t♦ ❡❛❝❤ ❛r❝ ♦❢ ❛ ❞✐❣r❛♣❤ ♠❛❦✐♥❣ ✐t ❛ ♣♦ss✐❜❧❡ ♦r ❛♥ ✐♠♣♦ss✐❜❧❡ s✐❣♥❡❞

❞✐❣r❛♣❤✳

◆♦t❛t✐♦♥ ✹✳✷ ▲❡t G ❜❡ ❛ s✐❣♥❡❞ ❞✐❣r❛♣❤✳ I(G) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s s ♦❢

t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ♦❢ NS(G) s✉❝❤ t❤❛t (NS(G))s = G✳ G ✐s t❤✉s ♣♦ss✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

|I(G)| > 0✳

✹✳✶ P♦ss✐❜❧❡s s✐❣♥❡❞ ❞✐❣r❛♣❤s

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ❛r❡ t❤❡ ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡s ♦❢ ❛ ❞✐❣r❛♣❤✳
❋✐rst✱ ❧❡t ✉s ❣✐✈❡ ❛ ❢❡✇ ♠♦r❡ ❞❡✜♥✐t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✹✳✸ ▲❡t G = (V,A) ❜❡ ❛ ❞✐❣r❛♣❤ s✐❣♥❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥ signG✳ ❲❡ ❝❛❧❧ r❡✲

❞✉❝t❡❞ ❞✐❣r❛♣❤ ❛ss♦❝✐❛t❡❞ t♦ G✱ ❛♥❞ ✇r✐t❡ RD(G)✱ t♦ r❡❢❡r t♦ t❤❡ ❞✐❣r❛♣❤ ✐♥ ✇❤✐❝❤ ❡❛❝❤

str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t Ci = {vi1 , . . . , vil} ⊆ V s✉❝❤ t❤❛t

a = (vij , vik) ∈ A ∩ Ci ⇒ signG(a) = +

✺



P♦ss✐❜❧❡s s✐❣♥❡❞ ❞✐❣r❛♣❤s ❖♥ s✐❣♥❡❞ ❞✐❣r❛♣❤s

✐s r❡❞✉❝❡❞ t♦ ♦♥❡ ✈❡rt✐❝❡✳ ❚❤❛t ✐s✱ ✐❢ {Ci | 1 ≤ i ≤ k} ✐s t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ str♦♥❣❧② ❝♦♥✲

♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ G ❛♥❞ ✐❢ C =
⋃

1≤i≤k Ci ✐s t❤❡ r❡✉♥✐♦♥ ♦❢ ❛❧❧ s✉❝❤ str♦♥❣❧② ❝♦♥♥❡❝t❡❞

❝♦♠♣♦♥❡♥ts✱ t❤❡♥

V (RD(G)) = {Ci | 1 ≤ i ≤ k} ∪ (V \ C) ❛♥❞

A(RD(G))) = {(u, v) ∈ A | u /∈ C ♦✉ v /∈ C} ∪

{(v, Ci) | 1 ≤ i ≤ k, v /∈ C} ∪ {(Ci, v) | 1 ≤ i ≤ k, v /∈ C}

❲❡ ✇✐❧❧ s❛② t❤❛t ❛ s✐❣♥❡❞ ❞✐❣r❛♣❤ ✐s r❡❞✉❝❡❞ ✐❢ ✐t ❤❛s ♥♦ ♣♦s✐t✐✈❡ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦✲

♥❡♥ts✳

❉❡✜♥✐t✐♦♥ ✹✳✹ ▲❡t G = (V,A) ❜❡ ❛ ❞✐❣r❛♣❤ s✐❣♥❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥ signG✳ ❲❡ ❝❛❧❧ r❡♦r✐✲

❡♥t❡❞ ❣r❛♣❤ ❛ss♦❝✐❛t❡❞ t♦ G✱ ❛♥❞ ✇r✐t❡ RO(G) = (V,A(RO(G)))✱ t♦ r❡❢❡r t♦ t❤❡ ❞✐❣r❛♣❤

✐♥ ✇❤✐❝❤ ❛❧❧ ♥❡❣❛t✐✈❡ ❛r❝s ❛r❡ ✐♥✈❡rt❡❞ ✿

A(RO(G)) = {a ∈ A | signG(a) = +} ∪ {(v, u) | (u, v) ∈ A ∧ signG(u, v) = −}.

■♥ RO(G)✱ ❛♥ ❛r❝ (v, u) s✉❝❤ t❤❛t signG(u, v) = − ✐s ❝❛❧❧❡❞ ❛ >✲❛r❝ s✐♥❝❡ ❛♥② ✉♣❞❛t❡

s❝❤❡❞✉❧❡ s s❛t✐s❢②✐♥❣ (NS(G))s = G ♠✉st ❜❡ s✉❝❤ t❤❛t s(v) > s(u)✳ ❙✐♠✐❧❛r✐❧②✱ ❛♥ ❛r❝

(v, u) s✉❝❤ t❤❛t signG(u, v) = + ✐s ❝❛❧❧❡❞ ❛ ≥✲❛r❝✳

▲❡t G = (V,A) ❜❡ ❛ s✐❣♥❡❞ ❞✐❣r❛♣❤✳ ❲❡ ❝❛♥ ♦❜t❛✐♥ RD(G) ✐♥ t✐♠❡ O(|A|) ✇✐t❤ ❛♥
❛❧❣♦r✐t❤♠ t❤❛t s❡❛r❝❤❡s ❢♦r str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ ❛ ❞✐❣r❛♣❤✳ ❲❡ ❛❧s♦ ❝❛♥ ❣❡t
RO(G) ✐♥ t✐♠❡ O(|A|)✳

❉❡✜♥✐t✐♦♥ ✹✳✺ ▲❡t G ❜❡ ❛ s✐❣♥❡❞ ❞✐❣r❛♣❤✳ ❆ ♣r♦❤✐❜✐t❡❞ ❝✐r❝✉✐t ✐s ❛♥ ✭♦r✐❡♥t❡❞✮ ❝✐r❝✉✐t

♦❢ RO(G) ❝♦♥t❛✐♥✐♥❣ ❛ >✲❛r❝✳

❚❤❡♦r❡♠ ✹✳✻ ▲❡t G ❜❡ ❛ ❞✐❣r❛♣❤ s✐❣♥❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥ signG✳ G ✐s ♣♦ss✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧②

✐❢ RO(G) ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ♣r♦❤✐❜✐t❡❞ ❝✐r❝✉✐ts✳

Pr❡✉✈❡ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t RO(G) ❝♦♥t❛✐♥s ❛ ♣r♦❤✐❜✐t❡❞ ❝✐r❝✉✐t C = (vi1 , . . . , vip) s✉❝❤
t❤❛t (vij , vij+1

) ✐s ❛ >✲❛r❝✳ ❚❤❡♥ ❛♥② ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s s✉❝❤ t❤❛t (NS(G))s = G ♠✉st
s❛t✐s❢② s(vij ) > s(vij+1

)✳ ■t ♠✉st ❛❧s♦ s❛t✐s❢② s(vij ) ≤ s(vij+1
) s✐♥❝❡ t❤❡r❡ ❡①✐sts ✐♥ RO(G)

❛ ✇❛❧❦ ❢r♦♠ vij+1
t♦ vij ✳ ❚❤✉s✱ ✇❡ ❡♥❞ ✉♣ ✇✐t❤ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❋♦r t❤❡ ❝♦♥✈❡rs❡ ♦❢ t❤❡ t❤❡♦r❡♠✱ ✜rst ♥♦t❡ t❤❛t ✐❢ G ✐s ❛♥ ♦r❞✐♥❛r② s✐❣♥❡❞ ❞✐❣r❛♣❤ ❛♥❞
H = RD(G) ✐ts ❛ss♦❝✐❛t❡❞ r❡❞✉❝❡❞ ❞✐❣r❛♣❤✱ t❤❡♥ G ✐s ♣♦ss✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ H ✐s✳ ■♥❞❡❡❞✱
❧❡t s ❜❡ ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s✉❝❤ t❤❛t (NS(H))s = H✳ ❚❤❡♥✱ ✉s✐♥❣ ❛❣❛✐♥ t❤❡ ♥♦t❛t✐♦♥s
✉s❡❞ ✐♥ ❞❡✜♥✐t✐♦♥ ✹✳✸✱ t❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s′ ❞❡✜♥❡❞ ❜❡❧♦✇ s❛t✐s✜❡s (NS(G))s = G ✿

s′(v) =





s(v) ✐❢ v /∈ C

s(Ci) ✐❢ v ∈ Ci.

✻



❖♥ s✐❣♥❡❞ ❞✐❣r❛♣❤s P♦ss✐❜❧❡s s✐❣♥❡❞ ❞✐❣r❛♣❤s

❱✐❝❡✲✈❡rs❛✱ ✐❢ H ✐s ❛♥ ✐♠♣♦ss✐❜❧❡ s✐❣♥❡❞ ❞✐❣r❛♣❤✱ t❤❡♥ G ✐s ♦❜✈✐♦✉s❧② ❛❧s♦ ❛♥ ✐♠♣♦ss✐❜❧❡
s✐❣♥❡❞ ❞✐❣r❛♣❤ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✜rst ♣❛r❛❣r❛♣❤ ♦❢ t❤✐s ♣r♦♦❢✳ ❚❤❡ ❢❛❝t t❤❛t ❛ s✐❣♥❛t✉r❡ ✐s
♣♦ss✐❜❧❡ ♦r ♥♦t ✐s t❤✉s ✐♥❞❡♣❡♥❞❛♥t ♦❢ t❤❡ ♣r❡s❡♥❝❡ ♦r ❛❜s❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ str♦♥❣❧② ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ❝♦♥✈❡rs❡ ♦❢ t❤❡♦r❡♠ ✹✳✻ ❝♦♠❡s ❢r♦♠ t❤❡ ❛❧❣♦r✐t❤♠ ✶ ❣✐✈❡♥ ❜❡❧♦✇ ✇❤✐❝❤
✜♥❞s ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❣✐✈❡♥ ♣♦ss✐❜❧❡✱ r❡❞✉❝❡❞✱ s✐❣♥❡❞ ❞✐❣r❛♣❤✳ �

❲❡ ❝❛♥ ♥♦t✐❝❡ t❤❛t ✐❢ G = (V,A) ✐s ❛ s✐❣♥❡❞ ❞✐❣r❛♣❤✱ t❤❡ ♣r♦❤✐❜✐t❡❞ ❝✐r❝✉✐ts ♦❢ RO(G)
❝♦rr❡s♣♦♥❞ t♦ ✇❤❛t ✇❡ ✇✐❧❧ r❡❢❡r t♦ ❛s ❛❧t❡r♥❛t✐♥❣ ❝✐r❝✉✐ts ♦❢ G✳ ❚❤❛t ✐s✱ t❤❡② ❝♦✐♥❝✐❞❡
✇✐t❤ ✇❛❧❦s ♦❢ G✱ C = (v0, v1, . . . , vk)✱ ✇❤❡r❡ v0 = vk ❛♥❞ ❡✐t❤❡r (vi, vi+1) ∈ A ✐♥ ✇❤✐❝❤
❝❛s❡ signG(vi, vi+1) = +✱ ❡✐t❤❡r (vi+1, vi) ∈ A ✐♥ ✇❤✐❝❤ ❝❛s❡ signG(vi+1, vi) = − ✭♦r ✈✐❝❡✲
✈❡rs❛✮✳ ❆♠♦♥❣ t❤❡s❡ ❛❧t❡r♥❛t✐♥❣ ❝✐r❝✉✐ts✱ ❛r❡ ✐♥ ♣❛rt✐❝✉❧❛r ❝✐r❝✉✐ts s✉❝❤ t❤❛t ∀i ∈ [[0, k−1]]✱
signG(vi, vi+1) = − ❛s ✇❡❧❧ ❛s s✉❜✲❣r❛♣❤s ❝♦♥t❛✐♥✐♥❣ t✇♦ ✈❡rt✐❝❡s u ❛♥❞ v✱ ❛ ✇❛❧❦ ❢r♦♠ u
t♦ v ♥❡❣❛t✐✈❡❧② s✐❣♥❡❞ ❛♥❞ ❛♥♦t❤❡r ✇❛❧❦ ❢r♦♠ u t♦ v ♣♦s✐t✐✈❡❧② s✐❣♥❡❞✳

■♥❝✐❞❡♥t❧②✱ ♥♦t✐❝❡ t❤❛t ✐❢ a = (u, v) ∈ A ✐s ❛♥ ❛r❝ s✉❝❤ t❤❛t t❤❡ ❡❞❣❡ (u, v) ♦❢ t❤❡
✉♥❞❡r❧②✐♥❣ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ ❛♥② ❝②❝❧❡ ♦❢ t❤✐s ❣r❛♣❤✱ t❤❡♥ t❤❡ ❢❛❝t t❤❛t
G ✐s ❛ ♣♦ss✐❜❧❡ s✐❣♥❡❞ ❞✐❣r❛♣❤ ♦r ❛♥ ✐♠♣♦ss✐❜❧❡ ♦♥❡ ✐s ✐♥❞❡♣❡♥❞❛♥t ♦❢ signG(a)✳

❆❧❣♦r✐t❤♠ ✶ ✐s ❛❞❛♣t❡❞ ❢r♦♠ t❤❡ ❢❛♠♦✉s ❛❧❣♦r✐t❤♠ ❬✼❪ ❣✐✈❡s ❛ t♦♣♦❧♦❣✐❝❛❧ ♦r❞❡r ♦♥
❛ ❞✐❣r❛♣❤ ✇✐t❤♦✉t ❝✐r❝✉✐ts✳ ●✐✈❡♥ ❛ ♣♦ss✐❜❧❡ s✐❣♥❡❞ ❞✐❣r❛♣❤ H ❛♥❞ ✐ts r❡❞✉❝❡❞ ❞✐❣r❛♣❤
G = RD(H)✱ ❛❧❣♦r✐t❤♠ ✶ ✇♦r❦s ♦♥ t❤❡ ❣r❛♣❤ ✇✐t❤♦✉t ♣r♦❤✐❜✐t❡❞ ❝✐❝✉✐ts✱ RO(G)✳ ■t
r❡t✉r♥s ✐♥ t✐♠❡ O(|V |+ |A|) ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s s✉❝❤ t❤❛t NS(G)s = G✳

❘❡♠❛r❦ ✹✳✼ ❚❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s r❡t✉r♥❡❞ ❜② t❤✐s ❛❧❣♦r✐t❤♠ ✐s s✉❝❤ t❤❛t

max{s(v) | v ∈ V } = min{max{s′(v) | v ∈ V } | s′ ∈ I(G)}.

❋✐❣✉r❡ ✹✳✶ s❤♦✇s t❤❡ ❞✐✛❡r❡♥t st❡♣s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ t❤❛t r❡t✉r♥s ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡
❛ss♦❝✐❛t❡❞ t♦ ❛♥ ❛r❜✐tr❛r② ♣♦ss✐❜❧❡ s✐❣♥❡❞ ❞✐❣r❛♣❤ ✭♥♦t ♥❡❝❡ss❛r✐❧② r❡❞✉❝❡❞✮✳

■♥ t❤❡ ❡♥❞✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❤♦❧❞s✳

❚❤❡♦r❡♠ ✹✳✽ ▲❡t G ❜❡ ❛ s✐❣♥❡❞ ❞✐❣r❛♣❤✳ ❇♦t❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥

♣♦❧②♥♦♠✐❛❧ t✐♠❡✳

✶✳ ❉❡t❡r♠✐♥❡ ✇❤❡t❤❡r G ✐s ♣♦ss✐❜❧❡ ♦r ♥♦t✱

✷✳ ❋✐♥❞ ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s s✉❝❤ t❤❛t (NS(G))s = G✳

Pr❡✉✈❡ ❆❝❝♦r❞✐♥❣ t♦ t❤❡♦r❡♠ ✹✳✻✱ ❛ s✐❣♥❡❞ ❞✐❣r❛♣❤ G ✐s ♣♦ss✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ✐♥ RO(G)
♥♦ >✲❛r❝ ❜❡❧♦♥❣s t♦ ❛ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t✳ ❚❤✉s✱ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡♦r❡♠ ✹✳✽
❤♦❧❞s s✐♥❝❡ t❤❡ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ ❛ ❞✐❣r❛♣❤ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧
t✐♠❡✳

❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡♦r❡♠ ✹✳✻ ❝♦♠❡s ❢r♦♠ t❤❡ ❡①✐st❡♥❝❡ ❛❧❣♦r✐t❤♠ ✶ ✇❤♦s❡ r✉♥ t✐♠❡
✐s ❛❧s♦ ♣♦❧②♥♦♠✐❛❧✳ �

✼



P♦ss✐❜❧❡s s✐❣♥❡❞ ❞✐❣r❛♣❤s ❖♥ s✐❣♥❡❞ ❞✐❣r❛♣❤s

1

3 4

1

52

3 4

+ +

+

−

−
−

+

1

52

3 4

+ +

+

−

−
−

+

52 52

52

b)

d)

C1

s(5) = 2

s(C1) = 2

s(2) = 1

e)

s(1) = 2

s(2) = 1

s(3) = 2

s(5) = 2

s(4) = 2

a)

c)

C1

s(5) = 3

s(C1) = 3

s(2) = 2

❋✐❣✉r❡ ✸✿ a. ❆ s✐❣♥❡❞ ❞✐❣r❛♣❤ G = ({1, . . . , 5}, A)✳ b. RO(G)✳ ❚❤❡ ❛r❝s ❞r❛✇♥ ✐♥ ❞♦tt❡❞
❧✐♥❡s ❛r❡ >✲❛r❝s✳ ❚❤❡ ♦t❤❡rs ❛r❡ ≥✲❛r❝s✳ c. H = RD(RO(G)) = RO(RD(G)) ❛♥❞ t❤❡
✉♣❞❛t❡ s❝❤❡❞✉❧❡ ❝♦♠♣✉t❡❞ ❜② ❛❧❣♦r✐t❤♠ ✶ ❛❢t❡r t❤❡ ✇❤✐❧❡ ❧♦♦♣✳ C1 = {1, 3, 4}✳ d. ❚❤❡
❞✐❣r❛♣❤ H ❛♥❞ t❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ r❡t✉r♥❡❞ ❜② ❛❧❣♦r✐t❤♠ ✶ ✇✐t❤ H ❛s ✐♥♣✉t✳ e. ❚❤❡
✉♣❞❛t❡ s❝❤❡❞✉❧❡ s s✉❝❤ t❤❛t G = (NS(G))s✳

✽



❖♥ s✐❣♥❡❞ ❞✐❣r❛♣❤s ❊q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s [·]GS

❆❧❣♦r✐t❤♠ ✶✿ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ❛ss♦❝✐❛t❡❞ t♦ ❛♥ s✐❣♥❡❞ ❞✐❣r❛♣❤

■♥♣✉t✿ G = (V,A) r❡❞✉❝❡❞ s✐❣♥❡❞ ❞✐❣r❛♣❤✱ r❡♦r✐❡♥t❡❞ ❛♥❞ s❛♥s ❝✐r❝✉✐t ✐♥t❡r❞✐t
❜❡❣✐♥

❱❛❧▼❛①← t❛❜❧❡ ♦❢ s✐③❡ |V (G)| ✐♥ ✇❤✐❝❤ ❛r❡ st♦❝❦❡❞ t❤❡ ♠❛①✐♠❛❧ ♣♦ss✐❜❧❡
✈❛❧✉❡s ♦❢ s(v), v ∈ V (G)✳ n← |V |❀
H ← G❀
❢♦r❛❧❧ v ∈ V ❞♦

❱❛❧▼❛①[v] = n❀
❡♥❞

✇❤✐❧❡ ∃v ∈ V, deg−(v) = 0 ❞♦
s(v)← ❱❛❧▼❛①[v]❀
❢♦r❛❧❧ u ∈ N(v) ❞♦

✐❢ (u, v) ✐s ❛ >✲❛r❝ t❤❡♥
❱❛❧▼❛①[u]← min{❱❛❧▼❛①[u], s(v)− 1}❀

❡❧s❡
❱❛❧▼❛①[u]← min{❱❛❧▼❛①[u], s(v)}❀

❡♥❞

❞❡❧❡t❡ t❤❡ ❛r❝ (u, v) ❢r♦♠ H❀
❡♥❞

❡♥❞

smin ← min{s(v | v ∈ V )}❀
❢♦r❛❧❧ v ∈ V ❞♦

s(v)← s(v)− smin❀
❡♥❞

❡♥❞

✹✳✷ ❊q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s [·]GS

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st✉❞② t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s [·]GS ✳ ❋✐♥❞✐♥❣ t❤❡ s✐③❡ ♦❢ ♦♥❡ t❤❡s❡ ❝❧❛ss❡s
✐s t❤❡ s❛♠❡ ❛s ✜♥❞✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❛❧ ♦r❞❡rs ✭♥♦t ♥❡❝❡ss❛r✐❧② str✐❝t✮ t❤❛t ✇❡ ❝❛♥
❛ss♦❝✐❛t❡ t♦ ❛ r❡♦r✐❡♥t❡❞ s✐❣♥❡❞ ❞✐❣r❛♣❤✱ r❡s♣❡❝t✐♥❣ t❤❡ ✓ ♠❡❛♥✐♥❣ ✔ ♦❢ ✐ts >✲❛r❝s ❛♥❞
≥✲❛r❝s✳ ❲❡ ❛r❡ ♥♦t ②❡t ❛❜❧❡ t♦ s❛② ✇❡t❤❡r ♦r ♥♦t t❤❡r❡ ❡①✐sts ❛ ❢♦r♠✉❧❛ ❣✐✈✐♥❣ t❤❡ s✐③❡ ♦❢ ❛
❝❧❛ss✱ ♥❡✐t❤❡r ✇❡t❤❡r ✐t ✐s ♣♦ss✐❜❧❡ ♦r ♥♦t t♦ ❞❡t❡r♠✐♥❡ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ✐❢ ❛ ❣✐✈❡♥ ❝❧❛ss
[s]GS ✐s s✉❝❤ |[s]GS | > k, k ∈ N✳ ❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳ ❆❧t❤♦✉❣❤ ✐t
❞♦❡s ♥♦t ❛♥s✇❡r t❤❡s❡ q✉❡st✐♦♥s✱ ✐t ✐s ❛❜♦✉t ❛ ♣r♦❜❧❡♠ t❤❛t ✐s r❡❧❛t❡❞ t♦ t❤❡♠✳

Pr♦♣♦s✐t✐♦♥ ✹✳✾ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ✇❤✐❝❤ ✇❡ ❝❤♦s❡ t♦ ❝❛❧❧ ♯❖❆ ✐s ♯P✲❝♦♠♣❧❡t❡✷✳





■♥♣✉t✿ ❆ s✐❣♥❡❞ ❞✐❣r❛♣❤ G = (V,A)❀

◗✉❡st✐♦♥✿
❍♦✇ ♠❛♥② ✉♣❞❛t❡ s❝❤❡❞✉❧❡s s ❛r❡ t❤❡r❡ s✉❝❤ t❤❛t G =
(NS(G))s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❛r❝s a = (u, v) ∈ A s❛t✐s❢②✐♥❣

signG(u, v) = + ❛♥❞ s(u) > s(v) ✐s ♠✐♥✐♠✉♠ ❄

✷❙❡❡ ❬✷❪ ❢♦r ❛ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡①✐t② ❝❧❛ss ♯P✳

✾



❊q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s [·]GS ❖♥ s✐❣♥❡❞ ❞✐❣r❛♣❤s

❚✇♦ ♦t❤❡r ✈❡rs✐♦♥s ♦❢ ♣r♦❜❧❡♠ ♯❖❆ ❛s ✇❡❧❧ ❛s t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✹✳✾ ❛r❡ ❣✐✈❡♥ ✐♥
❛♥♥❡① ❇✳

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥ ✿ ❣✐✈❡♥ ❛ ❞✐❣r❛♣❤ G ❛♥❞ ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡
s✱ ❞♦❡s ❛♥② ✉❞♣❞❛t❡ s❝❤❡❞✉❧❡ s′ 6= s s✉❝❤ t❤❛t Gs = Gs′ ❡①✐st❄ ❚❤❛t ✐s✱ ✇❤❛t ❝♦♥❞✐t✐♦♥s
♥❡❡❞ t♦ ❜❡ s❛t✐s✜❡❞ ✐♥ ♦r❞❡r ❢♦r |[s]GS | > 1 t♦ ❤♦❧❞❄

▲❡♠♠❛ ✹✳✶✵ ▲❡t G = (V,A) ❜❡ ❛ r❡❞✉❝❡❞ ♣♦ss✐❜❧❡ s✐❣♥❡❞ ❞✐❣r❛♣❤✳ ▲❡t L ❜❡ t❤❡ ❧❡♥❣t❤

✭❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s✮ ♦❢ t❤❡ ❧♦♥❣❡st ✇❛❧❦ ✐♥ RO(G)✳ ❚❤❡♥ ∀m ∈ [[L, |V |]]✱
t❤❡r❡ ❡①✐sts ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s s✉❝❤ t❤❛t max{s(v) | v ∈ V } = m ❛♥❞ G = (NS(G))s✳

Pr❡✉✈❡ ▲❡t RO(G) = H = (VH , AH)✳ ❆❧s♦✱ ❧❡t L(v) ❞❡s✐❣♥❛t❡ t❤❡ ❧❡♥❣t❤ ✭❝♦✉♥t✐♥❣
t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s✮ ♦❢ t❤❡ ❧♦♥❣❡st ✇❛❧❦ ✐♥ H ❢r♦♠ ❛ ✈❡rt✐❝❡ u s✉❝❤ t❤❛t deg−(u) = 0
t♦ t❤❡ ✈❡rt✐❝❡ v✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ deg−(v) = 0 t❤❡♥ L(v) = 1✳ ▲❡t ✉s ✜rst s✉♣♣♦s❡ t❤❛t
∀a ∈ AH , signH(a) = −✳ ❲❡ s❤♦✇ t❤❡ r❡s✉❧t ✐♥ t❤✐s s♣❡❝✐✜❝ ❝❛s❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ m✳

■❢ m = L✱ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥ s✉✐ts ♦✉r ♣✉r♣♦s❡s ✿

s :

{
VH −→ [[1, |VH |]]
v 7−→ L− L(v) + 1

■♥❞❡❡❞✱ ❧❡t (v1, . . . , vL) ❜❡ ❛ ✇❛❧❦ ♦❢ H ♦❢ ❧❡♥❣t❤ L ✭∀i < L, (vi, vi+1) ∈ AH✮✳ ❚❤❡♥✱ s✐♥❝❡
♥❡❝❡ss❛r✐❧② deg−(v1) = 0✱ s(v1) = L ❤♦❧❞s ❛♥❞ ❢♦r ❛♥② ♦t❤❡r ✐♥t❡❣❡r k < L t❤❡r❡ ❡①✐sts i
s✉❝❤ t❤❛t s(vi) = k✳ ❚❤✉s✱ s ✐s ✐♥❞❡❡❞ ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s✉❝❤ t❤❛t max{s(v)| v ∈ V } = L✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❧❡t a = (u, v) ∈ AH ❛♥❞ w ∈ VH s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✇❛❧❦ ✐♥ H ♦❢
❧❡♥❣t❤ L(u) ❢r♦♠ w t♦ u✳ ❚❤❡♥ t❤❡ ✇❛❧❦ (w, . . . , u, v) ✐s ❛ ✇❛❧❦ ♦❢ ❧❡♥❣t❤ L(u) + 1 > L(u)
s♦ s(v) = L−L(v) + 1 ≤ L− (L(u) + 1) + 1 < s(u) = L−L(u) + 1✳ ❚❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡
s ❞♦❡s s❛t✐s❢② Gs = G✳

▲❡t m ∈ [[L, |V |[[✳ ❙✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s s✉❝❤ t❤❛t Gs = G ❛♥❞
max{s(v) | v ∈ V } = m✳ ❙✐♥❝❡ m < |V |✱ t❤❡r❡ ❡①✐sts i ∈ [[1,m]] s✉❝❤ t❤❛t |Bs

i | > 1✳ ▲❡t
v ∈ Bi✳ ❚❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s′ ❞é✜♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛② ❝❧❡❛r② s❛t✐s✜❡s t❤❡ ❞❡s✐r❡❞
♣r♦♣❡rt✐❡s ✿

s′(u) =

{
s(u) + 1 ✐❢ u ❜❡❧♦♥❣s t♦ ❛ ✇❛❧❦ ❢r♦♠ ❛ ✈❡rt✐❝❡ w s✉❝❤ t❤❛t deg−(w) = 0 t♦ v

s(u) ♦t❤❡r✇✐s❡

✇❤❡r❡ ❛ ✇❛❧❦ ❝❛♥ ❜❡ ♦❢ ❧❡♥❣t❤ 0✱ ✐✳❡✳✱ s′(v) = s(v) + 1✳

◆♦✇✱ s✉♣♣♦s❡ t❤❛t t❤❡ ❞✐❣r❛♣❤ H ❝♦♥t❛✐♥s ≥✲❛r❝s✳ ❚❤❡♥ ♦❜✈✐♦✉s❧②✱ ❛♥② ✉♣❞❛t❡ s❝❤❡❞✉❧❡
s s✉❝❤ t❤❛t ∀a = (u, v) ∈ AH , s(u) > s(v) ✐s s✉✐t❛❜❧❡ ❛♥❞ t❤❡ r❡s✉❧t ✐♥ t❤✐s ❝❛s❡ ❝❛♥ ❜❡
✐♥❢❡r❡❞ ❢r♦♠ t❤❡ ♣r❡❝❡❡❞✐♥❣ ♣r♦♦❢✳ �

❈♦r♦❧❧❛r② ✹✳✶✶ ▲❡t G = (V,A) ❜❡ ♣♦ss✐❜❧❡ s✐❣♥❡❞ r❡❞✉❝❡❞ ❞✐❣r❛♣❤ ❛♥❞ L t❤❡ ❧❡♥❣t❤ ✭❝♦✉♥t✲

✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s✮ ♦❢ t❤❡ ❧♦♥❣❡st ✇❛❧❦ ✐♥ RO(G)✳ ❚❤❡♥ |I(G)| ≥ |V | − L + 1✳

✶✵



❖♥ s✐❣♥❡❞ ❞✐❣r❛♣❤s ❉✐❣r❛♣❤ s✐❣♥❛t✉r❡s

❘❡♠❛r❦ ✹✳✶✷ ❚❤❡r❡ ❡①✐sts t✇♦ ❝❛s❡s ✐♥ ✇❤✐❝❤ |I(G)| = 1✿

✶✳ ■❢ G ✐s ❧✐♥❡❛r ❞✐❣r❛♣❤ t❤❡♥ L = |V |✳ ❚❤✉s✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ∀a ∈ A✱ signG(a) =
−✱ ♦♥❧② ♦♥❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s s❛t✐s✜❡s G = (NS(G))s✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐❢ ∃a ∈
A, signG(a) = +✱ t❤❡r❡ ❛r❡ 2k s✉❝❤ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s✱ ✇❤❡r❡ k ✐s t❤❡ ♥✉♠❜❡r ♣♦s✐t✐✈❡

❛r❝s ♦❢ G✳

✷✳ ■❢ G ✐s str♦♥❣❧② ❝♦♥♥❡❝t❡❞✱ RD(G) ✐s r❡❞✉❝❡❞ t♦ ♦♥❡ ❧♦♥❡ ✈❡rt✐❝❡✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡

♣r❡✈✐♦✉s ❧❡♠♠❛✱ ♦♥❧② ♦♥❡ s❝❤❡❞✉❧❡ s❛t✐s✜❡s G = (NS(G))s ✿ t❤❡ ♣❛r❛❧❧❡❧ ✉♣❞❛t❡

s❝❤❡❞✉❧❡✱ sp✳

❚❤❡♦r❡♠ ✹✳✶✸ ▲❡t G = (V,A) ❜❡ ❛ ♣♦ss✐❜❧❡ s✐❣♥❡❞ ❞✐❣r❛♣❤✳ |I(G)| > 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ G
✐s ♥❡✐t❤❡r s✉❝❤ t❤❛t RO(G) ✐s str♦♥❣❧② ❝♦♥♥❡❝t❡❞✱ ♥❡✐t❤❡r s✉❝❤ t❤❛t RD(G) ✐s ❧✐♥❡❛r ❛♥❞

♥❡❣❛t✐✈❡✳

Pr❡✉✈❡ ■❢ G ✐s ♥❡✐t❤❡r s✉❝❤ t❤❛t RO(G) ✐s str♦♥❣❧② ❝♦♥♥❡❝t❡❞✱ ♥❡✐t❤❡r s✉❝❤ t❤❛t RD(G)
✐s ❧✐♥❡❛r ❛♥❞ ♥❡❣❛t✐✈❡✱ t❤❡♥ |[[L, |V (RD(G))|]]| > 1✳ ❚❤✉s✱ ❜② ❧❡♠♠❛ ✹✳✶✵✱ |I(G)| > 1✳
❘❡✈❡rs❡❧②✱ ✐❢ G ✐s ♦❢ ♦♥❡ ♦❢ t❤❡s❡ t✇♦ t②♣❡s ♦❢ s✐❣♥❡❞ ❞✐❣r❛♣❤s✱ t❤❡♥ ❜② t❤❡ r❡♠❛r❦ ✹✳✶✷✱
|I(G)| = 1✳ �

❋✐♥❛❧❧②✱ ❜❡❝❛✉s❡ Gsp ❝❛♥♥♦t ❜❡ ❛ ♥❡❣❛t✐✈❡ ❧✐♥❡❛r ❞✐❣r❛♣❤ ✭Gsp ✐s ❛❧✇❛②s ❛ ♣♦s✐t✐✈❡ s✐❣♥❡❞
❞✐❣r❛♣❤✮ ❛♥❞ ❜❡❝❛✉s❡ ❢♦r ❛♥② ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s✱ I(Gs) = [s]GS ✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②
❤♦❧❞s ✿

❈♦r♦❧❧❛r② ✹✳✶✹ ▲❡t G ❜❡ ❞✐❣r❛♣❤✳ |[sp]
GS | > 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ G ✐s ♥♦t str♦♥❣❧② ❝♦♥♥❡❝t❡❞✳

✹✳✸ ❉✐❣r❛♣❤ s✐❣♥❛t✉r❡s

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ✇❡r❡ ❣✐✈❡♥ ❛ s✐❣♥❡❞ ❞✐❣r❛♣❤ G ❛♥❞ ✇❡ ✇❡r❡ ❝♦♥❝❡r♥❡❞ ❜② t❤❡
❡①✐st❡♥❝❡ ♦❢ ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ♦❢ t❤❡ ✈❡rt✐❝❡s ♦❢ G✱ s✱ s✉❝❤ t❤❛t (NS(G))s = G✳ ❆♥❞✱ ✐♥
t❤❡ ❝❛s❡ t❤❡r❡ ❞✐❞ ❡①✐st ♦♥❡ ✇❡ ✇❛♥t❡❞ t♦ ❦♥♦✇ ❤♦✇ ♠❛♥② t❤❡r❡ ✇❡r❡✳ ❍❡r❡✱ ✇❡ ❛r❡ ❣✐✈❡♥
❛♥ ✉♥s✐❣♥❡❞ ❞✐❣r❛♣❤ ❛♥❞ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ❛r❡ t❤❡ ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡s ♦❢
t❤✐s ❞✐❣r❛♣❤✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐t ✐s ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s [·]GS t❤❛t ✇❡ ❛r❡
✐♥t❡r❡st❡❞✱ r❛t❤❡r t❤❛♥ ✐♥ t❤❡✐r s✐③❡s✳

❲❡ ❞♦ ♥♦t ②❡t ❦♥♦✇ ✇❤❡t❤❡r t❤❡ ♣r♦❜❧❡♠ ❝♦♥s✐st✐♥❣ ✐♥ ❞❡❝✐❞✐♥❣ ✐❢ ❛ ❣✐✈❡♥ ❞✐❣r❛♣❤ ❝❛♥
❜❡ s✐❣♥❡❞ ❜② ❛t ❧❡❛st k ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡s ✭k ❜❡✐♥❣ ❛♥ ✐♥t❡❣❡r✮ ✐s NP ✲❝♦♠♣❧❡t❡ ♦r
♣♦❧②♥♦♠✐❛❧✳ ■♥ ❛♥♥❡① ❆ ✜❣✉r❡s ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t t❛❦❡s ❛s ✐♥♣✉t ❛ ❞✐❣r❛♣❤ G = (V,A) ❛♥❞
❡♥✉♠❡r❛t❡s t❤❡ ♣♦ss✐❜❧❡ s✐❣♥❡❞ ❞✐❣r❛♣❤s ❛ss♦❝✐❛t❡❞ t♦ G✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s ❛❧❣♦r✐t❤♠
✐s ❆ ♣r✐♦r✐ ❡①♣♦♥❡♥t✐❛❧✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✇♦r❦s ❜② tr✐❛❧ ❛♥❞ ❡rr♦r✳ ■t tr✐❡s ❛❧❧ 2|A| s✐❣♥❛t✉r❡s

✶✶



❉✐❣r❛♣❤ s✐❣♥❛t✉r❡s ❖♥ s✐❣♥❡❞ ❞✐❣r❛♣❤s

♦❢ t❤❡ ❞✐❣r❛♣❤ G ❜✉t s❦✐♣s ❛ s✐❣♥❛t✉r❡ ❛♥❞ ♠♦✈❡s ♦♥ t♦ t❤❡ ♥❡①t ❛s s♦♦♥ ❛s ✐t r❡❛❧✐③❡s t❤❛t
✐t ✐s ❜✉✐❧❞✐♥❣ ❛♥ ✐♠♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡ ❜❡❝❛✉s❡ ✐t ✐s ❛❜♦✉t t♦ ❝❧♦s❡ ❛ ♣r♦❤✐❜✐t❡❞ ❝✐r❝✉✐t ✐♥
t❤❡ r❡♦r✐❡♥t❡❞ ❣r❛♣❤✱ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❦♥♦✇✐♥❣ ❛t ✇❤✐❝❤ ♠♦♠❡♥t t❤❡ ❛❧❣♦r✐t❤♠ ❤♦✇ ♠❛♥②
t✐♠❡s t❤❡ ❛❧❣♦r✐t❤♠ ❤❛s t♦ s❦✐♣ ❛♥ ✐♠♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡ ✐s ❛ ♣r♦❜❧❡♠ t❤❛t ✐s ✈❡r② ❝❧♦s❡ t♦
t❤❡ ❝❡♥tr❛❧ q✉❡st✐♦♥s ♦❢ t❤✐s s❡❝t✐♦♥✱ t❤❛t ✐s✱ ✇❤❛t ❛r❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞✐❣r❛♣❤ t❤❛t
t❤❡ ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡s ❛r❡ r❡❧❛t❡❞ t♦ ❛♥❞ ❤♦✇ ♠❛♥② ♦❢ t❤❡s❡ ❛r❡ t❤❡r❡✳ ❚❤❡ r❡s✉❧ts ❛♥❞
r❡♠❛r❦s ✹ t♦ ✹✳✶✼ ♦❢ t❤✐s s❡❝t✐♦♥ ❝❛♠❡ ❢r♦♠ ♦✉r s❡❛r❝❤ ♦❢ ❛♥ ❛♥s✇❡r t♦ t❤❡s❡ q✉❡st✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✺ ▲❡t G = (V,A) ❜❡ ❛ ❞✐❣r❛♣❤ ❛♥❞ B ❛ s❡t ♦❢ ❛r❝s ♦❢ A s✉❝❤ t❤❛t t❤❡r❡

❡①✐sts ♥♦ ❝✐r❝✉✐t ✐♥ G ✇❤♦s❡ ❛r❝s ❛❧❧ ❜❡❧♦♥❣ t♦ B✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡

s✉❝❤ t❤❛t ∀a ∈ B, signs(a) = −✳

Pr❡✉✈❡ ▲❡t k = |B| ❜❡ ❛♥ ❛r❜✐tr❛r② ✐♥t❡❣❡r✳ ❲❡ ♣r♦✈❡ ❧❡♠♠❛ ✹ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ m = |A|✳
■❢ m = k✱ ❜② ❤②♣♦t❤❡s✐s✱ G ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ❝✐r❝✉✐t✳ ❙♦ ✐❢ s ✐s t❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡

s✉❝❤ t❤❛t ∀a ∈ A = B, signs(a) = −✱ RO(Gs) ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ❝✐r❝✉✐ts ❡✐t❤❡r ❛♥❞
❜② t❤❡♦r❡♠ ✹✳✻✱ Gs ✐s ♣♦ss✐❜❧❡✳

❙✉♣♣♦s❡ t❤❛t t❤❡ ♣r♦♣❡rt② t♦ ❜❡ ♣r♦✈❡♥ ✐s tr✉❡ ❢♦r ❛❧❧ ❞✐❣r❛♣❤s G s✉❝❤ t❤❛t |A(G)| =
m ≥ k✳ ▲❡t G = (V,A) ❜❡ ❛ ❞✐❣r❛♣❤ s✉❝❤ t❤❛t |A| = m+1 ❛♥❞ B ⊆ A ❛ s❡t ♦❢ ❛r❝s ♦❢ s✐③❡
|B| = k s✉❝❤ t❤❛t t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st ❛♥② ❝✐r❝✉✐t ✐♥ G ✇❤♦s❡ ❛r❝s ❛r❡ ❛r❝s ♦❢ B✳ ▲❡t a0

❜❡ ❛♥ ❛r❝ ♦❢ A \B✳ ❉❡✜♥❡ G′ = (V,A′) ✇❤❡r❡ A′ = A \ {a0}✳ ❇② ❤②♣♦t❤❡s✐s ♦❢ ✐♥❞✉❝t✐♦♥✱
t❤❡r❡ ❡①✐sts ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s′ s✉❝❤ t❤❛t ∀a ∈ B, signs′(a) = −✳

▲❡t σ ❜❡ ❛ s✐❣♥❛t✉r❡ ♦❢ t❤❡ ❛r❝s ♦❢ G s✉❝❤ t❤❛t ∀a ∈ A \ {a0}, σ(a) = signs′(a)✳ ❲❡
❞❡✜♥❡ σ(a0) s✉❝❤ t❤❛t t❤❡ ❞✐❣r❛♣❤ G s✐❣♥❡❞ ❜② σ ✐s ♣♦ss✐❜❧❡✱ ✐✳❡✳ s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛♥
✉♣❞❛t❡ s❝❤❡❞✉❧❡ s s❛t✐s❢②✐♥❣ signs = σ✳ ■❢✱ ❜② ❛❞❞✐♥❣ t❤❡ ❛r❝ a0 ✐♥RO( G′s′)✱ ♥♦ ♣r♦❤✐❜✐t❡❞
❝✐r❝✉✐t ✐s ❝❧♦s❡❞✱ t❤❡♥✱ a0 ❝❛♥ ❜❡ s✐❣♥❡❞ ❜② ❛ +✳ ❖t❤❡r✇✐s❡✱ s✉♣♣♦s❡ t❤❛t a0 = (u, v)✳ ▲❡t
C = (v = v1, . . . , vl = u) ❜❡ ❛ ✇❛❧❦ ♦❢ RO(G′s′) ❝♦♥t❛✐♥✐♥❣ ❛ >✲❛r❝✳ ■❢ σ(a0) = +✱ t❤❡♥
C ∪ {a0} ✐s ❛ ♣r♦❤✐❜✐t❡❞ ❝✐r❝✉✐t ❜✉t ✐❢ σ(a0) = −✱ t❤❡ s✐❣♥❛t✉r❡ σ ❜❡❝♦♠❡s ♣♦ss✐❜❧❡ ✿ t❤❡
❞✐❣r❛♣❤ G s✐❣♥❡❞ ❜② σ ✐s t❤❡♥ ✇✐t❤♦✉t ❛♥② ♣r♦❤✐❜✐t❡❞ ❝✐r❝✉✐t✳ ■♥❞❡❡❞✱ ♦♥ ♦♥❡ ❤❛♥❞✱ t❤❡
❛r❝ a0 = (u, v) ❤❛✈✐♥❣ ❝❤❛♥❣❡❞ ❞✐r❡❝t✐♦♥✱ C ∪{(v, u)} ♥♦ ❧♦♥❣❡r ✐s ❛ ❝✐r❝✉✐t ✐♥ t❤✐s ❞✐❣r❛♣❤✳
❆♥❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡r❡ ❡①✐sts ❛♥♦t❤❡r ✇❛❧❦ C ′ = (u = w1, . . . , wk = v) ❝❧♦s❡❞ ❜②
t❤❡ ❛r❝ (v, u)✱ t❤❡♥ C ∪ C ′ = (v = v1, . . . , vl = u = w1, . . . , wk = v) ✭s❡❡ ✜❣✉r❡ ✹✳✸✮ ♠✉st
❜❡ ❛ ♣r♦❤✐❜✐t❡❞ ❝✐r❝✉✐t ♦❢ RO(G′s′)✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ �

❈♦r♦❧❧❛r② ✹✳✶✻ ▲❡t G = (V,A) ❜❡ ❛ ❞✐❣r❛♣❤✳ ❋♦r ❡✈❡r② ❛r❝ a ∈ A✱ t❤❡r❡ ❡①✐sts ❛ ✇❛② t♦

s✐❣♥ t❤❡ ❛r❝s ♦❢ G t♦ ♦❜t❛✐♥ ❛ ♣♦ss✐❜❧❡ s✐❣♥❡❞ ❞✐❣r❛♣❤ G̃ s✉❝❤ t❤❛t

sign eG
(a) = −✳

❘❡♠❛r❦ ✹✳✶✼ ▲❡t G = (V,A) ❜❡ ❛ ❞✐❣r❛♣❤ ✇❤♦s❡ ♥♦♥ ♦r✐❡♥t❡❞ ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤ ✐s ❛ ❝②❝❧❡✳

❚✇♦ ❞✐✛❡r❡♥t ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡ ✿

✶✳ G ✐s ❛ ❝✐r❝✉✐t✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♦♥❧② ✐♠♣♦ss✐❜❧❡ s✐❣♥❡❞ ❞✐❣r❛♣❤ G̃ ❛ss♦❝✐❛t❡❞ t♦ G ✐s

t❤❡ s✐❣♥❡❞ ❞✐❣r❛♣❤ s✉❝❤ t❤❛t ∀a ∈ A, sign eG
= −✳ ❚❤❡ ♦t❤❡r 2|A| − 1 s✐❣♥❡❞ ❞✐❣r❛♣❤s

❛ss♦❝✐❛t❡❞ t♦ G ❛r❡ t❤❡r❢♦r❡ ♣♦ss✐❜❧❡❀

✶✷



❖♥ s✐❣♥❡❞ ❞✐❣r❛♣❤s ❉✐❣r❛♣❤ s✐❣♥❛t✉r❡s
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≤

<

a0

>

b) c)a)

+

−

a0

a0

≤

>

−

−

a0 a0

>

>

+

++

+

C

C ′

C ′

C

a0

❋✐❣✉r❡ ✹✿ a✳ ❚❤❡ ❛r❝ a0 ❛♥❞ ❛ ✓✇❛❧❦✔ C ✐♥ t❤❡ ❛ss♦❝✐❛t❡❞ s✐❣♥❡❞ ❞✐❣r❛♣❤✳ ■♥ t❤❡s❡ t✇♦
❡①❛♠♣❧❡s✱ ♦♥❧② ♦♥❡ ❛r❝ ♦❢ t❤❡ ✇❛❧❦ ✐s s✐❣♥❡❞ ♥❡❣❛t✐✈❡❧②✳ b. ❚❤❡ s❛♠❡ ❛r❝s ✐♥ t❤❡ r❡♦r✐❡♥t❡❞
❞✐❣r❛♣❤✳ a0 ❤❛s ❜❡❡♥ s✐❣♥❡❞ ✐♥ ✇❛② s✉❝❤ t❤❛t C ✐s ♥♦t ❛ ♣r♦❤✐❜✐t❡❞ ❝✐r❝✉✐t✳ c. ■❢ t❤❡r❡
❡①✐sts ❛♥♦t❤❡r ✓✇❛❧❦✔ C ′ ❝❧♦s❡❞ ❜② t❤❡ ❛r❝ a0✱ t❤❡♥ ✇❡ ♦❜t❛✐♥ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✿ C ∪ C ′ ✐s
❛ ♣r♦❤✐❜✐t❡❞ ❝✐r❝✉✐t✳

✷✳ G ✐s ♥♦t ❛ ❝✐r❝✉✐t✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts t✇♦ ✐♠♣♦ss✐❜❧❡ s✐❣♥❡❞ ❞✐❣r❛♣❤s ❛ss♦❝✐❛t❡❞ t♦ G ✿

♦♥❡ ❢♦r ❡❛❝❤ ♣♦ss✐❜❧❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ ❛ ♣r♦❤✐❜✐t❡❞ ❝✐r❝✉✐t ♦❢ t❤❡ r❡♦r✐❡♥t❡❞ ❞✐❣r❛♣❤✳

❋✐♥❛❧❧②✱ ❛s ✐t ✇❛s t❤❡ ❝❛s❡ ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s ❛ss♦❝✐❛t❡❞ t♦ ❛ ❣✐✈❡♥
s✐❣♥❡❞ ❞✐❣r❛♣❤✱ t❤❛t ✐s t❤❡ s✐③❡s ♦❢ t❤❡ [·]GS ❝❧❛ss❡s ✱ ✇❡ ❛r❡ ♥♦t ②❡t ❛❜❧❡ t♦ s❛② ✇❤❡t❤❡r
t❤❡r❡ ❡①✐sts ❛ ❢♦r♠✉❧❛ ❡①♣r❡ss✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡s ♦❢ ❛ ❞✐❣r❛♣❤✱ ✐✳❡✳✱ t❤❡
♥✉♠❜❡r ♦❢ [·]GS ❝❧❛ss❡s✳ ◆❡✐t❤❡r ❝❛♥ ✇❡ ②❡t s❛② ✇❤❡t❤❡r t❤❡r❡ ❡①✐sts ♦r ♥♦t ❛ ♣♦❧②♥♦♠✐❛❧
❛❧❣♦r✐t❤♠ t❤❛t ❡♥✉♠❡r❛t❡s t❤♦s❡ ❝❧❛ss❡s✳ ❚♦ ❡♥❞ t❤✐s s❡❝t✐♦♥✱ ❧❡t ✉s ♥♦✇ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣♦s✐t✐♦♥ ✹✳✶✽ ✇❤✐❝❤ ✐s ♣r♦♦✈❡❞ ✐♥ ❛♥♥❡① ❈✳ ❆❧t❤♦✉❣❤ ✐t ❞♦❡s ♥♦t ❛♥s✇❡r t❤❡s❡ q✉❡st✐♦♥s✱
✐t ❝♦♥❝❡r♥s ❛ ♣r♦❜❧❡♠ t❤❛t ✐s ❤♦✇❡✈❡r q✉✐t❡ ❝❧♦s❡ t♦ t❤❡♠✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✽ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✱ ❧❡t ✉s ❝❛❧❧ ✐t ♯●❙✱ ✐s ♯P✲❝♦♠♣❧❡t❡✳




■♥♣✉t✿ ❆ ❝♦✉♣❧❡ (G, k) ✇❤❡r❡ G = (V,A) ✐s ❛ ❞✐❣r❛♣❤ ❛♥❞

k ≤ |V | ✐s ❛♥ ✐♥t❡❣❡r ❀

◗✉❡st✐♦♥✿

❲❤❛t ✐s t❤❡ ♥✉♠❜❡r ♦❢ s✐❣♥❡❞ ❞✐❣r❛♣❤s Gs ❛ss♦❝✐❛t❡❞ t♦ G
s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡t W ⊆ V s❛t✐s❢②✐♥❣ ✿

∗ |W | = k ❛♥❞

∗ a = (v1, v2) ∈ A ∩ (W × V )⇔ signGs(a) = − ❄

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ q✉❡st✐♦♥ ✐s ✏❍♦✇ ♠❛♥② ✇❛②s ❛r❡ t❤❡r❡ t♦ ❝♦rr❡❝t❧② s✐❣♥ t❤❡ ❞✐❣r❛♣❤
G s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡t W ♦❢ s✐③❡ ❡①❛❝t❧② k ❝♦♥t❛✐♥✐♥❣ ❛❧❧ ✈❡rt✐❝❡s t❤❛t ❤❛✈❡ ❛♥
♦✉t❣♦✐♥❣ ♥❡❣❛t✐✈❡ ❛r❝ ❛s ✇❡❧❧ ❛s✱ ♣♦ss✐❜❧②✱ s♦♠❡ ✈❡rt❝❡s ✇✐t❤ ❛ ♥✉❧❧ ♦✉t✲❞❡❣r❡❡❄✑

✶✸



❖♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s

✺ ❖♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s

❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ t❤❡ s✐❣♥❡❞ ❞✐❣r❛♣❤ r❡❧❛t❡❞ q✉❡st✐♦♥s✱ ✇❡ ❛❧s♦ ❤❛✈❡
❜❡❡♥ ❧♦♦❦✐♥❣ t♦ ♠❛❦❡ ❝♦♠♣❛r✐s♦♥s ❜❡t✇❡❡♥ ♣❛✐rs ♦❢ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ✇❤♦s❡ ❞②♥❛♠✐❝s ❛r❡
✐❞❡♥t✐❝❛❧ ✇✐t❤♦✉t t❤❡ s✐❣♥❛t✉r❡ ♦❢ t❤❡✐r ❛ss♦❝✐❛t❡❞ ❞✐❣r❛♣❤s ❜❡✐♥❣ t❤❡ s❛♠❡✳ ■♥ s❡❝t✐♦♥ ✺✳✶✱

✇❡ st❛rt ❜② s✉❣❣❡st✐♥❣ ❛ ✇❛② t♦ ❝♦♥str✉❝t t✇♦ ♥❡t✇♦r❦s R1 ❛♥❞ R2 s✉❝❤ t❤❛t R1
D
∼ R2 ❛♥❞

¬(R1
GS
∼ R2)✳ ❚❤❡♥✱ ✐♥ s❡❝t✐♦♥s ✺✳✷ ❡❛♥❞ ✺✳✸✱ ✇❡ st✉❞② t✇♦ s✐♠♣❧❡ ❝❛s❡s ✿ t❤❛t ♦❢ ♥❡t✇♦r❦s

✇❤♦s❡ ❛ss♦❝✐❛t❡❞ ❞✐❣r❛♣❤s ❛r❡ ❝✐r❝✉✐ts✱ ❛♥❞ t❤❛t ♦❢ ♥❡t✇♦r❦s ✇❤♦s❡ ❛ss♦❝✐❛t❡❞ ❞✐❣r❛♣❤s ❛r❡
❝♦♠♣❧❡t❡ ❞✐❣r❛♣❤s ✇✐t❤♦✉t ❧♦♦♣s✳

✺✳✶ ❈♦♥str✉❝t✐♦♥ ♦❢ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ✇✐t❤ ✐❞❡♥t✐❝❛❧ ❞②♥❛♠✐❝s

■♥ s❡❝t✐♦♥ ✸ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡r❡ ❡①✐sts ♥❡t✇♦r❦s R1 ❛♥❞ R2 ✇❤♦ ♣r❡s❡♥t t❤❡ s❛♠❡
❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦r ❜✉t ❞✐✛❡r❡♥t s✐❣♥❡❞ ❞✐❣r❛♣❤s✳ ❋✐❣✉r❡ ✺✳✶ s❤♦✇s ❛ ✇❛② t♦ ❜✉✐❧❞ t✇♦
s✉❝❤ ♥❡t✇♦r❦s ♦❢ ❛r❜✐tr❛r② s✐③❡s ❛♥❞ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ s❛♠❡ ❞✐❣r❛♣❤✳ ❚❤❡ t✇♦ ♥❡t✇♦r❦s
❛r❡ ✐♥ ❢❛❝t ✐❞❡♥t✐❝❛❧ ❡①❝❡♣t ❢♦r t❤❡ ✐♠❛❣❡s ♦❢ t✇♦ ✈❡rt✐❝❡s ❜② t❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡✳ ■♥ t❤✐s
❡①❛♠♣❧❡✱ t❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s ♦❢ ❜♦t❤ ♥❡t✇♦r❦s✱ r❡s♣❡❝t✐✈❡❧② s1 ❛♥❞ s2✱ ❛r❡ s❡q✉❡♥t✐❛❧
❛♥❞ ❢♦r ❛❧♠♦st ❡✈❡r② ✈❡rt✐❝❡ i ∈ V ✱ N+

sk
(i) = ∅ ✭k ∈ {1, 2}✮✳ Pr♦♣♦s✐t✐♦♥ ✺✳✶ ❢♦❧❧♦✇✐♥❣

✜❣✉r❡ ✺✳✶ ✐s ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤✐s ❝♦♥str✉❝t✐♦♥ t♦ ♥❡t✇♦r❦s ✇❤♦s❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s ❛r❡
♥♦t ♥❡❝❡ss❛r✐❧② s❡q✉❡♥t✐❛❧✳

n− 1

b)

1

+

2 n− 1

−

+

−

n

a)

1

+

2 n

−

−

− + +

❋✐❣✉r❡ ✺✿ ❚✇♦ ♥❡t✇♦r❦s Ri = (G, F, si), i ∈ {1, 2} ✇❤♦s❡ s✐❣♥❡❞ ❞✐❣r❛♣❤s ❛r❡ ❞✐✛ér❡♥t✳
❚❤❡ ♥✉♠❜❡rs ♥❡❛r t❤❡ ✈❡rt✐❝❡s ✐♥❞✐❝❛t❡ t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ✈❡rt✐❝❡s ❜② t❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡
si, i ∈ {1, 2}✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶ ▲❡t R1 = (G, F, s1) ❛♥❞ R2 = (G, F, s2) ❜❡ t✇♦ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ✇✐t❤

t❤❡ s❛♠❡ ✉♥❞❡r❧②✐♥❣ ❞✐❣r❛♣❤ G = (V,A) ✇✐t❤♦✉t ❧♦♦♣s ❛♥❞ s✉❝❤ t❤❛t

✶✳ ❚❤❡ ❣❧♦❜❛❧ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥ F ✐s ❞❡✜♥❡❞ ❜② ❧♦❝❛❧ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s t❤❛t ❛r❡

❛❧❧ ✐❞❡♥t✐❝❛❧✱ s②♠♠❡tr✐❝❛❧✱ ❛♥❞ ❥✉st ❛s t❤❡ OR ❛♥❞ AND ❢✉♥❝t✐♦♥s✱ t❤❡② ❛❧s♦ ❛r❡

❛ss♦❝✐❛t✐✈❡✱ ✐✳❡✳✱ ∀i ∈ V, ∀V1, V2 ⊆ V,

fi(xj | j ∈ V1 ; yj | j ∈ V2) = fi(fi(xj | j ∈ V1) ; yj | j ∈ V2)
= fi(xj | j ∈ V1 ; fi(yj | j ∈ V2))
= fi(fi(xj | j ∈ V1) ; fi(yj | j ∈ V2))

✶✹



❖♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ❈♦♥str✉❝t✐♦♥ ♦❢ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ✇✐t❤ ✐❞❡♥t✐❝❛❧ ❞②♥❛♠✐❝s

❛♥❞ ✐❢ V1 ⊆ V2 t❤❡♥ fi(xj | j ∈ V1 ; xj | j ∈ V2) = fi(xj | j ∈ V2),

✷✳ Bs1

1 = {1}✸✱

✸✳ ∀i ∈ V, N+
s1

(i) ⊆ N(1)

✹✳ ■❢ n = max{s(i) | i ∈ V }✱ Bs1

n−1 ⊆ N(1) ❛♥❞ Bs1
n ⊆ N(1)✱

✺✳ ❆♥❞ s2 ✐s s✉❝❤ t❤❛t

Bs2

t =





Bs1

t ✐❢ t < n− 1

Bs1
n ✐❢ t = n− 1

Bs1

n−1 ✐❢ t = n

❚❤❡♥✱ Gs1 6= Gs2 ❛♥❞ F s1 = F s2✳

Pr❡✉✈❡ ❙✉♣♣♦s❡ t❤❡ ✈❡rt✐❝❡ 1 ∈ V ✐s s✉❝❤ t❤❛t s1(1) = s2(1) = 1 ❛♥❞ t❤❛t ∀i ∈ V ✱
fi = f ✳ ◆♦t❡ t❤❛t N−

s1
(1) = N−

s2
(1) = ∅✳

❈♦♥s✐❞❡r t❤❡ ♥❡t✇♦r❦ R1✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ t✱ ✇❡ ♣r♦✈❡ t❤❛t

∀x ∈ {0, 1}n, ∀i ∈ Bs1

t , fs1

i (x) = fs1

1 (x).

■❢ t = 2✱ ∀i ∈ Bs1

2 t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s t❤❛♥❦s t♦ t❤❡ ❤②♣♦t❤❡s❡s ♦♥ f ❛♥❞ ❜❡❝❛✉s❡ N−
s1

(i) ⊆
{1} ✿

fs1

i (x) = f(xj | j ∈ N+
s1

(i) ; fs1

j (x) | j ∈ N−
s1

(i))

= f(xj | j ∈ N+
s1

(i) ∩N(1) ; fs1

1 (x))
= f(xj | j ∈ N+

s1
(i) ∩N(1) ; f(xj | j ∈ N(1)))

= f(xj | j ∈ N(1))
= fs1

1 (x)

❙✉♣♣♦s❡ t❤❛t t ≥ 2 ❛♥❞ t❤❛t ∀i, s1(i) < t✱ fs1

i (x) = fs1

1 (x)✳ ❚❤❡♥✱ ✐♥ t❤❡ s❛♠❡ ✇❛② ✐t ❤♦❧❞s
t❤❛t ∀i ∈ Bs1

t ,

fs1

i (x) = f(xj | j ∈ N+
s1

(i) ; fs1

j (x) | j ∈ N−
s1

(i))

= f(xj | j ∈ N+
s1

(i) ∩N(1) ; fs1

1 (x))
= fs1

1 (x)✳

◆♦✇✱ ❝♦♥s✐❞❡r t❤❡ ♥❡t✇♦r❦ R2✳ ∀t < n − 1, ∀i ∈ Bs1

t = Bs2

t ✱ fs2

i (x) = fs1

i (x) = fs1

1 (x).
❆❧s♦✱ ❜❡❝❛✉s❡ ∀i ∈ Bs2

n−1✱ N+
s2

(i) ⊆ Bs2

n−1∪Bs2
n = Bs1

n ∪Bs1

n−1 ⊆ N(1) ❛♥❞ j ∈ N−
s2

(i) ⇒
j ∈ Bs2

t , t < n− 1, t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

∀i ∈ Bs2

n−1, fs2

i (x) = f(xj | j ∈ N+
s2

(i) ; fs2

j (x) | j ∈ N−
s2

(i))

= f(xj | j ∈ N+
s2

(i) ∩N(1) ; fs1

1 (x))
= fs1

1 (x).

✸❘❡❝❛❧❧ t❤❛t Bs
t = {i ∈ V | s(i) = t} ✭❝❢ ♥♦t❛t✐♦♥ ✷✳✸✮✳

✶✺



❚❤❡ ❞②♥❛♠✐❝s ♦❢ ❝✐r❝✉✐ts ❖♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s

❆❧s♦✱ ∀i ∈ Bs2
n = Bs1

n−1✱

N+
s2

(v) ⊆ Bs2

n = Bs1

n−1 ⊆ N(1) ❛♥❞ N−
s2

(i) ⊆ N−
s1

(i) ∪Bs1

n = N−
s1

(i) ∪Bs2

n−1

❛♥❞ ❢♦r ❡✈❡r② ✈❡rt✐❝❡ j ∈ N−
s1

(i) ∪ Bs2

n−1✱ j ∈ Bs2

t ✱ t ≤ n − 1✳ ❚❤✉s✱ fs2

j (x) = fs1

1 (x) ❛♥❞
❝♦♥s❡q✉❡♥t❧②✱

∀i ∈ Bs2
n , fs2

i (x) = f(xj | j ∈ N+
s2

(i) ; fs2

j (x) | j ∈ N−
s2

(i))

= f(xj | j ∈ N+
s2

(i) ∩N(1) ; fs1

1 (x))
= fs1

1 (x)✳

�

✺✳✷ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ ❝✐r❝✉✐ts

▲❡t ✉s ♥♦✇ ❧♦♦❦ ❛t t❤❡ ❝❛s❡ ♦❢ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ✇❤♦s❡ ✉♥❞❡r❧②✐♥❣ ❞✐❣r❛♣❤s ❛r❡ ❝✐r❝✉✐ts✳
■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇r✐t❡ Cn = [v0, v1, . . . , vn−1, vn = v0] t♦ ❞❡♥♦t❡ t❤❡ ❝✐r❝✉✐t ♦❢ s✐③❡ n ✐✳❡✳✱

t❤❡ ❞✐❣r❛♣❤ ♦❢ ♦r❞❡r n ✇❤♦s❡ ✈❡rt✐❝❡s ❛r❡ v1, . . . , vn−1, vn = v0✱ ❛♥❞ ✇❤♦s❡ s❡t ♦❢ ❛r❝s ✐s
{(vi, vi+1) |i ∈ [[0, n[[}✳

❈♦♥s✐❞❡r t❤❡ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦ R = (Cn, F, s)✳ fi ❞❡s✐❣♥❛t❡s t❤❡ ❧♦❝❛❧ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥
♦❢ ❛ ✈❡rt✐❝❡ vi ❛♥❞ xi ❞❡♥♦t❡s ✐ts st❛t❡✳ ■❢ ❛❧❧ ❧♦❝❛❧ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ ❡q✉❛❧ t♦ t❤❡
s❛♠❡ ❢✉♥❝t✐♦♥ f : {0, 1} → {0, 1} ✇❤✐❝❤ ✐s ♥♦♥ ❝♦♥st❛♥t✱ ∀vi ∈ V t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s ✿

fs
i (x) =





xi−1 ✐❢ signs(vi−1, vi) = +1

fs
i−1(x) ✐❢ signs(vi−1, vi) = −1

✐❢ f ✐s t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥ ❛♥❞

fs
i (x) =




¬xi−1 ✐❢ signs(vi−1, vi) = +1

¬fs
i−1(x) ✐❢ signs(vi−1, vi) = −1.

✐❢ f ✐s t❤❡ ♥❡❣❛t✐♦♥ ❢✉♥❝t✐♦♥✳ ▲❡t is = max{j < i | signs(vj , vj+1) = +1}✳ ❇② ✐♥❞✉❝t✐♦♥
✇❡ ❝❛♥ ❡❛s✐❧② ♣r♦✈❡ t❤❛t ✐♥ t❤❡ ✜rst ❝❛s❡ ∀vi ∈ V ✱ fs

i (x) = xis ❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞ ✿

fs
i (x) =




¬xis−1 ✐❢ i− is ✐s✐♠♣❛✐r

fs
is−1(x) ✐❢ i− is ✐s♣❛✐r✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷ ▲❡t R1 = (Cn, F, s1) ❛♥❞ R2 = (Cn, F, s2) ❜❡ t✇♦ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s s✉❝❤

t❤❛t Cs1
n 6= Cs2

n ❛♥❞ s✉❝❤ t❤❛t F ✐s ❞❡✜♥❡❞ ❜② ♦♥❡ ✉♥✐q✉❡ ♥♦♥ ❝♦♥st❛♥t ❧♦❝❛❧ ❛❝t✐✈❛t✐♦♥

❢✉♥❝t✐♦♥ f : {0, 1} → {0, 1}✳ ❚❤❡♥ F s1 6= F s2✳ ■♥ ♦t❤❡r ✇♦r❞s✱ Cs1
n = Cs2

n ⇔ F s1 = F s2✳

✶✻



❖♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ❚❤❡ ❞②♥❛♠✐❝s ♦❢ ❝♦♠♣❧❡t❡ ❞✐❣r❛♣❤s

Pr❡✉✈❡ ■❢ s1 ❛♥❞ s2 ❛r❡ t✇♦ ❞✐✛❡r❡♥t ✉♣❞❛t❡ s❝❤❡❞✉❧❡s s✉❝❤ t❤❛t Cs1
n 6= Cs2

n ✱ t❤❡r❡ ❡①✐sts
vi ∈ V s✉❝❤ t❤❛t signs1

(vi−1, vi) = + ❛♥❞ signs2
(vi−1, vi) = − ✭♦r ❝♦♥✈❡rs❡❧②✮✳

❚❤❡♥ ✐❢ f ✐s t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥ ❛♥❞ x ∈ {0, 1}n ✐s ❛ ♣♦✐♥t s✉❝❤ t❤❛t xis1
= xi−1 = 1 ❛♥❞

xis2
= 0✱ F s1(x)i = xi−1 = 1 6= F s2(x)i = xjs2

= 0✳

■❢ f ✐s t❤❡ ♥❡❣❛t✐♦♥ ❢✉♥❝t✐♦♥✱ ✐♥ ❛ s✐♠♠✐❧❛r ♠❛♥♥❡r✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦✐♥t
x ∈ {0, 1}n s✉❝❤ t❤❛t F s1(x)i 6= F s2(x)i✳ �

✺✳✸ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ ❝♦♠♣❧❡t❡ ❞✐❣r❛♣❤s

❍❡r❡ ✇❡ st✉❞② ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ✇❤♦s❡ ✉♥❞❡r❧②✐♥❣ ❞✐❣r❛♣❤s ❛r❡ ❝♦♠♣❧❡t❡ ❞✐❣r❛♣❤s ✇✐t❤♦✉t
❧♦♦♣s ♦❢ ♦r❞❡r n ❛♥❞ ✇❤♦s❡ ❧♦❝❛❧ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ s②♠♠❡tr✐❝❛❧ ❛♥❞ ❛❧❧ ❡q✉❛❧ t♦
t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥ ❖❘✱ ❆◆❉✱ ♦r ❛♥② ♦t❤❡r ❝♦♠♠✉t❛t✐✈❡ ❢✉♥❝t✐♦♥ ⊙ s✉❝❤ t❤❛t ∀a, b ∈
{0, 1}, (a ⊙ b) ⊙ a = a ⊙ b✳ ❲❡ ✇✐❧❧✱ ❤♦✇❡✈❡r✱ ❝❤♦s❡ t♦ t❛❦❡ t❤❡ ❖❘ ❢✉♥❝t✐♦♥ ❤❡r❡ ❛s ❛♥
❡①❛♠♣❧❡ ❛♥❞ ✇❡ ✇✐❧❧ ✇r✐t❡ ✐t ∨✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❡♦r❡♠ ✺✳✺✳ ❚❤✐s
t❤❡♦r❡♠ st❛t❡s t❤❛t t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦ R = (G,❖❘, s) ❛ss♦❝✐❛t❡❞ t♦ ❛
❝♦♠♣❧❡t❡ ❞✐❣r❛♣❤ ✇✐t❤♦✉t ❧♦♦♣s ❞❡♣❡♥❞s ♦♥ t❤❡ ❜❧♦❝❦ Bs

1✳

◆♦t❛t✐♦♥ ✺✳✸ ■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② ♥♦t❛t✐♦♥s✱ ✇❡ ✇✐❧❧ ✇r✐t❡ fs
i (x) = x′

i ✇❤❡♥ t❤❡r❡ ✇✐❧❧ ❜❡

♥♦ ❛♠❜✐❣✉✐t② ❛s t♦ ✇❤❛t ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s ✐s ❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞✳

▲❡♠♠❛ ✺✳✹ ▲❡t R = (G, F, s) ❜❡ ❛ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦ ❛ss♦❝✐❛t❡❞ t♦ ❛ ❝♦♠♣❧❡t❡ ❞✐❣r❛♣❤

✇✐t❤♦✉t ❧♦♦♣s G = (V,A) ♦❢ ♦r❞❡r n✳

✶✳ ■❢ s ✐s ♣❛r❛❧❧❡❧ ✭Bs
1 = V (G)✮✱ ∀i ∈ V ✱

x′
i =

∨

j 6=i

xj ,

✷✳ ■❢ s ✐s s❡q✉❡♥t✐❛❧ ♦r ❜❧♦❝❦ s❡q✉❡♥t✐❛❧ s✉❝❤ t❤❛t Bs
1 = {i∗}✱ ∀i ∈ V ✱

x′
i =

∨

j 6=i∗

xj ,

✸✳ ■❢ s ✐s ❜❧♦❝❦ s❡q✉❡♥t✐❛❧ ❛♥❞ |Bs
1| > 1✱

∀i ∈ Bs
1, x′

i =
∨

j 6=i

xj , ∀i /∈ Bs
1, x′

i =
∨

j

xj .

Pr❡✉✈❡

✶✳ ❚r✐✈✐❛❧✳

✶✼



❚❤❡ ❞②♥❛♠✐❝s ♦❢ ❝♦♠♣❧❡t❡ ❞✐❣r❛♣❤s ❖♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s

✷✳ ❈❧❡❛r❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s

x′
i∗ =

∨

j 6=i∗

xj

❛♥❞ ∀i ∈ Bs
t ✱ t > 1✱ ✭❜② ✐♥❞✉❝t✐♦♥ ♦♥ t✮ ✇❡ ❤❛✈❡ t❤❛t

x′
i = [

∨

s(j)<t

x′
j ] ∨ [

∨

s(j)≥t

xj ] = [
∨

j 6=i∗

xj ] ∨ [
∨

s(j)≥t

xj ] =
∨

j 6=i∗

xj .

✸✳ ❚❤❡ ✜rst ❡q✉❛❧✐t② ✐s tr✐✈✐❛❧✳ ❚❤❡ s❡❝♦♥❞ ❝♦♠❡s ❢r♦♠ ❛♥ ✐♥❞✉❝t✐♦♥ ❛♥❞ ❢r♦♠✱ ✐♥
♣❛rt✐❝✉❧❛r✱

∀i ∈ Bs
2, x′

i = [
∨

s(j)≥2

xj ] ∨ [
∨

j∈Bs
1

x′
j ] =

∨

j

xj .

�

▲❡t s1 ❛♥❞ s2 ❜❡ t✇♦ ❞✐✛❡r❡♥t ✉♣❞❛t❡ s❝❤❡❞✉❧❡s s✉❝❤ t❤❛t Gs1 6= Gs2 ✳ ■❢ ♦♥❡ ♦❢ t❤❡s❡
t✇♦ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s ✐s ♣❛r❛❧❧❡❧ ❛♥❞ t❤❡ ♦t❤❡r s❡q✉❡♥t✐❛❧ ♦r ❜❧♦❝❦ s❡q✉❡♥t✐❛❧✱ ✐t ✐s ❝❧❡❛r t❤❛t
t❤❡r❡ ❡①✐sts x ∈ {0, 1}n s✉❝❤ t❤❛t F s1(x) 6= F s2(x)✳ ❚❤❡ s❛♠❡ ✐s tr✉❡ ✐❢ ❜♦t❤ s❝❤❡❞✉❧❡s ❛r❡
s❡q✉❡♥t✐❛❧ ♦✉ ❜❧♦❝❦ s❡q✉❡♥t✐❛❧ s✉❝❤ t❤❛t |Bs1

1 | = |B
s2

1 | = 1 ❛♥❞ Bs1

1 6= Bs2

1 ✳

◆♦✇ s✉♣♣♦s❡ t❤❛t s1 ✐s s❡q✉❡♥t✐❛❧ ♦r ❜❧♦❝❦ s❡q✉❡♥t✐❛❧ s✉❝❤ t❤❛t Bs1

1 = {i∗}✱ ❛♥❞ s2 ✐s ❜❧♦❝❦
s❡q✉❡♥t✐❛❧✳ ❙✐ ∃k 6= i∗, k ∈ Bs2

1 ✱ t❤❡♥

∀x ∈ {0, 1}n, F s1(x)k = [
∨

j 6=i∗,j 6=k

xj ] ∨ xk ❛♥❞ F s2(x)k = [
∨

j 6=i∗,j 6=k

xj ] ∨ xi∗ .

❈♦♥s✐❞❡r✐♥❣ ❢♦r ❡①❛♠♣❧❡ ❛ ♣♦✐♥t x ∈ {0, 1}n s✉❝❤ t❤❛t ∀i 6= k, xi = 0 ❛♥❞ xk = 1✱ ✇❡
❝❛♥ ✐♥❢❡r t❤❛t R1 = (G, F, s1) ❛♥❞ R2 = (G, F, s2) ❝❛♥♥♦t ❤❛✈❡ t❤❡ s❛♠❡ ❞②♥❛♠✐❝s ✉♥❧❡ss
Bs2

1 = {i∗}✳

❋✐♥❛❧❧②✱ s✉♣♣♦s❡ t❤❛t s1 ❛♥❞ s2 ❛r❡ ❜♦t❤ ❜❧♦❝❦ s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s s✉❝❤ t❤❛t
Bs1

1 > 1✱ Bs2

1 > 1 ❛♥❞ Bs1

1 6= Bs2

1 ✳ ❚❤❡♥ ✐❢ i ∈ Bs1

1 \B
s2

1 ✱ ♥❡❝❡ss❛r✐❧② t❤❡r❡ ❡①✐sts x ∈ {0, 1}n

s✉❝❤ t❤❛t
F s1(x)i =

∨

j 6=i

xj 6= F s2(x)i =
∨

j

xj .

❋r♦♠ ❛❧❧ t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦s ✇❡ ✐♥❢❡r ♦♥❡ ♦❢ t❤❡ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳
❚❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥ ✐s ❝❧❡❛r ❜② ❧❡♠♠❛ ✺✳✹✳

❚❤❡♦r❡♠ ✺✳✺ ▲❡t R1 = (G, F, s1) ❛♥❞ R2 = (G, F, s2) ❜❡ t✇♦ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ❛ss♦❝✐❛t❡❞

t♦ t❤❡ s❛♠❡ ❝♦♠♣❧❡t❡ ❞✐❣r❛♣❤ ✇✐t❤♦✉t ❧♦♦♣s ❛♥❞ s✉❝❤ t❤❛t F = OR ♦r ❛♥② ♦t❤❡r ♦♥❡ ♦❢ t❤❡

❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳ ❚❤❡♥✱ ✐❢ Gs1 6= Gs2✱

F s1 = F s2 ⇔ Bs1

1 = Bs2

1 .

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♣❛r❛❧❧❡❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ❝❛♥♥♦t ✐♥❞✉❝❡ t❤❡ s❛♠❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦r ❛s
t❤❛t ✐♥❞✉❝❡❞ ❜② ❛♥② ♦t❤❡r ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ✿ [sp]

D = {sp}✳ ❆❧s♦✱ s✐♥❝❡ t❤❡r❡ ❛r❡ 2n ✇❛②s
♦❢ ❝❤♦♦s✐♥❣ t❤❡ s❡t Bs

1✱ t❤❡ ♥✉♠❜❡r ♦❢ [·]D ❝❧❛ss❡s ❢♦r ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ✇❤♦s❡ ❛ss♦❝✐❛t❡❞
❞✐❣r❛♣❤ ✐s ❛ ❝♦♠♣❧❡t❡ ❞✐❣r❛♣❤ ✇✐t❤♦✉t ❧♦♦♣s ♦❢ ♦r❞❡r n ✐s 2n✳

✶✽



❈♦♥❝❧✉s✐♦♥

✻ ❈♦♥❝❧✉s✐♦♥

❚❤❛♥❦s t♦ t❤❡♦r❡♠ ✸✳✶ ♦❢ ❬✶❪✱ ✇❡ ❦♥♦✇ t❤❛t ✐♥st❡❛❞ ♦❢ ❣✐✈✐♥❣ ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ✐♥ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦✱ ✇❡ ❝❛♥ ❣✐✈❡ ❛ ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡ ♦❢ t❤❡ ❞✐❣r❛♣❤ ❛ss♦❝✐❛t❡❞
t♦ t❤❡ ♥❡t✇♦r❦✳ ❚❤❡ r❡❛s♦♥ ✇❤② ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ❜② t❤✐s ♥♦t✐♦♥ ♦❢ ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡ ✐s
t❤❛t ✐t ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ r♦❜✉st♥❡ss ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s
✇✐t❤ r❡s♣❡❝t t♦ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s ✿ t❤❡ s♠❛❧❧❡r t❤❡ ♥✉♠❜❡r ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s [·]GS ✱ ✐✳❡✱
t❤❡ ❜✐❣❣❡r t❤❡ s✐③❡s ♦❢ t❤❡s❡ ❝❧❛ss❡s✱ t❤❡ ♠♦r❡ r♦❜✉st t❤❡ ♥❡t✇♦r❦ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❆❧❧ ✐♥
❛❧❧✱ t❤✐s ✐♥t❡r♥s❤✐♣ ❤❛s ♠❛✐♥❧② s❡r✈❡❞ t♦ ❣❛✐♥ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡s✱
✐♥ ♣❛rt✐❝✉❧❛r ❜② ❣✐✈✐♥❣ ❛ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ t❤❡♠✳ ■♥ t❤✐s ❛❝❝♦✉♥t✱ ✇❡ ❤❛✈❡ ❛❧s♦ s❤♦✇❡❞
t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝❤❡❝❦ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ✇❤❡t❤❡r ❛ s✐❣♥❡❞ ❞✐❣r❛♣❤ ✐s ♣♦ss✐❜❧❡ ♦r ♥♦t✳
■❢ ✐t ✐s✱ t❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠ t❤❛t r❡t✉r♥s ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ ✐♥❞✉❝✐♥❣ t❤❡
s❛♠❡ s✐❣♥❛t✉r❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ✉♥s✐❣♥❡❞ ❞✐❣r❛♣❤✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡♦r❡♠ ✹✳✶✸ st❛t❡s t❤❛t✱
s✉❜❥❡❝t t♦ ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s✱ ❢♦r ❛♥② ♥❡t✇♦r❦ R✱ t❤❡r❡ ❡①✐sts ❛♥♦t❤❡r ♥❡t✇♦r❦ R′ ✇❤✐❝❤
✐s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ s❛♠❡ ❞✐❣r❛♣❤ ❛♥❞ ✇❤✐❝❤ ❤❛s t❤❡ s❛♠❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦r✳ ❆❧s♦✱
✇❡ ❤❛✈❡ ♠❛❞❡ s♦♠❡ ♦❜s❡r✈❛t✐♦♥s ♦♥ t❤❡ ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡s ♦❢ ❛ ❣✐✈❡♥ ❞✐❣r❛♣❤ ❛♥❞ ✇❡
❤❛✈❡ st✉❞✐❡❞ t❤❡ ❝❛s❡s ♦❢ ♥❡t✇♦r❦s ❤❛✈✐♥❣ s✐♠✐❧❛r ❞②♥❛♠✐❝s ❜✉t ❞✐✛❡r❡♥t s✐❣♥❡❞ ❞✐❣r❛♣❤s✳
❖♥ ♦♥❡ ❤❛♥❞✱ ✇❡ ❤❛✈❡ s❤♦✇❡❞ ❤♦✇ t♦ ❜✉✐❧❞ s✉❝❤ ♥❡t✇♦r❦s ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡
❤❛✈❡ ❝♦♠♣❛r❡❞ ❞②♥❛♠✐❝s ♦❢ ♥❡t✇♦r❦s ✇❤♦s❡ ✉♥❞❡r❧②✐♥❣ ❞✐❣r❛♣❤s ❛r❡ ❝✐r❝✉✐ts ♦r ❝♦♠♣❧❡t❡
❞✐❣r❛♣❤s ✇✐t❤♦✉t ❧♦♦♣s✳

❋♦❧❧♦✇✐♥❣ t❤❡ ✇♦r❦ ✇❡ ❤❛✈❡ ❞♦♥❡ ❞✉r✐♥❣ t❤✐s ✐♥t❡r♥s❤✐♣ s♦♠❡ q✉❡st✐♦♥s r❡♠❛✐♥ t♦ ❜❡
❛♥s✇❡r❡❞✳ ❚❤❡ ♠❛✐♥ ♦♥❡s ❝♦♥❝❡r♥ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❢♦✉r ♣r♦❜❧❡♠s ❣✐✈❡♥ ❜❡❧♦✇ ❛s ✇❡❧❧
❛s ♣♦ss✐❜❧❡ ❛❧t❡r♥❛t✐✈❡ ✇♦r❞✐♥❣s ♦❢ t❤❡♠

• ●✐✈❡♥ ❛ ❞✐❣r❛♣❤ G✱ ❛r❡ t❤❡r❡ ❛t ❧❡❛st k ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡s ♦❢ G❄

• ●✐✈❡♥ ❛ s✐❣♥❡❞ ❞✐❣r❛♣❤ Gs ♦r ❛ ❞✐❣r❛♣❤ G ❛♥❞ ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s✱ ❛r❡ t❤❡r❡ ❛t
❧❡❛st k ❞✐✛❡r❡♥t ✉♣❞❛t❡ s❝❤❡❞✉❧❡s s′ s✉❝❤ t❤❛t Gs = Gs′❄

• ●✐✈❡♥ ❛ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦ R = (G, F, s)✱ ❛r❡ t❤❡r❡ ❛t ❧❡❛st k ♦t❤❡r ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s
R′ = (G, F, s′) ✭♦r ❡✈❡♥ ♣♦ss✐❜❧② R′ = (G′, F ′, s′)✮ ❤❛✈✐♥❣ t❤❡ s❛♠❡ ❞②♥❛♠✐❝s ❛s R❄

• ●✐✈❡♥ ❛ ❞✐❣r❛♣❤ G ❛♥❞ ❛ ❣❧♦❜❛❧ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥ F ✱ ❛r❡ t❤❡r❡ ❛t ❧❡❛st k ❞✐✛❡r❡♥t
❜♦♦❧❡❛♥ ♥❡t✇♦r❦s R = (G, F, s) ❡❛❝❤ ❤❛✈✐♥❣ ❞✐st✐♥❝t ❞②♥❛♠✐❝s❄

◆♦t❡ t❤❛t t❤❡ s❡❝♦♥❞ ♦❢ t❤❡s❡ ♣r♦❜❧❡♠s r❛✐s❡s ❝♦♠❜✐♥❛t♦r✐❝ q✉❡st✐♦♥s ❛♥❞ q✉❡st✐♦♥s
♦❢ ♦r❞❡r t❤❡♦r② ✇❤✐❝❤ ❛r❡ ✐♥❞❡♣❡♥❞❛♥t ♦❢ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ❛♥❞ ♦❢ t❤❡✐r ❞②♥❛♠✐❝s✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤✐s ♣r♦❜❧❡♠ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♥✉♠❜❡r ♥♦♥ str✐❝t ♣❛rt✐❛❧ ♦r❞❡rs t❤❛t ✇❡ ❝❛♥
❛ss♦❝✐❛t❡ t♦ ❛ ❞✐❣r❛♣❤ ❛♥❞ ✇❤✐❝❤✱ ✐♥ ❛❞❞✐t✐♦♥✱ s❛t✐s❢② s♦♠❡ s♣❡❝✐❛❧ ❝♦♥❞✐t✐♦♥s ✭s♦♠❡ ❛r❝s
♦❢ t❤❡ ❞✐❣r❛♣❤ ♠✉st ♥❡❝❡ss❛r✐❧② ♠❡❛♥ ❵>✬ ✇❤❡r❡❛s ♦t❤❡rs ❝❛♥ ♠❡❛♥ ❵>✬ ❛s ✇❡❧❧ ❛s ❵=✬✮✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❋✐♥❛❧❧②✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ▲✐❧✐❛♥ ❙❛❧✐♥❛s ❛♥❞ ❆♥❛❤✐ ●❛❥❛r❞♦ ❢♦r t❤❡✐r ♣r❡s❡♥❝❡
❞✉r✐♥❣ t❤✐s ✐♥t❡r♥s❤✐♣ ❛♥❞ ❊r✐❝ ●♦❧❡s ❢♦r t❤❡ ✐♥t❡r❡st✐♥❣ ❞✐s❝✉ss✐♦♥s ✇❡ ❤❛✈❡ ❤❛❞✳ ■ ✇♦✉❧❞

✶✾



❘❡❢❡r❡♥❝❡s

❛❧s♦ ♣❛rt✐❝✉❧❛r✐❧② ❧✐❦❡ t♦ ❡①♣r❡ss ♠② s✐♥❝❡r❡ ❣r❛t✐t✉❞❡ t♦✇❛r❞s ❏✉❧✐♦ ❆r❛❝❡♥❛ ❢♦r ❤✐s ❣r❡❛t
s✉♣♣♦rt ❛♥❞ ❢♦❧❧♦✇✲✉♣ ❛♥❞ ❢♦r ❤✐s ❛✈❛✐❧❛❜✐❧✐t②✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❏✳ ❆r❛❝❡♥❛✱ ❊✳ ●♦❧❡s✱ ❛♥❞ ▲✳ ❙❛❧✐♥❛s✳ ❖♥ t❤❡ r♦❜✉st♥❡ss ♦❢ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s ✐♥ ❜♦♦❧❡❛♥
♥❡t✇♦r❦s✳ ❇✐♦s②st❡♠s ✭s✉❜♠✐tt❡❞✮✱ ✷✵✵✽✳

❬✷❪ ❙✳ ❆r♦r❛ ❛♥❞ ❇✳ ❇❛r❛❦✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❈♦♠♣❧❡①✐t②✿ ❆ ▼♦❞❡r♥ ❆♣♣r♦❛❝❤✳ ❈❛♠❜r✐❞❣❡
❯♥✐✈❡rs✐t② Pr❡ss✱ ✷✵✵✾✳

❬✸❪ ❏✳ ❇❛♥❣✲❏❡♥s❡♥ ❛♥❞ ●✳ ●✉t✐♥✳ ❉✐❣r❛♣❤s✿ ❚❤❡♦r②✱ ❆❧❣♦r✐t❤♠s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✳
❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✾✼✾✳

❬✹❪ ❏✳ ❉❡♠♦♥❣❡♦t✱ ❆✳ ❊❧❡♥❛✱ ❛♥❞ ❙✳ ❙❡♥é✳ ❘♦❜✉st♥❡ss ✐♥ r❡❣✉❧❛t♦r② ♥❡t✇♦r❦s✿ ❛ ♠✉❧t✐✲
❞✐s❝✐♣❧✐♥❛r② ❛♣♣r♦❛❝❤✳ ❆❝t❛ ❇✐♦t❤❡♦r❡t✐❝❛✱ ✺✻✭✶✲✷✮✿✷✼✕✹✾✱ ✷✵✵✽✳

❬✺❪ ▼✳ ●❛r❡② ❛♥❞ ❉✳ ❏♦❤♥s♦♥✳ ❈♦♠♣✉t❡rs ❛♥❞ ✐♥tr❛❝t❛❜✐❧✐t②✿ ❛ ❣✉✐❞❡ t♦ t❤❡ t❤❡♦r② ♦❢

◆P✲❝♦♠♣❧❡t❡♥❡ss✳ ❲✳❍✳ ❋r❡❡♠❛♥✱ ✶✾✼✾✳

❬✻❪ ❊✳ ●♦❧❡s ❛♥❞ ▲✳ ❙❛❧✐♥❛s✳ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ♣❛r❛❧❧❡❧ ❛♥❞ s❡r✐❛❧ ❞②♥❛♠✐❝s ♦❢ ❜♦♦❧❡❛♥
♥❡t✇♦r❦s✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✸✾✻✿✷✹✼✕✷✺✸✱ ✷✵✵✽✳

❬✼❪ ❏✳ ✈❛♥ ▲❡❡✉✇❡♥✳ ❍❛♥❞❜♦♦❦ ♦❢ t❤❡♦r❡t✐❝❛❧ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✳ ❊❧s❡✈✐❡r✱ ✶✾✾✵✳

✷✵



❆ ❆♥ ❛❧❣♦r✐t❤♠ ❡♥✉♠❡r❛t✐♥❣ t❤❡ ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡s ♦❢ ❞✐✲

❣r❛♣❤

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠✱ ✐❢ v ❛ ✈❡rt✐❝❡ ♦❢ ❛ ❞✐❣r❛♣❤ G = (V,A)✱

A+(v) = {a = (v, w) ∈ A | w ∈ V ❛♥❞ ❙■●◆(a) = +} ∪
{a = (w, v) ∈ A | w ∈ V ❛♥❞ ❙■●◆(a) = −}

❛♥❞
A−(v) = {a = (w, v) ∈ A | w ∈ V ❛♥❞ ❙■●◆(a) = +} ∪

{a = (v, w) ∈ A | w ∈ V ❛♥❞ ❙■●◆(a) = −}.

❲❡ s✉♣♣♦s❡ ❤❡r❡ t❤❛t t❤❡ ❛r❝s ♦❢ t❤❡ ✐♥♣✉tt❡❞ ❞✐❣r❛♣❤ G = (V,A) ❛r❡ ♥✉♠❜❡r❡❞ ❢r♦♠ 1
t♦ |A|✳ ❋♦r ❛♥ ❛r❝ a = (v, w) ∈ A✱ ❜❡❣(a) = v ❛♥❞ ❡♥❞(a) = w✳ ❆❧s♦✱ ❛❧❣♦r✐t❤♠ ✷ ✉s❡s t❤❡
❢✉♥❝t✐♦♥ σ : N× N→ {−,+} ❞❡✜♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❛r✿

σ(k, i) =




− s✐ k/.(2m−i) ≡ 0 mod 2

+ s✐ k/.(2m−i) ≡ 1 mod 2

✇❤❡r❡ a/.b t❤❡ q✉♦t✐❡♥t ♦❢ t❤❡ ❡✉❝❧✐❞✐❛♥ ❞✐✈✐s✐♦♥ ♦❢ a ❜② b✳ ❋✐♥❛❧❧②✱ ❛❧❣♦r✐t❤♠ ✷✱ ✇❤✐❧❡
✈✐s✐t✐♥❣ ✐♥ ❞❡♣t❤ t❤❡ ❞✐❣r❛♣❤ G✱ ✜❧❧s ✐♥ ❛ t❛❜❧❡ ✓ ❉❖◆❊ ✔ s✉❝❤ t❤❛t ∀a ∈ A✱ ❉❖◆❊[a] =◆❖

✐❢ t❤❡ ❛r❝ a ❤❛s♥✬t ②❡t ❜❡❡♥ ✈✐s✐t❡❞✱ ❉❖◆❊[a] =■P ✐❢ a ✐s ✓ ✐♥ ♣r♦❝❡ss ✔✱ ✐✳❡✳ a ❤❛s ❜❡❡♥
✈✐s✐t❡❞ ❛♥❞ t❤❡ ❝✉rr❡♥t ❛r❝ ❝❛♥ ❜❡ r❡❛❝❤❡❞ ❜② ❢♦❧❧♦✇✐♥❣ ❛ ✇❛❧❦ ✐♥ G st❛rt✐♥❣ ❜② ❛r❝ a✳
❆♥❞✱ ❉❖◆❊[a] =❨❊❙ ✐❢ t❤❡ ❛❧❧ ❛r❝s b r❡❛❝❤❛❜❧❡ ❢r♦♠ ❛r❝ a ❤❛✈❡ ❜❡❡♥ s❡❡♥ ❛♥❞ ❛r❡ s✉❝❤ t❤❛t
❉❖◆❊[b] =❨❊❙✳

✐



❆♥♥❡①❡s ❆♥ ❛❧❣♦r✐t❤♠ ❡♥✉♠❡r❛t✐♥❣ t❤❡ ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡s ♦❢ ❞✐❣r❛♣❤

❆❧❣♦r✐t❤♠ ✷✿ ❊♥✉♠❡r❛t✐♦♥ ♦❢ t❤❡ ♣♦ss✐❜❧❡ s✐❣♥❡❞ ❞✐❣r❛♣❤s ❛ss♦❝✐❛t❡❞ t♦

❛ ❣✐✈❡♥ ❞✐❣r❛♣❤

■♥♣✉t✿ ❛ ❞✐❣r❛♣❤ G = (V,A)
❜❡❣✐♥

n← |V |❀
m← |A|❀
▼❆❚← ♠❛tr✐① ♦❢ s✐③❡ m× n❀
❉❖◆❊← t❛❜❧❡ ♦❢ s✐③❡ m❀
❙■●◆← t❛❜❧❡ ♦❢ s✐③❡ m❀
❢♦r❛❧❧ a ∈ A ❞♦ ❉❖◆❊[a]←◆❖❀
❢♦r k = 0 à 2m − 1 ❞♦

❢♦r i = 1 à m ❞♦ ❙■●◆[ai]← σ(k, i)❀
✇❤✐❧❡ ∃a ∈ A, ❉❖◆❊[a] =◆❖ ❞♦

a← ❛♥② ❛r❝ ♦❢ A s✉❝❤ t❤❛t ❉❖◆❊[a] =◆❖❀
❆▲●❖✲❆❯❳(a)❀
✐❢ ∀a ∈ A, ❉❖◆❊[a] =❨❊❙ t❤❡♥

r❡t✉r♥ t❛❜❧❡ ❙■●◆❀
❘❊●❘❊❙❙✭▼❆❚✱❉❖◆❊✮❀
❣♦ ♦♥ t♦ ♥❡①t k❀

❡♥❞

✐❢ ∀a ∈ A, ❉❖◆❊[a] =◆❖ ✭s✐❣♥❛t✉r❡ k ✐s ✐♠♣♦ss✐❜❧❡✮ t❤❡♥
❣♦ ♦♥ t♦ ♥❡①t k❀

❡♥❞

❡♥❞

❡♥❞

❡♥❞

❆❧❣♦r✐t❤♠ ✸✿ ✓ ❘❊●❘❊❙❙ ✔✭▼❆❚✱❉❖◆❊✮

❜❡❣✐♥
❊♠♣t② t❛❜❧❡ ▼❆❚❀
❢♦r❛❧❧ a ∈ A ❞♦ ❉❖◆❊[a]←◆❖

❡♥❞

✐✐



❆♥♥❡①❡s ❆♥ ❛❧❣♦r✐t❤♠ ❡♥✉♠❡r❛t✐♥❣ t❤❡ ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡s ♦❢ ❞✐❣r❛♣❤

❆❧❣♦r✐t❤♠ ✹✿ ✓ ❆▲●❖✲❆❯❳ ✔(a)

❜❡❣✐♥

✐❢ ❙■●◆[a] = − t❤❡♥
v ← ❞❡❜(a)❀
✐❢ ∃b ∈ A+(v) s✉❝❤ t❤❛t ❉❖◆❊[b] = ■P t❤❡♥

❘❊●❘❊❙❙❀
❡❧s❡

❉❖◆❊[a]← ■P❀
▼❆❚[a][v]←❙❀

❡♥❞

❡❧s❡

v ← ❢✐♥(a)❀
✐❢

✭ ∃b ∈ A+(v) s✉❝❤ t❤❛t ❉❖◆❊[b] =■P ✮ ❡t ✭ ∃b ∈ A, ▼❆❚[b][❞❡❜(a)] =❙ ✮

t❤❡♥
❘❊●❘❊❙❙❀

❡❧s❡
❉❖◆❊[a]← ■P❀

✐❢ ∃b ∈ A, ▼❆❚[b][❞❡❜(a)] =❙ t❤❡♥ ▼❆❚[a][v]←❙❀
❡♥❞

❡♥❞

✇❤✐❧❡ ∃b ∈ A+(v) s✉❝❤ t❤❛t ❉❖◆❊[b] =◆❖ ❞♦

❆▲●❖✲❆❯❳(b)❀
❡♥❞

❉❖◆❊[a]← ❨❊❙❀
❡♥❞

✐✐✐



❆♥♥❡①❡s ❆♥ ❛❧❣♦r✐t❤♠ ❡♥✉♠❡r❛t✐♥❣ t❤❡ ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡s ♦❢ ❞✐❣r❛♣❤

Pr♦♦❢ ♦❢ t❤❡ s✐❣♥❡❞ ❞✐❣r❛♣❤s ❡♥✉♠❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠

■♥ ❛❧❣♦r✐t❤♠ ✹✱ t✇♦ ❝❛❧❧s t♦ ❛❧❣♦r✐t❤♠ ❘❊●❘❊❙❙ ❛r❡ ♠❛❞❡✳ ❚❤❡ ✜rst ❝❛❧❧ ❝♦✐♥❝✐❞❡s ✇✐t❤
t❤❡ s✐t✉❛t✐♦♥ ✐❧❧✉str❛t❡❞ ❜② ✜❣✉r❡ ❆ b. ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s✐t✉❛t✐♦♥
✐❧❧✉str❛t❡❞ ❜② ✜❣✉r❡ ❆ a✳

❙

❞❡❜(a)

a

≥ ❊❈
❢✐♥(a)

❙

❙

❢✐♥(a)
> ❊❈

❞❡❜(a)

❢✐♥(a)

a

− ❊❈
❞❡❜(a)

a) b)

❋✐❣✉r❡ ✻✿ a. ❙✐t✉❛t✐♦♥ ❡♥❝♦✉♥t❡r❡❞ ❞✉r✐♥❣ t❤❡ r✉♥ ♦❢ ❆▲●❖✲❆❯❳ ✇❤❡♥ t❤❡ s❡❝♦♥❞ ❝❛❧❧ t♦
❘❊●❘❊❙❙ ✐s ♠❛❞❡✳ b. ❙✐t✉❛t✐♦♥ ❡♥❝♦✉♥t❡r❡❞ ❞✉r✐♥❣ t❤❡ r✉♥ ♦❢ ❆▲●❖✲❆❯❳ ✇❤❡♥ t❤❡ ✜rst ❝❛❧❧
t♦ ❘❊●❘❊❙❙ ✐s ♠❛❞❡✳

❚❤❡ ❧❡tt❡r ❙ ❧❛❜❡❧❧✐♥❣ ❛ ✈❡rt✐❝❡ v ✭∃a ∈ A, ▼❆❚[a][v] =❙✮ ✐♥❞✐❝❛t❡s t❤❛t ❛♥② ❛r❝ ❧❡❛✈✐♥❣
t❤✐s ✈❡rt✐❝❡✱ ✐✳❡✳✱ ❛♥② ❛r❝ ♦❢ A+(v)✱ ❜❡❧♦♥❣s t♦ ❛ ✇❛❧❦ t❤❛t ❝♦♥t❛✐♥s ❛ >✲❛r❝ ✐♥ t❤❡ r❡♦r✐❡♥t❡❞
❞✐❣r❛♣❤ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s✐❣♥❡❞ ❞✐❣r❛♣❤ ❜❡✐♥❣ ❜✉✐❧t✳ ❚❤✉s✱ ✐t ✐s ❝❧❡❛r t❤❛t ✇❤❡♥ t❤❡
❛❧❣♦r✐t❤♠ ❡♥❝♦✉♥t❡rs ♦♥❡ ♦❢ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥s r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ❆ ✐t ✐s ❜✉✐❧❞✐♥❣ ❛♥
✐♠♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡✳ ■♥❞❡❡❞✱ s✐♥❝❡ t❤❡ ❞✐❣r❛♣❤ ✐s s❝❛♥♥❡❞ ✐♥ ❞❡♣t❤✱ ✐❢ t❤❡ ❛❧❣♦r✐t❤♠ ✜♥❞s
❛♥ ❛r❝ ✐♥ t❤❡ ♣r♦❝❡ss ♦❢ ❜❡✐♥❣ ❞❡❛❧t ✇✐t❤ ✭■P✮✱ ✐t ♠❡❛♥s t❤❛t ✐t ❤❛s ❥✉st ❝♦✈❡r❡❞ ❛ ❝✐r❝✉✐t
♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡♦r✐❡♥t❡❞ ❞✐❣r❛♣❤✳ ■♥ t❤❛t ❝❛s❡✱ ✐❢ t❤✐s ❝✐r❝✉✐t ❝♦♥t❛✐♥s ❛ >✲❛r❝✱ t❤❡♥
t❤❡ r❡♦r✐❡♥t❡❞ ❞✐❣r❛♣❤ ❝♦♥t❛✐♥s ❛ ♣r♦❤✐❜✐t❡❞ ❝✐r❝✉✐t✳ ❚❤❡r❢♦r❡✱ ✇❡ ❝❧❛✐♠ t❤❛t ❛♥② ♣♦ss✐❜❧❡
s✐❣♥❛t✉r❡ ♦❢ t❤❡ ✐♥♣✉t❡❞ ❞✐❣r❛♣❤ ✐s ❡✛❡❝t✐✈❡❧② ❡♥✉♠❡r❛t❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠✳

❈♦♥✈❡rs❡❧②✱ ♥♦ ✐♠♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡ ✐s ❡♥✉♠❡r❛t❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
❛♥② ✐♠♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡ ❝❛✉s❡s t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❝♦♠❡ ✉♣♦♥ ♦♥❡ ♦❢ t❤❡ s✐t✉❛t✐♦♥s ♦❢ ✜❣✉r❡ ❆
❛♥❞ t♦ ❝❛❧❧ ❛❧❣♦r✐t❤♠ ❘❊●❘❊❙❙✳ ■♥❞❡❡❞✱ ❛t ❛♥② t✐♠❡✱ ❜❡❢♦r❡ ✐t ❝♦♠❡s ✉♣♦♥ s✉❝❤ ❛ s✐t✉❛t✐♦♥✱
♥♦ ♣r♦❤✐❜✐t❡❞ ❝✐r❝✉✐t ♦❢ t❤❡ r❡♦r✐❡♥t❡❞ ❞✐❣r❛♣❤ H ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s✐❣♥❡❞ ❞✐❣r❛♣❤ ❜❡✐♥❣
❜✉✐❧t✱ ❤❛s ②❡t ❜❡❡♥ s❡❡♥✳ ■❢ C ✇❛s s✉❝❤ ❛ ❝✐r❝✉✐t ❛♥❞ a ∈ A(H) t❤❡ ❧❛st ❛r❝ ♦❢ C ❞❡❛❧t ✇✐t❤
❜② t❤❡ ❛❧❣♦r✐t❤♠✱ t❤❡♥✱

• ❊✐t❤❡r C \ {a} ✇♦✉❧❞ ❝♦♥t❛✐♥ ❛ >✲❛r❝ b ❛♥❞ t❤✐s ❛r❝ ✇♦✉❧❞ ❜❡ s✉❝❤ t❤❛t ❉❖◆❊(b) =■P

✇❤❡♥ a ✐s s❡❡♥ ❢♦r t❤❡ ✜rst t✐♠❡ ✭a ❜❡✐♥❣ ❛ ❞❡s❝❡♥❞❛♥t ♦❢ b✮✳ ❇✉t t❤❡♥ t❤❡ ❧❛❜❡❧ ❙
❣❡♥❡r❛t❡❞ ✇❤❡♥ b ✇❛s ❜❡✐♥❣ ♣r♦❝❡ss❡❞ ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ♣❛ss❡❞ ❛❧♦♥❣ t❤❡ ✇❛❧❦ ❢r♦♠
b t♦ a ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠ ✇♦✉❧❞ ❤❛✈❡ ❡♥❝♦✉♥t❡r❡❞ t❤❡ s✐t✉❛t✐♦♥ ♦❢ ✜❣✉r❡ ❆ a❀

• ❊✐t❤❡r C \ {a} ✇♦✉❧❞ ❝♦♥t❛✐♥ ♦♥❧② ≥✲❛r❝s ❛♥❞ ❙■●◆(a) = −✳ ❇✉t t❤❡♥✱ ❜② ❞❡✜♥✐t✐♦♥
♦❢ a = (v, u)✱ t❤❡r❡ ✇♦✉❧❞ ❡①✐st ❛♥ ❛r❝ b ∈ A+(v) ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❝✐r❝✉✐t C s✉❝❤ t❤❛t
❉❖◆❊(b) = ■P ✇✐❝❤ ♣r❡❝✐s❡❧② ✐s t❤❡ s✐t✉❛t✐♦♥ ♦❢ ✜❣✉r❡ ❆ b✳

✐✈



❆♥♥❡①❡s ❆♥ ❛❧❣♦r✐t❤♠ ❡♥✉♠❡r❛t✐♥❣ t❤❡ ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡s ♦❢ ❞✐❣r❛♣❤

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡ ✐❧❧✉str❛t❡s ✜✈❡ st❡♣s ♦❢ ❛❧❣♦r✐t❤♠ ✷✳ ❚❤❡ ✜rst ♦♥❡ ♣✐❝t✉r❡❞ ✐s ♥♦t
t❤❡ ✈❡r② ✜rst st❡♣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✭k = 20✮✳ ■♥ t❤❡ ❝❛♣t✐♦♥ ♦❢ t❤✐s ✜❣✉r❡✱ ✇❡ ✐♠♣r♦♣❡r❧②
✉s❡ t❤❡ t❡r♠ s✐❣♥❛t✉r❡ s✐♥❝❡ ✐t ✐s t❤❡ r❡♦r✐❡♥t❡❞ ❞✐❣r❛♣❤s t❤❛t ❛r❡ r❡♣r❡s❡♥t❡❞ ✭t❤❡ ❛r❝s
❞r❛✇♥ ✐♥ ❢✉❧❧ ❧✐♥❡s ❛r❡ ≥✲❛r❝s ❛♥❞ t❤❡ ❛r❝s ✐♥ ❞♦tt❡❞ ❧✐♥❡s ❛r❡ >✲❛r❝s✮✳
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4

3

a)

❋✐❣✉r❡ ✼✿ a) ❚❤❡ ❞✐❣r❛♣❤ G ✐♥♣✉t ♦❢ ❛❧❣♦r✐t❤ ✷✳ ❚❤❡ ♥✉♠❜❡rs ❛r❡ t❤❛t ♦❢ ❡❛❝❤ ❛r❝✳ b)
❚❤❡ 20t❤ ✓ s✐❣♥❛t✉r❡ ✔ ❜✉✐❧t ❞✉r✐♥❣ t❤❡ r✉♥ ♦❢ ❛❧❣♦r✐t❤ ✷✳ ■t ✐s ❛ ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡✳ c)
❚❤❡ 21st s✐❣♥❛t✉r❡✳ ❍❡r❡✱ ✇❡ r❡♣r❡s❡♥t t❤❡ ✓ st❛t❡ ♦❢ t❤❡ ❞✐❣r❛♣❤ ✔ ✇❤❡♥ ❛r❝ 5 ✐s ❜❡✐♥❣
❞❡❛❧t ✇✐t❤✳❚❤❡ s✐t✉❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❛t ♦❢ ✜❣✉r❡ ❆ a)✳ ❚❤❡ s✐❣♥❛t✉r❡ ✐s ✐♠♣♦ss✐❜❧❡✳
d) ❚❤❡ 22♥❞ s✐❣♥❛t✉r❡✳ ❚❤✐s ✜❣✉r❡ ♣✐❝t✉r❡s t❤❡ st❛t❡ ♦❢ t❤❡ ❞✐❣r❛♣❤ ✇❤❡♥ ❛r❝ 5 ✐s ❜❡✐♥❣
❞❡❛❧t ✇✐t❤✳ ❚❤❡ ♣r❡s❡♥t s✐t✉❛t✐♦♥ ✐s s✐♠✐❧❛r t♦ t❤❛t ♣✐❝t✉r❡❞ ❜② ✜❣✉r❡ ❆ b)✳ ❚❤❡ s✐❣♥❛t✉r❡✱
❛❣❛✐♥✱ ✐s ✐♠♣♦ss✐❜❧❡✳ e) ❚❤❡ 23r❞ s✐❣♥❛t✉r❡✱ ✐♠♣♦ss✐❜❧❡ ❛❣❛✐♥ ✭s✐t✉❛t✐♦♥ ♦❢ ✜❣✉r❡ ❆ a)✮✳
f) ❚❤❡ 24t❤ s✐❣♥❛t✉r❡✳ ■t ✐s ❛ ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡✳

✈



❆♥♥❡①❡s ❆ ♣r♦❜❧❡♠ r❡❧❛t✐♥❣ t♦ t❤❡ s✐③❡s ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s [·]GS

❇ ❆ ♣r♦❜❧❡♠ r❡❧❛t✐♥❣ t♦ t❤❡ s✐③❡s ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s

[·]GS

❲❡ ♣r♦✈❡ ♣r♦♣♦s✐t✐♦♥ ✹✳✾ ♦❢ s❡❝t✐♦♥ ✹✳✷ ❜② r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ♯❈②❝❧❡ ❈♦✈❡r✳ ❚❤✐s
♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ s♣❛♥♥✐♥❣ s✉❜✲❞✐❣r❛♣❤s ♦❢ ❛ ❞✐❣r❛♣❤ s✉❝❤
t❤❛t ❡✈❡r② ✈❡rt✐❝❡ ❜❡❧♦♥❣s t♦ ❡①❛❝t❧② ♦♥❡ ❝②❝❧❡✳

▲❡t G = (VG, AG) ❜❡ ❛ ❞✐❣r❛♣❤ ✐♥st❛♥❝❡ ♦❢ ♯❈②❝❧❡ ❈♦✈❡r✳ ❇❡❧♦✇✱ ✇❡ s❤♦✇ ✐♥ ❛ r❡❧❛t✐✈❡❧②
✐♥❢♦r♠❛❧ ♠❛♥♥❡r ❤♦✇ t♦ tr❛♥s❢♦r♠ G ✐♥t♦ ❛ s✐❣♥❡❞ ❞✐❣r❛♣❤ H = (VH , AH) ✇❤✐❝❤ ✐s ❛♥
✐♥st❛♥❝❡ ♦❢ ♯❖❆✳

✶✳ ❚♦ ❡❛❝❤ ❛r❝ a = (u, v) ∈ AG ✇❡ ❛ss♦❝✐❛t❡ ❢♦✉r ✈❡rt✐❝❡s✱ u, uv, vu ❛♥❞ v✱ ❛♥❞ s✐① ❛r❝s
❛♠♦♥❣st ✇❤✐❝❤ t❤❡ ❛r❝ au = (u, vu) ❛♥❞ t❤❡ ❛r❝ av = (uv, v) t❤❛t ❜♦t❤ ✓r❡♣r❡s❡♥t✔
t❤❡ ❛r❝ a ✭❝❢ ✜❣✉r❡ ✶✮❀

+

+

+

+

❉❛♥s G ❉❛♥s H

au + av 

u

v

u uv

vu v

a +

❋✐❣✉r❡ ✽✿

✷✳ ❋♦r ❡❛❝❤ ✈❡rt✐❝❡ v ∈ V ✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡ts A−(v) = {au = (u, vu) ∈ AH} ❛♥❞
A+(v) = {au = (vu, u) ∈ AH} ❛♥❞ ✇❡ ❛rr❛♥❣❡ t❤❡ ❛r❝s ♦❢ ❜♦t❤ t❤❡s❡ s❡ts ✐♥ ❛
✇❛② t❤❛t t❤❡② ❢♦r♠ ❛ ✇❛❧❦✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❜✉✐❧❞ ❛ ✇❛❧❦ ❝♦♠♣♦s❡❞ ♦❢ t❤❡ ❛r❝s
r❡♣r❡s❡♥t✐♥❣ ✐♥❣♦✐♥❣ ❛r❝s ♦❢ v ❛♥❞ ❛♥♦t❤❡r ❝♦♠♣♦s❡❞ ♦❢ t❤❡ ❛r❝s r❡♣r❡s❡♥t✐♥❣ ♦✉t❣♦✐♥❣
❛r❝s ♦❢ v✱ ❢♦r ❡✈❡r② ✈❡rt✐❝❡ v ♦❢ G✳ ❉♦✐♥❣ s♦✱ s♦♠❡ ✈❡rt✐❝❡s ❝r❡❛t❡❞ ❛t st❡♣ ✶ ♠❡r❣❡❀

✸✳ ❋♦r ❡❛❝❤ ♦❢ t❤❡s❡ ✇❛❧❦s ✇❡ ❛❞❞ ❛ ♥❡❣❛t✐✈❡ ❛r❝ st❛rt✐♥❣ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ✇❛❧❦ ❛♥❞
✜♥✐s❤✐♥❣ ❛t ✐ts ❜❡❣✐♥♥✐♥❣✳ ■♥ RO(H)✱ t❤❡s❡ ❛r❝s ❜❡✐♥❣ r❡✈❡rs❡❞✱ t❤❡② ❜❡❝♦♠❡ >✲❛r❝s
t❤❛t ❛r❡ ♦r✐❡♥t❡❞ ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ ❛s t❤❡ ✇❛❧❦s✳

❘❡♠❛r❦ ❇✳✶ ❚❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s s✉❝❤ t❤❛t (NS(H))s = H ✐s ❡q✉✐✈✲

❛❧❡♥t t♦ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ✓♠❡❛♥✐♥❣✔ ♦❢ ❡✈❡r② ≥✲❛r❝ ♦❢ RO(H)✱ t❤❛t ✐s✱ ❢♦r ❡✈❡r②

a = (u, v)✱ ✇❤❡t❤❡r s(u) > s(v) ♦r s(u) = s(v)✳

❙✉♣♣♦s❡ t❤❛t s ✐s ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s✉❝❤ t❤❛t H = (NS(H))s✳ ❚❤❡♥✱ ♦♥ ♦♥❡ ❤❛♥❞✱
s ♠✉st s❛t✐s❢②

∀a = (u, v) ∈ AG, s(uv) = s(u) ❡t s(v) = s(vu).

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ♥❡❣❛t✐✈❡ ❛r❝s ✐♠♣♦s❡s t❤❛t ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡
≥✲❛r❝s au ♦❢ ❡✈❡r② s❡t A−(v) ✭r❡s♣✳ A+(v)✮ ❜❡ s✉❝❤ t❤❛t s(u) > s(vu) ✭r❡s♣✳ s(vu) > s(u)✮✳

✈✐



❆♥♥❡①❡s ❆ ♣r♦❜❧❡♠ r❡❧❛t✐♥❣ t♦ t❤❡ s✐③❡s ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s [·]GS

◆♦t❛t✐♦♥ ❇✳✷ ●✐✈❡♥ ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s s✉❝❤ t❤❛t (NS(H))s = H✱ ❧❡t ✉s ❝❛❧❧ Ds
H t❤❡

❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❛r❝s ♦❢ H ✿ {a = (u, v) ∈ H | signH(u, v) = + et s(u) > s(v)}✳
◆♦t❡ t❤❛t au ∈ Ds

H ⇔ av ∈ Ds
H ✳

■❢ CG ✐s ❝②❝❧❡ ❝♦✈❡r ♦❢ G✱ ♥♦t❡ t❤❛t CH = {au = (u, vu), av = (uv, u) | a = (u, v) ∈
CG}✳ ❉❡✜♥❡ t❤❡ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s s✉❝❤ t❤❛t CH = Ds

H ❛♥❞ ❢♦r ❡✈❡r② ♦t❤❡r ♥❡❣❛t✐✈❡
❛r❝✱ a = (u, v) ∈ AH \ CH , s(u) = s(v)✳ ❚❤❡♥ s s❛t✐s✜❡s t❤❡ ♣r♦♣❡rt✐❡s r❡q✉✐r❡❞ ❜②
♣r♦❜❧❡♠ ♯❖❆✳ ■♥❞❡❡❞✱ ♦♥ ♦♥❡ ❤❛♥❞✱ ❜② ❝♦♥str✉❝t✐♦♥✱ H = (NS(H))s✳ ❖♥ t❤❡ ♦t❤❡r✱ t❤❡
s❡t Ds

H ✐s ♠✐♥✐♠❛❧ ❜❡❝❛✉s❡ ♦♥❧② ♦♥❡ ❛r❝ ♦❢ ❡❛❝❤ ✇❛❧❦ A−(v) ♦r A+(v) ❜❡❧♦♥❣s t♦ CH

✭♦t❤❡r✇✐s❡✱ ✐♥ CG ❛ ✈❡rt✐❝❡ ✇♦✉❧❞ ❜❡ ❝♦✈❡r❡❞ ❜② ♠♦r❡ t❤❛♥ ♦♥❡ ❛r❝✮✳ ■♥❝✐❞❡♥t❧②✱ ✇❡ ❤❛✈❡
t❤❛t |Ds

H | = 2|CG| = 4|VG| ✭♦♥❡ ✐♥❣♦✐♥❣ ❛r❝ ❛♥❞ ♦♥❡ ♦✉t❣♦✐♥❣ ❛r❝ ❢♦r ❡❛❝❤ ✈❡rt✐❝❡ ♦❢ VG ✐♥
t❤❡ ❝②❝❧❡ ❝♦✈❡r✱ ❡❛❝❤ ♦❢ t❤❡♠ ❜❡✐♥❣ r❡♣r❡s❡♥t❡❞ t✇✐❝❡ ✐♥ CH✮✳

❈♦♥✈❡rs❡❧②✱ ✐❢ s ✐s ❛♥ ✉♣❞❛t❡ s❝❤❡❞✉❧❡ s✉❝❤ t❤❛t H = (NS(H))s ❛♥❞ Ds
H ✐s ♠✐♥✐♠❛❧

✭♥❡❝❡ss❛r✐❧② |Ds
H | = 2|VG|✮✱ ❧❡t ✉s ❞❡✜♥❡ t❤❡ s❡t CG = {a = (u, v) ∈ AG | ∃au et av ∈ CH}✳

❚❤❡♥✱ s✐♥❝❡ ❜② ♠✐♥✐♠❛❧✐t② ♦❢ Ds
H t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✱

au = (uv, v) ∈ Cs
H ⇒ ∀w 6= u, (w, v) ∈ AG, aw = (wv, v) /∈ CH

au = (v, vu) ∈ Cs
H ⇒ ∀w 6= u, (v, w) ∈ AG, aw = (v, vw) /∈ Cs

H ,

♥♦ ✈❡rt✐❝❡ ♦❢ G ✐s ❝♦✈❡r❡❞ ♠♦r❡ t❤❛♥ ♦♥❝❡✳ ❆♥❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♥❡❣❛t✐✈❡ ❛r❝s✱ ❡✈❡r② ♦♥❡ ♦❢
t❤❡♠ ✐s ❝♦✈❡r❡❞ ❛t ❧❡❛st ♦♥❝❡✳ ❚❤❡r❡❢♦r❡✱ CG ✐s ❛ ❝②❝❧❡ ❝♦✈❡r ♦❢ G✳

❘❡♠❛r❦ ❇✳✸ ❲✐t❤ t❤❡ s❛♠❡ r❡❞✉❝t✐♦♥ ❛s t❤❡ ♦♥❡ ❥✉st ❞❡s❝r✐❜❡❞✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡

❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s ✭✈❡r② ❝❧♦s❡ t♦ ♣r♦❜❧❡♠ ♯❖❆✮ ❛❧s♦ ❛r❡ ♯P✲❝♦♠♣❧❡t❡✳





■♥♣✉t✿ ❆ s✐❣♥❡❞ ❞✐❣r❛♣❤ G = (V,A) ❛♥❞ ❛ s❡t {Vi ⊆ V | 1 ≤ i ≤ k} ♦❢

♣❛rts ♦❢ V ❀

◗✉❡st✐♦♥✿
❲❤❛t ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s s s✉❝❤ t❤❛t G =
(NS(G))s ❛♥❞ ∀i ∈ [[1, k]], t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❛r❝ (u, v) ∈
A ∩ (Vi × Vi) s❛t✐s❢②✐♥❣ signG(u, v) = + ❛♥❞ s(u) > s(v) ❄





■♥♣✉t✿ ❆ s✐❣♥❡❞ ❞✐❣r❛♣❤ G = (V,A) ❛♥❞ ❛♥ ✐♥t❡❣❡r k ❀

◗✉❡st✐♦♥✿
❲❤❛t ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s s s✉❝❤ t❤❛t G =
(NS(G))s ❛♥❞ ❛♠♦♥❣st t❤❡ m ♣♦s✐t✐✈❡ ❛r❝s a = (u, v) ♦❢ G✱

t❤❡r❡ ❛r❡ ❡①❛❝t❧② k ♦❢ t❤❡♠ s✉❝❤ t❤❛t s(u) > s(v) ❄

✈✐✐



❆♥♥❡①❡s ❆ ♣r♦❜❧❡♠ r❡❧❛t✐♥❣ t♦ t❤❡ s✐③❡s ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s [·]GS

A

B

CD

E ≥

>

AB AB CD CD

AD CB CB EA BC BC DEAD EA

AE ED ED BA BA DC DC AE

DE

c)

a)

≡
≤

≥

≡

≡

b)

❋✐❣✉r❡ ✾✿ a. ❆ ❞✐❣r❛♣❤ G✱ ✐♥st❛♥❝❡ ♦❢ ♯❈②❝❧❡ ❈♦✈❡r✳ b. ❈❛♣t✐♦♥ ♦❢ ✜❣✉r❡ c✳ c. ❚r❛♥s✲
❢♦r♠❛t✐♦♥ ♦❢ G ✐♥t♦ t❤❡ ❞✐❣r❛♣❤ H✱ ✐♥st❛♥❝❡ ♦❢ ♯❖❆✳ ❍❡r❡✱ ✇❡ r❡♣r❡s❡♥t RO(H)✳ ■♥ t❤❡
✐♥t❡♥t✐♦♥ ♦❢ ❦❡❡♣✐♥❣ t❤❡ ✜❣✉r❡ s✐♠♣❧❡✱ ✇❡ ♦♥❧② ❤❛✈❡ ❧❛❜❡❧❧❡❞ t❤❡ ❛r❝s r❡♣r❡s❡♥t✐♥❣ ❛♥ ❛r❝
♦❢ G✳

✈✐✐✐



❆♥♥❡①❡s ❆ ♣r♦❜❧❡♠ r❡❧❛t✐♥❣ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s [·]GS

❈ ❆ ♣r♦❜❧❡♠ r❡❧❛t✐♥❣ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s

[·]GS

❲❡ ♣r♦✈❡ ♣r♦♣♦s✐t✐♦♥ ✹✳✶✽ ❜② r❡❞✉❝t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ♯P❡r❢❡❝t ▼❛t❝❤✐♥❣ ❢♦r ❛ ❜✐♣❛rt✐t❡ ❣r❛♣❤
✭♯P▼✮✳ ❚❤✐s ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣s ♦❢ ❛ ❜✐♣❛rt✐t❡
❣r❛♣❤✹✳

◆♦t❛t✐♦♥ ❈✳✶ ▲❡t G = (V,A) ❜❡ ❛ s✐❣♥❡❞ ❞✐❣r❛♣❤✳ ❲❡ ❞❡✜♥❡ deg+
+(v) = |{(v, u) ∈

A | signG(v, u) = +1}| ❛♥❞ deg−+(v) = |{(u, v) ∈ A | signG(u, v) = +1}|✳ ❙✐♠✐❧❛r✐❧②✱ ✇❡

❞❡✜♥❡ deg+
−(v) ❛♥❞ deg−−(v)✳

▲❡t G = (V1 ∪ V2, E) ❜❡ ❛ ❜✐♣❛rt✐t❡ ❣r❛♣❤ s✉❝❤ t❤❛t V1 ❛♥❞ V2 ❛r❡ ✐♥❞❡♣❡♥❞❛♥t s❡ts s❛t✐s✲
❢②✐♥❣ |V1| = |V2| = n ∈ N ✭♦t❤❡r✇✐s❡ t❤❡ ❛♥s✇❡r t♦ ♣r♦❜❧❡♠ ♯P▼ ✐s tr✐✈✐❛❧❧② 0✮✳

▲❡t H = (E,A) ❜❡ t❤❡ ❞✐❣r❛♣❤ s✉❝❤ t❤❛t (e1, e2) ∈ A ❛♥❞ (e2, e1) ∈ A ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡
❡❞❣❡s e1 ❛♥❞ e2 ❛r❡ ❛❞❥❛❝❡♥t ✐♥ G✳

❘❡♠❛r❦ ❈✳✷ |A| =
∑

v∈V,deg(v)>1 2
(
deg(v)

2

)
✳

▲❡t ✉s s❤♦✇ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣s P ♦❢ G ❝♦rr❡s♦♥❞ ❜✐❥❡❝t✐✈❡❧② t♦ ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡s ♦❢ H
❛♥❞ ✐♥ ❛ ✇❛② s✉❝❤ t❤❛t t❤❡ s❡t W = P ⊆ E s❛t✐s✜❡s |W | = |V1| = |V2| = n ❛s ✇❡❧❧ ❛s
a = (e1, e2) ∈ A ∩ (W × V )⇔ signGs(a) = −✳

▲❡t Hs ❜❡ t❤❡ s✐❣♥❡❞ ❞✐❣r❛♣❤ ❛ss♦❝✐❛t❡❞ t♦ H s✉❝❤ t❤❛t ✿

∀e1, e2 ∈ E, signHs(e1, e2) =





−1 ✐❢ e1 ∈ P ❛♥❞ e2 ∈ E \ P

+1 ✐❢ e1 ∈ E \ P ❛♥❞ e2 ∈ P

+1 ✐❢ e1, e2 ∈ P

◆♦t❡ t❤❛t ✐❢ e1 ❛♥❞ e2 ❜♦t❤ ❜❡❧♦♥❣ t♦ P t❤❡♥ (e1, e2) /∈ A s✐♥❝❡ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ P ✱ t❤❡② ❛r❡
♥♦♥ ❛❞❥❛❝❡♥t✳ ❚❤❡r❢♦r❡✱ t❤❡ ♦♥❧② ❛r❝s a ∈ A s✉❝❤ t❤❛t signHs(a) = −1 ❛r❡ t❤❡ ♦✉t❣♦✐♥❣
❛r❝s ♦❢ ❛ ✈❡rt✐❝❡ r❡♣r❡s❡♥t✐♥❣ ❛♥ ❡❞❣❡ ♦❢ P ✐✳❡✳✱ t❤❡ ❛r❝s ❜❡t✇❡❡♥ ❛ ✈❡rt✐❝❡ ♦❢ H r❡♣r❡s❡♥t✐♥❣
❛♥ ❡❞❣❡ e1 ∈ P ❛♥❞ ❛♥ ♦t❤❡r ✈❡rt✐❝❡ r❡♣r❡s❡♥t✐♥❣ ❛♥ ❡❞❣❡ e2 ∈ E \ P ✳

❆❧s♦✱ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ Hs✱ ❛ ✈❡rt✐❝❡ ✇❤✐❝❤ ✐s t❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦❢ ❛ ♥❡❣❛t✐✈❡ ❛r❝ ❤❛s ❛♥
♦✉t❞❡❣r❡❡ ❡q✉❛❧ t♦ 0 ✐♥ RO(Hs)✳ ❚❤✉s✱ ✐♥ t❤✐s ❣r❛♣❤✱ ❛ >✲❛r❝ ❝❛♥♥♦t ❜❡❧♦♥❣ t♦ ❛ ❝✐r❝✉✐t✳
Hs ✐s t❤❡r❡❢♦r❡ ❛ ♣♦ss✐❜❧❡ s✐❣♥❡❞ ❞✐❣r❛♣❤✳

■♥❥❡❝t✐✈✐t② ✿

▲❡t P1 ❛♥❞ P2 ❜❡ t✇♦ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣s ♦❢ ❛ s❛♠❡ ❜✐♣❛rt✐t❡ ❣r❛♣❤ G = (V1 ∪ V2, E)✳ ▲❡t
e ∈ P1 \ P2✳ e ♠✉st ❜❡ ❛❞❥❛❝❡♥t t♦ ❛t ❧❡❛st ♦♥❡ ♦t❤❡r ❡❞❣❡ ♦❢ E ❜❡❝❛✉s❡ ✐❢ ♥♦t✱ ✐♥ ♦r❞❡r
t♦ ❝♦✈❡r ✐ts ❡♥❞✐♥❣s ✐t ♠✉st ♥❡❝❡ss❛r✐❧② ❜❡❧♦♥❣ t♦ ❛❧❧ ♣r❡❢❡❝t ♠❛t❝❤✐♥❣s ♦❢ G✳ ❙♦ t❤❡r❡

✹✐✳❡✳✱ ❛ s❡t ♦❢ ❡❞❣❡s ❝♦✈❡r✐♥❣ ❛❧❧ ✈❡rt✐❝❡s ❛♥❞ ♥♦t ❝♦♥t❛✐♥✐♥❣ ❛♥② ♣❛✐r ♦❢ ❛❞❥❛❝❡♥t ❡❞❣❡s✳

✐①



❆♥♥❡①❡s ❆ ♣r♦❜❧❡♠ r❡❧❛t✐♥❣ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s [·]GS

b4

b3

b2

b1

a3

a2

a1

a4

a1b1

a1b3

a4b3

a2b2

a4b4

a2b3

a3b2

a2b1

a3b4

−

+

>

≥

+

+

≤

≥

a)

c)

b)

❋✐❣✉r❡ ✶✵✿ a. ❆ ❜✐♣❛rt✐t❡ ❣r❛♣❤ G = (V,E) s✉❝❤ t❤❛t V = {a1, . . . , a4} ∪ {b1, . . . , b4}✳ ❚❤❡
❡❞❣❡s ✐♥ ❜♦❧❞ ❢♦r♠ ❛ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣ ♦❢ G✳ b. ❖♥ t❤❡ ❧❡❢t✱ t❤❡ ❛r❝s ✉s❡❞ ✐♥ ✜❣✉r❡ c✱ ✐♥
t❤❡ ❝❡♥t❡r t❤❡✐r ♠❡❛♥✐♥❣ ✐♥ t❡r♠s ♦❢ s✐❣♥❡❞ ❞✐❣r❛♣❤s ❛♥❞ ♦♥ t❤❡ r✐❣❤t t❤❡✐r ♠❡❛♥✐♥❣ ✐♥
t❡r♠s ♦❢ r❡♦r✐❡♥t❡❞ ❞✐❣r❛♣❤s✳ c. ❚❤❡ ❞✐❣r❛♣❤ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ✐♥st❛♥❝❡
♦❢ ♣r♦❜❧❡♠ P▼ ♣✐❝t✉r❡❞ ✐♥ ✜❣✉r❡ a✳

❡①✐sts ❛♥ ❡❞❣❡ e′ ∈ E \P ✇❤✐❝❤ ✐s ❛❞❥❛❝❡♥t t♦ e✳ ■❢ H1 ✐s t❤❡ s✐❣♥❡❞ ❞✐❣r❛♣❤ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ P1 ❛♥❞ H2 t❤❡ ♦♥❡ t❤❛t ❝♦rr❡s♣♦♥❞s t♦ P2✱ ✇❡ ✜♥❞ t❤❛t signH1

(e1, e2) = −1 ❛♥❞
signH2

(e1, e2) = +1✳ ❚❤✉s✱ H1 6= H2✳

❙✉r❥❡❝t✐✈✐t② ✿

■♥ ❛❞❞✐t✐♦♥✱ t❤❡r❡ ✐s ♥♦ ♣♦ss✐❜❧❡ s✐❣♥❛t✉r❡ ♦❢ H t❤❛t ❞♦❡s ♥♦t ❝♦rr❡s♣♦♥❞ t♦ ❛ ♣❡r❢❡❝t
♠❛t❝❤✐♥❣ ♦❢ G ✿

▲❡t Hs ❜❡ ❛ ♣♦ss✐❜❧❡ s✐❣♥❡❞ ❞✐❣r❛♣❤ ❛ss♦❝✐❛t❡❞ t♦ H s✉❝❤ t❤❛t t❤❡ s❡t W ∈ E s❛t✐s✜❡s
t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ♯●❙✳ ■❢ t✇♦ ❡❞❣❡s e1 ❛♥❞ e2 ♦❢ W ❛r❡ ❛❞❥❛❝❡♥t✱ t❤❡♥ signHs(e1, e2) =
signHs(e2, e1) = −1 ❛♥❞ ♥❡❝❡ss❛r✐❧②✱ t❤❡r❡ ✐s ❛ ♣r♦❤✐❜✐t❡❞ ❝②❝❧❡ ♦❢ ❧❡♥❣t❤ t✇♦ ❜❡t✇❡❡♥
e1 ❛♥❞ e2 ✐♥ t❤❡ r❡♦r✐❡♥t❡❞ ❣r❛♣❤ ♦❢ Hs✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t Hs ✐s ♣♦ss✐❜❧❡✳
▼♦r❡♦✈❡r✱ ❡✈❡r② ✈❡rt✐❝❡ ♦❢ V ✐s ❝♦✈❡r❡❞ ❜② ❛♥ ❡❞❣❡ ♦❢ W s✐♥❝❡ t❤✐s s❡t ❝♦♥t❛✐♥s n ♥♦♥
❛❞❥❛❝❡♥t ❡❞❣❡s ❛♥❞ G ✐s ❜✐♣❛rt✐t❡✳

①



❆♥♥❡①❡s ❙♦♠❡ ♦❜s❡r✈❛t✐♦♥s ♦♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s [·]D

❉ ❙♦♠❡ ♦❜s❡r✈❛t✐♦♥s ♦♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s [·]D

❉✳✶ ❖r❞✐♥❛r② ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s

▲❡t R1 = (G, F, s1) ❛♥❞ R2 = (G, F, s2) ❜❡ t✇♦ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ✇✐t❤ t❤❡ s❛♠❡ ✉♥❞❡r❧②✐♥❣
❞✐❣r❛♣❤ G = (V,A) ❛♥❞ ✇❤♦s❡ ❧♦❝❛❧ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ s②♠♠❡tr✐❝❛❧✳ ■♥ t❤❡ s❡q✉❡❧✱
✇❡ s✉♣♣♦s❡ t❤❛t Gs1 6= Gs2 ✳

◆♦t❛t✐♦♥s ❉✳✶

D = {i ∈ V | ∃j ∈ N(i), signs1
(j, i) 6= signs2

(j, i)}✱

t∗ = min{s1(i) | i ∈ D}✱

∀i ∈ V, N+(i) = N+
s1

(i) ∩N+
s2

(i) ❡t N−(i) = N−
s1

(i) ∩N−
s2

(i)✱

❇② r❡♠❛r❦ ✸✳✷✱ ∀i /∈ D s✉❝❤ t❤❛t s1(i) ≤ t∗✱ fs1

i = fs2

i s✐♥❝❡ s✉❝❤ ✈❡rt✐❝❡s s❛t✐s❢②
∀j ∈ N(i)✱ signs1

(j, i) = signs2
(j, i)✳

❆❧s♦✱ ∀i ∈ D✱ ∀x ∈ {0, 1}n✱

fs1

i (x) = fi(yi(x) ; xj | j ∈ N+
s1

(i) ∩N−
s2

(i) ; fs1

j (x)| j ∈ N−
s1

(i) ∩N+
s2

(i))

fs2

i (x) = fi(yi(x) ; fs2

j (x)| j ∈ N+
s1

(i) ∩N−
s2

(i) ; xj | j ∈ N−
s1

(i) ∩N+
s2

(i))

✇❤❡r❡ yi(x) = N+(i) ∪ N−(i)✳ ❚❤❡r❢♦r❡✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ F s1 = F s2 ✱ t❤❡ t✇♦ ❡①♣r❡ss✐♦♥s

❛❜♦✈❡ ♠✉st ❜❡ ❡q✉❛❧✳ ❆♥❞ ✐♥ t❤❡ s♣❡❝✐✜❝ ❝❛s❡ ✇❤❡r❡ ❛❧❧ ❧♦❝❛❧ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ ❡q✉❛❧
t♦ t❤❡ ❢✉♥❝t✐♦♥ f ✱ t❤❡s❡ t✇♦ ❡①♣r❡ss✐♦♥s ♠✉st ❡✈❡♥ ❜❡ ❡q✉❛❧ ∀i ∈ V ✳

■❢ R1 ❛♥❞ R2 s❤❛r❡ ❛ ❞②♥❛♠✐❝❛❧ ❝②❝❧❡ C = (x0, . . . , xl−1, xl = x0)✱ t❤❡♥ ❛♥② i ∈ D s✉❝❤
t❤❛t

• N+
s1
∩N−

s2
= ∅ ❛♥❞ N−

s1
∩N+

s2
6= ∅ ✐✳❡✳✱ N+(i) = N+

s1
⊂ N−

s2
♦r

• N−
s1
∩N+

s2
= ∅ ❛♥❞ N+

s1
∩N−

s2
6= ∅ ✐✳❡✳✱ N−(i) = N−

s1
⊂ N+

s2

s❛t✐s✜❡s xt+1
i = xt

i✱ ∀t ∈ [[0, l[[✳

❉✳✷ Rp ❛♥❞ ♦t❤❡r ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s

❍❡r❡✱ ✇❡ st✉❞② t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss [Rp]
D✱ ✇❤❡r❡ Rp = (G, F, sp)✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❛r❡

✐♥t❡r❡st❡❞ ✐♥ ✜♥❞✐♥❣ ✇❤❛t ♦t❤❡r ❜♦♦❧❡❛♥ ♥❡t✇♦r❦s ♠❛② ❜❡❧♦♥❣s t♦ t❤✐s ❝❧❛ss✳

◆♦t❛t✐♦♥s ❉✳✷ ❋♦r ❛ ❣✐✈❡♥ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦✱ R = (G, F, s)✱ ❛♥❞ ❢♦r ❛♥② s❡t E ♦❢ ♣♦✐♥ts

x ∈ {0, 1}n✱ ✇❡ ✇r✐t❡ Cst(E) = {i ∈ V (G) | ∀x ∈ E, fs
i (x) = xi}✳ ❲❡ ❛❧s♦ ❞❡✜♥❡

D = {i ∈ V | ∃j ∈ N(i), signs(j, i) = −}✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ t❛❦❡♥ ❢r♦♠ ❬✻❪ ♣❛rt✐❛❧❧② ❛♥s✇❡rs t❤❡ q✉❡st✐♦♥ ✿

①✐



❆♥♥❡①❡s ❙♦♠❡ ♦❜s❡r✈❛t✐♦♥s ♦♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s [·]D

❚❤❡♦r❡♠ ❉✳✸ ▲❡t G = (V,A) ❜❡ ❛ ❞✐❣r❛♣❤ ✇✐t❤♦✉t ❧♦♦♣s✺ ❛♥❞ F ❛ ❧♦❝❛❧ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝✲

t✐♦♥✳ ❚❤❡♥✱ ✐❢ s ✐s ❛ s❡q✉❡♥t✐❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡✱ R = (G, F, s) ❛♥❞ Rp ❝❛♥♥♦t s❤❛r❡ t❤❡

s❛♠❡ ❞②♥❛♠✐❝❛❧ ❝②❝❧❡s✳

Pr❡✉✈❡ ▲❡t C = (x0, . . . , xl−1, xl = x0) ❜❡ ❛ ❞②♥❛♠✐❝❛❧ ❝②❝❧❡ s✉❝❤ t❤❛t ∀t ∈ [[0, l[[✱
∀i ∈ V, xt+1 = fs

i (xt) = f
sp

i (xt)✳ ▲❡t i∗ ❜❡ ❛ ✈❡rt✐❝❡ s✉❝❤ t❤❛t s(i∗) = max{s(i) | ∃t ∈
[[0, l[[, xt+1

i 6= xt
i}✳ ❚❤❡♥

xt+1
i∗ = f

sp

i∗ (xt)
= fi∗(x

t
j | j ∈ N(i∗) ∩ Cst(C) ; xt

j | j ∈ N(i∗) \ Cst(C))

= fs
i∗(x

t)

= fi∗(x
t
j | j ∈ N(i∗) ∩ Cst ; xt

j | j ∈ N+
s (i∗) \ Cst(C) = ∅ ; xt+1

j | j ∈ N−
s (i∗) \ Cst(C))

= fi∗(x
t
j | j ∈ N(i∗) ∩ Cst(C) ; xt+1

j | j ∈ N−
s (i∗) \ Cst(C))

= f
sp

i∗ (xt+1)

❲❡ ♦❜t❛✐♥ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t xt
i∗ /∈ Cst(C)✳ �

❘❡♠❛r❦ ❉✳✹ ■❢ s ✐s ❜❧♦❝❦ s❡q✉❡♥t✐❛❧ s✉❝❤ t❤❛t (N(i∗) \ Cst(C)) ∩Bs
s(i∗) = ∅ ♦r ✐❢

Bs
s(i∗) \ Cst(C) = {i∗}✱ t❤❡ ♣r♦♦❢ ❛❜♦✈❡ ❛♥❞ t❤❡♦r❡♠ ❉✳✸ st✐❧❧ ❤♦❧❞✳

▲❡t ✉s ♥♦✇ ❧♦♦❦ ❛t t❤❡ ❝❛s❡ ✇❤❡r❡ s ✐s ❜❧♦❝❦ s❡q✉❡♥t✐❛❧✳

✶✳ ❋♦r ❛❧❧ i ∈ V \D✱ N−
s (i) = ∅ ❛♥❞ fs

i = f
sp

i ✭❝❢ r❡♠❛r❦ ✸✳✷✮✳

✷✳ ▲❡t E ⊆ {0, 1}n ❛♥❞ i ∈ D s✉❝❤ t❤❛t N−
s (i) ⊆ Cst(E)✳

❚❤❡♥✱ ∀x ∈ E,

fs
i (x) = fi(xj | j ∈ N+

s (i) ; fs
j (x) = xj | j ∈ N−

s (i))

= fi(xj | j ∈ N(i))
= f

sp

i (x)✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ ✐♥ Gs ❛❧❧ ✈❡rt✐❝❡s i t❤❛t ❛r❡ t❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦❢ ❛ ♥❡❣❛t✐✈❡ ❛r❝ ❤❛✈❡

♥✉❧❧ ✐♥❞❡❣r❡❡ ♦r ❛r❡ s✉❝❤ t❤❛t N(i) = {i}✱ t❤❡♥ Rs
D
∼ Rp✳ ❍♦✇❡✈❡r✱ t♦ ❦♥♦✇ ✇❤❡t❤❡r

t❤❡r❡ ❡①✐sts ♦t❤❡r ✐♥t❡r❡st✐♥❣ ❝❛s❡s ♦❢ ♥❡t✇♦r❦s s✉❝❤ t❤❛t ∀i ∈ D, N−
s (i) ⊆ Cst(E)✱

✇❡ ✇♦✉❧❞ ♥❡❡❞ t♦ st✉❞② t❤❡ s✐t✉❛t✐♦♥s ✐♥ ✇❤✐❝❤ ❛ ✈❡rt✐❝❡ ❝❛♥ ❤❛✈❡ ❛ ❝♦♥st❛♥t st❛t❡✳

✸✳ ▲❡t E ⊆ {0, 1}n ❛♥❞ i ∈ D s✉❝❤ t❤❛t N−
s (i) \ Cst(E) 6= ∅✳ ❚❤❡♥

fs
i (x) = fi(xj | j ∈ Cst(E)∩N(i) ; xj | j ∈ N+

s (i)\Cst(E) ; fj(x) | j ∈ N−
s (i)\Cst(E)).

■❢ ❢✉rt❤❡r♠♦r❡ N+
s (i) ⊆ Cst(E) ❛♥❞ ∀x ∈ E✱ F s(x) = F sp(x) t❤❡♥ i ∈ Cst(E)✳

■♥❞❡❡❞✱ ∀x ∈ E t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s

fs
i (x) = fi(xj | j ∈ Cst(E) ∩N(i) ; fs

j (x)| j ∈ N−
s (i) \ Cst(E))

= f
sp

i (x) = fi(xj | j ∈ Cst(E) ∩N(i) ; xt
j | j ∈ N−

s (i) \ Cst(E)).

✺■♥ r❡❛❧✐t②✱ ✇✐t❤♦✉t ♥♦♥ ♠♦♥♦t♦♥♦✉s ❧♦♦♣s ✐s ❡♥♦✉❣❤✳

①✐✐



❆♥♥❡①❡s ❙♦♠❡ ♦❜s❡r✈❛t✐♦♥s ♦♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s [·]D

❚❤✐s ✐♠♣❧✐❡s t❤❛t ∀x ∈ E✱ fs
i (x) = f

sp

i (F s(x)) = f
sp

i (x) = xi✳ ❚❤✉s✱ ✐❢ ❢♦r ❛❧❧ ✈❡rt✐❝❡

i ♦❢ D✱ N−
s (i)\Cst(E) 6= ∅ ❛♥❞ N+

s (i) ⊆ Cst(E)✱ t❤❡♥ Rs
D
∼ Rp ❛♥❞ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡

❧✐♠✐t ❜❡❤❛✈✐♦rs t❤❛t t❤❡s❡ t✇♦ ♥❡t✇♦r❦s ❝❛♥ ❤❛✈❡ ❛r❡ ✜①❡❞ ♣♦✐♥ts ❛♥❞ ❝②❝❧❡s s✉❝❤
t❤❛t t❤❡ ♦♥❧② ✈❡rt✐❝❡s i s❛t✐s❢②✐♥❣ N(i) = N+(i) ❤❛✈❡ ❛ ♥♦♥ ❝♦♥st❛♥t st❛t❡✳

✹✳ ▲❡t E ⊆ {0, 1}n✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r ❛❧❧ i ∈ D s✉❝❤ t❤❛t N−
s (i) \ Cst(E) 6= ∅✱ fi ✐s

❛ss♦❝✐❛t✐✈❡✱ ✐✳❡✳✱ ∀E1, E2 ⊆ V

fi(xj | j ∈ E1 ; xj | j ∈ E2) = fi(fi(xj | j ∈ E1) ; fi(xj | j ∈ E2)),

❙✉♣♣♦s❡ ❛❧s♦ t❤❛t

fi(xj | j ∈ N−
s (i) \ Cst(E)) = fi(fj(x) | j ∈ N−

s (i) \ Cst(E)).

■♥ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛♥❞ ✐❢ E = {0, 1}n✱ Rs
D
∼ Rp✳

2

4

3

1

+

+

+

+

+ +

−−

❋✐❣✉r❡ ✶✶✿

❋✐❣✉r❡ ✹ r❡♣r❡s❡♥ts ❛ ❜♦♦❧❡❛♥ ♥❡t✇♦r❦ R = (G, F, s) ❛ss♦❝✐❛t❡❞ t♦ ❛ ❣r❛♣❤ ♦❢ ♦r❞❡r 4✳
❚❤❡ s❡t D ✐♥ t❤✐s ❡①❛♠♣❧❡ ✐s r❡❞✉❝❡❞ t♦ ✈❡rt✐❝❡ 1✳ ❆❧s♦✱ t❤❡ ✈❡rt✐❝❡s 2 ❛♥❞ 3 ✇❤✐❝❤
❜❡❧♦♥❣ t♦ N−

s (1) ❤❛✈❡ ❛ ♥♦♥ ❝♦♥st❛♥t st❛t❡✳ ❙✉♣♣♦s❡ ❛❧❧ ❧♦❝❛❧ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s
❛r❡ ❡q✉❛❧ t♦ t❤❡ s❛♠❡ s②♠♠❡tr✐❝❛❧ ❢✉♥❝t✐♦♥ ✇❤♦s❡ ✐♥✜① ♥♦t❛t✐♦♥ ✐s ⋆✳ ❚❤❡♥

f
sp

1 = x1 ⋆ x2 ⋆ x3

fs
1 = x1 ⋆ fs

2 (x) ⋆ fs
3 (x)

f
sp

2 = fs
2 = x3 ⋆ x4

f
sp

3 = fs
3 = x2 ⋆ x4

f
sp

4 = fs
4 = x4

■❢ ⋆ = ∨ ✭OR ❢✉♥❝t✐♦♥✮✱ t❤❡♥ s✐♥❝❡ 4 ∈ N(2) \N(1)✱ x4 ❛♣♣❡❛rs ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t
♦❢ fs

1 (x) ❜✉t ♥♦t ✐♥ t❤❛t ♦❢ f
sp

1 (x)✿

f
sp

1 = x1 ∨ x2 ∨ x3 6= fs
1 = x1 ⋆ (x3 ∨ x4) ∨ (x2 ∨ x4) = x1 ∨ x2 ∨ x3 ∨ x4

①✐✐✐



❆♥♥❡①❡s ❙♦♠❡ ♦❜s❡r✈❛t✐♦♥s ♦♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s [·]D

❛♥❞ t❤✉s R /∈ [Rp]
D✳ ■❢ ⋆ = ⊕ ✭XOR ❢✉♥❝t✐♦♥✮✱ t❤❡♥ ♦♥ t❤❡ ❝♦♥tr❛r②✱ R ∈ [Rp]

D

❜❡❝❛✉s❡ x4 ❛♣♣❡❛rs ❛ ♣❛✐r ♥✉♠❜❡r ♦❢ t✐♠❡s ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❡①♣r❡ss✐♦♥
fs
1 (x)✿

f
sp

1 = x1 ⊕ x2 ⊕ x3 = fs
1 = x1 ⋆ (x3 ⊕ x4)⊕ (x2 ⊕ x4).

①✐✈


