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HOMOGENIZATION RESULTS FOR A LINEAR DYNAMICS IN RANDOM
GLAUBER TYPE ENVIRONMENT

CEDRIC BERNARDIN

ABSTRACT. We consider an energy conserving linear dynamics that we perturb by a Glauber dynamics with
random site dependent intensity. We prove hydrodynamic limits for this non-reversible system in random
media. The diffusion coefficient turns out to depend on the random field only by its statistics. The diffusion
coefficient defined through the Green-Kubo formula is also studied and its convergence to some homogenized
diffusion coefficient is proved.

On considére un systéeme d’équations differentielles linéaires couplées conservant une certaine énergie et
l'on perturbe ce systéme par une dynamique de type Glauber dont l'intensité varie aléatirement site par
site. Nous prouvons les limites hydrodyanmiques pour ce systéme non réversible en milieu aléatoire. Le
coefficient de diffusion dépend de I’aléa uniquement par sa loi. Nous étudions aussi le coefficient de diffusion
défini par la formule de Green-Kubo et montrons la convergence de celle-ci vers un coefficient de diffusion
homogénéisé.

1. INTRODUCTION

The derivation of hydrodynamic limits for interacting particle diffusive systems in random environment
has attracted a lot of interest in the last decade. One of the first paper to consider such question is probably
[10] where hydrodynamic behavior of a one-dimensional Ginzburg-Landau model in the presence of random
conductivities is studied. In [19], a lattice gas with random rates is considered and a complete proof of
hydrodynamic limits has been given in [6], [20]. Other systems have been investigated such as exclusion
processes and zero-range processes ([7, 8, 9, 12, 14, 16]). Interacting particle systems evolving in random
media are in general of non-gradient. Roughly speaking the gradient condition means that the microscopic
current associated to the conserved quantity is already of gradient form. Otherwise the general non-gradient
techniques ([15], [22]) consists in establishing a microscopic fluctuation-dissipation equation which permits
to replace the current by a gradient plus a fluctuation term. But, if the system evolves in a random medium,
such a decomposition does not hold microscopically because the fluctuations induced by the random medium
are too large, and it is only in a mesoscopic scale that this fluctuation-dissipation equation makes sense ([6],
[20])-

In [12, 14], by extending some ideas of [16], a simpler approach is proposed. The idea is to introduce a
functional transformation of the empirical measure, which turns the system into a gradient-model, in such a
way that the transformed empirical measure is very close to the original empirical measure. The advantage
of the method is that it avoids the heavy machinery of the non-gradient tools but is unfortunately restricted
to specific models. Even if the techniques developed in [6], [20] seem to be more robust than the precedent
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approach, it is not clear that in some situations, as in the situation considered here, they can be applied
without a substantial modification.

The interacting particle system we consider is the following. To a simple energy conserving linear dynam-
ics, flips with site dependent rates are superposed. Fix a sequence (v, ), of positive numbers and denote by
(n(t))¢>0 the Markov process with state space RZ and generator given by

1) (L) = (Af)) + (SF)m), [:R* =R
where
(Af)(n) = Z(%H = Ne—1). |
TEL
and

(SHm =D 7 lf ") = f()]

TEZ
with 7* the configuration obtained from 7 by flipping 7,: (n%), = n. if z # x, (n®)s = —n,. This system
conserves the energy Y e, €, = n2/2, and the product of centered Gaussian probability measures with
variance 1" > 0 are invariant for the dynamics.

Let (72)z be a sequence satisfying (3) and (11). For example, the sequence (v ), is a realization of i.i.d.
positive bounded below and above random variables with positive finite mean. We show (cf. Theorem 1)
that, starting from a local equilibrium state with temperature profile Ty = 1/8p, the system evolves in a
diffusive time scale following a temperature profile T', which is a solution of the heat equation

{atT — 5 IAT
T(0,-) =By ' ()

where 7 is the average of the flip rates 7, defined by (11).

One of the main interest of the model is its non-reversibility. To the best of our knowledge, it is the first
time that hydrodynamic limits are established for a non-reversible interacting particle system evolving in a
random medium. In fact, our first motivation was to work with a simplified version of the energy conserving
model of heat conduction with random masses ([2]) and we think that some of the methods developed in
this paper could be useful to study this model.

The derivation of the hydrodynamic limits presents three difficulties: the first is that the system is non-
gradient. The second one is that it is non-reversible and that the symmetric part S of the generator is
very degenerate and gives only few pieces of information on the ergodic properties of the system. The third
difficulty is more technical. The state space is non-compact and the control of high energies is non-trivial.
The first problem is solved by using the ”corrected empirical measure” method introduced in [12], [14] and
some special features of the model. For the second one, we apply in this context some deep ideas introduced
in [11] (see also [18]). The third problem is solved by observing that the set of convex combinations of
Gaussian measures is preserved by the dynamics. The control of large energies is then reduced to the control
of large covariances.

In the perspective to study heat conduction models with random masses our main interest lies in the
properties of the diffusion coefficient (given here by 1/7%).

The diffusion coefficient is also often expressed by the Green-Kubo formula, which is nothing but the
space-time variance of the current at equilibrium. The Green-Kubo expression is only formal in the sense
that a double limit (in space and time) has to be taken. For reversible systems, the existence is not difficult
to establish. But for non-reversible systems even the convergence of the formula is challenging ([17]). Let us
remark that a priori the Green-Kubo formula depends on the particular realization of the disorder.

(2)
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If we let aside the existence problem, widely accepted heuristic arguments predict the equality between the
diffusion coefficient defined through hydrodynamics and the diffusion coefficient defined by the Green-Kubo
formula.

The second main theorem of our paper shows that the homogenization effect also occurs for the Green-
Kubo formula (see Theorem 2): for almost every realization of the disorder, the Green-Kubo formula exists
and is independent of the disorder. Unfortunately we did not succeed to prove that the value of the Green-
Kubo formula is 1/7.

The paper is organized as follows. In section 2 we define the system. The proof of hydrodynamic limits
is given in section 3. The two main technical steps which are the derivation of a one block lemma and the
control of high energies are postponed to sections 4 and 5. The study of the Green-Kubo formula is the
content of the last section.

2. THE MODEL

For any a > 0, let ), be the set composed of configurations 7 = (1y)4ez such that ||n]o < +o0o where

Inll2 =" emlly2

TEL

Let © = Nu>0Qa be equipped with its natural product topology and its Borel o-field. The set of Borel
probability measures on 2 will be denoted by P(Q). We also introduce the set C§(Q), k > 1, composed of
bounded local functions on 2 which are differentiable up to order k£ with bounded partial derivatives.

The time evolution of the process (1(t))¢>o can be defined as follows. Let {N,; z € Z} be a sequence
of independent Poisson processes. We shall denote by v, > 0 the intensity of M,. We assume there exist
positive constants y_ and ~y4 such that

(3) Ve eZ, v <7 <74+

For every realization of the random element A" = (N )cz, consider the set of integral equations:
t

(4) na(t) = (=10 (%(0) - /O (=D (1 (5) = nw—l(s))d‘g)

For each initial condition o € € the equations (4) can be solved by a classical iterative scheme. The
solution 7)(+) := n(+,0) defines a strong Markov process with cadlag trajectories. Moreover each path 7(-, o)
is a continuous and differentiable function of the initial data o ([5], [10], [11]). We define the corresponding
semigroup (P;)i>0 by (P.f)(0) = Enx(f(n(t,0))) where En denotes the expectation with respect to the
Poisson clocks and f is a bounded measurable function on €.

Since the state space is not compact Hille-Yosida theory can not be applied directly. Nevertheless, the
differentiability with respect to initial conditions and stochastic calculus show that the Chapman-Kolmogorov
equations

(BS)(0) = f(0) + / (CP.f)(0)ds, feCHEQ)
and
(BS)(o) = f(0) + / (P.Lf)(0)ds, f e CHEQ)

are valid with £ the formal generator defined by (1).
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The two Chapman-Kolmogorov equations permit to deduce that the probability measures v € P(Q),
which are invariant for (n(t)):>0, are characterized by the stationary Kolmogorov equation

/(Ef)(n)dy(n) =0 forall f € C5(Q)

In particular, every Gibbs measure ;g with inverse temperature 3 > 0 is a stationary probability measure.
Observe that pg is nothing but the product of centered Gaussian probability measures on R with variance
B~ Tt is easy to show that (P;);>o defines a strongly continuous contraction semigroup in L?(u5) whose
generator is a closed extension of L.

In fact, the infinite volume dynamics is well approximated by the finite dimensional dynamics 1" (t) =
{n™(t); x € Z}, n > 2. Tt is defined by the generator £, = A, + S,, where, for any function f € C}(Q2),

n—1
Anf = Z (%+1 - nm—l)anmf - nn—lannf +777(n71)6777nf
r=—n+1

and
n

(Snfm) = > 7lf0") = f)]
r=—n
Observe that 7} (t), |z| > n, do not change in time. Moreover, the total energy > __, e, is conserved by the
finite dimensional dynamics. We denote by (P]*):>o the corresponding semigroup. Let us fix a positive time
T > 0, a parameter a > 0 and a function ¢ € C}(£2). One can prove there exist constants C,, := C(n, a, T, ¢),
n > 2, such that

(5) sup |(P/'¢)(n) — (Ped)(m)| < Culinll2
t€[0,T]
and
lim C, =0
n—oo

This approximation is only used in the proof of Lemma 9. The proof of (5) in a similar context can be
found in [3], chapter 2 (see also [11]).
3. HYDRODYNAMIC LIMITS
For any function u : Z — R, the discrete gradient Vu of u is the function defined on Z by
Ve eZ, (Vu)(z)=u(z+1)—u(x)

The hydrodynamic limits are established in a diffusive scale. This means that we perform the time
acceleration t — N2t and the space dilatation z — z/N. In the rest of the paper, apart from section 6, the
process (n(t))¢>o is the Markov process defined above with this time change. The corresponding generator
is N2L.

The local conservation of energy e, = 12 /2 is expressed by the following microscopic continuity equation

ex(t) — es(0) = —N? / (Via—1.2)(1(s))ds

where the current jg g41 = jg.o+1(n) is defined by

jw,w+1(77) = —Nxlz+1

We denote by Co(R) the space of continuous functions on R with compact support and by C§(R), k > 1,
the space of compactly supported functions which are differentiable up to order k. Let M (resp. M™) be



5

the space of Radon measures (resp. positive Radon measures) on R endowed with the weak topology. If
G € C3(R) and m € M then (m,G) denotes the integral of G with respect to m.

The empirical positive Radon measure 7Y € M™, associated to the process e(t) := {e,(t); x € Z}, is
defined by

Zem g/ (du)

xGZ

Fix a strictly positive inverse temperature profile By : R — (0, +-00) and a positive constant 3 such that

1 2
© N szlﬂo (x/N) E} -

Denote by uN = /Lé\i o € P(Q) the product probability measure defined by
'uﬂo() (dn) = H 980 (a/N) (M)A
z€Z

where gz(u)du is the centered Gaussian probability measure on R with variance 57 1.
We assume that the initial state satisfies

(7) H(u"|uz) < CoN

for a positive constant Cj independent of N. Here H(:|-) is the relative entropy, which is defined, for two
probability measures P, Q € P(Q), by

(8) H(PIQ) = sup { [ oar -~ ( / e¢dQ) }

with the supremum carried over all bounded measurable functions ¢ on €2. Let us recall the entropy inequality,
which states that for every positive constant a > 0 and every bounded measurable function ¢,

(9) /gde <a! {log </ ewdQ) + H(P|Q)}

Fix a positive time T' > 0. The law of the process on the path space D([0,T], ), induced by the Markov
process (1(t))¢>0 starting from p!, is denoted by P,~. For any time s > 0, the probability measure on
given by the law of 7(s) is denoted by uX.

Since entropy is decreasing in time, (7) implies that

(10) Vs >0, H(u|pz) < CoN

The conditions (6) and (7) are 1ntroduced to get some moment bounds (see section 5). They are satisfied
by any continuous function [30 going to B! at infinity sufficiently fast.

Theorem 1. Let (v:)zez be a sequence of positive numbers satisfying (3) and such that
10
i KhE;—Z%— o 2 e

for some 7 € (0,00). Assume that the initial state p~ = ué\{)(v) satisfies (7) and By satisfies (6).
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Then, under P~ , 7N converges in probability to T;/2 where Ty is the unique weak solution of (2): For
every G € Cy(R), every t > 0, and every 6 > 0,

(¥, G) ~ (T, 0)

lim ]P)HN [ > 5] =0

N—o0

We follow the method of the “corrected empirical measure” introduced in [12, 14]. Since the state space
is not compact, technical adaptations are necessary. In particular, it is not given for free that the corrected
empirical measure and the empirical measure have the same limit points for the weak convergence. It would
be trivial if the state space was compact. Moreover, a replacement lemma, reduced to a one-block estimate,
has to be established (see section 4).

For any G € Cy(R), we define T,G : Z — R by

(TVG)(I> = Z('Yj +7j+1) {G <%> -G <%> }

j<x
Observe that
1
N————[(T)G)(z +1) = (T,G)(z)] = (VNG)(z/N)
Yz + Y41
where V stands for the discrete derivative: (VyG)(xz/N) = N{G((x +1)/N) — G(x/N)}.

Since TG may not belong to ¢1(Z), we modify TG in order to integrate it with respect to the empirical
measure. Fix 0 < § < 1/2 and consider a C? increasing nonnegative function § defined on R such that
g(q) =0 for ¢ <0, g(q) =1 for ¢ > 1 and g(q) = q for g € [#,1 —4].

Fix an arbitrary integer ¢ > 0 and let g = gg,» : R — R be given by

g9(a) = g(q/0)
We define

(T5,0G) (2) = (T,G)(x) —

where

Ty = (Yo + Ya1) {A((x + 1)/N) = h(z/N)}
€L

In the rest of the paper we make the choice ¢ := ¢(N) = N/4,
Lemma 1. For each function G € CZ(R), and each environment ~y satisfying (3) and (11),
lim NY*sup|T, G (x) — 3G(z/N)| = 0
z

N—00 z€
and
- 1/4 _
i VT =0
Proof. This is a slight modification of Lemma 4.1 in [14]. O

We shall denote by X}V € M the corrected empirical measure defined by

XM(@) = XFUG) = 30T (Gl eala)
TEL



The system is non-gradient but we have

1 1 1
.xx :_7V ez"'_xf T +£ a7 . Nzllz
Jz,z+1 o+ Yot 277 1Mz+1 <2(%+%+1)77 n +1>
This implies that
2 N 1 T%G 1
N L[ xN(G)] = NZ (AnG)(@/N) = 7=(Ang)(z/N)| | €a + Fa—17z+1
x€ZL 79
1 Tv,G
+ 3L > (VNG (z/N) - 7 (VNg)(@/N)| Natlz+1
x€EZL 7.9

where Ay stands for the discrete Laplacian:
(ANG)(z/N) = N*{G((z + 1)/N) + G((x — 1)/N) — 2G(z/N)}
Therefore, we have
(12) X(G) = X3'(G) = UN(G) + VN (@) + MM (G)
with MY (G) a martingale and U™ (G), VY (G), which are given by

t 1 1

Ur(G) = [ ds 530 BS/) <ez<s> - 5nx1<s>nz+1<s>>
TEZL

where

T, c

T4

B§(z/N) = |(ANG)(z/N) —

(Ang)(z/N )1

and

VY(G) = 23 |G/ - %(Vzvg)(w/f\f)] 010 (8)1041(8) = 12 (041 (0))

Lemma 2. The sequence { (XY, [, 7Nds) € D([0,T], M) x D([0,T], M*); N > 1} is tight.

Proof. Tt is well known that the sequence

{<X,N,/O. Wévds) € D([0,T], M) x D([0,T], M*); N > 1}

is tight if and only if the sequence
{(x¥©, [ wtnas) e D@.1)R) < D0.T)R) N 21
0

is tight for every G, H € C3(R).
By Aldous criterion for tightness in D([0, T],R)?, it is sufficient to show that
(1) For every t € [0,T] and every € > 0, there exists a finite constant A > 0 such that

supP,v (|[YN(G)| > 4) <e
N

(2) For every § > 0,
limlimsup sup P~ [|[Y4(G) = YN (G)| >6] =0

e=0 Noo 7€0,0<e

where O is the set of all stopping times bounded by T'.
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for YN(G) = XN(G) and YN (G) = [, 7Y
Since G has compact support, there exists a constant K > 0 (independent of ¢ and N) such that

(13) E.~ [[3(x, G) = XV (G)]]
< (N1/4 ?GII:Z) [7G(x./N) — (T,YJG)(:E”) EHN ﬁ| |<;v5/4 ex(t)

and consequently

T
(14) E,~ /0 dt |y(r, G) — XV (G)|

T
§<N1/4Sup|7G(:v./N)—(Ty,gG)(w)|> /0 Gt E ﬁ S e

€L 2| <K N5/4

By Lemma 1 and Lemma 10, the right-hand side of (13) (resp. of (14)) vanishes as N — oo. Hence, it is
sufficient to show Aldous criterion for YV (G) = XN(G) and for YV (G) = [, XN (G)ds.

From the definition of the Skorohod topology, it is easy to show that the application ® from D([0,T],R)
onto itself defined by

@:x:—{x(t);OgtﬁT}—><I)(x):—{/Otx(s)ds;()gth}

is continuous. Thus, if (XN(G))y is tight, then ([, XV (G))n is tight.
Therefore it just remains to show Aldous criterion for YV(G) = XN (G).
Proof of (1) for XN (G):

v [IXN(@)] > 4] < B ( > TG <>>

TEZL
We write (Ty,,G)(z) = ((T,cG)(xz) —3G(z/N)) + yG(x/N) and we get that

v [IXN(@)) = 4] < (T,eG)(x) = ¥G(z/N)| ex(t)
\z\<KN5/4

\w\SKN

The first term on the right-hand side of the previous inequality can be bounded above by the right-hand
side of (13), which vanishes. By Lemma 10, the second term is bounded above by C/A with a constant C
independent of N. Therefore, the first condition is satisfied.

Proof of (2) for XN(G):

Recall the decomposition (12). In order to estimate the term



we observe that |B$ (x/N)| is bounded above by

|T'Y,G|

C|1p<kn + Tl (672 + (NL?)) Liu/(Neye[1—20,1+26]0[—20,20]}
V.9

where C, K are constants depending on # and G but not on N. By Schwarz inequality, we are reduced to
estimate

T+e 1
E,~ / ds — ex(s)
H o N Z

and

T, ¢l ( 11 ) /T+€ 1
: —+ —|E,~ ds — Z ex(8)
2 3 H
ITygl \ €2 NE 0 N || <(1+36) N ¢
By Lemma 10, the first term is of order one. It is not difficult to show that liminfy_, T’y 4 > 0, and Lemma

1 gives Ty ¢ — 0. Thus, by Lemma 10, the second one vanishes as N goes to infinity.
The two last terms of (12) are given by

fot ds L <Zm

(VnG)(w/N) — 72

7.9

(Vng)(z/N )] nmnm) (s)

= ‘/;N(G) + MtN(G)
By using Lemma 1 and Lemma 10, similar estimates as before show that

li E VN[l =0
N1—r>noote[?Jl,liP+€] w H ' ( )H

By computing the quadratic variation of the martingale M” (G), one obtains that (we recall that sup, 7, <
V+)
2
B [(MNL(G) - MY (G))’]
2 T ’
Y+ T ,G
< B | [T, {WNG) (z/N) = %(wwm} eslw)es(e +1)

Y9

Observe that

T%G
T4

2
{(VNG)(f/N) - (VNQ)(x/N)} <Cly<kn+ 5_2(T»y,G/ng)21|m|§KN5/4

Since liminfy o0 Ty, > 0 and €T, ¢ — 0, from Lemma 10, we get

1
sup E,~ N2 Z e2(s)
520 2| <KN
and
1 2
sup E,~ N3 Z ez ()
520 | KNS/

go to 0 with NV (and are in particular bounded above by a constant independent of N). O
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Lemma 3. Let (a,3) € M x M™ be a limit point of the sequence
{<X,N,f Wévds) € D([0,T],M) x D([0,T], MT); N > 1} .
0
For every G € C3(R) and every t € [0,T], we have
i (G) —ap(G) =771 /Ot as(AG)ds, Br=7""' /Ot asds

Proof. In the proof of the tightness of X~ we have seen that the term

E,.~ [/Otds£<z

x

v,G

gﬂm(ng)(I/N)] mnmﬂ) <s>]

(VNG)(z/N) —

and the term

¢ 1 T, c 1
By [ [ ds 53 2 av @) (em<s> + Enm_ws)nm(s))]
0 wez T
vanish as N — oco. By using Lemma 5, it implies that

a(G) — ao(G) = Bi(AG)

t
By = :yfl/ asds
0
O

Lemma 4. Any limit point 5 of the sequence {fo 7Nds € D([0,T), M*); N > 1} is such that, for any
t €[0,T], Bt is absolutely continuous with respect to the Lebesgue measure on R.

Moreover, by (14), we have

Proof. Fix a positive time ¢ and let R,~ be the probability measure on M™ given by

1 t
R,w(A) =P, {?/o mds € A}

for every Borel subset A of M*. Let J : M* — [0,+00) be a continuous and bounded function. By the
entropy inequality (9) and by using (10) we have

(15) / J(m)dR,~ (m) < Co + %log ( / eNMdR,, (w))

By the Laplace-Varadhan theorem, the second term on the right hand side converges as N goes to infinity
to

sup [J(m) = Io(m)]
TeEMT

where I is the large deviations rate function for the random measure 7 under R, ;. It is a simple exercise
to compute the rate function Iy. We have

() = swp { [ () - [log(7)a}

F€CH(R)

where Mz(c) is the Laplace transform of 73 /2 under p3:

Mp(a) = (/%) = \/B/(B — )
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if « < 3, and 400 otherwise.
The function I also takes the simple form

Io(r) = {fR ))du if w(du) = 7(u)du,

+00 otherwise

where the Legendre transform h of Mj is given by h(a) = B — 1/2 — 1/2log(208) > 0 if o > 0, and +00
otherwise.

Let (fx)r>1 be a dense sequence in Cy(R) with f; being the function identically equal to 0. Then I is
the increasing limit of Ji > 0 defined by

Ju(m) = ggk{/fj 0~ [ 108 by(sy )i p 1k

thup/Jk(TF)dRHN (m) < Cp

N—o0

By using (15) we have

for each k. Since Ji is a lower semi-continuous function, any limit point R* of R~ is such that

/ J(m)dR* () < Co

By the monotone convergence theorem, we have [ Iy(m)dR*(m) < Cy < 4o0. Since Io(7) is equal to +oo if
7 is not absolutely continuous with respect to the Lebesgue measure, it implies that

R* {m;m(du) = w(u)du} =1
and the lemma is proved. O

We conclude as follows. Let (a, 8) be a limit point of (XN(G), [ 7Y (G))n>1. From the equation

a.(G) — ap(G) = ’71/0 as(AG)ds

we see that « is time continuous. Moreover, if A is a subset of R with zero Lebesgue measure, then 8;(A4) =0
for any ¢ € [0,T]. This implies that a;(A) = 0 for any ¢ € [0,T], i.e. that o, is absolutely continuous with
respect to the Lebesgue measure on R.

By uniqueness of weak solution to the heat equation, we have that 2« is the Dirac mass concentrated
on the (smooth) solution of the heat equation (t,u) € [0,T] x R — Ty(u) starting from 38, *: 9Ty =
YAT, To =360 .

Hence we conclude that {X € D([0,T], M); N > 1} converges in distribution to (7' (u)/2) du. Since the
limit is continuous in time we have that {X/Y; N > 1} converges in distribution to the deterministic limit
(T}(u)/2) du. Since convergence in distribution to a deterministic variable implies convergence in probability,
this implies that

1 /-
xN@a) - §/Tt(u)G(u)du

N—o0

1lmPN[

25} =0

25] =0

We use again (13) and the fact that 3T, =T, to get

1

lim P~ || (G) — Q/Tt(u)G(u)du

N—o0

and the theorem is proved.
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4. ONE-BLOCK ESTIMATE
The aim of this section is to prove the following so-called one block estimate ([15]).
Lemma 5 (One block estimate). For any G € C(R), any t > 0, and any § > 0,

Jim P,y H%Z(AN@@/M / ds o1 (5)701(5)

TEZ 0

> 5] 0
Since G € CZ(R), we can replace (AnNG)(z/N) by

1
o +1y;lc(ANG)(y/JV)

as soon as k < N and we are left to prove that

1 1

t
i B |3 2 [ T, 2 )| =0
T|< YIS

Given two probability measures P, @ on  and A a finite subset of Z, Hx (P|Q) denotes the relative entropy
of the projection of P on R* with respect to the projection of @ on R*. We shall denote the projection of
P on RA by P|o. If A = Ay, = {—k,...,k}, we use the short notation Pj.

We define the space-time average of (1 )o<s<: by

I/N

Z /tTwuiv ds
0

1
@N 1 =,

Here 7, denotes the shift by z: for any n € Q, the configuration 7,7 is defined by (7,1). = Mz4.; for
any function g on Q, 7,¢g is the function on Q given by (7.9)(n) = g(72n); for any p € P(Q), 7,p is the
push-forward of p by 7,,. The probability measure p is said to be translation invariant if 7,p = p for any
T €Z.

We have to show

1
. . N —
(16) lim lim dvj, ok 1 E NyMy+1|| =0

k—oo N—oo JpAk
ly|<k

Lemma 6. For each fized k, the sequence of probability measure (v} )n>k on R s tight.
Proof. 1t is enough to prove that there exists a constant Cj < co independent of N such that
(17) /Z e;dvy < Cy
1EAE
We begin to prove that
(18) Ha, (v |pg) = H (V;iv ‘MBW) < Co| Al

Fix a bounded measurable function ¢ depending only on the sites in A := Ay = {—k,...,k}. Assume
for simplicity that 2N + 1 = (2k 4+ 1)(2p + 1) for some p > 1. Then we can index the elements of the set
{=N,..., N} in the following way

{=N,....N}={z;+y;j=—-p,...,0; y € A}
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where z; = 2kj + 1. Since ¢ depends only on the sites in A, it is clear that under pg, for each y € A, the

random variables (T1j+y¢)j__p , are iid..
= FRRRE}

Let pl¥ =¢71 fot 2 ds. By convexity of the entropy and (10), we have H(fi}" |u5) < CoN.
We write

1
N ~-N
/¢d”k - / SN T 2 e | i

|z|<N
Al Al A
H(i _ 1 duz [Al E\m\SNTl'd)
an 10 e lis) T gy ioe / Hp €

< ColAl+ A log (/dﬂg 6A|1ZyeA(Za‘<pTu+1j¢>>

IN

2N +1

|A| -1 > Tyta; P
S CO|A| + ON + 1|A| y;xlog /d/,LBe lil<p Tyt

where we used the entropy inequality (9) and the convexity of the application f — log ( Ik dpg el ) By
independence, for each y, of (ij+y(]5)

and the translation invariance of uz, we get

J==DssP
(19) /gbdu,iv < Cy|A| + log (/ e“bd,uﬁ)
This implies (18) and, by the entropy inequality (9), the inequality (17). O

For any k, let v} be a limit point of the sequence (V,]CV )n>k. The sequence of probability measures (v} )r>0
forms a consistent family and, by Kolmogorov theorem, there exists a unique probability measure v on €2
such that v, = v;. By construction, the probability measure v is invariant by translations.

Lemma 7. There exists Cy such that for any box Ay, = {—k,...,k}, k>0,
(20) Ha, (v|pg) < Col Akl
Proof. We have seen in the proof of the previous lemma that
(21) Ha, (¥ lug) = H (v | gl ) < Cola)
Since the entropy is lower semicontinuous, it follows that
Ha, (v|pg) < Col Akl
O

A translation invariant probability measure v on  such that (20) is satisfied is said to have a finite
entropy density. By a super-additivity argument (see [3], [11]), the following limit

= . HAk (V|M,§)
(22) H(v|pg) = lim A
exists and is finite. For any bounded local measurable function ¢ on 2, we define the limit

_ 1 . _ k
= i — i kb, -
F(9) khrn o 1Fk (¢), Fr(o) log/e g
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The entropy density H (v p5) can be expressed by the variational formula

(23) H(vlug) = sup { Jow-ro)}

where the supremum is taken over all bounded local measurable functions ¢ on Q.
We now show the following lemma

Lemma 8. For any function F € C}(2), we have
/EF dv =0
Proof. Assume that F € C}(f2) has a support included in R**~1. We have
/Lde = /ﬁquk = Jim_ LF dv)
Define G = (2N + 1)~ 3, <y 7 F. By 1t6 formula
v { [ oo - [admeo]
= [Cas [ ¥ e
— ¢ [ dn ) (£G) o)
—t [ @i o) (£F) o)

Since F' (and hence G) is bounded, the left-hand side goes to 0 as N goes to infinity and it follows that

/EFdeO

Recall that we want to show (16). From the previous lemmas, it is sufficient to prove that

. 1
lim [ dp(n) %—HZnynyﬂ =0

k—o0
ly| <k

for any p € P(Q) such that p has finite entropy density, is stationary for £ and translation invariant.

Proposition 1 gives the characterization of stationary probability measures, translation invariant, and
with finite entropy density. By using the notations of this proposition, to complete the proof of Lemma 5,
we have to show that

1

lim d\(B) du —_— NyNyt1|| =0
k— oo (0,400) R2k+1 A 2k =+ 1 yz<k vyt
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Since, under g, the random variables (v/3n, ), are distributed according to standard independent Gaussian
variables, and fﬁ_ld/\(ﬁ) < +00, it remains to prove

1
li d —_—
k;nolo R2k+1 H 2k +1

> nmy+1)|| =0

ly|<k

By using Schwarz inequality, a simple computation gives the result.

Proposition 1. Let v be an invariant measure for L which is translation invariant with finite entropy
density. Then, v is a mizture of the Gaussian product measures pg, 3 > 0,

= d\
Y /(O,+oo) (ﬁ) e

and the probability measure A on (0,+00) is such that
/ BLAN(B) < +o0
(0,+00)

In order to give the proof of this proposition, we need the following lemma

Lemma 9. Let v be an invariant measure for L, translation invariant with finite entropy density. Then,
for any local measurable bounded function ¢ on ), we have

Vi€, / (") — S(n)] dv = 0

Proof. We only give a sketch of the proof since the arguments are almost the same as in [11], Proposition
6.1 (see also chapter 2 of [3]).

The proof is divided in two steps. Let us first consider a generic probability measure v,, not necessarily
translation invariant, such that H (v, pg) < +oo and let us denote by g the density of v, with respect to 5.
We introduce, for any n, the Dirichlet forms

=sup< — S v
(24) D, (vy) —swp{ ” d *}

where the supremum is carried over the set F composed of the positive functions ¢ :  — (0, +00) such that
O<M 1< 1) < M for some positive constant M.
It is easy to check that if D, (vs) < 400 then

) Da) =5 3 % [ (Vi) du
where for any function u : @ — R, Y,u is the function defined by (Yyu)(n) = u(n®) — u(n). Observe that
Y2 = —2Y, so that =S, = (1/2)>_0_ . Y2

In fact, even if v, is not absolutely continuous with respect to pj, the Dirichlet form Dy (v.) defined by
(24) makes sense in [0, +00].

Recall that (P}*);>0 is the semigroup generated by the finite dimensional dynamics introduced in section
2. We have the following well known entropy production bound (see [3] or [15], Theorem 9.2)

H(v. P} | u5) + tDu(70,) < H(v. | u5)

_ Cq ot
where 7}, =t~ [ v Pl'ds.
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Let us denote the density of o}’ , with respect to uz by gi'. Since H (v«|ug) < +00, we have D, (7} ;) < +00
and, by the explicit formula (25) of the Dirichlet form,

(26) H(, P | ) + = Z [ (vVaE) dus < HOv 1)
The second term on the left-hand side of the previous inequality is composed by a sum of positive parts. We

can restrict this for any m < n. By using (8) and the variational formula (24) for the Dirichlet form, we get
that, for any function ¢ € C}(£2) and any functions v; € F,j € {-m,...,m},

n qb FY* % ijzwj -n
P'gdv. —log [ e®dpg +— > 57 e < Hlnlup)
j=—m
We let n — oo and, by (5), we have
_t &L YA,
(27) / Pédv, — log / e®dyug + FYT > Jfﬂ v < H(vi|pg)
j=—m I

_ ot
where 7, ; =t~ [ v, Pds.

In the second step of the proof we apply (27) to v, = ) = V’

® pg v We recall that A,, denotes

m

Am
the box {—m,...,m} and A, stands for Z\A,,. Observe that H(Vim)LuB) = Ha,, (v|pg) so that

. -1 (m), .y _ 73 _
i (2m 1) ™ 1) = H(vlug)
By choosing ¢ = Y"1 Ti¢0, i = Titho, with ¢g € C§(Q) and ¢y € F, we get

Z /Pt Tio) du*m) m (o) +— Z / YO% H( im)mé)

1=—m 1=—m

We claim that

(28)
lim Z / YO 1/)0 = YO 1/)0 dv
m-o0 2m + 1 1 o ¢0
Then, by using (23) and optimizing over ¢y and g, we get
Y5 wo
sup =0
Yo 1/)0
It is clear that we can repeat the argument substituting Y; to Yp, and we obtain
Y7
0,
sup =0
L) 1/)0

so that, by summing over j, we have D,,(v) = 0 which implies that v is invariant by any flip.

It remains to show (28). The difficulty comes from the fact that even if the function w is local Pyu is not.
But it is easy to see, by using (5), that we can replace the semigroup of the infinite dynamics P; by the
semigroup of the finite dimensional dynamics P;*, if n is sufficiently large. The function P;*u is then local
and the ergodic theorem permits to conclude.
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We refer the interested reader to [3] for the details of the arguments.
O

Proof of Proposition 1. By Lemma 9, we have [ Sgdv = 0 for any bounded measurable function g on Q. It
follows that for any g € C3 (),

(29) / Agdv =0
Since v has finite entropy density, we have [ egdr < 4+o0. By translation invariance, the ergodic theorem
gives the existence v a.s., and in L!(v), of
li ! £ li ! 2
) = Ji e 2 e EO) = Jim g D

Since v is invariant with respect to any flip, we have v almost surely that u(n) = 0.
Assume first that v is exchangeable.
For any z € [0, 00) let v, be the probability measure

v, =v (€ =2)

If z = 0 then v, is the Dirac mass concentrated on the configuration dy with each coordinate equal to 0.
Let us now assume that z # 0.
Consider a test function g in (29) of the form

g9(n) = f(n) x ﬁ > n:

|| <2

with f,x compactly supported and smooth. It is easy to show, by taking the limit £ — co in (29) with g as
above, that

/ Afdv, =0
and this can be extended to any f € C§(2). We apply the previous equality with a function f of the form

f(ﬁ) = Nz ¢(77)
with ¢ € C¢(£) independent of 7,. Then we get

0 = /(nm+1 L UAGES /(ny+1 — Tly—1)7e Oy, Gdvy
y#T

= /(nm-i-l - %—1)¢de (77)
/(% - nm—2)nmaﬁzf1¢dyz + /(%+2 - nm)nmanm+1 ¢de

+ Z /(nerl - nyfl)nzany Gduy,

y#r—1,x,x+1

+

We claim that the last term is equal to zero. This is a consequence of the exchangeability of v,. Let A be
the support of ¢ (which does not contain z by assumption). Observe that, for any y # x—1, z, x+1, the site x
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does not belong to the support of (1,1 —n,-1)0y,¢. Let t be sufficiently large (e.g. ¢ > ||+ maxseca |s|+10).
By exchangeability we have, for any k > 0, that

/(ny—i-l - ny—l)nzany (bdyz = /(ny—i-l - ny—l)nt+k6ny¢dyz

Hence, we get
1@—1
/(nerl - nyfl)nzany(bdyz = ZZ/(Werl - 77y71)77t+kany¢de
k=0

Let ¢ go to infinity and use the convergence of ¢~! Zi;g Nk to u(n) = 0 to conclude.
The same argument shows that

/771—277187”,1 (bdyz = 07 /771+2771877z+1¢dyz =0

and, similarly, we have

/ﬁianzfﬂd’/z :Z/aﬁz—1¢dym /ngaﬁz+1¢dyz = z/anm+1¢d1/27

Hence, we proved that, for any = € Z and for any function ¢ € C§(£2) such that z does not belong to the
support of ¢,

/(771-1-1 - 77m—1)¢dyz(77) + z/(anmfl - 77z+1)¢de =0

We apply this for a function ¢ depending only on (n2x)kez, so that, for any k, ¢ is independent of 7.
We have

/ (Matore — o) bdva(n) + / (Oae — Do 2) ol = 0

This implies that the law of (72 )krez under v, is a product of centered Gaussian probability measures on R
with variance z (see e.g. [13]).

The same result occurs for the law of (2r41)kez-

Let now ®4(n) = [[,c4 ¢s(ns) be a test function with A a finite arbitrary set of Z and ¢, real valued
bounded functions. We write the set A in the form Ay U A; where Ay is the set composed of elements of
A which are even and A; the set composed of elements of A which are odd. Let By be a set composed of
even sites such that |By| = |A;1] and AN By = 0. Let o be a permutation on Z such that o(A4;) = By and
Ap is fixed under the action of 0. We denote by o -7 the configuration defined by (0 - 7): = 7,(s). By
exchangeability of v, we have

Va(Pa(o-n)) =vy(Pa(n))

= I ¢so) IT 90100 (5)

sEAy sEBy
Since the function ® 4 (o - n) is a function depending only on (n2x)krez and Ag N By = () we know that

va(®a(o - 1)) (/(bs )g1/2(x dw) (/qﬁg 1(5)(2) g1 /0 (@ )d:v)

SEA
We recall that g/, is the density of the centered Gaussian probability measure on R with variance z. Hence,

we proved
V(@ ( [ 6.@a1sate dx)
seA

and

SEB



19

which shows that dv,(n) is equal to [], .5 91/2(02)dn..
We now show that v is exchangeable. Let us consider the test function x(1n) = é(Nx, Net1)V(ey; ¥y # x, z+1)
with ¢, smooth and compactly supported functions. By (29), we have

/dqu:():/Agbwdu+/¢Awdu

Observe that the second term is given by

EZL/wmmaaﬂmeWJ—%qwmm%ﬂ>

y#x,z+1

This is equal to zero because v is invariant by the flips and the function n — 1, (9c, %) (1) (My+1 =1y 1) D (e Nz+1)
is an odd function of 7, for y # z,x + 1.
Moreover we have that

(«4¢)(77) = (7790-1-2 - nm)anm+1¢ + (7714-1 - 771—1)5%¢

Remark that 17,4210, ¢ is odd with respect to 1,42 so that its integral with respect to v is equal to 0,
and similarly for n,_110,_ ¢. Hence, we get

/dV(n) (nm+lanm¢ - nmanz+1 (b) "/J =0

This equation implies that v(n;, nz+1|(ey; y # z,x + 1)) is exchangeable.
Let now @ be a local test function of the form

=1 ¢s(ns)
SEZ

where (¢s)s is a sequence of bounded smooth functions equal to 1 for |s| > A for a positive constant A. Our
aim is to prove that for any x we have

(30) (@) = v(@(n))
which implies the exchangeability of . We can assume that each ¢, is even or odd since every function can
be decomposed as the sum of an even and an odd function. Moreover each even function ¢,(ns) takes the
form (;Bs(es) for a suitable function g?)s.

If one of the ¢, is odd, since v is invariant by all flip operators, (30) is trivial because the two terms are
equal to zero. We assume that all the ¢4 are even so that ® is in fact a function depending only of the
energies e, and we write ®(n) = ®(e) = [licz bs(es). We shall denote by  the law of e := {e, ; y € Z}. We

have
[ e = [ @)
/du(eu,y;«éxw—i—l (/ e)di ew,ew+1|ey,y7éx:v+1)>
/dy(ey,y £a,x+1) (/ ™" N db(ey, exvley,y # T,z + 1))
= / ®(n™**)dv(n)

where we used the exchangeability of v(nz, nz41/(€y;y # x,x + 1)) in the third equality. It concludes the
proof that v is exchangeable.
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Hence, we can express v as a mixture of ug, 8 € (0, +00], with the convention that po. is the Dirac mass
concentrated on the configuration dy:
v= [ @
(0,+00]

In fact, A is the law under v of the random variable 1/€(n). It remains to prove that v(E(n) = 0) =
A({+o0}) = 0. It is a simple consequence of the fact that Hy, (v|uz) < Co|Ag| for any &k and in particular
for k = 0. By (8), we have that for any positive real M

Co > M/ 1{0}(x)d1/’{ }(:17) —log </ eMl{“}(w)gﬁ(:zr)d:r> = MA({+o0})
0
Since M is arbitrary large, it follows that A({+o00}) = 0. O

5. MOMENTS BOUNDS
The aim of this section is to give the proof of the following lemma:

Lemma 10. Let uV be the probability measure ué\;(_ associated to a temperature profile bounded below by

a strictly positive constant such that (6) and (7) are valid. Let (Mn)n>1 be a sequence of positive integers
such that iminfy_,oc My /N > 0. Then, there exists a positive constant C, which is independent of N, such
that

supE,~ | — Z ex(t)| <C
>0 N
lz| <My
and
li E ! 2t =0
i sup By | 3 e2)] =

N |z|<My

Let us first explain why the second equality of this lemma is nontrivial. The standard arguments to get
moment upper bounds are based on the entropy inequality (9) and the existence of exponential moments.
In our case it would be necessary to have pg (60”73) < +oo for a sufficiently small. This is false since pg is a
Gaussian measure. In [1], following an idea of Varadhan, and despite the absence of exponential moments,
the use of the entropy inequality for the microcanonical measure was sufficient to get a weak form of the
lemma we want to prove. This approach cannot be carried here because we are in infinite volume and because
the Dirichlet form is too degenerate to reproduce the argument.

Proof. The first statement is a simple consequence of the entropy inequality (9). Indeed, for any 6 > 0, we
have

1 H(HMHB) 1 53 2/2
B | g 30 elw)| = Tl i ( [Tz duﬁ<n>>
|z| <My

The first term on the right-hand side is of order one by (10) and the second term is also of order one if ¢ is
sufficiently small. Hence the left-hand side is of order one in /N uniformly in time.

The bound on the second moment of the energy is more difficult to obtain and the entropy inequality is
not sufficient. We exploit here the Gaussian structure of the initial state.

Recall the integral equations (4) defining the dynamics. Each Poisson process A, is interpreted as a clock
and a jump of N, as a ring of the clock. Conditionally to the realization of N' = (N,)., the dynamics
is linear, thus the law remains Gaussian in the time interval between two successive rings. When a clock
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rings the flip operation conserves the Gaussian property of the state. Hence, conditionally to A, the state
remains Gaussian for any time. It follows that the law pl¥ of the process at time ¢ is a convex combination
of Gaussian measures Gy, ¢ with mean m € RZ and correlation matrix C' € Sz(R), the space of symmetric
matrices indexed by Z:

M:/MM£MW

Moreover, the convex combination p¢(m,C) is the law at time ¢ of the Markov process (m(t),C(t)) with
formal generator N2G where

(GF)(m,C) = Z(Cw-l-l,y —Co1y + Caytr — Cw,y)acz,yF

+ Z(mmﬂ — My )Om, F + Z[F(CI, m®) — F(C,m)]

with C® given by
() = {Cu,v if [u#xand v# x| or [u=v=ux,

’ —Cy,» otherwise

and
(%) = (~1)"m,
In other words, (C(-), m(-)) are the solutions of the following integral equations
2y () = (~)NEOTNE) (€ (0)
f )N ()N () [Cav1,y(s) = Com1,y(s) + Coys1(s) — Coy—1(s)] ds)
ma(t) = (1N (i (0) = fy (=1 [y 41 (5) = ma-a (s)] ds)

with initial conditions

my(0) =0, Cay(0) = do( = y)By ' (x/N)
and ¢’ = tN2.

The existence and uniqueness of solutions is easily established (by the same methods as presented in
section 2) in the space X = R x Ry, where

N = ﬂ {m € R%; Ze_ammi < —I—oo}

a>0
Ny = ﬂ {C € Sz(R) ; Zef‘l(‘z‘ﬂy')Cﬁ’y < —I—oo}
a>0 z,Y

Observe that the initial condition belongs to X. Moreover, for any (m,C) € X, the Gaussian measure with
mean m and correlation matrix C' is meaningful (see e.g. chapter 2 of [5]).
This Markov process conserves the three quantities

(31) domZo Y 2, > Cas
TEZ T, yEZL TEZL

The initial condition p? is such that pg is the Dirac mass concentrated on

m:O, Ox,y :5O($—y)551($/N)
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Therefore, we have m(t) = 0 for any ¢t > 0. By denoting, with abuse of notations, by p:(C) the law of C(t)
at time ¢, we have by the two last conservation laws (31) that

[n(©) |17 X (©o— 50— 00| = M%Zwal@/m P

N ¢ yez2 T€Z

Moreover, we have

4
Ep |—5 > E®)] =My2 Y /dpt(O>GO,C(77;cl>
Nz <My 2| <M
3
— 2 / dp(C)C2,

|z|<MN

1 _ 2 1
= 3/dpt(c) W Z (Cm,m - B 1)2 + BM]QV Cm,m +0 (M—N)
|| <My

N |zl <My
where we used the fact that, for a Gaussian centered variable, the fourth moment is given by three times

the square of the second one.
Observe that

1
T|SMN T|SMN

and this term is order M ]\7,1 by the first part of the lemma.
Up to terms of order M&l, we are left with

[0(©) 5 T (Conm Y

= [ dm(c) T 3 (Cay— B (e~ 9))?

N g yez?

1 _ =
= szo 1(fZT/N) —-p7h?

N gez
since the penultimate sum is conserved by (C(¢));>0. By the assumption (6), the last term goes to zero as

N goes to infinity. O
6. GREEN-KUBO FORMULA

In this section we study the homogenization properties for the diffusion coefficient in the linear response
theory framework. To present the results we have to introduce some notations.
Let (vz)zez be a sequence of i.i.d. positive random variables satisfying the assumption

Plyo <7y <yy)=1
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where P is the probability measure on R? given by the law of the disorder v = (V;)zez. The corresponding
expectation is denoted by E.

In this section, time is not accelerated by a factor N2. We first consider the closed system of length N > 1
with periodic boundary conditions. Let T = {0,..., N — 1} be the usual discrete torus of length N. The
generator Ly of the system is given by (1) with the sums over z € Z replaced by z € Ty .

Linear response theory predicts that the diffusion coefficient D := D({v}, 8) appearing in (2) is given by

(32) D= lim lim Ly()\)
A>0,A—0 N—oc

where Ly = L}Y\,’ﬁ is the Laplace transform of the current-current correlation function. It is defined for
2€ HT, HN = {2 € C; R(z) > 0}, by

g ARl @ SENON) JEAITY

z€T N yeT N
Here, (-,-) := (-,-)p denotes the scalar product in L?(u}) where
ph (dn) = ] 95(ne)dna
z€TN

is the Gibbs equilibrium measure with inverse temperature 3 > 0 on R™~. We also use the short notation
(-)p := (-) for the expectation with respect to ,uév.
The Laplace transform Ly can be written as

2
LN(Z) = f_N< Z Jz,z41, (2 - EN)_l Z Jyy+1 >

z€TN yeTN

Observe that the definition (32) is only formal since it is not clear a priori that the limits exist.
We also consider the homogenized Green-Kubo formula for the infinite volume dynamics. It is defined by

(33) D(B) = lim L)

where L := L? is the Laplace transform of the averaged current-current correlation function. It is defined
for € HT by
62 e
- 7/ dte™*" < jo,1(t), jo,1(0) >
0

where < -, >=<-,- >3 is the inner product defined for bounded local functions f and g by

L(z)

<f,9>p=E <Z (7af,9)8 — <f>5<9>ﬁ]>

TEL

We shall denote by L?(< - >>) the Hilbert space generated by the set of bounded local functions and the
inner product < -, - >.
The aim of this section is to show the following homogenization result

Theorem 2. For almost every realization of the disorder vy, the Green-Kubo formulas (82) and (33) converge
and are equal: D({~},8) = D(B). Moreover, D is independent of 3.

We recall that the functions Ly and L are analytical functions on H; (see e.g. [21], Theorem VIII.2).
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Lemma 11. There exists a constant C := C(8,v4), independent of N, v and z € H,, such that
[Ln(2)| < C

Proof. The proof is a simple consequence of Proposition 6.1 in [15] and of the fact that Sj, 4,41 = —2(7z +
Yo+1)Jz,z+1 (see also Theorem 2 in [2]). O

Let hYY := h¥(n; 8,7) be the solution of the resolvent equation in L2((-)):
(Z - ﬁN hN Z ]m x+1

x€TN

B2 1 :
Ly(z) = o h, "N Z Jy,y+1

yET N

We have

Let h, := h.(n; B) be the solution of the resolvent equation in L?(< - >):
(z = L)h: = jo
We have

ﬁQ
L(Z) = 7 < hz,jo71 >

Observe that if 1 is distributed according to pg then BY/2p is distributed according to p. Since h(n;1) =
h.(n; B) and j, .11 is an homogeneous function of degree two in 7, it follows that L?(z) = L!(z). This implies
the independence of the diffusion coefficient with respect to 5.

In the following lemma we give an explicit formula for L(z) if (z) is sufficiently large.

We shall denote by Pg . the law of the two-dimensional simple symmetric random walk (S;);>0 =
(S’Jl, S’] )j>0 starting from (0,1) and by Eg . the corresponding expectation. Let E be the annealed expec-
tation EEg ..

For any path {S;}j—o,..r} of length k, we define e({S}x) = H?;&((Sﬂl —85;)-w) € {£1}, where w
is the vector (1,1) and x - y denotes the usual scalar product of the two vectors x and y of R?. We also
introduce the random potential

.....

1
Z+ Lozy(Va + 1)

Lemma 12. There exists Ao > 0 such that, for any z € Hy with R(z) > Ao, the Laplace transform L(z) is
given by

exp(=Vz(z,y)) =

IS B [e(Sh) e B (5 - 51)]

k=0

(34)

leF*

Proof. Since the generator £ maps a polynomial function to a polynomial function of the same degree, the
solution of the resolvent equation is expected to be of the form

Z ¢= (@, y)namy
x,y€L?
where ¢ (z,y), (z,y) € Z2, is the (symmetric) solution of

81(2)d0(y) + do(z)01(y)
2

(35) (2 + (7= + ”Yy)lx;éy)gbz (z,y) + (@gbz)(x,y) = -
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with, for any function u : Z? — R,
(Vu)(@,y) = (w(z,y +1) —u(z,y — 1)) + (uw(z + 1,y) —u(z — 1,y))

We shall denote by A the real part of z € Hy. In the sequel we show that, if A is sufficiently large, a
solution to (35) exists, so that h, is of the form given above. In fact, it is not difficult to show that a solution
to (35) exists for every z € H,.

The Laplace transform L(z) is equal to

ﬁ2 ) 1 .
Le) = <hajor>=3<3 D, ou@ymeny ¢ odor >
z,yEZ2
2
_ _7;:]3 ¢:(x,y) lim 2n+1“§ {1y eIk 1)

- %ZE [0 (2,9) (01 (x — ) + 0_1(x — y)]

z,y

= E Z(bz(x,x—i—l)

TEZ

We define the operator T, acting on the set of real valued functions u on Z2, by

! (Fu)(z,9)

o ) = o)

Then (35) can be written in the following form

(bz + Tz(bz = Pz
where p, is the function given by
(61(2)d0(y) + do(x)d1(y))
2(z + (72 + 1) lary)

Observe that [|T,¢]co < (4/M)||¢|loo so that if A > 4 then T, is contractive for the | - || norm. It follows

that for A sufficiently large

pz(xvy) - -

oo

¢ = Z(_l)ijpz

k=0
For any x € Z?, we have the following representation of the operator 7%
(T2u)(x)
(37) _ Z . Z (el . W) (en-w)e” i Vz(x+€1+---+€j)u(x +er+...+ ek)

le1]=1 lex|=1
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with the convention that the term in the exponential corresponding to 7 = 0 is V,(x). We obtain

¢ (z,x+ 1)

= ——ERW [Z e({S}tr)e™ S0 Ve (8 +(@2))
k=0

[61(z + Sp)do(z + S7) + do(z + Sp)01(x + S})]

By summing over x € Z and by taking the expectation with respect to the disorder, we obtain

L(z) = —EE( HME |e({Ste)e™ 20 V(85— (S5 ))152+1 si
2
k=0

(—4)'E [({S}k) Zi-o (j_(s’“’s"))lsi—lzsi}
k=0

DN | =

By taking first the expectation with respect to v, we see that we can translate the environment and hence
the potential by (S7, S7) in the first expectation and by (S}, Si) in the second one. Therefore, we get (34).
]

Lemma 13. There exists Ao > 0 such that, for any z € Hy with R(z) > Ao and almost every disorder v,
the limit of Ly(2) as N goes to infinity exists and is given by

(38) ——Z PE [2(18)) e S =050, (57— 51)

Proof. The proof is very similar to the previous one. We look for a solution in the form

= (@ y)mny

z,y

with ¢, (z,9), (z,y) € T%, the solution of

o1z —y) +o-1(x —y)
2

(39) (2 + (= + 'Yy)lx;éy)(bz (z,y) + (@(bz)(x,y) ==

Let A be the real part of z € Hy and define the operator T, acting on the real valued functions on T%,
according to (36). Then (39) can be written in the form ¢, + T,¢. = p., where p, is the function given by

(61(x —y) +0-1(z —y))
2(z + (72 + ) lazy)

Observe that ||T,ullco < (4/M)||u]lco so that if A > 4 then T, is contractive for the || - || norm. Therefore
we have the following representation of ¢,

pz(xvy) =

oo

(bz = Z(_l)szkpz

k=0



27

For any x € T% we have

(TFu)(x)
= Z e Z (e1-w)...(ep-w)e~ iz Vbetertetei) y(x + e + ... + e)
lei]=1  [ex|=1

Hence, we obtain

k

1
(TEp:) (@, +1) = —5(~4) Erw, [e({Sh)e” Zim V(0505 (52— 5})]

Since V;((x, x) + S;) = 75V2(S;), the ergodic theorem implies

lim % > ezt 1)= —%Z(—zx)kﬂ {6({S}k)e’ Siea V= (53061 (52 — S;)]

N—00
z€TN k=0

This completes the proof.
O

Since the sequence (L]VB(Z)) N is a bounded sequence of analytical functions on Hy, Montel theorem

implies it forms a compact sequence in the Banach space of analytical functions. Let Lg;’ﬂ, ng’ﬁ be any

(analytical) limit points corresponding to the realizations of ¥! and 42 of the disorder. For any z € H, such
that {R(z) > Ao}, we have

L27() = I°() = L2°(2)
Since the two analytical functions L21# and L22® on H, coincide on {z; ®(z) > Ao} with L?, they are
equal on Hy to LP. Tt follows that, for almost every realization of the disorder and every z € H, the limit

as N goes to infinity of L?V’ﬂ (2) exists and is equal to L?(z). The theorem is a trivial consequence of the
following non trivial fact:

Lemma 14. The limit, as \ € (0,400) goes to 0, of LP()\) ewists.

Proof. The proof is similar to the proof of Theorem 1 in [2] (see also [4]). O
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