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Abstract

We consider a model of quantum-wire junctions where the latter are described by conformal-
invariant boundary conditions of the simplest type in the multicomponent compactified mass-
less scalar free field theory representing the bosonized Luttinger liquids in the bulk of wires.
The boundary conditions result in the scattering of charges across the junction with non-
trivial reflection and transmission amplitudes. The equilibrium state of such a system, cor-
responding to inverse temperature 8 and electric potential V', is explicitly constructed both
for finite and for semi-infinite wires. In the latter case, a stationary nonequilibrium state
describing the wires kept at different temperatures and potentials may be also constructed
following Ref. [32]. The main result of the present paper is the calculation of the full counting
statistics (FCS) of the charge and energy transfers through the junction in a nonequilibrium
situation. Explicit expressions are worked out for the generating function of FCS and its
large-deviations asymptotics. For the purely transmitting case they coincide with those ob-
tained in Refs. [10, 11], but numerous cases of junctions with transmission and reflection are
also covered. The large deviations rate function of FCS for charge and energy transfers is
shown to satisfy the fluctuation relations of Refs. [2, 12]. The expressions for FCS obtained
here are compared with the Levitov-Lesovic formulae of Refs. [29, 28].

1 Introduction

The transport phenomena in quantum wires (carbon nanotubes, semiconducting, metallic and
molecular nanowires, quantum Hall edges) and, in particular, across their junctions, have at-
tracted a lot of interest in recent times, see e.g. [16, 14]. To a good approximation, the charge
carriers inside the wires may be described by the Tomonaga-Luttinger model [46, 42, 22, 26]. In
the low energy limit, such a model reduces to a relativistic 1+1 dimensional interacting fermionic
field theory that can also be represented by free massless bosonic fields. The junction between
the leads couples together the conformal field theories (CFTs) describing at low energies the bulk
volumes of the wires. Specific features of the coupling depend on how the junction is realized.
Various models that couple two or more wires locally at their connected extremities were consid-
ered in the literature, see e.g.[20, 36, 34, 35] where important results about transport properties
of such models of wire-junctions were obtained. The low-energy long-distance effect of the inter-
action at the junction may be described with the use of boundary CFT, similarly as the effect of a
magnetic impurity in the multi-channel Kondo problem [1]. Even if the coupling of the Luttinger
liquid theories introduced by the junction breaks the conformal symmetry, the latter should be
restored in the long-distance scaling limit. In the scaling limit, the effect of the junction will be
represented, using the “folding trick” of ref. [49], by a conformal boundary defect in the tensor
product of the bulk CFTs of individual wires [7]. Such a boundary defect preserves half of the
conformal symmetry of the bulk theory. Examples of conformal boundary defects that describe
the renormalization group fixed points of Luttinger liquid theories with a coupling localized at
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the junction were discussed in [20, 36, 34, 35]. It was also realized that the boundary CFT de-
scription of the junction of wires gives via the Green-Kubo formalism a direct access to the low
temperature electric conductance of junctions [35, 39, 40| that measure small currents induced
by placing different wires in slightly different external electric potentials. Getting hold of the
transport properties of the quantum-wire junctions beyond the linear response regime is more
complicated, see [20] for an early result using an exact integrability of a model of contact between
two wires. The CFT approach seems also helpful here. It was shown in [10, 11, 12, 19] that for
some boundary defects (those with pure transmission of charge or energy), not only the electric
and thermal conductance but also the long-time asymptotics of the full counting statistics (FCS)
of charge and energy transfers through the junction may be calculated for the wires initially
equilibrated at different temperatures and different potentials. Moreover, steady nonequilibrium
states obtained at long times from such initial conditions could be explicitly constructed. Physical
restrictions for the applicability of the CFT approach in such a nonequilibrium situations were
also discussed in some detail in those works, in particular in [11], see also [8, 18, 4, 15]. The
incorporation of junctions corresponding to boundary defects with transmission and reflection
into that approach poses more problems, although for a junction of two CFTs a general scheme
has been recently laid down in [13], together with some examples.

The present paper arose from an attempt to calculate the FCS for nonequilibrium charge
and energy transfers for simple conformal boundary defects with transmission and reflection.
We describe each of N wires by a compactified free massless 1 + 1-dimensional bosonic field,
with the compactification radius related to the Luttinger model coupling constants that may be
different for different wires. The product theory is a toroidal compactification of the massless
N-component free field, i.e., on the classical level, its field takes values in the torus U(1)Y. In
such a theory, we consider the simplest conformal boundary defects that restrict the boundary
values of the field at the junction to a subgroup B C U(1)Y isomorphic to the torus U(1)M
with M < N. In the string-theory jargon, B is called the D(irichlet)-brane [38]. First, we study
the wires of finite length L with the reflecting boundary condition at their ends not connected
to the junction. The overall U(1)-symmetry of the theory is imposed, leading to the conservation
of the total electric charge. We show that the boundary defect gives rise to an N x N scattering
matrix S that relates linearly the left-moving and the right-moving components of the electric
currents in various wires. The classical theory described above may be canonically quantized
preserving the latter property. The exact solution for the quantum theory includes the formula
for the partition function of the equilibrium state corresponding to inverse temperature S and
electric potential V' and for the equilibrium correlation functions of the chiral components of the
electric currents. The thermodynamic limit L — oo may then be performed giving rise to a
free-field theory that was constructed directly for L = oo in [32]. In that limit, the equilibrium
correlation functions involving only left-moving (or only right-moving) currents factorize into the
product of contributions from the individual wires. This property was used in [32], following the
earlier work [31], to construct a nonequilibrium stationary state (NESS) where the correlation
functions of left-moving currents factorize into the product of equilibrium contributions from
individual wires, each corresponding to a different temperature and a different potential. The
NESS correlation functions involving also the right-moving currents are reduced to those of the
left-moving ones using the scattering relation between the chiral current components. Following
the approach of [10, 11], we show that such a state is obtained if one prepares disconnected wires
each in the equilibrium state at different temperature and potential and then one connects the
wires instantaneously and lets the initial state evolve for a long time [41].

The main aim of the present paper is the study of the FCS for charge and energy (heat)
transfers through the junction modeled by the brane defect of the type described above. Similarly
as in [11], the FCS is obtained from a two-time measurement protocol. First, the total charge and
total energy is measured in each of the disconnected wires of finite length L prepared in equilibria
with different temperatures and potentials. Next the wires are instantaneously connected and
evolve for time ¢ with the dynamics described by the field theory with the brane defect. After
time ¢, the wires are disconnected again and the second measurement of total charge and total
energy in individual wires is performed. The FCS is encoded in the characteristic function of the
probability distribution of the changes of total charge and total energy of individual wires. The
above protocol is not practical for long wires as the total charge and and total energy of the wires,
unlike their change in time, behave extensively with L, but a similar charge and energy transfer



statistics should be obtainable from an indirect measurement protocol where one observes the
evolution of gauges coupled appropriately to the wires and registering the flow of charge and
energy through the junction, see [29, 30]. In our model, we compute the generating function of
FCS of charge transfers explicitly for any L and ¢ and confirm that it takes for large ¢ the large-
deviations exponential form that is independent of whether L is sent to infinity first or, e.g., kept
equal to t/2. The equality of the large deviation forms for the two limiting procedures appears,
however, to be less obvious than one could have expected. The choice L = t/2 leads to the
simplest calculation of the large deviation rate function and was implicitly employed in [10, 11],
where it was argued that it reproduces correctly the large deviations of the FCS for the junction
of semi-infinite wires. We also compute explicitly the generating function of the FCS for heat
transfers for L = ¢/2 and its large deviations form. The case of general L and ¢ could be also
dealt with but the corresponding formulae are considerably heavier and we did not present them
here. The generating function of the joint FCS of the charge and energy transfers for L = ¢/2 and
its large deviations form were also obtained. To our knowledge, the calculations of FCS presented
in this paper are the first ones obtained for junctions with transmission and reflection modeled by
conformal boundary defects. It should be mentioned, however, that in a different physical setup,
the FCS of charge transfers across an inhomogeneous Luttinger liquid conductor connected to
two leads with distinct energy distributions was obtained by a ‘nonequilibrium bosonization” in
[24, 25, 33].

The present paper is organized as follows. In Sec. 2, we briefly recall the description of rela-
tivistic free massless fermions and bosons on an interval. We discuss the correspondence between
the two theories and how it extends to the case of the Luttinger model of interacting fermions.
Sec. 3 describes in detail the model of a junction based on a toroidal compactification of the
multi-component massless bosonic free field with a boundary defect of the type mentioned above.
We discuss first the classical theory on a space-interval of length L and subsequently canonically
quantize that theory in Sec.4. In particular, we show how the scattering matrix S relating the
chiral components of the electric current arises from the brane describing the boundary defect.
Sec. 5 constructs the equilibrium states of the quantized theory labeled by inverse temperature
8 and electric potential V. In Sec. 6, we discuss the Euclidean functional integral representation
of the equilibrium state and in Sec. 7, its dual closed-string representation resulting from the
interchange of time and space in the functional integral. The closed-string picture is particularly
convenient in the thermodynamic limit L — oo of the equilibrium state that is analyzed in Sec. 8.
Sec. 9 discusses the NESS of the junction of semi-infinite wires kept in different temperatures and
different electric potentials. By considering the nonequilibrium state for close temperatures and
potentials, we obtain as a byproduct the formulae for the electric and thermal conductance of
the junction. The central Sec. 10 is devoted to the analysis of FCS for charge and heat transfers
through the junction. Subsecs. 10.1 and 10.2 treat the charge transport, Subsec. 10.3 that of heat,
and Subsec. 10.4 the joint FCS for both. Sec.11 compares the generating function of FCS for
charge and heat transfers obtained in this paper with those given by the Levitov-Lesovik formu-
lae for free fermions [29, 30] and free bosons [28]. In Sec. 12, we specify our general formulae to
few simplest cases of junctions of two and three wires. Finally, Sec. 13 collects our conclusions and
discusses the possible generalizations and open problems. Appendix A contains the calculations
of the generating functional of FCS for charge transfers at general ¢t and L. Appendix B per-
forms the computation of certain bosonic Fock space expectations that are needed to obtain the
generating function of FCS for heat transfers through the junction. Appendix C calculates the
quadratic contribution to the Levitov-Lesovik large-deviations rate function of charge transfers
for free fermions.

Acknowledgements: The authors thank D. Bernard for discussions on nonequilibrium CFT
and J. Germoni for Ref. [44]. A part of the work of K.G. was done within the STOSYMAP project
ANR-11-BS01-015-02.

2 Field theory description of quantum wires

2.1 Classical fermions

Consider a fermionic 1+ 1-dimensional field theory describing noninteracting conduction electrons
in a quantum wire of length L. To a good approximation such electrons have a linear dispersion



relation around the Fermi surface. For simplicity, we shall ignore here the electron spin. The
classical action functional of the anticommuting Fermi fields of such a theory has the form

L
Sl = 2 [ dt | [P0-¢' + ¢ 9,y ]dx, (2.1)
f]

where 04 = %(8,5 =+ 0,), with the boundary conditions

1/)£(t7 O) = wT(tv O) ) W(tv L) = _UJT(tv L) : (22)

We use the Fermi velocity vp to express time in the same units as length. The classical equations
obtained by extremizing action (2.1) are

O =0=0_0", 0" =0=0,0" (2.3)

and their solutions take the form:

r _ mip(tta) r
V) = \Jap D epe B = W(t—w), (2.4)
pEZ+ S
- P _ _ mip(t4a) i
V) = \[ap D epe B =4 (t,—x). (2.5)
pELZ+%

The space of classical solutions comes equipped with the odd symplectic form

L
Q= ;/ [0 AGYE + Y™ ASYT de =1 Y 66, Adey (2.6)
0 pGZJr%
leading to the odd Poisson brackets
{cp,cp/} =0= {Ep,ép/}, {Cp,ép/} = —i 5p1p/ . (27)
The U(1) symmetry . B o
Q/JE,T s eflawl,r , wl,r — elaw&r (28)
corresponds to the Noether current
JO= 2@ ), T = 2@y - ) (29)

with the chiral components
Jé: %(JO—Jl):%’Jlgd)é, J’r‘: %(JO—FJl): %,(/_)T‘,(Z)T (210)
and the conserved charge

L
Qz/JO(t,x)d:v: Z chp. (2.11)
0

pEL+Z

The classical Hamiltonian is

L
=1 [ [ - o =7 3 ke, (2.12)
0

pEZ+ %

2.2 Quantum fermions

Quantized Fermi fields ¢ and 9" are given by expressions (2.4) with operators ¢p and their
adjoints c;; satisfying the canonical anticommutation relations

eprep], =0 = [ch.cl], lep ], = Gpor - (2.13)



They act in the fermionic Fock space F; built upon the normalized vacuum state |0), annihilated
by ¢, and cip for p > 0 (the annihilation operators of electrons and holes, respectively). Upon

quantization, fields ¢ and 9" become the hermitian adjoints of ¢ and 9”. The quantum
U(1) currents have the chiral components

Jt = % RUAUAES J' = % T (2.14)

and the conserved U(1) (electric) charge is!

L L
_ 0 _ 4 r _ At
Q O/J da O/(J +J)de = Y iche, (2.15)

PEL+}

The fermionic Wick ordering putting (electron and hole) creation operators ¢, and ctp for

p < 0 to the left of annihilators ¢, and cT_p for p > 0, with a minus sign whenever a pair is
interchanged, assures that the vacuum |O>f has zero charge. The quantum Hamiltonian is

Hzg( Zp:c;;cp:—%), (2.16)

pEZ+L
where the constant contribution is that of the zeta-function regularized zero-point energy

dp=—3> n+> n=3((-1)=—5. (2.17)
n=1 n=1

p<0

2.3 Classical bosons

Consider now a bosonic 1+1-dimensional massless free field ¢(t,x) defined modulo 27 on the
spacetime R x [0, L], with the action functional

Stel = 2 [ at [ [0 - @uo?] o (2.18)

We shall impose on ¢(t,z) the Neumann boundary conditions
O:p(t,0) = 0 = O,0(t, L) (2.19)

Such a scalar field will be viewed as having the range of its values compactified to the circle of
radius r with metric r2(dp)?. The classical solutions extremizing action (2.18) have the form

plt,x) = ' (t,x) + ¢ (t,7) (2:20)
with ) ) et
ot z) = s%0+ spao(t + ) +i Z s-Qope L = (t,—x) (2.21)
0#n€EZ

and @sg, = a_2,. The labeling of modes a3, by even integers is for the later convenience. The
symplectic form on the space of classical solutions is equal to

Q="dag Adpo — 2N bz, Ada_a,, (2.22)
n#0
leading to the Poisson brackets

{ag, o} = —2r72, {aon, o} = —2nir 20 0. (2.23)

The U(1) symmetry
Y = Pt (2.24)

1Here and below, we measure the electric charge in the negative units —e so that electron’s charge is +1.



corresponds to the Noether current
I = o, J' = g (2.25)
with the chiral components
win(t+x)

JO(t,x) = —8igo (t,x) = 4L Zagn A (2.26)
nez

where the upper sign pertains to the left-moving component depending on x™ = ¢ + z and the

lower one to the right-moving one depending on x~ =t — x. The classical Hamiltonian takes the
form
L
2
= / (019)° + (02)°]dw = T2~ asparo. (2.27)
0 nez

2.4 Quantum bosons

The space Hy of quantum states corresponding to the zero modes ¢y, g may be represented

as L2(U(1)), with ¢ viewed as the angle in U(1). «ag acts then as —2i7°_26%0 assuring the

commutation relation [ag, o] = —2ir~2. An orthonormal basis of Hy is composed of the states
k) = elfwo (2.28)

with
aolk) = 2r 2k k). (2.29)

The excited modes s, = aT_Qn with the commutation relations
[Oégn, Oégn/] = 2n ’f‘_2 577,—!—77/,0 (230)

are represented in the bosonic Fock space F, built upon the vacuum state |0), annihilated by
gy, with n > 0. The total bosonic space of states is Hp = Ho ® Fp. We shall identify Hy with
its subspace Ho®|0), and the state |0) € Ho with the vacuum |0)®|0),. The chiral components
J&" of the quantum U(1) current are given by the right hand side of Eq. (2.26). The conserved
U(1) charge takes the form

L
Q= /JO dz = —r ag (2.31)
0

so that Q|k) = k|k) and it acts trivially in F,. The quantum Hamiltonian requires a bosonic
Wick reordering putting the creators a_s, for n > 0 to the left of annihilators as, in the classical
expression. Explicitly,

oo
_ w2 2 Tr2 T
H = Grof + 55 Y a0 — 5ip s (2.32)

where the constant term is the contribution of the zeta-function regularized zero-point energy
2 T s
wr? Z2nr — _C(_l) = —5i7- (233)

2.5 Boson-fermion correspondence

In one space dimension there is an equivalence between quantum relativistic free fermions and
free bosons that provides a powerful tool for the analysis of such systems [43, 27], see also [45]
for the historical account. In the context of the fermionic system described in Sec.2.2, such an
equivalence involves the free bosonic field of Sec. 2.4 with the compactification radius 7 = /2 and



is realized by a unitary isomorphism Z : H, — H; that maps vacuum to vacuum, Z|0), = |0)y,

and intertwines the action of U(1) currents and the Hamiltonians?. In particular,
T ooy = Z : c;‘)cp_m - 7. (2.34)
pES+Z

The Fermi fields are intertwined by Z with the bosonic vertex operators:

Vit e)T =T | /% S A GO \ /%e%(t”) e i%0 o~ T a0 (t+e)

_ min(tt+=x _ min(tt+=x
E %Oﬂne L E %agne L
X en<0 en>0 ,
Pt )T = T, [7 B9 to) . = T [ eFt(t+0) giv gFaalita)
5L - L=
win(t+ax win(t+ax
- > Lagne” ( . > Laspe” (L :
X e n<0 e n>0 . (2.35)

2.6 Luttinger model

The interaction of electrons near the Fermi surface gives rise to the addition of a perturbation
to the free field Hamiltonian (2.16) that in the leading order takes the form of a combination of
quartic terms in the free fermionic fields:

Ht = %/ 29s(: EOEPYT ) + ga(C 0 )7 + (47" 0)?)] de + const.,  (2.36)
0

where an infinite constant is needed to make the operator well defined in the fermionic Fock
space. Such a perturbation defines the Luttinger model of spinless electrons in one-dimensional
crystal [46]. The crucial fact that enables an exact solution of such a model is that, under the
bosonization map, the above perturbation becomes quadratic in the free bosonic field:

L
H™T=7T /: [292(8+9)(0-¢) + 94 ((0+9)” + (0-¢)*)] : dz + const.

L
%/ g1+ 92)(0:0)? + (94 —gg)((?xga)Q] : dz + const., (2.37)

where on the bosonic side the Wick ordering takes care of the diverging part of the constant on
the fermionic side. The perturbed bosonic Hamiltonian has then the form

L
F“:H+Fm=ZL/ (21 + ga + 92)(3s0) + (27 + g4 — g2)(D2p)?] = dz + const. (2.38)
0

in terms of the free field ¢(t,2) with the compactification radius 7 = v/2. H'*' corresponds to
the classical Hamiltonian

w2

L
H* = 5 / [(27 + ga + o) I + ZHE=2 (5, 0)*] (2.39)
0

where II(t,2) = L(dyp)(t,z) is the field canonically conjugate to ¢(f,x). The classical La-
grangian related to the above classical Hamiltonian is obtained by the Legendre transform:

L o 'L
o T — r2
po = b [ i 0 - R 0Plar = £ [ [0 - P ar (240
0 0

2We choose to represent free fermions by bosons compactified on the radius r = /2 rather than on the more
frequently used dual radius r = % as better suited to the fermionic boundary conditions (2.2).



for x = ax’, where

2 2 - ren (27+94)2—g3
T =K = Tt91—g2 a=Zen - VI 7 2 (2.41)
2 2m+ga+g2 ’ v 27

Hence after the change of the spatial variable, Lagrangian L'*® becomes that of the free bosonic
field compactified on the radius = that is different from r = /2 if go # 0. The factor a gives
the multiplicative renormalization of the wave velocity vp due to the interactions (we assume
that |27 + g4] > |g2|). The quantization of the free bosonic theory compactified at radius r
discussed in Sec. 2.4 provides the exact solution of the Luttinger model on the quantum level.

3 Bosonic model of a junction of quantum wires

In the spirit of the “folding trick” of [49, 37|, see Fig. 1, we shall model a junction of N quantum
wires by a compactified free field g(t,z) with N-components g;(t,z) = ¢'¥(:*) € U(1) defined
on the spacetime R x [0, L], with the action functional

N L
Slgl=S" 2 [at [ ((9r0:)* = (9u91)?) e 3.1
=35/ O/((so) (@r6?) 3.1)

and appropriate boundary conditions. The compactification radii r; may be different for different
wires, corresponding to different quartic coupling constants go; and g4; in the Luttinger models
describing the electrons in the individual wires, see Eq. (2.41) of Sec.2.6. We shall impose the
Neumann reflecting boundary conditions at the free ends of the wires:

Oxp(t,L) =0, (3.2)

where ¢ = (p;). Note that we use the rescaled spatial variables in the wires so that the lengths
of the wires in physical variables are fixed to a; L. This will not matter much because the length
L will be ultimately sent to infinity.

boundary
defect

Figure 1: Folding trick

The “boundary defect” representing in the folding trick the junction of wires at x = 0 will
be described by the boundary condition requiring that the U(1)"-valued field g belongs to a
“brane”:

g(t,0) e B=r(UMLM) c U@V, (3.3)

where x: U(1)™ — U(1)" is a group homomorphism

(en)
specified by integers k™. We shall assume that « is injective so that x(U(1)M) = U(1)M. As
may be seen from the Smith normal form of matrix (n?), such a property is assured if and only
if the M x N matrix (/@?) has rank M and the g.c.d. of its M x M minors is equal to 1, see

Proposition 4.3 of [44]. In particular, M < N necessarily. Consider matrices T = (T"™') and
P = (P;) defined by the relations

Y (T ey (3.4)

m=1 i=1

N M
Tmm/ _ 2 m. . .m' P _ m T—l m’ 2 3.5
— Ti K;i K/i 3 ! — K/i ( )mm/fii/ Ti, . ( . )
=1 m,m’=1



Matrix P defines the projector on the subspace of R spanned by the vectors k™ = (K7, ... KR)
that is orthogonal with respect to the scalar product

a-b=>Y rlab (3.6)

in RY. The boundary condition (3.3) implies that
Platso(tv O) = 07 (37)

where Pt = I — P. The stationary points of the action functional (3.1) satisfy, besides the
imposed boundary conditions, the equations

PO,p(t,0)=0. (3.9)
Note that relations (3.7) and (3.9) imply mixed Dirichlet-Neumann boundary conditions at = 0

for massless free fields (¢, 2). The solutions of the classical equations decompose in terms of
the left- and right-movers:

p(t,z) = @ (t+2) + " (t — ) (3.10)
with xin(t+e)
P(txa) = o+ gag (tka) 41y cabTem T (3.11)
n#0

where the upper sign relates to the (¢ and the lower one to ¢", and

o' =alm = (P - PYHat, Pozg’,;_l =0, PLag;f =0 (3.12)

—n

with real g = @§ + @p such that el¥o € B. In particular, ap, 1= —agnﬂ and ab, = b, .
The space of classical solutions comes equipped with the symplectic form

Q= 30af- Ao — 3 Y ok - Noal, (3.13)
n#0

which determines the Poisson brackets of functionals on that space that may be directly quantized.

The particular case when & in (3.4) is the identity mapping of U(1)", corresponding to the
“space-filling” brane By = U(1)M, describes the disconnected wires. In this case, P = I (i.e. P
is the identity matrix) and field ¢ satisfies the Neumann boundary conditions both at = = 0
and = = L and only the even modes af, = ab, appear. One obtains in this case the product
of N theories considered in Sec. 2.3.

4 Quantization

4.1 Space of states

The quantization of the bosonic theory of Sec. 3 is again straightforward but a little more involved
than for the disconnected wires. Let us first quantize the zero modes. According to the boundary
conditions,

ag=ag=> Buk™ 0= Umk", (4.1)
where (1,,), m =1,..., M, are angles parameterizing U (1), so that
1 1 mm/
s0ab - Nopo =3 > T 5B A Sthy . (4.2)

The corresponding Poisson brackets are

{ﬁmu "/Jm’} = _2(T_1)mm’ (43)



leading to the commutators

[ﬁmu ’@[Jm’} = _2i(T_l)mm’ .

(4.4)

Keeping in mind that the angular variables 1, are multivalued, the above commutators will
be represented in the Hilbert space Ho = L*((U(1)M) of functions of M angles t,,, square

integrable in the Haar measure, by setting

An orthonormal basis of Hg is given by the states
M
k' BMY = exp (i 3 kmwm) for k™ eZ
m=1
such that
B [B MYy = 23 (T k™ K EM)
and

af |kt MYy =23 KT K

m,m/’

L EMY.

For the excited modes, it is convenient to introduce a basis (Aj)j-vzl of vectors Aj;= (Aj1,. ..

in RY such that
Aj'Aj’:5jj’7 PAJ':AJ' for jSM, PJ'AJ':AJ‘ for j>M

and the projected modes
~E r A
ok

with the inverse formulae
~e
E Aji &, ",

Note that relations (3.12) imply that a(MH)j
Poisson brackets of the non-zero operators &,; take the form

~0 /0 .
{ah, dnyry = —in 650 0namr 0
leading to the commutators
~0 0
(G e ] = 10855 gm0 -

In the standard Fock space quantization, we take
M N
Fe=® ]:eju Fo = ® ]:oj
j=1 M

where F; and F,; are generated by vectors

& o)y 0 o 10)e 1>0, mnmi>...>m>

Vv
vV
s
v
o =

& ominy @m0y 120, > ., je{M+1,...,N}
with the scalar product determined by the relations
(3);10), =0 for n>0,  @,1y;10),=0 for n>0,
010y = o(0I0)0 =1, (ah) = (-
The total Hilbert space of states of the theory is
H=Ho®F.®F,

and in the following we identify

k' EMY = [k EM) @ 0), @ 0),
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(4.5)

(4.11)

=0 for j <M and den)j:Oforj>M. The

(4.12)

(4.13)

(4.14)



4.2 Currents, charge and energy

We shall be interested in the system that possesses global U(1) symmetry acting on fields by
(9i(t,x)) = (ug;(t,z)) for uwe€ U(1). Invariance of the theory requires that this action preserves
the brane B = x(U(M)) C U(N). This holds if and only if the vector 1 = (1,...,1) is in the
image of projector P, i.e. if P1 =1 or

> Pi=1 foral i, (4.21)

The Noether (electric) current corresponding to the U(1) symmetry has then the form

N N

Fotz)=> Jtx),  J(ta) =) Tt x) (4.22)

i=1 =1

in terms of the currents in individual wires with the left-right moving components

JET (L x) = S0 F ) (ta) = =10+ On)piltr) = =3 alie T (4.23)
nez

defining Jf(¢,z) and J"(¢,z) as functions, respectively, of ¢ + z and t — z for any real ¢ and z.
We shall use formulae (4.23) also for quantum currents. At x = 0, the left and right currents are
linearly related:

JI(t,0) ZS”/J (t,0) (4.24)

where
Sy = Pu; — Py (4.25)

i’

according to (3.12) and the explicit expression (3.5) for the matrix P. The N x N ”S-matrix”
S = (Siir) describes the flow of the currents through the junction of wires. It satisfies the relations

Si’i = 7‘;251’1"7“1'2/ 5 Z Sii/Si/i” = 61'1’” s Z Sii’ =1 N (426)

In other words,
Siiv = riOsry, ! (4.27)

where O = (0;;) is a symmetric orthogonal matrix such that
Z riO“—/ =T . (428)

We shall use matrices S and O interchangeably. For N = 2, there are two possibilities:

— (L0 _ L i3 2mm
0= (O 1) o 0= 7‘% —I—T% ( 2riry T‘% — T%) (4.29)

The first case corresponds to the identity embedding x describing the disconnected wires whereas
the second one corresponds to the diagonal embedding of U(1) into U(1)? that leads to a
nontrivial junction. In the last case, the r; = 7o case corresponds to off-diagonal matrix O = S
with unit non-zero entries, i.e. to the pure transmission of currents through the junction, but for
r1 # r9 the currents are partly transmitted and partly reflected at the junction.

Eq. (4.24) implies that the right currents are linear combinations of left currents if considered
as functions of real t and x:

JI(t, x) ZS”,J (t, —x) (4.30)

At x =L, i.e. at the ends of the wires, the left and right currents are equal:

Jr(t, L) = Ji(t, L) (4.31)

11



which implies that
Jr(t, @) = JH(t, —x + 2L) (4.32)

if we treat the currents as functions of real ¢ and . The quantum currents satisfy the equal-time
commutation relations

Lt @), T5 ()] = 237 (P + (=1)"(Gr — Pur)) (& —y + 2nL)

ne

_[JZT (tv ‘T)v i?;(tv y)] ) (433)

(@), Ty ()] = o > (P = (=1)"(biir — Piar)) 8'(x + y + 2nL), (4.34)
nez

In particular, the left-moving currents commute among themselves at equal times if their positions
do not coincide modulo 2L. Similarly for the right-moving currents. The left-moving currents
commute with the right-moving ones at equal times if their positions are not opposite modulo
2L. Note that for 0 < z,y < L the only terms that contribute to (4.33) and (4.34) have n = 0 or
n = 1, respectively, so that for such values of x and y the commutation relations of currents do
not depend on the choice of brane . This permits to identify for different junctions the algebras
of observables generated by currents Jf’T(O,x) with 0 < x < L, i.e. localized away from the
contact point. In particular, we may identify such observables for disconnected wires with those
for connected wires, with the physical meaning that their measurement just before and just after
establishing or breaking the connection between the wires should give the same result. Whatever
the junction, the total charge

Q) = Qi(t), (4.35)
where Q;(t) are the charges in the individual wires,

L
Qi(t) = / J(t,x)dz, (4.36)
0

is conserved:

Z/ (b @) + T (1, 7))

=1

<.

:i JICEE R de = 3" (20— 70 0]

=1
N
=2 Y (dir — Pri) J3(t,0) =0 (4.37)

due to (4.21). In terms of the modes,

Q=) o (4.38)
Operator @ acts only on Ho:
Qe KMy =3 R (T k™ B KM = (p, TR R LEM), (4.39)
where p = (p™) € RM with
=Y rieP=1-K", (4.40)

and

= amm, (4.41)

12



denotes the standard scalar product on RM | to be distinguished from the one of (3.6) used in

RY. Note that the spectrum of @Q is composed of integers, as must be the case for the generator
of a unitary action of U(1) group. Indeed, since for each 1 <7 < N,
M
m=(P1); =1 (4.42)

Z P (T s 5]

T~ are

m,m’=1

by (4.21), the injectivity of the homomorphism (3.4) implies that the sums > p™(

(4.43)

* )
integers. This is not the case for (non-conserved) charges in the individual wires
wi(2n+1)t
— ittt

i'r.2 1 Y/
K
a(2n+1)i

I
Qi(t) = /Jl-o(t,x) dz = 712
0

The energy of the bosonic system of Sec. 3 is given by its classical Hamiltonian that may be

expressed in terms of the left and right moving currents by the formula
(4.44)

N
=23
- T

=1

=N

L
/ (JE(t,2)? + (J7 (t,2))?) d
0

Its conservation, that holds independently of the condition (4.21), results from the identity
(4.45)

Z 2mr; v=L

o) = (J))2(t )],

whose right hand side vanishes because
(JD)2(t, L) = (J9)*(t, L) (4.46)
for all 1 <i < N, and because

N N N

Z’I‘;2(JZ) = Z T’;2Sii/Sii”J (t 0 J Z’I‘Z (447)

i=1 i i = i=1

in virtue of (4.26). The quantum Hamiltonian H is given by the Wick reordered version of the
classical expression:
N L
27 r ™ N—3M
H:ZF/ (: JE(t )%+ JT(t, )2 Ddr + 3
i=1 '}
N
_ T e 0T ~0 ~t Gl © N—3M
=z % %t ap Z > Gl znyfenys + 37 > A nrilontns + T (448)
i=1n>0 i=M+1n>0
where the last c-number term accounts for the (-function regularized zero-point energy of the
excited modes:
T N T 3M—N ™ N—-3M
T Z n+op 2(2" t)=g—= D= 7% (4.49)
n=0
The Hilbert space vectors
~0 ~0 ~0 ~0
= e e j ] e ki...k 4.
[ “onln Y (endt )jza—(znilﬂ)j{ af(zn Y 41)5, Ik M) (4.50)
with ji,...,51 < M and j{,...,j, > M form a basis of eigen-states of H with
1 2
H|u) = ( (k, T~'k) + T) ) | (4.51)
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where
l/
n = Zzn + ) ( (2l +1). (4.52)
k'=1

The energy density and the energy current in the wires correspond, respectively, to operators
K{(t,x) =T (t,x) + Tf(t,z) and K} (t,x) =T/ (t,x) — T/ (t,x), where

27
Tf(t,x) = 5 : J{(t,2)* : — 5= Pi + gapz Pir » (4.53)
T 27 T
T} (t,x) = = J) (t,2)° : = 55 P + gapz Pir » (4.54)

are the left-moving and right-moving energy-momentum-tensor components. The constant terms
are the zero-point energy contributions. Note that the above choice assures by virtue of relation

N

i=1 N
H="> Ht), (4.55)
1=1
where
L
- / (t,2) (4.56)
0

are the observables representing energy in individual wires.

5 Equilibrium state.

The equilibrium state at inverse temperature 8 and (electric) potential V' is described by the
density matrix

1

e AH=VQ) (5.1)
Zp,v
where Zg v is the the partition function. Note that with our conventions, positive V' plays the

role of a positive chemical potential for electrons and of a negative one for holes. Zg y is easily
calculable with the use of relations (4.51) and (4.39):

pPB,v =

Zgv = Try (efﬁ(H*VQ))

N-—-M

_ 'aM)ﬂ%( Z o (thk)-‘rBV(Plek))(Zpe( e 2L") (Zpo )e 2L") (5.2)

kezZM n>0 n>0

with pe(n) (po(n)) standing for the number of partitions of n into a sum of even (odd) numbers.
The Poisson resummation formula applied to the k-sum and the standard relation of the generat-

ing function for partitions to the Dedekind function n(r) = ez [] (1—e?™™) allow to rewrite

n=1
(5.2) as

Zy = (5) Vae(T) 5 < Yoo ‘Lv(p’k)‘("’T'“)>[77(%)}N2M[77(%)]MN7 (5.3)

kezM

or, with the use of the modular property of n(7) = \/i—hn(—%), as

2 . x i — i —
Zauy =2 WD) 5 E0T (T VSR ) [ BN [ S,

kezZM

The equilibrium state wé v expectations of the observable algebra generated by currents Jf " are
defined by the formula

wéyV(A) =Tr(ps,vA) . (5.5)
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The superscript L in wé)v stresses that the state pertains to the junction of wires of length L. In
forming observables, it is enough to consider only the currents J*(t,z) at fixed ¢ and real z. We

shall decompose such currents into the contributions from the zero modes and the excited modes:

‘ _ 20
Ji (t, ) = gpog + Ji (t,2), (5.6)

see (4.23). In the equilibrium state expectation of products of currents, the contributions from
the zero modes and from the excited modes factorize. In particular,

K
H ( lkzﬁ% 72 ) Z o~ B (k, T~ k)+BV (p, T~ 'k)

K 2 1 E—1 M
(H ) = keZ
Pt iy (26VL)K S e R TIR)HAV (0,7 1K)
kezM
R G o Nl Vi e s
k=1 m kezZM
_ 5.7
(2BVL)% DT T o (pk) = (R Th) » (57)
kezZM

where the second equality results from the Poisson resummation. On the other hand, the expec-
tations of products of J;" are calculated by the Wick rule with

wéﬁv(jf(t,x)) =0, (5.8)

wh v (JE (t1) JE (t,22)) = —5 (2; )2 ( iz Je(T1 — 22) + (0iyiy — Piyiy) folr1 — 902))7 (5.9)

where

fe(zr —x2) = p(x1 — 225 2L, —18) + C.
folz1 — 22) = 2p(x1 — x2;4L, —18) — p(x1 — 29;2L, —i8) + C, (5.10)

with the constants
Ce =(3)" (3 = 2 sinh™(5)). 6.1
Co=(35)"(— 5 = 5 D_sinb () + Y sinh*(57)). (5.12)

Above, p(z; w1, ws) = p(z;wa,wr) is the Weierstrass function of period w; and wy [47]:

(zyw1,we) = 4 E ! - !
ple w1, We) = 22 (z4+mwi1+nws2)? (mw1+nw2)2
n2+4+m2#£0

_( {—‘+Zsm (Rt 7 gin “Z&} (5.13)

n#0

Note the singularity of the 2-point functions (5.9) at the insertion points coinciding modulo 2L.
For such points, the equal-time commutators of currents have contact terms, see (4.33). For the
1-point function of the left current, one obtains
Z Ji e iLV ()= ZE (k. Tk)
r2v

L 4 _ Ly
wiv (Ji(to) = S oLV (p.R)—ZE (k. Tk) (5.14)
kezM
where we have used the relation
A m_0_ (LBV2 - 2V g , r2v
2LAV K W( i (paT 1p)) = ix Z Ky (T 1)mm/p = ZP’LJ = an - (515)

m m,m’
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From (4.32) or (4.30), it follows that Wé,v (Jr(t,x)) = wé)v (JE(t,x)) so that

wév (Jio(t, :v)) = 2w§7v (Jf(t, :v)) , wé)v (Jil (t,x)) =0. (5.16)

Hence, in the equilibrium state, the mean charge density is constant in each wire, whereas the
mean current vanishes.

The equilibrium state wé y is invariant under the replacement J ¢ <3 J7, the property express-

ing its time-reversal invariance. For the energy-momentum tensor components Tf (¢, z) defined
by (4.53) and (4.54), we obtain:

wéV(Tf(t,x)) 302 le wé)v((a&-)Q) - é(PiiCe + (1 - Pii)CO)

lim wgyv(i—;f Jita+) I () + o)

= lim why (5 (o +9 I (12) + ) = who (T (L), (5.17)

2
e—0 4me

which is a consequence of the operator product expansion

It a+e) I (ta) = -0 + T (t2) + ... (5.18)
BT (ta+e) J(ta) = —mm +T7 (L) + ... (5.19)

i

holding under the equilibrium expectations away from other insertions points.

6 Functional integral representation

6.1 Case with V =0

For V = 0, the partition function Zz ¢ = Z3 and the expectations in the thermal equilibrium
states wé)o = wé may be represented by Euclidean functional integrals over a cylindrical open-
string worldsheet, see Fig. 2.

Figure 2: Open string worldsheet

For the partition function,
Zg = /e*SE[gl Dy (6.1)

where the functional integral is over the maps g(t,z) = (e****) from R x [0, L] to U(1)N
periodic in ¢

g(t+p8,z)=g(t ) (6.2)
with the boundary conditions
g(t,0)eB,  P(g'9.9)(t,0)=0,  (g'0.9)(t,L) =0 (6.3)
and the Euclidean action functional
N B L
Splg) = L3 / dt / r2((Bep0)? + (9a00)?) (t,2) de = Spli]. (6.4)
=lg 0
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To give sense to the functional integrals, one decomposes the multivalued fields ¢;(¢, ) into the
linear part which winds in the time direction and the periodic part:

pilt, ) = it + Gilt, @), (6.5)

where

M (), POy@p(t,0) =0=0,(t, L) (6.6)

I

M
m
ng = § Ki Gm
m=1

with ¢, € Z, ¥, € R, and with the multivaluedness reduced to that of 1), defined modulo 2.
The Euclidean action functional decomposes accordingly:

Sule] = = (k, Tk) + Sp(P@) + Sp((I - P)@) (6.7)

m=

leading to the factorization of the functional integral

[essing= 3= e H e [esuirdppg) [esHIPAD(I-P)E). (63

kezM

The last factor is a standard Gaussian functional integral with the quadratic form corresponding
to the Laplacian with the periodic boundary conditions in the ¢ direction and the mixed Dirichlet
one at x = 0 and the Neumann one at x = L in the x direction. Such Laplacian is strictly
positive. Using the zeta-function regularization of such an infinite-dimensional Gaussian integral,

one obtains:
—(N—-M)

n(3%)| . (6.9)

In the first functional integral on the right hand side of (6.8), we parameterize

_SE(e;(I P)q:)D((I P ’77 ‘N—M ‘

M
P = thnk™. (6.10)
Sp[P@] becomes then a quadratic form in (¢, ) corresponding to the Laplacian with the periodic
boundary conditions in the t direction and the Neumann ones in the x direction, with constant
zero modes. The zero-mode integration may be turned to a one over U(1)™ using collective
coordinates and recalling that fields 1/~)m are determined modulo 27. Employing the zeta-function
regularization for the remaining Gaussian functional integral over the other modes, one obtains
-M

/efsE[P«sl D(P@) = M(%)M n(%)‘ . (6.11)

Upon the substitution of (6.9) and (6.11) to (6.7), the functional integral expression (6.1) for Z3
reduces to (5.3) with V' = 0.

The expectations of products of equal-time currents in the thermal state wé are represented
by the normalized functional integrals:

K
1 ) o _
Wé‘(H JZ t .Ik H k! t yk/ - Z_B /H]fk (O’Ik)H-]ik/ (Ovyk’> € Se(9) Dga (612)
k=1 k K’

k=1

where on the right hand side

r2 ” r2
it w) = 52530 —i0)pi(tx), i (ta) = =55 (00 +i0)pi(t @), (6.13)
are functionals of field (¢,2) that in terms of decomposition (6.5) take the form
. .r2n; rZ 1 . ~ o .r2n; r?
git,z) = —i 55+ 7= 5 (0 —i0)@i(t, @),  ji(t,z) = iS5 — 353 L0, +i00)@i(t,z). (6.14)

The functional integral (6.12) factorizes similarly as in (6.8), with terms —zTQZl = —z— Z Kk,

contributing to the factor with the sum over k and terms with derivatives of ¢ enterlng the
factors involving the Gaussian integrals calculated by the Wick rule. The latter leads to combina-
tions of products of derivatives of the Green functions of the Laplacians that reduce to expressions
involving the Weierstrass functions. At the end, one obtains the same formulae as the V' — 0
limit of the ones worked out before for the expectations of products of the left-moving currents
resulting from applying the rule (4.30) to the right-moving currents.

17



6.2 General case

An imaginary potential V' may be included in the functional integral approach by imposing the

twisted-periodic boundary conditions in the time direction on the U(1)"-valued fields g = (g;) =
(e¥i):
gi(t + B,7) = gi(t,x) eV (6.15)

The latter may be implemented in the functional integral by decomposing
pilt,x) = IV + Zna)t + @i(t, @) (6.16)

with ¢; periodic in the time direction, keeping the same boundary conditions in the x direction
that take again the form (6.6). For real V, the above decomposition implies a complex shift of
the functional integration contour over fields g. Performing the functional integration the same
way as before, one obtains the representation

Zgy = /e*SE[g] Dy, (6.17)

K K’
1 . . _
wéyV(HJfk (t,a) T 72, (t,yk/)) =7 / 1155 .20 [0, (0.5) e 5=@ Dg, (6.18)
k=1 ’ k k'

k'=1

where the currents are still given by Eq. (6.13) and the contour of functional integration depends
on V in the way described by decomposition (6.16).

7 Closed-string picture

7.1 Classical description

A symmetric role of time and space in the functional integration leads, upon reversing those roles,
to a description of the equilibrium expectations in the closed-string picture, see Fig. 3.

Figure 3: Closed string worldsheet

In the latter, a collection of N closed strings of length 3, is described by fields g;(t,z) = elwi(x:t)
defined for real ¢ and x and twisted-periodic in the x direction:

gi(t,x + B) :gi(t,ac)e_ﬁv, (7.1)

where V' is taken imaginary, compare to (6.15). On the classical level and for Minkowski time,
such fields are governed by the action functional

N B
Slgl= L3 / at / 72 ((0ui)? — (Onr)?) e (7.2)
=1 0

The twist in the periodicity condition may be absorbed by setting
wi(t,z) = @;i(t,x) +iVe, (7.3)

where
Gi(t,x + 8) = @i(t, x) + 2mmy, m; € Z. (7.4)
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The classical solutions have the form

Gi(t, ) = @i (t+z) + ¢ (t— =), (7.5)
where 2min(tkx)
P (tkw) = @i+ L af(t £ 1) Sy osane (7.6)
n;ﬁO

for af" = ol @b+ @ = o € (R/27Z)N, %(aé +ak) =po € RY, and

1

E(aé —ap)=m (7.7)

where m is the vector of N winding numbers m; € Z. The symplectic form on the space of
classical solutions is

Q =dpy Ao — 3 Y =dat, - Aaf_, — ) Léal Aal_, (7.8)
n#0 n#0
7.2 Quantization

The Poisson brackets obtained from 2 lead to the following canonical commutators:

[@Oi;p()j} = i’l”;25ij 5 [O[fn-, afz’j] = T;25ij n5n+n/70 5 [Oé:”-, a:ﬂj} = ng(sij n5n+n/,0 . (79)

For fixed winding numbers, the zero modes will be represented in the Hilbert space L2 (U (HN )
with an orthonormal-basis vectors

N
k) = [k kYY) = exp (iZki<p0i) for k'€ Z (7.10)
=1
such that
r2po; ) = —i 52— exp (i Zk “poir) = k' [K). (7.11)
=1

The Hilbert space of states for the zero modes is a direct sum of an infinite number of copies of
L2(U(1)Y), one for each winding vector,

Ho = @ L*(UL)Y), (7.12)

meZN
with an orthonormal-basis vectors |k, m). The non-zero modes are represented in the tensor
product of two standard Fock spaces F*" generated by applying products of the ab
n to the normalized vectors |0)®", annihilated by Q) T with positive n. The scalar products are

defined by demanding that (a’7)f = oaf " nyi- The Hllbert space of the full theory is

. with negative

H=Ho@ F' @ F" (7.13)

and we identify |k, m) = |k, m) ® [0}’ ®0)".

7.3 Current, energy and (magnetic) charge

As before, we define the left and right current for the closed string

=N

r? Or ,w ir2v

T (@) = 2550 £ 0, )pilt,z) = 7 am- e e (7.14)
The classical Hamiltonian of the system is
== Z/r?((at@f + (8094)? + 21V 0,0 — VQ) dz. (7.15)
L
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Once quantized, its V-independent part becomes the standard Hamiltonian of N closed strings

27 r 1 _
5 (L + Ly — 73) = Hes, (7.16)
where ,
Lol =2 callall, (7.17)

n

and the —% term comes from the zero-point energy. In the action on Hy vectors,

Hes k) = 5 (300 2(K)? o+ rim?) = ) [k.m) (7.18)

K2

The action of excited mode operators af’ n)i for positive n raises the eigenvalue of H.s by 22"

The part of the Hamiltonian linear in V' is equal to iV Q7, where

cs)

Z/ jl (z,t) — I (x,1) t)) =% Z (ab; — ab;) . (7.19)

is the total magnetic charge of the closed (untwisted) strings. It acts only on Ho:

Q2 kym) = 3 r2m; ke, m). (7.20)

Finally, the part of the Hamiltonian quadratic in V is an additive constant, so that the full
quantum Hamiltonian of the closed-string system becomes

H = He+ivQn - Y2532 (7.21)

A %
4

7.4 Boundary states

In the closed-string pictures, the boundary conditions in the space direction, which in that picture
becomes the time direction, are represented by the boundary states in the (completion of) the
closed-string space of states [38, 21]. The boundary state that corresponds to Neumann boundary
condition for all field component is

£ s

n

! “0,m) (7.22)

Lo
n

ﬂmg

V) =An D e

mezN
where Ay is a suitable normalization constant. This boundary state satisfies the relation
Orpi(0,2) |IN)) =0 (7.23)
whose excited-mode part implies that
(ot + A(_n)i) [[A) =0 (7.24)

determining the form of the Ishibashi-type dependence of [|A)) on those modes. For the mixed
Dirichlet-Neumann boundary condition describing the junction of wires, the boundary state has
a more complicated form

||B>> = ADN (27‘1’)]”_]\[ detT

M oo ) N o0 ) ”
— z E = & .+ E z =& e .
: n o (=n)j = (—=n)j T n = (=n)j = (—n)j
X E E e J=in=1 j=M+1n=1 |k:,m>, (7.25)

kez™ mez™
S kRTT=0 mi=y_; K" Sm

where s, run through integers and df{; =Aj-al", see (4.9). One has

n

POp(0,2)[[B)) =0, (1 =P)p(0,2)[|B)) =0, (7.26)
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where field ¢ may be equivalently replaced by ¢. The excited-mode part of these conditions
implies that

(@l +al_ ) IB) =0 for j<M, (ab—aj_,)IIB)=0 for j>M, (7.27)

fixing the form of the Ishibashi building-blocks of ||B)). The zero-mode part of the first of relations
(7.26) assures that > ks = 0, whereas the zero-mode part of the second relations implies that

(1 — P)m = 0 which is solved by m; = > k!"s,, for integer s,,. The sum

MM NVdetT > k) (7.28)
kezN
3 kRI=0

represents the delta-function supported by the brane B = x(U(1)M) c U(1)" defined by the

integral
B(po) = / [T6(e0i = k") Vet T [ ] dvom (7.29)
over U(1)M of the 2r—periodic N-dimensional J-function. Indeed,

kezZN
= 2m)MNVdet T Z e Tk PO kim0 (7.30)
kezN

which reproduces (7.28).

7.5 Partition function

In the closed-string picture, the partition function Zg y is represented by the matrix element of
the Euclidean evolution operator e~ between the boundary states. A direct calculation gives:

Zpy = (Nlle ™ [B))

NV28L > 2

. N-—-2M . M—N
:ANAB(Qw)MfN\/detT {7’](%)} [n(%)} e 7 i T
X Z e—% (rimi)z—iLVEr?mi ) (731)

mezN
m
mi=y K. Sm

This coincides with expression (5.4) upon relabeling s = k and recalling the definition (4.40) of
vector p, provided that
ANAp(2m)M—N = 27N, (7.32)

The latter identity is assured if we take Ay = AN and Ap = AMBNM for A =

B =+2n.

and

S

7.6 Expectations

The expectation values of products of currents in equilibrium state wé v take in the open string
picture the form of the matrix elements between the boundary states of the time ordered products
of Euclidean versions of currents J4":

(i)

wﬁv(HJ (0, zk) H Ji (0, yw ):W

k'=1

K
< (Nlle” T T 7 (—iax, 0) HJ —iye, 0)[|B)),  (7.33)

k=1 k'=1
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where the Euclidean time ordering puts the operators at bigger zr or yr to the left. The
powers of —i and i represent the derivatives of the Euclidean conformal change of variables,
T +it —t—ir and y — it — ¢ + iy, respectively, that reverses the roles of time and space.

The proof of (7.33) in done in few steps. First, consider only the left currents. As in the
initial picture, we distinguish the constant part from the excited terms,

ir2v T

THtw) = T+ Jeab,+ ), (7.34)

see (7.14). This decomposition factorizes in the expectation values. For the constant terms, we
get by direct calculation:

()25} (N e H (e ot ) 18

s 9 —iLVpk—ZLkTk
0 Lprp | 2 ©

K
1 op™ kezM
= @BVIDK Hrfk Z'{ZZ( - Ls p + —iLVpk—"LkTk )
m e o SpT- Z e p B

kezM
K
A ka
= wé‘,v( H (J’Lek (t5 I) - J’Lek (t5 I))) - Z H STI'Lﬂ kallp 9 (735)
k=1 Lo (Rpolp)-

which almost reproduces the zero mode part expectation value (5.7) of the initial calculation but
with one extra term, where {...(kp,l,) ...} runs through all possible pairing of {1,..., K}, as in
the Wick theorem. The presence of this term can be seen by induction on K. On the other hand,
the expectations of products of jf are calculated by the Wick rule with

—iZ5 3y (Nle  Jf (—iz,0) [|B)) = 0, (7.36)
(—1)2Z51 (Nl e 21 FE (—iw1,0) T, (—iz2, 0) [|B)) (7.37)
= —% (TQ: )2 (Pi1i2 (p(w1 — x2;2L, —iB) + C?)

+(6hh-—zzﬂ2x2p@n-—x%4L,—uﬁ-—gxx1-x%2L,—uﬂ-+cg)), (7.38)

where we get expressions with the Weierstrass function similar to (5.9) but with different constants

ci= (%) (3 3 (smn(e22) ),

p#0
C(’):(:irﬁ> (——21§J [sinh (7 4Lp +Z§J [sinh ( QLP} 2). (7.39)

The theory of Weierstrass function of periods wy and we [47] provides the identity

(G sin () ) - (S Y s (M) = L (7.40)

n#0 n#0

where the sign on the right hand side is that of the imaginary part of w;/we. This leads to the
relations

ch=aC,, Ce=Ce—15- (7.41)
The contribution from the last term will cancel exactly the last contribution appearing in (7.35)
establishing identity (7.33) for any product of left currents. Finally, the closed-string expectation
value of a general product of left and right current will be a combination of factors corresponding
to the decomposition (7.14). By direct calculation, the constant part of the right currents can
be expressed via the S matrix in terms of the one of the left currents with the use of (4.26) and
the fact that S also preserves vectors k™. In the computation of the excited part, the S matrix
appears naturally upon noticing that in the proper basis defined in (4.9), it becomes

S =diag(1,...,1,—1,...,—1) (7.42)
N——
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which is precisely how the excited modes &!; and a7, are related when they act on ||B)), see
(7.27). Finally, under the closed-string expectation every right current is related to the left one
by the S matrix, exactly as in the initial picture (4.30). This proves identity (7.33) in the general
case.

8 Thermodynamic limit

In the thermodynamic limit . — oo the wires become infinitely long. The partition function
Zg,v diverges in that situation but the free energy per unit length has a limit:

N
1 v
fé.,v = —man@V P —4—2 652 = fov, (8.1)

as easily follows from its form (5.4). The equilibrium state expectation values of the products of
currents also possess the L — oo limit. In particular, it follows from (5.7) that

K 2 as r2 v
i e (T35 o) = 155 2

for real V' and relations (5.8) and (5.9) imply that

: L 70 _
Lhﬂn;0 wiy (Ji(t,x) = 0, (8.3)
i by (2 (6 an) JE (1 22) = = By, g sinh ™ (T2 (8.4)

as both f.(z) and f,(x) tend to ( )2 sinh ™2 (%) when L — oco. The latter property follows
from (5.13) and the identity (7.40). Egs. (8.2), (5.8), (8.4) and the Wick rule, as well as the
relation (4.30), determine the L — oo limit wg,y of the states Wé,v- Unlike for finite L, that
limit is not represented by a trace with a density matrix (for L = oo, the Hamiltonian has a

™3

continuous spectrum and the operator e #(H=V@) ig not traceclass). In particular, one obtains:
Y er
WBJ/(Ji (t,l‘)) = ar (8'5)
r2 r2 V2 T
L Ty (z1—z2)
wg, V(J (t xl) Jiz (tva)) = 116712-2 - 51112 852 sinh™ (%) . (86)

The operator product expressions (5.17) and the limit (8.4) (that is uniform in small |z — xa|)
imply that

2y2 . .- 2y2
wgyv(Tf(t,x)) =" 4 lim (— Z_sinh~? (E) + ﬁ) = _”877 + _12’;2

= wg,v (T} (t,2)). (8.7)

In particular, the mean energy density in the equilibrium state is constant in each semi-infinite
wire (but differs from one wire to another) and the mean energy current vanishes.

The L = oo state is easy to represent in the closed-string picture: by examining the right
hand side of (7.33), one infers that the boundary state ||N)) of (7.22) is projected when L — oo
to the closed-string vacuum |0, 0) so that

(=)<

(LA 0 [Lnow) - G

k'=1
x (0,0 T[[ 7 (—ize, 0) [[ 7, (—iww, 0) 1IB)  (8.8)
k Kk’

for xg, yr > 0,

One of the crucial observations that follows from (8.2) and (8.4) is that, when restricted to
the products of left-moving currents J{(0,r) with = > 0, the limiting L = oo equilibrium
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expectations do not depend on the choice of the brane B describing the contact of wires. In
particular, such expectations are the same as for the space-filling brane By with S;; = ;4
corresponding to the disconnected wires for which JI'(¢,z) = Jf(¢t,—z) and ||Bo)) = |[|N)). The
physical reason for this behavior of the expectations of left-moving currents is that the latter
did not have contact with the junction up to time zero. The above observation is essential
for the construction of nonequilibrium stationary state where the individual wires are kept at
different temperatures and at different potentials. For the disconnected wires, one has the obvious

factorization:
K N
wéyv( H Jfk (t,xk)) = H wéyv( H Jf(t,xk)) . (8.9)
k=1 i=1 k-

Hence the same formula holds in the L — oo limit of the equilibrium state for any brane B =
s(U(1)M).

For the disconnected wires, one also has the relation:

whv( [T (tyw)) = I why (T 71 tuw)) = I why (T it =) (8.20)
=k Y i=1 %

k=1
G =i by =i
It is easy to check using (4.30) and (4.26) that the latter factorization holds in the limit L — oo
also for other branes B = k(U (1)M).

9 Nonequilibrium stationary state

Following [32, 11], see also [41], we shall consider a nonequilibrium stationary state (NESS) wneq
describing the situation when different semi-infinite wires are kept at different temperatures and
different potentials. State wneq may be obtained by the following limiting procedure. For each
disconnected semi-infinite wire, one considers the algebra A; generated by products of currents
JET(0,z) for & > 0, together with a state wh, v, given by the restriction to A; of the L =

equilibrium state wg, v, for the space-filling brane By. The product state win = ® wﬁ y, on

algebra A = ®; A; describes the disconnected wires with each prepared in its own equlhbrlum
state wﬁi,%' As in Sec.4, algebra 4 may be identified with the one generated by currents
Jf’T(O,x) with x > 0 and 1 < ¢ < N for the connected wires. Let U; for ¢t > 0 describe the

forward in time Heisenberg-picture evolution of the currents Jf (0, z) with > 0 in the presence
of brane B:

UJHN0, ) = JE(t, ) = JHO0,x +t) = JH0,t + ), (9.1)
JI(0,z —t) for t<=x
UJI(0,2) = I (t,z) = T (0,2 — t)) = S S L0, —7) for @<t (9.2)

Then for A € A,
Wneq(4) = tlim win(ULA) . (9.3)

In order to prove the above relation consider the backward in time Heisenberg evolution for
decoupled wires, i.e. in the presence of brane By:

U0 (0, 2) = JE(—t,2) = THO0, 2 — 1) = { SOty for bz
Jr(0,t — x) for x<t,
U, TT(0,2) = J/(—t,z) = J[ (0,2 +t) = J7(0,t + z) (9.5)
for x,t > 0. Such a decoupled evolution preserves the product state wi, so that
tlig)lo win(UA) = win(SA4), (9.6)
where
S = lim Ul Uy (9.7)
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is the scattering operator in the action on algebra A. The explicit form of the latter in the action
on the chiral currents follows from equations (9.1), (9.2), (9.4) and (9.5):

SJH0,z) = JEO0,z), (9.8)
SJI(0,z) Zs”,J (0,z) (9.9)

for x > 0. Note that the nonequilibrium state wyeq is preserved by the Heisenberg evolution
so that its stationarity follows. Hence the explicit formula:

K
wneq((l:[ Jiék(taxk )( H W (t, yrr ))
H > Sii, H Wh. v, (( II Jf(tvxk))( II Jf(tvyk/))>, (9.10)
k &

k=1
kY in=i g
Ty =1

where on the left hand side the currents correspond to connected wires and on the right hand side
to disconnected ones and the values of ¢, x; and xp may be taken arbitrary (with noncoincident
Z1y.. . TK,—Y1,---, —YK’ to avoid singularities). In particular,

wncq(ﬁjfk (t,a:k)) = win(ﬁJfk (t,a:k)) (9.11)

so that the difference between wpeq and win, due to the junction between wires, arises only in
the presence of right-moving currents. The left-moving currents do not feel the influence of the
junction. It should be stressed that the dynamics considered above both in the presence of
the junction and for decoupled wires is generated by the Hamiltonians that do not include the
electric potentials in the bulk of the wires. Those play the role only in the preparation of the
initial product state and may be applied far away from the junction. That the ballistic evolution
of chiral currents persists for long times in the bulk of the wires in such a nonequilibrium situation
should be assured by the integrable nature of the Luttinger liquids, see the discussion at the end
of [13].
Specifying Eq. (9.10) to the 1-point expectations, one obtains:

r2V; N 2V,
Wneq (Jf (t, 7)) = %, Waeq (J] (t, 7)) = ZS“"Z;—# (9.12)

ir=1
so that the mean charge density and mean current in the wires are

N N
’r‘.2/ Vi’ 7’?, Vi/
Wheq (P (t,2)) = Z(Su" + 0iir )~ Wneq (I} (t,2)) = Z(Sii/ —0iir)~—>  (9.13)

ir=1 ir=1
respectively. They are constant in each wire and the mean current does not vanish, in general,
at difference with the equilibrium state. The electric conductance tensor of the junction (in the
units e?/h) is

1
e1(;“/ = av wneq(Jil (0,.’[])) 8,=8 = E(Sii, — 61'7;/)’1"1-2/ . (914)
V=V

This agrees with the calculation of [39, 40] based on the combination of the Green-Kubo formula
with the conformal field theory representation of the equilibrium state. Note that the conductance
vanishes for the decoupled wires. The nonequilibrium current 2-point functions are given by

r? Vi, Vi r? w(x1—x
Wneq(‘] (t xl) Jé(t,ibg)) = % - 61'11'2 # Sinhiz (%12)) ) (915)
i1
r 3 Vi Vi w(x1+x
Wnea (JE, (t,21) JL (t22)) = Zsm a S 852 sinh~ ( (/i-l z)), (9.16)

N
r2r2 ViV, r2 m(x1—x
Wneq(Jirl (t,:vl) t ,TQ ZSZUSWZ’ fﬁwQ ZSWSW ﬁ sinh 2 (%) . (917)

i,i'=1 i=1
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Note that the nonequilibrium states wyeq With coupled wires break the time reversal symmetry
JEe JT.

For the expectation value of the energy-momentum components, we obtain from the operator
product expansions (5.18) and (5.19)

r2v.

Wneq (Tf (7)) = Ly hm(

e 1 r2vz2 T
4ﬁ2 sinh™ (E) + m) = &r + W, (918)

Wneq(TiT(t7$)) = - (Z S”/’f'/ ) + gg% ( Z 2,82 Sinh72 (%) + 47362)
N 2
— szf IEEDNCED (0:19)

/=1

so that the mean energy density and current are, respectively,

N 2
1 2
- 871'”2 ( Z Sii/ri, V;/)
1:/

This results in the thermal conductance

Wneq (K?,l (t7

N
Z ( “W'B, ,) 127;33 ’ (9.20)

r2,
Giv = B2 50 wncq(K}(t,x))’Bj:ﬂ = (S = du). (9.21)
V=V

10 Full counting statistics

10.1 Charge transport

Measuring transport of charges through the junction of quantum wires requires specifying mea-
surement protocol that may be not easy to implement. Refs. [29, 30| proposed an indirect mea-
surement of charge transferred through a quantum resistor and obtained a closed formula for
statistics of the results. The same charge transfer statistics could be obtained by considering a
direct two-times measurement of the total charge accumulated in the system, provided the latter
is finite. Following [11], we shall employ the second measurement protocol that is conceptually
simpler although unpractical for large systems, keeping in mind that the charge transfer statistics
obtained this way may be also accessed by a more practical indirect measurement protocol.

Consider first the system of disconnected wires of length L, each With Hamiltonian HY and

charge operator Y. Prepare the system in the product state wl = ® wﬁLV given by the

e BiH}=ViQY) At time zero, measure the

density matrix py = ® pﬂ v.» Where p,@ V.= Zl
i k2 Bl 1

total charge QY in each wire. Then connect the wires instantaneously and let the system evolve.
At time ¢, disconnect the wires and measure the total charge Q;(¢t) in each wire. By spectral

decomposition,
Z Plp. Qi) =D qPi(t). (10.1)
q

The probability that the first measurement gives the values of charges (¢?) = q° is equal to
tr( N, p%i)vi Pl.(_)qo). After the first measurement, the density matrix is reduced to

@POOPBZ, v Py

tr(oN, Pgi,wpi?q?) 7

po+ = (10.2)

The probability that the second measurement gives the values of charges (¢;) = g, is then equal
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N
to tr(p0+ Il P (t)) Altogether, the joint probability of the results (q°, q) is
i=1
N N N N
Pi(q’,q) = tr( ® b, v, L) troor [ Pra®) =t ( © pl v Plo) [T i)
i=1 =1

_— ( 17w 1P (t)), (10.3)

where to obtain the second equality, we used the fact that P, commute with pj ... The
probability that the charges change by Ag; = ¢; — ¢? is

Pt(Aq) = Z H 6Aqi,qifq? ]P)t(qoa q) ° (104)
(g%q)

The latter probabilities may be encoded in their characteristic function called the generating
function of full counting statistics (FCS) for the electric charge transfers:

. IS viAg i3 (ai—a7)
lFtL(V): e’ Pi(Aq) = e 7 ]P)t(qO,Q)
Ag (a°,9)

wg(lz[ (Z *P0) I (zq;eivai,q(t)))>

L —iYriQY 1Y 1Qi(t)
(T Ty

(10.5)

For connected wires, the change of the wire charges in time is

t

AQi(t) = Qi(t) — Qi(0) = [ LQi(s)ds = /ds/6 (745, 2) + J7 (s, 2)) da

0

¢ L ¢
/ds/aﬂsx — 0. J]( /JésO J7(5,0)) ds
0 0

t

/ JE0,5) = > S JE(0, ) ds. (10.6)

0

After disconnecting the wires at time ¢ < L, the latter observables become the ones for uncon-
nected wires given by the right hand side of (10.6). The crucial fact is that they are extensive in
time but not in the wire length, unlike the total charges. Note the commutation:

[(JE(0,5) =~ SiinJ5(0,5)), T (0, 2)] da

ol fo (003

L
= —(0ipr —Sii,)/ds/26’(s —x+2nL)dr = 0. (10.7)
o -rL "

h\m

Since the observable Q;(t) become equal to QY + AQ;(t) after the disconnection of wires, the
FCS generating function (10.5) may be rewritten due to (10.7) in the simpler form

IZUIAQU) N it (iaifJf(o,ﬂ)
e 0 ,

elFtL( ) = wi ( Wa. v, (10.8)

i=1

where we have set

I;i = V; — Z Si’iVi/ . (109)
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Due to the translation invariance of the state wgiLVi ,

t t/2 t/2
. —im; [ J4(0,s) ds . —iz; [ J{(0,5)ds , —imy [ (JE0,5)+J7(0,5)) ds
B L (e g ) LL (e ) oL (e 0 ) (10.10)

_ —t/2 I
wWe,,v; =W, v =Ws,vi

In the limit L — oo, the initial states wf tend to the product state wi, for semi-infinite wires
considered in Sec. 9 so that

°F(v) = Lli_r}r;O L (V) = win

( iZuiAQi(t)> . ( iZuiAQi(t))
= Wneq

e e *

(10.11)

with the last equality following from relations (9.11) and (10.6).

We would like to study the large deviation form of the FCS generating function by calculating
the rate function
U (v) = Jim t~! n°Fy(v). (10.12)
— 00

Refs. [11, 19] exposed a strategy for the calculation of such rate functions for semi-infinite wires
with a purely transmitting junction from its derivatives. Applying it to our case, we note that
such derivatives have the form

5 e (e i AQ; (f))
Winl€ *

—i ﬂit £(0,8) t
e (0000.9) = 835071.0,9) )

= lim - Z
t—oo it i [ TE(0,s)
win(e ° 0 )
S [ 0,947 (0,8) s 12
—iy o J;(0,s)+J"(0,s)) ds
win(e "o i (Jf((),s/)—Sjj/Jf/(O,S/))ds’)
1 _
— Jim — (10.13)
— 00
! Y5 [ (JE0,8)+T7(0,5)) ds
win(e * 0 )

with 7; as above. It was argued in [11, 19|, following the approach set up in [10], that

t/2
-7 [ (J7(0,8)+J7(0,5))ds
win(e P

Jf’ (075/)) v

lim — = wé
e S o [ (JE0,8)+T7(0,5)) ds
Win (6 i 0 )

(J5(0, ) (10.14)

e p—1~
j/,Vj/—l,Bj, v

—i3 Q7
because for large ¢ the exponential factor becomes close to e 7 providing effectively the
imaginary additions to potentials V;. Since the one point function on the right hand side of
(10.14) is independent of s’, this line of thought gives by the analytic continuation of (8.5) the
identity
el i ch—1~
o W) = =52 > (G55 = Sig )i (Vir =185 0y1) (10.15)

5

J

which, together with (10.9) and the relation f(0) =0, implies that

=1 N 2 2
(%—1,8i (vi— /Z Si/iui/)) Bir? V2B
i/ =1 i Pily
( 81 - 81 >

N 2 N
(I/if Z Si’i’/i’) T? Vi(vif E Si/ivi/)rf
il=1 i'=1

N
__Z( 873 +1i 47

(10.16)
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The existence of the limit (10.12) means that at long times the PDF of charge transfers takes
the large-deviations form
Py(Ag) ~ e t71GAD, (10.17)

where the rate function

“I(p) = max (szul — elf( —11/)) (10.18)

is the Legendre transform of °'f(—iv). For °f(v) given by (10.16), I (p) is a quadratic poly-
nomial on the subspace where it is finite. In other words, the large deviations of charge transfers
per unit time have the Gaussian distribution with mean

i V'L’T?/
(B2) = 3" (Sir — G )=, (10.19)

equal to the mean current in the nonequilibrium state, see (9.13), and covariance

<% ¥> - <Atq1 Aql Z 4ﬂ.,3 - u )(51'”1'/ - Si/i”) . (1020)

Note that the first of equalities (10.16) implies that the large-deviations rate function for
FCS of charge transfers is proportional to the difference of equilibrium free energies for different
potentials:

N
) = 3320 B (181, Vi) = Fi(Bis Vi = B7'50) ), (10.21)

2,2
where f;(8,V)=— V4;i — g5z Is the equilibrium free energy per unit length in a single decoupled
semi-infinite wire with Neumann boundary conditions, see (8.1). Relation (10.21) implies in turn

that 1

el _ : - elypL

flv) = t:2hLH—1>oo ; In“F;" (v) (10.22)
if we define ®'Fl(v) for t > L by the right hand side of (10.8). Indeed, in that case the 214
equality in (10.10) implies that

N zi 1.
) = [ =7 (10.23)

i=1 b

where the partition functions on the right hand side pertain to the disconnected wires of length
L. A priori, it is not clear that the same result for °'f (v) arises in the physically different limit
that takes the thermodynamic limit L — oo before sending ¢ — oco. The calculation of [11, 19]
amounts to the claim that both limits are equal.

10.2 Exact result for °Ff(v)

The exactly soluble nature of the model considered here allows to examine closer the distribution
of charge transfers for finite L and ¢ and to see in more details how its large-deviations form
arises. A direct calculation performed in Appendix A gives the result

elFL( ) [ EN vird (C +1 27701(;%;22))}
v = ex — it n———
e 0.01 (5 30)

i=

N B
Y exp { > (~ 2L k2B Viki—i Gt ks )}
- , (10.24)

1
> exp [ s (- o k3+ﬁiviki)}
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where the subscript “reg” refers to a necessary ultraviolet regularization, that replaces the diver-

gent constant Coo = Y. 1 by
n>0

AL
Car =Y = =I(AL) +C+ O(55) (10.25)

n=1

with the ultraviolet cutoff A, see Appendix A. Variables 7; are as before, see (10.9), and

01(7:2) = Z omiT(nt3) 2 2mi(n+ ) (=4 3) (10.26)
neZ

is one of the Jacobi theta-functions. The first exponential factor on the right hand side of (10.24)
is the characteristic function of a centered Gaussian distribution of charge transfers Aqg with the
covariance

271,91(12!? ?22))

N
7‘2
Ci/i” = Z ﬁ (5“/ — SZ/Z) (5“‘// — S’L"i) (OAL + ln W (1027)
=1

2L’

The t-dependent expression under the logarithm is positive for 0 < ¢ < 2L. Note that the
ultraviolet divergent contribution to the covariance is independent of ¢. It describes the charge
transfers that arise at the moments of the connection of wires at time 0 or their disconnection
at time ¢ but do not contribute to the average charge transfers realized during the long period
of time when the wires are connected. The second factor on the right hand side of (10.5) is a
characteristic function of the discrete distribution

= exp[% (— 225 k248, Viks) | ﬁ 6(Aqi/—_§1(5w—si/i)ki)
: s &

kezN =1

(10.28)
> exp [ % (7 ”ﬁl k2+51\/k )}

kezN i=1

of charge transfers Aqg. The two types of charge transfers are realized independently and both
correspond to the vanishing total charge transfer ), Ag;. As we shall see below, they both
contribute to the large deviations result (10.16).

In order to study the behavior of the charge-transfer distribution for large L and large ¢, we
shall rewrite (10.24) applying the Poisson resummation formula to the k-sums and the modular

transformation 6, (7; z) = i(—ir)"2/2e~ "7 0y(—%; 2) to the Jacobi theta function. The resulting
expression is

o g 0,4 g
UL () reg :eXp[_ZgTT;(OAL_Hn L .6, (3k ) )}

i=1
2 exp [ % ( gt Lkz""lvl 7Lk +U“lrk'_w Zwﬂt_mwé:i)}
kezN i=1
~ (10.29)
27\'7 L
> exp { > (- k2+4iVir2Lk; )}
kezN e=1
Together with relation (10.25), it allows to extract the large L behavior
1 al v2r? al i; Vir2t
AFL (V) e = exp [— Z ( - (In(28;7) + In sinh } exp [ Z . )}
i=1 i=1
x (1 +0(2) + O(e’CL)), (10.30)

where ¢ > 0 is some ;- and r;-dependent constant. The first exponential factor describes the
leading behavior of the contribution in the 1 line of (10.29) and the second one that in the 274
line. We infer that

272

N
Ty i, Vyrt
UFV)reg = Jim B (W) e H( 26, sinh IH) 5 " ) (10.31)

L—o0 -
=1
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and

N
2.2 0:V.r2
le(’/)rcg = tlirgo %hl ClFt (V)rcg = - Zl (;T; + iyl;/;” )7 (10'32)
i=
reproducing the large deviations result (10.16) up to the ultraviolet regularization. Note that
if follows from relation (10.30) that the same result is obtained for the limit of 1 In°Ff(v)eq
obtained by sending simultaneously A, L and ¢ to infinity in such a way that the ratlos lr‘tA and
t tend to zero. This specifies more precisely the region where the distribution of charge transfers
takes the Gaussian large deviation form (10.17) described previously. The above analysis does
not cover, however, the case (10.22) with ¢t = 2L — oo which, although giving the same limit, is
somewhat special. In particular, no ultraviolet regularization of is required for ClF2LL(1/).

10.3 Heat transport

The protocol for the measurement of the thermal transfers is the same. It consists of preparing
the system of wires of length L in the initial product state wl = @, wﬁLV and performing

the measurements of the energies H;(0) = HY and H;(t) in the disconnected wires at two times
in between which the wires were connected. Denoting the results, respectively, (€?) = €° and
(e;) = e, we encode the probability of the change of energies Ae; = ¢; — e in the characteristic
function

thEL(X) = Ze‘ Lidideip(Ae) = wh (e i e ), (10.33)

the generating function of FCS for heat transfers. The change of energy of the wires connected
between times 0 and ¢ is

t t

L
AH;(t) = H(t) — H;(0) = / < Hi(s)ds _/ /as (T (s,z) + T! (s, x)) dz
0

t L
ds [ (8,Tf(s,z) — 0,T) (s,x))dx = — [ (TF(0,5) — T/ (s,0))ds, (10.34)
- fus i /

(=)

compare to (10.6). Moreover

T/ (5,0) = T7 (0, —5) = lim (2570, =5 + ) J7 (0, —5) + 2= )

4me?

hm (27T Z Sii Su”J (O §— E) JZ” (O S) 4 1“-2 )

= T%Z(S VrETH0,8) + 25 ) SieJ5(0,5) Sian T (0, 5) (10.35)
° il Z/;élll
so that
= ——/ Siir — (Si)?) 12 TH(0, s —27TZ Syir J5(0, 8) Siin TG (0, s)) ds. (10.36)
/757‘//

Interpreting the latter operators as observables for disconnected wires, we have the commutation
relation

t

[HY, AH(1)] = 2’3/((5“ (8)%)0: (TH(0,5)7 ~2 3 Sy (0,5) D, 75(0.5) ) s

i

0 i'#j

= 22 (85— (Si)?) (: (JEO,8)? - =+ (JE(0,0))% - )

i

i Zs”,su/ (0,5) 95 J4(0, 5) ds
i #] 0
(10.37)
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as a consequence of the identity

[HY, JE(t,2)] = —i6;;000f (t,x) = —i6;;0, T, (t, ). (10.38)

i

Note that [HY, AH;(t)] # 0 and the generating function (10.33) of FCS for heat transfers

hEE) = wh (e # wh(e

This difference occurs even for ¢ = 2L when the first term on the right hand side of (10.37)
vanishes, but not the second one.

-1 JHY i (HY i
( R (“)) (10.39)

( izi:AiAHi(t))'

We shall calculate explicitly *"FF(X) for ¢+ = 2L which is easier than for general . In this
case,

HO + AH,; (2L 5L Z ormery (CMQZCYQZ + 2 Z Q_2p, i0on 1/) (1040)

i’ e n>0

in terms of the modes, where O is the orthogonal matrix related to matrix S by (4.27). One easily
checks that the above observables commute so that they may indeed be measured simultaneously
in the disconnected wires. Let

A= Z)\ HO + AH; (2L) = 37 Z O)\O ”/ (aozaol + 22& 2n, i0on 1/) (1041)

3,17 n>0
where A\ stands for the diagonal N x N matrix with entries A;. The contributions of the zero

modes and of the excited modes to the expectation

- Bi(HY=VQY) -1 NH) |
trH( i e i e‘A)

L S NHS i (AR (2L))
whle 7 e

- > Bi(HY -V QD) (1042)
try (e i ’ ’ )
factorize. The first one has the form
E e~ T (r~'k,Br k) + (BV k) — Z(r~'k,Cr k)
kezN _ ca—1,\—1/2
e~ F(r—1k,pr—1k)+(BV , k) = det (I+ Zﬁ C)
kezZN
Z e~ L (rk, (B+iC) " 'rk) —iL (rfV , (B+iC) " 'rk) + L& (rfV , (B+iC) " 'rBV)
kezZN
X Z e~ mL (rk, B~ 1rk) —iL (rBV , B~ 1rk) + + L (rBV,B-1rBV) ’ (10'43)
keZN
where r and 3 stand for the diagonal matrices with entries (r;) and (8;), respectively,
C=X-0)O (10.44)

is a symmetric N x N matrix, and V' denotes the vector with components V;. The right hand
side of (10.43) was obtained by the Poisson resummation. As for the contribution of the excited
modes, its calculation is given in Appendix B and results in

i i Tn — -1
[T det (1+ (1" 0e®0) (7 —1) ") (10.45)
n>0
with a convergent infinite product. Gathering expressions (10.43) and (10.45), we obtain:
MEL (A) = det (T +ip'C)/?
S el (rk, (B+iC) " rk) —iL (rBV , (B+iC)~trk) + L (rBV , (B+iC)~*rBV)

kezZN
E e—7L (rk, B~ 1rk) —iL (rBV,B=1rk) + = (rBV , 8~ 1rgV)
kezZN
i i _— 1\ 1
x JLdet (1+ (1= F0eE0) (5~ 1)7") . (10.46)

n>0
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In the limit ¢ = 2L — oo,

o WUEEO) L ((8V, (3 +iC)naV) - (V, 5rV))
_ /1ndet (I+ (I — e 271X 0 @2TiaAQ) (o279 — I)—l) de
0
=" (10.47)

for sufficiently small |A;| so the zero-mode contribution with k = 0 dominates.
If we calculated the right hand side of (10.39) for ¢ = 2L instead of thirL (X), the only

change would be the replacement of matrix e I'"M Oe L "0 by e~ L' n(A=0X0) ip the last
line of (10.46). In general, however, matrices A and OXO do not commute if O has nondiagonal
elements. Such a modification would also kill the symmetry (B.28) of the contribution (10.45)
showed in Appendix B. The difference of resulting expressions would persist also in the L — oo

limit of (10.47).

An explicit calculation of *"FF(X) for ¢ # 2L is also possible along the lines of Appendix
B, using the expansion of H? + AH;(t) in terms of the modes. We expect that the same large-
deviations rate function (10.47) for energy transfers would result if we sent L to infinity before ¢,
as suggested by the analysis of [11], but proving that basing on the exact formula for “"FF(X)
requires technical work that we postponed to the future.

10.4 FCS for charge and heat and fluctuation relations

The characteristic function of joint measurements of charge and heat transfers is defined as

FtL(y,)\) — Z eiEi (ViAqi+)\iA€i Pt(Aq,Ae)
Agq,Ae

L( =122 (¥iQi(0)+X; Hi(0)) iZ(ViQi(t)Jr)\iHi(t)))
= wyle ¢ e 1

(10.48)

For t = 2L, it can be easily computed since there is only a change in the contribution of the zero
modes with respect to the calculation of Subsec. (10.4). Indeed,

Y (5QU A HY) iZAi(H?-',-AHi@L)))
k2 e k2

F (v, A) = wi (e (10.49)

so that the only effect is the change of V to V — i~ ! in the numerators of (10.43). We infer
that

Fhw,\) = det (I +ip~'c)”"?
S el (rk, (B+iC) " rk) —iL (r(BV —iD) , (B+iC) ~lrk) + L (r(BV —iD) , (B+iC) ~'r(BV —iD))

kezN
Z e—7L (rk, B~ 1rk) —iL (rfV,B=1rk) + {= (rBV , 8~ 1rBV)
kezZN
mi mi mn — -1
x T det (1+ (1—e EmeEnor0) (@4 - )7 (10.50)
n>0

with

i In Fy7 (v, \) P i((r(BV—iﬁ), (B+1iC)"'r(BV —iD)) — (rV, mv))

—00
_ /lndet (I—i— (I — e 2miaA ¢2ris OXOY (g2naf _ I)—l) e
0

= f(v,A). (10.51)

The large-deviations rate function function (10.51) of FCS for charge and heat transfers satisfies
the fluctuation relation [2, 12]

fw.A) = f(-v -8V, =X +iB) (10.52)
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that reflects the time-reversal invariance of the dynamics. The generating function (10.50) does
not possess, however, the corresponding symmetry which arises only in the ¢t = 2L — oo limit.
Relation (10.52) is a consequence of the following matrix transformation properties under the
change (v,A) — (—v —ifV,-A +i8):

iB+iC =B +iX —i0OX0 — B+i(=A+iB) —iO(A+iB)0 = O(B+iC)O, (10.53)
r(BV —iv) =BV —i(I — O)yrv +— 1BV —i(I — O)r(—v —ipV) = O(r(BV —ip)) (10.54)

and of the symmetry (B.28) showed in Appendix B. That the same symmetry fails to hold for
the generating function (10.50) follows from the fact that under the change (v,A) — (—v —
iBV,—X + i) the sum over vectors k € Z" in the numerator of the middle line of (10.50) is
transformed into the one over vectors r—'Ork that, in general, do not belong to Z".

11 Comparison to Levitov-Lesovik formulae

In [29], L. S. Levitov and G. B. Lesovik obtained a closed formula for the FCS of charge transfers
between N free fermionic systems, as those of Sec.2.2. Such systems are assumed to be initially
in different equilibrium states and to interact subsequently during a period of time t. Their
interaction is described by an N x N unitary mode-dependent matrix S;(p) accounting for the
scattering between the fermions of different systems, see also [30]. The Levitov-Lesovik formula
for the generating function of charge FCS has the form of a product over the free fermionic modes
of determinants:

) =[] det (1= f(p) + f(p) e " Sy(p) e S,(p)) , (11.1)

where s(p) is the sign function representing the charge of modes, v is the diagonal N x N matrix
of coefficients v; and f(p) that of Fermi functions f;(p) = (ef(c®)=s®)Vi) 1 1)=1 with €(p)
representing the energy of modes. Upon taking the scattering matrix time and mode independent,
S¢(p) = S, and the linear dispersion relation €(p) = T|p| as in Sec.2.2, and upon aligning the
time and the size of the system by setting ¢t = 2L, the above generating function leads in the
rate function

é(v)= lim % In®,(v) = %/ln det (I — f*(e )+f+(6)e_i”STei”S)) de
0

= /ln det (I—f(e)+ f (e)eSTe ™ S)) de,  (11.2)

0
where f*(¢) are the diagonal matrices with entries f:“(¢) = (e%(<¥Vi) 4 1)~1. Note that this
is a different expression than the rate function °'f(v) of (10.16) obtained in Sec.10.1 which is
quadratic in v and V. For closer comparison, let us extract from (11.2) its leading quadratic

contribution describing the central-limit Gaussian distribution of charge transfers. In Appendix
C, we show that

e 02 $(07 )| g g1y = = Z Vi(vi — Z ISl vir) + Z r > ISl
[3 3! it
2
o Z 4:61 Z 1nB; Z |Sz Z| vy |Sz”1| Vi
i

l l”
1 1
e 3 Sl S P =355 3 e
Zg ﬁl,ﬁl Zs v;S;uSh ,uj,s”, (11.3)
£

where g(8;, Bi7) is given by the integral formula (C.10). The first two lines on the right hand side
reproduce the rate function (10.16) for the compactification radii squared r? = 2 that correspond
to free fermions if we set S;» =[Sy |2. The last two lines represent terms not present in the rate
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function (10.16). Of course, in spite of similarities, the coupling between the free fermions realized
by the junction of wires with matrix S describing the scattering of the currents at the junction
is different than that assumed in the Levitov-Lesovik approach, so there is no a priori reason
for the two systems to lead to the same charge transport statistics. Note also that for arbitrary
unitary matrix (S;) the matrix (|S;»|?) is not necessarily orthogonal.

In the particular case when all temperatures are equal 5; = 3 for ¢ =1,..., N, the last line
of (11.3) reduces to

2In2-1
EN00) DLILNCIICIES 9 DL LI RICH)
A" §.g" i 4,g
2In2-1
= i (V3—2|Sjil2’/j |iji|21/jf), (11.4)
' 3,3’

K2

if we use relation (C.12) and the unitarity of matrix S, and expression (11.3) reduces to

_% Z(iVi"‘BilVi)(’/i _Zlgi’i|2Vi’) (11.5)

K2

On the other hand, the rate function (10.16) becomes in this case equal to

elf(l/) = —% Z(ﬂ/; + B_ll/i)(yi - Z Si’iVi’) (116)

i
upon using the orthogonality of matrix S = O. It follows that for equal temperatures,

W) = Jim 02607 v)], 40y (11.7)

if we identify [S;;|?> = S;;, assuming that the latter identification leads to a matrix S with the
desired properties. In that case, the fluctuations of charge transfers induced by different electric
potentials at the same ambient temperature agree in the two setups on the level of the Gaussian
central limit contributions. One should remark, however, that the scaling limit (11.3) removes
from the Levitov-Lesovik rate function (11.2) the term linear in V' and quadratic in v that is
responsible for the zero-temperature shot noise given by the Khlus-Lesovik-Biittiker formula [14].

There is another relation of the FCS statistics that we have obtained for the junction of
wires and the Levitov-Lesovik type formulae, this time for the energy transfers. Indeed, the
contribution (10.45) of the excited modes to the generating function “"Ff (X) of energy FCS
coincides with the version of the Levitov-Lesovik formula for N free bosons with the dispersion
relation €, = 7* and the interaction described by the scattering matrix S = O. The bosonic
version of the Levitov-Lesovik formula was obtained in [28]. Its proof in that reference provides
a more direct way to calculate the excited modes contribution to ""F; (A) than the one followed
in Appendix B. Unlike the proof of [28], however, our calculation may be extended to the case of

theL(X) for general t in which case matrices (Ap; /) in formula (B.1) do not vanish.

12 Examples
12.1 Case N =2

In the case of two wires, the dimension M of the brane should be 1 for an interesting junction,
since M = 2 leads to a disconnected junction with S = I and M = 0 gives S = —1I, which does
not conserve the total charge. For M = 1, let k = (a,b) and the compactification radii 7? and r3.
The injectivity of k requires a A b = 1, and the conservation of charge in ensured for a = b = 1.
Forgetting this last requirement for a while, the S-matrix takes the form

1 r?a? — r2b? 2rfab
2r%ab r%bQ — r%aQ

= 12.1
r?a? + r3b? ( )

Two simple but interesting cases arise here. The first one will require the charge conservation
(a = b = 1) but will keep general radii of compactification for each wire, and the second one
will relax the charge conservation for the equal radii 71 = ro = r. In the second case, we shall
consider only the heat transport.
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General radii, charge conserved. Here

1 r?—r3 272 1 r?—r3  2rr
5= 2 2(1 22 2 12 ) 0= P} ! 2 2122 y (122)

ri4+rs \ 2ry 13 —7q r2 473 \ 2rry vy —7q

see (4.29). Note that in the particular case 11 = ra,

S—0= (? (1)> (12.3)

corresponding to the fully transmitting junction. For general radii, one obtains from Egs. (9.13)
and (9.20) for the mean electric and thermal currents in the non equilibrium stationary state the
expressions

riry Va—W
r?+r3 2m

rir3 (VZ_Vl(
(rf +73)>\ 2

wncq(‘]ll (ta I)) = _wncq(J21 (t,:E)) =

(12.4)

31+ 5 (g - ) (129)

wncq(Kll (t,:E)) = _wncq(K% (t’ I)) = ﬁ2 1

implying for the electric and thermal conductance the formulae

ch _ i T%T% -1 1 Gth _ 2_7T T%T% -1 1 (12 6)
2rri4+r3 \ 1 1)’ 3B(r3+r32\ 1 —1)° '

Hence, in mean, (with our convention) the electric current flows through the junction from the
wire at higher potential to the one at the lower one and, when the potentials are equal, the energy
current flows from the wire at higher temperature to the one at lower temperature, although the
latter direction may be reversed by putting the lower-temperature wire in sufficiently high electric
potential. The large deviation rate function associated to charge only is

1 r2r2 r2 r? i r2r2
el 172 2 1 12
= + ) + — Vo —WVi)v, 12.7
F@) 2m (r? +1r3)?2 ([31 B2 2 e —I—T2( 2 v ( )

where v = 11 — vy, see Eq.(10.16). In the special case r1 = ro = r of a fully transmitting
Jjunction
elf(u)z—r—z(i+ 1) +—(V2—V1) (12.8)
8r\p1 B2
which is compatible? with Eq. (86) of [11]. The quadratic dependence of °'f(v) on v implies that
for large time the charge transfers per unit time become Gaussian random variables with mean
and covariance equal to

COREENS rirgs emVi o, _ L rir3 (T§+r%) L -1)  (199)
t t r?+r: 2m mt(r2 +r3)2\p1 o 1/ '

To illustrate the latter formulae, we trace in Fig. 4 the dependence of <Aq1> and of :—2’?011 on
1

p= :—f for few values of potential difference and temperatures.

(2m)/(r7t) (Aqr) L (wt)/(r}) C11 at B1=1 L (wt)/(r}) C11 at Ba=1

0.8 0.8 B1=1
B1=3

0.6 0.6 B1=10

0.4 ozl 0.4

0.2 B2=3 0.2

B2=1(
0 0
0 2 4 6 8 0 2 4 6 8
p p

Figure 4: Mean and covariance for different values of AV =V, — V;, 81 and fs.

3Ref. [11] uses a different normalization of the U(1)-charges so v; and V; there are rescaled by 5~ relative to
the ones used here.
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The large deviation rate function associated to energy only is
the()) = iy (F{BVE + 1382V N 418182 (Vi — Vo) (riVa 13 VR) )
2m Ar?rg N2 4 4irfr3 (B2 — Bu)A + 1B (r] 4 13)?
/oo I (1+C’2ﬂx(ﬁ1+52)) —(011)? (c*27rzl‘31 +c*2ﬂxﬂz) —(012)2 (07217:E(ﬂl+i)\)+672ﬂ.z(ﬁ27i/\))
— n
0 (1—e*27"251) (1_6—27\-152)

dz (12.10)

for A = A1 — Ag, see Eq. (10.47). For a fully transmitting junction with r; = ro = r, the integral
becomes computable, resulting in the expression

12 (BLVE+BVAN +iB1Ba (V2 —VE)A W( 1 1 1
B

 8m (B1+iN) (B2 —iN) + 12

1
1+M‘E+Efa‘g)“””

BfN) =
which agrees with Eq. (90) of [11] taken at ¥ = 0. Let us look more closely at the analytic
continuation 'f(—i)\) = f()\) of the rate function (12.10) for Vi = Vo = 0. f()\) is finite for
—f1 < A < B2 and symmetric around %([32 — f1). Outside that interval, f(A) diverges to +oo.
Fig.5 presents the graph of f()\) and of its Legendre transform

I(z) = Ae]rilgftb[{)\x — (N} (12.12)

for p1 =1, o =5 and p = :—f = 1,2,3. The change with increasing p is clearly visible. In

FON="0F (=10 I(z)
. 15 ‘ ; ,

— p=1
— p=2
— p=3

o 9o
o ™

o
N

[=]
=] a
[ S S S Uy P Y

1
o
[N}

Figure 5: Large deviation rate function f(\) and its Legendre transform I(x) for different p =
ro/r1at 1 =1, f2 =5, Vi = V2 =0).

the limit p — oo, function f(A) vanishes in the interval | — 81, f2[ and stays infinite outside of
it. The large deviations rate function I(x) is that of the probability distribution of the energy
change in the first wire per unit time AH;(t)/t. I(z) has linear asymptotes with the slopes
—p1 and (B2 on the left and on the right, respectively, indicating the exponential decay of the
distribution function of AH;(t)/t arising at long times, with the rate linearly growing with time.
Fig. 6 zooms on the central region of I(z) around x = 0 and, for illustrative purpose, presents

I(x) exp[—I(z)] normalised
0.6 T 0.6 T T :
0.5t p=1
— p=2
04f | —— p=3
0.3p
0.2r
0.1p
-02 : : : 0 : ‘ ‘
-0.1 -0.05 0 0.05 0.1 -6 -4 -2 0

Figure 6: Influence of p on the rate function (zoom), and on the corresponding normalized density
probability

the graphs of normalized distribution functions o exp[—I(x)]. The influence of p on f’(0)
and f”(0) representing the long-time mean of AH;(t) and of its variance, both divided by ¢, is
depicted in Fig. 7. The mean and the variance per unit time represent, respectively, the mean heat
current and the thermal noise in the first wire. The increase of p > 1 increases the absolute value
of the current and decreases the noise. Both exhibit the p — 1/p symmetry implying that they
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Mean /t Variance/t

-0.8
2
18
1.6
14
1.2
-14 - - : 1 i i ;
0 5 10 15 20 0 5 10 15 20
p P

Figure 7: Influence of p on the mean and the variance of AH; (t)

are least sensitive to the change of p around p = 1. The influence of the temperature on the rate
function f(A), its Legendre transform I(z), and on the probability distribution o exp[—1I(x)] is
illustrated on Fig. 8. The asymmetry of the curves increases when the temperature of the second
wire is lowered below that of the first wire.

l

Bo=1 Bo=3 [32:5|

3

2.5

2
15
1
0.5

0

1 T
[ |
| |
| |
| |
I |
| |
| |
| |
| |
| |
1 1
-1 0 1 2 3 4 5 -1 -0.5 0 0.5 1 -10 -5 0 5 10

Figure 8: Large deviations rate function f(\), its Legendre transform I(x), and probability
density o< exp[—1I(z)] for different 8o (N =2, 51 =1, ro = 2r1, and Vi = Vo =0)

Same radii, charge not conserved. The interest in this case is due to the fact that it
corresponds to a reflecting and transmitting junction for wires of the same type. Indeed, for
ry =719 =1 but a#b,

1 1—a? 2c b
S—O—m( 2 a2—1) fOI‘Oé:E. (1213)

Since charge is not conserved when « # 1, we focus on the energy transport only, and set
Vi =V5 =0. Then

Wneq(K71 (t,2)) = — wneq(K3 (t, 7)) = 75(S12)? (Bi% - Bi%’) (12.14)

me. 2T N2[-1 1
G_3(1+a2) 1 -1 (12.15)

and the large deviation function for energy transfer is, with A = Ay — Ag,

(12.16)

thf(/\) . Ooln 1—e—272B1 (1— 52, (1—e—27iw))) —e=27B2 (152, (1—e2miz))) fe—27=(B1+82) d
= A (17072ﬂ-m51)(17672wz52) )

which is illustrated in Fig.9. The above expression simplifies for a =1 when S;2 = 1, reducing
again to the relation (12.11) for fully transmitting junction.

[—a:l —a=2 —a:?)‘

N 2.5 ‘ 06

25 Al 0.5

2 0.4
1.5¢

1.5 03
1h

! 0.2
0.5f

0.5 oa

0 0F ] 0

-1 0 1 2 3 4 5 -05 0 05 -6 -4 -2 0 2

Figure 9: Large deviations rate function f(\), its Legendre transform I(z), and probability
density o exp[—I(z)] for different & (N =2, 1 =1, B2 =5,7r3 =71, and V; =15 =0)
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12.2 Case M =1

The case M = 1 with the total charge conservation corresponds to the brane B 2 U(1) diagonally
embedded into U(1)" so that

k=1(1,...,1) (12.17)
leading to the S-matrix
Sij = —pidij + (1 — di;) (12.18)
where 25 ) -
pPi = lT:ng, T = ij’ri (1219)
are the reflection and transmission coefficients. For the equal radii r; = r,
pi=p= —N];2, =T = % (12.20)
leading to a simple nontrivial S-matrix
Sij = —pdij + (1 — i) (12.21)

that was already considered in [36], see also [9].

Application to 3 wires We consider the simplest case with the same radii of compactification.
Here we have p=1/3 and 7 =2/3 and the S-matrix is

1 -1 2 2
S = 3 2 -1 2 (12.22)
2 2 -1
The charge and energy currents are
Wneq(I) = TE(Va+ Vs = VA)
wneq(KlL)z::—;2(‘/2-1—‘/3—21/1)(‘/14-‘/2—1—‘/3)—#%(;—%4-;—%—52—%) (12.23)

and similarly on the other wires, cyclicly permuting the indices. For the electric and thermal
conductance, this gives:

e r2r B w72
IG:F 1 -1 1|, thG:T 1 -2 1. (12.24)

The large deviation function for the FCS of charge transfers is

f(v) = T;:rz ((2”7;%%)2 + cycl.) + iif—; (V1(2V1 —vy—u3) + cycl.), (12.25)

where “cycl.” stands for terms obtained by cyclic permutation of the indices. The large deviation
function for the FCS of energy transfers for V; =0 is:

thr(x) = _/ In M) g (12.26)
. @)
where

N(z,A)=1-— e~ 2mx(PitP2+Ps) | 0> (e*Qﬂz(ﬁlJrﬁz) + CyCl.) —p? (e*Qﬂzﬁl + CyCl.)
+ 7_2 (e—ZTrm(ﬂl—i-Bg) (e—QTrim()\g—)\g) + e—27riw(>\1—)\3)) + CyCl. )

_ 7,2 (e—QTr;E,Bl (e—2ﬂ'iI()\1—>\2) + e—27riw()\1—)\3)) + CyCl. )7

D(z) = (1 — e 2™F1)(1 — e 2™"F2)(1 — e~ 2mFs) | (12.27)
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UpOIl the analytic continuation, thf(—i)\) = f(>\12,>\13) for /\12 = /\1 — )\2 and /\13 = /\1 — )\3
which is finite only in the region

—B1 < A2 < B2, —B1 < i3 < f3, —fB2 < Az — A2 < f33. (12.28)

Function f is plotted in Fig. 10 for (81, 2, 83)= (1,1, 1) (the equilibrium case) and (81, 32, 83) =
(1,2,3) in the coordinate system with axes at 120° so that the counter-clockwise rotation of the
graph by 120° corresponds to the cyclic permutation (A1, A2, A3) — (A3, A1, A2). In equilibrium,
f is symmetric under such a transformation but out of equilibrium, the above Z3 symmetry is
broken to a degree that may be used as a measure of distance from equilibrium. The Legendre

f(A12,A12) for (B1,82,83)=(1,1,1) and for (B1,82,83)=(1,2,3)
0.5 T 2 T
o |
< 0 o i
< Z ook
-0.5} . -1}
~ -2 N o
- 3} T
| . — |
-1 -05 0 0.5 1

-15-1-050 051 15
A2 A12

Figure 10: Rate function f(A12,A\13) for 3 wires

transform of *"f(—i\) is infinite out of the plane x1 + 3 +x3 = 0 and on that plane, it may be
regarded as a function

I(z12,713) = max {§(2$12>\12 — z12M13 — T13A12 + 2z13M13) — f(Ai2, Ais) |- (12.29)

A12,A13

Fig. 11 presents the plot of I(x12,13) for the equilibrium and nonequilibrium choice of tempera-
tures. The level lines of I are equally spaced in various direction far from the origin, indicating the

I(x12,212) for (B1,B2,83)=(1,1,1) and for (B1,82,83)=(1,2,3)
- — 6 T

-15 — .
-10 -5 0 5 10
12 12

Figure 11: Legendre transform I(x19,213) for 3 wires

asymptotic linear increase of the function. The similar breaking of Zs symmetry as for f may
be observed. Finally, Fig. 12 plots for illustration the probability densities o< exp[—I(z12,213)].

normalized exp[—I(z12,z12)] for (81,62,83)=(1,1,1) and for (B1,82,83)=(1,2,3)
i ) 0.025 . ] T
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8 ~ |
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Figure 12: Probability density o exp[—I(x12,z13)] for 3 wires

Note that most mass of the distribution is in the negative quadrant indicating the heat transfer
from the hotter 1°* and the 2"¢ wires to the colder 3¢ one.
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13 Conclusions

We have studied a model of a junction of N quantum wires. The Luttinger liquids in the bulk
of the wires were represented by a toroidal compactification of the N-component massless free
bosonic field, with the junction modeled by a simple boundary condition restricting the values of
the compactified field to a brane B forming a subgroup isomorphic to U(1)™ of the target torus
U(1)N. The brane B was assumed to be invariant under the diagonal multiplication by phases
in order to assure the global U(1) invariance and the conservation of the total electric charge.
We constructed the theory on the classical and the quantum level and showed that the boundary
condition at the junction leads to a linear relation between the right-moving and the left-moving
components of the electric currents in different wires. Such a relation describes the scattering by
the junction of charges carrying the current. The equilibrium state of the system of connected
wires of length L kept at inverse temperature § and in electric potential V was discussed in
the functional-integral language and in the open-string and closed-string operator formalism, the
latter being well suited to describe the thermodynamic limit . — oo. We obtained the exact
solution for the equilibrium current correlation functions both for wires of finite length L and for
L = co. In the latter case, the resulting theory provides a special case of the system studied in [32]
and we adapted from that paper the construction of a stationary nonequilibrium state (NESS) in
which the wires are kept at different temperatures and electric potentials. Following the lines of
[10, 11], it was shown that such a state is attained at long times if we prepare disjoint semi-infinite
wires in equilibrium states at different temperatures and potentials and then connect them by
the junction and let the dynamics operate. This is a particular realization of the scenario for
construction of quantum nonequilibrium states proposed in [41]. By considering the constructed
NESS close to equilibrium, we extracted formulae for the electric and thermal conductance of the
junction.

The main result of this paper has been the calculation of the full counting statistics (FCS) for
charge and heat transfers through the junction and the analysis of its large deviations asymptotics
at long transfer times in the presence of both transmission and reflection of the conserved charges.
This was done first for charge, then for heat, and finally, jointly for both. We confirmed by an
exact calculation that the large deviations regime of the charge FCS for a junction of semi-infinite
wires may be obtained from a large class of limiting procedures sending to infinity the length of
the wires as well as the transfer time. The computation of FCS for heat transfers was explicitly
done only aligning the length of the wires and the time of the transfer, although we developed
tools for performing the general calculation. We expect that the result for the large deviations
regime of the FCS for heat transfers obtained in the explicitly treated case applies as well to
the situation when the length of the wires is sent to infinity faster than the evolution time. The
expressions obtained for the large deviations rate functions of FCS were compared with the ones
given by the Levitov-Lesovik formulae. For the charge transfers, we showed that our results for the
junctions under consideration differ from the Levitov-Lesovik formula for free fermions, although,
for the vanishing Luttinger couplings, some similarity could be observed in the quadratic part of
the rate functions that describes the central-limit asymptotics. For the energy transfers through
the junction, the part of the FCS that was contributed by the excited bosonic Fock-space modes
appeared to coincide with the bosonic Levitov-Lesovik-type formula for FCS obtained in [28§].

The simple class of conformal boundary defects considered in the present paper have been
chosen for illustrative purpose rather than from phenomenological considerations. The latter
might require introducing a larger family of boundary defects. The simplest extension of the
class considered here would include conformal boundary defects with displaced branes goB for
go € U(1)N or/and the ones with added Wilson lines (w.r.t. a constant gauge field on B). Such
boundary defects could be dealt with by the same technique, leading to a richer class of S-matrices
describing current scattering. More complicated conformal boundary defects would require more
powerful boundary CFT techniques for calculation. For the case of vanishing Luttinger couplings,
one could use the nonabelian bosonization [48, 6] that comes with a class of conformal boundary
defects with nonabelian symmetries. Some partial results in this direction have been already
obtained [23]. The other physically relevant question, not disjoint from the previous one, is the
stability of the boundary defects in the renormalization group sense. This problem was addressed
for some simple cases of junctions in [36, 34, 35]. It can be also studied with the boundary CFT
techniques. We postpone a discussion of the above questions to the future research.
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Appendix A

Here we shall calculate directly the quantity

—iv f J%(0,5)ds

wh v (e ! ) (A1)

for one wire of length L > t with the Neumann boundary conditions. In this case,
JH0,8) = 52 Y dap e (A.2)

nez
for @&s, = ras, and
¢
ir ~ _ mint rt ~ r2

/Jf(o,s)ds = £ Saan(e” T —1) + 1rd0 = —(£1(0,) — £(0,0)), (A.3)

0 n#0

where the chiral field ° is given by (2.21). We shall reorder the exponential of that operator
writing

.t I _ mint 1~ _ mint
—1ufJ (0,s)d urt A e =da2n (c L 71) ¥ = Qan (c 71)
e 0 — e 4L @0 ¢ n<0 e n>0
_ ;5:3 % (2_e wiELt o™ Trint)
X n>0
_ mint 5 _ mint
—ii—”do i o 7110‘271 (e _1) i Z>20 Tllazn (e —1)
=€ € " € "
2.2
2.2 v 1
Lo mt 2 3o
X (481112(%)) 1672 € T n>0 . (A4)

Note that the last factor, that may be interpreted as providing the Wick ordering of the left-

cur2 cyr?
moving vertex operators e~ %= # (0t) and ei%x ¢ (0.0)
it by its regularized version

, is ultraviolet singular. We shall replace

71/27“22 1 12,2
ST LR O (A5)
where A is the ultraviolet cutoff. This leads to the definition:
j _ mint - _mint
—iv [ J4(0,5) ds g B X Lag, (e ™2 <1) 12 X Laa (e 1)
(e 0 ) = e 1 0 e n<0 e n>0
reg
. ,2,2 _p2r2 1
2/ M - ) 8 nen n
X (4SIH (E)) 16 € <AL (A 6)
The commutation relation
mint mint
b b (e ) o T R (e )
{e n>0 ,a_gm} =+ (e” T —1)e A0 : (A7)

implies that

o
k=0
Hence
¥ S Laga (e TE 1) g2 Y Lag(en T -
(0] G ) B w0y
pl(2m)P
p it
= o DR (e 1) (o - k)(2m)
k=0
P 1 2.2 t k
= Z(—l)’“(i)m(”,,—l sin®(57-))" (A.9)
k=0
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The orthonormal basis of the Fock space F, is given by the vectors

H aem ) (A.10)

2m P7n

with all but a finite number of p,, =0,1,... equal to zero. Such vectors are eigenvectors of the
o0
Hamiltonian H° with eigenvalues 2L( 2_: MPrm — %) and are annihilated by Q°. Hence
N _ mint o - _ mint
trr e—,@(HO—VQO)eﬁ ED%O‘Q” (e E _1) 67 ngoéazn(e g _1)

o0

H (ge_ﬂ Z kv(zm)k (V;—Zz Sinz(g_?))k)

Il
@
|
o)
N

B b = —1)k v2r2 . ™m k = _ B m
H( e (S sin? () S p(p = 1) (p— ke 1) e T ) (A.11)
m=1 k=0
Since by a straightforward calculation
2k
Zp — 1) (p—k+1)2" = ufw (A.12)

for |z| < 1, we infer that

o 1~ _ mint o 1~ _ mint
vy 85 B, ke (T ) e 8 (75 )

trr, e e >
8 i > k 2,.2 k 7B ks
v — _———m
— eT6L H Z (=1 (V T Sinz(ﬂ—mt)) e L
kl(2m)k \ 72 2L TN
m=1 k=0 (I—e 7 277)
oo 8 o0
7B v2p2 . 2,mmt e~ L™ 1
— eT6L — mTmb
e H (exp{ 5z sin”(57-) —E H —5 (A.13)
- l—e L T, 1—e L
m=1 m=1

The trace over the zero mode space Ho spanned by the orthonormal vectors |k) with k € Z
such that aglk) = 2r—tk) is

0 0 rt ~ 7B 1.2 it
trag, e—B(H -vVQY) —1V4£a0 _ Ze .ok +BVE—ivsrk ] (A14)
qE€L

Multiplying those two traces and the factor of the last line of (A.6) and dividing them by the
partition function, we obtain the expression

B 124 BV k—iv ot

t
) £ 2.2 _v2r2 1 X e T LeZ
L waJ (0,5) ds (4 ( Tt ))_ Ton2 82 n<ZAL ™ kez
Wﬁyv (§ rog sin 5L (§

_ B .2
o T k2+BVE

2L

>
keZ
= v2r2 . 9 ,mmt *WTBM
X (exp[——sm - ‘37”}) A15
ngl 2mim ( 2L ) l—e*TBm ( )
By Eq.16.30.1 of [5],
4i LSiHQ(W_mft) e7%7n =1In Wel(zii?ﬁ) (A 16)
o] m 2L/ | _zBm sin(Z£) 8.6 (22;0) ’ ’
where we use the definition
01(7:2) = Z emiT(ntg)  F2mi(nt 3) (2 +3) (A.17)
nez
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for the first of the Jacobi theta-functions. Hence (A.15) may be rewritten in the form

t
) .

L —w [ <0*S>d5) ) _ [_ V272 1 wl(%;ﬁ))]

wﬁ’v((e reg = ©Xp 82 ( Z n +In 8.0, (£ 0

n<AL
B k24 BV ki gl k
V) 3L

kze:ze o

(A.18)

_ B .2
Se T k2 48V k

kEZ

The substitution of the above relation to the (ultraviolet regularized version of) (10.8) results in
the identity (10.24).

Appendix B

Let us consider a quadratic selfadjoint operator

Z Z nl n'i’ a;r”an/l/ + Bnl n'i’ aT i an’i! + Anz n’i! AniQn/’ ) (Bl)

3,4’ =1n,n'=1

acting in the Fock space F of the vacuum representation of the canonical commutation relations
(CCR)
[a’niv Qnsiqt ] =0= [ a’T ] ) [a’nlv n’z/] - 611/671 —n/’ (B2)

nz’ n’i’

built on the normalized vacuum state |0) annihilated by operators a,;. We assume that A,; /. =
Aprit mi and By nrir = Bprir ni. Note the commutation relations

, — i
()]s (B S ) (o) &3

i n'>0

The exponentiation of the above relation gives

, o T .
Aot Y (e G () (3.4

i n/>0

where, in the language of infinite matrices,

P Q\ B A
<Q P> = exp (—A —B)' (B.5)
One of the results of the theory of the Bogoliubov transformations associated to the quadratic
Hamiltonians A is the formula

0le*|0) = det (!B P) /2
(0le*4{0)

(B.6)
holding under conditions that guarantee the finiteness of the left and right hand sides which will
be satisfied in the cases of interest for us, see e.g. [17].

iA

We shall need a generalization of that formula to the expectations of operator e in certain
mixed states. Consider such a state w, corresponding to the density matrix
55
€ni a.,”anz
p= e i , (B.7)

with €;, > 0 diverging sufficiently fast when n — oo and the normalization factor

::]2

]O_O[ 1 —ecni)~1, (B.8)
n=1

@
Il
=
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We would like to calculate the expectation value w, (eiA). To this end, we may use the Araki-
Woods representation [3] of the CCR acting in the double Fock space F ® F and given by the

formula
Anij dni N \% 1+ bni a}”' + bnz (a?”)'f ’ '
where 1
bui = 7 ap;=an; @I, al;=1®an;. (B.10)
efni —

The Araki-Woods representation has the property that the matrix element on the vacuum |0,0) =
|0) ® |0) of a CCR observables taken in that representation reproduces their w, expectations. In
particular

wp(e) = tr, (pe™) = (0,0[e4[0,0), (B.11)
where
N oo
A = Z Z (;Ani,n’i' djn‘&jl/i/ + Bni,n’i' djn dnl + %Ani,n’i' &ni&n’i')
i=1n=1
2 N o
Z Z Z A;‘ngn rq! AZZ)T( ) + BZzUn"L’(AZZ) An’z’ + Anz n"L’ md?ﬂz’)
o,0'=11i=1n=1
N N
+ Z Z Bni,nibni ) (B12)
i=1n=1
with

Aflnln 14! A:n2n il . Ani,n’i’ \/(1 + bnz)(l + bn’i/) Bni,n/i/ (1 + bni)bn’i/
AR A2 ) T B /bui(L+ b Aimri o)

B;’rllz:n’i’ B;’rllf’n/i’ _ Bni,n’i’ \/(1 + bnl)(l + bn’i’) Ani,n’l’ (1 + b’ﬂi)bn’i’ (B 13)
Biﬁn/i/ 727,71?77/1" Ani,n’l’ \/bnz(l + bn’i’) Bni,n’i’ \% bnibn’i’ ' .
Denoting L o
exp [1< B AAH - <If Q), (B.14)
_A -B O P
we infer from the previous result (B.6) that
. i3 Bin,inbni SA AL
wy(e) = e in det (e'PP) /2 (B.15)

The above calculation can be applied to the operator A corresponding to the excited modes
part of 3" A (HY 4+ AH;(t)) for any time ¢, but we shall limit ourselves to the simpler instance

when ¢t = 2L. In that case

A= % Z(O)‘O)ii/ Z Q(—2n)i%(2n)i" 5 (B.16)
n=1

i1

see (10.41), with the identification

(2:;);-2 = api, ( 2:)2;7; =a,, (B.17)
so that )
Ani,n’i’ =0, Bni,n’i’ = TF(O)\O)u’nénn’ . (B18)

For the density matrix, we shall take

o= Leiﬁ gﬁingoa(72n)ia(2n)i (B19)
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so that the state w, coincides with w{ on the algebra generated by the excited modes. The
normalization

Zg = [[(1—e")0 (B.20)
1,n>0
In this case b,; = (e£™% — 1)~1. It follows that
Ainln rq! Afluzn oy _ 1n 5 O (O)\O)Z’L' (1 + bnl)bnl’
Ai;i,n 4 A12112n’z’ oL " (O)\O)”/ bnz(l + bni’) 0 ’
l?ifnw l?}u'zn'i' TS (OXO)jir /(1 + bi) (1 + bpir) 0 (B.21)
Buiwi Buiws) FT 0 (OXD)iir Vonibir )

A little of straightforward algebra shows that

P’ill’ﬂ ’L P’i12’ﬂ ’L 1 O
<P2 L.,P 72 ) = O i (0 1)

L (Oe*T"AO—I)“.,\/(1+bm)(1+bm/) _ 0
" 0 —(0eT™0 1), \/bpibnir )’
Qe Qi
(QAZi 151 QAZ'Q 151
—TpA) - 3
= O EIIN X (07720 =)y /(15 bui) b ., (B.22)
—(OeL" O_I)ii’ bm(l-ﬁ-bm‘/) 0
Hence, denoting by b,, the diagonal N x N matrix with entries b,;, we obtain
A 1/2 i i -1z
det (P,,) "% = ( e B0~ 1)(I +by)) det (1 - (0eT™0 - I)bn))
o\ —1/2
= ( Oe" L"’\O)det(I—i—(I 0ct™0),) )
% >N N -1
= ™" det (14 (1 - 0eF™20)0, )
(B.23)
On the other hand,
i> Bri,nibni S _ Tip ST(ONO)iibni—Zn S2(ONO) i (14-2by) — IS N\
e 2 det (e’B"~") V2 _ ot > i 2 =e > . (B.24)
We infer then from (B.15) that
: a i g — -1
r, (pe’A) = H det (I+ (I-0eT™0)(ef™ 1) 1) . (B.25)

n=1

What we have to compute, however, is the contribution of the excited modes to (10.42) which is
equal to
— 3z Z(ﬁl+1>‘1) Z Q(—2n)i®2n)i
ZLtI‘(e 2L @ n>0 (m2mifien eZ'A). (B26)
]
This is clearly obtained by multiplying (B.25) by Zgs, shifting 8 to 8+ i\ in the result, and
re-dividing it by Zg, which gives

1 et (10 £77) nA nB+in) _ -1\ 7
[T (g e (1 -0ty v 1))

n=1

= T det (1+ (1— " F0eF0) (" — 1)) - (B.27)
n=1

46



i.e. the result (10.45). Note that the last expression is invariant under the change of A to —A+if.
Indeed,

det (I + (I — e En(XH0) 0o 190) (7 _I)—l)*l

-1 ) ) -1 -1 -1
det(e%"ﬁ) det(f—e%’“oe%"(*”“”o) det(e%"ﬂ) det([ 0eT™0eT™ - x+15>)

—1 —1
det (e%nﬁ—l) det (e%"ﬂ—l)

1 ) ) -1
det (c%"ﬂfo 7”">‘O 777”‘) det (c%nﬁfcf%")‘Oc%"kO)

— = =1
det (e%nﬁ—l) det (e%"ﬂ—l)

= det (I+ (I—e 2m0eE™0)(ei" —1)*1)_1. (B.28)

Appendix C

We compute here the scaling limit

07 0) 5 iy (C.1)

lim 62 ¢(60~
6— 00
where the rate function ¢(f~!'v) is given by relation (11.2). The logarithms of determinants on
the right hand side of (11.2) will be computed by expanding:

In (det(1+Ag)) =Y (=1)" '=tr(AL), (C.2)

n=1

for N x N matrices

As = fE(e) T ST 0TS ) = (e +i0 ' B+672D+0(07%)) (C.3)

’5,971V( ‘ﬁ,eflv(

with
B=svs—v, D=vsus-ish?s— 112 (C.4)

Only the first two terms of that expansion will contribute to the scaling limit (C.1). The integra-
tion over e is reduced to the terms

k3

/O (14 ePi(FO7 Vi) =1 ge = FIn(1+ B0V = F(In2+3867'Vi+0(67%)  (C5)

so that -
/ tr(Ag)de =y (j: S Bii+ ;3—51)” + 52 Bii ) +0(07%). (C.6)
0 P ‘ !
Thus -
/ (tr(A) + tr(A)) de = 3 (22D, + ) 4 0(6~). (.7
0

3

Using formulae (C.4), we finally get:
lim 92/ (tr(A4) +tr(A_)) de
60— 00 0
= 2ID2ZB;1(VZ'Z|S7;/7;|2VZ'/ 3 lezz Vi __I/i)
+IZV;(VZ — Z'Si’i|2yi’)' (08)
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The other non-vanishing terms in the scaling limit (C.1) come from

oo

/tr(Ai) de = —072 Z Biir Birig(Bi, Bir) » (C.9)
3 i
where -
- 1
g(ﬂ’uﬂl’) - / (1+95i5)(1+05i/€) de. (Clo)
0

The distinction between the contributions for different signs disappears at this order so that

Jim. 92/0 (= 3tr(A%) — 3tr(A%)) de = ZBii/Bi/ig(ﬁi,ﬁi,), (C.11)

For 1 =1/,
21n2—-1
9(Bi, Bi) = =55, (C.12)
and
Bi = Z |Sji|2l/j|Sj/i|2l/j/ — 27/i Z |Sji|2l/j + Vi2 . (013)
3,3’ J
On the other hand, for i # ¢/,
Bii’ Bi’i = Z SIjViji,Sj’j’ Vj’Sj’i . (014)
33’

Hence
lim 92/0 (- %tr(Ai) - %tr(A%)) de

60— 00
1 —
=y (Z 1S5il*v3ISyil vy — 2vi Yy 1854Pvs + V?)
7

3,3 J

+ 3> SvsSiiShviSyi g(Bis Bir) (C.15)

i 5.5’

The addition of contributions (C.8) and (C.15) results in the identity (11.3).

References

[1] I. Affleck: Conformal Field Theory Approach to the Kondo Effect, Acta Phys. Polon. B 26
(1995), 1869-1932

[2] D. Andrieux, P. Gaspard, T. Monnai, S. Tasaki: The fluctuation theorem for currents in
open quantum systems, New J. Phys. 11 (2009), 043014

[3] H. Araki, E. J. Woods: Representations of the canonical commutation relations describing
a nonrelativistic infinite free Bose gas, J. Math. Phys. 4 (1963), 637-662

[4] W. Aschbacher, V. Jaksic, Y. Pautrat, C.-A. Pillet: Transport properties of quasi-free
fermions, J. Math. Phys. 48 (2007), 032101

[5] Handbook of Mathematical Functions: with Formulas, Graphs, and Mathematical Tables,
editors M. Abramowitz and I. A. Stegun, Dover 1972

[6] A. Alekseev, V. Schomerus, D-branes in the WZW model, Phys. Rev. D 60 (1999), 061901

[7] C. Bachas, J. de Boer, R. Dijkgraaf, H. Ooguri: Permeable conformal walls and holography,
JHEP 0206:027 (2002)

[8] M.J. Bhaseen, B. Doyon, A. Lucas, K. Schalm: Far from equilibrium energy flow in quantum
critical systems, arXiv:1311.3655 [hep-th]

48



19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]
[17]

[18]

[19]

[20]

21]

22]
23]
[24]

[25]

[26]

27]

28]

29]

[30]

31]

B.Bellazzini, M. Mintchev, P. Sorba, Bosonization and Scale Invariance on Quantum Wires,

J. Phys. A 40 (2007), 2485-2508

D. Bernard, B. Doyon: Energy flow in non-equilibrium conformal field theory, J. Phys. A:
Math. Theor. 45 (2012), 362001

D. Bernard, B. Doyon: Non-equilibrium steady-states in conformal field theory, Ann. H.
Poincaré, online first, arXiv:1302.3125 [math-ph],

D. Bernard, B. Doyon: Time-reversal symmetry and fluctuation relations in non-equilibrium
quantum steady states, J. Phys. A: Math. Theor. 46 (2013), 372001

D. Bernard, B. Doyon, J. Viti: Non-equilibrium conformal field theories with impurities,
arXiv:1411.0470 [math-ph]

Ya. M. Blanter, M. Biittiker: Shot noise in mesoscopic conductors, Phys. Rep. 336 (2000),
1-166

L. Bruneau, V. Jaksic, C.-A. Pillet: Landauer-Bittiker formula and Schrédinger conjecture,
Commun. Math. Phys. 319 (2013), 501-513

S. Datta: Electronic Transport in Mesoscopic Systems, Cambridge University Press 1995

J. Derezinski, Ch. Gérard, Mathematics of Quantization and Quantum Fields, Cambridge
University Press 2013

B. Doyon: Lower bounds for ballistic current and noise in non-equilibrium quantum steady
states, arXiv:1410.0292 [cond-mat.str-el]

B. Doyon, M. Hoogeveen, D. Bernard: FEnergy flow and fluctuations in non-equilibrium
conformal field theory on star graphs, J. Stat. Mech. (2014) P03002

P. Fendley, A. W. W. Ludwig, H. Saleur: FEzact nonequilibrium transport through point
contacts in quantum wires and fractional quantum Hall devices, Physical Review B 52

(1995), 8934-8950

M. Gaberdiel, Boundary conformal field theory and D-branes Lectures notes (2003)
http://www.phys.ethz.ch/~mrg/lectures2.pdf

T. Giamarchi: Quantum Physics in One Dimension, Oxford University Press 2003
K. Gawedzki, C. Tauber: unpublished

D. B. Gutman, Y. Gefen, A. D. Mirlin: Bosonization out of equilibrium, Europhys. Lett.
90 (2010), 37003

D. B. Gutman, Y. Gefen, A. D. Mirlin: Full counting statistics of Luttinger liquid conductor,
Phys. Rev. Lett. 105 (2010), 256802

H. Ishii et al.: Direct observation of Tomonaga-Luttinger-liquid state in carbon nanotubes
at low temperatures, Nature 426 (2003), 540-544

C. L. Kane: Lectures on Bosonization, Boulder Summer School lectures on electrons in one
dimension, #1+2, www.physics.upenn.edu/~kane/

I. Klich: Full Counting Statistics: An elementary derivation of Levitov’s formula, in: Quan-
tum Noise in Mesoscopic Physics, ed. Yu. V. Nazarov, Springer 2003, pp. 397-402

L. S. Levitov, G. B. Lesovik: Charge distribution in quantum shot noise, JETP Lett. 58
(1993), 230-235

L. S. Levitov, H. W. Lee, and G. B. Lesovik: Electron counting statistics and coherent states
of electric current, J. Math. Phys. 37 (1996), 4845-4866

M. Mintchev: Non-equilibrium steady states of quantum systems on star graphs, J. Phys. A:
Math. Theor. 44 (2011), 415201

49



[32] M. Mintchev, P. Sorba: Luttinger Liquid in Non-equilibrium Steady State J. Phys. A: Math.
Theor. 46 (2013), 095006

[33] S. Ngo Dinh, D. A. Bagrets, A. D. Mirlin: Nonequilibrium functional bosonization of quan-
tum wire networks, Ann. Phys. 327 (2012), 2794-2852

[34] M. Oshikawa, C. Chamon, I. Affleck: Junctions of three quantum wires and the dissipative
Hofstadter model, Phys. Rev. Lett. 91 (2003), 206403

[35] M. Oshikawa, C. Chamon, I. Affleck: Junctions of three quantum wires, J. Stat. Mech.
0602:P02008 (2006)

[36] C. Nayak, M. F. A. Fisher, A. W. W. Ludwig, H. H. Lin: Resonant multilead point-contact
tunneling, Phys. Rev. B 59 (1999), 15694-15704

[37] M. Oshikawa and 1. Affleck: Boundary conformal field theory approach to the critical two-
dimensional Ising model with a defect line, Nucl. Phys. B 495 (1997), 533-582

[38] J. Polchinski: String Theory Vol. I: An Introduction to the Bosonic String, Cambridge
University Press 2005

[39] A.Rahmani, C.-Y. Hou, A. Feiguin, C. Chamon, I. Affleck: How to find conductance tensors
of quantum multi-wire junctions through static calculations: application to an interacting Y
Junction, Phys. Rev. Lett. 105 (2010), 226803

[40] A. Rahmani, C.-Y. Hou, A. Feiguin, M. Oshikawa, C. Chamon, I. Affleck: General method
for calculating the universal conductance of strongly correlated junctions of multiple quantum
wires, Phys. Rev. Rev. B 85 (2012), 045120

[41] D. Ruelle: Natural nonequilibrium states in quantum statistical mechanics, J. Stat. Phys.

98 (2000), 57-75

[42] M. Sassetti, B. Kramer: Quantum wires as Luttinger liquids: theory, in: Advances in Solid
State Physics Vol. 40, ed. B. Kramer, Springer 2000, pp 117-132

[43] D. Sénéchal: An introduction to bosonization, arXiv:cond-mat/9908262v1

[44] C. C. Sims: Computation with Finitely Presented Groups, Cambridge University Press 1994
[45] Bosonization, editor M. Stone, World Scientific, Singapore 1994

[46] J. Voit: One-dimensional Fermi liquids, Rep. Prog. Phys. 58 (1995), 977-1116

[47] E.T. Whittaker, G.N. Watson, A Course of Modern Analysis, Fourth Edition, Cambridge
University Press 1990

[48] E. Witten: Non-abelian bosonization in two dimensions, Commun. Math. Phys. 92 (1984),
455-472

[49] E. Wong, I. Affleck: Tunneling in quantum wires: a boundary Conformal Field Theory
approach, Nucl. Phys. B 417 (1994), 403-438

50



