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Abstract It is shown that every Boolean function of n

argumentshasacircuitofdepthn+]overthe

basis {fl f : {0,.| }2 * {0'1 }i.



l. Lntroduction

ipira showed in If] that for any k > On there is a r'.uber N(k)

sucli that if n > N(k) then any n argument Boolean function has a

circuit of denth n + log2lo82 .lo8rn.

LJpper trounds on depth f or specific values o{ n, g-iven fiy

Prelaratil and Mul.ler [ 2] , are

n for n\< I

n+l for n-<28+B=264

n+2 for ,t -a 2254 + 264

er c.

Whereas Knuth has showno by computer analysis, that there

ar:,e 4 .intiument Boolean fr.rnctions requiring depth 4.

Iri this papere we describe a construction which yieids an

upper bound of n+I for all values of n.

2. Schemes

' Our present constnuctions, and all pr:evious ones for minimizing

depth that we know of, have the property of being "uniform" for aj-'l

functions of n arguments. The same directed graph with 1-he same:

assignment of arguments to inputs is used for all the furrctionst"th::

necessary variation being only in the assignment of base functions

to the nodes. Lupdnovts construction for minirnizing for:'mi.ifa size [ 3l

is notable for escaPing this form.

wc iorm.rlize this restriction ill our definition of "circuit

schemet' and show that for Schenes our construction achieves the

optirlal, depth to within an addjtive constant.
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Let

s = {rlfn

Xn = (x .X-...,o' I'
in forrnul-ae and

Let C.. c B.. andrr- n

basis b if for each f

to the gates of S such

shows a formula scheme

from the expansion

f(xorx,ox,)

{o,r}}

the set of fonmal anguments we shall

r {Ort1t *

,x-. ,) be
rt-a

circuits.

Definition. A qircui! sch.e.m-e is a connected acyclic directed g,raph in

whjch nodes have either in-deglee 2 (gates) in which case the pair of

incoming arcs are ondered, or else in-degnee 0 (inpr$ nodel) in which

case an argument x. is assigned to the node. A fonmu_la @ is a

circuit scheme in which all gates have out-degree at most one.

b 3 Br. A circuit scheme S c.ov?:s Cn over

. cr, ti"oe is an assignment of functions from b

that the resulting circuit computes f. Figure 1

which covers B^ over basis B^. This fol-Iows
3t

= (*o ,r fr(xr rxr)) $ fo(xrrxr)

whene 0 denotes sum modulo 2, fo(*lrx2) = f(Or"IrX2) and

fa(xrrxr) = f (l '*Lrx2; 
o f(Ooxrrxr). We have ver:ified that this is

the unique formula scheme (to within obvious symmet::ies) with fewer

than five gates that covers B". Its depth of 3 is therefore optinai.



We prove a lower bouncl on the clepth of schemes by a simple couilt-ing

argunent.

Tireorent l. Any circuit scheme which covers Br., over any basis h c ll.,

has tlepttr .tt least n-l.

T)

Prool'. A scheme of depth D has at most 2"-l gates, and so by var'/irig

the assignment to gatcs trom b can cover a set of at most lllzD-r

different functions,

Since ler., | = 22n we have

I62D-1 u, 22n

which yields D >z n-l

fiot-e th;it this arzument produces no better bognd even when lbl - 2,

In the next two ssglions we describe the main result of tne

paper, a scheme of depth n-t-I to cover Bn over basis Br. The first

stage is to produce anrrapproximation[ to such a scheme in depth n.

il . J'iie approxirnation of depth n.

Il C : (crr...r"kt. {uoLik and Y - <y'r...rY/, i';' sliali

write Y : c for l. Yi = "i 
and o for (o,... rD.

r-< f( k

Another'.rbbr:eviation will be to write f(Y) for^ f(ytr.."rYp),

g(Y,Z ) for g(ytr. .. rYk ,zLr... ), etc-

Definition. Given t = {Rtr... r\} where R, : Xn for all j 
'

and any f(Xn), we define g(Xn), the apProximation to f with respe-c.t

toSby

g(Xn) : O if lR. e S such that oj - 0

= f(Xn) otherwise

n
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Ce{0,}

may be expnessed as a gigjjSgliyg. expansion

-6c(z) n f(Y,c)
]"^

- 0 otherwise

Duallyr the co.n-i unctive eI]:_ansion about Z is
nf(YrZ) = / \ 6^(2) v f(Y,C)- tct u

whene 5a denotes the complement

It is evident that 6a and A
U

requine fonmulae of

Any function f(YrZ) u Bk+*

about Z by

F(V 7\ -r \ r to / -

where 6a(Z) : 1

I'or eactr n>3,

whrch satisfy

we rnay define

the following

qanrrAn^6q nf:

conditions,

(negation) of 6a

r^^+]. ^*1.- r. ^_^m 
'-l .usy LII vlll_v I J QY.I

intescr"s (n -. -....r
' .l-'-..'-i,

m

: ) r. fonallm:

even

odd

^^^-'+.'-t^yvJr La vs

where S
m

(i)

( rr /

(afa/

(iv I

We choose the sequence defined by

-a- -r - '

s' "m-2
{2

< 2^-t _ 2 *-J

I'or e.rctr rrrc.:lt n, let pr be maxima.L suctr that,

p(p+l)+t<n
2

form>o and m

form>1 and m

r
o

b
p

r
m

r
m

r
o

].

tl
p

-Z

: i+l- for

= n-S
n-l

p> 1>O



['or example if n:12 we get 12o21314r]>. This sequence satisfj,-s

(i)-(iv). The fastest-growing sequence satisfying (i)-(iv) begins,

1or 1.arge n, with <212)4,].212561220-?56, 2276r..c>

Given (ror...r"pt =12r2r314n...) l-et RorRlo...rRo be a

comesponding partition of Xn with lRi l = r. fon all i'

We shall- describe oun construction in ter"ms of forrnulae pather

than in d more abstract way as schemes. It wiII be cl-ear throughout

however that the formulae are uniform.

Theorem 2. for all f e B-, (n>4), there is a formula of depth n

for the appr:oximation to f w.r.t. S = {Rar.."rRn-1}.

Proof. Since n > 4, then p > J-. T,"e express f as an exDansion about

R^ which is disjunctive if p is odd and conjunctive if p is even.
tr

Iiach of ihe 2 P t""*s in this expansion is expnessed in depth S--: --- p_1

by using the nesults and constructions of the following lemma {'l

I-or an inductive proof we must incorporate a more detajled

-^^^.i€"'^-+-i^- ^€ the fOr"mulae at eaCh Stage.JPEcJffUdLrvrr vr

Lemila. Let R .R.,... R--(m>o) be disjoint sets of arguments wlth- o, I- m

their cardinal-ities ro!o"rr* satisfying conditions (i)' (iii) ancl (iv)

above. Then fon any function f(Ror...r*r), there is a forr'ruia for

:+- .im:{-.'^n q w.r.t. {R"....,R } consisting of :-ILS ql)PruAirrrqLlv * I_ _ 
m

r
Case(a): if m is odd, a disjunction of 2 m-l subformulae each of

dePth Sr_a

r
Case(b): if m is €v€rir a conjunction of 2 m-l- subformulae each of

depth S*-l utd another subfonmula of depth Sr-Z'

Proof. we proceed by induction on m using two alternative expansions.
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In case (a)r
\/

g(Ro,,..,o*) = ya(6c(Rm) n ec(Ro,...oRm-t))

and in case (b ) o 
A

g(Ro0,..,**) = 6o{R*) ^{),o.tn*) v gc(Ro,...,R *r))

where in each case gC is the approximation to f (Ro,"' rRm-lrc)

over {Rl ,...rRrn_r}.

The validity of these expansions is easily verified.

If m = I, then the first e><pansion is of the r:equired forrn since both 6a

and ga have de;;th I and so we have a conjunction of 3 formulae of depth 2'

If m > I and m is odd then in the same expansion we mayr by the incluctive

hypothesis, take BC to be a conjunction of 2 m-r-1 subfonmulae of depth

S*-2 .td a smaller subfonmula of depth S*-3. Since 6a is essentially a

s*-., s-
conjunction of rn arguments and rr.< 2 m 2 - ,-m-3, it may be conjoine<i

with the smaller subformufa to pnoduce a fo::mula of depth Sr-2. The

r
resulting conjunction of 2 m-J fonmulae of depth S*-2 

".. 
be written

in depth "m-l 
t S*-2 = Sm-I. The requirements of case (a) ane thereby

]f m is even then the second expansion is usedo the 6a are thernselves of

depth S*-2 .td case (b ) is easily satisfied tr



The lemma may

The resulting

formulae each

be illustrated

app:roximation

of the fonm:

with n=17, m=3 and

n(P R R R ) is a5r,.or,'fr,.2r-'32 -.

1

sequence {2 ,2 ,3, tc>.

unction of 102 3

the

ut DJ

1
4

I

x_ x. -x,.x- x-
^ / ,l-o.+r:).c)

Ieftmost subformula may be given in detaiL dD.

X- X^
| / t6

X^ X.^ X
IY IIU i lrzl t4 x,-

t J-o i+
x.

I'TN 2



where the base functions associated with certain gates are not

defined if they depend on D.

Each of the ha(RonRl_oR2) subfonmulae :n6 of the form:

1" 1 *2*, x^x^x- x^
,f, rb

FIG. 4

na(*o oR1rR2 )

where the leftmost subformula ID.

tl
il

4

I

l

and the associated base functions depend on C.



4. Main Result

It remains to be shown how the approximation g to f over

R, ,...,R* , can be used to conpu'te f.r p-r

Lemma. Suppose Rrr...r\ are disjoint subsets of Xn. I'or all f(Xn),

there exist fr(Xn-Rr),...rfk(xn-\) such that en(Xn) = f t O t-t

is an approximation to some function w.r.t. {Rf r... r\}

Proof. This is by induction on k. The lemma holds trivially for k=0"

Let k>0, and suppose the result is true for k-I. Then,

there exist f.|(Xn-Rr)r... rft -t(Xn-FU-r) such that for all j-, lt<i<k,
' k_]

R_. = O * E"_-,,(Xn) = f O @ f- - O

-L N-J .. -r

We define fU(Xn-RO) = 0 if li' l<i<k' *i = o

= g._rlu 
=o 

othenwise

Ir(

rnd n:n rronifrr +hat o has the yaenrrined nnonertv t]ull\f eolr vsr rrJ LrruL 5k Iruu vs rt "r*- -J

Main Theorem

For al_l n, n)1, there is a formula scheme with depth n+l whictr

covers Bn over B,r.

Proof . Schemes for" BrrB, a::e obvious, while for BrrBu expans'ions

can be made about I and 2 arguments respectively to yielC schemes

of deoth 3 and 4. By the previous lemmar anY function f(Xn) may be
o-l-

computed as g .(xn) o ls fj(Xn-R.) where g^ ,(xn) is an-""'r-- "p_l"---' H 1 r -p-r

approximation to some function w.n.t. {RIr...rRo-l}.
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By Theorem 2, any function f(xn) may be approximated w.r.t.{Rtr.." rRn-1}

..-'+1-'-i n zlant-h nw! Lrrrlr uvy Lrr rr.

1ls5 for n>4, there is an approximation fo with depth n and we

need to "add inil appnopriate functions frr...rfp-I where f' has

n-.:n - i- 16r^guments. WheneverDi( 4rafor"mul-aforf is
1r

constructed directly, otherwise the present constnuction is used

recursively to yield a formula of depth n. + I = n - i'

Thus f is expressed as
r-r- f

f^(Xn) o\17 f-(Xn-R.)
1=l

nn :f+an naaqsrlgiatiOn, aSvr t ur Lvr

to@ (t, @ (t, * .., o tp_r))...)

Since f. has depth n-i for i=or...oP-fo this represents a formula
l--

of depth n+I.

Again it is clear that the construction is unifonm and thus

rrr'a'l rl< 2 q.hamo n

5. Restricted Bases

The formufae considered so far have used alt of B, as the basis.

Provided that the basis b permits a scheme to cover B, and contains at

least one function from each of the following three types:

zl Jt

^-type p ^ q

v-type p"' u q'!

@typ. p"' o q

where a starred vaniable represents either the variable or its complement,

the constnuction can be followed more or less as befone' complementing

subformulae as necessary to achieve depth n+2.
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An interesting basis is the set which excludes the two o -ti'pe

functions. In using this unate basis we may ::eplace @ by

p @ q" = p ^ [ .v. p n q

In orde:r to fit in the coz'recting functions efficientlv we

choose a new sequence

("o0o1r"2r...> = 12r2r4r6 r8 tl-Or...>

so that each f. contains 2 fewer anguments than the previous one.

The result is a scheme of dePth n+3.

For b consisting of one ^-type 
function and one v-type

function we can obtain n+4 by taking the unate construction

and conplementing subformul-ae as necessary"

Conjecture. For any b 5 BZ, if ther"e is a scheme over b which

covers B, then there is a constant c such that

for all n there is a scheme over b of depth ntc

which covers Brr.

Fon b = {p u q, p} we haver at presentn achieved no better

than n + 0(1o8rn).

Wemustdistinguishthenotionsofcompletebasesforforntrr};re

and for schemes. For example, b = {NAND} is complete for formulae

but obviously no singleton basis can be complete fon schenes ' hence

the condition on b given in the conjecture'



6. Conclusion

We have described a unifor"m scheme for expnessing all n-argument

Boofean functions in depth n+l, and have matched this upper bound with

a lower bound of n-l under^ the nestriction of unifo::mity' For a basis

of unate functibns only, our upper bound is n+3'

In OUr construction we used a Sequence 1212 r3rq 151.. .)r but a

secuence which grows much faste:: could be used instead. The effect

of the choice of sequence on formula size has not been consid'ered but
n- I n+l

easy counting arguments limit the possible size to within 2" - and 2'-'-

for our: method. Lupanovrs construction [3] yields formufae of sjze

about 2n/Log^n, though not of coul?se using schemes' This raises the
1_

iollowlng:

Open problem :

hol-d when

Doesalowenboundof||n-constant||ondepttistji]

the restriction to schemes is removed?
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