ESCAPE OF MASS AND ENTROPY FOR DIAGONAL FLOWS

IN REAL RANK ONE SITUATIONS

M. EINSIEDLER, S. KADYROV, AND A. POHL

ABSTRACT. Let G be a connected semisimple Lie group of real rank 1 with
finite center, let I' be a non-uniform lattice in G and a any diagonalizable
element in G. We investigate the relation between the metric entropy of a
acting on the homogeneous space I'\G' and escape of mass. Moreover, we
provide bounds on the escaping mass and, as an application, we show that
the Hausdorff dimension of the set of orbits (under iteration of a) which miss
a fixed open set is not full.
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1. INTRODUCTION
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Let G be a connected semisimple (real) Lie group of R-rank 1 with finite center

and I' a lattice in GG. Suppose that
X :=T\G

denotes the associated homogeneous space. Let A be a one-parameter subgroup
consisting of R-diagonalizable elements. Pick an element a € A ~\ {id} and
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consider the right action

T{DC—)DC

T = xa

of @ on X. Further let (i, )nen be a sequence of T-invariant probability measures
on X which converges in the weak™ topology to the measure v.

If v is itself a probability measure (which is always the case if T" is cocompact),
then upper semi-continuity of metric entropy is well-known, that is
limsup hy,, (T) < hy(T).
n— o0

In this article we investigate the case that I' is non-cocompact and v is not a
probability measure. We show that if upper semi-continuity does not hold, the
amount by which it fails is controlled by the escaping mass. More precisely, the
main result can be stated as follows.

Theorem A. Let h,,(T) denote the mazimal metric entropy of T' and suppose
that v(X) > 0. Then

V(X)h_v (T) + $hpn(T) - (1 — v(X)) > limsup hy,, (T).

n—oo

In [KP] it is shown that the factor % is sharp. A consequence of this theorem is
the following result about escape of mass, which is of interest on its own.

Corollary. Suppose that limsup hy,, (T') > c¢. Then

2c
v(X) > ) 1.

Thus, if the entropy on the sequence (p,) is high, meaning at least %hm(T) +e,
then not all of the mass can escape and the remaining mass can be bounded
quantitively.

For X = SLy(Z)\ SL2(R) and T" being the time-one map this control on escape of
mass is already shown in [ELMV12]. For recent results of this kind in different
settings and their applications we refer to [1<12, Kadl2, KIKLM].

In case of equality in the corollary above, Theorem A yields the following con-
sequence for the remaining normalized measure.

Corollary. If limsuph,, (T) > c and

then hu(”x) (T) = hy(T) and ﬁ is the Haar measure on X.
As an application of these results and the methods for their proofs we show
in Section 8 the following observation, thereby answering a question of Barak
Weiss. Its positive solution is already used in [HW13].

Theorem B. Let O be an open nonempty subset of X, and let € be the set
of points in X whose forward trajectories (forward A-orbits) do not intersect
O. Then the Hausdorff dimension of € is strictly smaller than the (Hausdorff)
dimension of X.
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We outline the strategy of proof for Theorem A. The key tool for its proof is the
existence of a finite partition 1 of X such that for each T-invariant probability
measure p on X the entropy of i, the entropy of the partition n and the mass
“high” in the cusps of X are seen to be related as in Theorem A. More precisely,
if X~ denotes the part of X above height s (the notion of height is defined in
Section 3 below), then

hu(T) < hy(T,n) + cs + $hin(T)(Xss)

with a global constant cg such that ¢s — 0 as s — oo. We remark that 7 is
independent of u. To achieve this we use a partition of X into a fixed compact
part, the part X<, above height s, and the strip between the compact part and
X<s. The compact part is refined into very small sets, depending on the width
of the strip, such that this part and the strip do not contribute to entropy.

The entropy of u is estimated from above using the Brin-Katok Lemma, which
reduces this task to counting Bowen balls needed to cover some set of fixed
positive measure. In Lemma 7.4 below we provide a non-trivial bound for this
number. In order to be able to establish this result, we translate the situation to
Siegel sets in G (which is possible thanks to a result of Garland and Raghunathan
[GR70] on fundamental domains), and conduct a detailed study how nearby
trajectories behave high up in the cusp.

These investigations do not use the classification of R-rank 1 simple Lie groups.
Rather we take advantage of the uniform and easy to manipulate construction
of rank 1 symmetric spaces of noncompact type provided by [CDKRII] and
[CDIKRI8] and the coordinate system of the associated Lie groups adapted to
their geometry.

Acknowledgment. We thank the anonymous referees for many valuable com-
ments that helped to improve the presentation of the paper.

2. FUNDAMENTAL DOMAINS IN THE CUSPS

Let A be a one-parameter R-diagonalizable subgroup in G containing the di-
agonalizable element a defining the transformation 7" on X via x — za. Let
C = C4(GQ) denote the centralizer of A in G and let ¢ be its Lie algebra. Let
g denote the Lie algebra of G. Since G is of R-rank 1, there exists a group
homomorphism a: A — (Rsg,-) such that with

g = {X c g‘ Vae A: Ad, X = a(a)%X} g {+1,+2),
we have the direct sum decomposition

(1) g=90g2Pg_1DcDg1 D go.

We choose the homomorphism « such that a(a) > 1. The Lie algebra g is the
direct product of a simple Lie algebra and a compact one. Unless this simple
Lie algebra is isomorphic to so(1,n), the homomorphism « is then unique and
(1) is the restricted root space decomposition of g. If the simple factor of g is
isomorphic to so(1,n) for some n € N, n > 2, then there are two choices for .
Depending on the choice, either gy or g; is trivial. In this case (1) simplifies to

g=9-1DcDg1 resp. g=g-2DcD gy,
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each of which is the restricted root space decomposition of g. The first one
corresponds to the Cayley-Klein models of real hyperbolic spaces, the second one
to the Poincaré models. Define n := go @ g1 and let N be the connected, simply
connected Lie subgroup of G with Lie algebra n. By the theorem concerning
Iwasawa decompositions of G, there exists a maximal compact subgroup K of
G such that

NxAxK—G, (n,ak)—nak
is a diffeomorphism. Let
M:=KnC.
For any s > 0 we set
As:={a € A|ala) > s}.
Moreover, for any s > 0 and any compact subset n of N we define the Siegel set

Q(s,n) = nAsK.

Garland and Raghunathan provide the following result on fundamental domains
for the non-cocompact lattice I' in G.

Proposition 2.1 (Theorem 0.6 and 0.7 in [GR70]). There exists s > 0, a
compact subset ng of N and a finite subset Z of G such that

(i) G =TEQ(s0,m0),
(ii) for all ¢ € 2, the group T NENE™Y is a cocompact lattice in ENETL,
(iii) for all compact subsets n of N the set

{y €T | vEQ(s0,n) N Q(s0,n) # 0O}

is finite,

(iv) for each compact subset n of N containing 1y, there exists s1 > so such
that for all &1,& € Z and all v € T with v£Q(s0,n) N &Q(s1,n) # 0 we
have & = &2 and v € £1NM£1_1.

For the remainder of this article we fix s; > sg > 0, a compact subset 79 of NV
and a finite subset = of G which satisfy (i)-(iv) of Proposition 2.1 with 7 := np.

The elements of = are a minimal set of representatives for the cusps of
X :=T\G,

and for each ¢ € Z, the Siegel set £Q(s1,71) modulo I' N¢ENME™! is a neighbor-
hood of the corresponding cusp of X. In the following we will often identify this
cusp with its neighborhood (I' NMENME~H\EQ(s1,m) € X, and also refer to the
latter one as the cusp represented by &.

3. THE HEIGHT FUNCTION

For each £ € E, we introduce a height function which measures how far a point
x € X is “in the cusp represented by £”. More precisely, the £-height of x is the
maximal value a(a) for an z-representative £nak in G = ENAK. The maximum
over all £-heights gives the total height of z € X. For a coordinate-free definition
of the height functions, we introduce a representation derived from the adjoint
representation. This representation was also used in [Dang4].
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For each ¢ € E we set
L¢ = ENME?

and denote its Lie algebra by [¢. Set ¢ := dim[¢ (which in fact is independent
of £) and let V' be the (-th exterior power of g,

V= /\gg.
Let o be the right' G-action on V given by the (-th exterior power of
Ado ()7': G = End(g), g+ Ad,
hence
0:= /\Z (Ado (-)_1) : G — End(V).

We fix a non-zero element v¢ in the one-dimensional space
¢
Wg = /\ [g

Oc: ENMAE™ — Ry
be the unique group homomorphism into the multiplicative group (R, -) such
that for all g € ENMAE~! we have

veo(g) = be(g)ve
One easily shows that 0¢(g) =1 for ¢ in the connected component of L¢, and

Qg(faf_l) = Oé(a)_(% dim g1 +dim g2)

and let

for a € A. Let

q:= % dim g; + dim go.
We choose a o(K)-invariant inner product (-,-) on V' (e.g. induced by the Killing
form) and denote its associated norm by || - |.

For £ € £, the £-height of x € X is defined as
lvga(g)l)
(2) hte(x) := sup <
‘ leco@)]
If g € G is represented as g = Enak withn € N, a € A and k € K, then by

definition
(Lestol >||> e
[veo(E)l
Hence this value only depends on the A-components of ¢ when represented in

ENAK (= G), of which we may think as an Iwasawa decomposition of G relative
to €.

The height of x € X is

g €@, a:zl“g}.

ht(z) := max { ht¢(z) | £ € E}.
For s > 0 and £ € = we set
X(&,s) :={z € X | hte(x) > s}

lWhen applying o(g) for g € G to v € V' we will write vp(g) instead of p(g)v to stress that
it is a right action.
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(3) Xss = {z € X |ht(x) > s} = | ] X 3).

ez

In the following we will see that the points in X(&, s) correspond to the elements
in the Siegel set £Q(s,n). To that end let Bs denote the open || - [|-ball in V
with radius § > 0, centered at 0. We define

J¢(s) = s lvea(&)Il
Proposition 3.1 (Corollary 2.3 in [Dan&4]). Let £ € E, s > 0, and g € G.
Then I'g € T\I'éQ(s, n) if and only if veo(vg) € Bs,(s) for some v € I'. Further,
if s > s1 and y1,72 € I' satisfy veo(y;9) € B5§(s) for j = 1,2, then veo(11g) €
{£veo(r29)}-

Thus

X(€,s) = I\I'€Q(s, m)
for all £ € Z and s > 0. If s > s1, the supremum in (2) is attained. Moreover,
by Proposition 2.1(iv),

X(&, ) NX(E,5) =0
if £ # ¢ € Z. Hence the sets X(&,s) are then disjoint neighborhoods of the
cusps of X, and the union in (3) is disjoint.

4. COORDINATE SYSTEM FOR (G

Recall that the Lie algebra g is the direct sum of a simple Lie algebra of rank
1 and a compact one. Since the height function is right-o(K)-invariant and
all further considerations are right-o( K )-invariant, we can restrict to g being
simple. [CDKRI1] and [CDKRI8] provide a classification-free construction of all
Riemannian symmetric spaces of noncompact type and rank one. Their results
rely on the choice of a certain coordinate system for real simple Lie groups G of
real rank 1, which allows us to treat all these groups without refering to their
classification. In the following we recall this coordinate system, the one for the
associated symmetric spaces and some essential formulas.

The semidirect product N A is parametrized by
Regxgaxg1 = NA, (5,2,X)—exp(Z+ X) - as,
where we may assume s := «(as). The (left) action of as = (s,0,0) € A on
n=(1,Z,X) € N is then given by
asn = (s,s2,sY2X).

We define an inner product on n = go & g; as follows. Let £ be the Lie algebra
of K. Let 6 be a Cartan involution of g such that ¢ is its 1-eigenspace. For
X,Y € n we define

1
_dimgl + 4 dim go

(X,Y) = B(X,0Y)

where B is the Killing form of g. It is well-known that (-,-) is an inner product
onn. Asin [CDKRII, CDKR98], we identify G/K = NA = R.g X g2 X g1 with

D:={(t,Z,X)p eERxgoxgi|t>1X?}
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via

R>0X92Xgl_>D7 (t7zaX)'_>(t+%‘X’27Z7X)D
We will include the subscript D when denoting elements (-, -,-)p of the symmet-
ric space D to avoid confusion with elements of the group N A. The (left) action
of an element s = (t5, Zs, X5) € NA on a point p = (t,, Zp, X,)p € D becomes
s.p = (Lsty + 51X + $6/%(Xs, Xp), Zs + 15 Zp + 532X, Xp), Xy + 122X,) .

These coordinates of G/K enable us to use [CDIKRII, CDKRI8], and they
simplify some of the expressions below, in particular the one for the geodesic
inversion. To state the geodesic inversion, we define the linear map

J: g2 — End(g1), Zw~ Jz,
via
(JzX,Y)=(Z,[X,Y]) foral X|Y € g.
Then the geodesic inversion o of D at o := (1,0,0)p is given by (see [CDIXRIS])
1

t,2,X)p = 5——=5

(t,.=Z, (=t + J2)X) .

We identify o with an element in K which acts as geodesic inversion on D = G/K
at 0. Then G has the Bruhat decomposition ([CDIKRI8, Theorem 6.4])

G=NAM UNAMoN.
Multiplying this with £ € = from the left and o from the right, we get
G=(NAMoUENAMU

with U := ¢ No. This decomposition provides a coordinate system on G adapted
to the cusp represented by £. The set ENAMo we call the small £-Bruhat cell
and ENAMU the big £-Bruhat cell.

The group M is parametrized by the pairs (p,1) consisting of the orthogonal
endomorphisms ¢ on gz resp. ¥ on g; such that ¢(JzX) = Jy7)¥(X) for all
(Z,X) € g2 x g1. The action of (p,9) € M onp= (t,Z,X)p € D is given by

(0,9).p = (t,0(2),¥(X))p.
By [CDIKR98, Proposition 7.1], [JzX| = |Z||X]| for all Z € g2, X € g1.

5. VARIATION OF HEIGHT

Suppose that the point x € X is of big height and its trajectory stays far out for
some time. In this section, we provide non-trivial bounds on the unstable com-
ponents of a group element g € GG representing x. In Proposition 6.3 below, this
bound implies constraints on the perturbation allowed for x without destroying
the qualitative behavior of its trajectory during this time.

Lemma 5.1. Let a;,ar € A, m € M and n € N with n = (1,7, X) such that
omna; € Na,. K. Then

t
(t+ 3XP)" + |21

r =
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Proof. By Iwasawa decomposition we know that omna; = n’a,.k for suitable
n’ € N, k € K and r € R+(. Suppose that m = (p,1). Applying both omna;
and n’a,.k to the base point o = (1,0,0)p in D, we find

omna; -0 =n'a,k-o=n'a, - o.
In the coordinates of D one easily calculates that

omna; - 0 =
1
= t+31X1% —0(2), (—t = 11X + Jpz) 9(X)) -
ey vize (A J@) ¥0)

Suppose that n’ = (1,2, X’). Then
n'a, o= (r+ 31X, 2", X')

Thus N
o= (t+ %!X\tf + 22 (2= 4P o) 910
e ((t+ ilX|21)2 +2)2)? ( (t+ X)X+ [z ()
=2 (t+ 51X?) (v(X), J¢(Z>¢(X)>)
X 2
G iu‘w’)% 1z
and

r = 1 22 2_Z| | - 1 22 2'
(t+ 11X1?)" + 2] (t+51X12)" + 2]

O
Lemma 5.2. Let £ € Z and g € G. If g = Enagmo withn € N and m € M,

then )
(vaa(gat)H)_E _s
[[vgo (&)l t

If g =¢nasmo(1,Z, X))o withn € N and m € M, then

(va@(gat)|!>‘5 . i |
[veo()] (L + 4 x12)% + |22

Recall the identification of the cusp represented by ¢ € = with the cusp neigh-
borhood (I'NENME~1)\EQ(s1,7) from Section 2. Let us note that the first case
corresponds to a trajectory pointing straight out of the cusp represented by &.
In the second case, the element u = o(1,Z, X)o determines the perturbation
to the trajectory pointing straight into the cusp. If (Z, X)) = (0,0), the second
case correspond to a trajectory pointing straight into the cusp, and the formula

simplifies to
_1
<Hvsg(gat)H> ‘@ _
= st.
lvgo(€)]
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Proof of Lemma 5.2. At first we suppose that g = énagmo. Then
gat = {nagymo = énas/té_lé’ma € (ﬁNAf_l) (ﬁK)

Hence
_ 5\ 4
Ivee(gar)ll = Oe(Eass lleca©)ll = (3) " lleca(©)ll
Suppose now that g = Eénmasu with w = on’c and n’ = (1,7, X). Then (for

some m’ € M)
lveo(gar)|| = s™vgo(€om'noar)|| = s™|Jveo(§om'n'a, o)
= s Y|vgo(Eom/n’ay ).
Lemma 5.1 yields
Jm/n/al/t =n"a,k
for some n” € N, k € K and
1

t
(}+31X1)° + 122

T =

Thus,

|

—q
_ —q ,
lveelgar)l <(%+%|X|2)2+|Z|2> 5 lueo()]

O

The following proposition describes the amount of time a trajectory spends in
a neighborhood of the cusp represented by &.

Proposition 5.3. Let £ € = and g € G. Write § := |jvgo(g)||. If g € ENAMo,
then veo(gay) € Bs if and only if t < 1. If g = &nagmu € ENAMU with
u=o0(1,Z,X)o, then veo(ga;) € Bs if and only if

1 1
te|——1jull,— .
<%|X|4+|Z|2 ) < %|X|4+|Z|2>

If u=id, then (&|X[*+ ]Z]z)_l is to be understood as oo.

Proof. The first part of the statement follows immediately from Lemma 5.2. Sup-
pose now that g = énmasu with u = on’o and n’ = (1, Z, X). By Lemma 5.2,

1 —q
() loge(gar) | = ((% T |Z|2> s ogo(€)]

Applying (4) for r = 1 and r = ¢, we see that

lvgo(gar)|l < [lvee(g)l
if and only if
1 1
< ¢
2 2 ’
L+ 31X +122  (F+3x12)° +|22
which is equivalent to

1 1 1
1— =) (-2 4+ —|X|*+ |27 )
( t)( Ly ixpig) \)<o
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This is the case if and only if

1 1 1 1
ZP+ —|X*< > <1 ZP+ = I1X*> > >1.
||+16||<t< Or||+16||>t>

0

Suppose that [[veo(gar)| = ||veo(vgar)| for some g € G, v € ' and all ¢ in a
non-trivial interval (ie., an interval which contains at least two points). Then
Lemma 5.2 yields that g and g have the same A-component in £ N AK and they
are in the same &-Bruhat cell. If moreover, g and g are in the big £-Bruhat
cell, then also the norms of their U-components are equal. The following lemma
shows that far out in the cusp much more is true.

Lemma 5.4. Let £ € = and suppose that g € G and v € I' are such that

lvge(g)ll = llvee(vg)ll < de(s1)-

Then v € ENME™L. In particular, if g = Enamo resp. g = Enamu with n € N,
a€ A, meM andu € U, then vg = &n'am/c resp. vg = En'am/u for some
neN,m M.

Proof. By [Dan84, Lemma 2.2] (see also Proposition 3.1), for each s > 0 we
have

LeAK = {g € G‘ veo(9) € Bsg(s) } :
Hence g,7vg € L¢§As, K. By [Dans4, Remark 1.3] (with 7 as in Proposition 2.1),
L&A K = (I'N Le)énAs, K.
Hence there exist v1,72 € I' N L¢, hy, ho € nAg K such that
g =mé&h1, g ="128hs.

Therefore
9 € NEQUs1,7m) Ny 172EQ(s1, 7).
Proposition 2.1(iv) yields ’yl_lfy_l’yg € ENME™L Thus, v € ENMEL g

For the proof of the following proposition we recall that the supremum in the
definition of &-height (2) is realized if hte(z) > 5.

Proposition 5.5. Let s > s1 and © € X. Suppose that there exists an interval
I in R such that ht(xa;) > s for all t € I. Then there exists a unique cusp
representative £ € Z and a (non-unique) element g € G with x = I'g such that

1
[vgo(gan) |\
ht(zas) = hte(zay) = <7
¢ loeo(©)]
for all t € I. Moreover, if 1 € I and if there exists t € I with t > 1 and
ht(za;) > ht(z), then g = &na,mu for some r > 0, n € N, m € M and
uw € U. The elements a, and u do not depend on the choice of g. Finally, if
u=o0(1,Z,X)o, then

IX|<2t™* and |Z| <t V/2



ESCAPE OF MASS AND ENTROPY FOR DIAGONAL FLOWS 11

Proof. If y € X and ¢ € = such that ht¢(y) > s1, then there exists h € G such

that y = I'h and )
B vag(h)H)_q
htey) = (H’Uw(é)H |

{ Rsg — R

roo= leo(gar)ll
is continuous, there exists an open neighborhood J of 1 in Ryg such that
ht¢(ya,) > sy for all r € J. For £ € = let

Je :={t € I| hte(zar) > s}.

These sets are pairwise disjoint, open in I and cover I. Since [ is connected,
there exists a unique § € 2 with I = J¢. Thus

ht(za;) = hte(xa,)
for all t € I. For each t € I pick an element g; € G such that x = I'g; and

xra;) = M _%
ez (nvgg(g)n) -

Since the function

Let J; be the set of p € I such that

_ va(gtapnr)-%
ctany) = (Lol )
Then I is covered by the sets J;, and these are open in I by Proposition 3.1. If
Jy and J, overlap for some t,r € I, t # r, then Lemma 5.4 and 5.2 imply that
Jy = J,. In turn, J; = I for each t € I.

The remaining statements follow immediately from Proposition 5.3 and Lemma 5.4.
0

6. COMMON CUSP EXCURSIONS OF NEARBY POINTS

For s > 0 we define
X<s =X\ Xss.
Further we let
ro = a(a)
and recall that ry > 1 by our choice of a.

Each connected component of X of height above s; can essentially be identified
with a Siegel set (cf. Proposition 2.1). For the proof of the main theorem,
trajectories of points x € X are only considered time-discretized by the map
T. In the following lemma we construct a height level s above which we can
identify pieces of these discretized trajectories with trajectory segments in a
Siegel set. More specifically, as soon as we know that two consecutive points
of the discretized trajectory stay above height s > so, then the (continuous)
trajectory segment of the corresponding geodesic also stays above height s and,
in particular, does not visit the compact set X<g,. Then we construct a second
height level s3 > s9 such that any discretized trajectory entering X s, can locally
be identified with a continuous trajectory segment in the Siegel set. In Section 8
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below this will be crucial to effectively determine the behavior of nearby starting
trajectories. Of special importance for Section 7 below is the item (v) of the
following lemma, which states that if we start to descend somewhere high in a
cusp, then we actually descend up to below height ss.

Lemma 6.1. There exist s3 > so > s1 such that we have the following proper-
ties:

(i) If # € Xss,, then ht(zas) > 2s1 for all t € [ry", o).

(ii) If s > s9 and x,Tx € Xss, then ht(zay) > s for all t € [1,79].

(iii) Let s > s3. If v € X<y, and Tz € Xss for some j € N, then there
exists n € {0,...,7 — 1} such that ht(T"z) < s3 and ht(za;) > s2 for all
tery,rll.

(iv) Let s > s3. If v € Xss and TVx € X<y, for some j € N, then there exists
ne{l,...,j} such that ht(T"z) < s3 and ht(xza;) > sy for all t € [1,7(].

(v) Let s > s3. If v € Xs5 and Tx € X<, then there exists n € N such that
T"z € X<y, and Trz € X<s forallk=1,...,n

Proof. We will choose sa > s1 below. Let x € X~4,. We wish to prove that
xa; € Xsos, forall t € [7‘0_1,7‘0]. Since sy > s1, there exist by Proposition 3.1 a

unique £ € = and an element g € GG such that x = I'g and

- (28

Further, for all ¢ € [ry !, 7], we have

o g ()

However, now it is clear that if sy is sufficiently big® or equivalently |[vgo(g)]| is
sufficiently small, this will force ||veo(gay)|| for ¢ € [ry*, 7] sufficiently small to
get the claim in (7).

For the proof of the remaining properties we will use the (quite natural) mono-
tonicity properties of the functions appearing in Lemma 5.2. So assume that

) — (o) <u%g<m>—q>sl

lvge(€)l

for x = I'g (with the cusp representative { and F-v¢p(g) uniquely determined by
Proposition 3.1). If ¢ = énagmo is as in the first part of Lemma 5.2, then the
trajectory comes straight out of the cusp. Hence ht(za;) = ¢ is monotonically
decreasing until it reaches the value s; (at which point Proposition 3.1 will not
apply any longer). In the more general case, if g = Enasmo(1,Z, X)o is as in
the second part of Lemma 5.2, then the height of xa; is given by the formula
1
ht(zar) = s- B - ; | X4
(PP +12e Ledixp+ (1zp+ 5
at least for all ¢ for which the right hand side is > s1. If X =0 and Z = 0 the
right hand side equals st and the orbit points straight into the cusp. However, in

2A more careful analysis using Lemma 5.2 reveals that sy > 2rgs; suffices.
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general the right hand side has a unique maximum, is monotonically increasing
left to the maximum and monotonically decreasing to the right of the maximum.

Property (i) and these monotonicity properties imply (ii).

We choose s3 in the same way as so but with sy replacing s in (i). Assume
now s > s3, ¢ € X<g, and Tz € X~ for some j € N. We choose the maximal
integer n < j with ht(T"x) < s3. By our choice of s3 we have ht(za;) > 2s9
for t € [rg_l, 7‘6“'1]. Using the above monotonicity properties now implies (iii).

Property (iv) follows in the same way using the first n < j with ht(7"z) < ss.

Property (v) follows directly from the monotonicity properties. O

Given a point x € X whose orbit stays near the cusp represented by £ for the
next S steps, Proposition 6.3 below provides non-trivial constraints on small
perturbations of x which do not destroy the qualitative behavior of the orbit for
these next S steps. The following lemma is needed for its proof.

Lemma 6.2. Let DY be a bounded subset of U. Let € € Z and g = éna,mu € G
withn € N, a, € A, m € M andu = o(1,Z,X)o € DV. Suppose that

_1 _1
<||U§Q(gat)\|> T <\|v§9(9)||> ‘
lvgo(6)] lvgo(6)]
for some t > 1 and A\ > 0. Then there exist c1,co > 0, only depending on DY
and X\, such that

1X| <ert™ and |Z] < ept™V2.

Proof. For A > 1, the statement is already proven in Proposition 5.5. So suppose
1> A > 0. Invoking Lemma 5.2 we find

1 1 2 ? 2
(5) t <—+Z|X|> +121| < 5 .

1 2
1+ - |Xx? Z|?
: (1+51xP) +12

Thus,
1 1 S| 1 2
- - 2 - - 2 -1 2
t<t+4yX\> </\<1+4\Xy> + (A 2.

For t > A~!, it follows that
11 2 1 2
t=+=|X? A1+ 2 1Xx)2) .
<t+4u)< <+4H>

A1)z — 1
)z -1

t2 — A~

Therefore,

1
t 2.

IX? <4

[NIES

Hence, for t > A™! + 1,we have
1X| < cit™a

for some constant ¢; > 0. Since |X| is bounded, by possibly choosing a larger
¢1, this estimate holds for all ¢ > 1. To deduce the bound for |Z] we note that
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(5) yields
1 2 11 ?
=1y 72 -1 Liviz) A (r w2
t—=A")Z]" <A <1+4|X|> t<t+4|X|>
1
<A1+ Zcf)z = c3.

Suppose that ¢ > A™! + 1. Then
C3 C3 —1
7P < = t L.
1] t—A"1 11— (N)!

The factor in front of ¢! is bounded. Thus,

|Z] < ct™2

for some constant ¢ > 0. As before, since |Z| is bounded, this estimate holds
for all £ > 1 after possibly choosing a larger co. This completes the proof. [

Let d be a the left-G-invariant metric on G induced from a left-invariant Rie-
mannian metric that is induced by an inner product on g. For r > 0 let BY
denote the open d-ball in G centered at the identity of G with radius r. For
x > 0 let DY denote the subset of U consisting of the elements u = o (1, Z, X))o
with |Z| < x and |X| < &, and let DNAM := B¢ 1 NAM. Further let

(6) D, := DYDNAM,
Then D, is open. We choose k > 0 such that for all h € D, we have
—q
_ S1
7) el let i < (2)

We consider k to be fixed throughout and will shrink it if necessary (e.g. in the
paragraph before Lemma 7.3).

Proposition 6.3. There exist c3,cq > 0 such that the following holds: Let x € X,
S €N, h € D, be such that ht(T’x) > so and ht(T7(xh)) > sg for j =0,...,5,
ht(T9z) > ht(x) and ht(T°(xh)) > ht(xh). Suppose that h = o(1, Z, X)ona,m.
Then
| X| < CgTO_S/4 and |Z| < C47‘0_S/2.

Proof. By Lemma 6.1 we have ht(xa;) > sy and ht(xha;) > sp for all ¢ €
[1,7’(39]. Since s9 > s1, Proposition 5.5 shows that there exist a unique cusp
representative £ € = and an element g € G such that x = I'g and

:Eazw_%
i) <H%MOH>

for all t € [1, rg |. Moreover, there exist a unique cusp representative {; € = and
an element g1 € G such that xh = I'g1h and

me@ﬁwﬂ)ﬁ
ves (€]

for all ¢ € [1,75]. In the following we show that ¢ = ¢; and that we can choose
g1 = g. We have

lveo(ghay)l| = [lvee(garar—rhar)l| < llvge(gar)l - [|e(a—1har)|.

ht (whay) = <
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Now, a;-1ha; € D, for t near 1, say in the non-trivial interval I. By (7), for

t € I this yields
—q
S
nm%lmmus(i) .
59

Thus, for t € I,

—q —q
WMQMMHSWw@%M<%> <(ﬂ) 55 leco(©)]

52
= 51 "Jlveo(©)]-
Hence, for t € I,
1
b _1
(Lot
[vee(€)

The uniqueness of & yields & = £. Moreover, we can choose g1 = g for t € I.
As in the proof of Proposition 5.5, we see that we can choose g1 = ¢ for all
te[1,r5].

Proposition 5.5 shows that ¢ € ENAMU, say g = &ngar,,miu; with u; =
o(1,7y,X1)o, and that

(8) 1X1| < 2rg™* and | Zy] < g

Suppose that h = uanga,,mo and set hg := nza,,ma. Then

Jecola)] = ueetguato)] < ueetaua)loth)] < locetgun)] ()

and
lvee(guza®)l| = [lvee(gha®a™hy"a®)|
—q
-8, — 5
< eeloha® (15" < ecetona®)) ()

This yields
SVIN ~ ¢ SYI\ "
<Mﬂﬂ£ﬂ> >&@&&@ﬂ> — Ly (zha®)

82

|veo(€)]| |veo(9)]] 59
st peon St (veelghl 7o
> 5 ) @(me®H>

_1
><ﬂ>2<wwwwm> q
=) Uleee@l
Let ug = o(1, Z3, X2)o. Then

UL U2 = 0’(1,Z1 + Zy + %[Xl,XQ],Xl + XQ)O'.
From (8) and ug € DY it follows that
‘Xl +X2‘ < ’Xﬂ + ’Xg’ < 2+ K.

Moreover, using triangle inequality and [Poh10, Lemma 2.12, Proposition 3.3]
we find

|Zy + Zo + 3[X1, Xo)| < |Z1| + | Zo| + 4 X4 || Xa| < 1+ 2k,
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Thus, ujus is contained in the bounded set DY , . Note that this set only
depends on k. Then Lemma 6.2 gives

]X1+X2]<clro_s/4 and ]Z1+Z2+ [XlaXQH<02T()S/27

where the constants ¢, ¢y only depend on si, s2 and k. It follows that

1] < erry ¥ X ] < (e + 2 O
and
| Zo| < |Z1 + Zo + 5[ X1, Xo]| + | Z1] + 4] X1]| Xz
< eorg ™ 41y 5P 4 (e + 2y,
This completes the proof. ]

7. ESTIMATE OF METRIC ENTROPY AND PROOF OF THEOREM A

This section, in which we prove Theorem A, can be understood independently
from the previous ones if one is willing to accept the following facts previously
shown: The height level s3 is chosen such that the connected parts of X~ g, (thus,
cuspidal ends of uniform “length”) can be identified with (I'N P)\C, where C' is
the cylindrical set C' = {A,, NK at the cusp represented by & of the considered
end and P is the corresponding minimal parabolic subgroup in G. In particular,
this means that connected parts of geodesic trajectories in X4, can be identified
with any representing geodesic trajectories in C. As a consequence we know (see
Lemma 6.1) that (discretized) geodesic trajectories in Xs s, which start to move
out of the cusp actually descend to below height level s3, and geodesics in X
which move from one of these cuspidal ends to another one necessarily have
to pass through the compact part X<g,. Moreover, if the trajectories of two
nearby points z,zh in X (h € G) stay together near a cusp (meaning in the
same connected component of Xs;,) for “time” ¢, then the unstable component
of h is restricted (up to a multiplicative constant) by t~1/2 in the direction of the
long root and by t~/* in the direction of the short root (see Proposition 6.3).

Let M;(X)T denote the set of T-invariant probability measures on X. Let u €
My (X)T and suppose that P is a partition of X (consisting of measurable sets).
We denote the static entropy of P with respect to p by

(9) ==Y u(P)log u(P).
Pe?
For n € Ny let

0=\ T7P={P,NnT'P,Nn..nT"P;, | P, € P}.
j=0
Then
inf H (e

P) =
neN N
, P) with respect to p. Finally,
P)
P)

(T,

is the dynamical entropy of (T
hu(T') = sup{hy(T,

= sup{h,(T

| P partition of X, H,(P) < oo}
| P finite partition of X}

I
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is the (metric) entropy of 7" with respect to p.

In our set-up there exists a unique maximal entropy measure for 1. We provide a
reference for this statement and recall how to calculate its value in the following
proposition. Set p; := dimg;, p2 := dim g2 and recall that a = a,,.

Proposition 7.1. The mazximal entropy of T is achieved by the Haar measure m
on X and is given by

hun(T) = masc{h, (T) | € Mi(0)7} = (B +p2) log ro.

Moreover, the Haar measure is the only T-invariant probability measure that
achieves this mazximal entropy.

Proof. The statement follows from a combination of the proposition in Sec-
tion 9.3 in [MT94] and Lemma 9.5 and Proposition 9.6 in [MT94]. If G is
algebraic, a more accessible reference is [[11.10, Theorem 7.6]. Note that

—logdet (Ady g yeg.,) = (12

1 .
5 +p2) 0g 70

For r > 0 we call
L1
(10) By, := By(r) = () @Bfa
j=0
a (forward) Bowen L-ball in G with (radius) parameter r. Further, any subset
of X of the form

(11) xBr, = xBr(r)

with z € X is called a Bowen L-ball in X with center x and (radius) parameter
r.

Through the work of Brin—Katok [BI{&3] it is well known that entropy is strongly
related to the decay rate of the measure of Bowen L-balls. For the Haar measure
this can be established quite directly and in the following strong form (which
will be used in many covering arguments below).

Lemma 7.2. Let r > 0 be sufficiently small (depending only on G) and L € N.
Then . .
lem Ge—hm(T)L < m(BL(T)) < lem Ge—hm(T)L7

where the implied constants only depend on G and a.

Proof. Recall from (6) the definition of D,. We find ri,79 > 0 (uniform for
small 7) such that
Dy © By C Dy

Then
L—1 ‘ ' L—-1 L—1
D(L)(rlr) = m @ Dypa~? C Br(r) = ﬂ aJBGN_J C m a]DT ra
=0 =0 =0

One easily checks that
DL (r) = ~L—1D7IGJ(~1—(L—1)DT],VAM
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and
dL—ngd—(L—l) - {U(lysz)g 1Z| < rrO_(L_l)/2, 1X| < WO—(L—1)/4}.

Let du,dn,da and dm be Haar measures on U, N, A and M, respectively, and
let dg denote the Haar measure on G. With appropriate normalizations we have
([Hel00, Chapter I, Proposition 5.21], and [HelOO, Chapter I, Corollary 5.2] for
the change of order of integration)

/f(g)dg:/ f(unam)dudndadm
G UXNxAxM

for all f € C.(G). Further, we recall from [[el00, Chapter I, Theorem 1.14] that
if the support of f € C.(G) is contained in the canonical coordinate neighbor-
hood of G, then

(12) [ st0rs = [ espwyaen (155 ) aw

where dW is the Euclidean measure on g which coincides with (dg)iqg.

We now use the coordinates (Z, X)) € go x g1 for the Lie algebra u of U. Since u is
two-step nilpotent, the Jacobian determinant in (12) (applied for G = U) equals
1 for all W € u. With an appropriate global constant ¢y, the Haar measure du
is then

my(f) ::/Uf(u)du:cU/f(J(l,Z,X)a)dZdX.

Thus,
my <dL—1D7y&—(L—1)> — cprdimUg=hm(T)(L-1)

Hence

m(D(L)(rlr)) — CUT(IiimUrdimUe—hm(T)(L—l)mNAM(D7{\1/;4M)7

where myan = dn ® da ® dm. We may assume that DT],V AM — BT],V AM  For
sufficiently small r > 0, the parameter space in n X a x m for the set D,{V AM g
the spherical normal neighborhood V; = {W € nxaxm | |[W| < r} (see [HelO1,
Chapter I, Proposition 9.4]). On this neighborhood, the Jacobian determinant
(12) (applied to G = NAM) is bounded from above and from below by some
positive constants. Hence, (12) yields

,r,dim NAM dim NAM

DNAMY <y

< myam(

This completes the proof. O

We pick A > 0 such that rA is an injectivity radius of X<, and use it throughout
as radius parameter for Bowen balls. Recall the set D,; and the choice of k from
(6)-(7). We may choose A so small such that BY C D,.

In Lemma 7.4 below we will estimate how many Bowen L-balls are needed to
cover P € nOL_l, P C X<g,, for certain partitions 1 of X.

Lemma 7.3. Let s > s3. Then there exists kpue € N such that whenever
z € Xsy satisfies Tx, ..., Trx € X<s N Xssy, then k < kppgg.
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Proof. Let x € X< be as in the statement of the lemma. Lemma 6.1 and
Proposition 5.5 show that there is a unique £ € = and some g € G such that

Fg =z and
rap) = lveo(gag)||\ "4
ht(zaz) ( Toeo©)] >

for t € [1,r§]. We suppose first that g = &na,mo for some n € N, r > 0 and
m € M. Then ht(za;) = % for t € [1,7f]. Therefore s > ht(T'z) = ;- This and
ht(T*z) = & > s3 yield

srg

S3

T
log 5 o log '
logrg = logrg

Now we suppose that g = &na,mo(1,Z, X)o for some n,(1,Z,X) € N, r > 0
and m € M. For t € [1,7}] we have

t_l

ht(zay) =7 - .
(11 + 51X[2)° + |22

Then ht(za;) > s3 is equivalent to
(13) 0> (' =A) (' =Ay)

where

1/1 r 1/1 r\2 1
M= — [ oIXP— = )£/ (21X = =) — ([ =|x[4+122).
* 2(2‘ | 53> \/4 <2’ | 33> <16‘ I+ ‘)

Since ht(x) > s3, (13) is satisfied at least for ¢ = 1. Therefore, the roots Ay are
real and

A_;_ >1> M.
From Ay > 1 it follows that
)
2
In turn, A_ > 0. Now ht(T%*x) > s3 implies
1
(R A (5 - 4R) - Gl iz

k _
ry < A
o w1 X[+ Z]?

From s > ht(Tx) it follows that
1 2
r < 1os [(7’0‘1 + Z!X\2> +12)?

_ 2
yot < Tos (g AN 412
53 161 X[* +1Z]?

Therefore

_ s g 5 XPP | ros

T sy X[+ |2
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From ht(z) > ht(T'z), a straightforward deduction yields
Ly 2 _ -1
Hence,
ro ! + 3| XP
LIX[T+ 2P

is bounded from above (independent of z), and so is A_'. This completes the
proof. O

In the following, for s’ > s > s3 we define various numbers which vary with s
and s’

Let ¢ denote the maximal number of T-steps between X+ and X<g,, that is,
(14) :=max{k e N |3z € Xoy: Tx,...,T"x € Xus, N X<y, TFMa € Xy, }.

We note that this maximum exists by Lemma 7.3. It equals the maximal number
of T-steps between X<, and X~ in the sense that

(:=max{k € N| 3z € Xayy: Tx,...,T"x € Xsg, N X<y, TF 2 € Asy},

which follows since all sets of the form X<; or X-; are invariant under ¢ and
since cao = a~'. We note that the maximal amount of time a trajectory can
spend continuously within Xs s, N X<, is then bounded by 2¢+5 (corresponding
to a trajectory that reaches about height s and then returns to X<g,), i.e. that

max{k e N|Jz: 2,Tx,..., T"z Xsss NX<s} <2045

We define ¢ in the same way using s’ in place of s.

Let s > s3 and L € N. Let n be a finite partition of X of the form
n= {x>87x>83 mxS&Pl)"' 7Pr}

with P; C X<y, fori =1,...,7. For any P € nf~" we define
(15) Vpi={jef{0,...,L—1}| TVPC Xy} .

For brevity we use the notation
[m,n) :={m,m+1,...,n—1}
for an interval of integer points with endpoints m <n € N.

An interval k 4 [0, K) C [0, L) of a trajectory of a set P € n&~
excursion into X~ (of length K) if

! is said to be an

TP C Xoy, TFP,...,TFE-1PC X,
and either TFTXP C Xy or k+ K = L.

Clearly, Vp is a disjoint union of intervals which are excursions into X~g.

For the statement of the following lemma we remark that X< is compact by
[Dan&4, p. 27]. Further we recall that A is the parameter used in the definition
of Bowen balls, and that Bf C D,.
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Lemma 7.4. Let s > s > s3 and define (,0' as above. Let X' € (0,)\] be
such that roX is an injectivity radius of X<y . Suppose that n = {Xss, Xssy N
X<s, P1,..., P} is a finite partition of X such that diamT?(P;) < X for each
j=0,...,20' +5 andi =1,...,r. Then for each L € N and P € 775_1 with
P C X<, the set P can be covered by

Cmehm(T)Zme%hm(T)|Vp|

Bowen L-balls. Here the constant ¢ only depends on G,rg,s1,s9 and X. The
constant m (not to be confused with the Haar measure m) is the number of
excursions of P into Xsg.

We note that while the partition 7 is (in a strong way) adapted to the heights
s,s’, our definition of Bowen L-ball does not depend on s, s’.

Proof. Let P € nOL_l with P C X<s,. We decompose Vp into a disjoint union of
excursions into X~ s. We denote those intervals that contain excursions into X
by V; = [kj, k; + K;) and their union by

(16) V= Vj=Tkki+ K1) U.. Uk, km + Kp) C Vp.
j=1

We may suppose that k1 < ko < --+ < ky,. We note that each of those excursion
Vj is contained in an excursion V; = [nj,n;+h;) C [k; — £, kj+ K;+£) into X, .
We define V = be:l f/j (which is disjoint union). Analogously, we decompose
W :=1[0,L) ~ V into a disjoint union
m+1
w=Jw,
j=1

where each W; is a maximal subset of W of the form [l;,1; + L;) with 0 =1; <
lp <+ <lpt1. The set W41 might be empty. It follows that [0, L) is the
disjoint union of W1, Vi, ..., Vi, Wi41 in that order.

... V] ...

FIGURE 1. An excursion Vj into X-, containing an excursion
into X~ ¢ and contained in the excursion V; into Xs,.

For R running iteratively through ||, |W; U‘~/1|, .o (WU ViU.. .UWme/m|,
(Wi uWViU...UW,, UV, UW,, 41|, we now show that the number of R-boxes
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with center in P needed to cover P is bounded by

Cj—le%hm(T”f/lU...Uf/jfl‘

for R € {|W1U‘~/1...UWj|,|W1U‘~/1...UW]'_1U‘~/J'_1|},j =1,...,m+1, where
c is a constant depending only on G,a, s1,s2 and A, but not on s or s’. We
determine ¢ in (21) below.

The step corresponding to adding W;: Note first that even though an interval
W; = [l;,l; + Lj) may contain one or more excursions into X, it does not
contain an excursion into X~ . Each of the excursions into X~ is of length at
most 20’ + 5.

Suppose now that we have already found (at most)
(17) Cj_leéh’rn(T”VlU'”UVj*l‘

Bowen [;-balls with center in P whose union contains the given element P €
néfl. If 5 = 1, and hence [; = 0, we may define a Bowen 0-ball as a Bowen
1-ball and the claim on the covering number is trivial. We claim that 7% (P),
..., Tl+Li=1(P) being contained in X<y implies that 7% P is so small such that
if P is covered by the Bowen [;-balls with centers z1,...,z, € P, then P is
already covered by the smaller Bowen [; + L;-balls with these centers.

The choice of N, ¢/ and 1 implies that any element @ € n with @ C X<, is
contained in

k
(18) w(a'Bga™
i=0
for k < 2¢/ +5 and for any w € Q as long as Q,T(Q),...,T*(Q) C X<y.
A simple induction shows that Q € 775/_1, @ C X<s;, belongs to the “small”
Bowen L'-ball (18) (defined with the radius \') with k = L’ — 1 if it is known
that Q,7(Q), ... ,TL/_I(Q) C X<y. This applies to the partition element @
containing 7% (P) and L’ = L;, and shows that T% (P) is contained in
Lj—1
(19) w (] @BSa™’
i=0
for any w € T%(P). Let rB); be one of the Bowen balls used in the cover
associated to (17). Set w := xa@l. From zal € X<, and the choice of N < \ it
follows that
Lj—1
PnaB, C ((a:dlj) () aBSa~' N (zd')a " Bljalj)a—lj
i=0
Lj—1
C (@a)( () @BSa na™hB,ab)a ™ C By,
i=0

Note that n; = l; + L;, which is the starting point of ‘7] for j < m. Thus, P can
be covered with the same number of Bowen n;-balls with center in P as with
Bowen [;-balls, so that (17) is still an upper bound for the necessary number.
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The step corresponding to adding ‘7] Suppose now that we have already found
(17)-many Bowen n;-balls with center in P whose union covers P. Let xB,; be
any Bowen nj-ball used in this covering. Define

E = {y € zBy;,

Ty € Xey,, Ty, . .. [ Trathi—ly o Xs sy } .

Then PNzB,, C E. If y € E, then there exists g € By, with y = xg. This
implies h := a " tlga"~t = 0(1,Z,X)og’ € B for some bounded (with the
bound only depending on G and \) ¢ € NAM and o(1,Z,X)o € U. Set
a' :=T"% 'z and ¢/ := T™ 1y so that v/ = 2’h. Moreover, we have

Tl ... Tha' € Xogy, 2/ € Xcgy N Ay,
Ty, ..., Thiy € Xssyy Y € X<sy N Assy.
Applying Proposition 6.3 to x’,y’ shows that
(20) 1Z| < eary ™ and X < egrg ™t
. . L . (BL 4 22)p
We claim that this bound implies that we can cover PNz B,,; with < crg* 2

many Bowen [;i-boxes with centers in P (recall that ;11 = nj + h;). Here ¢
is some constant that does not depend on s, s’.

To see that notice first that (20) implies that a~["/21hal?i/?] is still bounded
uniformly in y and j. More precisely we may accomodate the constants c3, ¢4 by
finding some absolute integer b > 0 (depending on 7, c3, c4 and ) such that (20)
implies that a~ Mﬂ'/sza(l, Z, X)ad(hf/ﬂ_b € Bf. Note that we also have

for some constant ¢’ > 0 that only depends on the choice of the Riemannian
metric on G and b. Together we see that g € B, actually belongs to the
Bowen (n; + [hj/2] — b)-ball B" defined by the radius (1 + ¢)A. Define B”
to be the Bowen [;;i-ball defined by the radius A/2. Let now yi,...,y, €
PNzB’ be a maximal collection of points for which the sets y1 B”,. .., y,B" are
pairwise disjoint. By definition we have y1B” U --- Uy,B” C xB’'B"”. Also note
that B'B” C B®), where B®) is the Bowen (n; + [h;/2] —b)-ball defined by the
radius (3/2 + ¢)A. With the lower and upper bounds for the Haar measure of a
Bowen n-ball of the form ce™ (1) from Lemma 7.2 for two values of ¢ (which
depend on the radius used) we obtain

3
(21) . < 7:;53(”))) < e ()54 T /2] =0)Hhon (Tl 1
Finally note that by maximality of the collection y1, ...y, it follows that PNz B
is covered by y1 By, 1, - - ., Y¢Bi,,, which gives the claim (by recalling that [;41 =
’I’Lj + hj)
Finally note that the bound (17) for j = m (if W,,,.1 = 0) or for j = m+1 gives
the conclusion of the proposition since |V;| < |Vj| + 2. O

Proposition 7.5. For all s > s3 there exists a finite partition n = {Xss, Xss5 N
X<s, P1,..., P} of X such that for each T-invariant probability measure p on X
we have

Pu(T) < Bu(Tm) + o+ Fhn(T) (1= (X))
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Proof. Using the ergodic decomposition of T-invariant measures we may re-
strict to ergodic T-invariant measures. Also note that every T-orbit visits X<,
(Lemma 6.1(v), which also holds for T~ in place of T'), so that we have

01 = /L(:X:§83) > 0.
Let s’ > s. Define ¢ as in (14) and let

¢ = min{k e N| 3z € Xeyy: Tz € Xy}
Let n = {Xss, Xss; N X<s, P1, ..., P} be as in Lemma 7.4.

We will show the proposition using [BI{83], more precisely in the form of Lemma B.2
in [ELMV12]: There it is shown that for any small § > 0, the entropy of u is
the limit as A — 0 of

lim inf log NA(9, L) ,

L—oo L
where Ny (9, L) is the minimal number of Bowen L-balls, with A being the pa-
rameter used in the definition, that are needed to cover some set of u-measure 6.
However, there is one important difference between our definition of Bowen L-
balls and that of [BIK(83]. In the latter, one takes the intersections of pre-images
of A-balls within X. In our definition of Bowen L-ball we took the intersection
in the group, which results in general in a smaller set (namely in those cases
where the orbit ventures near the cusp). As we are seeking an upper bound of
entropy, we may use [BIK&3] also together with our definition of Bowen L-balls.
This has the advantage that we do not have to take the limit as A — 0. Within
the group a bounded number of translates® of Bowen L-balls defined by A > 0
can be used to cover a Bowen L-ball defined by N > 0, and as L — oo this
difference becomes unimportant.

By ergodicity U]O'io T7X<g, has full measure. Hence there exists M with

M-1 S
—j 1
]:

The intersection of the preimage of this set under TF with X<s, has measure
at least 01/2. It follows that there are infinitely many L (of the form L' + j for
some j € [0, M)) for which

01

2M°

We now proceed making Y7, 1= X<g, N T~ #X <, smaller, taking care that the
resulting sets have measures that do not approach zero, and obtaining more
information on the smaller sets.

,U(x§83 N T_Lx§83) >

Since p is ergodic, the value h,(T,n) has the following interpretation: for every
e > 0 and every sufficiently large L there exists a set Z, . such that its measure

is bigger than 1 —¢ and Zr, . can be covered with elhu(Tm)+e)L glements of ng_l.
We choose € = min(é, f—]b[), and take the intersection Y/ =Yz N Zr .. We now

SLet A < N. If ¢1BL(M\/2),...,95B1()\/2) is a maximal collection of disjoint left trans-
lates for some g1,...,9» € Br()\), then b < M
m(Br(A/2))

Lemma 7.2) of L and Br(\') C g1BL(A)U---U g B ().

is bounded independently (see



ESCAPE OF MASS AND ENTROPY FOR DIAGONAL FLOWS 25

know that p(Y}) > 4‘5—]\14 and that Y] can be covered with eu(Tm+3)L elements
of néfl.

Finally, we may make Y] again a bit smaller to ensure that the ergodic averages
for the characteristic function X are correct up to an error of (3sh,,(T))~! and
for sufficiently large L. More precisely there exists a subset Y/ C Y/ (obtained
by intersecting Y, with a set of near full measure) with p(Y;") > 6 = 5‘5—]%4 and

some Lo such that for all L > Ly and all z € Y} we have

13 1

— Tiz) — pu(X <.

I 2_% xa, (') = p(o0)| < g
In the following we assume L > Lg. Now apply Lemma 7.4 to each of the
partition elements of 775 ~1 obtained earlier. Notice that for each of the partition
elements we have m < %. Finally, notice that the above ergodic sum is constant

on each P € nf~!. For those P that intersect Y}’ we then have
1
Vi X — L.
| P| < (M( >s) + 3Shm(T))

Thus, Lemma 7.4 together with the above covering estimate on Y] implies that
Y/ can be covered with Nj, Bowen L-balls, where

Ny < e(hu(T,n)Jrg%)L(cehm(T)@)#e%hm(T)u(x>s)L+6%L.
Choose s so big such that (log c-+hy, (T')¢)/¢" < &. This implies the proposition.
O
We now restate and prove Theorem A from the introduction.

Theorem 7.6. Let (1) be a sequence of T-invariant probability measures on X
which converges to the measure v. Then

=
8
>
N
3
_|_
D=

hn (T) (1 = v(X)) > limsup hy, (T),

Jj—00

(T) if v(X) = 0.

where it does not matter how we interpret h,,('?x)
Proof. Pick s > s3 such that v(0X<s) = 0 (this holds for all but countably many
s). Let n = {Xss, Xs5,NX<s, P1, ..., Py} be a partition of X as in Proposition 7.5
such that v(0P;) = 0 for j = 1,...,r. Let € > 0. Suppose now that v(X) > 0.
By definition of entropy we may fix m € N such that

1
h v (T —H v (nm !
()+6>m (")

v(X) v(X)
and
2e1
m
Then using (9) we get

1
V(X)h e (T) +26 > —— > u(P)logu(P).
Peﬁgkl

Note that this holds trivially if v(X) = 0.

1
< and — —logv(X) < e.
m

N ™
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Let
m—1
Q= ﬂ T7FX,.
k=0
Since
S wiP)logpi(P)=F DT w(P)logu(P),
Peng "\{Q} Peng'"\{Q}
we find jy € N such that for all j > jo we have

1 1 m—1
- > u(P)logw(P) - EH“J'(% )
Peny!

<SS (P logps(P) — v(P)log ()
Peng~"\{Q}

n %| 15(Q) log 15(Q) — v(Q) log v(Q))|

This and Proposition 7.5 yield
1 i
V(0h e (T) 43¢ > — Hy (') = by (T,1)
> Ty (T) = 5 = 5hm(T) - (1= p1;(X<s)).

N
—~
ks’

=

N
—~~

N
~
_l_
D=

hon(T') - (1 — V(DCSS)) + 3+ % > limsup hy,, (7).

j—o00
Letting € tend to 0 and s tend to infinity, it follows
v(X)h g (T) + Shin(T) - (1= v(X)) > li;rii:p A, (T).

O

As an immediate consequence of Proposition 7.1 and Theorem 7.6 we obtain the
corollaries stated in the introduction.

Corollary 7.7. Let (11j)jen be a sequence of T-invariant probability measures
on X such that liminf; o hy, (T) > c. Let v be any weak™ limit point of (i)
Then

2c
X) > —1.
Moreover, if
2c
X) = -1>0
then hu("x) (T) = hm(T) and ﬁ is the Haar measure on X.
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8. HAUSDORFF DIMENSION OF ORBITS MISSING A FIXED OPEN SUBSET

In this section we prove Theorem B from the introduction, which is an appli-
cation of Theorem 7.6 and the methods for its proof and answers a question
by Barak Weiss about the Hausdorff dimension of the set of all orbits which
miss a fixed open subset of X. We note that for a compact quotient this is a
simple corollary of semi-continuity of entropy and uniqueness of the measure of
maximal entropy. In the presence of cusps, the methods of this paper become
relevant. We also note that related results have been obtained by Shi [Shil?2]
but to our knowledge these do not provide the following results as corollaries.

Let O C X be a non-empty open subset. Let & denote the set of points in X
whose forward-A-orbits do not intersect O, that is
E={zeX|Vt>0:za ¢ O}.

In the following we will show that & cannot have full Hausdorff dimension as
claimed in Theorem B of the introduction. Instead of Theorem B we will prove
a (stronger) discretized version. To that end we now define T using a = a,
(e = exp(1)), so that

T:X =X, xz+— za,
denotes the time-one (discrete) geodesic flow. Note that then the maximal

entropy of T is
hon(T) = 5 + 2.
‘We consider the set

& :={reX|VneNy: Tz ¢ O}.
Then Theorem B is implied by the following

Theorem 8.1. The Hausdorff dimension of & satisfies dimy & < dimX =
dim G.

For convenience we recall the following definitions, adapted to our current set-
up. For r > 0, the open ball in G centered at the identity of G with radius r is
denoted by BY. For L € N, the Bowen L-ball in G with radius parameter r is

L-1
Br, =Bp(r) = ﬂ alBSa; 7.
§=0
Finally, for each x € X, the Bowen L-ball in X with center x is
xBr, = xBr(r).
Strategy for the proof of Theorem 8.1: We cover & by countably many (small)
bounded open sets, say by A(n),n € N, and estimate the Hausdorff dimension
of each of the sets
W, =& N A(n).
By countable stability of Hausdorff dimension we have
dimpy & = sup{dimy W,, | n € N}.
Thus, we have to show that

dimg W, <dimX — gy =dimG — gg
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for some ¢y > 0 not depending on n € N. To seek a contradiction we assume
that for (some small, to be determined below) g > 0 we find a set W = W(g)
among the sets W,, such that

(22) d:=dimy W > dim X — gg.

Frostman’s Lemma assures the existence of a probability measure p on W such
that

(23) M(LEBTG) < 74d—50 S TdimG—2eo

for any x € X and any r € (0, 1], with an implied constant only depending on
. Then we will give an upper bound for the number of Bowen L-balls needed
to cover W as well as the py-mass of an Bowen L-ball. Bounding the p-mass of
W (which is 1) via these Bowen balls will result in a contradiction.

We start by choosing a good value for £y. Recall that M; (X)” denotes the space
of T-invariant probability measures on X and that h,,(T) is the maximal entropy
of T (see Proposition 7.1).

Lemma 8.2. There exists §g > 0 such that hy,(T) < hpy,(T) — 6o for all v €
My (X)T with suppv C &'

Proof. To seek a contradiction assume that there exists a sequence (vp)nen in
M (X)T with supp v, C € for each n € N such that

b, (T) = (1)~

Let v be any weak™* limit point of (v,). Then suppr C & as &' is closed. Since
lim hy,, (T') = hy(T), Corollary 7.7 yields v(X) = 1 and hy,(T) = hy,(T). Thus,
v is the Haar measure on X and hence supp v = X. This is a contradiction. [

We fix dg € (0, h,, (T) /4] with the properties as in Lemma 8.2 (the upper bound
will be needed for Proposition 8.6 below), set

do

20’

and assume the existence of W C &' satisfying (22). We also fix a probability
measure p on W satisfying (23).

gp =

We pick a weak* limit point v of
=

I Z T as L — co.
§=0

Then v is T-invariant and v(0) = 0. We will see in Proposition 8.6 below that
v(X) > 0. Then Lemma 8.2 shows

h_y (T) < hy(T) — do,

v(X)

which will allow us to establish nontrivial bounds on the number of Bowen
L-balls needed to cover 'W.

We start by deriving a lower bound for v(X), where the following will be needed.
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Lemma 8.3. For any sufficiently (depending only on G) smallr > 0, any z € X
and any L € N we have

/Jz(f]jBL(T)) S curdimG_2506(_h77L(T)+28())L7
where the constant c, depends on the implied constant in (23) and on G.

Proof. Choose a maximal collection of elements g¢1,...,g9, € Br(r) for which
the balls g1 B,.-,...,gq¢B,.r are pairwise disjoint. Note that B,.-r C B (r)
and so ¢;B,.-r C Br(2r). By Lemma 7.2 the Haar measure of B (r) is be-
tween bounded multiples (depending on G) of pdimGo—hm(T)L and the Haar
measure of B,.-. is between bounded multiples of rdmGe=LdimG — Hence it
follows that ¢ < ¢/eL(dimG=hm(T)) for some constant ¢’ that only depends on G.

The maximality of ¢ implies B (r) C xg1Bg,e-r U -+ U xgyBy,.—2. We now
apply (23) and obtain
M(l’m) < ch2dimG—anrdimG—%Oe—L(dimG—QEO)
< Cu’f'dim G—2eoe(dim G—hm (T)—dim G+2¢¢)L

I

where ¢}, is the implied constant in (23). O

For a subset V' C [0, L — 1] we set
Qsyv ={zeX|Vje[0,L—-1]: (TVzeXs, o jeV)}.

Lemma 8.4. Let s > s3 and

L22bg<i>+L
s3

Then there are at most e/ )L subsets V C [0, L —1] for which Qs,y is nonempty,
where

F() = 4log (2 log (%) + 2) |
g ()

3

Proof. Let V. C [0,L — 1] and decompose V as in (16) (using s’ := s). We
will show that @, being nonempty implies that there is a uniform nontrivial
minimal distance between k, + K,, and k,, 1 since a trajectory going down from
X~ cannot go back up before entering X<, (see Lemma 6.1(v)). The existence
of this distance yields restrictions on those V for which Qs v # 0.

At first suppose that we have x € X with ht(x) < s3 and ht(77z) > s for some
j € N. By Lemma 6.1(iii) we may suppose ht(xa;) > 2s1 for all ¢ € [1,¢e/]. We
aim to prove a nontrivial lower bound on j. By Proposition 5.5 there exists a
unique cusp representative £ € = and an element g € G with x = I'g such that

= ray) = M 4
ht(zas) = hte(way) <HU§Q(£)H>
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for all t € [1,¢’]. Proposition 5.3 implies g € ENAMU, say g = &nay.mu with
u=o0(1,Z,X)o. Lemma 5.2 shows

1
T
(L4 LX) + |22

hte(za) =7 -

for all t € [1,¢7]. In particular,

> hte(2) r
S3 e\ T) =
(1+3X2)" + |22
and
e_j
ht(za.) =1r- — 5 > s
(e77 +31X12)" + 2P
Therefore
QL+ 3xP)° + 122 s
e —.
(e + §IXP)" + 122 5

Together with the elementary estimate
1 2
02> (1+71X1?)"+ 2P
T (e + X2 422

. s
j >log <—> .
53

Suppose now that we have z € X with ht(z) > s and ht(77z) < s3 for some
j € N. Invoking Lemma 6.1(iv), we can deduce as before that

()
(3]

kn + Kn + 2]0 < kn-‘rl

it follows that

We set

Lemma 6.1(v) implies that

form=1,...,m; — 1. Let
L-1
QOL(S) = \/ T77{X<s, X5}
§=0

If L = 2jo — 1, the definition of jy yields that the cardinality of QF(s) is (note
Jo=>1)

2j 2j0)?
S1+<;0> :('720) +1—jo < (2j0)%

For an arbitrary L the set [0, L — 1] is covered by the disjoint union

kr,
0,L-1C [ Jh-(2jo—1)+10,2jo — 2]
h=0
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L
e[

For each h € {0, ...k}, the cardinality of
{(vn(h-(2jo—1)+[0,2j0—2]) |V C[0,L-1], Qsv # 0}
is at most (2jo)2. Therefore, there are at most
(240)

subsets V C [0, L — 1] with Qs # (). Hence the cardinality of Q¥ (s) is bounded
from above by

with

exp (2kr - log(2j0)) -

Using
< 1
T

and

oz (2[lez (£)[) 1 ;

< log <2 log <—> + 2> ,
()] 1 (e

the statement of the proposition follows easily. O

For L € N, a subset V C [0,L — 1] and s > 0 we set
Zs(V)i={z e WNX<s |Vj€[0,L—1]: (T2 eXssj€V)}.

Lemma 8.4 immediately provides an upper bound on the number of nonempty
sets Zs (V). By increasing s3 we may assume from now on that W C X<,.

Lemma 8.5. Suppose that the parameter r in the definition of Bowen balls is
an injectivity radius of X<s,. Let s > s3, L as in Lemma 8.4 and V C [0, L —1].
Then the set Zs (V') can be covered with

e, ypecE L (T (L=3V])

Bowen L-balls, where c(s) — 0 as s — 0o and the constant ¢, does not depend
on s,L and V.

Proof. The proof is similar to that of Lemma 7.4 with s = s’. We can cover
Zs 1,(V') with finitely many balls 2B, with x € Zs ,(V'), say
Cr W

(24) Zp(V) € | 2B,
j=1

The necessary number ¢, of such balls is bounded by a constant independent
of s, L and V. Suppose now that xgB, is one of the sets used in the covering
(24) and consider

Z = Zs (V) NxoB,.
If Z is covered with say dy Bowen ¢-balls with center in Z, then, as in Lemma 7.4
“step corresponding to adding f/j”, an excursion into X~ of length ¢; starting
at £ + 1 has the effect that Z is covered by

Cdl e % hm (T)él
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Bowen (¢+/¢1)-balls. In contrast (as in Lemma 7.4 “step corresponding to adding
W;”), a stay in X<, of length f5 only leads to a trivial estimate, that is Z is
covered by

B (T) 2

cdye
Bowen (¢ + ¢3)-balls.
By iteratively applying these two steps, we see that Z can be covered with
c2mehm(T)(L—%|V|)

Bowen L-balls, where c¢ is a constant independent of s, L and V', and m is the
number of excursions into X~ . The proof of Lemma 8.4 now shows that

2L
m< —————+ 1.
log (%)
This completes the proof. ]
Proposition 8.6. We have
460 1
xX)>1-— >1—-—=
V) z1-—m 21 -5
Proof. For L € N set
=
(25) KL = 7 Z;) T p.
J:

Then py, converges along some subsequence to v in the weak™® topology. For any
s > s3 we have

1L

L«
J

|
—

1L

L“
J

1
/L(xgs N T_jx>s)'

pr(Xss) = (T Xss) =

Il
=)
Il
o

since W C X<,,. For x € X we set
Vei={j€0,L—1] | T92 € Xs,}.

In the following let o > 0 be a constant depending on s, to be fixed below. Then,
it follows

1 1

En

M=

np({x € X<s | |Vz| =n})

il

L-1 '
> (X NTX5,) =
j=0 1

oL]-1 L

1
> np({w € Xeo | Vil = n}) + I > nul{r € Xy | [Val = n})
n=1 n=[oL]

< 7 ([oL] = ) u(Xes) + 7 Lo pl{e € Xy | Vel 2 oL

<o+ p{z € Xy | V| > oL}).

1!

il
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Using Lemmas 8.4 and 8.5 for sufficiently large L allows us to estimate the latter
term. Combining this with the estimate in Lemma 8.3 we get

pn({z € X<s | [Va| 2 oL}) < U Zs,1(V)
[VIzeL

< Cr7wef(s)Lec(s)L+hm(T)(L—%QL) ) CurdimG—2eoe(—hm(T)+2so)L

)

where ¢’ is a constant depending on r but not on s or L, and ¢(s) := f(s) + ¢(s)
tends to 0 as s — oo. If we choose ¢ so that the exponent is negative, i.e. with

@:@®%>%%%£§@,
then
e(L) = pu({x € X<s | |Vz] > 0(s)L}) - 0 as L — oc.

Therefore, for sufficiently large s and L, we have

nr(Xss) < ols) + (L)
In turn,

pr(X<s) > 1= (o(s) + (L))

Letting L — oo along the subsequence that gives v as the limit we obtain

v(X<s) 2 1= 0(s),

and A
€0
xX)>1-— for all —_—
v(X) > o fora Q>hm(T)
This proves the claim if one recalls that dy < hmT(T) and g = %. ]

Our next goal is to use hﬁ (T) < hp(T) — do to give an upper bound on the

number of Bowen L-balls needed to cover W. Let £;(X)” denote the space of
T-invariant ergodic probability measures on X.

Proposition 8.7. Let ¢ > 0. There exist L1 € N and Y C X with v(Y) >
v(X) — e such that for all L > Ly, the set' Y can be covered with

o(hm (T)=b0+¢)L

Bowen L-balls (with centers in'Y" ). Here we may use a radius parameter r = r(e)
in the definition of the Bowen balls such that 10er is an injectivity radius on the
compact set'Y .

Proof. We normalize the measure v to
v
v(X)
By the ergodic decomposition of o and since o(0Q) = 0 we find a subset X' C &’
with o(X’) = 1 and a measurable map X' — €;(X)7, 2 — o, such that

o= /,ax do(x)
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and 0,(&") =1 for all x € X'. Let P be any countable partition of X with finite
partition entropy H,(P) < oco. For any n € N and any = € X let [m]?gq denote

the partition element in 9’6’_1 which contains .

We want to find a lower estimate of 0([m]?371). For this, let

L(P" ) (z) == —log o ([x]g,gfl)

denote the information function of ‘.Pg_l. By the Shannon-McMillan-Breiman
Theorem (see e.g. [FLW, Theorem 3.2]) there exists a subset X" C X' with
o(X") =1 such that

1
EIU(TBL_I)(:E) — he (T,P) asn— o0

for all z € X" and in L'.
Fix some € > 0. By the above there exists a subset Y7 C X” with o(Y;) > 1—¢
and L; € N such that for all L > Lq and all x € Y7 we have

1 L—1

21 (fPO ) (2) < ho, (T,P) +¢.

From Lemma 8.2 (note that suppo, C &' for x € X') and the definition of the
dynamical entropy it follows that

hoo(T,P) < ho (T) < h(T') = bo

for each x € X’. Thus, for any L > Ly and = € Y] we have

1
~I log o ([.Z']Té,—l) < h(T) — 0o + €.

Hence

(26) (o2 <[x]?éil> 2 e_L(hM(T)—(sO-l-E).

We now pick a more specific partition as follows. A slight modification of the
proof of [FLL10, 7.53] (we provide more details in Section 9) allows us to choose
a relatively compact subset @@ C X with ¢(Q) > 1 — € such that there exists a
countable partition P of X with H,(P) < oo such that*

(27) [1’]?571 - LZ'BL

for all x € Q and all L € N.

Set Y :=Y1NQ. Then o(Y) > 1 —2e. Let L > L;. For any = € Y the
formula (26) gives a lower bound on the o-measure of the partition element that
contains z. It follows that we get the upper bound eX(m(T)=%0+¢) for the number
of distinct (and hence disjoint) elements that intersect Y nontrivally. For each
of those we pick an element in Y to use as the center for a Bowen L-ball, which
then covers the associated partition element by (27). These Bowen L-balls now
cover Y as required. ]

4The construction of the partition P takes into account any previously fixed injectivity
radius 7 > 0 on @, and the Bowen balls in (27) will use this as the radius parameter.
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Lemma 8.8. There exist Y C X and Ly € N with the following properties. Let
Ly > L1 and choose a cover by Bowen Lg-balls as in Proposition 8.7. Denote
the closure of the union of the cover by Yy. Then there exist infinitely many K
with the property that

K—
1 _ 580
2 — Tk (Yoas " l1— ——
( 8) K Z * M( 0@, ) > hm(T)

for some n € {0,..., Ly — 1}.

Proof. Let € € (0,1) (determined below). Let (Y, Ly) be as in Proposition 8.7.
Let Lo > L; and define Y, as in the statement of the lemma. As Yj is closed
and by definition of v we have

L—1

.1 ;

hmlnfz E > T u(Yo) > v(Yo),
]:

where liminf is taken over a subsequence of L’s such that (u7) converges to v
(cf. the definition of v and (25)). Since Yy O Y we have v(Yy) > v(Y) > v(X) —e.
Hence there exist infinitely many L with

% Z T u(Yy) > v(X) — 2e.

We divide L by Lo with remainder, write K = [L—1 and obtain

1 L—1 ‘ 1 Lo—1K-1 L—-1 ‘
=S ) = 7 [ D0 D )+ Y (%)
§=0 n=0 k=0 j=LoK
Lo 1 1 L—-1 '
k- Z T (o) + 5 Y T (o).
n=0 j=LoK

The last sum has at most Lo summands and so converges to 0 as L — oo.
Moreover, IL( converges to 1. Therefore, for large enough L from our sequence

we must have
Lo—1

p(X) =3 < £- Z ZT’“L‘)*"
n=0

Hence we find n € {0,..., Ly — 1} such that

K-1

1

7 2 TE T u(¥o) > w(X) — 3e.
k=0

Proposition 8.6 now gives

K-1

460
TEEO 1(Yoa, ™) > 1 — ——— — 3e.
R o

Choosing € > 0 sufficiently small, the lemma follows. O
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Proposition 8.9. Assuming that Lo in Lemma 8.8 is sufficiently big there exist
infinitely many K such that a p-proportion of at least 1/2 of the set W can be

covered with
o(hm (1) =L 80+220) K Lo

Bowen LyK -balls.

Proof. Let ¢ = g9 > 0 and apply Proposition 8.7 to obtain Li. Let Ly > L,
(below we will give another constraint for Lg) and let Yy be the closure of the
union of the Bowen Ly-balls covering Y as in Lemma 8.8. Fixing L there are
infinitely many K for which the conclusion (28) of Lemma 8.8 holds. Fix one
such K and the corresponding n. For a given y € W we define

V(y) = {k € [0, K) | T""(y) € Yo}
We fix one subset V' of [0, K) and define
Z2(V)={y e W[V(y) = Vo}.
We claim that we can cover Z(V') with
(29) Crypby em TP IV I(im(T)=d0-+e0) Lo (K =V Dhm(T) Lo

Bowen K Lg-balls, where by is a constant independent of K, L,V and s.

We may phrase the conclusion Lemma 8.8 (in the case where n = 0) by saying
that most points in W spend a lot of time in relatively few Bowen Lg-balls
under the orbit w.r.t. 770, We will use this together with a concatenation
procedure to bound how many Bowen LgK-balls are needed to cover a portion
of W. To ensure that we always work with Bowen balls with the same radius we
have to multiply the number of possibilities with an extra factor of b; at each
concatenation step resulting in the b -factor (and need the bielm (Lo factor to
handle the case where n # 0).

More precisely, let by be an upper bound for the number of Bowen L-balls gBy,
(with parameter r) that are needed to cover Br(2r) independent of L. The
existence of by follows using a maximal collection of pairwise disjoint Bowen L-
balls g By, (r/2) with g € Br(2r) and Lemma 7.2. The simple concatenation step
is now as follows. If y1 By, and y2By, are two Bowen balls such that ys € Y,
then y1Br, N (y2Br,a;™") can be covered by by Bowen L; + Lo-balls. Indeed

take some y € y; Br, N (y2Br,a; ") and we get
(lelq (T)) N (y2BL2 (T)ae_Ll) C yBr,+L, (ZT)

and the claim follows from the definition of b;. For the inclusion in the last
step we need to know that 2er is an injectivity radius at ys, which we know
as Yo € Yy is assumed.

We may also assume that bielm (L2 ig an upper bound on the number of (L1 +

Ls)-Bowen balls that are needed to cover By, (choose a pairwise disjoint collec-
tion of Bowen (Lj + Lg)-balls gBr,(r/2) with g € By, and apply Lemma 7.2),
and note that in the case where Ly = 0 we may define By to be the r-ball
around the identity. The second possible step (which we will call an extension
step) then concerns the case where the first Bowen ball y; By, is given, but
we have no additional information about ylaeLl. In this case we cover y;Br,
by byelm(TL2 Bowen (L1 + Lo)-balls.
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Using the above concatenation and extension steps iteratively we see that Z(V})
can be covered by (29)-many Bowen K Ly-balls. Indeed we first cover W by ¢,
balls of radius r (or equivalently by Bowen 0-balls) and use the extension step
with L1 = 0 and Ly = n. Starting with £ = 0 and if £ € V we use the
concatenation for Ly = n + kLg and Ly = Ly using all possibilities for the
Bowen Lg-balls appearing in the definition of Yy in Lemma 8.8, or use the
extension step if £ ¢ V. For k = K we obtain Bowen n + K Lg-balls and the
claim follows.

Note that the above estimate is monotonically decreasing as |V| increases. Fix
some « € (0,1) and consider all subset V' C [0, K) with |V| > Ka. The above
now gives that

(30) U zv)
V|>Ka

is covered by

K
bl ehm (D)o gl (T) b +20) K Lo (1)l (1)K Lo § (K >
k=|aK|

Bowen K Lg-balls. It is well know that Sterlings formula can be used to estimate
k
the last sum. In fact, using Sterlings formula one obtains (Ik() = KH(R)+o(K)

as K — oo independent of k € [0, K] and where
H(z) = —zxlogz — (1 — z)logx.
Note that there are at most K = ¢°®) summands. Bounding H by log?2 and

taking the sum we obtain the upper bound
(31) ¢y bl el (T) Lo g (T)=G020) K Lo o (1= (T)K Lo K (105 2+1)

if K is sufficiently large. Note that the product of the constant and the factors

containing K or Lo but not both can be bounded by e if Ly and K are

sufficiently big. We now choose o = 1 — hf(e%) and recall that §p < hmT(T)

and g9 = %, which gives o > %. Putting these estimates into (31) we get

(32) eg(hm(T)—50+50)KLoe§hm(T)KLo ef0K Lo < e(hm(T)—§5o+2eo)KLo

for the upper bound on the number of Bowen K Lg-balls.

We finally apply Lemma 8.8 to bound the set that is not covered by the Bowen
balls in (32). In fact, using the above notation we may rewrite (28) to get

Ay Beg
kZ:OEu({y EW[V(y)|=k}) >1- o (T)
or
K
> (- Dy e W Vi)l = k) < 220
The latter implies
9eQ

(I-a)u({yeW[ V()| <aK}) < —=
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or

u({y €W V()| < ak}) < 3.

From this and since (32) gives an upper bound for the number of Bowen K L¢-
balls needed to cover (30) we obtain the proposition. O

Proof of Theorem 8.1. Let Ly be sufficiently big for Proposition 8.9 to hold.
Together with Lemma 8.3 we obtain

1 1

_:_/J’

(W) < curdimG—ko o(=hm (T)+220) K Lo , (hm (T)— g 80+2¢0) K Lo
2 2 -

— Geldeo—Ed0)K Lo
for some constant ¢ independent of K, and for infinitely many K. Note that
deg — %50 < 0, which leads to a contradiction. This completes the proof. O

9. MODIFICATION OF THE PARTITION FROM [FL10]

The partition P in the proof of Proposition 8.7 is essentially identical with the
partition in [F1.10, 7.51]. However our situation is slightly different to the one in
[E110] for which reason we outline the necessary steps of proof. The differences
are as follows:

e The measure o is not necessarily ergodic, and we cannot reduce to an
ergodic situation as in [EL10].
e We want to find a big set () on which the inclusion relation

4, C
[ZE]?(J)V 1 CxBy

holds for all N € N (in [EL10], the mass of @ does not matter as long
as it is positive, and it is asked for the (weaker) relation

[]pee € BN

for N € N such that za® € Q).
e We do not need the lower bounds from [[/1.10] on the atoms, which allows
us to simplify P a bit.

The construction of P and the proofs of its properties proceeds in a number of
steps.

1) Pick a subset @ C X which is open, relatively compact and which has mass
o(Q) > 1 —e. Pick an injectivity radius r of @ and decompose @ (up to
measure zero) into finitely many subsets @1, ..., Qg with positive measure
such that each of these subsets is contained in a Bowen ball with parameter
r/16. Set

Q:= {le"'vQva\Q}'

2) For each i = 1,..., R and each j € N let Q;; be the set of points z € Q;

which return to ) with the j-th step but not earlier, that is

Qij:{meQi]a;ageQ, xaﬁgé@forﬁzl,...,j—l}.
Set N
Q:{X\Q, QZ]|Z:177R7 ]GN}
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3) We now decompose the partition elements @;; into smaller subsets. For this
we remark that each ball a;BSlG can be covered with

ce™
balls with parameter e =77 /8 (here ¢ = ¢(G) is a constant and k = dim G

would work). Let ¢ € {1,...,R} and j € N. Note that Q;; C miBf*}lﬁ for

some 7; € Q. We fix a cover By, ... By with N(j) < ceJ by balls with
parameter e /7 /8. We define

Qij1 = Qij N By
Qij2 = Qi N (B2 \ By)
Qijs = Qij N (B3 \ (B1U By))
and so on. Set
P = {ka, X\Q ‘Z: 1,...,R, jEN, k= 1,,N(])}
Lemma 9.1. For o-almost every x € Q) we have
[x]?é\u1 - LZ'BN
for all N € N.
Proof. By the Poincaré Recurrence Theorem, o-almost every point in @) returns

infinitely often to ). We restrict to these point and pick such an z. Let N € N
and let

(IS [33]?(1)\171.
There exist i € {1,...,R}, j € Nand k € {1,...,N(j)} such that z,y € Qjj-
Thus, there exists g € BEG,J-T,/4 such that y = xzg. Then for any £ =0,...,j we
have
g€ aﬁBeGg,jr/4ae_é - aﬁBSae_é.
In the case 7 > N — 1 it follows immediately
y € xBy.

Suppose that 7 < N — 1. Then we find 49, jo, ko such that xai,yaé € Qisjoks-
Since _ _ o

ya, = zal(a;’ gal),
and ag? gag € Bf and r is an injectivity radius, it follows that actually

a;’gal € BeG,jzr/4.
Now reasoning inductively as above finally shows y € zBy. O

Lemma 9.2. The partition P has finite partition entropy Hy(P).

Proof. We note that®
> jo(@Qiy) < 1.
Z"j

Using this, the proof is parallel to that in [F1.10]. O

5Actually there is equality if @ D X<s,, but this is not needed for the proof.
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