AMOUNT OF FAILURE OF UPPER-SEMICONTINUITY OF
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ABSTRACT. Recently, Einsiedler and the authors provided a bound in terms
of escape of mass for the amount by which upper-semicontinuity for metric
entropy fails for diagonal flows on homogeneous spaces I'\G, where G is any
connected semisimple Lie group of real rank 1 with finite center, and I is
any nonuniform lattice in G. We show that this bound is sharp, and apply
the methods used to establish bounds for the Hausdorff dimension of the set
of points which diverge on average.

1. INTRODUCTION

Let G be a connected semisimple Lie group of R-rank 1 with finite center and
I’ a nonuniform lattice in G. Further let a € G\ {1} be chosen such that its
adjoint action Ad, on the Lie algebra g of G is R-diagonalizable. The element a
acts on the homogeneous space X := I'\G by right multiplication, defining the
(generator of the) discrete geodesic flow

(1) T:X — X, z+— za.

The normalized Haar measure m on X uniquely realizes the maximal metric
entropy h, (1) of T' (see below for more details). The following relation between
metric entropies of T" and escape of mass along T-invariant probability measures
on X has been proven in | ]. We note that the limit measure v does not need
to be a probability measure.

Theorem. Let (uj)jen be a sequence of T-invariant probability measures on X
which converges to the measure v in the weak™® topology. Then

(2) Z/(X)hﬁ(T) + %hm(T) (1 =v(X)) > limsup hy, (T),

j—00

where it does not matter how we interpret hﬁ(T) if v(X) = 0.

Since I' is not cocompact, upper semi-continuity of metric entropy cannot be
expected on X. The theorem above shows that the amount by which it may fail
is controlled by the escaping mass. In this formula, the factor % is significant:

2010 Mathematics Subject Classification. Primary: 37A35, 37D40, Secondary: 28D20,
22D40.
Key words and phrases. Hausdorff dimension, divergent on average, escape of mass, entropy,
diagonal flows.
S.K. acknowledges the support by the EPSRC. A.P. acknowledges the support by the SNF
(Grant 200021-127145) and by the ERC Starting Grant ANTHOS.
1



2 S. KADYROV AND A. POHL

it shows that the amount of failure is only half as bad as it could be a prior:
(which would be the factor 1).

The first aim of this article is to show that the factor % is best possible. More
precisely, we will establish the following theorem.

Theorem 1.1. For any ¢ € [3hn(T), him(T)], there exists a convergent sequence
of T-invariant probability measures (jj)jen on X with lim;j_,o0 by, (T) = ¢ such
that its weak™ limit v satisfies

For any such sequence (u;), equality holds in (2) as well as

h_v (T)=hn(T) forv(X)#0

v(X)

(and hence v/v(X) is the normalized Haar measure on X).

The second aim of this article is to relate the factor % to the Hausdorff dimension
of the set of points which diverge on average. We recall that a point x € X is
said to diverge on average (with respect to T') if for any compact subset K of X
we have )

. . i -

ﬁgﬁﬂhe{QL“wn—H]T@QEKH—O

It is said to be divergent (with respect to T') if its forward trajectory under T'
eventually leaves any compact subset. In other words, if for any compact subset
K of X we find N € N such that for n > N we have T"x ¢ X.

Obviously, each divergent point diverges on average. Let
U={ueG|a"ua™ —1asn— oo}

denote the unstable subgroup with respect to a. From [ ] and also from
[ | it follows that the Hausdorff dimension of the set of divergent points is
dim G — dimU. However, for the set of points diverging on average we prove
that its Hausdorff dimension is strictly larger than dim G — dim U. Moreover,
we also obtain an upper estimate showing that its dimension is strictly less than
the full dimension. To state these results more precisely, let

D :={z € X | = diverges on average}.

The Lie group G has at most two positive roots, namely a short one, denoted
a, and a long one 2a. Let

p1:=dimg, and po:=dimga,.

The group G has a single positive root if and only if it consists of isometries of
a real hyperbolic space. In this case, we set p; = 0 or po = 0 (both cases are
possible and relevant, see Section 2).

Theorem 1.2. For the Hausdorff dimension of D we have the estimates

1 1
dMG—§&mU—%gdengG—i&mU+%.

The proof of Theorem 1.2 shows that the factor % of dim U arises for the same
reason as the factor % in (2). If G consists of isometries of a real hyperbolic
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space, we obtain the following improvement. It is caused by the fact that in this
case, the adjoint action of a has a single eigenvalue of modulus greater than 1.

Theorem 1.3. Suppose that G consists of isometries of a real hyperbolic space.
Then

dimD =dim G — %dimU.

Therefore, it seems natural to expect the following precise value for the Hausdorff
dimension of D.

Conjecture 1.4. If G is any R-rank 1 connected semisimple Lie group with
finite center, then dimy D = dim G — %dim U.

For the homogeneous spaces SLgy1(Z)\ SLg+1(R), d > 1, and the action of a
certain singular diagonal element of SLg1(R), the analog of Theorem 1.1 has
been proven in | ]. For d = 2, the Hausdorff dimension of the set of points
which diverge on average is shown in | ] to be 6 +4/3.

2. PRELIMINARIES

The Lie algebra g of the Lie group G is the direct sum of a simple Lie algebra
of rank 1 and a compact one. The compact component does not have any
influence on the dynamics considered here (cf. | ). For this reason, we
assume throughout that g is a simple Lie algebra of rank 1 and, correspondingly,
that G is a connected simple Lie group of R-rank 1 with finite center. This allows
us to work with a coordinate system for G which is adapted to the dynamics,
and G can be realized as the isometry group of a Riemannian symmetric space
of rank 1 and noncompact type. For more background information on this
coordinate system we refer to [ , ].

Coordinate system. Let A be the maximal one-parameter subgroup of G of
diagonalizable elements which contains a, the chosen generator for the discrete
geodesic flow T. Then there exists a group homomorphism a: A — (R, ")
such that a(a) > 1 and g decomposes into the direct sum

(3) =g 2Dg_1DcH g B g,
where
g = {X c g‘ VaeA: Ady X = a(&)%X}, je {+1,+2),

and ¢ is the Lie algebra of the centralizer C = Cy4(G) of A in G. The ho-
momorphism « is the square root of the “group analog” of the root « in the
Introduction. If g is not isomorphic to so(1,n), n € N, the decomposition (3) is
the restricted root space decomposition of g. If g is isomorphic to so(1,n) for
some n € N (which is equivalent to saying that G consists of isometries of a real
hyperbolic space), either g; or gs is trivial. In this case, both

g=90-19cdg and g=g 2DcDge

are restricted root space decompositions of g. The first one corresponds to the
Cayley-Klein models of real hyperbolic spaces, the second one to the Poincaré
models (see [ , ). In any case, let n := go @ g1 and let N be
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the connected, simply connected Lie subgroup of G with Lie algebra n. Further
pick a maximal compact subgroup K of G such that

NxAxK—G, (n,a,k)— nak (Iwasawa decomposition)
is a diffeomorphism, and let
M:=KnC.
The semidirect product N A is parametrized by
Rogxgaxgr — NA, (5,2,X)—exp(Z+X)-as

with a(as) = s, as € A. Let 6 be a Cartan involution of g such that the Lie
algebra ¢ of K is its 1-eigenspace, and let B denote the Killing form. Further
let

p1 :=dimg; and ps:=dimgs.
On n we define an inner product via
1
p1 + 4p2
This specific normalization yields that the Lie algebra [-, -] of g, even though it
is indefinite, satisfies the Cauchy-Schwarz inequality

(X,Y):=— B(X,0Y) for X,Y e n.

XY < [X[Y]
for X, Y € n (see | ). We may identify G/K = NA = Ry x g2 X g1 with
the space
1
D := {(t,Z,X) ERxgyxg|t> 4X|2}
via

Rogx g2 x g1 — D, (t,2,X)— (t+3X]* Z, X).
With the linear map J: go — End(g1), Z — Jz,
(JzX,Y):=(Z,[X,Y]) forall X|Y € gy,
the geodesic inversion o of D at the origin (1,0,0) is given by (see | )]

(4) o(t, Z,X) = (t,—Z,(—t+ Jz)X).

t2 +|Z|?
We shall identify ¢ with the element in K with acts as in (4). Then G has the
Bruhat decomposition

(5) G =NAM UNAMoN.

To modify this Bruhat decomposition into one which is tailored to the dynamics
on X, we recall the following result on fundamental domains of Siegel type. For
s> 0 let
As:={ar € A|t> s},
and for any compact subset n of N define the Siegel set
Q(s,n) :=nAsK.

Proposition 2.1 (Theorem 0.6 and 0.7 in | ). There exists so > 0, a
compact subset ng of N and a finite subset 2 of G such that

(i) G =TEQ(s0,m0),
(ii) for all £ € Z, the group T NENE™L is a cocompact lattice in ENET,
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iii) for all compact subsets n of N the set
n
{y € T'[ vEQ(s0,m) N Qs0,n) # O}

s finite,

(iv) for each compact subset n of N containing 1y, there exists s > so such
that for all &1,& € = and all v € T with v§1Q(s0,n) N &N (s1,n) # O we
have & = & and v € & NME.

Throughout we fix a choice for g, s; (with n = 1) and =. The elements of =
are representatives for the cusps of X (and will also be called cusps). Note that
ocNo = U is the unstable subgroup with respect to a, and the conjugation of
o(1,Z,X)o € U by a is given by

aFo(1,2,X)od" = 0(1,a(a) % Z, ala) *? X))o  (keZ).
Multiplying (5) with £ € E from the left and o from the right yields

G =¢(NAMo UENAMU.

Maximal entropy. Let M;(X)” denote the set of T-invariant probability mea-
sures on X. For each u € M;(X)T let hy(T) denote the metric entropy of T
with respect to p. In [ , Section 7.8] it is shown that the maximal metric
entropy

max{h,(T) | p € MI(X)T}

of T is uniquely realized by the normalized Haar measure m on X, and it is
given by

hon(T') = (% + pg) log a(a).

Normalization. If the element @ in (1) changes (within A) then all metric
entropies scale by the same factor. Thus, for proving Theorem 1.1-1.3 we may
and will assume throughout that a is chosen such that

a(a) =e,  (e=exp(l))

letting T result in the time-one geodesic flow.
The height function and an improved choice of s;. In the following
we recall the definition of the height function on X from | | and its for us
significant properties. For any & € = consider the {-Iwasawa decomposition
G =¢(NAK. For g € G let s = s¢(g) > 0 be given by g = {NagK. Then s is
indeed well-defined. For x € X, its £-height is

hte () = sup{se(g) | I'g = x}.
Its height is

ht(z) = max{ht¢(z) | { € =}.
For s > 0 we set

Xes ={x e X:ht(x) <s} and Xss={z e X:ht(z)> s}

The constant s; in Proposition 2.1 can be chosen such that

(i) if for x € X and & € =, we have ht¢(x) > s1, then ht(x) = hte¢(x),
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(ii) if for z € X, we have ht(x) > s; and ht(z) > ht(xa), then the T-orbit of
x strictly descends below height s; before it can rise again. This means
that there exists n € N such that for j = 0,...,n — 1, we have ht(za’/) >
ht(za’*!) and ht(za™) < s1, and

(iii) if x € X and hte(x) > s1 for some & € Z, then there is (at least one) element
g = &naymu € ENAMU or g = Ena,mo € ENAMo which realizes hte(x).
That is, + = I'g and ht¢(z) = s¢(g). The components a, and u do not
depend on the choice of g.

We suppose from now on that s; satisfies these properties.

For any point € X which is high in some cusp, we have the following explicit
formulas for the calculation of the height of the initial part of its orbit.

Proposition 2.2 (| ). Let x € X, £ € Z and suppose that hte(zak) > s1
for all k € {0,...,n}.
(i) If hte(x) is realized by g = Enay,mo € ENAMo, then
hte(za®) = re".
(ii) If hte(x) is realized by g = Enaymu € ENAMU with u = o(1,Z, X )o, then

e~k

hte(za®) = r :
(e + 31XP2)° + 122

Riemannian metric on G and metric on X. The isomorphism
n=goxg1— N, (Z,X)—exp(Z+ X),

induces an inner product on N from the inner product on n. Then the isomor-
phism N — U, n — ono, induces an inner product on U, and using the inverse
of the exponential map, also on n:=g_o X g_1.

We pick a left G-invariant Riemannian metric on GG, which on the tangent space
T1G = g reproduces the inner products on n and n. Let dg denote the induced
left-G-invariant metric on G. For 7 > 0 let BS, BY, resp. BN4M denote the

ro

r-balls in G, U, resp. NAM around 1 € G. We define
Ao := min{|\| | A is an eigenvalue of Ad, with [A| > 1}.
Thus,

\ {e if g1 = {0} (and hence G/K is a real hyperbolic space),
0=19 1/2

e otherwise.

Then for any L > 0 we have
aLBga_L C B/(\]gLr
or, in other words,
dg(ua_L, U(I_L) < )\aLdg(u,v) < dg(u,v)
for u,v € U. Further
cmax{|Z|,|X|} < dg(1,0(1,Z,X)o)



UPPER-SEMICONTINUITY AND HAUSDORFF DIMENSION 7

for some constant ¢ > 0 and all u = o(1, Z, X))o € U. In order to avoid carrying
too many constants through the calculation, we may assume that ¢ = 1. The
induced metric dy on X is given by

dx(z,y) := min{da(g,h) | x =Tg, y =Th}.
We usually omit the subscripts of dg and dy.

Finally, to shorten notation, we use
[0,n] :={0,...,n}

for n € N. The context will always clarify whether [0, n] refers to this discrete
interval or a standard interval in R.

3. UPPER BOUND ON HAUSDORFF DIMENSION

Recall that
D = {x € X | = diverges on average}.

Theorem 3.1. The Hausdorff dimension of D is bounded from above by

1
(i) &m@ﬁ&mG—iﬁmU+%.
If po =0, then
1
(ii) dimD < dimG — 3 dim U.

The proof of this theorem builds on Lemma 3.2 below, which easily follows from
the contraction rate of the unstable direction under the action of a.

Lemma 3.2. Let p be a probability measure on X of dimension at most 5.
Then, for any r > 0, any x € X and any L € N we have

p(zalBUa=LBNAMY < crBe(dim NAM+ 5 —B)L
If po = 0, this bound can be improved to
M(xaLBTUafLBiVAM) < crﬁe(dimNAMfﬁ)%'
Here, ¢ is a constant only depending on u.
Proof of Theorem 3.1. The claimed bound on the Hausdorff dimension of D

follows using the method used to prove Theorem 1.4 and Corollary 1.5 in | ],
using Lemmas 8.4 and 8.5 in | | as well as Lemma 3.2. O

4. LOWER BOUND ON HAUSDORFF DIMENSION

In this section we prove the following lower bound on Hausdorff dimension:

Theorem 4.1. The Hausdorff dimension of the set of points in X which diverge
on average is at least

1
dMG—immU—%.
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As a tool we use a lower estimate on the Hausdorff dimension of the limit set
of strongly tree-like collections provided by [ , 84.1] (which goes back to

[Falst], | I [ J, and [ D

Let Uy be a compact subset of U and let A be the Lebesgue measure on U (using
the identification U = RP2 x RP1). A countable collection U of compact subsets
of Uy (a subset of the power set of Up) is said to be strongly tree-like if there
exists a sequence (U;);en, of finite nonempty collections on Uy with Uy = {Up}

such that
U= {J
J€Np
and
6
7
8

VjeNyg VA, B e Ujeither A= B or A(ANB) =0,
VjieNVBeU; 3A € U;j—; such that B C A,

d;(U) :== :16111:; diam(A) — 0 as j — oo.
i

Note that (6) implies A(A) > 0 for all A € U. For a strongly tree-like collection
U with fixed sequence (U;);en, we let

(9) Uj = U A for any j € Np.
AGu]'

—~~ N
— ~— —

Clearly, U; C U;_; for any j € N. Further we call the nonempty set

(10) Ug = (U

J€No
the limit set of U. For any subset B of Uy and any j € N we define the j-th
stage density of B in U to be

0 if A(B) =0

6;(B,U) :==  xu;nB) .
7 { S i A(B) > 0.

Note that ¢;(B,U) < 1. Finally, for any j € Ny we define the j-th stage density
of U to be

A](U) = Blél{[ (5]'_:,_1(3, U)
J

Lemma 4.2 (| ). For any strongly tree-like collection U of subsets of Uy
we have

j—1
2% | log(Ai(W))]
dimpg(Uy) > dim U — limsup =
jooe  |log(d;(U))]

4.1. Construction of a strongly tree-like collection. We construct a stro-
ngly tree-like collection such that its limit set consists only of points which
diverge on average. This construction proceeds in several steps.

Proposition 4.3. Let s > 39s; and R € N. Then there exists x € X<s such
that for any n in the interval (0, %) there exists a subset E of E,(]](R/z; with
S = |eft/2|p2| /4P elements such that

(i) for all u € E, the points xu and TR (xu) are contained in X<,
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(ii) for any two distinct elements u,v € E we have d(T"(u), TR(v)) > 7,
(iii) for allu € E and all k € [0, R] we have T*(xu) € Xss/39-
We may choose for x any element I'g with

g € {&na,mo (1, Zy, Xo)o | n € N,r € I,m € M},

where £ € Z is any cusp, I is a specific interval in R of positive length and
(1, Zy, Xo) is a specific point in N, both being specified in the proof. Thus, the
dimension of the set of possible x is at least dim(NAM).

Proof. Fix a cusp £ € Z and pick an element (Zy, Xo) € g2 x g1 with |Zy| =
%e_R/z and | Xop| = %e‘RM. Define
g :=¢&na,mo(1,Zy, Xo)o and z:=Tyg
withn € N, m € M. Set
B:={(Z,X)€gxa |2 <ne P2 |X| <ne /4.

In the following we will estimate the height of za*, k € [0, R], and deduce an
allowed range for r such that x satisfies (iii) and (i) for all elements in oBo.
Since the height does not depend on n and m, we omit these two elements. Let
(Z,X) € B. Recall that

90(1,Z, X))o = €a,o(1, Zo + Z + 5[ X0, X], Xo + X)o.

Then
(11) e/t < | Xo+ X| < 271/
anda using |[X0>X]| < |X0||X|7
) 1
(12) ge*Rﬂ <|Zo+ 2+ 5[Xo, X]| < 3¢ R/2,
Let k € [0, R]. Recall that
ok

(13) hte (vo(1,Z, X)oad") =7

(e + X0 + XI)° + [ 20 + Z + X0, X][*

for sufficiently large r (calculated below). Using the upper bounds in (11) and
(12) it follows that

ht (xa(l,Z, X)Jak) > %

Hence, (iii) is satisfied for » > 5 (note that then {5 > 35 > s1). Moreover, for
these 7, [ , Proposition 5.5] shows that

ht (zo(1, Z, X)oa™) = hte (zo(1, Z, X)oa™).

Using the lower bounds in (11) and (12) we find
r

ht(zo(1, Z, X)oa®) < .
( ( ) ) e~k + §e—R/Q + %ek—R

For r < 225, this implies ht(zo (1, Z, X)oa*) < s for k € {0, R} and hence (i).

To define the set E, we may pick pairwise disjoint elements

(Z;,X;)€eB, i=1,..., LeR/QJPQ, j=1,..., LeR/4Jp1
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such that
\Zy, — Zo| > e B, | Xy — X4 > ne /2
whenever k # £. Define
E={0(1,Z,X)o |i=1,...["2]P2 j=1,... [ef/*r].
For any two distinct elements o(1, Z, X)o,0(1,Z’, X')o € E we have
do(1,Z,X)oa0(1,2', X" oa®)
> max{'Z - 7'+ %[X, X' eft) |1 X — X'|eR/2}
If X # X', then
d(o(1,Z,X)oal,0(1,2', X")oalt) > | X — X"|ef/2 > 9.
If X = X', then
do(1,Z,X)oa, 0(1, 2", X" oal?) > |Z — Z'|ef > 1.
This completes the proof. ]
To simplify notation we use the following convention: Given a sequence (Sk)ken
of positive natural numbers, for any n € N we let
Spi={(i1,...,in) [ 1 <4, <85, j=1,...,n} =[1,5] x--- x[1,5,]

be the set of n-multi-indices with entries 1,...,S5; in the j-th component. If
i=(i1,...,in) € 8, and j € [1, Sy41], then we set

(iaj) = (ilv"'ainuj) GSTH—I'

8= U Sn.

neN

Finally we let

We let
Bo(X) = {z € X | d(X, ) < e}
denote the e-thickening of the set K C X.

Theorem 4.4. Let X be a compact subset of X. For any k € N choose natural
numbers Ry, Sy € N such that there exist a subset E®) C U of cardinality S},
and a point xj, € K such that for any u € E®) we have

(14) zpu, TTE (2pu) € K.
Then for any i € 8 there exists g € U such that, if we define
E, :={¢i|i€8,} forneN,
the following properties are satisfied:
(i) B} = B,

(ii) for any m € N there exists an enumeration of E™ by [1,S,,], say

Em — {ugm), e ,ugm)} )

m



UPPER-SEMICONTINUITY AND HAUSDORFF DIMENSION 11

and for any n > 0 there exists R' = R'(n,X) € N (independent of the
choice of the g;’s) such that with
k—1
F(k):=Y Ri+(k—1)R, keN,
=1

we have

(15) (T gy TEO TR g ) <
foranyn e N, i€ 8§, and j € [1,S,41], and

(16) TF®) (11) € xkugf)Bé\;‘g‘MaRkBgﬂa*Rk

foranyn € N, any i = (i1,...,in) € 8, and any k € [1,n].

If, in addition, ny > 0 is an injectivity radius of B:(X) for some (fized) ¢ > 0,
and
EW CBU , forallk €N,

and
d(TR’“u,TRkv) >
for any distinct w,v € E® | any k € N, and in (ii) we have
_fmo(ro—1) €
7N < min { g '
then

(iii) for any n € N, the set E|, has the cardinality of 8,,, and
(iv) for any n € N, any distinct i,j € 8,, we have
o > d(glag,]) and d(TF(n)+Rngi7TF(n)+Rngj) > %

The proof of Theorem 4.4 is based on Lemmas 4.5-4.7 below. Throughout these
lemmas we let X be a fixed compact subset of X.

Recall that the group UN AM is a neighborhood of 1 € G. We fix £; > 0 such
that Bg C UNAM. The Shadowing Lemma 4.5 below uses the fact that the
subgroups NAM and U intersect in the neutral element 1 only.

Lemma 4.5 (Shadowing Lemma). There exists ¢ > 0 such that for any € €
(0,e1) and x_, 2 € X with d(xz_,x1) < € there exist ut € BL and u € BYAM
such that

(17) rut =z u

Proof. There exists g € G with d(g,1) < esuchthatx_g = z,. Write g = utu ™!
with u € NAM and wt € U. Then, d(u™,1) < ce and d(u,1) < ce and
z_u" = x,u. Now continuity of the decomposition, continuous dependence of
c on ut and u, and the bounded range for ¢ implies a uniform constant c¢. [

The compactness of K and the topological mixing of T" imply the following
lemma.
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Lemma 4.6. For anyn > 0 and any § > 0 there exists R’ = R'(§,X,n) € N
such that for any z_,zy € By(X) and ¢ > R’ there exists 2’ € X such that
d(2',z_) < 6 and d(z4, T (2")) < 4.

The proof of the following lemma is a combination of Lemmas 4.5 and 4.6.

Lemma 4.7. Let n > 0 and let z— and z1 be in B,(X). Let ¢ be as in the
Shadowing Lemma J.5. For any § > 0 let R’ = R'(5,X,n) be as in Lemma 4.6.

Then there exist ut € Bﬁé 5 and u € Bé\(/AM such that

c+2) c+2)8

T (z_ut) = 2z u.

Proof. Throughout we will assume that § < Ci—ll to be able to apply the Shad-
owing Lemma 4.5. If the statement is proven for these small §, it holds a fortiori
for larger . We first use Lemma 4.6 to obtain 2z’ € X such that

(18) d(z',2-) <4 and d(z+,TR/(z’)) < 0.
Then we apply Lemma 4.5 with z_ = z_, z, = 2’ and € = ¢ to obtain uf € Bgs
and u; € BégAM such that
(19) zouf = 2us.
The distance between T (z_u;) and z is bounded as follows:
d(TR/ (z—uf), z4) = d(TR/(z'ul), zy)
< d(TR,(z'ul), TRlz') + d(TR,z', zy)
< (c+1)6é.
+

We apply again Lemma 4.5, this time for z_ = T (z—ui), x4+ = z4 and

e = (c+1)d to obtain uj € BCLE and u € Bé\(fﬁ\l/l)é such that

c+1)d
T (z—u)ui = z1u.

Now TH (z_ul)uf = TF (z,(ufaR,u;a_R,)). Setting ut = uf (a®ufa )

concludes the proof. O

Proof of Theorem /.4. We start by proving (i) and (ii). To that end let n > 0
be arbitrary and pick ¢ > 0 as in the Shadowing Lemma 4.5. Set D, := B, (X),

n -1

T2 e+ 2N

and fix R’ with the properties as in Lemma 4.6 applied for this §. Instead of
proving (16) we will prove the stronger statement

(20) TF®) (219,) € xkug:) é\([ﬁg)éaRkBg(mk)a_Rk
for any n € N, any i = (i1,...,i,) € 8, and any k € [1,n] where
n—k—1
r(n, k) :=c(c+2)d Z A
=0

and r(n,n) = 0 by convention. Since ¢(c+ 2)0 < n/2 and r(n, k) < n/2, this is
indeed stronger than (16). For the proof of (20) we precede by induction on n.
As a by-product, we will prove (i) and (15).
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For n = 1 and j € [1,51] we set g; = uV. Then (i) and (20) for n = 1

1
are trivially satisfied. Suppose that for some n € N we constructed the set

E;, fulfilling (20). We show how to construct E;, from E, such that (20) is
satisfied for n + 1 and (15) for n.

Let i € 8, and j € [1,S,,41]. By the inductive hypothesis
TF(n) (219;) € xnuz(:)B{%\/AMaRnta—Rn_
Thus,
TFO)+En (11 61) € THn (xnul('"))a—RnBﬂNAMaRnt'
n 2 2

From
a*RnB]ﬂVAMaRnBﬂU C Bg
2 2
and Tfn (mnugz)) € X, it follows that TF(M+Fn (21 ¢:) € D,,. Further,
xn+1u§.n+1) cXCD,.

We apply Lemma 4.7 with

2= TFO)+En (x19;) and z4 := $n+1U§n+l)

to obtain u;r € B£](0+2)5 and u; € Bé\(fﬁg)é satisfying
(21) xlgiaF(")J“R”u;-“aRl = TR/(z_uj) =zyuj = :cn+1u§.n+1)uj.
We define

96) — giaF(n)Jaruj-afF(n)fRn cU
and

E7/"L+l = {g(l,]) ’ i€ 8717 .] € [17Sn+1]}'
Clearly,

A(TF O (g), T R (g ) = d(Luf) < 3,
which proves (15) for n.

We will now show (20) for n + 1. Suppose first that £ = n + 1. From the
definition of F'(n + 1) and (21) it immediately follows that

n n+1
T H)(ﬂﬂlg(i,j)) € $n+1“§' " )Béfg%&.

Suppose now that k € [1,n]. Then
TF(k) (xlg(i,j)) _ xlgiaF(n)-‘aru;}—aF(k)—F(n)—Rn
_ TF(k) ($1gi)a7F(k)+F(n)+Rnu;—aF(k)fF(n)fRn

c TF(k) (:Elgi)a_F(k)""F(n)"FRnt F(k)_F(n)_Rn

(c+2)52
From the inductive hypothesis we have

TF®) (x19i) € xkugf)Bé\(fég)&aRkB%n’k)a*Rk.
Therefore
(22) TF®(2194,))

c xkugf) Bé\(fﬁg) s o Bk BrU(n,k) o~ F(k)=Ry+F(n)+Rn BCU(C+2)5 oF(k)=F(n)=Rn_
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If k = n, then r(n, k) = 0. Hence (22) simplifies to

TF™ (21g45) € fﬂnu( 'B N0 Bl gysa

If k € [1,n — 1], then

~F(k) = Ry + F(n) + Ry = > Ri+(n—k)R =:p(k,n).
i=k+1
Hence

—F(k)=Ryx+F(n)+Rn gU F(k)+Re—F(n)—Rn c gU

a c(c+2)5%

c(et2)6xg 7™
U
c(c+2)rg "7
With r(n, k) 4+ c¢(c + 2)5)\6("7]6) =r(n+ 1,k) it now follows that
A
TF(k) (xlg(ivj)) € xku( )Bé\([ch]\Q/[)é RkBr(nJrl k)a n
This completes the proof of (ii).

Since (iii) is an immediate consequence of (iv), it remains to prove the two state-
ments in (iv). We start with the first one. Let i = (i1,...,in),J = (J1,---,Jn) €
8y. Then

d(gi, gj) < d(gi, gil) + d(gi1 ’ gjl) + d(gjl ) gj)'
Since g;,,9;, € EV C BY /40 We have d(gi1,95,) < mo/2. To bound the other
two terms, let k € [1, Sn+1] Then by (15) we have

d(TF(n)+Rngi’ TF(n)+Rng(i,k:)) < n.
Therefore,
d(gi> 9. k) < ﬁ)\aF(n)iRn-

Applying this observation iteratively, we obtain

To

o1 4

n—
d(gig0) <0y A VT <y
j=1
Thus,
d(gi, 95) < 1o
as claimed.

Finally, let i,j € 8,,, i # j. It remains to show that
(23) A(TF OB g EM) R gy o 10
Suppose first that we find k € [1,n] such that

d(gia™ ™, gja" M) > ny.
Since F(k) — F(n) — Ry, <0, the assumption

d(gia" T gia ) < %

would result in

d(gia" ), g;aF®) < 7]20
Therefore, in this case, (23) is obviously satisfied.
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To complete the proof pick k € [1,n] such that if # jr and suppose

F(k

d(gia"®, gia"'®)) < ng.

Actually, we may suppose < 19/2, but < 79 turns out to be sufficient. By (16)

- - NAM + .+ U
we find u; U € Bn/Q and u; uj € Bn/2 such that

TF®) (z1g;) = xkugf)u;aRkufa_R’“

and
T ®) (z1g5) = xkuélz)u;aR’“uja_R’“.
Pick hg, hy € G such that T'hg = x1 and xp = x1hg. Further let v € ' be such
that
’yhogiaF(k) = hohkugf)u;aRkujaka.
We will show that

(24) 'yhogjaF(k) = hohkuglz)uj_aR’“u;’a_R"‘
(same ~!). To that end we note that
d(hohkugf)u;aRkujafR’“, hghkug-lz)u;aR’“u;'a*Rk)
< d(ugf)ui_aR’“ufa_R’“,ugf)) + d(ugf), uy:)) + d(ugf),ugf)u;aRkuja_Rk)

<n+ 2 4n<n

and
d(vhogia" ™, yhogsat ™) < 1.
Since 7 is an injectivity radius of dpaX, equality (24) now follows. Finally,
d(giaF(”HR" 7 gjaF(n)Jar)

=d (ugj) u; afte uj , uy:) Uy aft u;r)

> d(u(l’c)aR’v u(-k)aR’“) - d(u(.k)aR’“ u(k)u-_aR’“u*)
- Lk ? Ik Lk [ " ]

—d (ugf) altk , ugi) u; a~ u;r)

2770—27]>§'

This completes the proof. ]

Definition of the strongly tree-like collection. Fix sy > 39s; and set
X := X<g,. Further fix an injectivity radius 779 of some neighborhood of X such
that % > 19 > 0 and choose
M0(Xo — 1)

40
so small that we may apply Theorem 4.4. For k € N we set ]5;}f =k and

§k = Lek/QJPQ . Lek/ﬂpl.

n <

For any k € N we apply Proposition 4.3 with ]A%k, §k, sp and 79 to get a point
z € K and a subset E*) C E;J;)e—k/4 with the properties of this proposition.
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For k > ko := [4log4] we have E®) C B;JO/ZL. We set E®) = Ektko—1)

R, = E;Hko,l, Sy = §k+k0,1 for kK € N and apply Theorem 4.4 to these
sequences to construct a sequence (E!)nen of sets with the properties as in
Theorem 4.4. For any n € N we set

U, = {uaF(n)—&-RnEZ)Ma—F(n)—Rn

u e E) } .
Let
Uy = UUl = U uakoﬁ%/w—ko’
u€k]
which is a compact non-null subset of U, and let Uy := {Up}. We claim that
U := U U,

n€ENg
is a strongly tree-like collection on Uy. To that end let n € N. Suppose that
g,h € E!,, g # h. By Theorem 4.4 we have

d(aaF®+Rn p F(n)+Rn o
(ga ,ha )> 5

Therefore U -
gaF(n)+Ran0/4 m haF(n)+Rano/4 = Q’

and hence

F(n)-i—RnE

F(n)—Rn N haF(n)—‘arE F(n)—Rn _ 0.

ga

This shows (6) (and even a stronger disjointness). Now let i € 8§, and j €
[1,S5+1]. We claim that

F(n+1)+Rn+1§7[7]0/4a7F(n+1)fRn+1 C giaF(n)JarE;;MafF(n)fRn,

U _ U _
m0/4% n0/4%

93,5)@
which is equivalent to
(25) g(i’j)aF(n)+Rn aF(n+1)+Rn+1—F(n)—RnEZJMa—F(n—H)—Rn“+F(n)+Rn
—U
Since
Fn+1)+Ryy1 —F(n)—Ry,=Ryy1+R >0
we have

F(n+1)+Ruy1—F(n)—RnBY  —F(n+1)—Rpy1+F(n)+Rn — BY_
a m Bn0/4a n g BAO 1,,,]0/4.

Then (25) follows from

4 A 4 Ao 4

Thus, the sets of the collection are nested in the required way. Finally,

—1M0 n 1 mno Xo—1 no
Aty (g e gral ) < B T =

Fn)+R, Y —F(n)—Rn U
ga (n) Bn0/4a (n) ggB)\OfF(n)fRnno/ll,

and hence U

Therefore, the sequence of supremal diameters converges to 0 as n — oo. This
completes the proof that U = [JU,, is a strongly tree-like collection.
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Throughout we fix this choice of strongly tree-like collection. Moreover, we
define the sets Uy, n € Ng, and Uy as in (9) and (10).

Proposition 4.8. Let z1 € X = X<, be as in Theorem /j.4. Then x1g diverges
on average for all g € Uy

Proof. The structure of the sets in U yields that U, consists of the elements

gOO - hm gzl’ ol m g’Ll, Y2 )+Ran0/4a F(’I’L)*an

neN
where (i )ren is any sequence such that iy € [1,Sk] for k € N. Let X’ be any
compact subset of X{. Without loss of generality, we may assume that X' = X<
for some large s. In the following we will prove that the amount of time (discrete
time steps) in [0, F'(n) + R, which is spend in X’ by the points in

—U _ _
xlg(il7---1in)aF(n)+RanO/4a F(n) Ry

grows sublinearly as n — oo. This will then prove the proposition. To start we
remark that for any given point in # € X, its T-orbit (xa")ren, stays in the strip
Xss, N X< for only a uniformly bounded number of consecutive steps (which is
due to the space G/K being of rank one, see | ]). Let

(:=max{k € N| 3z € Xey,: Tx,..., T2 € Xoys, N X<y, TF 2 € Xss}
=max{k € N |3z € Xoy: Tx,...,T*s € Xsys, N X<y, TF o € Xcy, )

By the choice of s1, as soon as ht(za®) > ht(za**1) > s;, the orbit strictly
descends until it is below height level s;. Since s¢3/39 > s, this means that as
soon as the orbit stays above height s; for more than 2¢ consecutive steps, say
for m steps, it necessarily stays in X for at least m — 2¢ steps. To simplify the
proof we may assume that sy is chosen such that

—G
xBnO g x>81
for all x € X 5, /39. We use the notation of the proof of Theorem 4.4. Let n € N
and i = (i1,...,in) € 8,. We claim that

(26) xlgiaF(")+R"§7[7JO/4a_F(")_R"+k C mmu( ™) gk F(m)Bf;O

for k € [F(m),F(m) + Ry;,) and m = 1,...,n. For n = 1, this is clearly true.
For j = (j1,...,Jp+1) € 8p41 for any p € N, the proof of Theorem 4.4 showed

the identities
F( )+Rpu+ a_F(p)_RT—’

95 = 9(1,dp)@ ot
and
F(p)+R R (P+1),,
r1954 pqu-«—la = Tp+1Uy, oy Wpsas
+ U , NAM B _
where uj € By o5 and uj,, € Bl Form =1,. 1, these yield
n—m—1
= F(m+p)+Rmtpy, + —F(m+p)—Rm
LI = LY (i1eesim) H a () +puim+p+1a (mt) P
p=0
n—m—1
(27) —xm+1u§m+1)a—F(m+1) H o Fm4p)+ R + oy~ Fm+p)~ Rty
e tm+p+1

p=1
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Therefore
7U _ _
(28) $1giaF(")+R"BnO/4a F(n)—Rn+k
= (xm+1uz(.:l:1)ak7F(m+l)> <aF(m+1)*kuim+lafF(m+1)+k)
n—m—1
X H ( (mA+p)+Rmip— ku"’ a*F(m+P)*R7m+p+k>
tm+p+1
X ( F(nHR"’anOMa F(")wak)
form:l?"'7n_1) and
7U _ _
(29) l‘lgiaF(nHR”Bno/w F(n)—Rn+k

n—2
k F 1)+R —k —-F 1)—R k
= 11950 H ( D+ Rk b P+ )= Rp+1+ )

« (aF(n)—i-Rn—k?%/4a—F(n)—Rn+k) '

For k € [F(m+1),F(m+ 1) + Rp+1], we have

n—m—1
H < (m+p)+Rin4p—ky + a—F(m+p)7Rm+p+k> c BY
tm4p+1 r
p=1
with
M\ (Fm ) By ) 1 U
_ - m+p)+BRmiyp— 0
=c(c+2)8 pZ::l Ao P SC(C+2)5A0+1SZ’
and
o F(m+1)—k o~ Fmt)+k o pNAM

W1 no/4 -
Hence, (28) implies (26) for 2,...,n. By the same argument, (29) implies (26)
for 1 (note that g;, = ugll))
We consider (26) form € {1,...,n}and k € [F(m), F(m)+R,,). Proposition 4.3
shows that :J:mul(:)ak*F(m) € f)C 20, and hence xmu( ™) ak—F(m )B C Xsg, for
all k € [F(m),F(m) + Rp]. ASQdISCuSSGd above, this implies that for any
point y € xlgiaF(”HR"E;JOMa_F(”) Rnits T-orbit (ya*)ren, stays above height
s for (at least) k € [F(m) + {,F(m) + Ry, — ¢]. Thus, in the time interval
[0, F'(n)+Ry], this orbit stays above height s for at least 37| R;—2n( steps. In
turn, (ya®)gen, visits K’ for at most (n—1)R'+2nf values for k in [0, F'(n)+ R,,).
One easily sees that
. (n=1)R +2nt

lim

n—oo  F(n)+ R,
which completes the proof. ]

=0,

4.2. Hausdorff dimension.

Proposition 4.9. We have

1. D2
di Uy >—=—-dimU — =—.
img 5 5 im 5
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Proof. We apply Lemma 4.2. Let £k € N and B € U,. Then

—U _ B
St (Bo1L) = AU,NB) _ Sp1 - AP BHDFREN B =Pl )= Fir)
k+1(B, A(B) MaF®W+EBY | q-F)-Ry) ;

and hence
Ap(U) = dp41(B,W).

For any L € N we have

L=U I\ _ (Mo p1+p2 —L(pe+2L) (70 p1+p2 —Lhy (T
AaF By o) = (B)" 7 et 8) — ()7 D),

Thus,
Ap(U) = 5k+1e—(Rk+1+R’)hm(T)‘

Note that Ri4+1 = k + kg and
e%RkJrlhm(T) Z Sk—l—l — LQ%JPQ . {G%Jpl Z eghm(T),

Then
1> cpe 3" (D) > AL(U) > ¢re ()

for some constants ¢y, co. It follows that

n—1 n—1
h (T ho (t
Z ‘log (Ak(U))‘ = 2( ) k= 4( )n2.
k=1 k=1
Moreover
() < e H O,
and hence
n2
1 n >c—
[log (dn(W0))[ = e
for some constant ¢ and sufficiently large n. Then
n—1
Zl |log (Ax(W))]
lim sup = < h(T).
Since dim U = py + po, this completes the proof. O

Proof of Theorem /.1. The space of possible x in Proposition 4.3 (and hence
of possible z1 in Theorem 4.4 and Proposition 4.8) is at least of dimension

dim(NAM). For the Hausdorff dimension of the set D of points in X which
diverge on average this observation implies

dimg D > dim NAM + dim Ug,.

Now using Proposition 4.9 completes the proof. O
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5. PROOF OF THEOREM 1.1

In | ], the first named author proved the corresponding statement of The-
orem 1.1 for SLg41(Z)\ SLg41(R), d > 1, and the action of a certain diagonal
element of SLgy1(R) (which is singular in terms of symmetric spaces). For the
proof he used the variational principle for entropy and established the existence
of sufficiently large subsets of (n,e)-separated points in SLgy1(Z)\ SLg+1(R)
whose trajectories are bounded but stay high up (near the bound) for a signif-
icant ratio of time (see | , Theorem 3.2]). These subsets are necessarily
adapted to SLgy1(Z)\ SLg+1(R). In Proposition 5.1 below we show the anal-
ogous statement for I'\G and T being the time-one geodesic flow. After that,
the proof of Theorem 1.1 is an adaption of | ]. For the convenience of the
reader, we provide some details.

Proposition 5.1. Let s > 39s1. Then there exists R’ € N such that for all

R e N, R > 4log4, there is a subset E of X< such that the following properties
are satisfied:

(i) There exists s' > s such that
T x S fx:gs/

for all x € E and all { € Np.
(ii) For any m € N we find a subset E(m) of E such that
(1) the cardinality of E(m) is S™ with S = S(R) = Le%jm . Legjm,
(2) E(m) is (mR+ (m—1)R',n/)-separated for some 1/ > 0 not depending
on m, and
(3) for any = € E(m) we have
{ecomr+m-DR 1| T e Xs 2} 2 mE.

— 100 -

To prove Proposition 5.1 we need the following lemma, which is similar to
Lemma 5.2 in [ |. We omit its proof. Let

A1 :=max{|A| | A is an eigenvalue of Ad, with |\| > 1}.
Thus,

N — /2 if gy = {0} (and hence G/K is real hyperbolic),
" e otherwise.

Lemma 5.2. Let s’ > 0 and pick an injectivity radius n > 0 of X<g. Let n € N
and suppose that g,h € U and xo € X are such that T'(xqg), T (zoh) € X<y for
all ¢ € [0,n]. Further suppose that d(g,h) = d(xog,xoh) and that d(T"g, T"h) >
55+ Then there exists £ € [0,n] such that d(T*(xz09), T (zoh)) > YR

Proof of Proposition 5.1. Let X := X<z and pick ng € (0,1/2) such that it is
an injectivity radius of B, (X). Apply Proposition 4.3 with 79 and R to get a
subset £ C Bf{o /4 with

§ = [eP2 ) oAy
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elements and x € K with properties as in that proposition. Let

mo(Xo — 1)

40
be small enough such that we may apply Theorem 4.4. In the following we will
use the notation of Theorem 4.4. For k € N define Ry, := R, Sy, := S, E®) .= E
and zy := x. Now Theorem 4.4 provides R' = R'(n,X) € N and a family of
subsets

0<n<

E;z:{gl|i68n}7 TLEN,
of U with the properties stated there. Let S = 1, S]N and let
1o = (ij)jeN € 3.
As in the proof of Proposition 4.8, we see that (g(il,...,in))nEN is convergent. Let

Gi,, = lim G(i,...in)

n—oo

Define
E = {Sﬂgioo

oo €8},
and
E(m) = {xgioo ‘ i €8, 15 =1for j >m} for m € N.

Since the maximal variation of height under one application of T is bounded, the
sequence (Ry)y is constant (namely, R) and the starting points zu, u € E, are
contained in a compact set, we deduce from (27) in the proof of Proposition 4.8
(and a limit over n) that we find s’ > s such that the T-orbit of each element

in F is contained in the compact set X<
Let n € N, i€ 8, and m € {1,...,n}. From (27) it follows that
zgia® € xujak_F(m)Eg/Q

for some j € {1,...,S} and all k € [F(m), F(m) + R]. Since zuja"~Fm ¢
X>5/39, we have rgia® € I)Cz%,g. Note that n does not depend on n,m or i.
Thus, for any x € E it follows that

‘{K e [0,mR+ (m—-1)R —1]| T'z e X> s yn H > mR.
For 7 sufficiently small, this proves (ii3).

Obviously, the cardinality of E (m) is at most S™. The equality follows from
(ii2). For the proof of (ii2) we want to make use of Lemma 5.2. For i, joo € 8,
Theorem 4.4 yields d(g;_., g;..) < mo- The proof of Proposition 4.8 shows

Tgi € :UgilBgOM

for each i = (i1,...,in) € 8y, n € N. It follows that zg;__,xg;.. € By, (X). Then
no being an injectivity radius of By, (X) yields

A(Gine»Joo) = AZGine» TYjc )-
Now let m € Nand i = (i1,...,9m),j = (J1,---,Jm) € 8m, 1 # j. We claim that

F(m)+R F(m)+R Mo
d(T (m)+ 9G1) T (m)+ 95,1)) > R
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where (i, 1) denotes the element in 8 which extends i with 1’s. We have

d(giaF(m)+R,gjaF(m)+R) < d(giaF(m)+R, g(i,l

+ d(gg.af ™R g6 1af R) 1 d(gi 1yt TR, g FmTRY

By Theorem 4.4(iv),

)aF(m)-i—R)

d(giaF(m)—&-R’gjaF(m)-i-R) > o
Let 1, :=(1,...,1) € 8,,. Then

d(giaF(m)+R, g(i,l)aF(m)+R) — lim d(giaF(m)+R, g(i,ln)aF(m)+R)

n—oo

Since (see the proof of Proposition 4.8)

Gi H a F(m+p)+R ;‘r afF(m+p)fR
m+p+1

9G,1,) =

we find

n—00 lm+p+1

d(giaF(m)-i-R’g(i,l)aF(m)—&-R — lim d( HaF(m+p F(m),+ a—F(m-i—p)—l—F(m))

= lim d(l H aP(BHE)  +
n—00 tmp+l
p=0

clc+2)6 Z Aap(RJrRl)
p=0

no (Ao — 1)° 1 _m
2 “(RIR' :
8 DY 1— )\0( ) 8

p(R+R’))

From this the claim follows. Pick now an injectivity radius ' of X<y such that
n0/4 > n'. Applying Lemma 5.2 with n’ completes the proof. O

Lemma 5.3. For anye > 0 and any s > s1 there exists a T-invariant probability
measure (1 on X such that

1
hu(T) > ihm(T) —e¢ and p(Xss)>1—e.

Proof. Throughout we use the notation of Proposition 5.1. We apply this propo-
sition with 100s to obtain the constant R’ € N. We pick R € N, R > 4log4,
such that
R logS(R) 1
R—|—R/>1_8 and m>§hm(T)—€

Note that this choice is possible since

S(R) = Leﬂpl : F%JPQ - (eg B 1)?1 ' (e% - 1)1)2

R(%+3)

R
=e2!mT) a5 R .

e
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Now we choose a subset E of X<100s and a family (E(m))meN of subsets of F
with the properties as in Proposition 5.1. For m € N let 0y, denote the uniform
probability measure on E(m), that is,

Om ::Sim Z O,

zeE(m)
where 0, denotes the Dirac measure with support {z}. Finite averaging of oy,
provides us with the probability measures
mR+(m—1)R'—1

1 .
m = Tiom
Hm = R+ (m — DR Z; 7

on X with support
mR+(m—1)R'—1
U T'E(m) < |JTE=:¢.
i=0 i€Ng
By Proposition 5.1(i) we find s’ > 100s such that &€ C X<y. Let p be any weak*

limit of (f4m)men. Then p is T-invariant and, due to the compactness of X<y,
a probability measure. Note that

K= () T /X<y
Jj€No
is a compact subset of X on which T induces an action, and € C K. Thus, u
can be considered as a T-invariant probability measure on K. Since each set
E(m), m € N, is (mR + (m — 1)R,n)-separated, respectively, the proof of the
Variational Principle | , Theorem 8.6] shows

. log S™ log S
hy(T) > lim inf - .
ey oy v sy Ay oy <7

By the choice of R, we have

1
hu(T) > §hm(T) — .
Moreover, Proposition 5.1(ii3) and the choice of R give

Nm(x>s) > mlt h

1—e.
>) S Rt m-1)R R+ R~

Thus,
M(DCZS) = u(fKﬁ :X:Zs) = lgn um(fKﬂ DCZS) = lgn ,um(st) >1—c¢.

This proves the lemma. O

For the proof of Theorem 1.1 we recall that m denotes the normalized Haar
measure on X.

Proof of Theorem 1.1. For sufficiently large n € N we apply Lemma 5.3 with
€ = % and s = n to obtain a T-invariant probability measure u, on X with
pn(Xsp) >1— % and

1 1
(30) (1) > Shon(T) —

n
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Then the weak* limit of the sequence (py,), is the zero measure. Now (30) and

[ , Theorem 7.6] (the theorem presented in the Introduction) show
. 1
Jim by, (T) = Shi(T).-

Thus, Theorem 1.1 is proven for the case ¢ = $h,,,(T). If ¢ is any value in the
interval [%hm(T),hm(T)], then we consider the sequence (vy,), of T-invariant
probability measures on X given by the convex combination

e (h;fﬂ - 1) " (2 - hm2<CT>> o

Tts weak* limit v satisfies

hence

—lim o= (21
VB T (1) m

Moreover,

Tim hy, (7) = ( 2 1) B (T) + <2 __x > lim h,,, (T)

hon (T)

= C.

This finishes the proof. O
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