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Shifted Laplace preconditioner
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Chapter 2

The Helmholtz equation
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Damping/Sponge Layer
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2.2 Discretization
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Conventional Discretization of Symmetric PML

22 o) indeinite efo] MY T ElE 7 A(212)004 olitahE WY
oh M RUAE QAR 6,9 0.8 7 AF YFOR 13 v] 22 Holo o2}
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1
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P00 — cpoo+d(pro +p-1,0+Ppo1 +po,-1)
+e(p11 +p1,-1+p-11+p-1-1)
A7NA ZF AFEL c+4d+4e = 19 AFO R, 7h5 AlG=9] A7} 10] H= A&
ofmlgtet. ks, s.pete G2 o WHHEA oh2t 22 e Y 2 o2 o]4tstst

% Q== S,

(k25:c52)|%',%pi,jv (2.30)
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~(1-a) <5§D225§D + 53178’”5313) poo = 0.

x z

pr1+ (K stz)|2, 1P1,-1 (2.31)
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Dispersion Analysis

— k*(cpoo + d(p1o +p-10+Ppo1 +Po—1))
— a(62poo + 62poo) (2.33)

— (1= a)((627)2po,o + (627)?po0) = 0.

A mhae kot 2] BHrkpum Aol 9] TAE ZHZ ky = knum cos(6) @ k. = Knum sin(6)
E AFg5to] poo = exp(i(kew + k22)) @F pro = exp(i(ke(z + Az) + k.2)) S Y
sto] Alake 4= Qleh. o714 6 P nto] Aut Zt oot of 714 {7k 2 At
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3.1 Krylov subspace methods
(3.1)9] A Al2d o] Aofl Hish, H]5o] - M3t 27] off xo7} FoI AW, A =
M- N2 Z2sf thad 22 72 fEEHe Fog 4 Sl
Mxp, = Ney—1+0b
T = M"Y (Nap_1 + b) (3:2)
=Tt + M 7Yb— Azpyq)
A7] M =12 T3 m¥A off x> thxF 2ol yerd & 9l
T = 1 + (b — AZp_1) = T + M Lrp_y (3.3)
A (3.3)0lA HAF 2 T 2ol UERd 4= sl
P = b— Aty = (I = A)r1 = (I — A)™rg (3.4)
olof| W& x> Tht Zet.
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m—1

0 =20+ Y (I—A)rg (3.5)

i=0
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AZIA (4, m0)E B3 22 2828 FE253HS el

,Cm(A7 TO) = spcm{ro, ATO? to 7Am_17a0}' (36)
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9T, gl WA} 29 o)} R} kB A2 SPAS Algate] 78 4 ok
BEIPEE A VT 0y, B FO1E AL whet

_l?l__
=730] A7) ol HEH el a8 Sk, AL B AT AL Ak

AE5E= A2 0l & A= UFHA O 2 of 21| E (Hermitian) & o} 31 positive-
definite] A= 7} 2| 2] oF=tt. whetA] EA4 tf %] 9l H]|of| 2 0] E (non-Hermitian),

7879 (indefinite) 445 7Hx = YA 4T 5 e AE=2E HEHo] &

gotth thZ o 2 of7]of dlidot= 282 H FEFIHH 60 2 GMRES, Bi-CGSTAB,

QMR, CR<] Hisf g3t
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GMRES

GMRESE: J™2H 2237 Ao thah 87 B (norm) HA5He 3

oltt. ol sl &4 st AF Al2" 9] A 2lAE 2= 2 HE AEAE

Algorithm 3.1 GMRES

xo is an initial guess, ro = b — Axg, 8 = ||rol|2,v1 = 10/8

Define the (m 4 1) x m matrix Hy, = (hij)1<i<m+1,1<j<m, Set Hy,=0
for j = 0, 1, ..., until convergence do
w; = Avj,
for i=0, 1, ..., j do
hij = (wj,vi),
w; = wj — h; jv;,
end for

hjt15 = llwjll2,
_wy
Uit = i,
end for

Compute y,, = argminy||Ber — Hyyll2,

Compute x,, = zo + Vinym,

HEE v Z A HEE F by = 00] W GMRES ¢ae|Eoe] g5 2
= ot o= A E 7L 00] Hrp= o= o] GAoM A&t siE =

Zolch. 187] 2ol hjsn ;9] 3H& SHIske Rlo] Fastet
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%2419 (superlinear)

s

+ CGof| 24

GMRES

mj

A 2A~" AE GMRES

)

—

)

Hog

ks

2 no] 37|17} 27 2o GMRESS]

0|

o

GMRES(m)° =2 %Lt o]

s
—

A2 GMRES

GMRES?)

o
—

RES(m)

A& 31 %4134 (superlinear)

/del m

E
=

HH O 2 optimality
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Bi-CGSTAB

qVeFOR B 0Fe 4L L L

Ta]Zoltt. Bi-CGSTAB ¢ty a|=

0

,r’.'
&7} el

(A)

2
J

]

B ol CGSoflA 2 Hg

il 7

el

o
—

Al Bi-CSTAB

=1L
Sh=

Ak

S
il

£ ARt

A} e

(3.10)

(1 — th)Qj

Qj+1(t)

om

)

(3.11)

(1 —wgt)

(1 —wot)(1 — wit)..

Qj+1(1)

Fed

S

o}. oli= A7k} wyef T

o 22 o]Fo]xlt}. Bi-CSTABC]

SH
=1

(3.9)2 ol 7 & 2o}

ol

Bi-CGSTABS] &F11a|=

5

tt. ofof
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Algorithm 3.2 Bi-CGSTAB

xo is an initial guess, rg = b — Axg,

set o = conjugate(ry), p = 1o, rr = (10, 70),

for j = 0, 1, ..., until convergence do
Ap = Apy,
— rr
&= o Ap)

Tntl = Tn + @Ap,

Ar = A?“n+1 s

(conjugate(Ar) ry1)

w= (conjugate(Ar),Ar) >

Tptl = Tpt+l + Wrn41,
Tn+1 = Tn4+1 — OJA?",

TThew = (T07 Tn+1)a

/8 — I''new * o
T w?’

T = T'Thew;

Dn+1 = Tn+1 + 5(1771 - WAP)

end for
o] 2 g2 QAL AHELrh= o] AT semi-optimality /44 7]

OFSFTh. Bi-CGSTAB ¢ruel5o] Fa @ito: ulo] gig-ve gt 499 Uj
o] W a sttt
Quha o2 BiCCSTABY 49 Z%e YEele £382 /AT opgo] 9]

o ol &aEEe] o] AdPEE w7t 09 Wi 7 ¢ +HE ol

N

7] 1] 3
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A AL B 5
7 Bi-CGSTABS] 2+

P4 2olct.

].

It Zlolth. oleigt BAIZE SAshA ¢k 43S
o] 18 (norm)-& B8 AR (b — Aay][2}e] B]

2 § A=

st

w7t

|
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QMR

Algorithm 3.3 QMR

xo is an initial guess, ro = b — Axg, v1 = |[|roll2, w1 = v1 = 10/71,

Set 1 =61 =0, wg =v9 =0,
for n = 0, 1, ..., until convergence do
forj=1,2,...,ndo
a;j = (Avj, wj),
Vj1 = Avj — ajvj — Bjvj_1, Wig1 = Aij — ajw; — dw;—1,
0jt1 = \/m If 6;41 = 0 Stop,
Bi+1 = (Vj41,Dj+1)/0j+1,

W1 = Wjt1/Bjt1, vit1 = Vj1/0j41,

end for
Yn+1 = —SmTm,
Tn = —CmTYm,

Qm, = Cp @M + S Om1,
Pm = (Um - Sum(ti,mpi))/tm,m7
Tm = Tm=1 + YmPm;

end for
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CR

o). o]o} % PEE ZHX A A7} o 20]E (Hermitian) 2l 54 5] o
sl GMRESe|H CRo] 29 4 9tk o] 4% 4% WHEL A-Zuz 39

(conjugate) @A o]ofoF gt S HE r,9n =0, 1, ... = 25 Zuwstt. CR
o CGS} F27} AR oleldt 248 WEA|F|L Sue|Zolct. CRe| e

zo eyt gt

Algorithm 3.4 CR

xo is an initial guess, rg = b — Az

set p_1 =0, 6_1 =0,
for n = 0, 1, ..., until convergence do

Pn="Tn+ ﬂn—lpn—la

_ _(rn,Arn)
On = (ApnvApn)’
Tyl = Tn + QpPn,

Tn+l = Tn + @ Apy,

/8 — (T'VL+17A7'7L+1)
n (rn,Arn)

(Hermitian)Ql Y& o] & & wf F=2 T-gdrh. IFE= AN Hes

A A" B4 tfZ] Q1 Hlo 210] E (non-Hermitian) o] 2|9 [65]

—

i

E35) CR
o|¢} g BEA L A Frx}(minimal residual) EAS FX|olH 2o &

(norm)e] Hisll FE2 8 FFe AT = Arke 2ol EHA A
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3.1.1 Convergence
GMRES9]

o, A A4 m
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=
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=
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ol AA B agt CRo| 7Hg A2 ALt Hl&= SolHA 52 A9 siE
Totee] Aghe Ao ek ofo] ukel o] 9| preconditionerS H§3he
AP CRE AMgate] ARS WPsiolnt
10° 4 —— GMRES(m)
BiCGSTAB
—— SQMR
1071 — CR
é 1072
ol
§ _3 ”/H'Juv J,Lv. ,-]‘ ., & "
%, 10 i, )«1 ‘L Hﬁ,‘m‘u
§ /
1074
1075 4
6 560 10|00 15I00 ZOIOO 25|00 30|00
The number of matrix-vector multiplications
Figure 3.1: kh = 0.314159(G=20) duf Zx} A 7o w2 GMRES(m),

BiCGSTAB, SQMR, CR¢] $&-#lg &
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—— GMRES(m)
10°4 BICGSTAB
—— SQMR
— CRr
=101
=
= 102
©
=)
o
[
o 1073
2
ko |
2 I
10744 ‘ \
W 1
]
1075 4 \
0 500 1000 1500 2000 2500 3000
The number of matrix-vector multiplications
Figure 3.2: kh = 0.408407(G=15) duf Ztx} A 7o w2 GMRES(m),

BiCGSTAB, SQMR, CR¢| $&-#lg &

1004 —— GMRES(m)
BiCGSTAB
—— SQMR
_ 10714 — CR
g
= 1025
©
3
=]
g -3
o 10777
2 |
B L
: ol
e« 10-44 ‘\M\h ) |
N| IA M
k \
N\
WYY W
1073 4 \
6 2%0 560 750 10|00 12|50 15|00 17I50
The number of matrix-vector multiplications
Figure 3.3: kh = 0.628319(G=10) duf Zx} A 7o w2 GMRES(m),

BiCGSTAB, SQMR, CR¢] $&-#lg &
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10° 4 —— GMRES(m)
BiCGSTAB
—— SQMR
1071 — CR
= 102
? 1073 4 ‘ I
£ 10744 |
1075 4
(') 260 4(30 6(')0 860
The number of matrix-vector multiplications
Figure 3.4: kh = 1.25664(G=5) dufj Ztz} ZrA o] & GMRES(m),
BiCGSTAB, SQMR, CRC] &g &
kh(G) GMRES(20) | BiCGSTAB | SQMR | CR
0.314159(20) <1500 <1500 <1500 | <1500
0.408407(15) 1474 1497 1288 | 1268
0.628319(10) 964 860 909 876
1.25664(5) 582 473 620 586

Table 3.1: kh(G)o] B2 P2 B BRIANS 0| S2717| 9] HHE g4
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3.2 Preconditioner

HrEso] 2 Rel vlsf ofd o =2 74 (robustness) 7 G844 o] F=o|t}. o=

=
5}7] wj&olt}. o] 2FH-& preconditionerg AR&sto] &S 4= It} precondi-

tionerZ AFgal= A2 A o] AP A AHS T2 2 7R thE A A”H o R

o
it
of
2L
iin)
=

fl
)

L
Lo
=<?_l‘_r‘
it
-
st
ab
%0
iu)

A-gsto] s g I v 22 AlL"He 24 "o
M 'Az =M1 (3.12)
52 preconditionerg ¢-5°f A& vh5 £2 Al2"e 2+ Ao
AM 'y =b, z=My (3.13)

o] B¢y = Mz= n|A|5 yof tisf A| 2" 9] sfE 7t & xof gh= 57 "ot

=
nprietom TR ARbA Q] FElE M = M M= Zod Fei= detdo] 2

o

preconditioner& -8 4 It
Mp'AMply = M b, y= Mga (3.14)
A7IA M3 Mp2 Az Eolth. o FEo] qiAd wi= Alade e B

=371 fleliA= 22 preconditionere] #-g-0] 335}t

Zo

o34 Q1 preconditioneri= M = Ao|t}. o}x|qt Aol SPHL UnrH o=z A4l
&g Hlgo] 7] wl&o @A o) wrebA £ preconditioner= thSa}
T2 25 wEHoF gt

1l 7
16 & Ly



t}.
2 435}

5

L. M1} A4t B]-go] Yoo}

sloF gt

9|
et
X+

2. M—1A9e] 1193ko] 1

indefinite A]|A€Elo] Ht}, o]

<l o=

1

%

o

-2 preconditioner+=

=
5

el

2 preconditioner

=
5

o

o E

L £¥&LE gulsls 0 230 8T AlA

ol

=

<|

§ .

]

ol

s
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preconditioner

F=1F Ht} preconditioner?]

235

3 A

E

IYzn REP

ul|

B 71

v AAAE 7]
17|45t preconditionerl =¢Hd Cholesky #-oiet A4E2} 7]8F precon-

preconditioner+=
=
=

N =

3

_Z_

ditioner?l shifted Laplace preconditioner2]
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3.2.1 Shifted Laplace preconditioner
F92 PAARl A A2 Ap = fi TheT e AEEE WA A GEHch

A=-L-K (3.17)

tteog ofrlo] BA A|ZE(a + Bi)E F7I5H= AC = shifted Laplace(SL)

L=-V?—(a+pi)k? (3.18)
o17]1A a, B € Ro|™ a > 00]t}. SL preconditioner Mg-& £& 7]8Ho & thea}
ol yepd 4= Qlrt.

Mg = —L — (o + Bi)K (3.19)
9 S R3] FHEHE AL 0oflA] He "ol
=& w71 o] FA1717] S1ell = = AT

2
2%
rlo
K
Jo
=
filo
el
3

Eigenvalue of shifted Laplace preconditioner
AET2 QAR LHGE The Tt 2ol Lehd 4 9l

Mo =k2—k% ky=nm, neN (3.20)

T ) 1
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(=V2 — k2) ¢y = M(=V? — (a + Bi)EH) o, (3.21)

_ ki — k2 9 (k,% _ k2)2
A= k2 — (06 +62)k‘2’ |)\| - (]6721 — 04]62)2 + (ﬁk‘)Z (322)

= ——(E) (3.23)

11+ 520 (k/6 24 p2<1
2 4( a+g )(/) & B (3.24)

L1+ (-2 + B (k/0), a*+ B 21
o2 + B g4710] ohl7] we] FolZl aol Hhs (22)9] A WAl Aol A
o2 + 7 = 12 Fske Zo] MY 2L w2 AZWT BRI a > 09] 4
902+ 57 = 19 1] k29] % A Aol dhe) w2 HAGE ALk (87 1
o gutt o ke w28 F U2 o] geS HP 4 Ak & Sof 24
o2 + 57 =1+46,5 > 0914 ol & % qlrk) 27 o +
AT A5, p=19 1 wi Hagolh o £ 1D 59 2] 49 SL precon-

ditionero]| tfsf] 757t 7P @ 2UFE AFeTH32].
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Spectral analysis of preconditioned system

SL preconditoner®] 4 4-& Ttolel7] §15) t41 el oA BT} ol of

Ao Wt Fasial S+t 284 M-S 28 7Hsshe70).

(L+iC— 2 K)p=f (3.25)
o714 L 2E2tAIQt, C= Aot e AA XA 3, K kofl Bt A&

LY} C A4 A o)™ positive semidefiniteo|th. 12]31 & ML A4 tj# o]
positive definiteo]|t}. o 7]of| B&H L +iC — 21 M= B4 & 0| indefiniteo]T}.

o]2} #2 Y= SL preconditioner= th=3} Zo] YeRE 4= gl

Mgy, = L+iC — 2K (3.26)
B4g 2 = s+ ifh9 Tl LEPE & Qlh B4k nt 24 ALE Jutshd
BoE whEHo] S-S PHATIE 3 AEditt o2 WrEHol A A5}

(L +iC — 2K) N L +iC — 11 K)p = (L +iC — 2 K)™f (3.27)

ZANA 4 C =0
£ Tejste] 2, 2o0] wet A2H0) THE 07k /B A AHSHE 2| BAF,

e

AEg = WA AL QS SL preconditioner

¥ o =11 3
50 ""'u_g i I.'1_.|i L



preconditioner?} 2-8-% Y- ] {3k o= thx9] LRtebd g £419 sfol

(L— 21 K)r=0(L— z2K)z (3.28)

71 A FE (L—2K)9 (L—2K)= L = AKz°] 13 HE S 72 1.3 W2

L-& t4 positive semidefinite©] 11 K2 th&] positive definite©] 7] wj-&2o] 11-§-3k
ol
=

AE Aol 9 gho] oyt Sl AoA AKz 2 Lag HASH tha 4e d=
T AL,
A—z)Kz=0(A—22)Kz (3.29)
01714 Thg o] Ashs 218 & 4 e,
A— zZ1 = (7()\ — 22) (3.30)
wetA 2 # At
A — 21
o= —- 3.31
()\ - ZQ) ( )
A7 A= preconditioner”} Z-§-7 AR A7k o5 0] HAIet HA g HASl

Sl #1(3.31)°] oA} 715 4 9l
o] 9] g B S1al o = o+’ A (3.30) AASHA het e 4

filo

A—a1—if1 =0 ( —042) —idrﬂg—l—idi()\—az)—l—aiﬂg (3.32)

o] AL 4R} F4HE L H the} 2t

A—a;=0"(A—a2) + Uiﬂz
(3.33)

—B1 = —0"Ba + ' (A — ag)

51 "-:l;" I 'kl-.| T 1_-“ [= 5



A 212 of = 00] "t o] A7} ofzhH A9

A=ay+ M (3.34)
o
AR NS tidohd oh2 v e At 2ot
Ba(0")? — (B1 + B2)o” + Ba(0")? + (a1 — an)a’ = — B4 (3.35)

of A2 BE ai, B, az, B0 oA AR 7]1A By = 091 -2} B2 # 09

§8h 0= o +iot T 2L AL WESE] HABY 49
Ao BxalA) ft

B2+ B9 ;. as—ar,  (B2—B1) 4 (a2 —ar)
o — )24 (of — 3.37
( 232 o 2832 ) (262)2 (3.87)
0] F4 o= (B, agzoyoln Wi R = [ Ehptleal o),

WFE o] Sgol dha) ol sfstr] $lshH o] Aol el glix] Selsfop

(Ba+ B1)* + (a2 — an)? - (B2 = B1)* | (a2 —ay)?
(282)? (282)? (282)?
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A Ao FH A= ARG Ane Ao= el

A
T
20 FA3 WAL 2, 2 TS Pol B oz vehd 4 glr,

s 29
2 2_2 (3.39)
N ’22 — 22

oA 7|4 Hrp d¥rHQl C # 0% #AHE 5= A4} L +iC — 2K
of| tf3f} SL preconditionerE 112 St0] 21, 290 w2t A| AR S] 1G5 o7} o] 2 A
9 2)6l= 2] BAISH). preconditionerZ} A-8% P o] 187k o= th& 3t o]
(L+iC — z21K)x = 05(L 4+ iC — 29K)x (3.40)

AsZ utekE A9 16 glolet sh,
(L +iC)z = AsKx (3.41)

o € = 0 Wo] 24 A 9] 5 ALS 2 1§ WE ¢F FHIL precon-

ditioner7} 2§98 A2HY 183 05 Asoll B A0 The} o] £ 5

)
g
I
%
>
=
|m
i
>
op
_O|_|‘
£
o
do
E‘
i
FN
_O|L
rr
SN,
o
N
lr
i)
)
£
N,
_>1:
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% otk f = 0% helshel 4] (342) Tk} Zoburt
(As —ag)os = Ag — 21 (3.43)
o] A1g AsRel HFRR iw ohgT} 2o,

Lot — Mok — agol = N — oy

B4 Aol A of = 0 i g = ap — 28+ Mg 7291 212 8ol & 4 gl ol
447 Aol thshE the2 g 4 ok
—B10% + (a1 — a)oly + B = Ny (0 — 1) + o) (3.45)

o714 Ny > 00]7] tEo] WL 0RTt 2Lt 24 Ak webd the 24
a7 et

—B10% + (o1 — ag)al + 1 >0 (3.46)
B2 < 091 A IH{ o5 T4 ¢ = 2229 ¥4 R = |29 9] &2

Qr%o] 91751 Hek. ol hee

of

3 o % 9tk

As — 21 21 — 29
los —¢c| = 3 - —|
s—z2 22— 7
_(As —21)(22 — 22) — (As — 22) (21 — 2_2)|
(As — 22)(22 — 22)
_ ’)\5(22 —21)+ (=1 —72’2)272 (3.47)
(As — 22)(22 — 22)
As — 229 — 21

:’)\5*2222*272
As — z
S 2’R

As — 22
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(3.48)

(N — a)? + (N + f2)?
(NG — a)? + (N — B2)?

| 2

Z2

/\5'—22

<191 2 & Ag = Nj + Ny 2 Lpehe of
Ag —

4714 B2 < 0% BF |os —c|< R
As—22
As—z2

(3.49)

1

<

(Ag — aa)® + (N + Ba)?
(Ng — a)? 4 (N — B2)?

Z1—Z2

o]

S O
[

1 9 9

29—29

22—21

SHHE R =|

22—22

F4 o=

HAl "t} o= A B2 <09

°

A4

o, g3ko]
EEER LR

e

o
g

9] 274 A7 7] het

%

Upper bound on residual norm

GMRES #Fa} 12 (norm)o] o

L=
—

1714

P, wEkA] o] FA

°

Sepaeltha 714

O
o=

A

-

=L

@

4] preconditioner7} -85

oF
Iz

(norm) [|r*|| TH&&

H ¥ & GMRES 7H2F ke &

k
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(norm)2] ZZA4o]t}. o]

12 eo(X)+= 2- 5

%ﬂ_o

g

1§ el

=
1—

of A4 X

=
—

o 57 A% Aol

9] x|} preconditioner7} A

ol 79 preconditioner”}

H

)

JI
G2
o
™
ol
T
0

|

K

XTKX =1 c(XTKX) =1+ co(K'?X) =1

(3.51)

(X)) = co(KTV2KY2X) < ep( K™Y2) e (K2 X))

4
o
5u
o

N
ojn

T

o17]

(3.52)

CQ(K)

VI

CQ(X)

A1 4Ae ofy

=

1

]

=i
ail

Al

94

1=}
=

C # 0¥ 7% preconditioner7} 2G5 AlA

] c2(X)7F 2l 71

A5

o

Selection of shift

of| A th& BA[70]o] A Dirichlet A ZAY 7-¢ SL preconditioner(V?+ (a+

AT S A=

S

Fa7h Hotal deA o

4332 5
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(o + Bi)k? — k? + ei (3.53)

om0 < B < 1S WESH= o] 72 AL8317] $18] e < Ko TR,

XA o] E4 AT EO| et (38, 42, 22]9]| 4] SL preconditoner’} £ A5

hkA/|k2 — €| < Oy (3.54)

_ €
1T = Mg All2< Oz (3.55)

wHebA] e/ k7F S25] Aot Msp2 Aol Hisl] £ preconditioner”} . 919}
e 744otel GMRESE preconditioner7} 285 A A8 €] 315 614 @ k
o YA vtEL2 g5t Hot38).

e/kol TE BFE Bstr] AT e = k/4001A e = K71 9] A-A[38]el A=
€ = k/4dm] P 7P & AWE BAFUL € = kH} Zfolz]7] AJZetH

olHr} 2 Zhe /MW Het 2 A% FAo] gl 2L BelF e
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Spectrum of preconditioned system
¥ 3.2 o A AH A9} preconditioner’} A-&% A]AH M§L1A94 ZALE Y
il Aotk AlZEC] Zholl wetA 2757} WelAw g4 9 A2" AR

2057 AAE AS & 4 ek

System Condition number
A 633.60
AMg}, e=0.1 1.04
AMg}, e =10 6.86
AMG}, e =30 27.45
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2 1=Roj 4 ALgae B9 Cholesky £310] 8- theo] Lrehd 2rae) &)
Cholesky 23] 9] jki #z1o] 7|23k}, o] sl st Lo| jilA) A7t 37
s

A9] jiA) 2 Goject. gizbal a4t Bolh WA net gejolEH}.

Algorithm 3.5 Cholesky factorization

forn=1,..,ndo
ali, ) = \/ali, )
col'len = size(i > j : a(i,j) #0)
fork=1,....,7—1& a(j,k) # 0 do
fori=j5+1,...,n & a(i,k) # 0 do
ali, j) = a(i, j) — a(i, k) * a(j, k)
end for
end for
fori=j+1,..,n& a(i,j) #0 do
a(i, j) = a(i, j)/a(j, )
a(i,i) = a(i, i) — a(i, j)*
end for

end for
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ICT(p)+= Cholesky w-ofiofl A jHA] HHE-0] A|2bE off SHAFZE P Lol Iy, ..., ;-
AL AR a(i, k)i > k)ONA 1) 1A 84S AR Thg ALtA T
2 @4 aP (i > j)=

i1

j—1
Aj=A-> L} (3.57)
k=1
a(i,i)(i < j)oll A7k 1;9] Ak b2 3ol A o] FojZitt.

Aj=11] — > LI (3.58)
k=j+1

WA 1y = 0(0 < k)olaL, o]2ijt [; 9] o= tha2 oueitt.
I = a%), ljjliy = aij — Zlikljka i>j (3.59)

ICT(p) ool ek ERAAOA 1,9} 1 ARSI Lol A 744 2 + p7le] 22
2 A8, o714 nyis 9 W A0 Tzt AR A 9la 5h9] A2 Hbel A

00] obd @.4:9] FjZ=olth. Ay 9] 7 Q2 the Ao AstHt
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Algorithm 3.6 Incomplete Cholesky factorization, ICT(p)

forn=1, .., ndo

ali, j) = \/ali, )

col'len = size(i > j : a(i,j) #0)

fork=1,....,7—1& a(j,k) # 0 do
fori=j54+1,...,n & a(i,k) # 0 do

ali, j) = a(i, j) — a(i, k) * a(j, k)

end for

end for

fori=j+1,..,n& a(i,j) #0 do
a(i, j) = a(i, j)/a(j, )
a(i, i) = a(i, i) — a(i, j)*

end for

Retain the largest col’len + p elements in a(j+1:n,j).

end for
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Algorithm 3.7 Incomplete Cholesky factorization, IC(k)

forn=1, .., ndo

ali, j) = /a(i j)

col'len = size(i > j : a(i,j) #0)

fork=1,....,7—1& a(j,k) # 0 do
fori=j54+1,...,n & a(i,k) # 0 do

ali, j) = a(i, j) — a(i, k) * a(j, k)

end for

end for

fori=j+1,..,n& a(i,j) #0 do
a(i, j) = a(i, j)/a(j, )
a(i, i) = a(i, i) — a(i, j)*

end for

Retain sparsity pattern of the matrix A+,

end for

o] ¥ FEF2 deel vlug fiet IC(k)ol et ¢arel=E
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3.2.3 Fill-in comparison between ICT(p) and IC(k)
A 2Ee] 27))
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ICT(p) IC(k)

. Fill-in 5 Fill-in
(27+p)N (3 +2k)3N
0 27N 0 27N
5 32N 1 125N
10 37N 2 343N
15 42N 3 729N
20 47N 4 1331N
o]4ka}

Table 3.4: 32} 2773 AYE AHA

NEWES: EEL)
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3.2.4 Spectrum of preconditioned system

o]- 2] AoflA SL preconditioner Mgy S ZHH oz PH Aof H-L35}o] A

29o] AmE o] AMHE 2L SISHATE WY My A9} HI% A2
2712 7M7) gge] MgiAS Aoz Asshzd) Aloe] which 137

ST 0] ZAshe Bgel A A EE AL 2tol7t 477 HEk. ICT(p) s}
IC(k) 25 458 Bolgle 7152 Rold Mylo] 4'5e AhAz Tojy 4
2 o B&AQ Wie] Folelx] Skle] Wasit. ol

Rt oFd 49T WEES Sl ICT(p)7h B He AF3E vlgo] SHA
& %5e e 5 9l Aok Askd or)HE He AAHels %
BEZ oy bz $Hel8) 2ot ICT(p)} IC(k).©

2 3.10¢} 19 3.119)

< 91 & 4 Qlrt. skA o Hs] Y A AHED ZHSEHT 2ASE FEL
AE A2 7 Uth 22 2719] A|AH A= ICT(p) ot IC(k)7F Hls='t B =
HoF= e &dd 4 ot
System Condition number
A 633.60
AMg} with ICT(p) 456.44
AMg} with IC(k) 577.38

Table 3.5: PF A} AM} o] =A%
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3.3 Comparison between IC(k) and ICT(p) with Shifted

Laplace preconditioner

a3
=
o
a
=
=
i
o
El
_°|l‘4
N
()
%
N
o
L
il
o,
e
)
1o
4
o
i
i)
i
ns
4
%0,
rir

kh (G) nx | nz

0.314159(20) | 400 | 400

0.408407(15) | 300 | 300

0.628319(10) | 200 | 200

1.25664(5) | 100 | 100

Table 3.6: IC(k)¢} ICT(p) 9] HlZAH 27

[—
Q
=
lo,
>
oo

BL 47hA) kholl A AZE ext o A5kES vhste AEe A9
SHA, ICT(p) 0] AB-L 4714 kholl 4] AILE c3} g2t 7| 2pS vhgrte] 492
Aepsteirh. Z17Ho] Aol A vhEg o] uhE 515, &

s Zast A Fse 7155k
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1C(k)

26

27

35

40

51

49

68

0.03

0.05

0.07

0.09

0.11

0.15

0.17

0.19

0.21

3 s

20) Q) 477}

0.314159(G=

Table 3.7: IC(k), kh
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01 2 3
003 |- - - 42
005|- - - 31
007 |- - - 28
009 |- - 174 30
011 |- - 80 31

o

ij 013 |- - 67 36
015 |- - 72 40
017 |- - 82 45
019 |- - 85 50
021 |- - 90 &4

Table 3.8: IC(k), kh=0.408407(G=15)4 ] £=H7}A] A Q5= HHE 314
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IC(k)

0o 1 2 3
003|- - - 15
005 - - 8 12
007 |- - 35 14
009 |- - 27 16
011]- - 32 18

.

f*;i 013 |- - 30 21
015 |- - 31 22
0.17 | - 148 33 23
0.19 | - 106 42 27
021 |- - 43 31

Table 3.9: IC(k), kh=0.628319(G=10)A ] £&H7}7] A Q5= w2 34
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1C(k)

o 1 2 3
003| - 51 15 9
005 - 39 14 8
007 - 35 12 9
009 - 30 13 11
011 - 28 12 12

o
E 0.13 | 103 29 13 12
015 | 61 26 14 13
017 | 49 27 16 14
0.19 | 40 28 16 15
021 35 28 17 17

Table 3.10: IC(k), kh=1.25664(G=>5)L ] +H7}Z] 4 Q &|+= HHE
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Drop factor p

Table 3.11: ICT(p), kh=0.314159(G=20) <o S~H7}=] A~ Q&

77

0 5 10 15 20 25
003|- - - - 39 26
005|- - - 28 29 23
007 |- - - 26 30 23
009 | - - 52 32 36 29

Jjoa - - 52 4 41 3

f*;: 013 |- - 64 47 49 37
015|- - 64 51 73 54
017 |- - 64 - - 65
019 - - 61 - - -
021 |- - - - - -

L grE &
— - 1 N

A~
T



Drop factor p

Table 3.12: ICT(p), kh=0.408407(G=15)Y 0} Z=&7}2] 4 Q==

78

0 5 10 15 20 25

003 |- - - 50 23 13
005|- - - 30 2 15
007 |- - 25 28 22 17
009 |- - 26 29 24 21
Jjoan - 3430 27 23
f*;: 013 |- - 36 30 30 27
015 |- - 44 32 36 30
017 | - - 45 43 39 40
019 |- - 50 61 43 45
021 |- - 59 8 51 49

- 1

ol P
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Drop factor p

0 5 10 15 20 25

003 |- - 44 15 14 8
005 |- - 32 13 13 9
0.07|- - 25 15 13 12
0.09 |- 30 25 17 16 14

y 011 |- 25 26 18 17 16
‘-E 013 |- 26 30 20 20 20
i 0.15 |- 28 33 22 21 20
017 | - 32 32 25 23 22
019 |- 34 34 26 25 25
021]- 39 37 29 32 27

Table 3.13: ICT(p), kh=0.628319(G=10)L ] £H7}2] A Q5= HHE 314

¥ o 1]
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Drop factor p

)
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15
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25

0.03
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0.07
0.09
0.11
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0.15
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0.19
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o1
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22
17
15
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11
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Table 3.14: ICT(p), kh=1.25664(G=>5)2!
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18

Table 3.15: 4km?

Iteration | Time | Fill-in factor | Iteration | Time | Fill-in factor
26 1.04 3 20 3.53 28.5
25 0.46 3 67 1.80 8.1
13 0.13 3 27 0.31 8.1
8 0.016 3 26 0.024 2.6
2] olA] ICT(p)ot IC(k) <] kh wh 2|4 A|ZF A3}
5]

-u--'u-\.
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Chapter 4

Numerical Examples

4.1 Parameter selection of preconditioner

4.1.1 Numerical domain size dependeny

2% 41014 462 2241004 £ A GG 9] 2719} pst e Wate] B2 S AT
dhel Wie 0] WefE Lk Zloli, 17 4760 4] 4128 33HAC]A $1 A
o] 2719} pot ¢ Wste] w2 43 APl sl W 4o Feh ek Zlolck
sfehilo] keSS 49S Wk Rl WAe| Ahe4s Wik S

271 ool SokA] & 2L vehdict o] 1SS HH 27489) A9 5H 9
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iteration total time
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Figure 4.7: 324 100x100x100¥ @, p2} eof] w2 HHEH O] £~H7}
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optimal epsilon for each p average optimal epsilon for each p

0-401 —— 100x100 0.401
0.35 —— 200x200 0.35
—— 400x400
0.30 A —— 600x600 0.30 -
—— 800x800
0.25 —— 1000x1000 0.25 -
a a
20.20 20.20
0.15 - 0.15 -
0.10 - 0.10 -
0.05 + 0.05 + —/\
0.00 1 . . . . . 0.00 1 . . . . :
0 10 20 30 40 50 0 10 20 30 40 50
p p
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ICT(p)
domain size N p € | iteration | time(sec)
100100 10000 5 | 0.09 16 0.018
200x200 40000 | 10 | 0.08 18 0.186
400x400 160000 | 20 | 0.04 22 1.30
600600 360000 | 30 | 0.02 21 3.581
800x 800 640000 | 35 | 0.02 23 7.361
10001000 | 1000000 | 35 | 0.03 32 15.915

Table 4.1: kh = 1.25664, 22Fd Ao A 29 & 2|2 9] pet e, o|uff o] W

A4-o} 48 AT

ICT(p)

domain size N p e | iteration | time(sec)
100x100x100 | 1000000 | 10 | 0.33 31 11.71
120%x120x120 | 1728000 | 10 | 0.31 37 25.64
140x140x140 | 2744000 | 10 | 0.31 44 46.14
160x160x160 | 4096000 | 10 | 0.37 49 76
180x180x180 | 5832000 | 10 | 0.31 56 124.37
200x200x200 | 8000000 | 10 | 0.33 61 188.53

Table 4.2: kh = 1.25664, 33 Aol A 219 E 22 9] pet e, o|ufj o] W

A59} 40 AT
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4.1.2 kh dependency
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4.1.3 Computational time
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4.2 Heterogeneous model
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Seismogram result
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4.2.2 2D : Pluto
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Frequency domain result
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Seismogram result
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4.2.3 3D : SEG/EAGE 3D
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0.837758 | 169 x 169 x 50 139 76.84
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Frequency domain result
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Seismogram result
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J

The Helmholtz equation is a partial differential equation (PDE) that governs
the wavefield of a frequency component. Since it is an elliptic type PDE, it
is expressed in the form that the solution can be obtained by solving a linear
system, which is composed of the impedance matrix and a given right hand side
including source information. Due to the reciprocity property of the Helmholtz
equation, the discretized impedance matrix can be naturally expressed as a
complex symmetric matrix that can reduce a memory requirement and the
number of arithmetic operations by half by applying the Cholesky factorization.
However, it is not widely disseminated how to reserve such symmetric property
of the matrix using the PML boundary condition. Therefore, firstly, we propose
a method that discretizes the Helmholtz equation as a symmetric matrix for
the entire spatial nodes including the PML layer. We also suggest the optimized
discrete coefficient to generate impedance matrix which satisfies the dispersion
error of less than 0.5% within the range that the number of grids per wavelength
is greater than 4. The system can be solved by using the direct matrix solver
for 2D or small 3D problems, however, time taken and memory requirement
to factorize and solve the impedance matrix is extremely high to solve general
3D problems considering the complexities. In this case, iterative methods, in
particular, the Krylov subspace methods, such as conjugate gradient method,

general minimal residual method, etc., can be effectively applied. In this study,
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many Krylov iterative solvers that can be applied to the symmetric matrix are
implemented to experimentally investigate which method is advantageous for
solving the impedance matrix. As a result, it was observed that for various kh
conditions, the conjugate residual method solves the matrix in the fastest time
consistently. To shorten the convergence speed, we applied the shifted Laplacian
preconditioner that can optimally modify the eigenvalue clustering by adjusting
the complex shift(e) of the preconditioner matrix. To apply this preconditioner,
incomplete factorization method is generally used. In this study, we suggest
incomplete Cholesky decomposition, especially ICT(p) method, that leaves only
p largest values of the factorized matrix. Optimal pairs of ¢ and p for given kh
condition are also suggested, which is validated by numerical examples using the
synthetic velocity models. It is shown that only few minutes are taken to solve
the problem to yield the wavefield that has negligibly small error compared to
that obtained by the direct method, the error is negligibly small. Especially,
in the case of a 3D problem with a size of 169X169X50, it is shown that it is
about 5% of the computation time of UMFPACK, a highly optimized directive

multifrontal solver.
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