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Abstract

Nonequilibrium phase transitions in open
quantum systems

Minjae Jo
Department of Physics and Astronomy
The Graduate School

Seoul National University

Recent advances in cold atomic physics offer a platform to explore non-equilibrium
phase transition in open quantum many-body systems. Such nonequilibrium critical
phenomena originate from the competition between quantum fluctuations (coherent
Hamiltonian) and classical fluctuations (incoherent dissipation). In this regard, the fun-
damental question arises as to whether the system exhibits novel universal behavior in
which the quantum fluctuations are relevant. If it does not exhibit novel universality,
it may reduce to the classical universality, and is described as so-called “quantum-to-
classical mapping”. Many studies have been devoted to this question, but it has not
been fully understood yet.

In this dissertation, we aim to investigate this question by considering the many-
body physics of the quantum contact process (QCP), which is a generalization of the
classical contact process belonging to the directed percolation (DP) class. The DP class
is the most robust and well-studied class in classical nonequilibrium systems. The QCP
has additional quantum processes to the DP class, and the quantum fluctuations may
affect the universality class. Moreover, the QCP is experimentally feasible in ultra-cold

Rydberg atomic systems.



Specifically, this dissertation presents recent studies related to critical phenom-
ena of the QCP. Firstly, motivated by the Rydberg atomic experiment with the dipole-
dipole interaction, we investigate QCP with the long-range interactions using the semi-
classical approach. Generally, a system with long-range interaction can exhibit differ-
ent universality from the corresponding system with short-range interaction. In this
regard, we find that the novel classical universality is obtained for the regime where
the long-range interaction is relevant, and it is called the “long-range tricritical DP
class”. For the regime where the long-range interaction is irrelevant, the mean-field
phase diagram of our long-range model corresponds to that of the ordinary QCP. Next,
we study the low-dimensional physics of the long-range tricritical directed percolation
class using renormalization group theory and Monte Carlo simulation. Depending on
the strength of the long-range interaction, we find that the universality class is changed
from the mean-field long-range tricritical DP to ordinary tricritical DP.

To investigate the one-dimensional and two-dimensional QCP, we use machine
learning and quantum simulations such as quantum jump Monte Carlo simulation and
tensor network method. We find that in one dimension, there exists the crossover re-
gion, along which the critical exponents continuously varies from a quantum DP to
the DP class. This indicates that the quantum coherent process is relevant to the crit-
ical phenomena. We also propose an experimental setting to investigate the crossover
region.

In addition, we investigate the mean-field behavior of dissipative quantum sys-
tems using the permutational symmetry of fully-connected graph. Specifically, we
consider the dissipative transverse Ising (DTI) model, driven-dissipative XY model,
and QCP. We find that the DTI model exhibits a continuous phase transition for the
entire parameter space, and the driven-dissipative XY model shows a discontinuous
phase transition, contrary to the results from Keldysh formalism. Instead, those cor-

respond to the fluctuationless MF approach. In addition, the phase transitions of QCP

ii I =



shows that the transition line and universality class correspond to the semi-classical
approach, whereas there exists a crossover region analogous to the one-dimensional
QCP. Finally, we present the phase diagram of the QCP including the mean-field and

low-dimensional cases.

Keywords: Open quantum systems, Nonequilibrium phase transition, Dissipative
phase transitions, Quantum contact process, Semi-classical field theory, Machine
learning, Finite-size scaling analysis

Student number: 2015-20353
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B

Schematic of QCP with long-range interaction in one dimension. In

this model, there are two incoherent processes and one coherent pro-

cess, which are represented by the total Hamiltonian 1n Eq. (3.7/)). The

incoherent processes are induced by interaction with harmonic baths.

The first incoherent process decays each site (denoted as /) by raising

the harmonic bath’s state at the rate Y, given by the second summation

term in Eq. (3.8). The second incoherent process consists of branch-

ing and coagulation. Specifically, if site m 1s in an active state, site

[ branches (coagulates) at a rate KP,; via directional links (denoted

as ml) by raising the bath’s state, which 1s given by the second sum-

mation term in Egs. (3.9) and (3.10). The rate decreases algebraically

as the distance increases. Similarly, the coherent process, which con-

sists of quantum long-range branching and coagulation and involves

the off-diagonal elements of the density matrix during the dynamics,

is induced by the system Hamiltonian [Eq. 3. 2)T.]. . . . . . ... ..

34

B2

Phase diagram of QCP. This diagram 1s represented as a plot of the

classical rate K and the quantum rate @. In the weak quantum regime,

the second-order transition 1s observed [(red) solid vertical line and

(red) filled circle; Eq. (E.9)]. In contrast, in the strong quantum regime,

the absorbing transition is found to be of the first-order type [upper

dashed (blue) curve between bistable and inactive states; Eq. (E.10)].

The (red) filled circle, at which the two transitions intersect, is the tri-

critical point. (Black) dotted vertical line represents the boundary of

the number of the stable solutions and (black) lower dotted curve in-

side the 1nactive region represents the boundary between the existence

and nonexistence of multiple solutions. | . . . . ... ... ... ...




A1

Snapshot of active sites of the LT'CP model in one dimension at a crit-

ical point (k.(®), ®) at a fixed ® = 0.5 < w, (a) and (b) and at the

tricritical point (3, @) (c¢) and (d). For o > 1, the tricritical point does

notexist). . . . . ..

%)

Phase diagram of the TCP model in the mean-field limit. A tricritical

point (red dot) is located at (0.6180,0.3820). White solid (dashed)

curve represents a continuous (discontinuous) transition. | . . . . . . .

A3

Phase diagram of the m-TCP model in two dimensions. A tricritical

point is located at (0.6606466,0.879). White (Orange) curve repre-

sents a continuous (discontinuous) transition. At @ = 0, the model 1s

reduced to the CP model at kK. = 0.622466. The data points (white

circles and orange triangles) represent numerical results.| . . . . . . .

.4

(a) Scaling plot of Nt~ versus t'/VI (k. — x) for different values of

k. Data points collapse well onto a single curve for n = 0.230 and

v = 1.295. (b) Plot of N,(¢) versus ¢ at and around k.. Inset: Local

slopes of N,(¢) versus 1 /¢ for these data points obtained in (a). @ = 0.6,

and Kk, =0.67326.| . . . . ...

a3

Plot of N,(¢) for different values of ®: @ = 0 at the DP point; @ =

0.879 at the TDP point; w = 0.82 1n the crossover region between these

two points; and @ = 0.9 1n the first-order transition domain. Dashed

lines are guidelines with slope 0.230,0.102, and —0.353, from the top.

The system sizeistakenas N =10 . . . . . .. ... ... .....
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76

Plots of four physical quantities used to characterize the absorbing

transition of the m-TCP model 1n two dimensions at a tricritical point:

(a) N,(t) versus t, (b) P(t) versus t, (c) R*(¢) versus ¢, and (d) p,(t) ver-

sus ¢. The exponent values are estimated as follows: (a) n = —0.35+

0.008, (b) 6’ = 1.22 £ 0.008, (c) 2/z = 0.947 +0.004, and (d) 0 =

0.09 + 0.01. Insets: Local slopes of each quantity versus 1/¢ to con-

firm the estimated slopes.| . . . .. ... ... ... ... ......

%

ESS analysis of the m-TCP model. (a) Scaling plot of N,z~" versus

'V (1, — ) for different values of x. Data points collapse well onto

a single curve for k; = 0.6606466, n = —0.353, and v| = 1.16. (b)

Scaling plot of p, ;(@ — ®)P/% versus (k — k.) (@, — @)~/ for dif-

ferent values of w, where p, ; represents p, 1n the steady state. Dotted

(Dashed) line is a guideline with slope ppp = 0.584 (5, = 0.101). Data

points collapse well onto a single curve for ¢ =0.52.. . . . . . . ..

76

A8

Plot of p, s versus Kk for the m-TCP model at a fixed ® =0.95 > ®;. A

hysteresis curve is obtained. The system sizeis N = 10°.| . . . . . . .

A9

For the LTCP model in two dimensions, (a) plot of the tricritical points

in (x, ®) space for different ¢ values in [0.1,3.0]. (b) Plots of the crit-

ical exponents z/d, 0, 0’, and 1 as a function of ¢. 6.1 and o, are

indicated by vertical dotted lines. The thin solid lines in the regions

0 < 0.1 and 0 > O are guidelines showing that the curves converge

|4.10 For the LTDP model with ¢ = 2.0 in two dimensions, plots of (a)

N,(1), (b) P(1), (c) R*(t), and (d) p,(t) versus . We obtain the exponent

values as 1 = —0.129 +0.010, 6’ = 1.073 +0.010, 2/z = 1.087 +

0.010, and 0 = 0.212+0.010, respectively. Insets: local slopes of each

quantity versus 1/¢.|. . . . ... Lo L
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AT

For the LTDP model with ¢ = 2.0 in two dimensions, (a) scaling plot

of Nyt~ versus tN < for 1 = —0.129 and 7 = 0.922. (b) Scaling plot

of P(1)t® versus tN~?for 8 =1.073and7=0.922.| . . . ... ...

12

For the LTDP model with ¢ = 2.0 in two dimensions, (a) scaling plot

of Nt~ versus t'/VI(x, — k) for different values of k. Data points

collapse well onto a single curve for xK; = 0.661663, n = —0.129, and

v = 1.07. (b) Scaling plot of p, (@, — a))_ﬁ ¢ versus (k — Kk.)(@ —

(1))_1 ¢ for different values of ®. Dotted (Dashed) line is a guideline

with slope prpp = 0.7316 (B, = 0.2236). Data points collapse well

onto a single curve for g =0.592.f . . . . .. ...

82

NE

Plots of LTCP in two dimensions for ¢ = 0.8. (a) Plot of R*(¢) versus

t. Inset represents local slopes of each quantity versus 1/¢. (b) Scaling

plot of Nt~ versus tN* for n = 0 and Z = 0.666. We obtain the

exponent values as (a) 2/z =2.491 £0.010 and (b) 7= 0.666 + 0.003.

4.14

For the LT'CP model with 6 = 1.0 1n two dimensions at ® = 0.55 > @,

plot of p, s versus K. A hysteresis curve 1s obtained. The system size

713

For the LT'CP model in one dimension, (a) plot of the tricritical points

in (K, ®) space for different ¢ values in [0.1, 1.0]. (b) Plots of the crit-

ical exponent values z, 0, 0’, and 1 as a function of ¢ at the tricritical

point. 6, and O, are indicated by vertical dotted lines.|. . . . . . . .

point, plots of (a) N,(t), (b) P(t), (c) R*(¢), and (d) p,() versus t. We

estimate the exponent values to be 7 = 0.000 +0.005, 0’ = 0.912 +

0.01, z=0.701 +0.01, and 6 = 0.34 +0.01, respectively. Insets: local

slopes of each quantity versus 1 /7.|. . . . .. ... .. ... .....

Xiii

86



G17

For the LTDP model with ¢ = 0.7 in one dimension, (a) scaling plot

of Nt~ versus tN—* for n = 0.000 and 7 = 0.701. (b) Scaling plot of

P19 versus tN “for 8’ =0.912and 7=0.701.] . . . . ... .. ...

G138

For the LTCP model with 6 = 0.7 1n one dimension, (a) scaling plot

of Nt~ versus t'/VI(x, — k) for different values of k. Data points

collapse well onto a single curve for x; = 0.637508, 1 = 0.00, and

V| = 1.05. (b) Scaling plot of p, (@, — a))_ﬁ ¢ versus (k — K.) (@ —

(1))_1 ¢ for different values of . Dotted (Dashed) line is a guideline

with slope B pp = 0.800 (5, = 0.321). Data points collapse well onto

asinglecurve with ¢ =0.52.|. . . . ... ... ... ... ... .

88

G190

For the LTCP model with 6 = 0.5 in one dimension, (a) plot of R*(¢)

versus ¢. We obtain the exponent 2 /z = 4.004 £0.010. Inset represents

local slopes at each ¢ as a function of 1/z. (b) Scaling plot of N,z

versus tN “forn =0andz2=0.666.. . . . . ... ... .......

A20

Plot of p, s versus K for the LTCP model in one dimension. (a) With

o =0.7at w=0.9 > @, a hysteresis curve 1s obtained. (b) With ¢ =

1.0 at @ = 0.97, a hysteresis curve does not occur. The system size 18

takenas N =100 . . . . . . . . . ...
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|4.21 Diagram of universality classes of the LTCP model in the parameter

space (d, o). Mean-field solution 1s valid beyond the upper critical di-

mension line (bold line), min(3, 1.55). The slope of the dashed line

near (d, o) = (3,2) is 0.0304, according to Eq. (4.18)), and is indi-

cated by a short solid line. The dot at (2, 2.2) indicates the 6., value

[ obtamed from numerical simulations of the I TCP model in two di- |

mensions. The dot at (1, 1.0) was numerically estimated for d = 1 and

indicates G,,. The dashed curves connecting these three points sepa-

rate the STDP region from the LTDP region. Along the thin solid line

above the point (1,1) 1n one dimension, a tricritical point 1s absent, so

this thin line 1s excluded from the STDP region.| . . . . . . . . .. ..

51

90

Flowchart of quantum jump Monte Carlo method. Repeat until 1 = 7¢,q4.| 94

52

Flowchart of quantum jump Monte Carlo method with the MPS and

TEBD. Repeatuntil t =7¢pq.| . . . . . o 0 0 00 00 000

98

6.1

Schematic phase diagram of the QCP in the parameter space (x, ®) in

the mean-field limit (inside, d > d., where d 1s the spatial dimension

and d. = 3 1s the upper critical dimension), in two dimensions (middle,

d = 2), and one dimension (outside, d = 1). “ab” and “ac” represent

absorbing phase and active phase, respectively. For d > d.., discontin-

uous (dashed curve) and continuous transitions (solid line) occur, and

they meet at a tricritical point. For d = 2, a continuous DP transition

occurs over the entire region |0, k.|. For d = 1, a continuous DP tran-

sition occurs in the region |k, k.|; however, in the interval |0, k.|, the

exponent o of the density of active sites n(t) ~ ¢~ % from a homoge-

neous 1nitial state decreases continuously as x 1s increased with QDP

values.| . . . . . e
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|6.2  Plots using QJMC method. (a). Trajectory of the 1d-QCP with k =0 |

| and @ > o, from a single active site at the center. (b). Histogram of the |

| densities of active sites 1n steady states as a function of @ for system |

| size N = 20. The data are obtained using QJMC simulations. Time ¢ |

| and the control parameter @ are given in units of 1/y and 7, respectively.|]104

|6.3  Plots using neural network method. (a) Plot of the output averaged over |

| a test set as a function of @ for different system sizes. Solid (dashed) |

| line represents the values of the first (second) output neuron. From |

| this plot, we estimate the crossing point of the two outputs and regard |

| it as the transition point @.(N) for a given system size N. (b) Plot of |

| . — @:(N) versus N, where @, is chosen so as to yield power-law |

| behavior and 1s regarded as the transition point in the thermodynamic |

| limit. The slope represents the value of the critical exponent —1/v . |

| (c) Scaling plot of the output versus (@ — @.)N'/Vt. For the obtained |

| numerical values of v, and @, the data collapse well for system sizes |

| N=10,12.14,16,and I8.| . . . . . .. ... ... ... ... .... 105
6.4 Schematic illustration of the convolutional neural network builtincom- |

| bination of a one-dimensional convolutional layer (1d-Conv) and a |

| fully connected layer (FC). The red circles represent the activation |

| function of each layer. The green circles below the arrows represent |

|6.5  Estimates of the critical exponents of the 14-QCP starting from a sin- |

gle active site. (a) Plot of p,(7) versus #, which behaves as p;(t) ~

1=9-9"_(b) Scaling plot of py(r)°*% versus tIN—% for § + &' = 0.32

and z = 1.55. (d) Scaling plot of P(¢)r® versus tN—= for & = 0.16 and

|
and z = 1.55. (c) Scaling plot of N,(z)t~" versus tN—* for n = 0.30 |

z=1.55. (e) Plot of R?(¢) as a function of ¢. () Scaling plot of p,(¢)t°

versus tN *ford =0.16andz=1.55). . . . .. .. ... ... ... 111
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6.6

Estimates of the critical exponent & and v| from the homogeneous

state. (a) Plot of n(r) as a function of ¢ for different system sizes when

kK = 0, which shows that n(t) ~ r~%, with o = 0.32. (b) Data points

collapse well onto a single curve for @, = 6.04, oo = 0.32, and v| =

1.73. The units of control parameter 1s givenas y.|. . . . . . . . . ..
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6.7

Estimates of the critical exponent o from the homogeneous state for

K > 0. Plot of n(z) as a function of ¢ for different x in the range x €

[0,0.6] in steps of 0.2 using the QJIMC with N = 20 for (a) and tensor

network method with N = 80 and bond dimension ¥ = 1024 for (b).

The lower (upper) solid line 1s a guideline with slope —0.32 (—0.16).

Scaling plots of n(#)t* versus tN ~* with the classical parameter (c) Kk =

0.0, (d) k =0.2, (e) k = 0.4, and (f) k¥ = 0.58. The critical exponents

are taken as z = 1.55 and o = 0.32 for (¢), @ = 0.24 for (d), o = 0.20

for(e),and ¢ =0.16for (f).| . . . . . .. ... ... . ... ... ..

6.8

Estimates of the critical exponent o and v| for the 2d-QCP. Initial state

starts from the homogeneous state. (a) Plot of n(¢) as a function of ¢

for different system sizes when k¥ = 0, which shows that n(z) ~ =%,

with @ = 0.45. The inset shows the scaling plot of n(z)r* versus tN~*

for ¢ = 0.32 and z = 1.76. Caption: Data points collapse well onto

a single curve for @, = 0.94, o = 0.45, and V| = 1.30. The units of

control parameteris givenas .| . . . .. ... ... ... ... ...

6.9

Estimates of the critical exponents of the 2d-QCP starting from a sin-

gle active site. (a) Plot of p,(7) versus #, which behaves as p;(t) ~

1=9-9"_(b) Scaling plot of py(r)1°*% versus tN—< for § + 8’ = 0.90

and z = 1.76. (a) Scaling plot of N,(¢)¢~" versus tN* for n = 0.23

and z = 1.76. (b) Scaling plot of P(¢)r® versus tN—= for & = 0.45 and

z=1.76J. . .
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71

(a) Phase diagram of the fully-connected DTI in the parameter space

(A, J). Continuous transitions (solid line) occur in entire parameter

regime. (b) Histogram of order parameter in steady states as a func-

tion of J at A = (.2. Continuous transition occurs with Z, symmetry.

System size1stakenas N =128.|. . . . . . . ... .. ... .. ...
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(a) Plot of |0°| as a function of J — J. at A = (.2 for different system

sizes, which shows that |6¢| ~ (J —J,.)P for B = 0.5. (b) Scaling plot

of the rescaled order parameter |6%|NP/V versus (/ —J.)N'/V. The data

are well collapsed onto a single curve with p =0.5and v =1.75.] . .
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(a) The fluctuationless mean-field theoretical prediction of the order

parameter ), 0; along the Q-axis with (J,A) = (4,0.5). (b) Probabil-

ity distribution of the observable ), o; of the driven-dissipative XY

model with N = 128 and (J,A) = (4,0.5). The diagram shows a dis-

continuous phase transition with bistability at Q/T" ~ 1.4 as expected

by the fluctuationless mean-field theory.|. . . . . . .. .. ... ...
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(a) Phase diagram of the fully-connected QCP 1n the parameter space

(x, ®). Discontinuous (dashed curve) and continuous transitions (solid

and dotted line) occur, and they meet at a tricritical point. Continuous

transitions in the region |k, K.|; however, in the interval [0, @.|, the

exponents & and z varies continuously as @ is increased for the TDP

values. (b) Histogram of the densities of active sites in steady states

as a function of @ at k¥ = 0.0. (c) Histogram at @ = 1.8 of (b), which

shows the bimodal distribution. (d) Histogram of the densities of active

sites 1n steady states as a function of k at @ = 1.0. System size 1s taken

as N =256 . . . . .. e
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73

Estimates of the critical exponents of the MF-QCP using the exact

numerical solution of Lindblad equation. Plot of n(z) as a function of ¢

for different @ in the range w € |0, 1.0]. Plot of n(¢) as a function of ¢

for different system sizes, which shows that n(z) ~ ¢~ %, (a) for ® =0

with o = 1.0, (b) for @ = 0.6 with & = 0.92, (c¢) for ® = 0.8 with

a = 0.70, and (d) for @ = 1.0 with & = 0.50. Inset: Scaling plots of

n()t®versus tN <. | . ..
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Comparison between exact numerical solution and quantum jump Monte

Carlo simulation for the QCP model for N = 16, 20, and 24. The lines

show the results of an exact numerical solution of the Lindblad equa-

tion and the symbols show the results of quantum jump Monte Carlo

stimulations. | . . . . . . ... e

Estimates of the critical exponents of the 1d-CCP starting from the

single active initial state. (a) Plot of p,(¢) versus 7, which behaves as

pa(t) ~ 1799 The solid line is a guideline with slope —0.32. Inset:

scaling plot of py(1)1°+9" versus tN < for § + 8’ = 0.32 and z = 1.58.

(b) Scaling plot of N,(¢)t~ versus tN < for n = 0.30 and z = 1.58.

(¢) Scaling plot of P(t)t‘sl versus tN % for 8 = 0.16 and z = 1.58. (d)

Plot of R*(¢) as a function of . The solid line is a guideline with slope

2/z for z = 1.58. (e) Scaling plot of pd7s(t)t5 versus tN % for 6 = 0.16

and z = 1.58. The parameter 7 is given inunitsof 1 /y.| . . . . .. ..

D2

Estimates of the critical exponents of the 1d-CCP starting from the

fully active initial state. (a) Plot of n(¢) as a function of z, which shows

n(t) ~t~%. The solid line is a guideline with slope —0.16. Inset: the

scaling plot of n(z)r* versus N~ for o = 0.16 and z = 1.58. (b) Plot

of n(t) as a function of ¢ for different values of @ < .. Inset: Data

points collapse well onto a single curve for a = 0.16, and v = 1.73.

The parameter 7 is giveninunitsof I/y.|. . . . ... ... ... ...
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D3

The behaviors of physical quantities as a function of time ¢ at the tran-

sition point. (a) For the classical CP. The solid lines are a guideline

with slope 2/z, N, —6 = —0' = —a, 1 — 1/z, from top to bottom.

The values of all critical exponents are z = 1.58, 0 = 0.16, n = 0.31,

0’ =0.16, and oo = 0.16. Note that 6" = o and rapidity-reversal sym-

metry holds. (b) For the 2d classical tricritical contact process starting

from a single active site. The solid lines are a guideline with slope 2/z,

—0=—0o,1n,—0",and  — 1/z from top to bottom. The values of all

critical exponents are z =2.11, 6 = 0.09, n = —0.35, and 6’ = 1.21.

Note that rapidity-reversal symmetry 1s broken.| . . . . . . . ... ..

D.4

Plots using the neural network approach. (a) Plot of the output av-

eraged over a test set as a function of w for different system sizes.

The value of the first (second) output neuron 1s represented as solid

(dashed) line. From this plot, we estimate the crossing point of the

two outputs and regard it as the transition point @.(N) for a given sys-

tem size N. The shaded regions ® € |0,3] and w € |9, 12| indicate the

training sets used in the convolutional NN (CNN) analysis. (b) Plot

of w. — w.(N) versus N, where @, is chosen so as to yield power-law

behavior, which 1s typical near the transition point ®.. The slope rep-

resents the value of the critical exponent —1/v, . (c) Scaling plot of

the output versus (® — @.)N'/V*. For the obtained numerical values of

v, and @, the data collapse well for system sizes N = 10,12, 14, 16,

and 18. From (b) and (c), we obtain @. ~ 6.04 and v, = 1.06 £0.04.

The units of control parameter is givenas y,| . . . . . . . .. ... ..
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D5

Plot of n(z) as a function of ¢ for different ®. For @ = 4.00, an expo-

nentially decaying curve is observed. On the other hand, for ® = §.00,

a stationary state converges to a finite density. At the critical point

o = 6.04, it exhibits power-law behavior. System size is taken as N = 20./]169
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I[E.1 (a) Phase diagram of the fully-connected DTI in the parameter space |

(A, I'). Continuous transitions (solid line) occur. (b) Histogram of order |

parameter 1n steady states as a function of I at A = 0.1. Continuous |

transition occurs with Z, symmetry. System size 1s taken as N = 128.| 171

[E.2 (a) Plot of |0°| as a function of I' —I', at A = 0.1 for different system |

sizes, which shows that |6%| ~ (I’ —T.)P for B = 0.5. (b) Scaling plot |

of the rescaled order parameter |6°|NP/V versus (I —.)N'/V. The |

data are well collapsed onto a single curve with f =0.5and v=1.5.| 172
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Chapter 1

Introduction

Understanding the many-body systems has been one of the major challenges in theoret-
ical physics. As in the Andersons’s [[1] “more is different”, a large coupled degrees of
freedom can behave completely different way, which cannot be understood sorely by
the laws governing their microscopic components. Nonetheless, the many-body sys-
tems with different microscopic components can exhibit identical physics. This can be
understood by the concept of the universality in which macroscopic physics does not
depend on the microscopic details, but the symmetry, range of interactions, and spatial
dimension. Based on the concept of universality, many-body systems are investigated
for various classical and quantum systems.

One of the simplest examples is the classical Ising model. In the Ising model,
the ferromagnetic system contains either a down or an up spin at each site of a d-
dimensional lattice. The nearest-neighbor interaction denoted as J tends to align to
the same direction; and temperature denoted as 7 makes the thermal fluctuations in
spin states. When 7'/J < 1, the interaction dominates the thermal fluctuations, and all
spin states tend to align in the same direction. This state is called the ferromagnetic
phase. Otherwise, when 7'/J > 1, the thermal fluctuations dominate the interaction,
and all spin states are random. This state is called the paramagnetic phase. Increasing
the parameter 7' /J from a low temperature in the ferromagnetic phase, the spin align-
ment gets gradually randomized by the thermal fluctuations, and eventually becomes
the paramagnetic phase at the critical point, Curie temperature 7. Thus, the phase

transition occurs between two phases. At the critical point T, the observables such



as the degree of spins alignment significantly fluctuate and diverge with power-law
singularities. The exponent of the singularity of physical observables is described by
critical exponents, and the complete set of the critical exponents forms the universality
class. The critical phenomena of many-body systems can be categorized into univer-
sality classes and members of the same class have identical critical behavior. Examples
include the liquid-gas transition and the (uniaxial) ferromagnetic-paramagnetic phase
transition belonging to the 3D Ising class [2]]. The universality classes derived through
theoretical methods such as renormalization group approach [3] and Monte Carlo sim-
ulations are in good agreement with those found in experiments.

Naturally, interest turned to the closed quantum many-body systems, i.e. phase
transitions are driven by quantum fluctuations rather than thermal fluctuations. For
instance, the quantum Ising model. At zero temperature, the quantum phase transi-
tion occurs from the ferromagnetic phase to the paramagnetic phase depending on the
strength of the transverse field. At the quantum critical point, the critical phenom-
ena originate from the quantum fluctuations in contrast to the classical Ising model.
Hence, the critical may be expected to behave differently from that of the classical
model. Specifically, for the 1d quantum Ising model, quantum fluctuations affect the
universal behavior and the critical exponents are different with 1d Ising exponents.
Instead, the critical exponents of the 1d transverse Ising model correspond to the 2d
Ising exponents. Thus, there exists so-called a quantum-to-classical mapping, where
the d-dimensional quantum model corresponds to (d+1)-dimensional classical model.
This concept was proposed based on the field-theoretical argument that imaginary time
in the quantum system acts as an additional dimension in the corresponding classical
system. By a quantum-to-classical mapping [4], many models in closed quantum sys-
tems are explained by the classical universality.

Meanwhile, recent experimental advances in open quantum systems opened the
opportunity to realize the models showing the nonequilibrium phase transitions. In

open quantum systems, the phase transition arises from the competition between co-



herent Hamiltonian dynamics and the incoherent dissipation process. These systems
have intensely debated [SH17] whether the role of quantum fluctuations leads to a
novel universality class [[7,|17]], or under what condition the universality class is clas-
sically described [9}/10L/12]. In this dissertation, we aim to investigate the possibility
of the novel universality classes in open quantum systems. To be more specific, we
consider the collective phenomena of the quantum contact process motivated the ultra-
cold Rydberg atomic experiment. In what follows, we will present the motivation of
the quantum contact process. To this end, we briefly introduce the classical contact
process model, the experimental realization of the classical contact process, and the

quantum contact process.

1.1 Classical contact process model

In nonequilibrium systems, the most robust universality class is the directed percola-
tion (DP) universality, class. In other words, many models belong to the DP class; the
examples are the Domany-Kinzel cellular automata [18]], branching annihilating ran-
dom walks with an odd number of offsprings [[19], and the contact process model [20]].
Among these models, the most well-known and simplest model for directed percola-
tion (DP) universality class is the contact process. In the contact process, each element
of the system is in an active or inactive state, and its state changes according to the

following rules.

i) Decay: an active particle becomes inactive at a rate of 7.

ii) Branching: an inactive particle becomes active at a rate of k¥ when it contacts a

neighboring active particle.

Depending on rates for decay and branching, the active sites may either spread over
the whole system or disappear after some time. Once the inactive site becomes extinct
where the dynamics become trapped in a nonfluctuating so-called “absorbing state”.

The system can enter this state, but cannot leave it. Thus, a detailed balance is violated.



If k /v is small, the system falls into an absorbing state. Otherwise, it is in an active
state. Thus the system undergoes a continuous phase transition with the DP class (See
Sec. [2] for more theoretical details).

Although the DP class is theoretically well established, the experimental realiza-
tion of DP behavior has been elusive for two decades. It was only recently that the
contact process model is realized using a cold Rydberg atomic experiment. This ex-

periment will be introduced in the next section.

1.2 Rydberg atomic experiment

Let us consider the Rydberg atom represented by two spin states,

1) and |1) which are
the eigenstates of the Pauli matrix of the z direction, where the up spin state indicates
the Rydberg excitation. We start with the Hamiltonian in the rotating-wave approxi-

mation of the N coupled Rydberg atoms on a lattice as follows:

N N
I-AIR:Q%:&}+A%:M+%?1%MW (1.1)
where Q and A are the Rabi frequency induced by the external laser and detuning
strength, respectively. Here @i denotes the Pauli matrix, where the superscript and
subscript stand for the spin axis and site index, respectively, and 77, means the number
operator for the up spin at the (th site. Using the ladder operators 6= =|1)(/| and
6~ =[1)(1], we express the Pauli matrix of the x direction as 6* = 6" + 6~ and with
the projection /i =|71) (1. The third term in the r.h.s in Eq. describes the interaction

between up spins, where Vy,, is a power-law decaying function of the distance,
(1.2)

where C), is the dispersion coefficient [21] and x; is the position of the /th site. Note

that p characterizes the interaction [21]]; p = 3 for the dipole interaction associated



with the d-orbital excitation, and 6 for the van der Waals interaction with the s-orbital
excitation. For the case of p = 6 in Eq. (I.2), the interaction is fast decaying in distance
so that the dynamics is effectively dominated by the nearest-neighbor interaction [22].

In the limit of A > Q. |V,,|, the Rabi oscillation is suppressed due to the large
energy gap between up and down spin states, implying that a spin configuration, for
an example |a) = |--- |1 ---) may be approximately an eigenstate of Hr. There-
fore, given an initial spin configuration, there is no fluctuation in time. However, if
Vim = —A for the nearest-neighbor pair ¢ and m and the /th spin is up, the mth spin
can fluctuate with Q. This is a so-called antiblockade mechanism in which an excited
atom facilitates Rabi oscillation at the nearest-neighbor atom. This is reminiscent of
the branching process in the CP. In fact, there is an additional process called the co-
agulation process in which an excited atom facilitates the nearest-neighbor atom from
up spin to down spin. Although this process do not belong to the CP model, this is not
a problem to realize the DP class because the coagulation process is irrelevant, i.e. it
does not affect the universal behavior. The effective Hamiltonian can be described in

one dimension:
Hir=Q) PGy, (1.3)
¢

where the projection operator is given by P=h+ Agr1 — 2Ap_17ps 1. We are in-
terested near the critical point, where the low-density limit leads to P ~ fiy_; + fig1.
In order to realize the classical contact process, the coherence should be suppressed.
This is achieved via the strong dephasing rate denoted as I". Additionally, the decay
in the classical contact process is implemented by the radiative decay from |1) to |)
with zero-temperature heat bath with a rate Y. In the strong dephasing limit, it was
revealed that the coherent dynamics can be neglected so that the effective Hamilto-

nian in Eq. (I.3) is effectively classicalized and reduces as the following two Lindblad



operators [23]].
L = vxbef, LY =Vehe; . L =76, (14)

where k = 4Q?/T". The derivation of the strong dephasing limit is described using
superoperator formalism in Appendix Thus the classical contact process is theo-
retically derived as well as experimentally realized [24].

Motivated by this experimental set-up, the classical contact process in Eq. (1.4) can
be generalized by adding the coherent branching and coagulation Eq. (I.3)). Then, this
model is called the quantum contact process [25,26], which offers the simple model

exhibiting nonequilibrium phase transitions in open quantum systems.

1.3 Quantum contact process

We consider a one-dimensional quantum spin chain with a periodic boundary condi-
tion, where each state of a site (active or inactive) represents the up or down spin state,
denoted as |T) or |[|). The time evolution of the density matrix p is described by the

Lindblad equation, which consists of the Hamiltonian and dissipative terms [27]]:

aip = —i [As,p)] ZZ“ pLy" Z{Aé“”ié“),ﬁ}]- (15)
a=d,b,c =1

The Hamiltonian Hs, which governs the branching and coagulation processes and rep-

resents coherent interactions, is expressed as

N

As= [(ﬁg,1+ﬁg+1) 57 . (1.6)

M-



The Lindblad decay, branching, and coagulation operators are given by

L = yye;, (1.7)
PP = /K (Aey + Aoy 6 (1.8)
L) = VK (ot + )6y (1.9)

respectively.

Quantum branching and coagulation occur at a rate of @, and the corresponding
classical processes occur at a rate of k. When w — 0, the model is reduced to the clas-
sical CP, which belongs to the DP class. When o is small, inactive particles become
more abundant with time, and eventually, the system is fully occupied by inactive par-
ticles. Thus, the system is no longer dynamic and falls into an absorbing state, which
is represented by Pup =[] --- L)({ -+ }|. When o is large, the system remains in an
active state with a finite density of active particles. Thus, the QCP exhibits a phase

transition from an active to an absorbing state as @ is decreased.

1.4 Overview of thesis

This thesis presents recent studies of the critical behavior of the open quantum many-
body systems. It focuses on the analytical and numerical methods to investigate the
universality class in open quantum many-body systems. Specifically, we deal with the
quantum contact process by semi-classical field-theoretic calculations, classical and
quantum Monte-Carlo simulation, and machine learning methods. Furthermore, we
cover the numerical technique to investigate the mean-field beahvior in large qubit
size.

In chapter[2] we provide background physics of preliminary knowledge in the clas-
sical field theory [28-30]]. The readers already familiar with the classical field theory
may skip this chapter without any loss in continuity. The absorbing state phase tran-

sition of the classical contact process is presented with the microscopic rules. More-



over, the MSRID field-theoretical approach is presented from the classical Langevin
equation. Then, mean-field critical exponents by scaling theory are obtained. Next, the
renormalization group approach to obtain the critical exponents below the upper criti-
cal dimension will be introduced. Finally, we apply the field-theoretic approach to the
long-range contact process model and the tricritical contact process model. We hope
this is helpful to understand the chapter 3.

In chapter [3| we consider a quantum spin model with a long-range QCP [31]],
where the branching and coagulation processes are allowed not only for the nearest-
neighbor pairs but also for long-distance pairs, coherently and incoherently. Using the
semi-classical approach, we show that the mean-field phase diagram of our long-range
model is similar to that of the nearest-neighbor QCP [25]26], where the continuous
(discontinuous) transition is found in the weak (strong) quantum regime. However, at
the tricritical point, we find a new universality class, which was neither that of the
QCP at the tricritical point nor that of the classical directed percolation model with
long-range interactions. Implementation of the long-range QCP using interacting cold
gases is discussed.

In chapter [4] we deeply study the new universality class obtained in chapter 3] To
this end, we extend the tricritical CP model to one with long-range interaction [32]. In
particular, we investigate the properties of the long-range tricritical DP (LTDP) class
below the upper critical dimension. We numerically obtain a set of critical exponents
in the LTDP class. Finally, we construct a diagram of universality classes.

In chapter [5] we present the quantum simulation methods. Firstly, the exact nu-
merical method for open quantum systems called quantum jump Monte Carlo simula-
tion [33] is introduced. This approach is able to simulate up to the system size N ~ 25.
Secondly, the tensor network approach [34}35]] based on the matrix product state and
the time-evolving block decimation is presented. This method approximately consid-
ers the low-entangled state so that it is able to simulate up to the system size N ~ 100.

These methods will be used in the next chapter.



In chapter|[6] we investigate one and two-dimensional quantum contact process us-
ing quantum simulations [[36]]. We find the crossover from a quantum to a classical
absorbing phase transition arising in the one-dimensional quantum contact process.
We find that in one dimension, when the QCP starts from a homogeneous state with
all active sites, there exists a critical line in the region 0 < K < K, along which the
exponent ¢ associated with the density of active sites decreases continuously from a
quantum to the classical directed percolation (DP) value. This behavior implies that
the quantum coherent effect still remains to some extent in the region near k = 0. This
anomalous crossover behavior allows us to measure the display between the quantum
DP and classical DP effect using the Rydberg atom experiment. However, when the
QCP starts from a heterogeneous state with all inactive sites but one active site in one
dimension, all critical exponents have the classical DP values for k¥ > 0. In two dimen-
sions, the anomalous crossover behavior does not occur and the classical DP behavior
appears in the entire region of k > 0 regardless of initial configurations. The neural
network machine learning technique is used to identify the critical line and to deter-
mine the correlation length exponent. Numerical simulations using the quantum jump
Monte Carlo technique and the tensor network method are performed to determine all
the other critical exponents of the QCP.

In chapter 8] we investigate the mean-field behavior of dissipative quantum sys-
tems using the permutational symmetry of fully-connected graph [37]]. Recently, the
phase transitions and critical phenomena of the dissipative quantum systems were an-
alytically investigated via various theoretical approaches. Numerical verifications are
crucial for the phenomena, because sometimes theoretical make predictions that are
contradictory to each other. However, numerical verifications are still missing due to
the exponential computational complexity of the quantum systems. Here, we use the
exact numerical solution to unveil the mean-field (MF) behavior of the dissipative
transverse Ising (DTI) model, driven-dissipative XY model, and quantum contact pro-

cess (QCP). We find that the DTI model exhibits a continuous phase transition for the



entire parameter space, and the driven-dissipative XY model shows a discontinuous
phase transition, contrary to the results from Keldysh formalism. Instead, those corre-
spond to the fluctuationless MF approach. The phase transitions of QCP shows that the
transition line and universality class correspond to the semi-classical approach; how-
ever, we discover a crossover region analogous to the one-dimensional QCP, which is
not predicted by theoretical methods. Finally, we identify various advantages of the
exact numerical method and compare it with quantum jump Monte Carlo simulation.

Conclusions are followed in Chapter [§]
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Chapter 2

Nonequilibrium phase transitions in classical sys-

tems

In this chapter, we briefly provide the classical field theory, and the readers already
familiar with the concept may skip this chapter. For the classical field theory, we rec-

ommend the excellent review article [28|] and books [29}30].

2.1 Introduction

Field-theoretic approaches and the renormalization group (RG) method have had a
huge contribution in our understanding of the universal critical behaviors that emerge
near critical points. In this chapter, we describe the collective behaviors of systems,
which undergoes a continuous nonequilibrium phase transition with displaying generic
scale invariance. We then deal with capturing the stochastic dynamics of the long-
wavelength (¢ — 0) modes of the order parameter, any conserved quantities, and addi-
tional relevant variables.

Specifically, we describe how a representation in terms of a field-theoretic action
can be obtained for general non-linear Langevin stochastic differential equations. We
will then demonstrate how the perturbative RG can be employed to derive the asymp-
totic scaling laws in classical stochastic systems. Moreover, we obtain the upper criti-
cal dimension d. (for dimensions d < d., low-dimensional fluctuations strongly affect
the universal properties) and systematically compute the critical exponents.

In case of the real-space RG, the RG transformation consists of the elimination of
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microscopic degrees of freedom (coarse-graining) and rescaling. This transformation
changes the system’s properties away from the critical point, where the system exhibits
only finite characteristic length scales. However, at critical point there are no finite
correlation lengths and thus the properties of the system remain unaffected by the
rescaling procedure (i.e. we look the system larger and larger). In this way, critical
point corresponds to a fixed point of the renormalization transformation.

The universality does not depend on the microscopic details but specified by the
three factors: the symmetry, range of the interactions, and its spatial dimension. In
Sec.[2.2] we review the well-established Martin-Siggia—Rose—Janssen—de Dominicis
(MSRIJD) approach, and then we apply this theory into some systems such as the con-
tact process (CP) [Sec. [2.3], the CP with long-range interactions [Sec. [3.4]l, and the
tricritical CP [Sec. [2.5]]. Apparently, those three models have different universality
classes with CP since long-ranged CP (tricritical CP) is different the range of the in-

teractions (symmetry) from CP.

2.2 MSRJD field theory

In this section, we consider Martin—Siggia—Rose—Janssen—de Dominicis (MSRIJID) ap-
proach, which is the field-theoretic representation of Langevin equations. Let us begin
our discussion by constructing a path integral reformulation of Langevin equations.
Equations of motion of nonequilibrium system are represented by Langevin equation,

which is given by
on=Fn+§&, 2.1

where n = n(x,1) is a time-dependent random variable, F[n] = F[n(x,t)] a function,

and & = & (x,7) a noise term. Gaussian noise field & (x,), which is defined by its cor-
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relations

((x,1)E(x 1)) = IN[n(x,1)]8¢ (x —x') 8 (1 —1'). (2.2)

N[n(x,t)] can be a constant for Brownian motion or n(x,¢) for directed percolation.
Generally, N[n] o< € (n) is termed the multiplicative noise. Partition function is de-
fined as the functional integral over all realizations of field n(x,) and the noise & (x,7)
which satisfy the Langevin equation. Then, partition function may then be formally

represented as

z_/ n(5(3n — Fln 5—/Dn/D§P S@n—Fn—&), (23

where Jacobian is a constant in Ito discretization (see Appendix [B.I]). Representing the

o-function in Eq. (2.3) in terms of a Fourier integral

/Dn/Déexp /dt/dd TN
X/Dﬁexp —/dt/ddx ﬁ(&tn—F[n]—é)D
/Dn/Dnexp /dt/dd (9 — Fln ]—gﬁN[n])D, 2.4)

where 7i is the auxiliary field. The partition function with a statistical weight deter-

mined by the action

/dt/dd i(dn—Fln ]—gﬁN[n]) : (2.5

Next sections will be devoted to different universality classes such as DP universality,

long-ranged DP universality, and TDP universality.
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2.3 Contact process

The microscopic rules of the (classical) contact process presented in Sec. [I.1] The

mean-field Langevin equation of the density of active sites n is given by
on;(t) = —yn;(t) an (1—ni(t))+&(1), (2.6)

where z = 2d is a number of the nearest-neighbors and (i, j) stands for the nearest
neighbor of i. The noise &;(¢) is a multiplicative Gaussian random variable with zero

mean and whose correlation [Appendix [B.2] is

<§i(l)§j(t/)> ZFHS,"]‘S(Z‘—I/). (2.7)

It is convenient to adopt a continuum description (see Appendix [B.3)), in which n
represents the local particle density. Rescaling the time ¢+ — ¢ or equivalently y =1,

Eq. is given as follows.
on=DVn—(1—x)n—xkn*+&, (2.8)

where D is a diffusion constant.
Using the Martin—Siggia—Rose—Janssen—Dominicis (MSRJID) formalism presented

in previous section, we obtain the action as follows:

/dt/dd a,n DV2n— (k —1)n+1<n2—gﬁn>]. 2.9)
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2.3.1 Upper critical dimension and mean-field critical exponents

We obtained the action of CP by MSRID field-theoretic approach, which is rewritten

as
d » T
/dt/d r&tn DV? n+uyn+uzn” — Ennﬂ (2.10)

where T =1, up = 1 — k, and u3 = k. To symmetrize the cubic terms, rescaling n —

’/21“ n,i— 2“3n and F”3 — u3, the action is written as

/dt/dd (t0; — DV? + ) n+ usii(n — ii)n| . (2.11)

Physical properties remain the same if we change the spatio-temporal coordinates scale

by a constant factor. Under the scaling transformations, which are given by

X t ~ » »
x—>x':f,t—>t':—z,n—>n’:sxn,n—>n':s%n, (2.12)
s s

where s > 1. The action Eq. (2.10) has the rapidity-reversal symmetry (see Appendix[B.4)
which implies that the y = 8/v, and ¥ = B/v, have to be identical. Under the trans-

formation given by Eq. 2.34), S[n,ii] — S'[n’, 7] is given by

s —/dt /dd ’ d+z ’L’s T2 — Dsfzfzxv/z+u2s72%)n/—|—u3s73xﬁ'(n/—ﬁ’)n' :

(2.13)

Therefore, we obtain the following relations of the parameters under the scaling trans-

formation:
T 7 =51, D—D =522 uy — uy = sy
uz — uy = s4TE3 %y (2.14)
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To make the fluctuations scale invariant at the critical point u, = 0, we must ensure that
the action stays fixed. Thus we choose ¥ = d/2 in order to be invariant of temporal
fluctuations scale and then choose z = 2 in order to be invariant of spatial fluctuations
scale. The cubic term is rescaled as u’3 = §274/2y5. Thus for d > d. = 4 where d, is
the upper critical dimension, u3 is irrelevant, which means that the action becomes
the Guassian (quadratic) function in Eq. (2.13)). For this reason, the fixed point above
the upper critical dimension is called the Gaussian fixed point. For d < 4, u3 becomes
relevant. In this case, the Gaussian fixed point is shifted due to the higher-order terms,
leading to the Wilson-Fisher fixed point, which will be discussed in next subsection.
Finally, we can compute the mean-field critical exponents. Homogeneous mean-
field solution gives the critical exponent 8 = 1 [Appendix . Thus, we can obtain
v, =fB/x =0.5 and z = 2. The independent critical exponents of DP universality is
three, and thus critical exponents other than {f, v, , z} are computed using the scaling

relations.

2.3.2 Below the upper critical dimension: the £-expansion

We obtained the upper critical dimension and the mean-field critical exponents in pre-
vious subsection. Whereas the mean-field exponents are valid above the upper critical
dimension, below the upper critical dimension, the low-dimensional fluctuations make
the relevant effects and violate mean-field picture. Slightly below the upper critical
dimension, say d = d. — €, we could compute the critical exponents by using the per-
turbation expansion (€-expansion). Similarly to equilibrium phase transition, we can
define the elements of the graphical e-expansion. In RG transformation, we use the
Wick’s theorem [Appendix and the following cumulant expansion.

Cumulant expansion: In the presence of the interaction term, the expectation of
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any observable & is given by

[ Dn Ge=S0= S fDn Oe ™01 —Sipy +82,/2— -]
[ Dne=So=Sim [ Dne 501 — S, +82,/2—---]

_ Zo[(0)0 = (OSin)o+ (O3 )0/2— -]

Z0[17<Sint>0+< mt>0/27 ] 7

(0) =

(2.15)

where Sy is the free quadratic action and S;,;, = S — S is the interacting action as

follows:
= /dt/ddx [ﬁ (T&,—DVZ—I—MQ) n} , Sit = /dt/ddx [uﬁ(n—ﬁ)n} )
(2.16)
Expanding the denominator gives
oS 52
(0) = [0)0— (OSu)o+ 150 ] [+ (S + (S — Srl0 ]
= (0)o- (<ﬁsl-m>o —(0)(Sm)o)
1
5( 2000 = 2(0i)0(Su)o + 2(0)o(Sim)§ — (0)0(Sh)0) + -+
= Z ‘ ﬁS?m e (2.17)
n!

n=

The connected averages (cumulants) are defined as the combination of unperturbed ex-
pectation values appearing at various orders in the expansion. As you already know, the
terms in the perturbation series get complicated. Feynman developed a useful Feynman
diagram which has the one-to-one correspondence to a term in perturbation series.
Now, let us consider the renormalization group transformation: rescaling and coarse

graining.

1) Rescaling : We already conducted this process in Eq. (2.14), expanding s = 14/
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Q
# # —
Rescaling Coarse
graining > X
{D, ug, ug, T'} {D', vy, uf, T} {D", vy, uf, T"}

Figure 2.1: RG transformation regularized with a hard cutoff Q: rescaling and coarse-
graining.

(a) (b) (c)
n ... 7

........... ————— = Gk, w) e = —uz : — u3
n A n

Figure 2.2: Elements of the graphical perturbation expansion of DP: (a) bare propaga-
tor; (b) bare three-point vertex function.

(a) (b) (c)

Figure 2.3: One-loop Feynman diagrams for DP: (a) two-point green function; (b) two-
point vertex function; (b) three-point non-linear function; (c) three-point noise vertex.

for (I <« 1).
D'=[1+1(d+z—-2-2x)|D, v =[1+1(d-2y)|r,
wy = [14+1(d+z—-2x)]uz, wy=[1+1(d+z-3Y)|uz. (2.18)

2) Coarse-graining : Integrating out degrees of freedom. The graphical loops are
depicted in Fig.[2.T|where an arrow marks a /i-leg represented as dotted lines. We
draw diagrams with the arrows always directed to the left (ascending time order-
ing from right to left). The bare propagator [Appendix and vertex functions
are shown in Fig.[2.2] One-loop diagrams are shown in Fig.[2.3] From the cumu-

lant expansion, one can obtain the propagator —G"~!(k, ) = —G'~!(k, ®) +
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Fig. 3(a) with G~! (k, ®) = Dk* —i®T — u, and the vertex —u} = —uy +Fig. 3(b).

) u dWdo _ k ® k 1)
Fig. 0 =257 [ (G060 +4.5 +0)6(5 4.5~ )

u3 Ak [~ do 1
- (2)2/(2%)‘1/_0027:D(k/2+k’)2—u2—i(a)/2+a)’)r

1
D(k/2—K)> —ur —i(®/2— )T
_ E ’ ddk/ 1
= 2 ) / (27)? T(DK? /4 + DK —u; — i07/2)’ (2.19)

dkd
Fig. 3(b) = 16("23)3/(27ry1ﬂG2(k,w)G(—k,—w)

— 16(”3)3/ d’k /m 4o ! !
2 (2m)d J_., 27 (DK? —uy — i®7)? DK? —uy +ioT

4/ U343 dk 1
—49) /(27r)d oD — )2 (2.20)

This is when regularization comes into play. Here, we use the hard cutoff regu-
larization scheme in which we integrate out up to € [Fig. 2.1]]. We remark that
dimensional regularization with € — oo can also be used with minimal subtrac-

tion (see Section 10 of Ref. [11]). With the hard cutoff regularization scheme,
Eq. (2.19) and Eq. (2.20) can be calculated as

dy/
: us , [ dlk 1
Fig. 3(a) = — (=
ig- 3@ =-(3) / (27)4 ©(DK2 /4 + DK? —ur — ir7/2)
_ Lt% /Q(l+1) dk/ k/d—ISd
42m)dt Jo Dk? /4 + Dk? —u, —iodT/2
o u3SQ1 1
- 41(27)4 DK2/4+DQ? —uy —iwt/2
2 d ;
S.Q41 1 D
= 5 ( - K+ i co+--),
4T(27T)d DQ? — up 4-(D§22 — uz)z Z(DQZ — u2)2
(2.21)
:l'\-\.-i-! '\-j.‘: 1
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d 3¢.0d
Fig. 36) = 4(3)’ / (jn])Cd T(Dkzl— w)? 2r(2n;£3(sg?zzl— s 5
The coupling constants are changed in coarse-graining as following:
DD u318,Q4 g U318, Q¢
167(27)?(DQ? —u)?’ 8(27)4(DQ2 — uy)?’
ay u318,Q° o 38491

T 2 2n) (DR —w)?
(2.23)

2T 42 2n) (DR — )’

Finally, enumerating the rescaling [Eq. (2.18))] and coarse-graining [Eq. (2.23)], we

obtain the RG flow equations

8,D:D(d+2)(+z—2—51), 8ﬂ:f(d+2)¢—251),
aluzzuz(d+2x+z—52), 8,u3:u3(d+3x+z—8S1), (2.24)
where S| = % and §; = 151540 . In order to make the fluctua-

167(27)4(DQ?—u,) 47uy (27m)4 (DQ2 —uy)

tions scale invariant, we set d;D = 0 and d;7 = 0. Then Eq. (2.24)) becomes
£
ity = 1(S1 — S2+2), Ay = u3 (5 —651). (2.25)

where d = 4 — €. In the (u2, u3)-plane, fixed points are given by

4D*Q*28 D* Q*Z

* 2

L= Sarse S 6 O

. (2D*(e+24) [te(2m)*\2 4D*Q**1t*(2m)*

i = 241 5¢ 35 ) = s, etoE). (2-26)

The non-trivial fixed point is called the Wilson-Fisher fixed point. The linearized RG
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flow is governed by the matrix

() 3(9)
oy | 0w | o 2-¢ — \/E‘*ﬁ
M= Uy, u3 Uy, u3 — 37(2pi) ’ 2.27)

d(du3) d(du3) 0
—&
Jduy 55 dus 5,1
The eigenvalues of this matrix are A} =2 — €/4 and A, = —e&. Here the first eigenvalue

is positive and represents the repulsive line of the renormalization group flow, meaning
that u, diverges as e the fixed point is approached. Since u, plays the role of the
reduced percolation probability (mass gap), we may identify vll =2 —¢/4. From
dD=0and dt=0,xy=f/v, =2—7¢/12 and z =2 — £/12, which gives the critical

exponents as follows:

_1 &€ 2 o € 2 — € 2
V=gt tlE),  B=l-c+0(e),  vy=1+ 5+ 0(e). (228)

2.4 Contact process with long-range interaction

According to the DP conjecture, nonequilbrium phase transitions with short-range in-
teraction generally falls into DP class. In many realistic spreading processes, however,
interactions are long-ranged described by Levy flights P(r) ~ r~¢~°. In the presence

of the long-range interaction, the rules of CP are modified as follows.

1) Decay : an active particle becomes inactive at a rate 7.

ii) Branching : an inactive particle becomes active at a rate KP(r) when it contacts

a distant active particle.

The mean-field Langevin equation of the density of active sites # is given by

dni(t) = —yni(t) + 1Y P(|ri—ri|)n;(t) (1 —ni(1)) + &(t). (2.29)
J#i
It is convenient to adopt a continuum description (see Appendix [B.8), in which n rep-

resents the local particle density. Rescaling the time r — ¢ or equivalently y =1,
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Eq. (2.29) is given as follows.
on=DV?n+DsV°n—(1—K)n—kn*+E&, (2.30)

where D and D are a diffusion constant.
Using the Martin—Siggia—Rose—Janssen—Dominicis (MSRJID) formalism presented

in previous section, we obtain the action as follows:
d o 2 r ~
dr [ d'x an DV2n— DVon+ (1 — K)n+ kn —Ennﬂ. 2.31)

2.4.1 Upper critical dimension and mean-field critical exponents

We obtained the action of long-ranged CP by MSRID field-theoretic approach, which

is rewritten as
d r
dt | d%x ’L'an DV?n—DgV°n+ umn + uzn —Ennﬂ (2.32)

where T =1, up =1 — K, and u3 = k. To symmetrize the cubic terms, rescaling n —

1/ 21;311 i — 2”311 and r”3 — u3, the action is written as

/dt/dd ’L'B, DV? —DGVG—i-uz) n—l—uyi(n—ﬁ)n] ) (2.33)

By the scale invariance, action should be invariant if we change the spatio-temporal
coordinates scale by a constant factor. Under the scaling transformations, which are
given by
X t -
x—>x’:f,t—>t/:—z,n—>n’:sxn,ﬁ—>ﬁ’:sxﬁ, (2.34)
s 8
where s > 1. The action Eq. (2.32) has the rapidity-reversal symmetry (see Appendix|B.2)

which implies that the y = /v, and ¥ = B /v have to be identical. Under the trans-

22 =



formation given by Eq. (2.34), S[n,i] — S'[n’, 7] is given by

/dt /dd ! d+z ~’ ‘L's g, — DS_Q_ZXV'Z—DGS_G_ZXV’G—Fuzs_Ql)n’

+uzs i (n n')n’} ) (2.35)

Therefore, we obtain the following relations of the parameters under the scaling trans-

formation:
T 7 =51, D—D =522, Do — Dy =s94779722 |
uy — uy = s 22y | uz — uy = sy, (2.36)

To make the fluctuations scale invariant at the critical point u; = 0, we must ensure
that the action stays fixed. For ¢ > 2, Dy is irrelevant; however, D is relevant, where
the universality belongs to DP class (see Sec.[2.3)). On the other hand, for o < 2, D be-
comes irrelevant; however, Ds becomes relevant. From now on, we focus on the region
where Dy is relevant for ¢ < 2. Thus we choose ¥ = d/2 in order to be invariant of
temporal fluctuations scale. Similarly, by choosing z = o, spatial fluctuations become
scale invariant. The cubic term is rescaled as u’3 = g0~d/ 2u3. Thus for d > d. = 20
where d, is the upper critical dimension, u3 is irrelevant, which means that the ac-
tion becomes the Guassian (quadratic) function in Eq. (2.33)). For this reason, the fixed
point above the upper critical dimension is called the Gaussian fixed point. Ford < 20,
u3 becomes relevant. In this case, the Gaussian fixed point is shifted due to the higher-
order terms, leading to the Wilson-Fisher fixed point, which will be discussed in next
subsection.

Finally, we can compute the mean-field critical exponents. Homogeneous mean-
field solution gives the critical exponent § = 1 [Appendix [B.4]. Thus, we can obtain
vi=B/x=1/candz=0
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2.4.2 Below the upper critical dimension: the £-expansion

Comparing with the action of DP class, long-range DP has the fractional Laplacian
in quadratic term. Thus, the only difference is the Green’s function. The Green func-
tion is changed from G(k, @) = (Dk* —i®wtT +uy) ! (see Appendix to G(k,w) =
(Dgk® —i®T+uy)~!. Since the cubic terms remain the same, one-loop Feynman dia-
grams is not changed (see Fig.[2.2]and Fig. [2.3)). Here, we shall calculate the one-loop

propagator and show that one-loop diagram does not contribute to the coefficient D .

1) Rescaling : We already conducted this process in Eq. (2.36), expanding s = 1+-/

for (I < 1).
Dy =[1+1(d+z~0—2x)|Ds, U=[1+1(d-2y)r,
wy = [L+1(d+z—-2)|uz, wy=[14+1(d+z-3)|us. (2.37)

2) Coarse-graining : Integrating out degrees of freedom. The bare propagator and
vertex functions are shown in Fig.[2.2] One-loop diagrams are shown in Fig.[2.3]
From the cumulant expansion, one can obtain the propagator —G"~!(k, ®) =
—G'(k, ®) +Fig. 3(a) with G(k, ®) = (Dgk® —i®T+up) "',

: u dkde’ _ k ) k o
Flg. 3(3):—2(23)2/(271_)d+1G(2 +k/,§+w/)G(§—kl,5—(})/)

L (143)2/ dK /°° do' 1
B 2 (2m)? | .. 21 Dglk/2+ k|0 —uy —i(0/2+ 0')7T

1
Dolk/2—K|° —uy —i(®/2— o)t
__2(u3)2/ d‘K 1
B 2 (2m) ©(Dg|k/2+K'|° + Dg|k/2 —K'|° —2uy —i0T)
(2.38)
:l'\-\.-i-! '\-j.‘: 1
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Since k is very small in long-wavelength limit, we may expand the denominator

kcos@ K>
k' + 42

0 -2

G/2

k/2+K|° =K°|1+

(2.39)

where 0'(k®) vanishes during the expansion. Therefore Eq. (2.38) becomes

di!
D
Fig. 3(a) = —2(2)) / Ik [2ng"’+ﬁk’°—2k2

2 (2m)dt 4
D -2 -1
4 De0(0=2) oppo2 oy, ia)ﬂ:)}
1998, u [T 4o : DsG (62,2
:_2’5(27?)‘1/0 dOsin G{ZDGQG—Zug—le—i— TQG k
D -2 -1
+Deol0=2) o GQsz)} , (2.40)

where S; = 2n%/2/T(d/2) is the solid angle. Let us expand the last term in
Eq. (2.40) with respect to k and o.

l.Qde_llAz T 1 iT
Fig. 3(a) ~ —— 41" [" g 'He[ ®
le. 3@ = == e /0 0Dy 0 —2u, | (2D0Q0 — 21y )?

Ds6Q° 2+ Dyo (0 —2)cos? 6Q° 2
42D Q0 — 2uy)?

kz} . (2.41)

Using the relation f(;r sin?20 = S;/S,_1, fon sin?20cos>0 = S;/dS,_ 1, we

finally obtain

Fig. 3(a) =

1998 u3 1 it
[ o

~ 41(2m)4 LD QO —uy * 2(Ds QO — u)?
_ Ds0Q° *+Dso(0 - 2)9"_2/dk2]

(2.42)

Clearly, &'(k°) does not exist in Eq. (2.42), which means that coarse graining

. /s " n
does not contribute to D, i.e. D; = Dg.
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Thus, plugging this relation into Eq. 2.37), D, =Dy = [1+1(d+z— 0 —2x)]Ds
or equivalently djDs = d +z— 6 — 2. Similarly to Sec. in order to make the

fluctuations scale invariant, we set d;Ds = 0, which gives the hyperscaling relation

d+z—0—2y=0. (2.43)
d=4
37
95 | short-range DP MF DP
e slope = —1/12
9 | 7 el
long-range DP
o 15}
1t PR MF long-range DP
0.5t
0 ‘
0 1 2 3 4 5 6

Figure 2.4: Universality class diagram of long-range DP in the parameter space (d, o).

Now, let us consider the universality class diagram for (d, ). We obtained the up-
per critical dimension d. = min(20, 4) and the hyperscaling relation d +z— 06 —2) =
0 which is valid for d < d. and the region that fractional Laplacian is relevant. In
Fig. the upper critical dimension is represented as the bold line. Since the hyper-
scaling relation is valid for long-range DP regime and the critical exponents of long-
range DP are changed continuously to short-range DP, the dots in Fig.|2.4|are obtained
the hyperscaling relation 6* = d + zsg — 2Xsgr, Where zsg and Ysr are the numerical

values of the short-range DP.
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2.5 Tricritical contact process

As we discussed in Sec. 2.1} the universality class may be changed when symmetry
is broken. The symmetry of DP class is the rapidity-reversal symmetry, which implies
that the critical exponent of n and 7 should be the same. In this section, we shall
deal with the tricritical contact process (TCP) whose rapidity-reversal symmetry of
CP is broken due to the higher-order interaction. In the presence of the higher-order

interaction, the rules of CP are modified as follows.
i) Decay : an active particle becomes inactive at a rate 7.

ii) Branching : an inactive particle becomes active at a rate Kk when it contacts a

neighboring active particle.

iii) Pair branching : an inactive particle becomes active at a rate @ when it contacts

a pair of the active particles.

The mean-field Langevin equation of the density of active sites # is given by

ani(t) = —yni(t an —ni(t Z Z men (1 —ni(t)) +&i(t),

(6,J) {i,7.k)
(2.44)

where z = 2d is a number of the nearest-neighbors and (i, j,k) stands for the nearest
neighbor of a pair of i and j. The noise &;(r) is a multiplicative Gaussian random

variable with zero mean and whose correlation [Appendix is
(&i(1)&;(1")) =Tné; ;j6(1—1"). (2.45)

It is convenient to adopt a continuum description (see Appendix [B.3)), in which n

represents the local particle density. Rescaling the time ¢+ — ¢ or equivalently y =1,
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Eq. (2.44)) is given as follows.
on=DVn—(1—K)n—(k—o)n*—on’ + &, (2.46)
where D is a diffusion constant.

2.5.1 Phase diagram

In this subsection, we shall deal with the phase diagram of the TCP. Firstly, let us

consider the homogeneous mean-field equation give by
on = DV*n—uon—uzn® —ugn® + & | 2.47)

where u, = 1 — K, u3 = K — @, and uy = ®. In steady-state [d,n = 0], we obtain solu-

tions as

—uzt 4/ u% —4duruy
. (2.48)

n*=0 and n*=n} =
2uy

Performing the linear stability analysis, we find that the first solution n = 0 is stable
for up > 0 and unstable for up < 0. Thus, uy = 1 — k¥ = 0 is the boundary of the stable
solution at the fixed point n = 0, equivalent to the boundary of active phase in Fig.

For the second solution n;, ,, we perform the linear stability analysis as

5711 = _(”2 + 2143]’11 + 3u4nf)3ni (2.49)

=’ (—u3 —2u4n’y ) dny = Fny \/m&ii . (2.50)

Thus, n’, and n* are stable for n’, > 0 and n* < 0, respectively. Because the negative

density is not physically acceptable, n* is ignored. For n = n’,, the phase boundary is
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obtained by the conditions u% —4duruy = 0 and u3 < 0. These conditions lead to
(k+ ) —40=0fork < ©, (2.51)

where n*. > 0. This phase boundary is drawn by white dashed curve in Fig.
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Figure 2.5: Phase diagram of TCP in the parameter space (K, ®).

2.5.2 Upper critical dimension and mean-field critical exponents

Using the Martin—-Siggia—Rose—Janssen—Dominicis (MSRID) formalism presented in

previous section, we obtain the action as follows:
d, [ 2 2 3 Lo
S= [dt | dx [n (8,11 — DV n-+un+usn” +usn’ — Enn)} ) (2.52)

This action will be found in the next chapter from the quantum model with different

microscopic rules.
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Chapter 3

Nonequilibrium phase transition in open quantum

systems

A large part of this chapter is published in Ref. [31].

3.1 Introduction

Nonequilibrium phase transitions into an absorbing state have been extensively studied
[20,28,2938-45]]. However, in recent years, they have attracted a significant amount of
attention because some of these transitions have been experimentally realized in turbu-
lence [46] and dissipative Rydberg atom quantum systems [24]. One of the most robust
classes of absorbing transitions is the directed percolation (DP) class [28}29,42-44],
in which the dynamics spreads by a contact process (CP). An active particle becomes
inactive at a rate 'y, whereas an inactive particle becomes active at a rate k¥ when it con-
tacts a neighboring active particle. If /7 is small, the system falls into an absorbing
state. Otherwise, it is in an active state. The CP model can be used for modeling the
epidemic spread of infectious disease and the reaction—diffusion process of interacting
particles. On the other hand, the Reggeon field theory reveals the universal properties
of the DP class [47./48]].

The CP can be generalized in various ways. Here, we introduce two cases asso-
ciated with the main topic of this paper. One is the long-range CP. This process was
inspired by disease contagion by long-distance insect flight. We recall a simple lattice

model associated with the long-range CP [49H52]], in which the activation process is
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modified as follows. At a rate KP(x), each active particle activates an inactive par-
ticle at distance |x| in a random direction. P(x) is thought to follow the power law
P(x) ~ 1/|x|%*P, where d is the spatial dimension, and p > 0 is a control parame-
ter. Owing to the long-range interaction, the transition property of the DP class can
be changed when p < p., where p. depends on the dimension d [50]. When p > p,
the long-range interaction is irrelevant. The other variant is the so-called tricritical
CP [53H57]. In this modification, in addition to the ordinary CP, an inactive particle
becomes active at a rate @ when it contacts two consecutive active particles. This tri-
critical CP exhibits a first-order transition for k¥ < @ and a second-order transition for
K > . Thus, a tricritical point occurs at Kk = @ with the tricritical directed percolation
(TDP) class.

Although the DP class is theoretically well established, experimental realization
of DP behavior has been elusive. It was only recently that two experiments associated
with this DP class were implemented [24,/46]]. We are particularly interested in the
experiment in dissipative quantum systems of Rydberg atoms. An essential factor for
realizing the DP class in Rydberg atoms is the antiblockade effect. An inactive spin
is activated by detuning the excitation energy so that it is comparable to the energy
of interaction with the active spin of the nearest neighbor [58,59]. This is reminiscent
of the branching process in the CP. We remark that the antiblockade dynamics can be
implemented incoherently when strong dephasing noise is applied. Then, quantum co-
herence becomes negligible, and the dynamics is reduced to the classical DP process.
When quantum coherence is effective, this case is called the quantum contact process
(QCP), and coherent and incoherent CPs can be realized simultaneously [25/26]. Com-
petition between the two types of process leads to the TDP class at the tricritical point.
This resembles the behavior of spin glass systems, in which competing interactions be-
tween spins generate a negative cubic term of the Landau free energy and a tricritical
point. In the strong quantum regime, the system undergoes a discontinuous transition.

When Rydberg atoms interact via the dipole—dipole interaction, it is natural to
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consider cold atomic systems with long-range interaction. Similar studies of dipole—
dipole interactions were performed in quantum systems associated with several phe-
nomena, for instance, quantum magnetism [[60-62]], Anderson localization [63H65]],
Rydberg energy transport [66], and Rydberg blockade [[67]]. However, the long-range
Rydberg atom system under the antiblockade condition has not been investigated yet,
even though the results are expected to contribute to theoretical development of the
QCP. In this paper, we consider the long-range QCP in the open quantum spin system.
We set up the Lindblad equation for the density matrix in terms of the Hamiltonian
with long-range interaction and the dissipators for decay and long-range branching
and coagulation. Using mean-field (MF) theory, we obtain a phase diagram including
absorbing and active states, and discontinuous and continuous transition curves with
a tricritical point. This diagram is similar to that of the classical TDP model. How-
ever, the continuous transition changes from the ordinary DP to the long-range DP
class [49,)52]. The TDP transition at the tricritical point also changes. We expect it
to be in a long-range TDP class corresponding to the TDP; however, it has not been
explored yet. Using the scaling argument, we determine the critical exponents of the
long-range TDP in the MF limit. Moreover, we determine the upper critical dimension.

The remainder of this paper is organized as follows. In Sec. 3.2.2] we derive the
quantum Langevin equation of the long-range QCP. The MF equation and its phase di-
agram are presented in Sec. and the scaling behavior and upper critical dimension
are presented in Sec. [3.4] Finally, we conclude our work and discuss the relationship

between our model and the behavior of interacting cold gases in Sec.[3.3]
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3.2 Equations of motion for the long-range quantum contact

process

3.2.1 Lindblad equation

The Lindblad equation describes a quantum system coupled to the environment in the
context of the Born—-Markov approximation [27]. We consider a quantum spin model
on a d-dimensional lattice, where each spin state denotes the state of a single atom at a
site with |1), that is, an active state, and |} ), that is, an inactive state. Interactions be-
tween atoms and between atoms and the baths may result in the dynamics of the QCP,
which are described by the Lindblad equation. The equation is generally composed of
the Hamiltonian and dissipative terms. Our equation also contains the coherent terms
for branching and coagulation and incoherent ones for not only branching and coagu-

lation, but also decay of active states (see Fig. 1), and is given by

A s d)ar@t 1 [(2@)ird) 4
ap = —i[Asp]+Y [LE oL -2 {1 ),p}]
I
S0 ar(@F L[0T A
LY et - {L e} G
i=b,c Im

where the Hamiltonian Hy is defined as

Ay =0 P(xn—x]) (in6;" +inb; ), (3.2)

I,m

and the Lindblad jump operators of decay, branching, and coagulation are given by

N (3.3)
1) = [kP(1%m —xi])] 2 (3.4)
L) = [kP(%m—xi[)] 2 6y (3.5)
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Figure 3.1: Schematic of QCP with long-range interaction in one dimension. In this
model, there are two incoherent processes and one coherent process, which are repre-
sented by the total Hamiltonian in Eq. (3.7). The incoherent processes are induced by
interaction with harmonic baths. The first incoherent process decays each site (denoted
as /) by raising the harmonic bath’s state at the rate 7, given by the second summation
term in Eq. (3.8). The second incoherent process consists of branching and coagula-
tion. Specifically, if site m is in an active state, site / branches (coagulates) at a rate
kP, via directional links (denoted as ml) by raising the bath’s state, which is given by
the second summation term in Eqgs. (3.9) and (3.10). The rate decreases algebraically
as the distance increases. Similarly, the coherent process, which consists of quantum
long-range branching and coagulation and involves the off-diagonal elements of the
density matrix during the dynamics, is induced by the system Hamiltonian [Eq. (3.2)].

respectively. Here, 6l+ and 6;“ are the raising and lowering operators of the spin at
site /, respectively, which are defined in terms of the spin basis as 6% = [1)(]| and
6= = 1)l

Because 7; is the number operator of the active state, i = |1) (1], the composite
operator ﬁméf or i, 6, with [ # m means that the active state at site m activates
or deactivates the state at [, representing the branching and coagulation processes, as
seen in Egs. (3:2), (3.4), and (3.3). Instead, lAJEd) denotes the decay dynamics of the
active state at /. Therefore, if there is no active state, no further dynamics occurs,
implying an absorbing state. Note that m and [ need not be a nearest-neighbor pair in

the interaction. Indeed, P(|x,, —X;|) in the dynamic equation [Eq. (6.1)] represents the
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Lévy distribution, which decays as
P(|Xp —x;]) ~ 1/ [ — x|, (3.6)

and which determines the amplitude of the long-range interaction. Here, we set P(|x,, —

x;|) = 0 when m = [. In addition, the distribution satisfies the normalization condition,

ZP(’Xm_XlD = ZP(’XIn_XID =1
m [

It is obvious that the dynamics of populations (the diagonal elements of p) in
Eq. (6.1) in the absence of coherent dynamics is equivalent to the ordinary long-range
contact process. Consequently, depending on parameters such as k and 7, the steady
state for ® = 0 shows the active or inactive phase, and the transition between them
belongs to the long-range DP universality class. If @ is increased, the coherence may
change the nature of the transition in the system. Note that in the limit p — oo, our

model becomes equivalent to the nearest-neighbor QCP in previous works [25]26].

3.2.2 Total Hamiltonian

By solving the Lindblad equation, Eq. (6.1I), one may find the phase diagram of the
system; however, this is not easy when system size N becomes large, N > 1. Instead,
in this work we take the semiclassical approach starting with the quantum Langevin
equation, as seen in previous works for the nearest-neighbor QCP [25,26].

To derive the Langevin equations, we first set the equivalent Hamiltonian for a
system with N spins, N, harmonic baths, and their interactions, where N, is given by

N, = 2N? — N, as follows. The total Hamiltonian should be given by

Ao =Hs+> Hy(l)+ ) [Hy(m,1) + He(m,1)] , (3.7)

[ m,l

where Hy is the same as in Eq. (3.2). There are three types of Hamiltonians for the
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baths and interactions (see Fig. 1). First, the Hamiltonian H;, which corresponds to
the decay process, is assigned to each spin, and H,(I) defined on spin [ is then given
by
Aal) =3 0, g+ 3 [ Agd] 67 +hc ] (3.8)
q q

where 6, denotes the energy of bath particles with momentum ¢, and h.c. stands for
the Hermitian conjugate. Here, d? q and dALq are the creation and annihilation operators,
respectively, of particles of the bath associated with spin /, and A, is the coupling
strength of the decay process of the active state accompanied by emission of a single
bath particle. Note that baths having different site indices are mutually independent,
which is represented in the commutation relation for dAZ o, and dy 4 that s, [d) 4, dj@ /=
O1mOq.q-

The other Hamiltonians, for branching (H,) and coagulation (H,), are defined at
each link (/,m) with direction, which means I:Ib(c) (m,l) # I:Ib(c)(l,m). The branch-
ing and coagulation Hamiltonians are also given by the bath energy and interactions,
similar to that of the decay process. Because branching and coagulation are allowed

between long-distance spins, the interaction between the system and bath particles

contains the distribution P(|x,, —X;|), so the Hamiltonians are given by

Bymd) = 3" 0ubhy g+ Y (1 Publy yinit +hc.]
' ' (3.9
Bem 1) = >0l ntg+ D [XgV Pt Sl in67 +hc ]
' ' (3.10)
where P, is shorthand notation for the Lévy distribution. Further, Bml,q and ¢, , are
also operators of the harmonic baths defined on the directional link, which satisfy the

. . A ~ . . A A
commutation relation, [bml,q7bm/]/7 q] = 0,/ Omw (the relations for Cim,g and Climq Ar€

obtained by replacing b and b' with ¢ and &', respectively). Further, ¢, and y, are the
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energy function and coupling between the system and baths, respectively, where the
branching and coagulation Hamiltonians share the same functions. Note that we have
thus used N, independent baths, including N decay, N(N — 1) branching, and N(N — 1)
coagulation baths.

To obtain Eq. for the density operator, we consider that the bath is in a pure
state |0)z with zero temperature such that d|0)g = b|0)z = ¢|0)5 = 0. Following the
Born—-Markov approximation, where the density operator of the total system can be
given approximately by the product state, p () ® pp, with the stationary bath density

Ps =|0)(0|p [27]], the density operator p(z +dt) is given by
Pt +dt) = try {e*"d’gwtp(t) ®0) <oyBe"d’f’wt} . G.11)

Expanding the evolution operators up to the second order of dt and using (Hj)p, where
Hy is the part of Eq. (3.7) representing the interaction between the system and bath,
and (-)p denotes (0] - |0)p with the bath state, we write Eq. (3.11)) up to the order of
dr’:

p(t+dt) = p(t)—idt [Hs,p(t)] (3.12)
s (Asplols— 3 (B350} )

var® (A p(0) 510) Ol 3 (A7) PO} )

Because (qudA;) g=1, <quo;> g =1, and (échZ) g = 1, and otherwise the correlators of
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bath particles are zero, the third line in Eq. (3.12)) can be written as

dtz;%h; [61_15 (67) - % {(61_)T 61_’ﬁ}}

+df222%51’mz [ﬁm"1+P (”‘maf)T 3 { (Am6;") nmcﬁ,p}]
Im ¢
N o
+d’222%5”m1 [ﬁmoz p (im6; )T—E{(”mcz ) A6, ,P}]
Im ¢

In accordance with the Weisskopf—Wigner theory [68]], we extract the slow mode of
bath particles around ¢ = 0 by setting A, ~ A,— and ), =~ X4—o. Then, the summations
over g become Zqitqz ~Ad >, and quqz ~ x3 >_q To evaluate . we use the
definition of the Dirac delta function, (27)~'Y" ,€Xp(—iw,7) = &(7), with a linear

function @, of ¢. Inserting T = 0 in both exp(—i®,7) and &(7), one can see

AP 2G> —dit2mAg, df gy —di2myg,
q q
where we have used the fact that §(0) — 1/dt as dt — 0. Therefore, we can reduce dt>
to dt in the third line of Eq. (3:12). Defining y = 2wA¢ and k = 273, and retaining
the order of dt, we arrive at the Lindblad equation [Eq. (6.1)] from Eq. (3.12).

3.2.3 Quantum Langevin equation

Now, we derive the equations of motion for the system degrees of freedom from the
Heisenberg equation in the total Hilbert space. During the procedure, noise and the
influence of heat baths will be defined so that the quantum Langevin equation, which is
the starting point for the semiclassical theory of the long-range QCP, can be obtained.

For the system operators d; = 6;°, 6;”,i;, which are Hermitian operators, the Heisen-
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berg equation is given by d,4;(¢) = i[H,d;(t)]; then

ddr=iS [As,a] + [Hy(D),a)+ > [Hjm D +Hi(l,m),a) 3. (3.13)
m,j=b,c

The first term in Eq. (3.13) consists only of system operators:

i[Hs,a)) =i0Y P ([in6;" 1] + 06,5, a1] +h.c.) (3.14)

m
and the other terms, which are obtained from commutation with the interaction terms,
are mixtures of the system and bath operators, as shown below. The commutation with

the decay Hamiltonian reads

i[Aa).a) =2 (id], (67 ,a] ~ i (a6 ] dy) . (3.15)

q

that with the branching Hamiltonian is
[Hb m,l) a; Z)(q ( [nmol ,al] + h. c> , (3.16)
and finally, that with the coagulation Hamiltonian is

i[Aclm,0),a) =" 20/ Pt (i€l (67 ) +hec.) (3.17)
q

Note that i[FIb(C) (I,m),a;] can be obtained by replacing / and m with each other, except
for 4, in Eqs. (3.16) and (3.17). Here, the Heisenberg picture has been used for all
operators such that 4; = d;(t) = ¢d,(0)e~ 1", where @;(0) denotes the Schrodinger
operator. Henceforth, an operator without an explicit time represents the Heisenberg

operator at time .

To proceed a step further, we need functional forms of b, 4, ¢, 4, and d; 4, whose

equations of motion are also obtained from the Heisenberg equations, d;d; , = i[H (1), d .,
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8,13,,,17‘1 = i[I:Ib(m,l),lA)ml’q], and 0,¢p 4 = i[I:Ic(m,l),cAmlvq], respectively. It is easy to

show that the solutions are given by

diy = dig(0)e% —ip, / dt 67 (1)e 0= (3.18)
i’ml-,q = bml,q(o) 0t

—i%g\/Pul / dTin(0)6 (2)e 90, (3.19)
Cmig = éml,q(o)e_i(p”t 0

— iy Pt /0 tdrﬁm(r)él’(r)e’id’q(”f). (3.20)

Plugging Egs. (3.18)—(3.20) into Eqs. (3.13)-(3-17) reveals that the equation of motion

for @; can be divided into two parts, where one part is composed only of the system op-

erators, and the other contains both system and bath operators. For example, inserting

Eq. (3.18) into Eq. (3:13), we get
i[Aa),a] = 3 A (id],(0) [67,a] % +he.) (3.21)
q

—Z?LZ/ dt (GI ) [61_,631] eieq(t_r)+h.c.> ,

where the first line gives the quantum noise from the bath, and the second line is the

dissipative term. Employing the Weisskopf-Wigner theory as shown in the previous

section ( , we let A, be constant in Eq. (3:21), which leads to A¢ >y €%a(1=7) ~
271'1025@ — 7). Therefore, Eq. (3.21) reads

Y ) ; . y
o o1 o] 65 0 )
— g (6 [6,,a1]) +[a1.6,7] 6,7 ) , (3.22)

because [, dt8(t — ) = 1/2, and ¥ = 21A¢. For Eqs. (3.16) and (3:17), one can also

obtain similar expressions with Kk = 271)53.
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Because the second line in Eq. (3.22)) can be rewritten as
A \T A ae L AT A A A A
(vrer) avrer =5 { (vrer) ver.aif = Fla vrey).

by combining Eqs. (3.14)-(3.17) with the Weisskopf—Wigner theory, we obtain the

equations of motion for g;, which are given by

oa; = inPml ([ﬁm61+,ﬁ1] + [ﬁ] A,jl_,dl] —l—h.c.)

m

+Y F (an0g) + ), (3.23)

o,m

where for convenience we defined the interaction operators [}, as

~ .
Ly, = \/?G[ 61,/117

2 / 5 oAt 73 / A At

Ilm = K'Pm[ l’lmO'l s Ilm = K'Pml n;o,, ,

~4 A A S A oA

Ilm = v/ K'Pmll’lmGl s Ilm =/ KPml n;o,, . (3.24)

The Kronecker delta function 8, = 1 for [ = m and is zero otherwise. Although IAI‘;‘”
has the same form as the Lindblad jump operators in Egs. (3.3)—(3.5)), it is composed
of the Heisenberg operators defined at time ¢, which are different from the Lindblad
operators. Finally, the noise operator f(d;,t) is also written in terms of /% and the
corresponding bath operators. We redefine the bath operators Bfr‘m q(t) with the original

operators as

Bllmyq(t) = ‘ﬁq(o)&,me_ieq’,

Brgt) = buig(0)e ", B), 1 (t) = bing(0)e ™,

é;‘m’q(l‘) = @ml?q(O)e*mqt’ B\lsm,q(t) — é\lmﬂ(o)efiq)qt ) (325)
- 2.1
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Then, one can write the noise operator in the compact form

\/127: D2 (B ) (I ] + e (3.26)

o mgq

fi(ar) =
Obviously, the quantum average of the noise operators becomes zero: (f](d;))p = 0.

3.3 Mean-field result

3.3.1 Mean-field equations

To explore the MF phase transition of the QCP, we extract the MF equation from the
quantum Langevin equation, Eq. (3.23), by taking the trace of the equations of the

operators with the initial density operator given by p(0) ® pp. By defining
al(t) = <&l(l‘)> :trﬁl(l‘)ﬁ(())@fjg, (3.27)

the equations of the fields can be obtained; for example, the equation of motion for n;

is given by

=0 PulinG])—yu+K> P (tm—2(Anir)) . (3.28)
m m

One can also derive similar equations for o;(r) and o; (r). Ignoring correlations such

as (AuG; ) — ny(t)o; (1) and taking uniform fields, n;(t) — n(t), 6(t) — o*(r), and

o) () — o”(t), we arrive at the MF equations, which are given by

ho= ono’+(k—1)n—2kn,
14+«
6" = —wo'o’— %6" — Kkno’,
1+x
& = o {2n+ (6%)? - 4n2} R, P kno” (3.29)
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where we rescale time, 1y — ¢, ®/Y — o, and k/y — k. Note that the above equations
are equivalent to the MF equation used in previous studies for the nearest-neighbor

QCP model [25}126].

3.3.2 Phase diagram

In this section, we review the previous MF result, which is also similar to those in
previous studies of TDP [29,47,54,55]]. It is found that the steady-state solutions or

fixed points, ng, 63, and 6, satisfying @ = 0 in Eq. (3:29), form two groups as follows.

One is given by
, 4(1)7’10(1—2]’1())
X _ () Y =/ 3.30
% =5 % = T kt2Km (3.30)
0 0> —k+ /(0 — k)2 + (K2 +20?) (k2 - 1)
no =
0= 407 +2K2 ’
and the other is given by
0f = /413 — 2n0 — (14 Kk +2xm0)? /202, (3.31)
, 14+ k42K 1 1
ng_u, 1o = 0

20 6 2k

Note that if only real solutions are required, the latter should be ruled out because so-

lutions ng do not give real values of oy in Eq. (3.31). Moreover, the nonzero solutions

4 _ 0=k (02—Kk)*+ (K> +20%) (K- 1) 0 —k—/ (02— )2+ (k2 +20?) (k2 1)

no=ny = 1071212 and no =ny = J02 1212
in Eq. (3.30) does not exist when (®? — k)2 < (k>4 2®?)(1 — k?), which is inside the
(blue) dashed curve and lower (black) dotted curve in Fig.

Now, we check the stability of Eq. through linearization of Eq. around
the fixed points. Inserting n = ng + 8n, 6® = 6} + 60”, and 6* = oj + 6" into

Eq. (3.29), and expanding up to the linear order of perturbations, we then obtain the
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Figure 3.2: Phase diagram of QCP. This diagram is represented as a plot of the classical
rate Kk and the quantum rate @. In the weak quantum regime, the second-order transi-
tion is observed [(red) solid vertical line and (red) filled circle; Eq. @[)]. In contrast,
in the strong quantum regime, the absorbing transition is found to be of the first-order
type [upper dashed (blue) curve between bistable and inactive states; Eq. (E.I0)]. The
(red) filled circle, at which the two transitions intersect, is the tricritical point. (Black)
dotted vertical line represents the boundary of the number of the stable solutions and
(black) lower dotted curve inside the inactive region represents the boundary between
the existence and nonexistence of multiple solutions.
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linear equation 8a = Mda, where

Sa=(6n,60",60°)", (3.32)
and the matrix M is
00 —4Kkng+ Kk — 1 wng 0
M= | —8wny—ko)+2m —"rxtl 0 : (3.33)
0 0 _2wog'+2;<no+;<+1

2

For ng = 6y = o = 0, all the eigenvalues of M are negative at k¥ < 1, meaning that
the fixed point is stable, whereas one of the eigenvalues becomes positive when k > 1.
Thus, k = 1 is the boundary for the fixed point, ng = 65 = o3 = 0.

For the nonzero solutions ng = ng ) in Eq. (3.30), by investigating the eigenvalues
of Eq. (3:33), one can note that ny = ng and ng = n, are stable when nj > 0 and
n, < 0, respectively. More precisely, no = na' , Gg = Gg(nar ), 04 = 0is the stable fixed
point when nj > 0and nj > & — ;. Because negative density, n < 0, is not physically
allowed, the fixed point ngp = n;, < 0 should be ruled out in this analysis. To find the
stable region of nar , first we note that ng > 0 becomes marginal along two curves. One

is the (red) solid vertical line including a (red) filled circle in Fig.[3.2]
k=1,w<1, (3.34)

where ng = ng = 0, and the other is the dashed (blue) curve, given by

1/2
a):<1+1<—;<2+\/(1+1<—;<2)2—;<4> at k<1, (3.35)

where nar =ny > 0. na’ is found to be stable outside of the region enclosed by the
two curves, Egs. (E.9) and (E.10). Thus, the stability analysis yields the phase diagram
shown in Fig. With the boundaries described by Eqgs. (E.9) and (E.I0), there are
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three regions: (i) the inactive phase, ng = 0, (ii) the active phase, ng = nO+ , divided
by Eq. with a single stable fixed point, and (iii) a bistable phase possessing two
stable fixed points, np = 0 and ng = n(f , with the boundary curves of Eq. (E.I0) and
K = K. with @ > 1. The solutions of Eq. show that between (1) and (ii) there exist
second-order phase transitions with the order parameter exponent 8 = 1 for ® < 1 and
B =1/2 at = 1. Moreover, one can observe that the first-order transition may occur
between (i) and (iii), implying that (k,®) = (k,, 1) where the boundaries meet at the

tricritical point.

By substituting the expression for ¢ in Eq. (3:30) into the equation for n [Eq. (3:29)],

one may expand the equation with small ng near the critical line Eq. (E.9) as
i — 00— 2 3 4
n=0=—upny— uzng — usny+ O (ng), (3.36)

where u; = (k. — k), and u3 and uy are given by

2k(1+ k) — 4? 8w?(1+2k)
us 1+K ) Uq (1 + K)2 ) ( )
respectively. Note that Eq. (3.36)) implies an effective MF potential defined as
Unr = %nk, (3.38)
k=2

where u;, is defined in Eq. (3.36). Then, the solution ny satisfying Eq. is also the
steady-state solution of the single effective equation of the order parameter, which is
given by

i=—dUyr/on. (3.39)

By expanding Uyr up to the fourth order, it is found that when @ < 1, u3z and uy
are positive near k = k.. Consequently, nop = 0 becomes unstable, and the stable fixed
point is given by ng ~ (kK — k) /u3 at Kk > K.; consequently, the DP critical exponent

B = 1. On the other hand, at @ = 1, it is found that u3 = 0 at k = k. yields a different
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universality, called the TDP class, where the fixed point is given by no ~ \/ (kK — K.) /us
with B = 1/2. We conclude that the effective single equation Eq. well describes
the critical behavior in the steady state, which is consistent with the linear stability
analysis based on the MF equations of all the system variables in Eq. (3.29).

We also observe that the effective equation Eq. captures a change in the
nature of the transition at the tricritical point (k, ®) = (k, 1). Expanding Uy up to the
fourth order again, as shown in Eq. (3.36)), one can see that all the positive coefficients
uy, yield the single fixed point ny = 0, but given negative u3, an additional positive and

stable fixed point can exist as

—u3+4/ u% —dusuy (3.40)

ngp —
2uy ’

where u% > 4uyuy is also satisfied. Because we consider only the limits ¥ — &, and

o — 1, the discriminant u% = 4uyuy may give the curve near the tricritical point,

o=1++/3(k.—x)/2, (3.41)

which is also obtainable by expanding Eq. (E.I0) at k¥ = k... Of course, there is an-
other solution, @ =1 — \/m but it does not satisfy u3 < 0. If 0 > 1+

3(k.—k)/2 at k¥ < K., there are two stable fixed points, np = 0 and Eq. (3.40),
which is consistent with the previous discussion of the linear stability analysis. Be-
cause the fixed point of Eq. (3.40) disappears abruptly, and ny = 0 becomes the only
fixed point crossing the curve of Eq. from right to left, one may observe the first-
order phase transition in this regime. Although the analysis of the MF potential for the
first-order transition is valid near the tricritical point, the entire analysis of linear sta-

bility with Eq. (3.32) implies a first-order transition with the transition line described
by Eq. (E.10).
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3.4 Scaling behavior

3.4.1 Phenomenological equation

To investigate the low-dimensional QCP, one may add spatiotemporal fluctuations to
the MF equations, Eq. (3.29), as seen in previous works [25[26]], where the action for
n, o, and ¢ is obtained by the so-called Martin—-Siggia—Rose—Janssen—de Dominicis
(MSRIJD) field theory [11,/69-71]. In this work, instead we start with the effective
MF equation of n, Eq. (3.39), which is a plausible assumption near the critical line
in Eq. because 0* and 6” may arrive quickly in the steady state [Eq. (3.30)]
owing to the finite gap energy, as seen in Eq. (3.29). Near the critical line, by plugging
ny ~ o) ~ 0 and oj = 0 into Eq. (3:29), one can see that the excitation gap for ¢*
and ¢” is given by (1 + k.)/2. Then, the critical dynamics can be described by a
single equation associated with n and based on Eq. with fluctuations. Using the
standard MSRJD theory and the scaling theory, we will show the critical exponents
and upper critical dimensions of the long-range QCP.

The phenomenological Langevin description has been regarded as a very useful
method to study the critical phenomena of DP-type models [28.,29]], where the strength
of the white noise is proportional to the density of active states because stochasticity is
induced by the active states. We also follow the phenomenological approach to obtain
the Langevin-type effective equation. Note that the field » in the MF equations is the
expectation value of the operator obtained by the trace over the density operator, as
seen in Eq. (3.27), implying that n can also be thought of as an averaged field over the
quantum noise manifested in the noise operator in Eq. (3.23). To describe the noise, one
may start from the equations of operators. Instead of using the quantum noise operators
[Eq. (3.26)] directly, we introduce a stochastic density field & satisfying & = n, where
the overbar denotes the average over a phenomenological noise 7171. We regard & as a
coarse-grained field of the active sites measured in a single realization, and take 1 as

the white Gaussian noise, which is plausible in thermodynamic limit. Near the critical
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point, & may be governed by the effective Langevin equation keeping the low energy

fluctuations, given by

dUynr (&)

TEMESD Ly, 3.42
85[ N ( )

az‘él = KZPmlém - Kgl -

where the first term is the lowest order contribution of Lévy flight, and the potential

Unr () is defined as having the same form as in Eq. (3.38),
N Mgk
Unr(§) = ;ké : (3.43)

Setting 7 = 0, taking the average of 1 in Eq. (3.42), and ignoring correlations such
that ? ~ n* with k > 2 and fluctuations, one can obtain the same MF equation as
Eq. (3:39) from the equation for &, Eq. (3.42).

The noise 1 should be invoked by the original quantum dynamics so that Eq.
reflects the original dynamics of 7. In the original dynamics, existing active states can
generate stochastic processes such as decay and branching via interactions with the

baths. Therefore, we require that the strength & defined in
()M (1') = 2 8 8(1 1) (3.44)

depends on the density & as &, «< &, implying also that when & = 0, there is no
fluctuation, so the absorbing state is achieved. Moreover, one may suspect that the

original quantum noise itself also obeys the similar relation
() A () s ~ D1 8y (1 —1'), (3.45)

with 9 o< (/) 5, where & is the strength of the quantum noise [68,/72]. Indeed, it has
been revealed that the quantum noise strength in the nearest-neighbor QCP is propor-

tional to () [25,26]. If this is also true in our case, we can assume that the phe-
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nomenological noise 7 originates from the quantum noise operator 7] with a strength
9 = (), at least up to the leading order.
Now, we check the strength of the quantum noise in the long-range QCP, which is

given by the correlators of the noise operators in Eq. (3.26):

(@) (@ ))s = trszzz[ (B, 0)'] (3.46)
B mqm'.g

<8 1) (B0, ) [12,0).a0)] .

where again Pz = |0)(0|z. By using the commutation relations of B%, Eq. (3.46) can

be divided into three parts:

NSt —1")+ DSt —1')+ Drb,y (3.47)
where the first term is given by

H=ud > [d,, (1) ] [1%.4)] s, (3.48)
the second term 2, reads

9 = up{[an (B)'] (8] + [an ()] [
+ [an ()] (Bl + [a, ()] [Bai) fpn. G49)

and finally,

Dy =trp~ ZZH‘” ). (8 ] i [a] s 350)

o, mm'

where we omitted the site indices in 921 23. To obtain @3, we used the fact that the
system operators and bath operators commute when they are at the same time, for

instance, 7;(t)dy ,(t) = dy ,(t)A(t). Further, using the solutions of the bath particles,
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Egs. (3.18)—(3.20), with the Weisskopf—Wigner theory, one can obtain the above form
of @3.

In Eq. (3.47), the contribution of 95 can be ignored because §(t —t') > &, at
t = t'. Moreover, 9, contains the contributions of only the pair (1,k), whereas [-to-
all coupling contributes to 9. Therefore, the strength of the noise, including 2 in
Eq. (3.43), may be determined mainly by 1. Because 7 is not a Hermitian operator,

to obtain a real value, we take
Re(D1) = (D + D)) /2. (3.51)

Now, we can obtain the noise strength Re(%) for f(#;) from Eq. (3.51) by setting
fll = d; = ﬁli

Re(D) =nj+ K  Putt. (3.52)

Because we are interested in the critical dynamics, where long-wavelength excita-

tion is crucial, we use the approximation n,, = n; for all m in the summation term

in Eq. (3.52)), which leads to

A

Re(D) ~ (1+K)n. (3.53)

This is what we expected, and now we take 2, = (14 k)& for the noise strength in

our Langevin equation [Eq. (3.42)].
We point out that the leading order of the noise strength for 6* or 6* is given by a

constant; more precisely,
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Moreover, the noise operator ) (/) is correlated with 1) (6*) and 7)(6”) as follows:

i
—
>
%
—
-~
N>
SN—
S~
X

Re (7 (A(1)) 0 8(t—1)/2,

Re (7 (7 (1))

=
—
>
=
e
-~
"
S~—
N—
=
X

0/8(t—1)/2.

Thus, even if there is no active state at some point, active states can be induced by
fluctuations of 6* and 67, which implies that the absorbing state cannot be achieved.
This is reminiscent of the quantum fluctuation induced by the uncertainty relations
between the Pauli spin operators. Therefore, our semiclassical approach must be as-
sociated with a proper time scale, where the quantum fluctuation is negligible. At this
stage, we assume the time scale without proof.

In short, we introduced the stochastic field & as the density field of active states
and its phenomenological Langevin equation. To capture the critical dynamics of QCP,
we took the lowest-order fluctuation in the long-range interaction to the MF equation
of the order parameter n. Since the original dynamics shows the absorbing transition,
we assumed that the strength of the white Gaussian noise is proportional to the density
field. Indeed, we confirmed that the original quantum noise also has the multiplicative
nature, so we adopted the functional form of the quantum-noise strength in the lowest
order as one of our phenomenological noise 1. Because the Langevin equation of &
is the classical field equation, one can apply the classical field theory to the QCP ef-
fectively at least near the critical point. Finally, we remark that the quantum Langevin
equation can be transformed to the c-number Langevin equation [72l[73]. One may
apply the conversion method in this work and expect to obtain a similar equation to
ours, Eq. (3.42). To check whether our assumptions are adequate and resolve the prob-
lem of time scale, it is worth studying the relationship between the phenomenological

and Langevin equations.
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Table 3.1: MF critical exponents. These critical exponents are obtained using the scal-
ing transformation of Eq. (3.58). The universality classes are determined by the power
of the long-range interaction (p) and the strength of the coherent dynamics (@ in Hy).
The long-range interaction is relevant (irrelevant) for p < 2 (p > 2). Depending on
whether u3 = 0 or u3 > 0, d. and 8 can vary.

d, B a1 4 Z
p > 2 (TDP) 3 1/2 1/2 1 2

K=K,0=1
(u3 =0) p <2(long-range TDP) 3p/2 1/2 1/p 1 p
p > 2(DP) 4 1 1/2 1 2

K=K,0<l1
(u3 > 0) p < 2 (long-range DP) 2p 1 1/p 1 p

3.4.2 Critical exponents and upper critical dimensions

To apply the scaling theory, the equation for continuous fields is more convenient than
the discrete equation. Taking the continuum limit with an appropriate rescaling like
d; — Td;, where 7T is a scaling parameter, and expanding the Lévy term up to two
leading orders, as in previous works [49-52,(74]], we write the Langevin equation of

the continuous density field & = &(r,7) up to the uy term as
10,& = DV?E + D, VPE —ur€ —uzE? —usE3 1. (3.54)

Here D and D, are the diffusion constants, obtained from the expansion, given by
K [ dv'P(|r—r'|)E(r') = k& + DV?E + D, VPE, and the noise 7 (r, ) in the continuum

limit obeys

T](I‘],l])T](I‘o,t()) = Fé (I’o,t()) 5(1’1 —I‘()) 5(1‘] —l()), (3.55)

where I = (1 4 k). Note that u; in Eq. (3.54) was also rescaled appropriately.
Setting I" = 0, which yields & = n, one can obtain the MF exponents for the cor-

relation length, v, and time, v = zv, . Under the scaling transformations, which are
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given by

Ir| = X/ =s|r|, t =t =5%, & =&, (3.56)

where s > 1, the transformed equation is written as
5 20,E" = Ds A V2E £ Dps PVPE —up&' —uzE* —ua”. (3.57)

Because near the critical point the order parameter obeys the scaling form of &'(r') =

sTB/VLE(r) [28,29], we rewrite Eq. (3.57) in terms of £ as
10,& = Ds“ 2V2E + Dps* PVPE — ups°E — uzs© BIVLER 2BV g,

When p > 2 and u3 > 0, one may set z=2 and 3 /v, =z =2; then, at the critical point

where u; = 0, the equation given by
10,E = DV?E —u3&?

is invariant under the scaling transformation because D,s* ?VP& and uys<2B/vLES
vanish by repeated transformations. Using the value 3 = 1, we obtain the exponents,
v, = 1/2, and thus v| = 1. These exponents belong to the DP class.

For p > 2 and u3 = 0, howeyver, the relevant equation is given by
10,6 = DV?E —u &3,

so B/v, =z/2=1.Using B = 1/2 at the tricritical point corresponding to uz = 0, we
obtain the exponents v, = 1/2 and V| = 1, which correspond to the TDP universality.
Therefore, if p > 2, the long-range term becomes irrelevant for both 3 > 0 and u3 =0,
so the universality is equal to that in the short-range model. On the other hand, if p <2,
one can see that the relevant term becomes D,s°"?VPE instead of Ds*2V?%E, leading

to the dynamic exponent z = p. Consequently, /v, =z = p for u3 > 0, whereas
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B/v. =1z/2=p/2 for us = 0, yielding v, = 1/p for both cases. The MF exponents
for the short-range and long-range cases are summarized in Table 3.1

To check the relevance of the noise, we employ the path integral formalism includ-
ing the noise term in Eq. (3.54). Using the MSRJD theory for the Langevin equation,
we obtain the action S = S[¢&, 5] for Eq. (3.54), where S is the response field, as fol-
lows:

S= /d}i{é~ [r&, —DV? — D, VP tup + uzE +usE* — gf &, (3.58)

where x = (r,7). Under the transformation given by Eq. (3:36), S[&,&] — S'[€,€],
where S’ can be written in terms of & and & using the relations &’ = s°& and &' =

S*E*g'~ , and is given by

s = / dxs"t<E [rs‘z_b_i’&, —Ds 202 _p s rbbye

- - - r .
Fuaps PP puss T2 TPE fuysTITPER Es_h_y’(: E. (3.59)

Therefore, we obtain the following relations of the parameters under the scaling trans-

formation:

T = =501,
D — D — Sd+z—2—b—l~7D’
D, — D,=s"=rbbp
u — ub= gd+ib=b U,
us — Uy = gdta=2b=b :
w — U= gd+z—3b=b s,
I — [ =sitab-2p, (3.60)

Note that the transformations of the parameters in Eq. (3.60) correspond to the Wilson

renormalization group (RG) procedure [3},28].
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One can choose b-+b = d so that 7 is invariant under the transformation in Eq. (3.60).
Moreover, the relations for D and D), suggest that the dynamic exponent z =2 for p > 2
and z = p for p < 2.If z =2 at p > 2, the long-range term with D, becomes irrelevant,
whereas the short-range term with D is relevant, and vice versa for p < 2 with z = p.
Above the upper critical dimension, d > d,, the higher-order potential terms and noise
term are irrelevant, so the Gaussian fixed point is stable. Therefore, the relevance of us,
us, and I' determines the upper critical dimension. The case of finite u3 is well-known,
as follows [49552]. If u3 is finite, u4 is automatically irrelevant at d., which implies
that at d < d., uz and I" are relevant. Thus, one may infer that at d = d,, b = b=z
leading to b = d./2 = z. Because z = 2 or z = p, the upper critical dimensions of the
short-range and long-range QCPs are given by d. = 4 and d, = 2p, respectively. Note
that by using b = /v, with B = 1, one can obtain the MF exponents obtained in the
noiseless equation, Eq. (3.57).

Finally, we discuss the TDP universality with the long-range interaction. In this
case, u3 = 0; thus, u4 and I" become relevant terms at d < d.. Similar to the case of DP,
at d = d,, the invariance of u4 and T in Eq. (3.60) yields b = z/2 and b = z. Because
b+ b = d,, the upper critical dimension of TDP is given by d. = 3z/2. Therefore, for
short-range TDP, it is found that d. = 3, as shown in previous works [47,54}/55]], and
for long-range TDP with p < 2, it is found that d. = 3p/2, which is similar to the long-
range DP case, but the constant differs from 2 for the DP class. Again, withb = /v
and B = 1/2, we obtain the MF exponents for the TDP universality. Because it is well
known that the tricritical point does not exist in the one-dimensional DP-type model
in the absence of the long-range interaction [28]], one may ask whether the tricritical
point is sustained when d = 1 is below the upper critical dimension or p > 2/3. To

answer that, numerical studies and RG approaches to long-range TDP are needed.
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3.5 Discussion and Conclusion

Now, we discuss how the long-range QCP can emerge from the cold atomic system.

We start with the Hamiltonian of Rydberg atoms under the antiblockade effect [23]]:

N N
ﬁR:Q;6f+AZI:ﬁI+;VZ"ﬁZﬁm, (3.61)
where Q is the Rabi oscillation frequency, A denotes the detuning energy, and V;,, is the
long-range interaction between excited atoms. Because A is very large, Rabi oscillation
is suppressed, but if we set V;,,, = —A for the nearest-neighbor pairs, the excitation can
be enhanced by the interaction. This mechanism leads to coherent and incoherent CPs,
where the long-range nature of V;,,, is usually neglected to realize the absorbing state on
long time scales [23,[25]26]]. However, these approaches are based on the low-density
limit; therefore, one spin can interact with approximately only one particle. As pointed
out in a previous work [23]], when one spin simultaneously interacts with not only the
nearest-neighbor spins, but also long-distance spins, the long-range effect may change
the universality of the system.

We investigated the critical behavior of the quantum long-range CP, which is re-
alized by coherently and incoherently driven interacting cold atomic systems. We de-
rived the Heisenberg equations from the total Hamiltonian consisting of the system,
the baths, and their interaction. Using the semiclassical approach, we obtained the
MF equation for the long-range QCP, where branching and coagulation are realized
as Lévy flight. Then we obtained a phase diagram similar to that for the short-range
QCP. Next, we set up the phenomenological Langevin equation and built the Martin—
Siggia—Rose—Janssen—de Dominicis action. Using scaling theory, we determined the
critical exponents in the MF limit. Depending on the model parameters, the DP-type
and TDP-type transitions occur. For the DP-type case, the critical exponents were ob-

tained as those of the long-range DP [491|52]. For the TDP-type case at the tricritical
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point, new critical exponents were obtained, the universality class of which we identify
as the long-range TDP class. Moreover, we determined the upper critical dimension
for the long-range TDP, d. = 3p/2, which is different from that of the long-range DP
class, d. = 2p. The critical exponents for the ordinary DP and TDP and the long-range
DP and TDP classes are compared in Table Recently a similar result that a first
and second-order phase transition coexist has been reported in the quantum epidemic
model, realizable in a dissipative atomic system with long-range interaction [75]]. We
expect that our semi-classical approach is also applicable to the epidemic model us-
ing a three-state quantum spin system. Also, we remark that we considered here the
homogeneous mean-field behavior, and it would be interesting how the heterogeneous
structure affects on the universal behavior [76].

In this study, we focused on the long-range nonequilibrium absorbing phase tran-
sition in the dissipative quantum spin system. We obtained the phase diagram and
determined the transition properties within the analytic theoretical framework in the
MF limit. However, the transition behavior below the upper critical dimension has not
been determined yet. The renormalization group approach to this problem seems to be

challenging, yet numerical simulation studies remain as the next problem.
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Chapter 4

Numerical simulation of long-range TDP in low di-

mensions

Major contents of this chapter is published in Ref. [32].

4.1 Introduction

In statistical physics, nonequilibrium phase transitions into an absorbing state are a
well-known phenomenon and have been widely studied [20,]28L[294[38-45]]. One of the
most popular models is a contact process (CP). In the CP model, the system contains
either an active or an inactive particle at each site of a d-dimensional lattice. An active
particle activates an inactive particle at the nearest-neighbor site with probability x;
otherwise, it becomes inactive itself with probability 1 — k. By contrast, an inactive
particle cannot recover to an active particle alone. When « is small, inactive particles
become more abundant with time, and eventually the system is fully occupied by in-
active particles. Then, the system is no longer dynamic and falls into an absorbing
state. When « is large, the system remains in an active state with a finite density of
active particles. Thus, the CP model exhibits a phase transition from an active to an
absorbing state as the control parameter K is decreased in any spatial dimension. This
absorbing transition is second-order and belongs to the so-called directed percolation
(DP) universality class [28}29,142-44,147,48]]. In the DP class, the mean-field solution
is valid above the upper critical dimension d. = 4. The CP model can be applied to

diverse phenomena such as the epidemic spread of infectious disease and the reaction-
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diffusion process of interacting particles.

The CP model has been modified in various ways to describe different phenomena.
For instance, Liibeck introduced the so-called tricritical CP (TCP) model as follows. In
addition to the ordinary CP, a pair of consecutive active particles can activate an inac-
tive particle at a nearest-neighbor site with probability w [53H57,/77]. The TCP model
exhibits an absorbing transition, which is either first-order or second-order depending
on the parameters (x, ®). The two types of phase boundaries meet at a tricritical point.
The absorbing transition at the tricritical point is second-order, and its critical behav-
ior, which is denoted as tricritical DP (TDP), is distinct from that of the DP class. The
TDP class has been extensively studied, and various features have been identified. Us-
ing the field theoretical approach [53]], the critical exponents of the TDP class were
determined, together with the upper critical dimension, d. = 3 [53}77./78|]. Moreover,
extensive numerical simulations were performed in two dimensions in Refs. [54,55//57]]
using slightly different models. However, the simulations yielded critical exponents
that were inconsistent with each other, which was attributed to the inaccuracy of the
numerical value of the tricritical point [45]). It was also argued that the first-order tran-
sition does not occur in the one-dimensional DP-type model [79]]. Thus, the lower
critical dimension seems to be two.

Recently, the TDP class has attracted considerable attention from the physics com-
munity after the quantum contact process (QCP), which belongs to the TDP univer-
sality class in the mean-field semi-classical limit, was investigated and realized exper-
imentally in a dissipative quantum system of Rydberg atoms in the presence of the
strong dephasing [24]. An active (inactive) particle is represented by a Rydberg atom
in an excited state (the ground state). An inactive particle is activated by detuning the
excitation energy of an active particle, in a process called antiblockade [58,59]]. This
antiblockade dynamics can be implemented incoherently when strong dephasing noise
is applied. In this case, the quantum coherence becomes negligible, and the dynamics

is reduced to the classical CP process, which generates a second-order transition. How-
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ever, when quantum coherence is essential, this case is called the QCP, and it yields
second-order and first-order transitions [[2526[]. Competition between the two types of
processes leads to a tricritical point, which yields another second-order transition that
belongs to the TDP class.

We remark that if an atom is excited to the s-state by the QCP, then quantum
coherence would occur locally, so the short-range TCP (STCP) model [Fig. @.1[(a)]
would be relevant, which is equivalent to ordinary TCP. On the other hand, if excitation
to the d-state occurs, dipole—dipole interactions become effective, and a long-range
TCP (LTCP) model [Fig. @.I[b), (c), and (d)] would be relevant. Although the STCP
model has been extensively investigated not only in the mean-field limit but also for
low-dimensional cases, the LTCP model has only a mean-field solution [31]].

In phase transitions, the interaction range is an essential factor determining the
universality class of phase transitions in both equilibrium [80-85]] and nonequilibrium
systems [49452,86]]. Thus, the classical CP model with long-range interactions was
introduced, motivated by the fact that epidemic diseases can be spread by, for instance,
Lévy flight. In this model, the activation process is realized by assigning the probability
KP;(r) that each active particle activates an inactive particle at distance r. Thus, P;(r)
represents the probability that a particle at distance r is chosen. P;(r), which follows
the power-law ~ 1/r4*9_is non-trivial, where ¢ > 0 is a control parameter.

This long-range CP (LCP) exhibits o-dependent critical behavior, which is rele-
vant within the interval denoted as [0,;, 0.2 ]. Below ©,1, the critical behavior is consis-
tent with the mean-field solution. Using the field-theoretical approach, d, is determined
as min(4, 20) [49,50]. Thus, for c <2 ord < 4, d. = 20, and 6,; =d/2 for d < 4.
Above 0., it belongs to the ordinary DP class. Field-theoretical analysis revealed that
0. =d+2z(1—28), where z is a dynamic exponent, and 0 is the critical exponent for
the density of active particles p,(¢) ~ % of the ordinary DP class. When z and 8 were
replaced with their DP values, o, was found to be 2.0766 in one dimension, 2.1725

in two dimensions, and 2.126 in three dimensions. However, direct simulation data in
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one dimension could not reproduce the value o, ~ 2.08, so further investigation is
needed in future work to resolve this inconsistency [49]]. For d > 4, there exists one
threshold, 6, = 2, such that for o < 2, the mean-field solution of the long-range DP is
valid, whereas for o > 2, the mean-field solution of the ordinary DP is valid.

We focus on the LTCP model. In our previous work, we constructed a phase dia-
gram based on the mean-field solution, which is valid for d > d. = min(3,1.50) [31].
In this case, there exists a characteristic value o,= 2 such that for o < o,, the mean-
field solution of the LTCP is relevant, and for o > o, the LTCP model behaves like the
STCP model. We will show later that when d < 3, the LTCP model exhibits distinc-
tive behavior (characterized as that of the LTCP class) in the interval [o,, O], where
0.1 = 2d/3 because d. =1.50, and o, is determined by the hyperscaling relation
0o =d+7z(1—86—0'), where &' is the critical exponent for the survival probability
P(t) ~ =% We need to replace z, 8, and & in the formula with the numerical values
of the short-range TDP (STDP) to obtain o,. For 6 < o, shown in Fig. d), the
mean-field behavior of the LTDP class appears, and for ¢ > o, shown in Fig. #.1](a),
the behavior of the STDP class appears. The universality class diagram will be shown
later. As in the LCP model, the value of o, is obtained from the hyperscaling relation;
however, it is not consistent with the value obtained directly from numerical simula-
tions. Finally, we determine the critical exponents of the LTCP model in the interval
[Oc1, O], which vary continuously with ©.

The remainder of this paper is organized as follows. In Sec. 4.2] we present the
rules of the long-range TCP in detail. In Sec.4.3] the critical behavior of the absorbing
transition is determined. In Sec. we set up the Langevin equation to derive the
scaling relation. In Sec. we report numerical results for the long-range TCP. In the

final section, a summary and discussion are presented.
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oc=20.7 oc=20.5

Figure 4.1: Snapshot of active sites of the LTCP model in one dimension at a critical
point (k. (w), ®) at a fixed ® = 0.5 < @, (a) and (b) and at the tricritical point (x;, @)
(c) and (d). For o > 1, the tricritical point does not exist.
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Table 4.1: Reaction schemes of the CP, TCP, and LTCP. A (0) represents the active
(inactive) state. TCP* denotes the TCP model. When the Lévy exponent ¢ — oo in the
LTCP, the LTCP model is reduced to the m-TCP used in Sec. The last column
indicates the processes explained in Sec. 4.2] The notation --- in the LTCP column
represents long-range interactions. P;(|r —r’|) ~ 1/|r—r'/|4+°.

CP TCP* LTCP
Reaction Probability Reaction  Probability Reaction Probability Process
A—0 1-x A—=0 (1-w)(1-x) A—0 (I-w)(1-x) i-a)
A0 — AA K A0 — AA (1-0)x A-0=A-A (1-o)kP(r—7)|) i-b)
A0 — 00 o(l —x) A0 — 00 o(l —x) ii-a)
A0 — AA oK AA---0—>AA---A  oxP(r—r)) ii-b)
AAQ — AAA [}

4.2 LTCP model

We perform numerical simulations by extending the algorithm used in Ref. [55] for
the STCP model to the long-range case. Specifically, the model is set up on a d-
dimensional lattice composed of L sites, where L is the lateral size of the system,
and each site is in either the active state (denoted as A) or the inactive state (denoted
as 0). We use two different initial configurations: i) one site is active, and the others
are all inactive, and ii) all sites are active. Each case will be used for different pur-
poses. We use the periodic boundary condition in the simulations. At each time step,

the following rules are applied.

1) An active site is chosen randomly from the list of active sites. Its position is
denoted as ry. With probability 1 — @, a long-range CP is performed as follows:
i-a) With probability 1 — k, the active site chosen in step i) is inactivated.

i-b) With probability «, a site at a distance r from the position rg is selected
with probability P;(x). If this target site is inactive (0), its state is changed

to active (A).
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ii) An active site is chosen randomly from the list of active sites. Its position is
denoted as ry. The state of a nearest-neighbor site is checked with probability

.

ii-a) If the neighbor is inactive, then the active site at ry is inactivated with
probability 1 — k.
ii-b) If the neighbor is active, then a third site is selected at a distance r from rg

with probability P;(r). If this target is inactive, it is activated with proba-

bility k.

ii1) If the number of active sites is zero, the simulation ends. Otherwise, the time # is
advanced by 1/N,, where N,(¢) is the total number of active sites in the system

at time ¢, and the simulation returns to step 1).

In this rule, P(r) is given as ~ 1/r479. This model is controlled by three parameters:
i) the Lévy exponent o > 0 controlling the long-range interaction, ii) the probability
o of checking the nearest-neighbor site before the reaction, and iii) the probability of

the branching process k. The reactions are summarized in Table 4.1]

4.3 Ciritical behavior of the absorbing transition

Here we introduce the basic physical quantities used to characterize the critical be-
havior of the absorbing transition. To proceed, we first consider a system in which
a single active site is located at r = 0 at time ¢ = 0, and the remaining sites are in-
active. The LTCP begins in this configuration. We measure the following quantities
to characterize the criticality of the LTCP: i) the survival probability P(r) (i.e., the
probability that the system has not entered in the absorbing state), ii) the number
of active sites N,(¢), and iii) the mean square of the distance from the origin R*(¢).
That is, R*(t) = (1/Na(t))zj}li1 r?, where r; is the position of the j-th active site.

When sufficiently long-range interactions are considered, the arithmetic average of
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R*(t) = (|r(t)|?) may be difficult to obtain numerically [49,50]. The geometric aver-
age R*(¢) = exp[(In|r(¢)|?)] may be a suitable alternative. Second, one may take as the
initial configuration that occupied entirely by active sites. Using this initial configura-
tion, iv) the density p,(¢) of active sites at time 7 is measured.

At the critical point, these quantities exhibit power-law behavior as follows:

P(t)oct™® Ny(t)o<t", R*(t)o<i**, pa(t) ~175. 4.1

The mean density of surviving active sites behaves as p,(t)P(t) = N,(t)/R%(t). Thus,
the exponent & is related to the other exponents as § = d/z—n — §'. In particular,
at the tricritical point, these exponents are denoted as &/, 1, z;, and &. Hereafter, we
drop the subscript ¢ indicating the tricritical case for brevity unless it is necessary for
clarity.

In the supercritical region, k > k. for each given ® < @, and P(t) reaches P,
in the steady state, where Py ~ (kK — KC)B/. Pa(t) behaves similarly to p,(t) — pas ~
(k — k.)B. The exponents B’ and B are related to &’ = B'/v| and 6 = B/v|, where the
exponent V| is the mean survival time exponent defined in terms of the mean survival
time T ~ (kK — k.)~"l. At the tricritical point, B # B’ (equivalently, § # &'), whereas
in the DP class, they are the same.

We characterize the critical behavior in finite systems using the finite-size scaling
(FSS) theory. In this approach, the critical exponents are determined using the data
collapse technique for scaling functions. Data collapse technique is achieved by scaling
hypothesis in which the large-scale properties are invariant near the tricritical point

(k; = K.(@), @) under the following scale transformations.

Ak —s'Ax, p.—sPp,, N,—sN,, P—sFPp,

s, 15T, Aw—s?Aw, 4.2)

where Ak = K — K;, A@W = @ — ), and s is a scale factor and v, is the spatial correlation
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exponent defined in terms of the spatial correlation { ~ (k — k) ~"*. In addition, ¢
is a crossover exponent defined as the ratio of the scaling exponent of Ak and Aw.
For instance, at the tricritical point (k;, @), the average density p,(¢) of active sites
behaves as p,(t,N) = sPp,(s¥It,s"'N), where v, =dVv, .

When s¥If = 1 is chosen, p,(t) =t f,(tN~%). Similarly, the other quantities are

reduced as
Pt) =179 £,(tN77),  Nut) =" fy(eN77), 4.3)

where Z =z/d, 7= v”/vl, and f,, fp, and fy are scaling functions.
Near the tricritical point, the number of active sites and the density of active sites

scales as

Nu(t,Ak, A®) = s VN, (sVI1,s ' Ak, s ? Aw), (4.4)

Pa(t, Ak, A®) = 5P p,(s¥1t,s7 Ak, s 0 Aw) . (4.5)
At Aw = 0, by choosing s¥I7 = 1, we can reduce Eq. (@.4) to
Nu(t) =" fi (1M AK) (4.6)

where f] is a scaling function. Alternatively, in the steady state t — oo, by choosing

s ?Am = 1, we can reduce Eq. {#.3)) to
pat) = 80P fo((A) /0 Ak, (4.7)

where f, is a scaling function. In a steady-state simulation, the absorbing state can be
reached because of finite-size effects [87,/88]]. To overcome this problem, when the
system reaches the absorbing state, we perform a spontaneous creation, 0 — A.

In this section, we briefly reviewed the power-law behavior and FSS theory of the

absorbing state phase transition. These context will be used in Sec. to perform the
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Figure 4.2: Phase diagram of the TCP model in the mean-field limit. A tricritical point
(red dot) is located at (0.6180,0.3820). White solid (dashed) curve represents a con-
tinuous (discontinuous) transition.

numerical analysis of the critical exponents.

4.4 Analytic results

4.4.1 Phase diagram in the mean-field limit

In this section, we recall the analytic result based on the mean-field approach obtained
in a previous work [31]]. The density of active sites at time ¢ averaged over the surviving
sample is denoted as p, (). In the mean-field limit, we ignore the effect of local density

fluctuations and write the dynamic equation of the LTCP model as

0Pa(t) = —UrPa — u3p; — usp, . (4.8)

where u) = wxk+ 1 — 2K, u3 = K — o — wk, and uy = wk. These coefficients are

derived on the basis of the reactions listed in Table 1.
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In the steady state, we set d;p, = 0 and obtain the solutions as

—u3 =t 4 /u% —dusuy
. 4.9)

2u4

p.=0 and p, . =

Linear stability analysis reveals that the first solution, p; = 0, is stable for u, > 0 and
unstable for uy < 0. Thus, up = wx+ 1 — 2k = 0 is the boundary of the stable solution
at the fixed point p; = 0, which is equivalent to the boundary of the active phase in
Fig.

For the second solution, p, ,, we analyze the linear stability as

8Pa+ = —(ur +2u3p; 4 +3uapy)8pax (4.10)
= 5 (s~ 24P} )P = L1 dasBpus.  (41D)

Thus, p, , and p, _ are stable for p,; . > 0and p, _ <0, respectively. Because p, > 0,
P, — is ignored. For p, = p, |, we obtain two phase boundaries. The first is u, = 0
and u3 > 0. Thus, u% —4upuy > 0. These conditions are rewritten in terms of (k, ®) as
follows:

3_
2

15

ok+1-2xk=0, and o <, = 4.12)

Thus, p; ; = 0. The first equation and second inequality above were used to generate
the white solid curve in Fig. and the red dot indicates ® = @.
The second phase boundary is obtained from the conditions u% —4upus = 0 and

u3 < 0. These conditions lead to
(k— o — 0x)* —40x(1 — 2k + wx) = 0 for © > @ and k > 0.5, (4.13)
where p,; , > 0. This phase boundary is drawn as a white dashed curve in Fig.

There exist three phases in the phase diagram (Fig.[d.2): i) the inactive (absorbing)
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phase with p, = 0, ii) the active phase with p, = p, . > 0, and iii) the bistable phase
with two stable fixed points, p, = 0 and p, = p, , > 0. The phase boundaries are de-
termined by the conditions derived above. We will show later that the phase transition
across the first boundary above (indicated by the white solid curve) is second-order,
whereas that across the second boundary (indicated by the dashed curve) is first-order.
Therefore, a tricritical point is formed at (k;, ;). The critical exponent of the order
parameter defined as p, ~ (k — k)P across the white solid curve is found to be = 1
for @ < @y, and the exponent f; for p, ~ (kK — K,)ﬁf is foundtobe f; = 1/2 at ® = .

To confirm our analytic result, we numerically verified the phase diagram on the
fully connected lattice. Specifically, using the FSS theory, we obtained the tricritical
point and critical exponents presented in the next subsection corresponding to the an-

alytic results.

4.4.2 Hyperscaling relation for LTDP

In this section, we recall the field-theoretic analysis performed in the previous work [31]]
to obtain the exact scaling relation and mean-field exponents. To account for the spa-
tial fluctuations and noise induced by active particles occupying active sites, we set up

the Langevin equation as follows:
0iPa =DV pu+DV?py —urpy —usp? —usp> + €, (4.14)

where Ds and D are the diffusion constants obtained from a small momentum expan-
sion, which are given by (1 — @)k [dr'P(|r—r'|)pa(r') = (1 — ®)xp, + DsV°p, +
DV?p,. The noise &(r,t) is a multiplicative Gaussian random variable with zero mean

and a correlation of

(E(r,0)E(r,1)) =Tpa(r,t)8(r—r)8(t—1). (4.15)
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Using the Martin—Siggia—Rose—Janssen—de Dominicis formalism [[69-71,89,/90] for

the Langevin equation, we obtain the action as follows:
l 2 o 2 I
S= [ dxp,|d,—DV°—DsV +u2+u3pa+u4pa—§pa D (4.16)

where p) is an auxiliary field, and x = (r,1).

If u3 is finite, uy4 is irrelevant at d., which implies that the action described by
Eq. (4.16) belongs to the long-range DP (LDP) class. It is satisfied by the so-called
rapidity-reversal (or duality) symmetry, which is invariant under the exchange p,(r,t) <>
—p)(r,—t). Rapidity-reversal symmetry implies that the critical exponents 3 and 8/
must be identical. It was revealed that in the LDP class, D4 is not renormalized [49,50].
This means that D is invariant under the scaling transformation; thus, one obtains the
exact scaling relation d + z — 0 — 2z6 = 0 [49-52,86].

At the tricritical point, u3 = 0, the rapidity-reversal symmetry is broken, and f #
B’. Crossover behavior occurs when more than one fixed point appears in the phase

diagram. Scaling theory is used to obtain the mean-field critical exponents:
ﬁZO.S,ﬁIZI,VLzl/G,VHZI,Z:p,(P:O.S, 4.17)

which are expected to be valid above the upper critical dimension d. = 1.50. For the
LDP class, loop corrections can be represented as an integer power series in momen-
tum space [50]]. This can be applied to LTDP as well, which means that the coefficient
of the fractional Laplacian is not renormalized (see Appendix [C.2). This implies that
the coefficient of the fractional Laplacian must be invariant under the renormalization

group (RG) transformation. Hence, one can obtain the so-called hyperscaling relation
d+z—0—-2z(6+6')=0, (4.18)

which is valid below the upper critical dimension, d < d,.
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Below d,, the universal features of the LTCP model depend on &, which is within
the interval [0;1,0,]. Thus, we consider the following three domains. First, below
o1, the interaction range can be superdiffusive; thus, mean-field critical behavior ap-
pears. In other words, above the upper critical dimension d > d. = 1.50, mean-field
behavior is expected. Thus, 6.1 = 2d /3. Second, o,; is determined to be 1.36067 using
Eq. @.18). Finally, in the regime 0 > 0, the exponents are reduced to those of the
STDP class.

4.5 Numerical Results

4.5.1 STCP model in two dimensions

active

0 0.2 0.4 0.6 0.8 1
K

Figure 4.3: Phase diagram of the m-TCP model in two dimensions. A tricritical point is
located at (0.6606466,0.879). White (Orange) curve represents a continuous (discon-
tinuous) transition. At @ = 0, the model is reduced to the CP model at k. = 0.622466.
The data points (white circles and orange triangles) represent numerical results.

We consider an STCP model called the m-TCP model to distinguish it from other

previous models designed as models of the STCP class. This model is a simple version

of the LTCP model obtained by replacing the long-range interaction with short-range
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Figure 4.4: (a) Scaling plot of N+~ versus ¢'/VI (k. — k) for different values of k.
Data points collapse well onto a single curve for 1 = 0.230 and v| = 1.295. (b) Plot of
N, (1) versus ¢ at and around k.. Inset: Local slopes of N,(¢) versus 1/t for these data
points obtained in (a). @ = 0.6, and k. = 0.67326.

interaction, which we will consider next. In fact, the STCP model was explored in
Refs. [54},/55}/57]] using slightly different rules, but the numerical values of their critical
exponents differed from each other. The origin of this difference will be discussed later.
Here, we check the justification for our LTCP model using the simplified version, the
m-TCP model, by comparing our simulation results with those obtained in Refs. [54,
55,57]. This m-TCP model contains two control parameters, kK and ®. In (kx, ®) space,
there exist second-order and first-order phase transition curves and a tricritical point at
A 2 off &
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Figure 4.5: Plot of N,(t) for different values of @: @ = 0 at the DP point; @ = 0.879
at the TDP point; @ = 0.82 in the crossover region between these two points; and
® = 0.9 in the first-order transition domain. Dashed lines are guidelines with slope
0.230,0.102, and —0.353, from the top. The system size is taken as N = 108,

Table 4.2: 2d TDP universality at tricritical point (k;, @) for various models. Here,
we determine the tricritical point of Liibeck’s TCP model by finding the power-law
behavior of the number of active sites N,(t).

Model (K, @) \ z é & n
Generalized DK [54] (0.1813672,2.795) 1.156(4)  2.110(6) 0.087(3)  1.218(7)  —0.353(9)
Ordinary TCP [55] (0.286237,0.919) 1.15-+0.0052.1140.01 0.09 £+0.01 1.22 +0.008 —0.35+0.008
Modified TCP (0.6606466,0.879) 1.15+0.005 2.11 +0.01 0.09 £0.01 1.22 £0.008 —0.35 £ 0.008

which the two transition curves meet.

To determine the second-order curve, we find a critical point k. for each value of
o in the region ® < @ as follows. First, we use the FSS method based on Eq. (4.6).
We take the scale factor s as s = k. — k and plot N, (£)r " versus (k. — k)t'/VI. If we
choose k. correctly, then the data points for different x values would collapse onto a
single curve. Indeed, we obtain this result, for instance, for @ = 0.6 with k. = 0.67326

[Fig. a)]. In the second method, we check the local slope of the curve of N,(z) as a
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Figure 4.6: Plots of four physical quantities used to characterize the absorbing tran-
sition of the m-TCP model in two dimensions at a tricritical point: (a) N,(z) ver-
sus t, (b) P(t) versus t, (c) R*(t) versus ¢, and (d) p,(t) versus ¢. The exponent
values are estimated as follows: (a) 1 = —0.3540.008, (b) 6’ = 1.22 +0.008, (c)
2/z=0.947 £0.004, and (d) & = 0.09 +0.01. Insets: Local slopes of each quantity
versus 1/¢ to confirm the estimated slopes.

function of ¢. If we choose k, correctly, then N,(z) would exhibit power-law behavior
as a function of 7 with the exponent n(®) [Fig. b)]. Using these two methods, we
determine the critical points k. for each value of ®.

We obtain the phase diagram shown in Fig.[#.3] When o = 0, the absorbing transi-
tion belongs to the DP class, and thus 17 ~ 0.230. We trace the value of the exponent 1)
as a function of w in Fig. @ The w values are chosen as follows: (i) @ = 0 (DP class);
(i) @ = 0.82 (in the crossover region from DP to TDP); (iii) w = 0.879 (TDP class);
and (iv) ® = 0.9 (in the region of the first-order transition). In Fig. 4.5] there are two
generic power-law lines at @ = 0 and @ = 0.879. At the tricritical point, we obtain
the tricritical exponents as 11 = —0.35+0.008, 6’ = 1.22 +0.008, z = 2.11 +0.01,
and 6 = 0.09 +0.01 in Fig. When we perform the data collapse, the error bars

are measured by controlling the exponents until the data collapse breaks down. The
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Figure 4.7: FSS analysis of the m-TCP model. (a) Scaling plot of N,t~" versus
oA (k; — k) for different values of k. Data points collapse well onto a single curve
for K = 0.6606466, ) = —0.353, and v|; = 1.16. (b) Scaling plot of Py (e — ) F/¢
versus (K — k. ) (@ — a))_l/ ¢ for different values of @, where p, s represents p, in the
steady state. Dotted (Dashed) line is a guideline with slope Bpp = 0.584 (5, = 0.101).
Data points collapse well onto a single curve for ¢ = 0.52.

exponent V| is obtained from the rescaling plot of N, (¢)~" versus 'V (1, — x) for
different k values in Fig. #.7(a). In Fig. .7(b), the crossover exponent ¢ is obtained
from the rescaling plot of p, ;(@ — @) P/? versus (x — k) (@, — @)~'/%. In this case,
¢ = 0.524+0.02 is obtained, in agreement with the result in Ref. [55]]. We remark that

the authors of Refs. [54}/550/57]] considered TCP models with slightly different reaction
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Figure 4.8: Plot of p, versus k for the m-TCP model at a fixed @ = 0.95 > @;. A
hysteresis curve is obtained. The system size is N = 10°.

rules. Further, they obtained slightly different critical exponent values. It was argued
that this discrepancy results from the different methodologies used to determine the
tricritical point in Ref. [55]]. The author of Ref. [55] used FSS of the order parameter
in the steady state. It is difficult to find a tricritical point correctly using this method,
because FSS in the steady state is not sensitive to k;. On the basis of our two criteria,
we obtain @, = 0.9190 instead of the value of 0.9055 in Ref. [55]]. At our tricritical
point, we obtain critical exponent values similar to those in Ref. [[54]]. In Table we
list the three sets of critical exponent values of the STCP model obtained using three
different rules.

For @ > @y, as represented by the orange curve in Fig. a first-order transition
occurs. One of the features of the first-order transition is the presence of a hysteresis
curve. Thus, we check whether a hysteresis curve is indeed generated. After taking an
o value larger than y, say @ = 0.95, we calculate the LTDP dynamics for a given
Kk and obtain p,(x) in the steady state. Next, we increase k slightly and simulate the
LTDP dynamics again; we obtain p, in the steady state. We repeat this process in the
forward direction, in which x is increased, and in the backward direction, in which

is decreased. Indeed, we obtain a hysteresis curve, as shown for @ = 0.95 in Fig. @.§]
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Here, we determine the critical point of the first-order transition following the method
used in Refs. [55,91]]. For fixed @ and «, we set up an initial configuration in which
half of the sites are assigned to the active state and the remaining sites are assigned to
the inactive state, and the LTDP dynamics is simulated. The system reaches either the
absorbing state (p, = 0) or the active state (p, > 0) depending on initial configuration
and given k. We measure the fraction of initial configurations that reach the absorbing
state as a function of k. The transition point k. is determined as the one at which the

fraction becomes half.

4.5.2 LTCP model in two dimensions

We perform numerical simulations of the LTCP model in two dimensions, in which the
long-range interaction exponent ¢ is varied in the range [0.1, 3.0] in steps of Ac =0.1.
For each value of o, we determine both the critical points (k., @.) and the tricritical
point (k;, @) using the two methods employed in the previous subsection. As in the
phase diagram of the m-TCP model, a second-order (first-order) transition occurs for
0 < & (0) (v > @, (0)). Thus, a tricritical point appears for each value of o, as shown
in Fig. .9(a). The second-order transition belongs to the long-range DP class when
o < (o) for the given o values. However, as @ approaches @y, the critical exponents
exhibit crossover behavior.

At the tricritical point, the critical exponent values of §’, 1, z, and & are obtained
for each value of ¢ in the range [0.1,3] in steps of Ac = 0.1, as shown in Fig. [4.9(b).
The obtained critical values are listed in Table [C.1I] Each critical exponent value ex-
hibits crossover behavior across o, and o,,. The value of o, is determined to be 4/3
in two dimensions, because d. = 1.50,;. For ¢ < 0,1, mean-field behavior occurs,
whereas for o > 0,1, a significant low-dimensional fluctuation effect appears. The up-
per bound o, across which the universality class changes from the two-dimensional
LTDP class to the two-dimensional STDP class, was determined using the hyperscal-

ing relation {@.18). We remark that whereas in the regions ¢ < o, and ¢ > O, the
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Figure 4.9: For the LTCP model in two dimensions, (a) plot of the tricritical points in
(x, @) space for different & values in [0.1,3.0]. (b) Plots of the critical exponents z/d,
0, 8, and n as a function of 0. 6.1 and O, are indicated by vertical dotted lines. The
thin solid lines in the regions o < 6,; and 0 > 0., are guidelines showing that the
curves converge to constant values.

exponents are constant regardless of o, in the interval [0,1, O], the critical exponents
vary constantly as a function of ¢, which is a prototypical pattern that appears in the
long-range CP model.

Indeed, we find numerically that the critical exponent values for o between [0, =
4/3, 0. = 2.2] vary depending on o, as listed in Table For instance, for o = 2.0,

we obtain the critical exponents directly by measuring the slopes as n = —0.129 +
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Figure 4.10: For the LTDP model with ¢ = 2.0 in two dimensions, plots of (a)
N,(t), (b) P(t), (c) R*(t), and (d) p.(t) versus t. We obtain the exponent values as
n=-0.129+0.010, ' =1.073+0.010,2/z=1.087+0.010, and 6 = 0.212+0.010,
respectively. Insets: local slopes of each quantity versus 1/z.

0.010, 6’ = 1.073 £0.010, z = 1.840 £ 0.015, and 6 = 0.212+0.010, as shown in
Fig. We also obtain the critical exponents using the FSS method. We plot N~ "
versus tN ¢ for different system sizes N in Fig. a), the rescaled quantity P(t)t5'
versus tN~° in Fig. b). The exponent v is obtained from the scaling plot of
N, ()t~ versus t'/VI (1, — ) for different values of k in Fig. a). The data points
for different k values collapse well onto the curve for v =1.07+0.005. In Fig. @b),
the crossover exponent ¢ is obtained from the scaling plot of p, s(@; — a))_ﬁ /9 versus
(k — K.) (@ — ®)~'/9 for different values of . The data points for different values of
 also collapse well onto a curve for ¢ = 0.52 4-0.02. The critical exponent values for
other o values are listed in Table

Using the field theory approach, the upper critical dimension was determined to be
d. = 1.50 [31]]. Thus, when ¢ < 4/3, d, is smaller than d = 2. In this case, when we
perform dimensional analysis, we need to use d, rather than d = 2. For instance, for

hyperscaling analysis, we need to use V =d,v,i.e., V= (1.50)v forc <4/3 and v =
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Figure 4.11: For the LTDP model with ¢ = 2.0 in two dimensions, (a) scaling plot of
N,t~" versus tN~* for n = —0.129 and 7 = 0.922. (b) Scaling plot of P(t)t& versus
tN~—Zfor 8 =1.073 and Z = 0.922.

2v for 6 > 4/3 in two dimensions. To confirm this scaling theory, for o = 2.0 > 4/3,
we obtain the dynamic exponent z by directly measuring the local slope of the plot of
R%(t) versus ¢ in Fig. c) and the exponent Z from the scaling plots in Figs. a)
and (b). For 6 < 4/3, we also obtain the dynamic exponent z in Fig. a) and the
exponent Z from the scaling plots in Fig. b). Thus, we confirm that z/7 is close

to 2 for 0 =2 and 1.204 for o = 0.8. The hysteresis of the first-order transition for

® > @y is shown in Fig.[4.14]
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Figure 4.12: For the LTDP model with 6 = 2.0 in two dimensions, (a) scaling plot
of Nyt~ versus ¢'/VI(x, — k) for different values of k. Data points collapse well
onto a single curve for k; = 0.661663, n = —0.129, and v| = 1.07. (b) Scaling plot

of pus(@, — @) P/? versus (x — k.)(w — @)~'/9 for different values of @. Dotted
(Dashed) line is a guideline with slope BLpp = 0.7316 (; = 0.2236). Data points col-
lapse well onto a single curve for ¢ = 0.52.

4.5.3 LTCP model in one dimension

We perform numerical simulations in one dimension, in which the exponent ¢ was
taken from the interval [0.1, 1.1] in steps of Ao = 0.1. For each value of o, we deter-
mine a critical point (k,, ®.) and a tricritical point (&;, @) using the same method as in

the previous subsections. As in the phase diagram of the m-TCP model, a second-order
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Figure 4.13: Plots of LTCP in two dimensions for o = 0.8. (a) Plot of R?(t) versus
t. Inset represents local slopes of each quantity versus 1/z. (b) Scaling plot of Nt~ "
versus tN—% for n = 0 and 7 = 0.666. We obtain the exponent values as (a) 2/z =

2.491£0.010 and (b) Z = 0.666 £ 0.003.

(first-order) transition occurs for ® < (o) (® > @;(0)).

Next, we determine an interval [0, O.2] within which the dynamics of the LTCP

model becomes nontrivial. We first determine that c,; = 2/3 using the criterion d =

1.50.; at d = 1. For 6 < o, the mean-field solution is valid, and the upper critical

dimension is determined as d. = (3/2)c. For 6 > 0,1, the upper critical dimension is

larger than the dimension d = 1. Accordingly, when we use Vv = dv, we need to take

v =(1.50)v for 0 < 2/3 and v = v for ¢ > 2/3 in one dimension. We confirm this
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Figure 4.14: For the LTCP model with o = 1.0 in two dimensions at @ = 0.55 > @,
plot of p, ; versus k. A hysteresis curve is obtained. The system size is N = 10°.

property by measuring the ratio Z/z for different ¢ values smaller than and larger than
0.1. To confirm this scaling theory, for ¢ = 0.7 > 2/3, we obtain the dynamic expo-
nent z by directly measuring the local slope in the plot of R?(¢) versus ¢ in Fig. c)
and the exponent Z from the scaling plots in Figs. a) and (b). For 6 < 2/3, we
also obtain the dynamic exponent z in Fig. #.19(a) and the exponent Z from the scaling
plots in Fig. b). Thus, we confirm that z/Z is close to 1 for ¢ = 0.7 and 0.749 for
o=05.

To determine 0, we recall the previous result that for a short-range DP-type CP
model, a first-order transition does not occur in one dimension [79]]. Thus, an STDP
class does not appear in the region o > O, [56[. On the basis of this background,
we need to determine the ¢ range in which the LTCP universality class exists in one
dimension. Thus, we need to check whether a tricritical point exists in the interval
O¢1 < 0 < Op.

The numerical simulation results show that a tricritical point still exists in the re-
gion ¢ > O, but it disappears near ¢ ~ 1.0, as a discontinuous transition does not

occur (Fig.[4.20). Thus, we take 0,5 =~ 1.0. The tricritical points for given ¢ values less
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Figure 4.15: For the LTCP model in one dimension, (a) plot of the tricritical points in
(x, w) space for different ¢ values in [0.1, 1.0]. (b) Plots of the critical exponent values
z, 6, 0', and n as a function of o at the tricritical point. 6.1 and o, are indicated by
vertical dotted lines.

than o, are determined and shown in Fig. f.15(a). As ¢ approaches 1.0 in the phase
diagram, @y also approaches 1.0 [Fig.[d.15(a)]. By contrast, when @ = 1, the LTDP dy-
namics is frozen because the absorbing state is reached immediately after the dynamics
starts from an initial configuration in which either all the sites are fully active or only
one site is active (see Table @.T)). Thus, the dynamics near ¢ =~ 1.0 is so sensitive that
precise numerical measurement of the critical exponents is almost impossible.

At the tricritical point, the critical exponent values of §’, 1, z, and & are obtained
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Figure 4.16: For the LTDP model with ¢ = 0.7 in one dimension at the tricritical
point, plots of (a) N,(t), (b) P(t), (c) R*(t), and (d) pq4(t) versus t. We estimate the
exponent values to be 11 = 0.000 4 0.005, 6’ = 0.9124+0.01, z = 0.701 +0.01, and
0 =0.3440.01, respectively. Insets: local slopes of each quantity versus 1/¢.

for each value of o in the range [0.1,1.0] in steps of Ac = 0.1, as shown in Fig. b).
The obtained critical values are listed in Table [C.2} For 0 > 0, all the transition
lines belongs to the DP class. We remark that whereas in the region o < 0,1, the
exponents are constant regardless of o, they vary constantly as a function of ¢ in the
interval [0,1, O], which is a prototypical pattern that appears in the long-range CP
model. Indeed, we find numerically that the critical exponent values for ¢ between
[6c1 = 2/3,0, ~ 1.0] vary depending on o, as shown in Table For instance,
for o = 0.7, we obtain the critical exponents directly by slope measurements as 1 =
0.000 4 0.005, 6’ = 0.912+0.01, z = 0.701 +0.01, and 6 = 0.34 +0.01, as shown
in Fig. f.16] We also obtain the critical exponents using the FSS method. We plot
N4t~ versus tN < for different system sizes N in Fig. a), the rescaled quantity
P(t)ty versus tN < in Fig. b). The exponent v is obtained from the scaling plot of
N, ()t~ versus t'/VI (%, — K) for different values of k in Fig. a). The data points
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Figure 4.17: For the LTDP model with 6 = 0.7 in one dimension, (a) scaling plot of
Nyt~ versus tN 2 for = 0.000 and Z = 0.701. (b) Scaling plot of Pr% versus tN—?
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for 8’ =0.912 and 7 = 0.701.

for different x values collapse well onto a curve for v = 1.05+0.005. In Fig. @Fb),
the crossover exponent ¢ is obtained from the scaling plot of p, (@ — co)*l3 /9 versus
(k — k) (@ — @)~/ for different values of . The data points for different values of
® also collapse well onto a curve for ¢ = 0.5240.02. The critical exponent values for

other ¢ values are listed in Table [C.2] The hysteresis of the first-order transition for

® > @, is shown in Fig. .20
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Figure 4.18: For the LTCP model with ¢ = 0.7 in one dimension, (a) scaling plot of
Nt~ versus t'/VI (k; — k) for different values of k. Data points collapse well onto a
single curve for k; = 0.637508, 7 = 0.00, and v| = 1.05. (b) Scaling plot of p, s(@, —
)P/ versus (k — x.)(@, — @)~ '/? for different values of . Dotted (Dashed) line
is a guideline with slope Brpp = 0.800 (B, = 0.321). Data points collapse well onto a
single curve with ¢ = 0.52.

4.6 Conclusion and Discussion

In this paper, we investigated the critical behavior of the LTCP model, i.e., the TCP

d+o

with long-range interaction in the form of 1/r at a tricritical point, in one and two

dimensions. First, we determined the domain of the LTDP universality class in the pa-

M2 8k
] = ] =-—
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Figure 4.19: For the LTCP model with 6 = 0.5 in one dimension, (a) plot of R*(¢)
versus ¢. We obtain the exponent 2/z = 4.004 4+ 0.010. Inset represents local slopes
at each ¢ as a function of 1/¢. (b) Scaling plot of Nt~ versus tN % for n = 0 and
7 =0.666.

rameter space (d, 0), as shown in Fig.[d.21] The domain is surrounded by the domains
of the low-dimensional STDP class, the mean-field STDP class, and the mean-field
LTDP class. These four domains meet at the point (d,0) = (3, 2). Below the upper
critical dimension d. = 3, the domain of the LTDP class is sandwiched between those
of the low-dimensional STDP and the mean-field LTDP class, denoted as the shaded
area bounded by 0,1(d) < 0 < 6,(d) for each d. Analytically, o,.1(d) was deter-

mined using the formula 6,1 = (2/3)d, which was derived by dimensional analysis in
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Figure 4.20: Plot of p,, versus k for the LTCP model in one dimension. (a) With
o =0.7 at ® = 0.9 > wy,, a hysteresis curve is obtained. (b) With c = 1.0 at @ = 0.97,
a hysteresis curve does not occur. The system size is taken as N = 10°.
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Figure 4.21: Diagram of universality classes of the LTCP model in the parameter space
(d, 0). Mean-field solution is valid beyond the upper critical dimension line (bold line),
min(3, 1.50). The slope of the dashed line near (d, o) = (3, 2) is 0.0304, according
to Eq. (4.18), and is indicated by a short solid line. The dot at (2,2.2) indicates the
0., value obtained from numerical simulations of the LTCP model in two dimensions.
The dot at (1, 1.0) was numerically estimated for d = 1 and indicates o,,. The dashed
curves connecting these three points separate the STDP region from the LTDP region.
Along the thin solid line above the point (1,1) in one dimension, a tricritical point is
absent, so this thin line is excluded from the STDP region.
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the mean-field limit. 0., (d) was determined using d +z(1 — 6 — '), where z, 8, and
0’ are the exponents of the STDP class. Near the point (3, 2), using the € expansion of
the RG approach for the STDP class [53,78], we obtained 6 =2 —0.0304¢ + 0'(¢?) in
d = 3 — € spatial dimensions. Therefore, we obtained the tangent of the phase bound-
ary between the STDP and LTDP domains as Ac/Ad =~ 0.0304 near the point (3,2)
in Fig. 4.21]

Second, we numerically determined the critical exponent values at the tricritical
point for d = 1 and d = 2. The numerical results showed that although the critical ex-
ponents are independent of the control parameter ¢ for ¢ < 6,1 and ¢ > 0, they vary
continuously with ¢ between [0,1, 0.2]. The numerical values of the critical exponents
are listed in Tables and [C.2) (Appendix [C.3).

We unexpectedly obtained the following noteworthy behavior. First, in two dimen-
sions, the numerically obtained value of ¢, was not consistent with the theoretical
value based on the STDP class; rather, it was close to the value obtained using the DP
class. Second, in one dimension, the boundary o, could not be determined from the
STDP class, because the first-order transition does not occur in one dimension for the
ordinary CP model. Thus, we determined o, only numerically.

The LTCP model in one dimension is particularly notable. For each given ¢ in the
range [0.1,1.0] in steps of Ao = 0.1, as shown in Fig. a), there exists a tricritical
point (k;, @ ). This figure shows that @, increases with increasing . We also found that
the gap in the discontinuous transition near the tricritical point at ¢ = 0.7 (Fig. 4.20]
(a)) is supposed to be decreasing as increasing ¢ and eventually the gap diminishes at a
characteristic value of ¢, denoted as 6., and estimated to be o, ~ 1.0 (Fig. (b)).
This implies that @, approaches @, — 1, the upper bound of the pair-branching prob-
ability @. In the semi-classical approach, the quantum coherence effect was regarded
as the classical effect of a pair-branching process with the control parameter ®. Thus
when @ = 1, the LTCP model most highly reflects the quantum coherence effect. On

the other hand, the previous studies [92-94] of QCP in one dimension revealed that
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the tricritical point does not occur. This previous result seems to be associated with
the current result that the tricritical point disappears beyond @ = 1 as ¢ > 1. This is
also consistent with another previous result that the STCP model, corresponding to the
limit ¢ — oo of the LTCP model, does not exhibit any discontinuous transition [79] in
one dimension owing to strong fluctuation effect.

In this respect, although a discontinuous transition was not observed in short-range
QCP in one dimension [92,93]], we guess that it could occur in long-range QCP in
one dimension. In this case, a tricritical point and a new emerging behavior could be
observed. An experiment of Rydberg atoms exciting to d-state is a potential candidate.
Due to dipole interactions, long-range interaction is intrinsically generated.

Finally, we shall discuss the tricritical contact process in scale-free network. Re-
cently, it was revealed that the homogeneous mean-field universality of the tricrticial
contact process corresponds to that of the simplicial susceptibile-infected-susceptible
model [95]]. Moreover, it was shown that this model in scale-free network [96]] exhibits
the hybrid transition [97]] (which contains natures of both first-order and second-order
phase transitions).

In summary, we obtained the diagram of universality classes based on the analyt-
ical and numerical results in Tables [C.1] and [C.2] (Fig. 4.21). The local slope at d = 3
was determined by inserting the results of € expansion for the STDP class [53}[78]] into
Eq. (4.18). The values of o, in one and two dimensions were numerically obtained.
In Ref. [98], the discrepancy between the simulated and field-theoretical o,y values is
reported for other models such as the Ising [99,/100] and percolation models [[101].
Here, although we obtained the Monte Carlo simulation results, the £ expansion of the
LTCP model is still missing. Thus, further studies are needed from the perspective of

RG theory.
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Chapter 5

Simulation method of quantum systems

This chapter briefly covers the simulation method of open quantum systems: quantum
jump Monte Carlo method [[102,/103]] and tensor network method [[104]. The quantum
jump Monte Carlo method is the exact simulation method to study the open quantum
systems. However, this method is hard to perform the large systems size, due to the
exponential complexity of Hilbert space as the system size increases. On the other
hand, the tensor network methods have a advantage in efficiently compressing the
memory, which enables to perform the large system size. Those two methods will be
used for calculating the dynamics of open quantum many-body systems throughout

the rest of the thesis.

5.1 Quantum jump Monte Carlo method

The quantum jump Monte Carlo (QJIMC) (also known as Monte Carlo wavefunction)
was derived in the 1990s. It is a numerical Monte-Carlo analysis used to solve the Lind-
blad equation describing the interaction between a quantum system and a Markovian
environment. Open quantum systems are characterized by the presence of decoher-
ence and dissipation. Decoherence makes the quantum objects behave classically (the
emergence of classicality within quantum theory) and dissipation is induced by energy
loss by the environment. Let us consider the one-dimensional spin-1/2 system with
N sites. Dealing with the density matrix with the size 2V x 2V is beyond the scope

of the memory capacity even in modern computer. Thus instead of dealing with the
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Figure 5.1: Flowchart of quantum jump Monte Carlo method. Repeat until t = T¢nq.

density matrix, it is more feasible to simulate a wave function with the size 2. Then
pure states are propagated in time, with the dissipative process being described by a

modification to the Hamiltonian, combined with quantum jumps.
5.1.1 Derivation
The Lindblad equation can be rewritten as

l A4 oA
ZZL;L,,,. 5.1)

m

op = —i( Teith — P Aiff> —i—Z]:mﬁﬁL, where Hoe = H —
k

This Hamiltonian is not the usual sense since it is not Hermitian, so its eigenvalues are
not the energy. The first two terms in Eq. (3.1)) can be interpreted as time evolution of

this effective Hamiltonian

lw(t+81)) = e Herd |y (1)) , (5.2)
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where the time evolution operator is non-unitary. Thus, a normalization factor should

be taken into account
(W(t+80) (e +80) =1 8p, (5.3)

and O p is defined as

8p =" 8pu+0(52) = 8t S (W)L Ll w(1)) + O(51%). (5.4)

m

Thus, the normalized wave function of non-Hermitian time evolution is given by

Iy r)

|Wevol (t + 61)) =€ (5.5)
\/1—0p
Next, we can interpret the last term in Eq. (5.1) as the a quantum jump operator:
L lw(t
et 0= Lol¥__
VWO Ly (@)

with probability 8p,,. Expanding the density matrix of an ensemble of pure states

P = PilWi) (V| = €[lw) (y]], Eq. (G.1)) is written as

P(t+81) =& (1= 5p)|Wevar(t + 81)) (Wevol (1 + 51))| +Z6pmwfjump><%ump@ (5.7
m
This representation can be interpreted as two possible outcomes for random number
€€|0,1]:
1. &€ > dp: time evolution by the non-Hermitian Hamiltonian given by Eq. (3.5).

2. Z;":_O] Opi < € <>, 0p;: the mth quantum jump operator occurs given by
Eq. (5.6).

The flow chart in QIMC simulations is shown in Fig.[5.1] In the next section, we will

present the tensor network method, which can be used to perform the simulation in
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large system size.

5.2 Tensor network method

5.2.1 Matrix product state

The matrix product state (MPS) is popular technique to numerically calculate physical
observables in one dimension. Let us consider the one-dimensional spin-1/2 system

with N sites. Then the wave function is represented as

ly) = Z SN s e SN (5.8)

ST, SN

The exact description of the coefficient demands the exponential complexity as the sys-
tem size increases. In this case, it is very challenging to simulate the quantum system
above N = 20. Thus, to reduce the number of the coefficient, one uses the following

expression:
VTSN s ST N 5.9

However, this approximation cannot represent the entangled state, e.g. singlet state for
ly) =1/V2(]1L) = |[41)) due to ™ # ¢! To circumvent this problem, matrix product

states is suggested by replacing the coefficient as the matrix
e e = MO MY (5.10)

where the dimension of the matrix is called the bond dimension ). This written form
is called MPS and linearly proportional to the system size. Specifically, the number of
coefficients for Eq. (5.8)), Eq. (5.9), and Eq. (5.10) are given by €'(2V), &(2N), and
O(2Nx?), respectively. The example of MPS of 1d systems is given as follows.
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* Singlet state of 2-qubit: |y) = \%(H@ —41).
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1 0 0 0
T ? T
Ml = (7 0)7 M2 = ) M3 = )
V3 10 1
1 10 1
! | |
Ml—(O 7), M2: ) M3:
V3 0 1 0
1 1 1
— gt — gt — _ bt —
M =M MMy = 7 M =Mymimy = ek = MyM My = Neh

Now, the question is how to make MPS for the given quantum state. To represent any

quantum state, singular value decomposition (SVD) from linear algebra is used.

5.2.2 Time evolving block decimation

The time-evolving block decimation (TEBD) is a method to evolve the time dynamics
using MPS. To this end, this method relies on a Trotter-Suzuki decomposition of a
local Hamiltonian H = ) | i hjj+1 =H+Hy+ H;+---. For a small time step 7, the

Trotter-Suzuki decomposition is represented as
W/(T» — e H ’l//> _ 671H1/2671H2/2671H3/2 . .67TH3/2671H2/2671H|/2 W/> + 6(13) )

Then, combining the MPS and the TEBD, we can rewrite the flow chart in QIMC

simulations in Fig.[5.2]
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Figure 5.2: Flowchart of quantum jump Monte Carlo method with the MPS and TEBD.

Repeat until ¢ = T¢g.
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Chapter 6

Critical behaviors of 14-QCP and 2d-QCP using

quantum simulations

Major contents of this chapter is based on the preprint [36].

6.1 Introduction

Quantum critical phenomena in nonequilibrium systems have attracted considerable
attention recently [[75,|105-H122]] with the development of experimental techniques in
cold atomic physics such as trapped ions [[108]] and lattices of ultracold ions [[109-111]];
driven circuit quantum electrodynamics systems [[112]; and semiconductor microcav-
ities [[113]]. The quantum criticality in the equilibrium state may be perturbed by the
external environment, and thus the combined system is left in a non-equilibrium state.
Here, we are interested in dissipative phase transitions arising from competition be-
tween the coherent Hamiltonian dynamics and incoherent dissipation process [SH17].
For these systems, questions arise as to whether the competition between quantum
coherent and classical incoherent fluctuations produces another type of universal be-
havior [7,{17] and the conditions under which they exhibit classical critical behavior in
terms of the loss rates to the environment [9,{10,/12].

Here, we aim to answer these questions by considering the quantum contact pro-
cess [25,126,31,(9294,123}|124] in one dimension (14-QCP). In the contact process
(CP), each element of the system is in an active or inactive state, and its state changes

according to given CP rules [20}28,29,|38,40L/41,/45]. When all the elements are in
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Figure 6.1: Schematic phase diagram of the QCP in the parameter space (k, ) in the
mean-field limit (inside, d > d., where d is the spatial dimension and d. = 3 is the
upper critical dimension), in two dimensions (middle, d = 2), and one dimension (out-
side, d = 1). “ab” and “ac” represent absorbing phase and active phase, respectively.
For d > d., discontinuous (dashed curve) and continuous transitions (solid line) occur,
and they meet at a tricritical point. For d = 2, a continuous DP transition occurs over
the entire region [0, k.]. For d = 1, a continuous DP transition occurs in the region
[K:, K.]; however, in the interval [0, k,], the exponent & of the density of active sites
n(t) ~¢t~% from a homogeneous initial state decreases continuously as K is increased
with QDP values.

the inactive state, the system becomes trapped in a frozen configuration and no further
dynamics proceeds. This absorbing phase transition of the classical CP that belongs
to the directed percolation (DP) universality class. Meanwhile, the DP transition ap-
pears in diverse nonequilibrium systems; however, its experimental observation had
been elusive but a couple of exceptions in turbulent liquid crystals [46] and Rydberg
atoms [24]). Here, we focus on the recent observation of the 1d-QCP in the dissipative
quantum system of Rydberg atoms.

The dynamics of the 1D-QCP is described by the Lindblad equation, which con-

sists of a Hamiltonian and dissipative terms. Their contributions to the overall dynam-
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ics are adjusted by the model parameters @ (for the coherent quantum effect) and x (for
the incoherent classical dynamics). Thus, the system can exhibit a quantum or classical
phase transition in extreme cases. A previous result based on the semiclassical mean-
field solution [25]] showed that the QCP exhibits a continuous (discontinuous) phase
transition when x is large (small). Thus, a tricritical point (TCP) exists, as shown in
Fig.[6.1] The continuous transition belongs to the mean-field DP (MF-DP) universality
class, and the TCP belongs to the mean-field tricritical DP (MF-TDP) class.

Using the functional renormalization approach, it was revealed that as dimension
is decreased from the upper critical dimension d. = 3, the tricritical point shifts to-
ward the quantum axis with k¥ = 0 [94]]. This indicates that a quantum phase transition
would occur only for the case k¥ = 0. This behavior may be analogous to the fact that
a quantum phase transition in equilibrium systems occurs only at zero temperature.
Associated with this conjecture, a recent numerical study [[123]] of the 1d-QCP with
Kk = 0 using the tensor network approach [92,(93}|123]] revealed that the QCP exhibits
a continuous transition in a quantum DP class: When the dynamics starts from a ho-
mogeneous state, i.e., all the sites are in the active state, the density of active sites at
time 7, denoted as n(r), decays as n(t) ~ ¢t~ % at a quantum critical point ®,. The ex-
ponent & ~ (.32 obtained by the tensor network approach differs from the DP value
app ~ 0.16. However, other exponents except the hyperscaling exponent v for spatial
correlation length have the DP values. In fact, the inconsistency of v, is inevitable, be-
cause the tensor network approach is not valid for strong entangled quantum systems.
Using the quantum jump Monte Carlo approach, we obtain v, as the DP value, which
will be presented later. On the other hand, when the QCP starts from a heterogeneous
state, i.e., all the sites but one site are in the inactive state, all critical exponents have
the classical DP values. Thus, the critical behavior of the 1d-QCP with k¥ = 0 depends
on the initial configurations.

In many dissipative quantum systems, quantum phase transitions would reduce to

corresponding classical ones. This was expressed in terms of the quantum-to-classical
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mapping [4]. This originates from that the quantum critical behavior in d spatial di-
mensions corresponds to the classical critical behavior in d + z dimensions, where z
is the dynamic critical exponent of the quantum system. This mapping was proposed
based on the field theoretical argument that imaginary time in the quantum system acts
as an additional dimension in the corresponding classical system.

For 1d-QCP, here we are interested in how the quantum behavior responds to an
external perturbation, that is, how the quantum behavior is changed to the classical DP
behavior as the strength Kk of classical fluctuations is increased from zero. We find that
there exists an interval [0, k,] in which the exponent a decreases continuously from
the quantum value o ~ 0.32 to the DP value ~ 0.16 as «x is increased from k¥ = 0 to
K.. The phase diagram for the 1d-QCP is shown in Fig. This result implies that the
quantum effect still remains to some extent in the region k = [0, k,]. This indicates that
the crossover from the 1d-QCP class to the classical DP class occurs in a soft-landing
manner.

We extend our studies to two dimensional QCP (2d-QCP). Using the functional
renormalization approach, it was conjectured that the 2d-QCP exhibits a discontinu-
ous transition at k¥ = 0 [26]. However, we find that the transition is continuous. More-
over, the continuous transition belongs to the classical DP class. The exponent & for
the homogeneous initial condition has the DP value. Thus, the intermediate region
[0, ,] is absent. This implies that the strength of quantum fluctuations is weaker than
that of classical fluctuations in two dimensions. For higher dimensions d > d. =3, a
discontinuous transition occurs at kK = 0.

The critical behaviors of the 1d-QCP and 2d-QCP are obtained in the following
ways. Once using the neural network (NN) machine learning algorithm, the transition
point @, (k) for each given k is determined. Then at @.(k), applying finite-size scaling
(FSS) analysis for different system sizes, the exponent v is determined [[127H129]. At
the transition point @, (k), using the quantum jump Monte Carlo (QJMC) method [[102}

103]] as well as the tensor network method, to confirm in large system sizes, other
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critical exponents are determined.

The 1d-QCP is experimentally realizable in the dissipative quantum system of
Rydberg atoms. An essential factor in this experiment is so-called antiblockade: An
inactive (active) spin is activated (inactivated) by detuning the excitation energy as
much as the interaction energy to the active spin at the nearest neighbor. Moreover,
when the strength of dephasing noise is sufficiently strong, the quantum coherences
are suppressed and then the dynamics may be reduced to the classical CP process [23].
Otherwise, quantum coherence is effective, and a mixed of coherent and incoherent
CPs can be realized [25}26]]. Thus, by controlling the ratio between the Rabi frequency
and the dephasing rate, one may find the crossover behavior from a quantum to a clas-
sical nonequilibrium phase transition. It was revealed that the classical parameter is
related to k = 4Q? /T", where Q is the Rabi frequency and I" is the dephasing rate [23].
The derivation is shown in Appendix. Thus for Q < 1/k,I'/2, the quatum-DP (QDP)
behavior appears. This region is a quantum critical region where the quantum fluctua-
tions play a role in universal behavior.

The paper is organized as follows: We first introduce the 1d-QCP model, and spec-
ify the classical and quantum limits in Sec. The structure of our NN and optimiza-
tion scheme are presented in Sec. [6.3.1] Finite-size scaling behaviors using the NN,
QJMC and tensor network methods; the universality class; and the crossover behav-
ior are presented in Sec. Summary and final remarks are presented in Sec.
Additionally, technical details of QCP in the classical limit using the quantum Monte
Carlo method, neural network approach with different training regions, and the deriva-
tion of the model parameter k for the classical dynamics in terms of the experimental

parameters of Rabi frequency Q and dephasing rate I are presented in Appendices.

6.2 Model

We consider a one-dimensional quantum spin chain with a periodic boundary condi-

tion, where each state of a site ( active or inactive) represents the up or down spin state,
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Figure 6.2: Plots using QJIMC method. (a). Trajectory of the 1d-QCP with k¥ = 0 and
® > o, from a single active site at the center. (b). Histogram of the densities of active
sites in steady states as a function of ® for system size N = 20. The data are obtained
using QJMC simulations. Time 7 and the control parameter @ are given in units of 1/y
and 7, respectively.

denoted as [1) or |]). A QCP consists of three incoherent and two coherent processes:
1) decay, in which an active site is incoherently inactivated spontaneously at a rate ; ii)
incoherent branching or coagulation, in which an active particle incoherently activates
or inactivates an inactive particle at the nearest-neighbor site at a rate k, respectively;
and iii) coherent branching or coagulation, which is a quantum counterpart of process
ii) driven by a Hamiltonian at a rate @, respectively. The classical ii) and quantum iii)
rules are in competition, which may change the transition behavior.

The time evolution of the density matrix p is described by the Lindblad equation,

which consists of the Hamiltonian and dissipative terms [27]:

N

op = —i[Hs,p] + (6.1)

a=d,b,c (=1
The Hamiltonian Hs, which governs the branching and coagulation processes and rep-

resents coherent interactions, is expressed as

N
A=Y [(ﬁg,l i) 67 6.2)

=1
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Figure 6.3: Plots using neural network method. (a) Plot of the output averaged over
a test set as a function of @ for different system sizes. Solid (dashed) line represents
the values of the first (second) output neuron. From this plot, we estimate the crossing
point of the two outputs and regard it as the transition point @,(N) for a given system
size N. (b) Plot of @. — @.(N) versus N, where @, is chosen so as to yield power-law
behavior and is regarded as the transition point in the thermodynamic limit. The slope
represents the value of the critical exponent —1 /v . (¢) Scaling plot of the output ver-
sus (@0 — @, )N 1/vL For the obtained numerical values of v | and @, the data collapse
well for system sizes N = 10,12,14,16, and 18.

Here 6{ denotes the Pauli matrix, where the superscript and subscript stand for the spin

axis and site index, respectively, and 7i; means the number operator for a up spin at the

; iﬂ Q.1
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[th site. The Lindblad decay, branching, and coagulation operators are given by

L = yye;, 6.3)
PP = /K (Aey + Aoy 6 (6.4)
L) = VK (ot + )6y (6.5)

respectively. 6[ and 6, are the raising and lowering operators of the spin at site £,
respectively; they are defined in terms of the spin basis as 61 = [1)(}| and 6~ = |}) (1.

In addition, A = 676~ and 6* = 6 + 6~ are the number operator and spin flip
operator, respectively. In addition, we rescale time and the quantum control parameters
® and x in units of y; therefore, we set y = 1.

Quantum branching and coagulation occur at a rate w, and the corresponding clas-
sical processes occur at a rate k. When @ — 0, the model is reduced to the classical CP,
which belongs to the DP class. Here, we first consider the pure quantum limit ¥ — 0
but with finite @. The opposite limit @ — 0 with finite k, and the case of both @ and
K being finite are discussed in Appendix

When o is small, inactive particles become more abundant with time, and eventu-
ally the system is fully occupied by inactive particles. Thus, the system is no longer dy-
namic and falls into an absorbing state, which is represented by p,p =[] --- L) {({ -+ ||
When o is large, the system remains in an active state with a finite density of active

particles [Fig. [6.2(a)]. Thus, the QCP exhibits a phase transition from an active to an

absorbing state as ® is decreased.

6.3 Results

6.3.1 NN approach

The NN approach has recently served as a powerful tool [130,/131]] for understand-

ing phase transitions in classical systems [127]], which exhibit patterns involving many
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Figure 6.4: Schematic illustration of the convolutional neural network built in combi-
nation of a one-dimensional convolutional layer (1d-Conv) and a fully connected layer
(FC). The red circles represent the activation function of each layer. The green circles
below the arrows represent the batch normalization.

components. Each component has one of two values, for instance, the up and down
spin states in ferromagnetic systems. By contrast, each component of a quantum sys-
tem has a real value, and thus the patterns are much more complex. Nevertheless,
the NN approach has reportedly been successfully used to determine the transition
points of closed quantum systems on the basis of simulation data and ex-
perimental images [135[136]. On the other hand, for quantum dissipative systems,
an unsupervised NN approach was used to generate the configurations in steady state
[137H141]]. This approach was efficient, because it spends less computing resources
to generate configurations compared to conventional simulations. Meanwhile, in dissi-
pative quantum systems, to determine a transition point accurately, large system sizes
are necessary and thus a huge computing resources for simulations. Here, we use the
NN approach as an alternative way and obtain an accurate transition point enough to

investigate the critical behavior of 1d-QCP at the transition point.
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For classical systems, the transition point of a continuous absorbing transition is
normally indicated by the presence of power-law behavior of the order parameter with
respect to time [32}/38]]. Consequently, a large system size is required to identify the
transition point. Accurately identifying the transition point using QIMC simulations
of the QCP is even more difficult and is thus a challenging problem. To overcome
this difficulty, we notice that the system is in the absorbing state for @ < @, and in
the active state for ® > @.. Combining this observation with a recently proposed NN
supervised learning concept, we identify the transition point as follows.

To implement the NN approach, we first organize a dataset of the occupation prob-
ability of site ¢, which is denoted as py(t) = Tr[p(¢)7i¢]. Using the QIMC method, we
generate a steady-state configuration and obtain the occupation probabilities of each
site, {p¢}. We collect 5 x 10° configurations in @ € [0,12] at Aw = 0.04 intervals. To
prepare the training dataset for supervised learning, we label the configurations using
one-hot encoding [142]], where the absorbing state (w € [0,4]) is encoded as (0, 1), and
the active state (@ € [8,12]) is encoded as (1,0) [see shaded regions in Fig. a)].

After we collected the snapshots, we tried to train the NN. The objective of the
learning procedure is to optimize the neural network to adjust the weights of con-
nections between neural units to achieve a variational minimization of a properly de-
fined cost function. To this end, we construct the hidden layers of the NN, including
one-dimensional convolutional layers, batch normalization layers [143]], and fully con-
nected layers, as shown in Fig.[6.4, We employ the framework of TENSORFLOW [[144]
and use ReLU and tanh for the activation function in the hidden layer. Two neurons
in the output layer are used, and a softmax function is used as the activation function
in the output layer. We employ the cross-entropy or the mean-square error function
as the cost (error) function of the NN, which is then optimized using Adam [145] or
RMSProp. We change the architecture and optimization algorithms in various ways.
Regardless of these changes, the well-trained machines produce consistent results. To

check the sensitivity of the positions of the left and right boundaries, the NN ap-
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proach with different training regions is described and its results are presented in Ap-
pendix Once the NN is well-trained with the labeled training dataset in the two
regions, we obtain the outputs for the entire @ region.

Next, using the obtained transition points ®.(N) for given system sizes, we per-
form FSS analysis and identify the transition point in the thermodynamic limit @.. We
also determine the correlation length exponent v, . Next, we determine the other crit-
ical exponents by performing extensive QIMC simulations up to system size N = 20
and tensor network method of a large system N = 80 at @,. Specifically, tensor net-
work method is implemented by the QJMC method with the matrix product states and

time-evolving block decimation.

6.3.2 Finite-size scaling analysis for 14-QCP

In Fig. [6.3a), the two outputs of the NN indicate the predictabilities that the system
will fall into the absorbing state and remain in the active state, respectively. The cross-
ing point of these outputs indicates a transition point @.(N) for a given system size
N [Fig. a)]. Several studies [[127-H129]] showed that the predictability exhibits FSS
behavior. Using the obtained @.(N) for different system sizes, we determine @, in the
thermodynamic limit by plotting @, — @, (N) versus N [Fig. b)], which is expected
to behave as @, — ®.(N) ~ N~'/V1_ Indeed, the plot exhibits power-law behavior when
an appropriate value of @, is chosen, and the critical exponent v, is obtained from the
slope of the power-law curve. We obtain @, ~ 6.04 and v, = 1.06 £ 0.04; the latter
is in agreement with the value of v, ~ 1.096 for the DP class in one dimension, but
differs from the value of v, ~ 0.5£0.2 obtained using the tensor network approach.
The scaling plot is drawn in the form of the output versus (© — @.)N 1/vi for different
N values [Fig.[6.3(c)]. The data for different system sizes seem to collapse.

Next, we measure the values of the other critical exponents using the quantum
jump Monte Carlo (QJIMC) method in the critical region around . and the tensor

network method for larger system sizes. First, we take an initial state in which a sin-
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gle active seed is present at £ = 0, and the remaining sites are inactive. This con-
figuration is expressed as P(0) = 6, PaS, . We measure the following quantities:
i) the survival probability, that is, the probability that the system does not fall into
an absorbing state, P(t) = 1 — Tr[p(¢)Pap); ii) the number of active sites, N,(t) =
>, Tr[p(¢)7A]; iii) the mean square distance of the active sites from the origin, R*(t) =
>, Tr[02 p(t)fig] /Na(t); iv) the density of seed-site over all runs, py(t) = Tr[p ()iig—o] ~
N,(t)/R(t); and v) the density of seed-site over surviving runs, pg () = ps/P(1).
At the transition point, these quantities exhibit the following power-law behaviors:
P(t) o< 178 Ny(r) o< £, R2(t) o< £%/%, py(t) o< t1~1/%, and py (r) o< t~%. For the relation
pa(t) = pas(t)P(t) ~1~%-9 the scaling relation 7 — 1/z = —(§ + &') holds. We esti-
mate the exponents 6 + ', 1, §', z, and 8 by direct measurement of the slopes in the
double-logarithmic plots, as shown in Fig. [6.5] We estimate the exponent z using the
data collapse technique. For instance, for the survival probability P(z), we plot P(¢)t%
versus tN % for different system sizes N. We determine z as the value at which the data
for different system sizes collapse onto a single curve. The values of critical exponents

are in good agreement with the DP values within the error bars (Table I).

Table 6.1: Critical point and critical exponents for the 1d-QCP.

1d-QCP from 1d-QCP from 1d-DP
CNN+QJMC  tensor network [92,(93]]
o) 6.04 6.0+0.05 —
o' 0.16+0.05 0.26+0.04 0.159
z 1.554+0.06 1.614+0.16 1.581
n 0.30+0.05 0.26+0.05 0.313
6+8 0.3240.01 0.361+0.12 0.318
a 0.324+0.01 0.36+0.08 0.159
Vi 1.06+0.04 0.5+0.2 1.096

Second, we take a homogeneous initial state in which the entire system is occu-
pied by active sites at # = 0, which is expressed as p(0) = [1 -+ 1)(T -+~ 1|. From this

initial state, we measure vi) the density n(z) of active sites at time ¢ averaged over all
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Figure 6.5: Estimates of the critical exponents of the 1d-QCP starting from a single
active site. (a) Plot of p,(¢) versus #, which behaves as p,(t) ~ 179-%"_(b) Scaling plot
of py(1)t5+% versus tN % for § + & = 0.32 and z = 1.55. (c) Scaling plot of N, (r)¢ ™"
versus tN—¢ for 1 = 0.30 and z = 1.55. (d) Scaling plot of P()r% versus tN—% for
8’ =0.16 and z = 1.55. (e) Plot of R*(¢) as a function of ¢. (f) Scaling plot of pd7s(t)t5
versus tN % for 6 =0.16 and z = 1.55.
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Figure 6.6: Estimates of the critical exponent & and v/ from the homogeneous state.
(a) Plot of n(r) as a function of 7 for different system sizes when k = 0, which shows
that n(z) ~ t~%, with o = 0.32. (b) Data points collapse well onto a single curve for
. = 6.04, o« = 0.32, and v = 1.73. The units of control parameter is given as ¥.

runs. This quantity is formulated as n(t) = (3, Tr[p(¢)f¢])/N. We find that n(t) ex-
hibits power-law decay as n(t) ~ t~% with the exponent o = 0.32 +0.01, as shown
in Fig. [6.6(a). This value is consistent with the result obtained by applying the ten-
sor network approach; however, it is not consistent with the corresponding DP value,
which was estimated as oipp = 0.16. Therefore, the 1d-QCP for k¥ = 0 creates another
universal behavior.

In Fig. b), the exponent V| is obtained from the rescaling plot of n(t)* versus
t(®, — )"l for different @ values. The @ values are taken from the region used in
classical contact process [Fig. b)]. We obtain V| = 1.73 and thus v| = Vi /7~
1.095. This value is consistent with the one from the NN approach.

We note that p,(¢) and n(z) are actually the same quantity even though they emerge
from different initial states [146]. They exhibit the same critical behaviors in the CP
class (see Appendix [D.2), but they exhibit different critical behaviors for the 1d-QCP.
This behavior is unusual, because the universality class is independent of the initial
state according to the theory of critical phenomena. To understand the underlying
mechanism, we increase the control parameter k¥ from zero to ¥ = 0.6 in steps of

0.2 and explore the behavior of n(t) at each (k) [Fig.[6.7(a)]. We find that the value
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of o decreases continuously from 0.32 for k =0 to & = 0.16 for k¥ = 0.6. Furthermore,
we perform the tensor network method based on the matrix product states and time-
evolving block decimation to confirm in large system size [Fig.[6.7(b)]. Using the FSS
analysis, we determine the exponent z for each given k [Fig.[6.7(c)—(f)]. These results
suggest that o decreases continuously as k is increased and reaches the DP value at

K, ~ 0.58. (Table[6:2)

6.3.3 Finite-size scaling analysis for 24-QCP

We investigate the critical behavior of QCP in two dimensions (2d-QCP). At k¥ =
0, we find that the 2d-QCP exhibits the continuous absorbing state phase transition.
Taking a similar steps of the 1d-QCP, we obtain the critical exponents of 2d-QCP
using the QJMC simulations. For k¥ = 0, we obtain @, ~ 0.94. At this @., we find
that n(r) exhibits power-law decay as n(t) ~ =% with oo = 0.45£0.03, as shown
in Fig. [6.8a). This value is in agreement with the corresponding DP value in two
dimensions. In Fig. b), the exponent V| is determined by rescaling plot of n(r)t*
versus ¢(®. — @)"! for different @ as vj = 1.30. Thus, the critical exponents obtained
from the homogeneous initial state are good agreement with the DP values within the
error bars.

Next, we estimate the exponents 1) and 6’ by direct measurement of the slopes in
the double-logarithmic plots, as shown in Fig. We estimate the exponent z using
the data collapse technique. For instance, for the survival probability P(¢), we plot
P(t)t‘v versus tN~* for different system sizes N. We determine z as the value at which
the data for different system sizes collapse onto a single curve. For the 2d-QCP, we
find that the rapidity-reversal symmetry holds because @ = &’. The values of critical
exponents are in good agreement with the DP values within the error bars. Therefore,
the 2d-QCP for k = 0 belongs to the DP class. We conclude that the quantum coherent

effect is irrelevant in two dimensions.
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Table 6.2: Critical exponent ¢ for different x values.

K o
0.0 0.324+0.01
0.1 0.28+0.01
0.2 0.24+0.01
0.3 0.224+0.01
0.4 0.204+0.01
0.5 0.18+0.01
>0.58 1d DP values

6.4 Discussion

We investigated 1d-QCP and 2d-QCP as prototypical examples of nonequilibrium ab-
sorbing phase transitions in dissipative quantum systems. The phase diagram was ob-
tained (Fig.[6.1]) in the parameter space (k, @), which represent the contributions of the
classical and quantum effects, respectively. When the 1d-QCP starts from the homoge-
neous state, the transition curve between the absorbing and active phases is composed
of two parts: a quantum region [0, k.| and the classical DP region [k, k.]. In the quan-
tum region, the critical exponent &, which is associated with the density of active sites
n(t), decreases continuously as x is increased from the quantum value to the classical
DP value as presented in Table II. Thus, the crossover from a quantum to a classical
behavior proceeds gradually. When the 1d-QCP starts from the heterogeneous state,
such an anomalous crossover does not occur. We find a continuous transition at Kk =0
in the DP class. For the 2d-QCP, a similar continuous transition occurs, which is in
contrast to the expectation from the functional renormalization group approach [26].
It is interesting to note that in the mean-field solution, the transition in the region near
k = 0 is discontinuous. This discontinuous transition is changed to a continuous tran-

sition with a continuously varying exponent, provided that the 14-QCP starts from the
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homogeneous state.

Based on our result, the 1D-QDP universality class has the same critical exponents
with the classical DP class except for the critical exponent o, with the relation ¢trpp =
20pp, and the rapidity-reversal symmetry of DP class is broken. This is reminiscent of
the mean-field picture that MF-DP class and MF-TDP class have the only difference
in the critical exponent o, with the relation otrpp = 20ppp. Thus we shall compare the
low-dimensional TDP and DP classes. In one dimension, the 1D-QDP class is different
with the 1D-TDP class, which does not exist because the tricritical point vanishes. On
the other hand, in two dimensions, the 2D-QCP class does not exist, and the 2D-TDP
class exists.

The quantum coherent effect for mean-field limit seems to be irrelevant as in the
2d-QCP because the quantum fluctuations are stronger at the lower dimensions. If this
scenario is valid, the continuous transition with DP class should appear for all tran-
sition line in mean-field limit. Hence the mean-field critical behavior using Keldysh
formalism [[147]] may be examined.

The NN approach we used was applied to the dataset obtained by the QIMC simu-
lations. We think that this approach can be applied directly to snapshots obtained in the
cold Rydberg experiments. Furthermore, our approach will be used in near future for
other dissipative systems where a transition point is hardly determined. Examples in-
clude dissipative transverse-field Ising model, dissipative XYZ model, and dissipative

anisotropic Heisenberg model.
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Figure 6.7: Estimates of the critical exponent o from the homogeneous state for ¥ > 0.
Plot of n(r) as a function of ¢ for different k in the range k € [0,0.6] in steps of 0.2
using the QJIMC with N = 20 for (a) and tensor network method with N = 80 and
bond dimension y = 1024 for (b). The lower (upper) solid line is a guideline with
slope —0.32 (—0.16). Scaling plots of n(¢)t* versus tN—* with the classical parameter
() x=0.0,(d) k=0.2, (e) k = 0.4, and (f) k = 0.58. The critical exponents are taken
as z=1.55 and o = 0.32 for (c), @ = 0.24 for (d), o = 0.20 for (e), and @ = 0.16 for
®.
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Chapter 7

Phase transitions in the infinite dimensional dissi-

pative quantum systems

Major contents of this chapter are largely based on Ref. [37].

7.1 Introduction

The study of collective behavior of dissipative quantum many-body systems has been
an active field in both theoretically and experimentally [75,|105H107,|109H122]]. The
mutual competition between coherent Hamiltonian and incoherent dissipation dynam-
ics can make a novel physical phenomena, such as time crystals [[148}149], zero-
entropy entangled states [[150,|151]], driven-dissipative strong correlations [[152}/153]],
and dissipative phase transitions in the nonequilibrium steady-state [5,/6L/8H11]] includ-
ing novel universal behavior [17,36]. However, the solid understanding of the analyti-
cal approaches to these systems is still limited due to the lack of a concept analogous
to the partition function in equilibrium systems.

Nevertheless, the various theoretical approaches have been developed, including
the fluctuationless mean-field theory, semi-classical approach, and Keldysh formal-
ism. Furthermore, the field-theoretical approaches including the semi-classical ap-
proach and Keldysh formalism are used to obtain the low-dimensional physics using
e-expansion or functional renormalization group [6,26,/147]]. However, the theoreti-
cal predictions from each approach are qualitatively different [[154]]. For instance, in

the dissipative transverse Ising (DTI) model, one difference is that the second-order
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transition is replaced by a first-order transition for large dissipation using Keldysh for-
malism instead of fluctuationless mean-field theory [154]]. Thus, one should perform
the higher dimensional simulations to check the validity of the mean-field theory; how-
ever, numerical methods including quantum jump Monte Carlo simulation [33]], tensor
network [34,[35]] and its variants [[155H157] are not viable in higher (above two) dimen-
sions because of the computational complexity, with the exponential growth of Hilbert
space as system size increases.

Here, we implement a method [158] exploiting site-permutational symmetry of
fully-connected graph to obtain the exact numerical solution in the infinite-dimensional
dissipative quantum systems. By reducing the computational complexity to &'(N?)
from the usual &(22V), we perform the simulation of system size up to N ~ 1000 and
resolve some of the unsolved disputes in dissipative quantum systems. We consider
the the DTI model, driven-dissipative XY model, and quantum contact process (QCP),
which have attracted much interest due to the relevance to the Rydberg atomic exper-
iments [24,/159}/160]. When analytical approaches such as fluctuationless mean-field
theory, semi-classical mean-field theory, and Keldysh formalism are implemented in
these models, they result in predictions that are contradictory to each other. We obtain
the phase diagram and discuss the types of transitions. Furthermore, we perform the
finite-size scaling, which hasn’t been viable due to the the complexity of the infinite-
dimensional quantum system, and obtain critical exponents. We find that the transition
lines and the types of the phase transitions correspond to the fluctuationless mean-
field in each models. The DTI model exhibits a continuous phase transition for the
entire parameter space, and the driven-dissipative XY model shows a discontinuous
phase transition, contrary to the results from Keldysh formalism. The phase transitions
of QCP shows that the transition line and universality class correspond to the semi-
classical approach. However, we observe a crossover region where critical exponents
continuously vary, which is not predicted by existing theoretical methods. Similar phe-

nomenon was observed in the one-dimensional QCP [36]].
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7.2 Method

The time evolution of the open quantum system is described by the Lindblad equation,

which consists of the Hamiltonian and dissipative terms:

N A oan | BN
op = —i[Hs,p] + [Lffﬁsz —5 {L;Lfvﬁ}] : 7.

N
=1

Qubit systems with fully-connected lattice are symmetric under any permutational of
site indices; that is, the elements of the density matrix Py, = Pp,()p,(w) Where v and w
denote one of the 2" configurations of N spins, and P denotes a permutation operator. If
the dynamical equation and the initial density matrix both have site-permutation sym-
metry, the density matrix remains site-permutation symmetric. Here, we implement a
method [[158] to exploit this property to efficiently obtain solutions to the Lindblad
equations of fully-connected qubit systems. Using the symmetry in two-level systems
in the fully-connected lattice, the elements |v) (w| of the density matrix can be classi-
fied by (ny,n2,s), where n; is the number of ones in v, n is the number of ones in w,
and s is the number of sites where v and w are both one. Then, 0 < ny,n,,s <N, and

we can write the density matrix as

fj = Z Am,nz,s

ny,na,s

I’ll,s><n2,s|, (72)

where Ay, 5, s = (n1,s| P |n2,s) is the 3-rank tensor whose components are a sum of
elements of p. For convenience, we introduce the Liouvillian superoperator .Z because

the Lindblad equation in Eq. (7.1)) is linear in p:

W= Lp. (7.3)
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Figure 7.1: (a) Phase diagram of the fully-connected DTI in the parameter space (A,
J). Continuous transitions (solid line) occur in entire parameter regime. (b) Histogram
of order parameter in steady states as a function of J at A = 0.2. Continuous transition
occurs with Z, symmetry. System size is taken as N = 128.

Then, the time dynamics of Eq. (7.2) can be represented as the Liouvillian superoper-

ator, given by

Z al‘AVl],nz,S‘nlas><n27s‘ - Z DgAn],nz,S’nhS) <n27s" (74)

ny,na,s ny,na,s

Thus, the computational complexity of &'(N3) suffices instead of the usual complexity
of 0'(2°N). Furthermore, we can exploit the hermiticity of the density matrix and re-
duce the computational cost by half. This approach enables us to obtain the numerical

solution in the systems beyond the scale otherwise viable.

7.3 Results

7.3.1 Dissipative transverse Ising model

We now consider the dissipative transverse Ising model [[161-164]], which has received

considerable interest because of its experimental realization with ultracold Rydberg
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Figure 7.2: (a) Plot of |6¢| as a function of J — J, at A = 0.2 for different system sizes,
which shows that |67| ~ (J —J.)P for B = 0.5. (b) Scaling plot of the rescaled order
parameter |G¢|NB/V versus (J —J.)N'/V. The data are well collapsed onto a single
curve with B = 0.5 and v = 1.75.

atoms [[159,/160]. The Hamiltonian Hy is expressed as

N J o A
04m ¢
where J denotes the interaction strength of ferromagnetic Ising interaction and A in-
dicates strength of a transverse field. The Lindblad operators of decay is given by

Ly=+T 6, = VT o ;iéj , with the decay rate I'. In the absence of the Lindblad oper-

ator, the ground state of Eq. (7.3) was thoroughly investigated to exhibit to a quantum
phase transition [165]] from a ferromagnetic phase (J > A) to a paramagnetic phase
(J < A). Note that the Hamiltonian exhibits Z,, which is symmetric under the trans-
formation 6° — —&<. For the open quantum systems, Z, symmetry can be broken if
the Lindblad operator is given by L, ~ 6, , which can be seen in previous studies of
dissipative Rydberg gases [[161,{]166,{167]]. Here, the model still exhibits a Z, symmetry,
which is symmetric under the transformation (6*,6”,6%) — (6*,—67,—6%).
Recently, it was conjectured that the continuous transition can break down, and
discontinuous transition can occur for strong dissipation regime both analytically [[154]]

based on the Keldysh formalism and numerically [[168]] using a variational approach.
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Specifically, the discontinuous transition occurs for A/T" < 0.5 [154] and for A/J <
0.22 [168]]. Here, we consider the former case by setting I' = 1 and the latter case will
be presented in the Appendix.

To verify the mean-field behavior, we use our exact numerical solution approach
to DTI model. The phase diagram in the parameter space (A,J) is shown in Fig.[7.1](a),
and the order parameter curve at A = 0.2 is shown in Fig.[7.1[(b). It seems to be contin-
uous, and we perform the finite-size scaling for various A. When the transition type is
continuous, then the critical behavior is shown and the critical exponent can be mea-
sured. In Fig. we perform the finite-size scaling at A = (0.2 and obtain the critical
exponents B = 0.50+0.01 and Vv = d.v = 1.75+0.01. Thus, we conclude that the
transition type of DTI model in all parameter spaces is continuous. Furthermore, we
find that the transition type and line are exactly the same as the result of the fluctuation-
less mean-field approach instead of Keldysh formalism. The fluctuationless mean-field
equation and the corresponding transition line are shown in the Appendix.

Even though the dissipative transverse Ising model has the Z, symmetry, its univer-
sality class does not belong to the quantum Ising universality, where = 0.5, v = 0.5,
and d. = 3. It is unconventional, so further investigation is needed in future work to

resolve this inconsistency.

7.3.2 Driven-dissipative XY model

The Hamiltonian H of the driven-dissipative XY model is expressed as

N-—1 2
l#£m

o J 66+ 6, 6, R R
A= — o LR LQY 6r+AY 6,
¢ ¢
where J denotes the interaction strength, and Q and A denotes the field in x- and z-axis
respectively. The dissipative dynamics at each site is given by the Lindblad operator

Ly=+T 6, . Without coherent drive denoted by € in the Hamiltonian, the system

approaches trivial state where all spins are in || ).
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Figure 7.3: (a) The fluctuationless mean-field theoretical prediction of the order pa-
rameter ) , 65 along the Q-axis with (J,A) = (4,0.5). (b) Probability distribution
of the observable ), oA'j of the driven-dissipative XY model with N = 128 and
(J,A) = (4,0.5). The diagram shows a discontinuous phase transition with bistabil-
ity at Q/T" ~ 1.4 as expected by the fluctuationless mean-field theory.

The fluctuationless mean-field theory predicts a first-order phase transition in cer-
tain region. The full mean-field phase diagram has a rich structure, we are particu-
larly interested in the vicinity of the first-order phase transition predicted by the the-
ory. When parameters are fixed (J,A)/T" = (4,0.5), the theory predicts a first-order
phase transition with bistable interval along the Q-axis. The fluctuationless mean-field
theoretical predictions are illustrated in Fig. [7.3(a) (See the Appendix for detailed
calculations). However, the Keldysh formalism indicates the absence of phase tran-
sition [|154]).

To resolve the disparity between the two predictions, we use our method to the
model along the Q-axis with (J,A)/I" = (4,0.5). We illustrate the probability distribu-
tion of the observable ) _, 6; in Fig. A first-order phase transition clearly manifests

itself near Q = 1.4 with bistability in the vicinity of the phase transition.

7.3.3 Quantum contact process

We shall here consider the QCP [25]261(311/92,/93/{123||124], which is the paradigmatic

model showing absorbing state phase transitions in open quantum systems. Recently,
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QCP has received considerable interest because of its potential realization with ultra-
cold Rydberg atoms based on the antiblocakde effect [24]], and the universal behavior
of one dimensional QCP [36},92//93|/123]] was revealed that the quantum coherent effect
changes DP universality to quantum DP universality. The Hamiltonian Hg contains the

coherent terms for branching and coagulation, which is given by
A O N At oAl
Hg = N—an(oe +6,), (7.6)
and the Lindblad operators of decay, branching, and coagulation are given by
1= e, I =ian6, 1Y) = ka6, (1.7)

respectively. Here, 6} = (6;+i6))/2. Because i is the number operator of the active

state, i = 1) (1
active state at site m activates or deactivates the state at ¢, representing the branching

and coagulation processes, as seen in Eq. and lA,y’) and I:@C) in Eq. (7.7). Instead,

Aéd) in Eq. (7.7) denotes the decay dynamics of the active state at £. Therefore, if there

, the composite operator 7, 6] or A,,6, with £ # m means that the

is no active state, no further dynamics occurs, implying an absorbing state.

A recent result based on the semi-classical mean-field solution [26,(31]] showed
that the QCP exhibits a continuous (discontinuous) phase transition when « is large
(small). Thus, a tricritical point (TCP) exists, as shown in Fig.[7.4[a). The continuous
transition belongs to the DP universality class, and the TCP belongs to the tricritical
DP class [32,54},55]]. Two results are based on the Martin-Siggia-Rose-Janssen-de Do-
minicis field theory; however, transition lines are slightly different. The transition line
of Ref. [31]] corresponds to the flucutationless mean-field theory, while the transition
line of Ref. [26] bends due to the fluctuation.

Using the permutational symmetry, we can obtain the exact numerical solution of
the Lindblad master equation up to N ~ 1000. We obtain the phase diagram of the

mean-field QCP in the parameter space (k,®). Along the transition line, we measure
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Figure 7.4: (a) Phase diagram of the fully-connected QCP in the parameter space (K,
). Discontinuous (dashed curve) and continuous transitions (solid and dotted line)
occur, and they meet at a tricritical point. Continuous transitions in the region [k, K.];
however, in the interval [0, .|, the exponents & and z varies continuously as @ is
increased for the TDP values. (b) Histogram of the densities of active sites in steady
states as a function of @ at k¥ = 0.0. (c) Histogram at @ = 1.8 of (b), which shows the
bimodal distribution. (d) Histogram of the densities of active sites in steady states as a

function of k at @ = 1.0. System size is taken as N = 256.
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Figure 7.5: Estimates of the critical exponents of the MF-QCP using the exact numer-
ical solution of Lindblad equation. Plot of n(¢) as a function of ¢ for different @ in
the range @ € [0, 1.0]. Plot of n(¢) as a function of ¢ for different system sizes, which
shows that n(r) ~ ¢~ %, (a) for @ = 0 with @ = 1.0, (b) for @ = 0.6 with & = 0.92, (¢)
for @ = 0.8 with o = 0.70, and (d) for ® = 1.0 with & = 0.50. Inset: Scaling plots of
n(t)t* versus tN2.

the various observables depending on the initial conditions. Here, we consider a ho-
mogeneous initial state in which the entire system is occupied by active sites at t = 0,
which is expressed as p(0) = |1--- 1)(1 - - 1. The observables related an initial state
in which a single active seed is present at £ = 0 (and the remaining sites are inac-
tive) will be presented in detail in the Appendix. From the homogeneous initial state,
we measure the density n(z) of active sites at time 7. This quantity is formulated as
n(t) = (> ,Tr[p(t)iag])/N. We find that n(r) exhibits power-law decay as n(t) ~ 1%
with exponent o = 1.00+0.02 at @ = 0.0 [Fig.[7.5(a)] and & = 0.50+0.02 at ® = 1.0
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Table 7.1: Critical exponent ¢ for different x values.

w o (Exact numerical solution)
1.0 0.50+0.02
0.9 0.61£0.02
0.8 0.70+0.02
0.7 0.81£0.02
0.6 0.92+0.02
<0.53 MF DP values

1071 10° 10!

t

Figure 7.6: Comparison between exact numerical solution and quantum jump Monte
Carlo simulation for the QCP model for N = 16, 20, and 24. The lines show the results
of an exact numerical solution of the Lindblad equation and the symbols show the
results of quantum jump Monte Carlo simulations.

[Fig. [7.5](d)]. This value is consistent with the result obtained by applying the semi-
classical approach; however, we find there exists the crossover region where the expo-

nent ¢ is continuously varying. To be concrete, we find that the value of o decreases

M2 8k
] = ] =-—
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continuously from 1.0 for @ = 0.53 to & = 0.5 for @ = 1.00 (Table [E.I). These results
suggest that o increases continuously as @ is decreased and reaches the DP value at

K. =~ 0.53.

7.4 Comparison with quantum jump Monte Carlo simula-
tion

We perform the quantum jump Monte Carlo simulation to compare the results with our
exact numerical approach for system size N = 16, 20, and 24 for QCP. Here, we focus
on the power-law behavior at a tricritical point (k, @) = (1,1). In Fig.[7.6, we compare
the exact numerical solution for the QCP model for N = 16, 20, and 24 with quantum

jump Monte Carlo simulation. We find the two methods are in good agreement.

7.5 Summary and Conclusions

We have implemented an exact numerical method in infinite-dimensional qubit sys-
tems, in some of which various theoretical methods make predictions that are contra-
dictory to each other. In addition, we observe a crossover region which all the existing
theoretical methods fail to predict. Using the FSS, which hasn’t been viable due to
the complexity of the numerical approach to infinite-dimensional systems, we confirm
that the universality class and verify the universality class obtained from the analytical
approach including Keldysh formalism, semi-classical approach, and fluctuationless
mean-field approach. In addition, we compare the results obtained from the quantum
jump Monte Carlo simulation in small qubit sizes.

For the DTI model, we find that the discontinuous phase transition does not occur
in all transition line. In Keldysh formalism, it was conjectured that the discontinu-
ous transition occurs for the strong dissipation regime [154]]. Instead, the transition
line and type of the transition corresponds to the flucutationless mean-field results.

However, our result shows that the universality class does not belong to the quantum
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Ising universality class, so further investigation is needed in future work to resolve
this inconsistency. For driven-dissipative XY model, we find that a discontinous phase
transition occurs near the parameter predicted by the fluctuationless mean-field theory,
as opposed to the prediction of the Keldysh formalism that there is no phase transi-
tion in the model. When one applies to the Keldysh formalism on those systems, it is
necessary to map spins to hard-core boson; for instance, a hard-core bosonization via
a large on-site potential, which might not result in a valid qubit system in the infinite
potential limit.

For the QCP model, a previous result based on the semi-classical mean-field solu-
tion showed that the continuous transition belongs to the DP universality class, and the
TCP belongs to the tricritical DP class (See Fig. [7.4). According to our approach, we
find that transition lines are exactly the same with Ref. [31]], and there is a crossover re-
gion along which the exponent o (which is associated with the density of active sites)
decreases continuously from a tricritical directed percolation (DP) to the DP value,
which is reminiscent of the one-dimensional QCP. In this regard, we shall compare the
universal behavior between MF-QCP and one-dimensional QCP. Based on the exact
numerical approach, we find there exists a crossover region of MF-QCP from the DP
class to the TDP class with a tricritical point. The only different value of critical expo-
nent between MF-TDP and MF-DP is the exponent &, and the scaling relation @ = 26’
holds. This is analogous to the one-dimensional case between at quantum DP class at
quantum axis and DP class. Hence we conclude that the tricritical point at (1, 1) at MF

limit moves on the quantum axis with k¥ = 0 in one dimension.
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Chapter 8

Conclusion

In this dissertation, we have studied the nonequilibrium phase transitions in open quan-
tum systems. The dissipative phase transition is one of the most interesting phenomena
because it originates from competition between the quantum and classical fluctuations.
Among these models, the quantum contact process (QCP) is the prototypical model to
capture these physics because the DP class of its classical limit is well-studied and of
the relevance of ultracold Rydberg experiments.

This dissertation has covered the QCP with long-range interactions and ordinary
QCP. We shall conclude by discussing the each model focused on the question raised
in Introduction that the novel universality class can be identified in open quantum
many-body systems. Firstly, we considered the long-range QCP, where the branching
and coagulation processes are allowed not only for the nearest-neighbor pairs but also
for long-distance pairs, coherently and incoherently. Using the semi-classical field-
theoretic approach to the quantum Langevin equations, we found a new universality
class called “long-range tricritical DP (LTDP) class”, which was found to be the clas-
sical universality. Thus, the quantum process is effectively reduced as the classical
higher-order interaction in mean-field theory. Since it had not been studied yet, we
deeply studied the low-dimensional physics of this universality class. Considering the
long-range tricritical contact process belonging to the LTDP class, we numerically ob-
tained a set of critical exponents in the LTDP class and determine the interval of ¢ for
the LTDP class. Finally, we constructed a diagram of universality classes in the space

(d, o).
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Since we analytically determine the mean-field universality class, interest naturally
turned to lower-dimensional cases. Thus, we considered 1d-QCP and 2d-QCP using
quantum simulations such as the quantum jump Monte Carlo (QJMC) simulation and
the tensor network methods. For 1d, we found an quantum critical region [0, k.| where
the quantum fluctuations play a role in universal behavior. Specifically, when the QCP
starts from a homogeneous state with all active sites, there exists a critical line in
the region 0 < k < K, along which the exponent ¢ associated with the density of
active sites decreases continuously from a quantum to the classical directed percolation
(DP) value. This behavior implies that the quantum coherent effect still remains to
some extent in the region near k¥ = 0. This anomalous crossover behavior allows us
to measure the display between the quantum DP and classical DP effect using the
Rydberg atom experiment. For 2d, the anomalous crossover behavior does not occur
and the classical DP behavior appears in the entire region of k¥ > 0 regardless of initial
configurations. The neural network machine learning technique is used to identify the
critical line and to determine the correlation length exponent. Numerical simulations
using the quantum jump Monte Carlo technique and the tensor network method are
performed to determine all the other critical exponents of the QCP. Thus, we found the
novel universality class called “quantum directed percolation (QDP) universality” in
one dimension.

Lastly, we investigate the mean-field dissipative quantum systems using the per-
mutational symmetry of fully-connected graph. It is based on the permutational sym-
metry, which is symmetric under any exchange of site indices. Crucially, our approach
allows us to perform the simulation with the complexity ¢'(N3). Using this method, we
unveil the mean-field behavior of the dissipative transverse Ising (DTI) model, driven-
dissipative XY model, and quantum contact process. We find that the transition line
and type of phase transition correspond to the fluctuationless mean-field for all mod-
els. Specifically, we find that the DTI model exhibits a continuous phase transition for

the entire parameter space, and the driven-dissipative XY model shows a discontinuous
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phase transition, contrary to the results from Keldysh formalism. Instead, those corre-
spond to the fluctuationless MF approach. The phase transitions of QCP shows that the
transition line and universality class correspond to the semi-classical approach; how-
ever, we discover a crossover region analogous to the one-dimensional QCP, which is
not predicted by theoretical methods.

In conclusion, we have revealed that the novel universality class and crossover
phenomena in open quantum many-body systems, which originates from the quantum
fluctuations. However, there are many works to do such as the theoretical approach to
the QDP and experimental realization. Furthermore, it would be interesting that the
open quantum many-body systems are simulated using the quantum computers. We
hope further experiments and simulations could confirm the universality class whose

quantum coherent process is relevant.
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Appendix A

Appendix of chapter 1

A.1 Realization of classical contact process by Rydberg atomic
experiment

The critical behavior of classical CP can be realized using Rydberg atomic experiment.

Here we show that the transition rate x of branching and coagulation processes in

classical limit can be obtained in terms of the experimental parameters used in Rydberg

atomic system.

A.1.1 Lindblad equation for Rydberg gases

To describe the Rydberg gases in open quantum systems, we employ the Lindblad

equation as follows:
2 o
op = —i[Ho+Ha,p]+> DV (p), (A.1)

i=1

where we have split Hg into two parts as

N N

R v, R

Ay=AY i+ %n/nm and Ho=Q) 6},
¢ (+m ¢
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and the Lindblad dissipator D' is given by
) A s a1 fa@is) A
D<z>(p)zz@méﬁ_Z{LéﬁLé),p})_ (A2)

Here, the Lindblad operators defined on each site lAJI(Zl) and ﬁéz) stand for the decaying
from |1) to ||) with zero-temperature heat bath and the dephasing processes, respec-

tively, where the detail forms are given by
i\ = 76, and 1P =Tay. (A3)

Using the representation of operator with the spin configurations as basis such as
Pap = (a|p|b), where a and b denote the one of 2V configurations of N spins, i.e.,
la) =|JT --- ]), one can evaluate each term in the r.h.s. of Eq. (A.1) as follows: Since

Hy is the diagonal matrix for the basis, the first term reads

(a|[Ho, P [AZ (alfig|a) — (bliig|b))
+ 32 (aliginla) — (blacinlb)) | pu
m

= ((alHo|a) — (b|Ho|b)) Pab, (A.4)

which becomes zero when a = b. On the other hand, Ho yields the transition between

the states by flipping a single spin, then the second term in Eq. (A.1]) can be written as
(allfla, ] QZXXﬂmaWr«%mmd, (A5)
where the diagonal term a = b is given by

(al A ] QZZ[WMmaH%Mﬂ. (A6)
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Note that the diagonal part Eq. (A.6) contains only off-diagonal contributions of den-
sity matrix because (a|6;"|a) = 0, which will be used for deriving the rate equation.

Similarly, we get the representations of Lindblad operators; for the decay operator

(alDM) YZZ (a|6; |d)(bI6, (D) parsy
/b/
—72 (aliigla) + (blac|b)) pap » (A7)

where the diagonal term a = b is given by
(alD YZZ[ (@67 )PP — (167 )P (AB)

For the dephasing operator,

(D) (p)|p) =TS <<am|a><b|m|b> ey “’"?'“) Pun

l

r
= =35> l{alila) = (blie|p)] pas. (A.9)

14

which becomes zero when a = b. If the Lindblad equation consists of only this dephas-
ing dissipator, the density operator P, in long time limit becomes the diagonal matrix,
which is why the D) is called the dephasing operator. In the limit of I' > Q. 7, it
is known that the coherent dynamics can be neglected so that the Lindblad equation
Eq. (A.1) is effectively reduced to the classical rate equation [23]]. In what follows, we

will briefly show the procedure.

A.1.2 Derivation of transition rate in classical limit

For convenience, we introduce the super operator [[169], by mapping the density oper-
ator to the density vector, p,, — Po, Where a and b mean the one of spin configurations

as defined before, and « is the corresponding vector index. Then we rewrite the Lind-
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blad equation Eq. (A.1)) in terms of the vectorized density operator g
op = —iAp, (A.10)

where the super operator A defined in the 4V x 4V complex space is given by

AT
8p3

Hop =1 (A.11)

because Eq. (A.1) is the linear equation of py. We decompose the density vector to two
parts as p = [i @V, where [i (belongs to the 2" dimensional space .#) and V (belongs

to the 4" — 2V dimensional space .#") are defined by arranging the p,;, as below:

ﬁ = (pOaplv"' sPors 7p2N—l)T € %,
Pa=Paa

V= (P, P15 e Pav—y)| €N (A.12)
Pa=Pa#b

Here, the first 2V components of vectors correspond to the diagonal components of
density matrix, and the remainders are the off-diagonal terms of density matrix. From
these decomposed vectors and Eqs lHl A can be decomposed using the

block matrix

%z A2 ‘ 20
A | Ay A 1 A

, (A.13)

where the upper left (lower right) part of the matrix is mapping to .# — 4 (N —
), and the upper right (lower left) is mapping to .# — A (A — ). In addition,
) = %(1) +<%%(1) is separable as the two parts %’jm M — A and %22(1) c N =
N . Likewise, 7% is separable as the three parts as ,%%Q M= N, j’%Q N = M,
and j‘%ﬂ N = A %%Q and %229 are a switching operator between spaces of .#

and ./ by flipping one single spin. The components for & = ab of the block matrix in
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Eq. (A.13) are defined as below.

2 ([Hla, , .
PO A L\ PR NP T ) (A.14)
dPq
9 (DP(p)),  iC
2) _ . _ a .
Hao = 1T°‘ = —2; |{alicla) = (bliclb), (A.15)
J ([Ha,p])
M=y
—QZZ[ a|65]a")8p v — (a'16710) 0 | (A.16)
a([HQ,PD
Q
Ky op = P .
—QZ[ al6716) 83,41 — (a|6716)3p.aa - (A17)
a(D“)(ﬁ))
m _ .
H ap =1 8p5 a
=723 [1(al67 )28 = (165 1) 28 (A18)

where each (-),, stands for the matrix element defined in Eqs. (A.4)-(A.9)), correspond-
ing to the vector index «.

Consequently, one can rewrite Eq. (A-10) in terms of fi and v,

i = -V —i ARV, (A.19)
0V = iR —i (A + A2+ A + AV (A.20)

In the limit of the strong dephasing, where 22 may dominate the off-diagonal
dynamics in Eq. (A.20), approximately the solution of Eq. becomes an expo-
nentially decaying function in time with a time scale of 1/T" (A is also the large param-
eter, but 70 just induces oscillation). Therefore, the full dynamics can be reduced to

the diagonal dynamics of [i effectively in the slower time scale than 1/T". Inserting the
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solution of Eq. (A.20), given by

(AR A A

V() =e v(0)

! (200 20 52 2@\ (s A
—i/ i e 1(,/40 + AR+ AN 4 A )(z t)%gﬁ(t/), (A21)
0
into the Eq. (A.19) with v(0) = 0, we obtain

ol = —iA Vi (r)

t A A ~ A
o —il 022 VOV -t Ao
_/ dt/%Qe 1( + 3 + 2 + >(l t)%gu(t/)’ (A.22)
0

Using the fact I',A > 7,Q, we can expand the exponential function about the small

parameter using the Zassenhaus formula [[170]], which then becomes

4 Ly Y72 /! A
o = -4 (1) — /O di’ A8 AT AN 00 1)

+0(Q%,Q7), (A.23)

We remark again that the time scale for dynamics of fi is much larger than 1/T", which
leads to the replacement [i(r') — [i(f) in the integrand of Eq. (A.23), similarly to the
Markov approximation [27]. Also, let the lower limit of the integral go to negative
infinity due to the fast decaying of the exponential function. Then, rearranging the

time integral of Eq. (A.23) as (r —¢') — ¢/, we obtain
oufi ~ —i Vi (r) - / di' AL ). (A4
0

Now, one can see that the slow dynamics Eq. (A.24) is given only in terms of U,
meaning that it can be rewritten with the diagonal elements p,, of the density operator.

The first term in the r.h.s. of Eq. (A:24) is given by the diagonal element of Eq. (A-T8),
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which is only composed of diagonal elements Ly or p,, as below.
()= A ae
(iAVR0) =73 [leler )pm— 6lo7 o) o]
a ¢ b

Next, since #° and 7% are diagonal matrices, the oith component of second term
is given by

<_ /0 it A0 (A %gﬁ)
o

i D)y
== A g A / are ), (A25)
B.o 0

Using Egs. (A:16) and (A.T7), one can rewrite Eq. (A.23]) by changing o« — aa

QZZ (pbb _paa) Z‘(a‘é\-ﬂb”z
14

b
°° : (2) : ()
X / dlf <€1 <’}i’;(l)7,ab+‘}fab,ab) ! + eil (‘%?1,ba+%a,bu> t,)
0

= Z (Aa,bpbb - Ab,apau) . (A26)
b

where we have used Y, ((al67]b)) ((b|6jla)) = 3, |<a!6ﬂb)‘2 which becomes
zero when ¢, ¢' are different. Note that the transition rate A,; = Ay, induced by in-
teraction is non-zero only when the spin configuration b is given by |b) = |a;), where
{la1)} is generated from |a) by flipping a single spin: for example, if |a) = |1|{)
is given for N = 3, a set {|a;)} can be defined as {|JJ)),[TT)),[141)}. Now, using
%g{aal = —il'/2 for any aj, and 2

aay,aay

= (a|Ho|a) — (ai|Ho|a;) we obtain the non-

zero transition rate A, q, in Eq. (A.26) as

Noay = QZ/ dt/2e’gt,cos({<a|lflo|a>—<a1]ﬁ0]a1>}t’)
0
ro?
- . 5 . (A.27)
(T'/2)"+ ({alHola) — {a1|Ho|ar))
.-':lx_-ﬁ: I‘r ] "‘.l.i

1]
142 | = H ]



From Eq. (A7) and (A.26), therefore, one can see that the rate equation Eq. (A.24)) up

to the second order is written as

atpaa = Z (Wa,bpbb - Wh,apaa) ) (A28)
b

where the transition rate W, , reads

Wap=7>_ [(al6; |B)]*+ Aas (A.29)
y4

A.1.3 Derivation of k = 4Q? /T

First, we consider only the nearest neighbor interaction, V,,, = V; for the nearest neigh-
bor pair (¢,m), otherwise V;,, = 0. Defining ay as |a;¢) = 6/ |a), we obtain the transition
rate A, 4, in Eq. as
402 1
~ 2
U144 (A+(alPlayVo)

Aaa, = (A.30)

where P, denotes the number of the nearest neighbor having the up state of the site ¢,

thatis, &, =Y fim. Setting Vo = —A and A > T, one can see that Eq. (A.30)

menn.(0)
is approximately zero, except for the case of (a|P|a) = 1. In the low density limit,
where the number of up spins per site is vanisingly small, n = tr[p )", 7] /N < 1,
configurations having small number of up spins yield a major contribution in p. Then
one can assume that (a|P|a) for the major configuration is mostly zero or 1, leading
to the following approximation:

Aaar ~ 4?2@4136\60 = > 4?2<a|ﬁm|a>- (A31)

men.n({)

143 | =



Using |a) = 6/ |ay,) and expanding to general configurations b, the transition rate A, 4

becomes

4Q? ) oA
Aav="72_ > ([(alin6] b)]*+ [(alin67 B)]) . (A32)

¢ méen.n. ()

which is equivalent to the branching and coagulation processes in the ordinary CP

model. Here we have used that (a|,,6;"|b) + (a|in 6, |b) = |(a|an6,"|b) > +|(a|An6, |b)|?

in Eq. (A.32). We expect that this approximation made in the limit of low density may
be valid near the absorbing transition point, where the order parameter n is small.
Finally, we briefly present the diagonal component of the Lindblad equation with

Lindblad operator £, corresponding to Eq. (A.28).
T N PN
— ATT _ )71 A
9Paa = (d] ; (Lo}~ S{LiLep})la)
=3~ (D Halkb)Pous — S 1 (blEela) Ppaa ) (A.33)
b

4 L

where the transition rate is given by W,, = >, |(a|L¢|b)|>. Thus, by Eqgs. (A29)
and (A.32), the three Lindblad operators are obtained in Egs. (6.3)-(6.5) with x =
4Q2T.
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Appendix B

Appendix of chapter 2

B.1 Jacobian

As a first step towards the construction of a path integral representation, we discretize
time, n(x,t) — n;, i=1,--- N, according to Ito discretization, where At is the temporal

discretization interval. Delta function may be formally represented as

SX
1=/DX6(X):/Dn E‘S(X)’ (B.1)

where DX = [[,dX; is the functional measure and 6(X) = [[,6(X;) with X; = n; —
ni—1 +At[f(ni—1) — &—1] = 0 in Ito discretization scheme. Then the Jacobian |6X /dn]|

may expressed as

1 0 O 00

x 1 0 0 0
X O x 1 --- 00
X _ —1, (B.2)
on

O 0 o0 --- 10

000 -~ x 1

where is a triangular matrix with unit diagonal. Thus, the functional determinant equals

to unity.
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B.2 Correlation of noise variables

B.2.1 Kramers-Moyal expansion

The dynamics in the lattice is described by the master equation.
O;P(x,t) = /dx’ [W(x|x)P(x') = W(X'|x)P(x)] .

In the master equation, we substitute X’ by y = x —x’ in the first term, y = X’ — x in the
second term and then defining 7(y,x) = W(x+ y|x).

The master equation becomes

9 P(x) = | dy[W(xlx—y)P(x—y) = W(x+y|x)P(x)]

dy[t(y,x —y)P(x —y) —t(y,x)P(x)]

dy [ P9 (5.0)P() —z<y,x>P<x>]
n=0

LS ([arire)

(=1)" aa:n (an(x)P(x)),

— — —

biz

I
] 5

1

3
Il

I
WE

n!

n=1

where a,(x) = [dyy"t(y,x) = [dx'(xX' —x)"W(x'|x). By terminating the series at the

second term, we obtain Fokker-Planck equation.

d 1 92

P === (a1 ()P() + 5= (

e o (x)P(x)) . (B.3)

B.2.2 Equivalence between Fokker-Planck equation and Langevin equa-

tion

We shall derive the equivalence between Fokker-Planck equation and Langevin equa-

tion. Consider an arbitrary function f[x(z)]. Then, we expand the stochastic equation
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of flx(t)]:

af1x(0)] = F1x(0) +x(0)] — ()]
= P )ax(e) + 3 (Ol0)? - flx(0)]

= f'[x(t)](a(x,t)dt + b(x,t)dW) + %f” [x(6)](a(x,t)dt + b(x,)dW)* 4 - --

= (ol O]+ o000 )+ D000 LW ).

(B.4)

The result Eq. (B.4)) is known as Ifo’s formula.

Next, Langevin equation in Ito scheme is as follows. (dW is the Wiener process. dW =
&dr)
dx = oy [x(t),t]dt + o [x(t),t]dW .

We now consider the dynamics of an arbitrary function f(x(z)).

‘“fg‘t(’ﬂ) _ % / dxP(x,1) fx(1)] = / dxdP(x,1) f[x(r)]. (B.5)

On the other hand, the left hand side with Ito’s formula Eq. (B.4) can be represented
by probability P(x,t)

X 2
WD 0 [ i) (a5 + 5 0alat). 05 )
= / dx (—8x(a1 (x,t)P) + ;8f(az(x,t)2P)> flx()]. (B.6)

Comparing the right hand side of Eqgs. (B.5)) and (B.6)), we can find connection between

Fokker-Plank equation and Langevin equation following relation.

d
d—f = oy (x,1) + o (x,0) ¢
AP =~ (e (x,1)P) + 30 (@ (6.1)°P). B.7)
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In summary, we obtained the Fokker-Planck equation [Eq. (B.3))] from the master
equation by Kramers-Moyal expansion, and then using the Ito’s formula we obtain the
Langevin equation [Eq. (B.7)] from Fokker-Planck equation [Eq. (B.3)].

B.2.3 Application to contact process

Now we shall deal with the derivation of the correlation of noise in the contact process.
The contact process has a reaction scheme such that branching A + ¢ 5 A+A and

decay A 2N ¢. Let us consider the notation:

I = number of active sites = extensive variable o< system size N,
n = density of active sites (I/N) = intensive variable,

W (AI|I) = the size of jump is expressed in terms of the extensive variable Al .
Thus, the transition rates are as follows:

W(I+1|I) = Nxn(1 —n) for branching,

W({I—1|I)=Nyn for decay .
Then the master equation for the probability P(n,7) reads

d;P(n,t) = /dn' (W (n|n")P(n',t) =W (n'|n)P(n,1)]

= F(n— %)P(n— %) —F(n)P(n) +G<n+ %)P(rz%— l) —G(n)P(n),
(B.8)

where F(n) = Nxn(1 —n) and G(n) = Nyn. Expanding the inverse system size F(n+
1/N)P(n+1/N) = F(n)P(n) £ N~'0,[F(n)P(n)] + (1/2)N~29?[F (n)P(n)], the mas-

148 M=



ter equation becomes

2 _
J [Mp(n), (B.9)

d
aP(n,1) = —=-[(n(1 —m) - yn)P(n)] +5o o
which is equivalent to the Kramers-Moyal expansion up to second order.
The Fokker-Planck equation in Eq. is equivalent to the following set of

Langevin equation:

K(l—n)n+yn
N
=¢

on= (x(l—n)n—yn)+ g

Hereby, the { denotes Gaussian white noise terms. Therefore, the noise correlation
shows the multiplicative nature such that (§ (x,7)&(x/,t)) = (x(1 —n)n+yn)/N 6 (x—
x)0(t—1") ~nd(x—x')6(r—1").

B.3 Continuum limit

For example in one dimension, the second term in Eq. (2.6)) is written as

K
*Z”; (1 —n(t —EZ(l—ni)(ni—l-i-niH)
2

Vi V2
NZ l—nl( —Vn;+ 2n i+ Vni+ 2n,>

—Z )(2n; 4+ V2n;) (B.10)

In the mean-field, Eq. (B.10) is represented as
K K
%(1 —n)(2dn+dV®n) = EVZn +x(1—n)n— Envzn.

The last term [~ 1n;V2n; 1] is irrelevant (we can easily check in MSRJD action).
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B.4 Rapidity-reversal symmetry

DP has a rapidity-reversal symmetry in which Eq. (2.T1) is invariant under the trans-
formation such that n(r,t) <> —7i(r,—t). This leads to the relation that two exponents
B and B are identical. In this appendix, we derive the dynamic equation of the phase

boundary of active state of the DP class. Rescaling n — 21; n, i — 21'i3n and

r”* — u3 [28]], the action is written as

S = /dx (20 = DV2 = DoV + o) n+ s (n — it (B.11)

If the system is near a critical point, the saddle-point approximation may be valid. The
dynamic equations for n and 7 are obtained from the effective action, by the saddle

point approximation 5 =0 and 55 = 0, which is given by

N
57 (10, — DV? —DgV° +up)n + uzn® — 2usiin = 0.
il
(B.12)
68§ 2 c ~ ~2 ~
5 = (=19, — DV~ —DsV° +up)ii — usii” + 2uziin = 0.
n
(B.13)

According to the definition of the rapidity-reversal symmetry, we rewrite Eq.

under the transformation n(r,t) <> —i(r,—t) as
Ot = —DV?ii — DV i+ upfi — uzii* + 2usiin. (B.14)

This corresponds to Eq. and hence the rapidity-reversal symmetry holds.
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B.S5 Homogeneous mean-field equation of the CP

Inhomogeneous mean-field equation was give as Eq. (2.8)). Assume that spatially ho-

mogeneous, then the diffusive term is ignored, which is given by
o= (k—1)n—xn?. (B.15)

In steady state dn =0, n = (kK — 1)B /x with B = 1.

B.6 Wick’s theorem

Wick’s theorem : The subscript O is used to indicate that the expectation values are

taken with respect to the unperturbed Gaussian (quadratic) action.

1 0 for [ odd
(o= (B.16)
i=1

sum over all connected components for [ even

B.7 Momentum space representation and bare propagator

(Green’s function)

To compute momentum RG, we shall represent in momentum space using Fourier

transform given by

i(x,1) = /dqﬁqei(k'x_w’), n(x,t) = /dqnqei(k'x_w’), (B.17)
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where g = (k, ®) and dq = d%kdw/(2m)**!. Then, action given in Eq. (2.16)) in mo-

mentum space becomes

So = /dq/dq'/dt/ddx {ei(k+k/)'xe—i(w+a)/)tﬁq/ (—ifa) +Dk2fu2) nq}

- /dq {ﬁ_q(—ierDkz—uz)nq} ,

Sim = /dQ/dq,/qu/dt/ddx |:u3ei(k+k,+k//).xe_i(w+w/+w//)tﬁq(nqu—ﬁq//)nq/:|

- / dg / dg' [usi(n g 7t q-g)ng]. (B.18)

The quadratic free action may be expressed as

1 0 Dk* —up + ito ng
S022/dq< n_g ﬁ,q )
DI? —up —it® 0 iy
(B.19)
Then partition function with respect to the external fields (j, j) is given by
Zolj.j) = L2 LD exp[—So+ [ dq(jii+ jn)]
ol | Dn [ Dii exp[—So)
—1
1 L 0 Dk* — up + it Ja
“ow [y faa( o T ) e :
Dk —uy —iTtw 0 Jq
(B.20)
.-':lx_-g: X |- |
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We now directly compute the matrix of two-point correlation functions

~ 8%Z(j.J) 622[j,Jj

(n_gng) (n_gitg) | 5 s
(i_gng) (fi_giiy) S,Z%ﬂ %
_ 0 Dk?> —uy +it® -
-\ D - -t 0
_ 0 (DK? —uy —itow) ™!
-\ R —w+itw)! 0

(B.21)

Thus, G(k, ®) = (Dk* — uy — it@)~! and G(—k, —@) = (Dk*> —uy +itw) ™!

B.8 Derivation of the fractional Laplacian in continuum limit

In this appendix, we shall derive the fractional Laplacian of long-range interaction in

continuum limit of Langevin equation. The second term in Eq. (2.29) is rewritten as

KZP ri—rj|)n;(1 —K‘ZP i —rj|)(n;—ni+n)(1—ny)
= (1 —|—KZP i —rj)(nj—n;)

+’fzpﬂri*’jl)(m*m)m, (B.22)
j

where the last term in Eq. is higher order in spatial fluctuation. Thus, we ignore
the last term and let us consider the second term in the continuum limit. As the lattice

spacing goes to zero, a summation would be interpreted as the following integral

ZP(\r—r’])(n(r’,t)—n(r,t)) —>/ddr’P(|r—r’\)(n(r’,t)—n(r,t)). (B.23)

r/
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The Levy-flight distribution P(|r —r'|) ~ 1/|r —/|?"9 is normalized as [ dr'P(r —
r’) = 1. Fourier transformation leads to
[ el =)t~ nira)
d%k 1.
= /(Z)dp(k)n(k)el T

/dd // d’k /ddkl (k’)( (ke i(k=K)-r jikr

_n( ) i(k— k/)r —ik'- r>

N /(;ljr];d (P(k) _P(0)>n(k)eik-r

ddk 2 o ik-r
o~ o) (a2V*+agV°) n(k)e

) as>0 if o<2
= (2V*+asV°)n(r) where (B.24)

a>0 if o>2

Here, the anomalous diffusive operator V° describes the long-range interaction and it
is defined VOe* " = — |k|9¢™. The normalization condition is satisfied when we con-
sider the lower cutoff part of the Levy distribution P(r) = P (r) + Ps(r) where P (r) o
1/(r2 +a?)[@+9)/2 is a Levy-flight part and Ps(r) o< ¢ ™"/ is a short-range contri-
bution with the lower cutoff length scale a. Fourier transformation leads to Py (k) o<
(k/a)°* K /2(ak) and Ps(k) o< e~ (@)*/4 where K, /2 is the modified Bessel function
of the second kind. Therefore, we used P(k) = P(0) — 72— (ak)® — (A — 5£_)(ak)* +

O (k*,k*T9) = P(0) — agk® — a)k* + O (k*, k**°) using long-wavelength expansion
with positive, non-singular constant A and B. Therefore, when we solve the Langevin
equation with long-range interactions in continuum limit, the term of the long-range

interaction leads to

K P(|ri—rj|)(nj—n;) = (DV>+DgV)n(r), (B.25)
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where D = axx and Dg = ag K.
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Appendix C

Appendix of chapter 4

C.1 Coarse-grained variables

Here, we represent the critical points along the transition line as k(@) for each given
o and the tricritical point as (k;, ;). Note that k(@) = &;. In numerical simulations,
these physical quantities are measured as a function of k for each value of @. The
relations of u; and u3 as a function of k and @ are determined as follows. Sufficiently
close to the tricritical point, we can expand uy = u,(k, @) for fixed @ = @, and u3 =

uz (K, ®) along the transition line (k. (®), ®) using chain rules:

uy (16, @) = ur (1 + AK, @) = Itz | AK + O((AK)?),
u3(k,0) = u3(k.(®) + Ak, 0 — Aw)

If we perform a simulation at (k.(®), ®), d@ > dk, we can reduce u, ~ Ak at a fixed
@ in Eq. (£.6) and u3 ~ A along the transition line in Eq. (4.7). We first obtain v,
using Eq. (4.6), and then the crossover exponent ¢ is obtained using Eq. (4.7). The
exponents and relations are characterized by four independent exponents: 8, &', z, and

VH'
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C.2 Calculation of propagator

Let us evaluate the propagator loop integral to determine why the fractional Laplacian
is not renormalized. This can be done using the propagator loop integral in Ref. [|53]].
The only difference between the ordinary TDP and the LTDP lies in the Green func-
tion, which changes slightly from G(k, ®) = (Dk*> —iwT+us) ! to G(k,®) = (Dsk® —
i®T +uz)~'. Because the cubic terms remain the same, the relevant diagrams do not

change, as shown in Ref. [53]. Iy(k, @) is given by

I()(k, CO) = 'O'

[ d%q [ dlq [doy [ dw
_/(27r)d/(27r)d/(27c)/(2n)G(_k_qlv_w_(01)

X G(qy,01)G(q, + g, 01 + )G(—q,, —a»)

_/ d’q /ddQQ /dw1 1

=) Goy | o) Cr) Dok g+ it ot m
1 1

X

ch?*iwlfJFMZchGﬁLDoml+q2‘6*ia)11’+2u2

_/ d‘q, /dd@ 1
(2m)? ) (2m)? (io+DsqS +Ds|q, + k|° +2uy)
1
X b
(iw+Do|q1+42‘G+DGQG+DG|QI+k’0+3u2)

(C.2)

157 M=



where we set T = 1 and D = 1 without loss of generality. After @; and @, in Eq. (C.2)

are integrated out using the Cauchy integral, Iy is given by

I (k (D)_/ ddql /dqu 1
OHEIT ) eryd | @r) (io+ 99 + gy +k[° + 2uz)
1
X
(io+|q, +g5|° + 45+ |q, +k|° +3u2)

_/ dq /dd% 1
2m)d | 2m)?io+qF +|q, + k| +2u»
21
/im (iw+qg +|q, +k|° +3u2)
X

| d21r(1+zl)F(—Zl) \q +q ‘6(1+11)
—Joo 1 2

:/ d’q, /d“cn ! /im dz,
2r)? ) 2r)io+q7+1q, +k[C+2ur | i

22

- (10+ gy + ki +3u2)

X dzol' (1 +21)T(—z1)'(z2 —21)[(—z )
J_dart+ar-are R R )

(C.3)

where we used the Mellin—Barnes representation

1 (™ Y T(A+2)T(—2)
m+mﬂ‘/mﬁﬂﬂ ra)

Now, the integral over ¢ in Eq. (C.3) becomes

d—(a+b a+b—
/dwz L i TSN

) gslgi +qol”  (4m)dPT(§)T(5)T(d ~ 452)

After Eq. (C.4) is inserted into Eq. (C.3)), I is given by

I= /1Z:Z]d/2/ dZ1/_ dzol'(1+21)I(—21)T (22 — 21)T(—22)
L($(z2+1) = 9§ — S (@ + 1))I(§ — $(z2 —21))
F(9(1+Zl))r(9(zz—zl))r(d S(1+22))
d—o(z+1) ( “
91

io+|q, +k\°+3u2)
i0+q +|q, +k|°+2u

(C.5)
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Then, let us expand the last term in Eq. (C.5)) with respect to k and .

— 22
/ ddq1 qc]i G(ZZ+1)<iw+]q1+k]"+3u2)

(1673)d/2 io+q7 + |q; +k|°+2u;

dd d o(za+1)

-1 o712 199 c—212 2 3y) 2
(ql +3u2+1w+6q kcos(0) + Sk*qT Z(i 1)g7 “k*cos™(0) + O'(k ))
24% +2up +iw + 6q% 'kcos(8) + sz +2(% —1)q¥ k2 cos(0) + O (k3)
:/ ddq1 qtll—o'(12+1)(3u2+ql),
(1673)d/2 24° + 215
(1 N i+ 07 'keos(0) + 3k2qT 2+ S(S — 1) *k>cos?(0) + ﬁ(k3))zz
3uy +4qf
(1+iw+6q‘1’_lkcos(0) +2K2q0 2+ 2(3 - 1)qf 2k20052(9)+ﬁ(k3))1
2q?+2u2
167[3 /2 2¢ +2u» Bur+4qY  2ur+24¢

(chqf Lcos(6) Gq? lcos(e)) +k2<22(gQ?2+z(g—1)0032(9))
3M2+q] 2ur +247 3up +¢°
$q7 2+ $($—1)cos?(0) | z(z2—1)62¢}° cos?(0)
2up 4247 2(3uz +q7%)?
O.Zq%c 20082(9) szzq%G 2C082(9)
(2ur 4249 )2 (Buz +4) (2uz + 247

)> Y OWR, wz,kw)} . (C.6)
We used the following relation, because k is very small in the long-wavelength limit.

(91 +k)° = (g, +k)*)°?

_ (o _ o
= a7 +0q7 g,k ST+ 75— a4,k + OK)

c
=qf + Gqf’lkcos(e) + Ekzq'f* + G(—

5 1)¢g% 2k*cos*(0) + O(K°),

(C.7)
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where 0 is the angle between g, and k. To evaluate Eq. (C.6), it is often helpful to use

the formulas

d oo T
| Gttan =5ty [ dar [ dosiasint=e)
~ G |, dnftan,

d

/énq)ldf(ql)cos Sd I / dth/ d0f(q1)sin?2(8)cos(8) =0,
d

/é;)ldf(%)cosz = Sd 1 / dCII/ dOf(q)sin’ *(6)cos*(6)

d(2yr) /0 dqif(q1), (C.3)

where the surface area is defined as S; =

( ) Then, Eq. (C.5) is given as follows:

Io(k, @) = /loo dz /M dzol(1 +21)0(=21)(z2 — 21)T(—22) X
[(§(z2+1) 9T

(- (Zl+1))F(%—%(Zz—Zl))Sd
LS (1 +21))0(S (22 —21))l(d = (1 +22))
x / *_dgi 4y "7 Gutef)e
o (1673)d/2 297 +2u;
i s Ly (@B 5 )
Dg 3u2+q1 2Lt2-+-2qi7 3u2+qf
%47+ G5 -1 | wa(—1)o%g
2u2+2q1 2d(3u2+q1)
qu%c 2 2 qu%cr 2

+ + 03, 0% ko
d(2ur+2¢9)>  d(Bur+4 )(2u2+2qf)>} ( )

= Ny +Np® +Npk* + 0 (K, 0% ko), (C.9)

where Ny, Ny, and N2 are coefficients. Finally, because the derivative of Eq. (C.9)
with respect to k° vanishes, the coefficient D is not renormalized up to the first order
in the € expansion around the upper critical dimension. Although we showed that it

is valid for up to (¢), it is commonly believed that nonlocal terms of the dynamic
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action are not renormalized at all [[171+173].

C.3 Tables of numerical estimates

Table C.1: Critical exponents for the LTDP model in two dimensions. For ¢ < 4/3, the univer-
sality class belongs to the mean-field LTDP. For 4/3 < ¢ < 2.2, the universality class belongs
to the LTDP. Finally, for o > 2.2, the universality class belongs to the STDP.

c (%, o) ) & I=z/d v n [}

0.2 (0.609401,0.378) 0.500+0.005 1.00+0.02 0.666+0.01 1.00+0.01 0.000=+0.005 0.50+0.01
0.4 (0.612271,0.400) 0.500+0.005 1.00+£0.02 0.666+0.01 1.00+0.01 0.000-+£0.005 0.50+0.01
0.6 (0.616819,0.424) 0.500+0.005 1.00+0.02 0.666+0.01 1.00+0.01 0.000+£0.005 0.50+0.01
0.8 (0.622538,0.450) 0.500+0.005 1.00+0.02 0.666+0.01 1.00+0.01 0.000=+0.005 0.50+0.01
1.0 (0.628244,0.475) 0.5004+0.01 0.994+0.02 0.666+0.01 1.00+0.01 0.000+£0.005 0.50+0.01
1.2 (0.635410,0.506) 0.485+0.01 1.00£0.02 0.678+0.01 1.02+0.01 —0.01040.005 0.50+0.01
1.4 (0.643351,0.543) 0.397+0.01 1.01+0.02 0.725+0.01 1.03+£0.01 —0.022+0.005 0.50+0.01
1.5 (0.647071,0.562) 0.345+0.01 1.013+0.02 0.758+£0.01 1.03+£0.01 —0.0294+0.005 0.51 £0.01
1.6 (0.650679,0.582) 0.309+0.01 1.0214+0.02 0.784+0.01 1.04+£0.01 —0.032=+0.005 0.51+0.01
1.7 (0.653822,0.601) 0.2814+0.01 1.031+£0.02 0.819+0.01 1.04+0.01 —0.052+0.005 0.51+0.01
1.8 (0.656771,0.621) 0.253+0.01 1.041+£0.02 0.849+0.01 1.05+£0.01 —0.071£0.01 0.51+0.02
1.9 (0.659371,0.641) 0.223+0.01 1.050+0.01 0.881+0.01 1.06+0.01 —0.091+0.01 0.52+0.02
2.0 (0.661659,0.662) 0.212+0.01 1.073+0.01 0.922+0.01 1.07+0.01 —0.1294+0.01 0.52+£0.02
2.1 (0.663511,0.683) 0.184+0.01 1.100+£0.01 0.961+0.01 1.084+0.01 —0.180+£0.01 0.52+0.02
2.2 (0.664880,0.703) 0.1724+0.01 1.150+£0.01 0.9924+0.01 1.094+0.01 —0.211+0.01 0.52+0.02
2.4 (0.666269,0.742) 0.123+0.01 1.211+£0.01 1.045+0.01 1.124+0.01 —0.288+0.01 0.52+0.02
2.6 (0.666487,0.769) 0.105+0.01 1.224+0.01 1.0554+0.01 1.144+0.01 —0.334+0.01 0.52+0.02
2.8 (0.666001,0.792) 0.098+0.01 1.22+0.01 1.055+0.01 1.15+0.01 —0.353+0.01 0.52+£0.02

e (0.6606466,0.879) 0.09+0.01 1.2240.008 1.055+0.005 1.154+0.005 —0.35+0.008 0.52+£0.02
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Table C.2: Critical exponents for the LTDP model in one dimension. For ¢ < 2/3, the univer-
sality class belongs to the mean-field LTDP. For 2/3 < ¢ < 1.0, the universality class belongs
to the LTDP. Finally, for ¢ > 1.0, the tricritical point does not exist.

c (K, ) ) 8 i=z/d V| n 0
0.2 (0.603919,0.388) 0.50£0.005 1.000£0.01 0.666+0.005 1.00£0.01 0.00£0.005 0.50=0.02
0.4 (0.616681,0.471) 0.50£0.005 0.99£0.01 0.666+0.005 1.00£0.01 0.00£0.005 0.50=£0.02
0.6 (0.631031,0.576) 0.49+£0.01 0.96+0.01 0.670£0.005 1.01£0.01 0.00£0.005 0.50=£0.02
07 (0.637510,0.654) 0.34£0.01 091£0.01 0.701£0.01 1.05£0.01 0.00£0.005 0.52£0.02
0.8 (0.637551,0.744) 0.25+£0.01 0.88£0.01 0.878+0.01 1.09£0.01 —0.013£0.01 0.54=0.02
0.9 (0.622539,0.846) 0.14£0.01 0.83+0.01  1.05+£0.01 1.18+0.01 —0.04£0.01 0.56=+0.02
1.0 (0.556705,0.960) 0.04£0.01 0.76£0.01  143£0.01 1.34£0.01 —0.09£0.01 0.58=0.02
1.05 Tricritical point does not exist

9
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Appendix D

Appendix of chapter 6

D.1 Classical contact process using the quantum jump Monte

Carlo method

In this section, we consider @ — 0. When K < 7, inactive particles become more
abundant with time, and eventually the system is fully occupied by inactive particles.
Thus, the system is no longer dynamic and falls into an absorbing state. When x > 7,
the system remains in an active state with a finite density of active particles. Thus, the
classical CP exhibits a phase transition from an active to an absorbing state as K is
decreased.

The critical exponents of 1d-QCP were obtained using the finite-size scaling from
the data of QJMC method in the main text. To check the validity of the finite-size
scaling with the small system size, we consider the 14 classical contact process (CCP)
where K is finite and @ = O (see Egs. (2-5) in the main text). At the critical point, we
perform the finite-size scaling to 1d-CCP using the QJMC method. The observables
correspond to the definitions of the main text.

First, we obtain the exponents 6 + &', 11, 8', z, 8, and « directly by measuring the
slopes in the double-logarithmic plots shown in Figs.[D.Tand [D.2] Then, we collapse
the data by using the obtained exponents to compute the dynamic exponent z. Specif-
ically, we plot pdt5+6/ versus tN % in Fig. a), Nyt~ versus tN ¢ in Fig. b),
and P(1)t %" versus 1N~ in Fig. c) for different system sizes N. We measure the
exponent z directly using the plot of R?(¢) versus ¢ in Fig. d). In classical contact
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process, we can classify the surviving runs and thus we measure the exponent —0 di-
rectly using the plot of pa(¢) versus ¢ in Fig. [D.1fe). Next, we plot n(r)t~% versus
tN~%in Fig. a) for different system sizes N. The exponent V| is obtained from the
rescaling plot of ()% versus t(@, — ®)"! for different @ values in Fig. [D.2|b).

The critical exponents are thus obtained as 6 + 6’ = 0.32+0.01, n = 0.31+0.02,
6’ =0.16+0.01, 6§ =0.164+0.02, z = 1.58 +0.03, and o = 0.16 +0.01. Note that
0 = a. In addition, ¢ = &’ implying that rapidity-reversal symmetry holds. All the
critical exponents are in good agreement with the DP values within the error bars. Thus
we verified that the critical exponents on classical contact process can be successfully

obtained using QJIMC method with the same system size in main text.

D.2 Test of scaling relations using classical Monte Carlo sim-

ulations

We mentioned that p,(¢) and n(¢) show the same asymptotic behavior, which means
that 6 = a holds [174}/175]). In this section, we shall test this relation using classical
Monte Carlo simulations. The models we consider here are 1d contact process and 2d
tricritical contact process. It was revealed that rapidity reversal symmetry holds for 1d
contact process [28] and does not hold for 24 tricritical contact process [54,/55]]. By
measuring the slopes in the double-logarithmic plots, we measure the complete set of
critical exponents.

In Fig. D.3(a), the values of all critical exponents for 1d contact process are z =
1.58, 6 = 0.16, n = 0.31, 6’ = 0.16, and o = 0.16. Note that 8" = o and the gen-
eralized hyperscaling relation n — D/z = —0 — 6’ hold. In addition, § = &’ because
rapidity-reversal symmetry holds. Next, in Fig.[D.3|b), the values of all critical expo-
nents for 2d tricritical contact process are z = 2.11, § = 0.09, n = —0.35, and &' =
1.21. Note that 6’ = a and the generalized hyperscaling relation n —D/z = -6 — &’

hold. However, & # &’ because rapidity-reversal symmetry is broken.
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Thus, the scaling relations 6 = o and 1 — D/z = —38 — &', which is believed to be
satisfied with the single absorbing state phase transition, hold; however § = 6’ when

the rapidity-reversal symmetry holds.

D.3 Ciritical behavior by neural network approach with dif-

ferent training regions

For supervised learning, it is advantageous to take a narrower test region [white region
in Fig.[D.4{a)], because more information can be taken in the training region. However,
if the test region is too narrow to include the crossing point, the crossing point of the
outputs would not be the critical point. To avoid this case, it is desirable to take a test
region with an appropriate size.

We took the left boundary @ = 4 in the main text, because this is the value at
which the order parameter n(r) decays exponentially, i.e., at which the system is in
the subcritical region, as shown in Fig. This result was obtained using the QIMC
method. However, the boundary @ = 8 was taken, because n(z) behaves as it does in
the supercritical state.

To check the sensitivity of the positions of the left and right boundaries, we also
considered a test region of (3 < @ < 9) and then estimated the transition point @, in
the thermodynamic limit and the value of the exponent v, . As shown in Fig. we

obtained the same values of w. and v .
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Figure D.1: Estimates of the critical exponents of the 1d-CCP starting from the single
active initial state. (a) Plot of p,(7) versus ¢, which behaves as py(t) ~ t=6-9 The
solid line is a guideline with slope —0.32. Inset: scaling plot of p, (t)t5+5/ versus tN ¢
for 6 + 8’ = 0.32 and z = 1.58. (b) Scaling plot of N,(¢)t~" versus tN—< for n = 0.30
and z = 1.58. (c) Scaling plot of P(¢)t® versus tN % for & = 0.16 and z = 1.58. (d)
Plot of R?(¢) as a function of ¢. The solid line is a guideline with slope 2/z for z = 1.58.
(e) Scaling plot of py ,(t)z% versus tN % for § = 0.16 and z = 1.58. The parameter 7 is
given in units of 1/7.
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Figure D.2: Estimates of the critical exponents of the 1d-CCP starting from the fully
active initial state. (a) Plot of n(r) as a function of ¢, which shows n(t) ~ r~%. The solid
line is a guideline with slope —0.16. Inset: the scaling plot of n(f)t* versus tN—* for
o =0.16 and z = 1.58. (b) Plot of n(¢) as a function of 7 for different values of ® < @,.
Inset: Data points collapse well onto a single curve for & = 0.16, and v = 1.73. The
parameter 7 is given in units of 1/7.
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Figure D.3: The behaviors of physical quantities as a function of time ¢ at the transition
point. (a) For the classical CP. The solid lines are a guideline with slope 2/z, 1, —0 =
—6' = —a, 1 —1/z, from top to bottom. The values of all critical exponents are z =
1.58, 6 =0.16, n = 0.31, &’ = 0.16, and o = 0.16. Note that 6" = o and rapidity-
reversal symmetry holds. (b) For the 2d classical tricritical contact process starting
from a single active site. The solid lines are a guideline with slope 2/z, —6 = —a, 1,
—6', and 1 — 1/z from top to bottom. The values of all critical exponents are z = 2.11,
6 =0.09, n = —0.35, and &’ = 1.21. Note that rapidity-reversal symmetry is broken.
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Figure D.4: Plots using the neural network approach. (a) Plot of the output averaged
over a test set as a function of @ for different system sizes. The value of the first (sec-
ond) output neuron is represented as solid (dashed) line. From this plot, we estimate
the crossing point of the two outputs and regard it as the transition point @, (N) for a
given system size N. The shaded regions @ € [0,3] and € [9, 12] indicate the train-
ing sets used in the convolutional NN (CNN) analysis. (b) Plot of @. — @.(N) versus
N, where @, is chosen so as to yield power-law behavior, which is typical near the
transition point @,. The slope represents the value of the critical exponent —1/v, . (c)
Scaling plot of the output versus (@ — ®.)N /L For the obtained numerical values of
v, and @, the data collapse well for system sizes N = 10, 12,14, 16, and 18. From (b)
and (c), we obtain . =~ 6.04 and v, = 1.06 £ 0.04. The units of control parameter is
given as Y.
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Figure D.5: Plot of n(t) as a function of ¢ for different @. For @ = 4.00, an exponen-
tially decaying curve is observed. On the other hand, for @ = 8.00, a stationary state
converges to a finite density. At the critical point @ = 6.04, it exhibits power-law be-
havior. System size is taken as N = 20.
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Appendix E

Appendix of chapter 7

E.1 Fluctuationless mean-field approach for DTI

To explore the MF phase transition, we extract the MF equation from the DQIM, one
may explore the equation of motion of observables. The equations of motion of an

observable O we employ the conjugate Master equation,
Al 1
%0 =i[Hs,0] +Y [t}éig—z{i}ig,é}} . (E.1)
(=1

Ignoring correlations and taking uniform fields, we arrive at the MF equations, which

are given by

o0 =4J0"c*-T'(1+0"),
. r
0,0° = —4Jo*0* —2Ac° — an,

r
d,0° =2A0” — 561. (E.2)

Then we find the transition line as follows:

T/J=4\/2(A/0) — (/7).
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Figure E.1: (a) Phase diagram of the fully-connected DTI in the parameter space (A, I').
Continuous transitions (solid line) occur. (b) Histogram of order parameter in steady
states as a function of I' at A = 0.1. Continuous transition occurs with Z, symmetry.
System size is taken as N = 128.

or equivalently

1+16(A/T)?

/= 32(A/T)

which corresponds to Fig.[7.1a) or[E.I[(a), respectively.

E.2 Phase transition in parameter space (A,I') at J =1

To verify the mean-field behavior, we use our exact numerical solution approach to
DTI model. The phase diagram in the parameter space (A,I') is shown in Fig. [E.Tfa),
and the order parameter curve at A = 0.1 is shown in Fig. [ET(b). It seems to be con-
tinuous, and we perform the finite-size scaling for various A. When the transition type
is continuous, then the critical behavior is shown and the critical exponent can be mea-
sured. In Fig.[E2] we perform the finite-size scaling at A = 0.1 and obtain the critical
exponents B = 0.5 and vV = d.v = 1.5. Thus, we conclude that the transition type of
DTI model in all parameter spaces is continuous. Furthermore, we find that the tran-
sition type and line are exactly the same as the result of the fluctuationless mean-field

approach instead of Keldysh formalism. The universality class belongs to the trans-
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Figure E.2: (a) Plot of |0%| as a function of I' —I'; at A = 0.1 for different system sizes,
which shows that |6%| ~ (I'—T.)# for B = 0.5. (b) Scaling plot of the rescaled order
parameter |6%|NB/" versus (I'—I'.)N'/V. The data are well collapsed onto a single
curve with B =0.5and v = 1.5.

verse Ising class where B = 0.5 and d. = 3, which is the results of conserving Z,

symmetry.

E.3 Fluctuationless mean-field approach for driven-dissipative

XY model

The fluctuationless mean-field equations for 6*(¢), 6”(¢), and n(t) is expressed

r
0,0 = -2Ac” —2JoY 0% — EGX (E.3)
r
0,6° =2Ac* - 2Qo*+2Jo6 0" — Eoy (E.4)
0,6°=2Q0” —T'(1+0%). (E.5)
For steady state,
(6°+1) (I +16(A+J0%)%) +8Q%*c* =0, (E.6)

#;rqu _CI:I_ ]_-_]5 &]
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which results in

(E.7)

o ((oz +1) (T2 4 16A2 + 162(67)? + 32AJ 67) ) 12
B —80° '

This mean-field equation exhibits a discontinuous phase transition for (J,A) /"= (4,0.5).

The full phase diagram of the model is more complex, but it is out of the scope of this

paper.

E.4 Fluctuationless mean-field approach for QCP

One can derive fluctuationless mean-field equations for 6*(¢), 6”(¢), and n(z).

i = onc® + (x — 1)n—2kn?,

. 1+«
6" =—-wo*c? — To"‘ — Kno”,

14+«

& — a){2n+(6x)2—4n2} o' — xkno’, (E.8)

where we rescale time, 1y — f, ®/Y — @, and k/Y — k. Then, the two solutions for

each region can be obtained. The first solution becomes
k=1l,0<1, (E.9)

and the second solution is

1/2
(1):<1+K—K2+\/(1+K—K2)2—K4) at k <1. (E.10)

The first (second) solution is the solid (dashed) line in Fig. 3(a) in the main text.
We remark that the universality class can be obtained using the Martin—-Siggia—

Rose formalism (See Table S1), which has the same transition lines.
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Table E.1: Critical exponents at a tricritical point for the MF-QCP.

Exact solution QIMC TDP! DP
o 0.49£0.02 0.47+£0.05 0.50 1.00
z 2.00+£0.01 2.00+£0.04 2.00 2.00
o’ 1.004+0.02 1.004+0.05 1.00 1.00

n 0.00£0.01 0.00£0.04 0.00 0.00

E.5 Observables of a single initial condition for QCP

First, we consider an initial state in which a single active seed is present at £ = 0, and
the remaining sites are inactive. This configuration is expressed as p(0) = &, Pab 6, -
We measure the following quantities: i) the survival probability, that is, the probabil-
ity that the system does not fall into an absorbing state, P(r) = 1 — Tr[p(¢)Pap]; ii)
the number of active sites, N,(¢) = Y, Tr[p(¢)f]; iii) the mean square distance of the
active sites from the origin, R*(t) = >, Tr[¢? p(t)iis] /N,(t). At the transition point,
these quantities exhibit the following power-law behaviors: P(r) o< t=% | N, (1) o< 7,
and R2(1) o< 12/7, py(t) o< t"~1/2. We estimate the exponents &', 1, and z by direct
measurement of the slopes in the double-logarithmic plots, as shown in Fig. We
estimate the exponent z using the data collapse technique. For instance, for the survival
probability P(r), we plot P(t)t® versus tN ¢ for different system sizes N. We deter-
mine z as the value at which the data for different system sizes collapse onto a single

curve.
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