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ADAPTIVE DENSITY ESTIMATION FOR GENERAL ARCH MODELS

F. COMTE*!, J. DEDECKER?, AND M. L. TAUPIN ?

ABSTRACT. We consider a model Y; = o¢7; in which (o¢) is not independent of the noise
process (1), but o is independent of 7; for each t. We assume that (o) is stationary and
we propose an adaptive estimator of the density of In(o7) based on the observations Y;.
Under various dependence structures, the rates of this nonparametric estimator coincide
with the minimax rates obtained in the i.i.d. case when (o) and (7¢) are independent,
in all cases where these minimax rates are known. The results apply to various linear
and non linear ARCH processes.

MSC 2000 Subject Classifications. 62G07 - 62M05. September 27, 2006
Keywords and phrases. Adaptive density estimation. Deconvolution. General ARCH
models. Model selection. Penalized contrast.

1. INTRODUCTION

In this paper, we consider the following general ARCH-type model: ((Y, 0¢))i>0 is a
strictly stationary sequence of R x RT-valued random variables, satisfying the equation

(1.1) Yy = oy

where (n:)iez is a sequence of independent and identically distributed (i.i.d.) random
variables with mean zero and finite variance, and for each ¢ > 0, the random vector
(0i,mi—1)o<i<t is independent of the sequence (1;);>¢.

The model is classically re-written via a logarithmic transformation:

(12) Zt = Xt + Et,

where Z; = In(Y;?), X; = In(0?) and &; = In(n?). In the context derived from the model
(1), X; and &, are independent for a given ¢, whereas the processes (X;);>0 and (g¢)sez
are not independent.

Our aim is the adaptive estimation of g, the common distribution of the unobserved
variables X; = In(c?), when the density f. of &, = In(n?) is known. More precisely we
shall build an estimator of g without any prior knowledge on its smoothness, using the
observations Z; = ln(Ytz)t and the knowledge of the convolution kernel f.. Since X; and &;
are independent for each ¢, the common density f; of the Z;’s is given by the convolution
equation fz; = g * f..

In many papers dealing with ARCH models, &; is assumed to be Gaussian or the log of
a squared Gaussian (when 7, is Gaussian, see van Es et al. (R00F) or in slightly different
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contexts van Es et al. (2003), Comte and Genon-Catalot (R00J)). Our setting is more
general since we consider various type of error densities. More precisely, we assume that
fe belongs to some class of smooth functions described below: there exist nonnegative
numbers kg, v, i, and 0 such that the fourier transform f of f. satisfies

(1.3) ro(@? + 1) exp{—plal’} < |2 (2)] < rp(a® +1) 7% exp{—plz|’}.

Since f. is known, the constants yu,d, kg, and vy defined in ([.3) are known. When 6 = 0
in ([L.3), the errors are called “ordinary smooth” errors. When x> 0 and § > 0, they are
called “super smooth”. The standard examples for super smooth densities are Gaussian or
Cauchy distributions (super smooth of order v = 0,0 = 2 and v = 0,0 = 1 respectively).
When &; = In(n?) with 7 ~ N(0,1) as in van Es et al. (003, R00F), then &, is super-
smooth with § = 1,7 = 0 and p = 7/2. An example of ordinary smooth density is the
Laplace distribution, for which § = 4 =0 and v = 2.

In density deconvolution of i.i.d variables the X;’s and the &;’s are i.i.d. and the se-
quences (X )¢>0 and (g¢)¢ez are independent (for short we shall refer to this case as the i.i.d.
case). In the setting of Model ([.7), the classical assumptions of independence between
the processes (Xt)¢>0 and (e¢)tez are no longer satisfied and the tools for deconvolution
have to be revisited.

As in density deconvolution for i.i.d. variables, the slowest rates of convergence for
estimating g are obtained for super smooth error densities. For instance, in the i.i.d case,
when ¢, is Gaussian or the log of a squared Gaussian and g belongs to some Sobolev class,
the minimax rates are negative powers of In(n) (see Fan ([[991))). Nevertheless, it has been
noticed by several authors (see Pensky and Vidakovic ([999), Butucea (R004), Butucea
and Tsybakov (R00F), Comte et al. (2006)) that the rates are improved if g has stronger

smoothness properties. So, we describe the smoothness properties of g by the set

—+00

(1.4) Sern(Ch) = {q,z) such that / 0% ()2 (2% + 1)* exp{2b|z|" }dz < 01}

for s,r,b unknown non negative numbers. When r = 0, the class S;,,(C1) corresponds
to a Sobolev ball. When r > 0,b > 0 functions belonging to Ss,,(C1) are infinitely many
times differentiable.

Our estimator of g is constructed by minimizing an appropriate penalized contrast
function only depending on the observations and on f.. It is chosen in a purely data-
driven way among a collection of non-adaptive estimators. We start by the study of those
non-adaptive estimators and show that their mean integrated squared error (MISE) has
the same order as in the i.i.d. case. In particular they reach the minimax rates of the
i.i.d. case in all cases where they are known (see Fan ([[991), Butucea (R004) and Butucea
and Tsybakov (003)). Next we prove that the MISE of our adaptive estimator is of the
same order as the MISE of the best non-adaptive estimator, up to some possible negligible
logarithmic loss in one case.

In their 2005 paper, van Es et al. (B005) have considered the case where 7, is Gaussian,
the density g of X; is twice differentiable, and the process (Z;, X;) is a-mixing. Here
we consider various types of error density, and we do not make any assumption on the
smoothness of ¢: this is the advantage of the adaptive procedure. We shall consider
two types of dependence properties, which are satisfied by many ARCH processes. First
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we shall use the classical G-mixing properties of general ARCH models, as recalled in
Doukhan (1994) and described in more details in Carrasco and Chen (R002). But we
also illustrate that new recent coefficients can be used in our context, which allow an
easy characterization of the dependence properties in function of the parameters of the
models. Those new dependence coefficients, recently defined and studied in Dedecker and
Prieur (R00H), are interesting and powerful because they require much lighter conditions
on the models. Such ideas have been popularized by Ango Nzé and Doukhan (R004)) and
Doukhan et al. (00G). For instance, these coefficients allow to deal with the general
ARCH(o0) processes defined by Giraitis et al. (P00Q).

The paper is organized as follows. Many examples are described in Section [, together
with their dependence properties. The estimator is defined in Section f. The MISE bounds
are given in Section [], and the proofs are given in Section 5.

2. THE MODEL AND ITS DEPENDENCE PROPERTIES
2.1. Models and examples. A particular case of model ([[.]]) is
(2.1) Yy = oy, with op = f(mi—1,me—2,...)
for some measurable function f. Another important case is
(2.2) Y; = oy, with oy = f(oy—1,m:—1) and o¢ independent of (1;):>0,

that is oy is a stationary Markov chain.
We begin with models satisfying a recursive equation, whose stationary solution satisfies
(B1). The original ARCH model as introduced by Engle ([[982) was given by

(2.3) Y =1/a+bY2 m, a>0,b>0

It has been generalized by Bollerslev ([[98) with the class of GARCH(p, ¢) models defined
by Y; = oy and

P q
(2.4) of =a+ Y aYP;+ Y bjot

i=1 j=1
where the coefficients a,a;,7 = 1,...,p and b;,j = 1,...,q are all positive real numbers.

Those processes were studied from the point of view of existence and stationarity of solu-

tions by Bougerol and Picard ([[9924, [[992H) and Ango Nzé ([[993). Under the condition
P ai+ 23‘21 b; < 1, this model has a unique stationary solution of the form (P.1).
Many extensions have been proposed since then. A general linear example of model is

given by the ARCH(0o) model described by Giraitis et al. (2000):
(2.5) of = Q+ZantQ—j,
j=1

where ¢ > 0 and a; > 0. Again if ) .., a; < 1, then there exists a unique strictly
stationary solution to (B.5) of the form (@)

For the models satisfying (2.9), let us cite first the so-called augmented GARCH(1,1)
models introduced by Duan ([1997):

(2.6) A(o?) = c(ne—1)A(o7 1) + h(n-1),
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where A is an increasing and continuous function on R*. We refer to Duan ([997) for
numerous examples of more standard models belonging to this class. There exists a sta-
tionary solution to (R.6), provided c satisfies the condition A} given in Carrasco and
Chen (R002) (this condition is satisfied as soon as E(|c(n)[*) < 1 and E(|h(no)|*) < oo for
integer s > 1, see the condition Ag of the same paper). An example of the model (R.G) is
the threshold ARCH model (see Zakoian ([[993)):

(2.7) or = a+bor1n-11ly, w0y — cor—1m—11g,_ <0y, a,b,c>0

for which ¢(n—1) = bnt,ll{m_l>0} —cem—11gy, <oy and h = a. In particular, the condition
for the stationarity is satisfied as soon as bV ¢ < 1.

Other models satisfying (R.2) are the non linear ARCH models (see Doukhan ([994), p.
106-107), for which:

(2.8) or = f(ot-1m-1)-

There exists a stationary solution to (B.§) provided that the density of 7 is positive on a
neighborhood of 0 and lim supy,| ., |f(z)/z] < 1.

In the next section, we define the dependence coefficients that we shall use in this
paper, and we give the dependence properties of the models (B-3)-(R.§) in terms of these
coefficients.

2.2. Measures of dependence. Let (€2, A, P) be a probability space. Let W be a random
vector with values in a Banach space (B, || -|[p), and let M be a o-algebra of A. Let Pyy|aq
be a conditional distribution of W given M, and let Py be the distribution of W. Let
B(B) be the Borel o-algebra on (B, ||-||z), and let A1(B) be the set of 1-Lipschitz functions
from (B, | - ||g) to R. Define now

BM,o(W)) = E( sup [Pyia(A) - Pw(4)]),
AeB(X)

and if E(|W||g) < oo, 7(M,W) = E(fesku?m!PWM(f)—Pw(f)!)-

The coefficient (M, o(W)) is the usual mixing coefficient, introduced by Rozanov and
Volkonskii ([[960)). The coefficient 7(M, W) has been introduced by Dedecker and Prieur
(B007).

Let (Wy)i>0 be a strictly stationary sequence of R?-valued random variables. On R?
we put the norm ||z — y||gz = |21 — y1| + |22 — y2|. For any k > 0, define the coefficients

(2.9) ﬁl(/{?) = ﬁ(o‘(Wg), O’(Wk)), and if E(HWOHRQ) < 00, Tl(k) = T(O’(WQ), Wk)

On (R?)!, we put the norm |z — Yllrey = I7Y(||lor — vallge + - + ||z — willg2). Let
M; = 0(W,0 < k <1i). The coefficients (k) and 7 (k) are defined by

(2.10) Boo(k) = supsup {B(M;, (Wi, ..., Wy,)),i+k <ip <--- <7},
i>0 1>1

and if E(||[W1[|ge2) < oo,

(2.11) Too(k) = supsup {7(M;, Wi,,.... W), i+ k <ip <--- <7i}.

i>0 1>1
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We say that the process (W;)i>o is S-mixing (resp. 7-dependent) if the coefficients
Boo(k) (resp. Too(k)) tend to zero as k tends to infinity. We say that it is geometrically
B-mixing (resp. 7-dependent), if there exist a > 1 and C' > 0 such that (. (k) < Ca*
(resp. Too(k) < Ca¥) for all k > 1.

We now recall the coupling properties associated with the dependency coefficients. As-
sume that €2 is rich enough, which means that there exists U uniformly distributed over
[0, 1] and independent of MV o (W). There exist two MV o (U)Vo(W)-measurable random
variables W} and W3 distributed as W and independent of M such that

(212)  BM,o(W)) =B(W £W;) and 7(M,W)=E(|W - W;|).

The first equality in (2.19) is due to Berbee ([[979), and the second one has been estab-
lished in Dedecker and Prieur (RP00F), Section 7.1.

As consequences of the coupling properties (R.19), we have the following covariance
inequalities. Let || - [[so,p be the L°(Q,P)-norm. For two measurable functions f,h from
R to C, we have

(2.13) [Cov (f(Y), M(X))| < 2/ f (V) loo p 1M X)]|o0,p B(e(X),0(Y)).-
Moreover, if Lip(h) is the Lipschitz coefficient of h,

(2.14) [Cov (f(Y), h(X))[ < [[f(Y)llo,pLip(h) (o (Y), X).
Thus, using that ¢ — €™ is |z|-Lipschitz, we obtain the bounds

(2.15) |Cov(e™®2t, e ®Xk)| < 281 (k — 1) and  |Cov(e®?1,Xk)| < |z|m(k—1).

2.3. Application to ARCH models. For the models ([.]) and ([.J), the S-mixing

coeflicients of the process

(2.16) (Wilez = (Ze, X4) )eez

are smaller than that of ((Y;,0¢))tcz (because of the inclusion of o-algebras). If we assume
that in all cases the 7,’s are centered with unit variance and admit a density with respect
to the Lebesgue measure, then

e The process ((Yz,01))iez defined by Model (B.3) is geometrically S-mixing as soon
as 0 <b< 1

e The process ((Y;,0¢))ez defined by Model (R-4) is geometrically S-mixing, as soon
as iy a; + 35 bj <1 (see Carrasco and Chen (Rood, R002)).

e The process ((Y;,0¢))icz defined by Model (R.6) is geometrically 3-mixing as soon
as: the density of 7 is positive on an open set containing 0; ¢ and h are polynomial
functions; there exists an integer s > 1 such that |c¢(0)] < 1, E(|e(no)|®) < 1, and
E(|h(1m0)|*) < oo. See Proposition 5 in Carrasco and Chen (2002).

e The process ((Y;,0¢))iez defined by Model (R.7) is geometrically 3-mixing as soon
as0<bVe<l.

e The process ((Y;,0¢))iez defined by Model (R.§) is geometrically 3-mixing as soon
as the density of 7 is positive on a neighborhood of 0 and lim supjy|_, 10 | f(2)/2] <
1 (see Doukhan ([1994), Proposition 6 page 107).
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Note that some other extensions to nonlinear models having stationarity and dependency
properties can be found in Lee and Shin (R005).

Concerning the 7-dependence, here is a general method to handle the models (R.1))
and (2.9). The following Proposition will be proved in appendix (see Ango Nzé and

Doukhan (R004) and Doukhan et al. (B00G) for related results).

Proposition 2.1. Let Y; and oy satisfy either (1) or (B-3). For Model ([2.1), let (})iez

be an independent copy of (N)iez, and for t > 0, let of = f(Ne—1,- -, 01,1000 _15---)-
For Model ([23), let oy be a copy of oo independent of (oo, )iez, and for t > 0 let

of = f(o}_1,m—1). Let 6, be a non increasing sequence such that
(2.17) 2E(|oz — (07)%]) < 6 .
Then

(1) The process ((Y2,02))i>0 is T-dependent with Too(n) < &y.

(2) Assume that Y¢, o3 have densities satisfying max(f,2(x), fy2(z)) < C|In(z)|*z~°
in a neighborhood of 0, for some a > 0 and 0 < p < 1. The process ((X¢, Zt))t>0
is T-dependent with Too(n) = O((&n)(l_")/@_p”ln( )| (1He)/ =)y,

Consider Model (2.3), and assume that ¢ = 1a; < 1. Let then ((Y:,0¢))iez be the
unique strictly stationary solution of the form (@) Then (-) holds with

— ; /k .
su=0( it {7+ ¥ ).
i=k+1
Note that if 03 and 72 have bounded densities, then fy2(z)) < C|In(z)| in a neighbor-
hood of 0, so that Proposition R.1(2) holds with p =0 and « = 1.
Under the assumptions of Proposition P.1|(2), we obtain for Model (R.5) the following
rates for ((X¢, Zt))i>o0:
o If a; =0, for j > J, then ((Xt, Z;))t>0 is geometrically T-dependent.
o If aj = O(H) for some b < 1 then 7o (n) = O(kV™) for some x < 1.
o If a; = O(j~°) for some b > 1 then 7 (n) = O(n"t1=P)/2=0) (In(n))(b+2)(1+a)/2),
For more general models than (R.H), we refer to Doukhan et al. (R004).
For Model (2.9), if there exists x < 1 such that

(2.18) E(|(f(x,m0))? = (f(y,m0))?]) < wl2® — 97|,

then one can take 6, = 4E(c2)x". Hence, under the assumptions of Proposition R.1(2)

((X¢, Zt))i>0 is geometrically 7 dependent. An example of Markov chain satisfying (R.18)
is the autoregressive model o7 = h(c?_;) + r(m—1) for some r-lipschitz function h.

3. THE ESTIMATORS

For two complex-valued functions u and v in Ly(R) N L (R), let u*(z) = [ e"®u(
uxv(x) = [u(y)v(z —y)dy, and (u,v) = [u(x)v(z)dz with Z the conjugate of a complex
number z. We also denote by |ulliy = [|u(z)|dz, |[ul|*> = [|u(z)]?dz, and ||jullx =

supgeg [u(z)].
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3.1. The projection spaces. Let p(z) = sin(rz)/(mx). For m € N and j € Z, set
©m.j(z) = /mp(ma — j). The functions {¢., j}jcz constitute an orthonormal system in

L2(R) (see e.g. Meyer ([1990), p.22). Let us define
S =span{e,, ;, j € Z},m € N.

The space S,, is exactly the subspace of Lo(R) of functions having a Fourier transform
with compact support contained in [—wm,7m|. The orthogonal projection of g on Sy, is
Im = ZjeZ Um,j(9)Pm,; where apm, j(9) =< ¢©m,j,g >. To obtain representations having a
finite number of ”coordinates”, we introduce

St = span {pmj, || < kn}
with integers k,, to be specified later. The family {gpmJ}‘ j|<k, 1s an orthonormal basis of
Sfﬁ) and the orthogonal projections of g on Sfﬁ) is given by g,(g) = z\j|<k‘n A, i (9)Pm. ;-
) <

Subsequently a space S,(g will be referred to as a "model” as well as a ”projection space”.

3.2. Construction of the minimum contrast estimators. We subsequently assume
that
(3.1) fe belongs to La(R) and is such that Vo € R, ff(x) # 0.

Note that the square integrability of f. and ([[.3) require that v > 1/2 when § = 0. Under
Condition (B.1]) and for or ¢ in sin ), we define the contrast function

_l" 2 _2ul(Z; wi u:U:i t'(-2)
(0= S [ =220 itk o) = ()

Then, for an arbitrary fixed integer m, an estimator of g belonging to S,(A,? ) is defined by

(3.2) 3" = arg min ,(t).

tesi
By using Parseval and inverse Fourier formulae we obtain that E [u}(Z;)] = (¢, g), so that
E(y,(t)) = ||t — g||*> — ||lg]|? is minimal when ¢ = g. This shows that -, (t) suits well for the
estimation of g. It is easy to see that

n

. . A 1 X .
gﬁg) = Z Um,jPm,; With an,; = - Zuwm’j (Z;), and E(apm ;) =< g, 0m,j >= am,;(9).
l71<kn, i=1

3.3. Minimum penalized contrast estimator. The minimum penalized estimator of

(n)

ﬁ”l,g

of the estimation procedure lies in the choice of m = 7 (or equivalently in the choice of
(n)

model ST(%L )) involved in the estimators gy~ given by (B.2), in order to mimic the oracle
parameter

g is defined as § = g’ where M, is chosen in a purely data-driven way. The main point

(3.3) ing = argminE || g — g [ .
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The model selection is performed in an automatic way, using the following penalized
criteria

(3.4) g= gfg) with 7 = arg {gnin , [yn( ")) + pen(m)| ,
me{1,-,mn

where pen(m) is a penalty function that depends on f*(-) through A(m) defined by

(3.5) Am =g [ TR

The key point in the dependent context is to find a penalty function not depending on the
dependency coefficients such that

Elg-gl?’<C _inf S i =g |*
me{l

oy

In that way, the estimator g is adaptive since it achieves the best rate among the estimators

~(1)

gm~ , without any prior knowledge on the smoothness on g.

4. DENSITY ESTIMATION BOUNDS

;From now on, the dependence coefficients are defined as in (2.9), (R.10) and (R.11)
with (Wy)iez = ((Z1, X¢) )iez-
4.1. Rates of convergence of the minimum contrast estimators g,ﬁ,’} ). Subsequently,
the density g is assumed to satisfy the following assumption:

(4.1) g € Ly(R), and there exists Ma > 0, /x2g2(m)dm < M < oo.

Assumption (1)), which is due to the construction of the estimator, already appears in
density deconvolution in the independent framework in Comte et al. (2005, R004). Tt is
important to note that Assumption (i.1)) is very unrestrictive. In particular, all densities
having tails of order |z|~(**1) as x tends to infinity satisfy (fd]) only if s > 1/2. One can
cite for instance the Cauchy distribution or all stable distributions with exponent r > 1/2
(see Devroye ([[98€))). The Lévy distribution, with exponent r = 1/2 does not satisfies

ED).
Note that ([1)) is fulfilled if g is bounded by My and E(X?) < M; < +oo, with

My = MyM;.
The order of the MISE of gff; ) is given in the following proposition.
Proposition 4.1. If ([5.1) and (1) hold, then g A(n defined by ([3.3) satisfies

m?(Msy + 1) n 2A(m) n 2R,
kn, n n ’

Elg — 3| < llg — gml* +

where

C za:Zl zxXk
(4.2) Ry =~ Z/ ov (¢, ‘dm
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Moreover, Ry, < min(R,, 3, Rm. r), where

n—1 n—1
Rymp = 4A15(m) Z Bi(k) and Ry . =mmlAy,(m) Z T1(k),
k=1 k=1
with (1, 71 defined by (2.9), and where

1 /™ 1
43 B =g [

This proposition requires several comments.

As usual, the order of the risk is given by a bias term || g,, — g ||> +m?(Mz + 1)/k,, and
a variance term 2A(m)/n + 2R,,/n. As in density deconvolution for i.i.d. variables, the
variance term 2A(m)/n+2R,, /n depends on the rate of decay of the Fourier transform of
fe. It is the sum of the variance term appearing in density deconvolution for i.i.d. variables
2A(m)/n and of an additional term 2R,,/n. This last term R,, involves the dependency
coefficients and the quantity A /5(m), which is specific to the ARCH problem. The point
is that, as in the i.i.d. case, the main order term in the variance part is A(m)/n, which
does not involve the dependency coefficients. In other words, the dependency coefficients
only appear in front of the additional and negligible term A;/5(m)/n, specific to ARCH
models.

The bias term is the sum of the usual bias term || g,, —g ||?, depending on the smoothness
properties of g, and on an additional term m?(Ms + 1)/k,. With a suitable choice of k,,
not depending on g, this last term is negligible with respect to the variance term.

Concerning the main variance term, A(m) given by (B.§) has the same order as

D(m) = (14 (wm)2) (xm) ' exp { 2p(7m)° },

up to some constant bounded by

(4.4) A (fe, ko) = ; where R(u,6) = i5—0} + 261550y

kTR (11, 0)
The rates resulting from Proposition [.1] under ([L.3) and ([L.4) are given in the following

proposition.

Corollary 4.1. Assume that ([.3), 1), and (1) hold, that g belongs to Ss,,(Ch)
defined by ([[.]), and that k, > n. Assume either that

(1) g1 B1(k) < +o0

(2) ord=0,y>1in ([I.3) and > ;- 11 (k) < +o0

(3) oré>0in ([.3) and > k>1 T1(k) < +oo.

Then gﬁ,?) defined by (13.3) satisfies

21 (fe, o)L (m)

(4.5) Ellg—3™|? < %(mzw2+1)_5 exp{—2bn"m"} + +@r(m)om(1),
s n

where Cy and Cy are finite constants. The constant Co depends on'y ;. B1(k) (respectively

on Zk21 T1(k)).
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If v = 1 when § = 0, then the bound [£.§ becomes

(4.6) Ellg — g5 )* < g; (m?m% 4+ 1) "% exp{—2bx"m"} + 2+ (L, KO)F(m),
n

with Cy depending on >, ~, B1(k) (respectively on ), 71 (k)).

The rate of convergence of gf;‘) is the same as the rate for density deconvolution for
i.i.d. sequences. Our context here encompasses the particular case considered by van Es
et al. (2005).

Table 1 below gives a summary of these rates obtained when minimizing the right hand
of ([LH). The 7, denotes the corresponding minimizer (see B.9).

TABLE 1. Choice of m, and corresponding rates under Assumptions ([L.3)

and (L.4).
Je
0=0 §5>0

ordinary smooth supersmooth
r= Ty = O(n!/ (25+27+1) Tihg = [In(n)/ (21 + 1)]/2
Sobolev(s) rate = O(n 2%/ (2s+27+1)) rate = O((In(n))~2%/%)
r>0 f = [1 opl L/ mg solution of

z ™™g = H(n)/ ] m2s+2'y+177~ eXp{Qﬂ(WﬁLg)6 + QbWTﬁLT}
g C 1n(n)(2v+1)/r g g
rate = O <7> = O(n)
n

When r > 0,0 > 0 the value of m, is not explicitly given. It is obtained as the solution
of the equation
ﬁ128+27+1_r exp{2u(ming)® + 2bm"my} = O(n).

Consequently, the rate of g(u ") s not easy to give explicitly and depends on the ratio /.

If /4 or 6 /r belongs to ]k:/(k: +1); (k+1)/(k+2)] with k integer, the rate of convergence
can be expressed as a function of k. We refer to Comte et al. (R006) for further discussions
about those rates. We refer to Lacour (P00f) for explicit formulae for the rates in the
special case r > 0 and 0 > 0.

4.2. Adaptive bound. Theorem [L.]] below gives a general bound which holds under weak
dependency conditions, for € being either ordinary or super smooth.
For a > 1, let pen(m) be defined by

A
192627 ip0 < 5 <173,

(4.7) pen(m) = ¥ min((38/2—1/2)+,8))
Gaar, 20T

if § > 1/3,

n

where A(m) is defined by (B.5). The constant A1 (fs, so) is defined in (f4) and

32um?
(4.8) A3=1+ W <(\/_+8 | fellookig "/ A1 (fe, ko) To<s<1 +2)\1(f57ffo)115>1>
[SRRAd0]
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The important point here is that Az is known. Hence the penalty is explicit up to a nu-
merical multiplicative constant. This procedure has already been practically studied for
independent sequences (Xt);>1 and (g¢);>1 in Comte et al. (R00F, R00d). In particular,
the practical implementation of the penalty functions, and the calibration of the constants
have been studied in the two previously mentioned papers. Moreover, it is shown therein
that the estimation procedure is robust to various types of dependence, whether the errors
g;’s are ordinary or super smooth (see Tables 4 and 5 in Comte et al. (2007)).

In order to bound up pen(m), we impose that

/v ) if6=0
4.9 n < - 1/
(4.9) My < In(n) n 2y +1 5ln In(n) 550,
2u 261 2u

Subsequently we set
(4.10) Co = max(k2, 2r,) where r, = (a +1)/(a — 1).

Theorem 4.1. Assume that f. satisfies ([[.3) and B4, that g satisfies (1), and that m,

satisfies ([.9). Let pen(m) be defined by ([.1). Consider the collection of estimators gﬁf;’
defined by (5.3) with ky, > n and 1 < m < m,,. Let Bo and 7o be defined as in (£.10)
and respectively. Assume either that

(1) Boo(k) = Ok~ for some 6 > 3
(2) ord =0,y >3/2in (L.3) and Too(k) = O(k~H0)) for some 6 > 3 +2/(1 + 27)
(3) ord >0 in (I.3) and 7o (k) = O(k~O+D) for some 6 > 3.

Then the estimator g = gf{j) defined by (3.4) satisfies

B . m2(Ms + 1 C
@1 E(lg-glH<Ca _inf [lg— gl +pen(m) + 2] C
me{l, mn} n n

where C, is defined in [{f.10) and C is a constant depending on f., a, and > k1 Boo (k)
(respectively on Yy ~q Too(K) ).

Remark 4.1. In case (2), when § = 0 in ([L.3), the condition on @ is weaker as +y increases
and f. gets smoother.

The estimator g is adaptive in the sense that it is purely data-driven. This is due to the
fact that pen(.) is explicitly known. In particular, its construction does not require any
prior smoothness knowledge on the unknown density g and does not use the dependency
coefficients. This point is important since all quantities involving dependency coefficients
are usually not tractable in practice.

The main result in Theorem [L.] shows that the MISE of § automatically achieves the
best squared-bias variance compromise (possibly up to some logarithmic factor). Conse-
quently, it achieves the best rate among the rates of the gﬁf; ), even from a non-asymptotical
point of view. This last point is of most importance since the m selected in practice are
small and far away from asymptotic. For practical illustration of this point in the case of
density deconvolution of i.i.d. variables, we refer to Comte et al. (R00F, P006). Another

important point is that, if we consider the asymptotic trade-off, then the rates given in
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Table [I| are automatically reached in most cases by the adaptive estimator g. Only in
the case 6 > 1/3 and r > 0, a loss may occur in the rate of §. This comes from the
additional power of m in the penalty for ¢ > 1/3 with respect to the variance order A(m).
Nevertheless, the resulting loss in the rate has an order which is negligible compared to
the main order rate.

As a conclusion, the estimator g has the rate of the i.i.d. case, with an explicit penalty
function not depending on the dependency coefficients.

5. PROOFS

5.1. Proof of Proposition .1 The proof of Proposition [i.1] follows the same lines as
in the independent framework (see Comte et al. (2006)). The main difference lies in the
control of the variance term. We keep the same notations as in Section B.3. According to
(B.2), for any given m belonging to {1,--- ,my,}, g,(,?) satisfies, 'yn(gy(,?)) —'yn(gT(ﬁ)) < 0. For
a random variable T with density fr, and any function ¢ such that ¥ (7T') is integrable, set
V() =n 130 [W0(T;) — (@, fr)]. In particular,

n

(51) o (i) =~ S [ ()~ (19)]

i=1
Since
(5.2) T(t) = Yu(s) = It = glI> = lIs = gl — 2vn,z(ui_y),
we infer that
(5:3) lg = 35012 < llg = 951 + 2mz (W) ) -

Writing that G, ; — am,; = sz(uf;m’j), we obtain that

vz (W o) = D (amg = amgvnz(, ) = Y lnzl, )

191 <kn 171 <kn
Consequently, E|g — gﬁ,?) 12 < |lg— g,(ﬁ,?) 1% +2 djez E[(Vn,z(u*wm’j))Q]. According to Comte
et al. (E000),

mm)*(Mz +1)
6:4) llg— 9012 =1 9~ g 12 +lgm — o212 <l g — g 2 + TLLEHD
n

The variance term is studied by using first that for f € L;(R),

(5.5) Unz(f) = /sz(eix')f(x)dm.

Now, we use (b.5) and apply Parseval’s formula to obtain

(St ) = g ([ e 0

JEZ
1 ™ g T\ |2
(5.6) = = —|”"’*Z(e 2)| dz.
21 Jam | fE(@)]
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Since vy, z involves centered and stationary variables, we have
A A 1 . 1 . A
(5.7)  Elvnz(€™)|* = Var|v, z(e™)| = — Var(e™#1) + — Z Cov(e®%k  ¢io2t),
" " <iAi<n
It follows from the structure of the model that, for k < [, ¢; is independent of (X;, Z), so
that E(e®%r) = f*(x)g*(z) and E(e?*(41—2k)) = f*(z)E(e*(X1=%)). Thus, for k < I,
(5.8) Cov(e™®Zk 221y = f*()Cov(e®Zr eiX1),

;From (b.]) and the stationarity of (X;);>1, we obtain that

. 1 2& 4 .
)2 Z X *
(5.9) Elvp,z(e™)|” < gl 32 |Cov(e™ 2, e 0)| | f2(2)].
The first part of Proposition .1 follows from the stationarity of the X;’s, and from (f.3),

(E4), (B.) and (£.9).

The proof of R, < min(R,, g, Ry,7), where R,, 3 and R, ; are defined in Proposition
K1), comes from the inequalities (R.17) in Section R.3. Hence we get the result.0

5.2. Proof of Corollary f.1. According to Butucea and Tsybakov (R00F), under ([[.3),

we have

A (fe, 60)T(M) (1 + 01 (1)) < A(m) < A (fe, k0)T(m)(1 4 0, (1))  as m — oo, where

(5.10) T(m) = (1 + (7m)?)?(7m)* =% exp {2u(7m)° },
where )1 is defined in (f.4). In the same way
M(fe, k)T (m)(1 + 0 (1)) < Aypa(m) < Mi(fe, k0)T(m)(1 4 0m(1)) as m — oo,
where
T(m) = (L+ (wm)*)"/?(mm)' = exp(u(mm)’)
N(fero) = [rgn(Ugs_oy + pollsagy)] .

It is easy to see that Aj/s(m) < y/mA(m) and hence Ay /5(m) = I'(m)op,(1). Now, as
soon as v > 1 when § = 0, mA5(m) = I'(m)on(1). Set my such that for m > m; we
have

(5.11) 0.5X1 (f=, ko)T(m) < A(m) < 2\ (fe, ko)T'(m),
and
(5.12) 0.5X1 (fe, k)T () < Aqjp(m) < 2X1(fe, ko)T(m).

If 374 Bi(k) < +oo, (L) and (f1) hold, and if k, > n, then we have the upper bounds:
for m > mi, At = M(fe, ko) and A = Ai(fe, ko),

(n m*(My+1)  2\I(m) — T'(m
Bllg— g2 < g — gl + TORHL PO gos g P
E>1
2(My+1)  2)\T C k)L (m
< Hg—gmHQ—i-m( ng+ )+ 1n(m)+ (Zk21ﬂ;( DIN )om(l).
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In the same way, if >, -, 71(k) < 400, if v > 1 when § = 0, if (L.3) and ([LT) hold, and if
k, > n, then we have the upper bound: for m > myq,

m2(My +1)  2X\T(m
Bllg— 601 < llg— gl + O L PO oS g1y )
k>1
m2(My +1)  2MT(m) Ok 1(k))L(m)
< lg—gml?+————+= "+ - om(1).

Since v > 1 when § = 0, the residual term n~'m?(My + 1) is negligible with respect to
the variance term.

Finally, g, being the orthogonal projection of g on Sy, we get g5, = ¢" U5 1mr] and
therefore

2

1 *
l9 =9l = 5216”3l = 5= [ lg"Playde
|x|>7m
If g belongs to the class Ss,5(C1) defined in ([L.4), then

C
g — gml* < 2—1(m27r2 + 1) % exp{—2bx"m"}.
m
The corollary is proved. O
5.3. Proof of Theorem [.1. By definition, § satisfies that for all m € {1,--- ,m,},

n(9) + pen(rin) < Yn(gm) + pen(m).
Therefore, by using (p.9) we get

15— g1 < 119" = gl1> + 2vm2(u,_y) + pen(m) — pen(in),

where v, 7 is defined in (B.I). If ¢ = ¢; + to with ¢ in ST(:LL) and ¢ In SSZ,), t* has its
support in [—rmax(m,m’), rmax(m,m’)] and ¢t belongs to S( ") Set By, (0,1) =

max(m,m’)"
{t € S\ e / It =1} and write

max(m,m
n 2@ o) <1G—aw|  suwp (v z(up)].
g—9gm t€ By (0,1)
Using that 2uv < a~'u? + av? for any a > 1, leads to
g —gl> < lg% =gl +a g — g I* + P 1)(Vn,z(u;*))Q + pen(m) — pen(7i).

Proof in the G-mixing case.

We use the coupling methods recalled in Section .3 to build approximating variables for
the W; = (Z;, X;)’s. More precisely, we build variables W} such that if n = 2p,g, + 7y,
0<r,<qgnand £=0,---,p,—1

Ep = Watg, 11, s Wt 1)gn)s Fo = Wiaes1)gut15 - Waes2)gn)»
Ef = (Wiga1s - Wheinyg)s 6= Wheinygns1s - Waes2)gn)-
The variables Ej and Fj are such that

- I} and Ey are identically distributed. F} and Fy are identically distributed.
- P(EZ 7é E;) < ﬁoo(Qn) and P(Fé 7é Fz*) < ﬁoo(Qn)a
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- Ej and MoV o(Ey, Ey,...,E_1, Ej, EY,--- ,E}_) are independent, and therefore
independent of M,_1),, and the same holds for the blocks F.
For the sake of simplicity we assume that r,, = 0. We denote by (Z}, X}) = W} the new
couple of variables. We start from
‘2

(513) 1g—g < rall g =gl +ara sup |vnz(up)|* + ra(pen(m) — pen(in)),

tEBm’m (071)

where k, is defined in ([.1(). Using the notation (p.1]), we denote by ¥ ,(u;) the empirical

contrast computed on the Z*. Then we write

1G—gl> < r2lg—g8?+2ara  sup |1 4(u})]* + Ka(pen(m) — pen(ri))

tEBmJ;L(O,l)
+2ak,  sup |1 g (uf) = va,z(up) .
t€By,, 7 (0,1)
Set
(5.14) Ty(m,m'):=[ sup ‘I/;:’Z(t)‘z —p(m,m')]+.
t€B,,, 1 (0,1)
Hence
13 =91 < w2llg = g5 I* + 2ak, Ty (m, 1) + kg (2ap(m, i) + pen(m) — pen(in))
+2a/€a sup ’sz(ut) Vp Z(ut)’2
teBm m(o 1)
< wallg = g |I? + 2kapen(m) + 2aka  sup |vpz(up) = vy 2(uf)]?
tEBmJ;L(O,l)
(5.15) +2ak, Ty (m,m)
where pen(m) is chosen such that
(5.16) 2ap(m,m') < pen(m) + pen(m’).
Now write
(=)
Y ,Z(U*) —V*Z(u*) — / 1wl Z{L‘Z ] dr
n t n, t 27‘(‘ n Z fe( )
. t*(=x)
= — [ [Vnz( o (e)] dx.
/ " " fz(x)
Consequently,
(5.17)
2 o ' w2 L
B sup ) v i)P] £ [ Elns(e®) - v (e e
t€EBm 1 (0,1) —TTmy, ’fa (1‘)’
Since
Ellvnz(e") = v5 2] = Ellvnz(e™) = vy 2(€ )z, 27 ")

IN

E[% kz ’]IZHEZ; ’2} < 4ﬁoo(Qn)7
=1
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we obtain that

(5.18) Bl swp az(u) = v ()] < 4Bu(an)Almy).
t€B, »/(0,1)

By gathering (5.15) and (F.1§) we get

Ellg— g|*> < &2]lg — ¢ |? + 2ax Z E[T};(m,m)] + 2kapen(m) + 2akqBoc (¢n) A(my).

Therefore we infer that, for all m € {1,--- ,m,},
(519)  Ellg—3l” < Ca [lg — 98I + pen(m)| + 2ara(Cy + C3) /n,

provided that

Mmn

(5.20) A(mn)Boo(gn) < Ci/n and > E(Tj(m,m')) < Co/n.
m/=1

Using (p.11]), we conclude that the first part of (f.20) is fulfilled as soon as
(5.21) M 27170 exp{20um0mn Y Boo (qn) < CF /n.

In order to ensure that our estimators converge, we only consider models with bounded
penalty, and therefore (5.21)) requires that Bu(g,) < C}/n?. For ¢, = [n¢] and B (k) =
O(n='7%), we obtain the condition n~°1+%) = O(n=2). If § > 3, one can find ¢ €]0,1/2],
such that this condition is satisfied. Consequently, (f-21)) holds.

To prove the second part of (5.20), we split T*(m,m’) into two terms

T;(mv ml) = (Trt,l(m7 m/) + Tg,Q(m7 m/))/27
where, for k = 1,2,

(5.22)

Pn  4n

2 !/
[teB:lp( ann;Z 1 (7 (2ot k-1)g0+0) — (9| —pk(m,m)L

rf,k(mv m/) -

We only study T}y ; (m,m') and conclude for T}y o (m,m’) analogously. The study of T}y ; (m,m’)
consists in applying a concentration inequality to 1/;:71(1?) defined by

Pn  4n 1 Pn
(5.23)  wpa(t) N (0 (g 40) — (9)) = D v o).
Prln 2y i1 Pn

The random variable vy, ;(u;) is considered as the sum of the p, independent random
variables v ,(t) defined as

qn

(5.24) vy o(ur) = (1/gn) Zuf(zﬂqﬁj) —(t, 9)-
=1



ADAPTIVE DENSITY ESTIMATION FOR ARCH-TYPE MODELS 17

Let m* = max(m,m’). Let Mj(m*), v*(m*) and H*(m ) be some terms such that
supien, . 01) || Vg, o(Uf) [loo< MY (m*), supiep 1) Var(vy, ,(uf)) < v*(m) and lastly
E(supen, ,01) Vi1 (ui)]) < H*(m"). According to Lemma b.9 we take

2A(m* 24/ Ag(m*
() = 22Uy () = /A and ot (m*) = —22(’” .Jz)
Tqn
where
™m _ 2
(5.25) Ao(m, f7) = / / |fo |2d dy.
o [f2(2) f2(y)]
From the definition of T}y, (m,m’), by taking pi(m,m ) = 2(1 + 262)(H*)?(m*), we get
(5.26) E(Tyy(m,m)) <E[  sup |y (uf) — 2(1+26%)(H*)*(m")] | .
teBm,m’ (0,1)

According to the condition (p.1q), we thus take
pen(m) = dap(m,m) = 4a(2p1(m,m) + 2pa(m,m)) = 16ap; (m,m)
(5.27) = 32a(1+2¢%)(2n 'A(m)) = 64a(1 + 26%)n ' A(m).
where {2 is suitably chosen. Set mgy and mg as defined in Lemma @, and set mj such

that for m* > mq, A(m*) satisfies (b.11]). Take mg = my V ma V m3. We split the sum
over m’ in two parts and write

(528) 3 ETL(m)= Y ETLm)+ Y E(Thy(mm)).
m/=1 m/|m*<mg m/|m*>mg

By applying Lemma p.4, we get E(T}; | (m,m')) < K[I(m*) 4+ I1(m*)], where
Ag(m* A(m* A(m*
I(m*) = VAa(m?, fz) exp {—2K1£2*(L*)} , II(m™*) = (ZL ) exp {—2K1§C’(£) E} .
Pn v*(m*) P an
When m* < mg, with my finite, we get that, for all m € {1,--- ,m,},

S E(RY () < S0

n
m/|m*<mg

We now come to the sum over m’ such that m* > my. It follows from Comte et al. (2006)
that

* * 2 A2(m*,fz) * FQ m*
(5.29) vr(m*) = ST T < 2A3(fe ko) ;n ),
with
(5.30) N5 (fey ko) = kg /21 || for || T5<1 4 Tsoa
where A1 = A1 (fz, ko) is defined in ([£4) and
(5.31)

Dy(m) = (1 + (wm)2)7 (rm)n(0/2=8/2.00) xp (1 (m)) = (rm)~ (/2524 T ().
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By combining the left hand-side of (5.11]) and (F.29), we get that, for m* > my,
A5 (fe, Ko)l'2(m”) { K&\ (fe, Kp) -
I m* < 2 ’ ex _ (] * (1/2 5/2)+
e DU 2 k) )
*\ 2
Bk, f2SCE VR
7 qn

II(m*). According to the choices for v*(m*), (H*(m*))? and

and II(m*) <

° Study of Zm’\m*zmo
M (m*), we have

*\ 2
n 7 dn
m/|m*>mg m/e{l,-- ;mn}
2
[ {20 /) )]
7 qn n
Since A(my,)/n is bounded, then ¢, = [n°] with ¢ in ]0,1/2[ ensures that
o 2ULEC(E) Vi | Alma)g _ C
. . - vZ < 2.
(5.32) mZ_ZIm exp{ .
Consequently
C
*
(5.33) d Irr(m") < =
m/|m*>mg
o Study of 3_,/ | >m, L(m”). Denote by ¢ = 2y+min(1/2-6/2,1-6), w = (1/2-6/2),

and K’ = K1\ (fe, 54)/(2N5(fe, ko). For a,b > 1, we use that

max(a, b)wem“ max(a,b)’ ,—K'€* max(a,b)* < (aw62m5a6 I bwegméba)e_(Klfz/Q)(aw+bw)
(534) S aw 2;171’ a’ ( 152/2)(1 —(K /52/2)1740 I bweQNﬂ'ébée_(K,fQ/Q)bw
Consequently,
> <Z A5 f’f"io La(m )exp{ M( )(1/2—5/2)+}
2X5(/f2, ko)

m/\m*zmo

2X5(fes ko)La(m) {_K'5 (Wm)(1/2—6/2)+} Z" exp {_K S (ﬂ-m')(l/2—6/2)+}
2 2

n
m/=1

Mn IN* T / K'¢2
(5.35) + 21 )‘Z(ff"j;)) 2(m’) exp {_TS(Wm/)(l/Q—a/zn}‘
Case 0 < § < 1/3. In that case, since § < (1/2 — 6/2),, the choice {2 = 1 ensures
that 'y(m)exp{—(K'€2/2)(m)/2=9/2)} is bounded and thus the first term in (f.39) is
bounded by C/n. Since 1 < m < m,, with m,, such that A(m,)/n is bounded, the term
S To(m') exp{—(K"/2)(m')1/279/2} /n is bounded by C’/n, and hence

> I(m )s%

m/|m*>mg
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According to (p.16), the result follows by choosing pen(m) = 4ap(m,m) = 192aA(m)/n.
Case § = 1/3. According to the inequality (5.34), £2 is such that 2u7®(m)? —(K'¢2/2)m? =
—2u(mm*)° that is
¢ _ 16um ()

Kl )‘1 (fE’ K‘{))
Arguing as for the case 0 < § < 1/3, this choice ensures that )
The result follows by taking p(m,m’) = 2(1 + 2¢2)A(m*)/n, and

32M7T5>\§(fe,ffo)> A(m)
KiAi(fe, 50) no

I(m*) < C/n.

llm* Zm()

pen(m) = 64a(l+ 252)# = 64a (1 +

Case 6 > 1/3. In that case 6 > (1/2 — §/2) . We choose &2 such that
2pm® (m*)° — (K'€2/2)(m*)* = —2pm’ (m*)".
In other words

164(m)ON5( f=, ko) ; _
2 2/, % 2\Je> *\min((36/2—1/2)4,9)

=& (m*) = ™m .

&=m) KA (fe, kp) (m’)

Hence 3 /ne5m, [(m*) < C/n. The result follows by choosing p(m,m’) = 2(1 +
2¢2(m,m'))A(m)/n, associated to

pen(m) = 64a(1+2£2(m))¥

B2umO NS (f2, 50) , wmin((36/2-1/2) 5)) A(m)
= 64a |1+ om™ )™ + O
(14 e ) "

Proof in the 7-dependent case.
We use the coupling properties recalled in Section P.9 to build approximating variables for
the W; = (Z;, X;)’s. More precisely, we build variables W* such that if n = 2p,qy, + s,
0<r,<gn,and £=0,---,p, —1

Ey = Watgu i1 - Wiats1)gn )s F1 = Wiats1ygnt15 - Wi2e+2)gn)

EZK = (WQ*ean,---aW(*zzH)qn)a Fe* = (W(*24+1)qn+1,---aW(*2£+2)qn)-
The variables £} and Fj are such that

- B} and Ej are identically distributed, F and Fy are identically distributed,
dn qn

- ZE(HWM%-}—@'—W;@”HHR?) < GnToo(qn), ZE(||W(2€+1)qn+z‘_W(Be+1)qn+iH]RQ) < nToo(dn),
i=1 i=1

- Ej and MoV o(Ey, Er, ..., Ee_1, By, EY,--- ,E}_,) are independent, and therefore inde-

pendent of M(,_1),, and the same holds for the blocks Fy".

For the sake of simplicity we assume that r, = 0. We denote by (Z*, X*) = W} the
new couple of variables.
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As for the proof in the 3-mixing framework, we start from (5.15) with R (m, ) defined
by (b.14) and pen(m) chosen such that (f.16) holds. Next we use (f.17) and the bound

e — ¢~i#%| < [a]|t — s|. Hence we conclude that
3 E(lemXatonts — = Htm i) < glfrx, o (gn)

It follows that

B[ swp Pzl - v pi)P] < 2 [ ()~ v (e lds
t€By, i (0,1) ™ J—mmn,
TMn
Lo, [
(5.36) < TX,OO(Qn)mnA(mn)'

By gathering (b.1§) and (5.3d) we get

Ellg— gl < k2|lg — ¢/ |? + 2ak Z E [T (m,m")] 4 2k,pen(m) 4 2akaToo (qn)mn A (my,).

Therefore we infer that, for all m € {1,--- ,m,}, (£.19) holds provided that
(5.37) A(my)myToo(qn) < C1/n and Z E(Tr(m,m’)) < Co/n.
m/=1

Using (b.11]), we conclude that the first part of (p.37) is fulfilled as soon as
(5.38) mn 27270 exp{2um0m, 2} oo (qn) < O /n.

In order to ensure that our estimators converge, we only consider models with bounded
penalty, that is A(m,) = O(n). Therefore (5.3§) requires that m,7s(q,) < C;/n%. For
¢n = [n] and Too (k) = O(n~'7%), we obtain the condition

(5.39) mpn” U0 = O(n=2).

If f. satisfies ([.J) with 6 > 0, and if # > 3, one can find ¢ €]0,1/2[, such that (5.39) is
satisfied. Now, if § = 0 and v > 3/2 in (L) and if # > 3 + 2/(1 + 2v), then one can find
c €]0,1/2[, such that (p.39) is satisfied. These conditions ensure that (5.21) holds.

In order to prove the second part of (f.37), we proceed as for the proof of the second
part of (5.20) and split 7(m,m’) into two terms

T;(mv m/) = (Trt,l(m7 m,) + T;,Q(m7 m,))/27

where the T, (m, m/)’s are defined in (p.29). We only study T}, (m, m’) and conclude for
T o (m, m’) alnalogously. As in the S-mixing framework, the study of T}, (m, m’) consists
in applying a concentration inequality to v* (¢) defined in (5.23) and considered as the
sum of the p, independent random variables vy o(t) defined as in (p-24). Once again,
set m* = max(m,m’), and denote by M;(m*), v*(m*) and H*(m*) the terms such that
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)

*
Uy
E(supteB L0, [Vn 1 (up)]) < H*(m*). According to Lemma b.3, we take

(H* (m*))2 = 2 51 ) M) = /A and vt (m*) = 22 VAa(m, fz)

- 2mqn

supre, o 0,1) | Vg, 0(F) llo< ME(m*), supep . (01) Var(vy, o(ui)) < v*(m) and lastly

where Ag(m, f7) is defined in (p.2]) and where

3/2 2 3/2
(5.40) o :Q[Hm Var? (2m)*

Z 71 ( Hé:o} .

k>1

From the definition of T}y, (m, m'), by taking p;(m,m’) = 2(1 + 262)(H*)%(m*), we get

(5.41) E(Ty (mom) SE[  sup | (uf) = 201+ 262) (H*)*(m")]

t€B,, ,(0,1) +
As in the B-mixing framework we take pen(m) = 64aA(m)(1+2¢2)/n where €2 is suitably
chosen (see (B.41])). Set ms and mg as defined in Lemma [.J, and set m; such that for
m* > my (B.11]) holds. Take mg =mj VmaV ms and K’ = K1\ ([, £§)/(Cor X5(f, Ko))-
The end of the proof is the same as in S-mixing framework, up to possible multiplicative
constants.t

5.4. Technical lemmas.

Lemma 5.1.
(5.42) 1>l 17 o< Alm).
JEZ
The proof of Lemma .1 can be found in Comte et al. (2006).
Lemma 5.2. Assume that 3 ;- Bi(k) < +oo. Then we have

(5.43) P I g0 () lloo< v/ A(m*)

teB ’

m,m

Moreover, there exist mo and ms such that

E[ sup  Jrna(up)l] < V2A(m*)/n for m” = ms,
)

t€B,, (0,1
and sup  Var(yy ,(up)) < 2v/Aa(m*, f2)/(27qn) for m* > msg,
t€B,, ,/(0,1)

where A(m) and Ao(m, f7) are defined by ([3.3) and (B.23).

Proof of Lemma [5.2. Arguing as in Lemma p.] and by using Cauchy-Schwartz Inequal-
ity and Parseval formula, we obtain that the first term sup;cp 01y | v, o(uf) lloo is

bounded by

=V A(m*).

‘P
o v s |3 \ o J
) JEZ

/(0,

teB

m,m
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Next
Pn  4n
E sup ‘1/,: uy ‘ = E sup uf (Zoyy 4i ‘
[tGBm (0,1) 71( t)] |:t€Bm,m/(01 p"q";; L + b >}
< ZVar @m* ).
JEZ
By using (f.6) we obtain
1 &
Zvar ug, ])) = Z ZV&r( vy o(ug ])> = — Var (qug(u:j,m*’j))
JEZ JEZ ” =1 JEZ P =1
1 ™m* E|l/ l(eix.)|2
= —Var (v, 1 = / — 2 dz.
JEZZ ( qn, SOm J)> \/27Tpn —mm* ‘f:(x)P

Now, according to (f.9) and (R.13)
1

Elvg, 1(e%)* <
dn

n—1
+ 23 BmIf @)
dn 1

This implies that

E? { sup
LE€B,, m! (0,1)

nl(ut)H < 1<1 m”) zz:l (k)Aq/2(m )>
n =

Pn \Gn

Since 23 ;51 B1(k)A1/2(m) < A(m) for m large enough, we get that, for m* large enough,

EZ[ sup nl(ut)H < 2A(m*)/n.

teBm,m’ (071)

Now, for t € By, ,/(0,1) we write
1 dn 1 qn
Var(— Zuf(zﬁgqnﬂ)) = Var(— Zu?(ZJ)
dn im1 qn %

- [Zvarut Z0)+2 Y Covlui(Z),ui(Z)].

q" k=1 1<k<I<qn
According to (p.5), (b.§) and (R.13) we have
Tm* COV L2 VAN ezyZl)t*( )t*(y)
Cov(uj (Zy),u; (Z = / / dxd
‘ ( t( k) t( l))’ ‘ 7rm* m* x)fs*(_y) y‘

mm* zka TYX7 | 4* *
- |/ - / o COVfi( Ty

[

IN
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Hence,

1N . R - u—vt( )t (—v)
Var(q—n;ut(Z%an < Qn / / Z fa(—v) dudv

+2251 /_mn /

Following Comte et al. (R00§) and applying Parseval’s formula, the first integral is less
that \/Aq(m*, fz)/2m. For the second one, write

/:: /:: t(ﬁ)(t;) duds <+ 2W”t*”\// = (v) v /Z Ifé‘céz)IQ’

that is

Using that v > 1/2 if 6 = 0, we get that \/m*A (m*) = o (y/Ag(m*, fz)) and hence the

result follows for m large enough. O

(dudv)

‘dudv < (202 /mrA(m").

Lemma 5.3. Assume that 3 ;- 71(k) < +00. Assume either that
(1) 6=0,v>3/2in [[.3)
(2) or§>0in ([I.3)

Then we have

(5.44) R I g e(r) loo< v/ A(m*)

teB

m,m/\Y

Moreover, there exist mo and ms such that

E[ sup  Jrpa(up)l] < V2A(m*)/n for m® > ms,

t€B,, 1 (0,1)
and sup  Var(v) Van (up)) < Cops\/A2(m*, f7)/(27qn) for m* > ms,
tGBm’m/(O,l)

where A(m) and Ag(m, fz) are defined by (B.4) and ([5.23) and where Cyx is defined in
(R

Proof of Lemma [5.3 The proof of (f.44) is the same as the proof of (5.43). Next, again
as for the proof of Lemma

*
an

E{ sup
teBm,m’ (071)

] ZVar uf, ]))

JEZL

m* E iz.)|2
Z Var 4’9 .l / ’VQm (& )‘ dm
m 27Tpn |f5

with
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Now, according to (f.9) and (R.14)
By, () < — + —Zn )zl £2 ()]

This implies that

] < 1(1 Zﬁ (K)mAy jo(m ))

E? { sup
Pn \Gn

tGBm’m/ (0,1)

n l(ut)

Since 27 Y ;o1 T1(k)mAp(m) < A(m) for m large enough, we get that for m* large
enough

B2 sup ()
tGBm’m/ (0,1)

} < 2A(m*)/n.

Now, for ¢t € By, n,/(0,1) we write

1 qn 1 qn .
Var(— Zur(zﬂqnﬂ‘)) = Var(— Zut (ZZ)>
qn =7 4n
1 &

= [ZVar (uf (Zk)) + Z Cov(uy (Zk), ug (Zl))]

q" k=1 1<k<I<gn

According to (B.5), (5.§) and (R.14) and by applying the same arguments as for the proof
of Lemma .9 we have

m ov ika einl *( )t
otz = | [ [ EERCUEE I

" lylm (B (@)t ()]
[ e s
Hence,

1 & T (u — )t (u)t (—v)
Var(— uf (Zyy, 4 < / / dudv
an zZ:; t( %%Jr qn Tm* mm* fa(_v)
ut*(u

*2271 /m /m fe

Once again the first integral is less that \/Aq(m*, fz)/27. For the second one, write

that is

IN

(dudu)

*

ut* (u)t*(v)

\/57('3/2 *\3/2 [ 1% % dv
oty e < ”\// ke [ e

V232
V3

t*

il ‘dudv< (2m)32\/(m* VB A ().
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If § > 0, then \/(m*)3A(m*) = opmy/Ao(m*, fz). If v > 3/2 and § = 0, we get
that /(m*)3A(m*) = om+/Az(m*, fz). Lastly, if v = 3/2 and § = 0, we get that

V (m*)PBA(m*) < \/Aa(m*, fz) and the result follows for m large enough. O

Lemma 5.4. Let Yi,...,Y, be independent random wvariables and let F be a countable
class of uniformly bounded measurable functions. Then for £ >0

4 2nH 98M2 2ch(§)§ nH
E[ 2_901 22H2} < = _—Kf o o
;gg\vn,y(f)\ (1+2¢%) e t BB R |

with C(§) = \/1+& -1, K1 =1/6, and

1
sup [ lloo < M1, E|sup ay (9] < H,  sup— 3" Var(f(v) < v.
fer JfeF fern i —

This inequality comes from a concentration Inequality in Klein and Rio (R00J) and
arguments that can be found in Birgé and Massart ([[999). Usual density arguments show
that this result can be applied to the class of functions F = By, ,,,/(0,1).

Proof of Proposition R.1]. To prove (1), let for t > 0, Y;* = nio;. Note that the sequence
(Y7, 07))e>1 is distributed as ((Y, 0¢))¢>1 and independent of M; = o(0;,Y;,0 < j <4).
Hence, by the coupling properties of 7 (see (2:1)), we have that, for n+1i <i; < --- < i,

l
1 * *
(M (Yz?7 11) (Y1127 zl)) < 7 E ”(Yz??‘jgj) - ((Yij)27 (Uij))2|’R2 < on,

and (1) follows.
To prove (2), define the function f.(z) = In(x)d;>e + 2In(e)Ty<e and the function
ge(x) = In(x) — fe(x). Clearly, for any € > 0 and any n+1i < i; < ... < i;, we have
(5.45) T(Mi, (Ziy, Xiy), ., (Zip, Xi))) < 2E(|9e(Y)| + lge(0)])
T(Mi, (f(V32), fe02)s -, (FelYi), fel07h)
For 0 < € < 1, the function f. is 1/e-Lipschitz. Hence, applying (1),

(M, (G2 T02))s oo (YD) Sl < 2

Since max(fy2(z), fy2(z)) < Clln(x)|*c™" in a neighborhood of 0, we infer that for small
enough e,

E(lge(Y7)| + lge(08)]) < K1e'="|In(e)| T,

for K1 a positive constant. From (b.4), we infer that there exists a positive constant K
such that, for small enough e,

F(Ma (Zir Xa)oo o (22, X)) < B (%24 0 Ine) 4.

The result follows by taking € = (5n)1/(27p) ! 1n(5n)’7(1+a)/(27p)-
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Now, we go back to the model (R.5). If Z;’il a; < 1, the unique stationary solution to

(B.5) is given by Giraitis et al. (2000):

9] o
2 _ ‘ 2 2
oy =a+a g E Ajy e QG Mgy« T (G eetgy)
£=1 j1,..,51=1

for any 1 < k < n, let

[n/k] K

2 = ) 2 2
o; (k,n) —a—{—az Z Ajy e My e T (y et )
=1 ji,...ji=1

Clearly

E(loy, = (03)?]) < 2E(|og — o (k,n)]) .-

n

Now

E(jo2 — o2(k,n)|) < ( YooY Za]) .
=1

I=[n/k]+1 >k

This being true for any 1 < k < n, the proof of Proposition P.J] is complete.
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