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Highlights:

e  Lagrange’s trigonometric identities were used to simplify an actual and an equivalent
connecting rod by minimizing the problem to an algebraic form with good accuracy.

e The largest external forces resultant acting in the x-direction was exerted by the single-
cylinder engine, while the smallest external forces resultant acting in the x-direction was
exerted by the six-cylinder engine in the studied cases.

e The largest resultant of torque imbalance acting on the crankshaft was found to be associated
with two-cylinders engines and was negligible for engines with 5 and 6 cylinders.

e The external forces resultant acting in the x-direction and the torque imbalance acting on the
crankshaft can be eliminated by using a seven- or more cylinder engine.

e The results also revealed that the values of all external forces resultants acting in the y-
direction were equal to zero for multi-cylinder engines.

Abstract: The main objective of this study was to conduct a new and simple but
accurate analysis of the dynamics of a crankshaft-connecting rod system based on
Lagrange’s trigonometric identities. Actual and equivalent connecting rod mass
approximations of single- and multi-cylinder reciprocating engines were studied.
Several examples were studied to demonstrate the dynamics of the system. Lagrange’s
trigonometric identities were used to simplify the model, while MATLAB was used
to obtain the results. For both the proposed reduced model and the full model, the
resultant forces and torques of an actual and an equivalent connecting rod mass were
compared. The results showed that the proposed reduced model gives force and torque
results that match the results of the full model very well. It was shown that the largest
torque imbalance resultant on the crankshaft was exerted by the two-cylinder engine.
In addition, it was shown that the largest external forces resultant acting in the x-
direction was exerted by the one-cylinder engine. The results also revealed that the
resultant of external forces acting in the y-direction was zero for multi-cylinder
engines. The relative error, which mainly occurred at the points of maximum force
and torque, ranged from about 1% to about 15%.
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A New Mechanical Analysis of a Crankshaft-connecting rod
Dynamics Using Lagrange’s Trigonometric Identities

1 Introduction

Crankshaft-connection rod mechanisms have many industrial applications, for
example in internal combustion engines (ICEs). The dynamics of the crankshaft-
connection rod system play a crucial role in the design process of these systems.
It is necessary for the designer of an ICE to know the values of the resultants of
the forces and torques acting in the engine and how they affect the cycle of
operation. Single- and multi-cylinder reciprocating ICEs are widely used to
generate power in numerous different mechanical applications, such as power
generation stations and automobiles [1]. Inertia forces that are unbalanced in IC
engines lead to stresses and torques, which further leads to operation
complications. For the purpose of unbalance reduction, the inertia forces and
torques of the multi-cylinder reciprocating engine were analyzed for different
cylinder configurations.

As balancing an inline internal combustion engine is a very complex problem,
these engines have been the subject of a considerable amount of research in the
past few decades [2-4]. The analysis of the dynamics of a multi-cylinder
reciprocating engine is difficult due to the presence of two motions of the
connecting rod mass (translation and rotation). Therefore, most previous works
on multi-cylinder reciprocating engines used approximations. The inertia forces
due to the connecting rod mass are divided into two parts, at the crankpin (A) and
the wrist pin (B), to simplify the analysis [5]. Another simplified method assumes
the inertia forces due to the crankshaft in the crankpin (A), while the connecting
rod mass is also divided into two parts: crankpin (A) and wrist pin (B) [6]. These
methods clearly do not reflect an exact mathematical model of the multi-cylinder
reciprocating engine.

In Koizumi, et al. [7], a new analytical model for the purpose of predicting the
secondary motion of the piston as well as the vibration that results from the slap
of the piston was derived and different engine models were studied. In Hassan
[8], the results from numerical investigations of the force of the side thrust, which
leads to linear wear, as well as the inertial torque imbalance are presented. Four
cases were studied in the analysis of the dynamics of a multi-cylinder
reciprocating engine. A design concept that allows for the compensation of the
force of simultaneous shaking, the moment of shaking balancing, and the inertial
torque imbalance in internal combustion engines is described in Arakelian &
Briot [9]. A mathematical model in which the finite element method was used for
determining the torque imbalance by reducing the maximum change in engine
speed, which leads to excessive crankshaft torsional vibrations in inline six-piston
engines, is presented in Gupta, et. al. [10]. A numerical example found out by
using the ADAMS software was given along with the suggested solution.
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A complete analysis of the kinematic and combined static and reaction force of
an inline one-piston in a four-stroke reciprocating engine is presented in Desai
[11]. The Fortran programing language was used for the analytical approach, as
it is less time-consuming and has high accuracy. In Essienubong & Bismarck
[12], the piston assembly of an engine under conditions of a typical IC engine
was modeled. The finite element method was used and a simulation was
performed to determine the effects of the heat and forces exerted on the piston
that result from fuel combustion. The results showed that an increase in piston
reciprocating leads to an increase in the torque transmitted to the crankshatft.
Guan, et al. [13] developed nonlinear kinematic constraint equations using a
generalized computational method for spatial kinematic analysis of a spherical
pump to investigate the displacement, velocity, and acceleration characteristics.
The above parameters were investigated for an axial piston pump by Shen, et al.
[14] using a virtual prototyping approach to analyze both the kinematics and the
dynamics. Guan, et al. [15] established kinematic constraint models of a robot
excavator for pile construction, where the model was used to eliminate the contact
between the robot excavator and the pile shaft.

In this work, a new and simple but accurate model for crankshaft-connecting rod
mechanisms that may be used in ICEs was tested. There are three inertia forces
in the center of the body: the inertia force resulted from the weight of the piston
assembly, the inertia force due to the connecting rod, and the inertia force due to
the crank. A new approximation of modeling the inertia forces and torques of
ICEs by using Lagrange’s trigonometric identities for the cases of actual and
equivalent mass approximations is proposed. The results of the actual and the
proposed model were compared. The resulting outcomes can be used as
guidelines to use Lagrange’s trigonometric identities with equivalent mass to
model the inertia forces and torques in ICEs. The results for the actual and the
equivalent mass of the connected rod were in terms of the resultants of all external
forces applied in the x-direction and y-direction, and the torque exerted on the
crank.

2 System Descriptions

In Figure 1, a schematic of the slider-crankshaft mechanism of an internal
combustion engine is shown. It is a classical four-bar slider-crankshaft
mechanism that is used in many engineering applications. In the figure, the
crankshaft is represented by the symbol 7 and its mass center is represented by
7. In addition, the symbol R represents the connecting rod, whose center of mass
is represented by the symbol R,. The piston of the IC engine is represented by a

square box that is allowed to move linearly.
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The piston center locates the center of mass of the piston relative to the
connecting rod pin joint. Rotation of the crankshaft in the direction determined
by angle « leads to a back and forth linear piston movement, which changes the
piston’s position x . During the motion of the crankshaft, the connecting rod’s
angular position S keeps changing across the piston centerline for the case where
R >>r . The symbol T in Figure 1 represents the braking torque with respect to
the z-axis that the crankshaft is subjected to, for a single-piston IC engine. In
Figure 1, the crankshaft mass, connecting rod mass, and piston mass are
represented by the symbols m, , m, , and m, respectively. The crankshaft’s and

d?
connecting rod’s mass moments-of-inertia about their center of mass are
represented by the symbols 7, and 7,, respectively.

Figure 1 Schematic of the slider-crankshaft mechanism of the actual connecting
rod.

3 Modeling and Analysis

Kinematic and kinetic analysis were used to model the inertia forces and torque
associated with the operation of the system illustrated in Figure 1.

31 Kinematic Modeling and Analysis

Based on Fig. 1, the loop-closure method can be used for the description of the
linkage positions, velocity, and acceleration of the piston during its reciprocating
within the IC engine. The instantaneous positions of the linkage are:

x = rcos()+Rcos(f) and sin(f)= % sin() (D

where r is the crankshaft length, R is the connecting rod length, a and S are the
angular positions of the crankshaft and the connecting rod, respectively.
Assuming angle ¢« is known, Eq. (1) can be solved to determine x and £ .Ina
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similar manner, the velocities of the linkage can be determined from the following
equations:

% = —rsin(@)a+Rsin(f) B and 0 = rcos(a)a —Rcos(f) S Q)

Solving the above equations gives the piston velocity, x, and the connecting rod
angular velocity, f3,
o, sin@=p) sin(a — ﬂ) and /3 _r cos(a) .

cos(f) R cos(f3)
The solution for £, upon which the results of Eq. (3) depend, can be determined

3)

using Eq. (1), assuming that the crankshaft angular position and velocity (« and
a ) are known. The accelerations of the linkage may be described as follows:
¥ = —rsin(a) @ —acos(a)d® + Rsin(B) B+ R cos(f) S
and - _ (4)
0 = rcos(a) & — asin(a)d’ — Rcos(f) B+ Rsin(p) B°

Solving these equations simultaneously gives the following results for the piston
linear acceleration, X, and the connecting rod angular acceleration, £,

X=—a cos(a)a + Rsin(B) S+ R cos(fB) B>
. rz cos’(ax) o T sin(«) . (5)
= e p) P Koot

These results will be used later in the dynamics analysis of the mechanism.

3.2 Kinetics Modeling and Analysis

For the purpose of performing the slider-crankshaft mechanism kinetics analysis,
the coordinate axes x and y are determined as shown in Figure 1. The resultant of
all external forces and torques acting on the slider-crankshaft mechanism will be

completely defined by its components in the x- and y-directions, ZFX and

ZFy , respectively, and the torque, 7' with respect to the z-axis. To find these

forces and torques when the motion of the slider-crankshaft mechanism is known,
the linear and angular momentum principle is useful. Using the linear and angular
momentum principle in the x-direction for the slider-crankshaft mechanism
produces the following equations of motion:

ZFX :%(mrrldsin(a)+de1,6"sin(ﬁ)—mp5c) (6)

From which,
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> F. = mnd’ cos(a)+m,nésin(a)+m,R B cos(B)+m,R Bsin(B)—m, i @)

where r; is the crankshaft mass center, R; is the connecting rod center of mass,
where m,, mq, m, are the crankshaft mass, connecting rod mass, and piston mass,
respectively. Substituting Egs. (1), (3) and (5) into Eq. (7) gives,

2
S = (e m,r)cos(@)a s mnsin(a)i+(m R +m, R

: ®
—CC(:)SS((ﬂa)) (1 + tanz(ﬂ)) a’- (del + mpR)%tan(ﬁ) Sin(a)dz

Similarly, the linear and angular momentum principle in the y-axis for the slider-
crankshaft mechanism can be used to produce the following equations of motion:

ZFy =%(—m,rlokcos(a)—deI/?cos(ﬁ)) 9)
From which,
sz = mnd’ sin(a)—mrrldcos(a)+del/?2 sin(ﬂ)—delﬁcos(ﬂ) (10)

Substituting Egs. (1), (3) and (5) into Eq. (10) gives,
Rr) . 2 ..
Y F, =|mn tms sin(a)a’ —m,r cos(a)é (11)

Using the previous equations, the torque may be written as,
T=—Zﬂrsina+ZFyrcosa (12)

Substitution of Eqs. 10) and (11) into Eq. (12) gives,

3 2 B
T= (md%—mp)rz cos(ot)sin(oz)o'c2 —mnra —(del + mpR)r—w

. R’ cos(f) (13)
(1+tan(8)) &> +(m, R, +mpR)%tan(ﬂ)sin2(a)d2

33 Lagrange’s Trigonometric Identities

For a multi-piston engine with N piston assemblies, the external forces resultant
acting on the slider-crankshaft mechanism in the x-direction will be the
summation of the reaction forces from each piston assembly. Using Eq. (8), it
may be shown that the resultant of the external forces acting on the slider-
crankshaft mechanism in the x-direction is given by:
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ZFX, = (m n+m r)Zcos(a Ya,” +m rZsm(a )a, +(de +m R);:z
(14)

N cos’(a,)
1+tan*(B,))a, —(m,R +m R sin(,) tan(f,)a,’
,,Z::'COS(,B)( ) (dl P) nzl:
where @, is the angular crankshaft position of the n™ piston assembly. Similarly,

the external forces resultant exerted on the slider-crankshaft mechanism in the y-
direction is given by:

ZF;)t:(mrl—i_md stm a, n mrIZcos n (15)

n=1

Finally, using Eq. (13), it may be shown that the torque on the crankshaft from a
single-cylinder engine is given by:

T =[md%—m ) Zcos(a )sin(a, )a’ —m rnZsm ()@,

r3 Y. cos’(a, )sin(a,)

—(del-I—mpR)FnZ:;W(lﬂ-tan (ﬂﬂ))dﬂ (16)

2
+(de1 +m R) z ﬁ:sm (a,) tan(B,)a’ —m rqucos
n=1

n=1

The summation terms in these equations are a bit complicated. However, if the
connecting rods are attached to the crankshaft in an even circular array about the
centerline of the shaft according to the following rule,

a, = o + 277[(11—1) (17)

then Lagrange’s trigonometric identities may be used to simplify the previous

Egs. (14), (15), and (16). Using these identities with Eq. (17), it may be shown
that,

ﬁ:sinz(an) = ﬁ:cosz(an) =
ZN:sin(an) = ZN:cos(an) = ZN:cos(an)sin(an) = Zw:cosz(an)sin(an) =0

| =

(18)

Obviously, the convergence of these series provides a tremendous simplification
of the analysis of the internal combustion engine. Substituting Eq. (18) into the
foregoing analysis produces the following results for the external forces resultant
acting on the slider-crankshaft mechanism in the x-direction,
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S F,=(mR + m,,R);—zdzﬁ%(n tan’(4,))

" (19)
- (de1 + mpR)EdZZsin(an) tan(f,)
n=l1
Similarly, substituting Eq. (18) into the foregoing analysis yields the following
results for the external forces resultant acting on the slider-crankshaft mechanism
in the y-direction:

D FE =0 (20)

Finally, substituting Eq. (18) into the foregoing analysis yields the following
results for the torque acting on the slider-crankshaft mechanism:

P cos’(a,)sin(e,) ) 2
o Rzg‘ cos(f3,) (1w’ (8))e; (21)
+(m,R, +mpR)%d22sin2(aﬂ) tan(f3, )c>

n=1

I, =-mrrNa, —(del +mpR)

It is clear from these results that Lagrange’s trigonometric identities greatly
simplify the analysis of the crankshaft-connecting rod dynamics used in ICEs
with connecting rods that are spaced about the crankshaft centerline evenly, as
shown in Eq. (17).

3.4 Dimensionless Analysis

Dimensionless analysis gives the model generalization to be applied for systems
with different sizes and characteristics in addition to reducing the number of
parameters in the analysis, as in Ali, et al. [16] and Ali [17]. In order to express
the previous equation in dimensionless form, the following definitions should be
used:

s s o . B SR
R=rR, R =rR,n=1l, m, =mpm,, m_=my,m,, ZFX =m,ra ZFA_,
2 7 2 27 2 7
LE =myra’ Y, T=mra’l, 3 F, =mra’} F,, (22)
_ 2 r- _ 2 2
ZFW =m,ra ZF LL=myraT,

vt ot

3.5 Dimensionless Analysis for Single-Cylinder Engine

Using the definitions given in Egs. (8), (11), and (13), it may be shown that the
dimensionless actual external forces resultant and the torque acting on the
crankshaft are given by Eqgs. (23-25), assuming that the angular velocity of the
crankshaft is constant:
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S E = (i, 7, +1)cos(a) +( SR+ 1%) Rlz CC(Z)SS((,BOZ)) (1 + tan (ﬁ))
(23)
- & 1 |tan(f)sin(a)
“R
R R
S, = (e ante) @
T = (rhd 2 —1]cos(oz)sin(oz)—(n%dl’é1 + A)ﬁlz coszc((izls;;l(a) (1+tan2(ﬂ)) 25)

+ (rhdlél + ﬁ)%tan(ﬂ)sinz(a)

3.6  Dimensionless Analysis for Multi-Cylinder Engines

Using the definitions with Eq. (19), it may be shown that the dimensionless actual
external forces resultant acting in the x-direction is given by,

(o A
. (26)
_ {”Ak/ ?1 + ljz sin(ex,) tan(f3,)

Similarly, using the definitions in Eq. (21), it may be shown that the
dimensionless actual torque acting on the slider-crankshaft mechanism is given

7 =—("A1dR1+1%) 1 ZCOS ((:Zts();r;(a) (1+tan2(,3,,))

Y sin*(a,) tan(f,)

27

4 Equivalent Masses of Connecting Rod

In this case, equivalent masses were used to reduce the problem to an algebraic
form. The slider-crankshaft mechanism replaces the connecting rod by two

equivalent masses, m, and my, atits ends, 4 and B, as shown in Figure 2.
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Figure 2 Schematic of the slider-crankshaft mechanism for equivalent masses of
the connecting rod.

The summation of these two masses should equal the actual connecting rod mass
m, .

m, =m, +m, (28)

In addition, their mass centers should coincide with that of the connecting rod,

m,(R—R)=myR (29)
From Egs. (28) and (29),
m,=m, [&j and m, =m, (l—&) (30)
R R

At the piston pin, mp is added to the mass of piston 71, to determine the total

joint mass,

m=m,+mg 31)

Applying the linear and angular momentum principle in the x-direction to the
slider-crankshaft mechanism for equivalent masses of the connecting rod gives
the equations of motion defined in Eq. (32),

ZFW :%(m,,rldsin(a)+mAro'csin(a)—mfc) (32)

From which,

Y F, = mrd’ cos(a)+m,rasin(a)+mrd’ cos(a)+m résin(a)—mi (33)

Substituting Eq. (5) into Eq. (29) gives,
YF, = (nzarr1 +2r(mA +m))cos(a)é’ +(m,r; +m,r)sin(a)d
! c08 ()
R cos(f)

(1+tan2(ﬂ))o'c2 —m r tan(B)sin(a)a’ 34
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Similarly, the linear and angular momentum principle can be used in the y-
direction for the slider-crankshaft mechanism for equivalent connecting rod
masses, yielding the following equations of motion:

d . .
ZFW :E(—mrrlacos(a)—mAracos(a)) (35)
From which,
ZFye = (m,r, +mAr)(0't2 sin(a)—dcos(a)) (36)

Finally, the equivalent torque exerted on the crankshaft may be determined using
the previous equations. The result is given by

T.=-) F,rsina+ Y F, rcosa (37)
Substituting Egs. (34) and (36) into Eq. (37) yields

i cos’ (a)sin(a)

R cos(f) (33)

T, =mrcos(a)sin(@)a’ —r(m,r,+m,r)d -

(1+tan’(B))d’ +m r’ tan(B)sin’ (a)c’

4.1 Lagrange’s Trigonometric Identities

Similar to the development of Egs. (34), (36), and (38), the equivalent total
resultant of all external forces acting in the x-direction and y-direction and the
equivalent torque on the slider-crankshaft mechanism with a multi-cylinder

engine can be computed by setting & — &, and p— ,Bn in Egs. (34), (36), and
(38), where &, and ﬂn are defined by Eq. (16). Using these equations, the

equivalent total external forces resultant acting in the x-direction and y-direction
and the torque on the slider-crankshaft mechanism may be computed as,

MF, = mﬁ 3 M(1+tanz(/3n))ozn2 —mrﬁ:tan(ﬂn)sin(an)ozn2 (38)

R n=1 Cos(ﬂn)
and
2 F. =0 (39)
T & cos’(a,)sin(a,)

h M gy (8) &7+ mr Dsin’ (e tan()d, (41
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4.2 Dimensionless Analysis

In order to express Eq. (34) and (36) in dimensionless form, the following
definitions are used:

R=7rR, R, —rRl,r1 =1, My =mpity, m, = mpn,,
2 2 2 24

z =mra Z o z =m,ra z e T, =mraT, (42)
2 _ 2 2

z et T z xet > z vet _m ra Z yet > et =mra T;'t

4.3 Dimensionless Analysis for Single-Cylinder Engine

Using the definitions with Eq. (34), (36), and (38), it may be shown that the
dimensionless equivalent external forces resultant and the torque exerted on the
crankshaft are given by assuming that the angular velocity of the crankshaft is
constant:

1 cos (a)

0s(/%)

= (i F; + it )sin(ex) (44)

S, = (i f+i, +1)cos(a) t2

2

f; =— cos( )sm(a)

— 2 (1+tan’ () - tan(B)sin(a) (43)

whq 4

e

1 cos *(a)sin()
R cos(f)
Egs. (43), (44), and (45) are the reduced forms of Egs. (23), (24), and (25),

(1 +tan’ (/3)) + tan(B)sin’ (@) (45)

respectively.

4.4 Dimensionless Analysis for Multi-Cylinder Engine

Using the definitions given in Egs. (39) and (41), it may be shown that the
dimensionless equivalent external forces resultant and the torque exerted on the
crankshaft are given by

SE, = %i CCOS ((Z ))(1+tan 5,)) —ﬁ;tan(ﬂ”)sm(an) (40)
f o= —Li w(nmz(ﬁ ))+isinz((x ytan(43,) 1)
R n=1 Cos(ﬂn) ! n=1 ! !

Egs. (46) and (47) are the reduced forms of Egs. (26) and (27), respectively.
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5 Results and Discussion

5.1 Resultants of All External Forces Exerted in the X-Direction

The results of the external forces resultant acting in the x-direction of the actual
and the equivalent connecting rod are shown below. Lagrange’s trigonometric
identities were used to simplify the analysis that is presented in this paper for the
actual and the equivalent connecting rod mass. Eq. (23) was used to calculate the
dimensionless external forces resultant acting in the x-direction of a single-piston
engine. The design parameters were assumed for calculation purposes. The
results are indicated by the solid line in Figure 3 for one revolution of a one-piston
ICE. The equivalent result of Eq. (43) is shown by the dashed line, which matches
the results of the actual mass very well.

In many applications, multiple pistons are used in the same ICE. The resultant of
external forces acting in the x-direction for these IC engines can be determined
using Eq. (26) for the actual connecting rod, while Eq. (46) is used for the
equivalent mass connecting rod.

—Eq(3)
Eq.(43)

= %0 s o 315
Crank Angle, o [deg]

Figure 3 Dimensionless external forces resultant acting in the x-direction of a
single-piston engine.

Figure 4 show the results for multi-cylinder engines (N=2,3,4,5, and 6,
respectively). From these figures, it can be seen that the comparison between the
actual and the equivalent resultant of all external forces acting in the x-direction
during one revolution of the engine have good agreement. It can be seen that the
deviation of the results of the equivalent mass approximation from the actual
results increases as the number of pistons increases. However, the difference is
seen only in the maximum values of the resultant forces and it is less than 10%
in the worst case, which confirms that the model simplification does not affect
the accuracy of the model in representing the resultants. In addition, it can be seen
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that the largest external forces resultant acting in the x-direction was exerted by
the single-cylinder engine.

T T T T T T T T
—q.26) ——Eq.6)
- - ~Eq.(46) - - ~Eq.(46)

3 180 22 31 -0.03 4 . L
Crank Angle, a [deg] 0 “ ‘i‘rm el [d;i»‘ n s
le, a
(a) (®)
oot
—Eq6) ——Eq.06)

- - “Eq46) [ - - -Ead6)

' s 90 159 150 25 270 315 360 o 45 % 135 2
Crank Angle, o [deg] Crank Angle, o [deg]

© (d

——Eq.Q6
- - ~Eau6

»Fz,

o as EY 135 180 225 ) 315 360

Crank Angle, o [deg]
(©

Figure 4 Dimensionless external forces resultant acting in the x-direction of a (a)
two-, (b) three-, (c) four-, (d) five-, and (e) six-piston engine.
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5.2 External Forces Resultant Acting in the Y-Direction

Figure 5 represents the external forces resultant acting in the y-direction for the
actual and the equivalent connecting rod mass calculated by Eq. (24) and Eq.
(44). Eq. (24) was used to calculate the dimensionless external forces resultant
acting in the y-direction of a single-piston engine, which is indicated by the solid
line in Figure 5 for one revolution of a one-piston IC engine. The equivalent result
of Eq. (44) is shown by the dashed line. As shown in the figure, the external forces
resultant acting in the y-direction for the actual and the equivalent connecting rod
have good agreement. The external forces resultant acting in the y-direction for
the actual and the equivalent connecting rod for multi-cylinder engines is
essentially zero.

T
——Eq.4)
Eq.(4) |

I L I I L I I
0 45 90 135 180 225 270 315 360
Crank Angle, o [deg]

Figure 5 Dimensionless external forces resultant acting in the y-direction of a
single-piston engine.

5.3 Torque Acting on the Crankshaft

Figure 6 shows the torque imbalance acting on the crankshaft calculated from
Egs. (25) and (45) for the actual and the equivalent mass connecting rod,
respectively, plotted versus crankshaft angle. The result for the actual connecting
rod mass is shown by the solid line in Figure 6, while the result for the equivalent
mass is illustrated by the dashed line for one revolution of a one-cylinder IC
engine. As shown in Figure 6, the actual torque imbalance acting on the
crankshaft is very close in magnitude to the equivalent torque acting on the
crankshaft, which proves the validity of the simplified model.
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2 T T T T
—Eq.(25)
Eq.(45)

) 1 I I 1 1 I I
0 45 90 135 180 225 270 315 360

Crank Angle, « [deg]

Figure 6 Dimensionless torque exerted on the crankshaft in a one-cylinder
engine.

While the one-cylinder engine is of great interest, many engines with a slider-
crankshaft mechanism use multiple cylinders in the same engine. The total actual
torque exerted on the crankshaft for those engines may be computed using Eq.
(27), while the total equivalent torque applied on the crankshaft for these engines
may be evaluted using Eq. (47).

Figure 7 shows the results for multi-cylinder engines for the actual and the
equivalent connecting rod mass. It can also be seen that the maximum torque
imbalance was exerted by the engine with two cylinders. It can be seen that the
deviation of the results of the equivalent mass approximation from the actual
results increases as the number of pistons increases. However, the difference is
seen only in the maximum values of the resultant forces and it is less than 10%
in the worst case, which confirms that the model simplification does not affect
the accuracy of the model in the representation of those torques. It is worth
mentioning that since each engine has cylinder assemblies with the same size, the
scale factor which the amplitude requires to be multiplied by for the purpose of
determining dimensional torque will not change and is always mr2a?.
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Figure 7 Dimensionless torque applied on the crankshaft in a (a) two-, (b) three-
, (¢), four-, (d) five-, and (e) six-cylinder IC engine.

6 Conclusions

This paper presented a new way of analyzing and modeling the dynamics of a

crankshaft-connecting rod system, which may be used for single- and multi-
cylinder reciprocating engines. The ultimate goal of multi-cylinder reciprocating
engine analysis is to find an easy procedure that gives accurate solutions because
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certain simplifications are used to minimize the problem to an algebraic form for
the cases of the actual and the equivalent connecting rod mass. Lagrange’s
trigonometric identities were used in order to simplify the two cases. The
conclusions supported by the results of this paper are:

1.

The proposed model based on Lagrange’s trigonometric identities provides
great simplification to the dynamics of the crankshaft-connecting rod system
while keeping good accuracy for actual and equivalent connecting rods by
minimizing the problem to an algebraic form.

The largest external forces resultant acting in the x-direction is exerted by the
single-cylinder engine. The next largest external forces resultant acting in the
x-direction is exerted by the two-cylinder engine, followed by the three-
cylinder engine, the four-cylinder engine, the five-cylinder engine, and the
six-cylinder engine, as shown in Figure 4.

The largest resultant of torque imbalance acting on the crankshaft was exerted
by the two-cylinder engine. The next largest resultant of torque acting on the
crankshaft was exerted by the one-cylinder engine, followed by the three-
cylinder engine, the four-cylinder engine, and it is negligible in five- and six-
cylinders engines, as shown in Figure 7.

The external forces resultant exerted in the x-direction and the torque
imbalance exerted on the crankshaft can be eliminated by using seven or more
cylinders.

The analysis also revealed that the values of all external forces resultants
exerted in the y-direction are equal to zero for multi-cylinder engines.

Nomenclature

X
y

Instantaneous system velocity in the x-direction
Instantaneous system velocity in the y-direction

Z F_ The external forces resultant acting in the x-direction

Z F', The external forces resultant acting in the y-direction

ZEce The resultant of all external forces acting in the x-direction

z F’,, The resultant of all external forces acting in the y-direction

1

7

1

d

r
R
m

The crankshaft mass moment of inertia about its mass center

The connecting rod mass moment of inertia about its mass center

Crankshaft length
Connecting rod length

Crankshaft mass
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Connecting rod mass

Piston mass

Crankshaft mass center location
Connecting rod mass center location
Torque exerted on the crankshaft

Instantaneous displacement of the piston
Crankshaft angular displacement
Crankshaft angular velocity

Connecting rod angular displacement of the

Connecting rod angular velocity
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